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Theoretical predictions for ultrasensitive sensing in three-dimensional stochastic interferometry
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We show that a random light field can be harnessed for high-precision metrology by introducing specific
boundary conditions in the form of Lambertian reflections inside a cavity. We demonstrate a quantifiable and
reproducible interferometric response to minute perturbations in wavelength, refractive index, and geometry,
predicting high sensitivities consistent with experimental measurements of geometrical deformations down to
the picometer scale.
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I. INTRODUCTION

Speckle metrology involves harvesting the seemingly ran-
dom interference pattern formed by a beam of coherent light
going through a complex medium to study the properties
either of the light or of its supporting medium: ultrasen-
sitive wavelength determination and spectral analysis [1,2],
refractive index sensing [3], small angles and displacements
metrology [4], or the well-known dynamic light scattering
(DLS) [5] and diffusing wave spectroscopy [6–9] for particle
sizing and rheology [10,11] to name a few.

While in most of these applications the very speckle pattern
used for metrology is directly generated from the medium
under study, we propose here a fundamentally different inter-
ferometric approach in which a three-dimensional (3D) field
of random waves is generated inside a cavity independently
from any sample and then used to measure perturbations act-
ing on it such as geometrical changes or local perturbations of
the refractive index. This setup maximizes sensitivity through
laser resonance phenomena, at the expense of any spatial
information on the perturbation. This paper finds support in
our recent realization of such a so-called 3D stochastic inter-
ferometer, used as a highly sensitive way to homogeneously
probe the geometric and dielectric fluctuations of an optical
volume [12,13], detect seismic and acoustic vibrations [13],
amplify DLS for particle sizing [14], and perform a marker-
free study of protein dynamics in solution [15]. In this paper,
we theoretically derive the high sensitivity of this setup to
perturbations of the medium, and numerically compute noise
floors in excellent agreement with experimental realizations.
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II. EXPERIMENTAL 3D STOCHASTIC
INTERFEROMETER SETUP

The experimental setup consists of a single-frequency laser
beam propagating inside a closed, high-reflectivity Lamber-
tian cavity, and a light detection scheme capable of probing
the speckle field within it. Both the input and output are
realized through single mode optical fibers fit in the cavity
through dedicated holes. The randomness and the high sta-
tistical symmetry of the optical field arise from the linear
transformation of the input laser field through the determin-
istic yet extremely complex multiple scattering caused by
the quenched disorder of the Lambertian wall structure. This
highly complex reflection process results in a Lambertian
boundary condition that acts as a feedback leading to the
interferometric properties of the field.

According to the Berry hypothesis, the wave field at each
point inside the cavity can be considered as a coherent su-
perposition of a large number of plane waves with arbitrary
directions and random phases, leading to a 3D speckle that
is stationary unless the geometry of the cavity or the dielec-
tric properties of its content fluctuate. Due to the statistical
homogeneity and isotropy of the light field, all points in the
cavity, all directions, and all polarization states are statistically
equivalent regardless of the geometry of the cavity [12].

From previous assumptions, a unique property follows:
A local perturbation—for instance of the cavity geometry—
can strongly affect the phase of the wave field at any other
point inside the cavity. As a consequence, the cavity and the
field inside can be used as one single interferometer, in the
sense that its response does not depend on the cavity shape,
how the light is injected, where perturbations take place, or
where the response is measured [12]. When injecting a single-
frequency laser at a given input point, each wave field that
is observed at any other location is coupled to the laser field
at the input point, and its random phase essentially reflects
the phase lag corresponding to the length of the random
propagation path that connects the two points (see Fig. 1).
In the following, we will consider three types of average for
any measured quantity X : X will denote a spatial average,
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FIG. 1. Schematics of the setup: A monochromatic laser is in-
jected inside a Lambertian cavity. Three light paths of different
lengths are represented in blue, green, and red (from shortest to
longest), leading to a three-wave superposition and a 3D speckle
field. Outside perturbations acting upon it induce intensity decor-
relations, probed by a single mode fiber, a photon counter, and a
correlator.

〈X 〉t a time average, and 〈X 〉C an average over all speckle
configurations.

Taking into account not only the length of a chord �c, but
also the diffusive random walk inside the walls needed for the
diffuse reflection process, we get that the total path length of
a photon can be represented as a composite random variable:

� = nc�c + nrcτr, (1)

where nr is the random number of reflections, nc = nr + 1 is
the number of free-space chords through the cavity, and τr is
a random variable that corresponds to the residency duration
of the photon inside the wall at each reflection, also called
reflection time. Note that the mean chord length within a
cavity of volume Vc and surface �c satisfies the well-known
property �c = 4Vc/�c [12,16,17].

The phase φ of each wave is therefore associated with
this optical length �, and can be rewritten introducing the
aforementioned average chord length

φ = 2π�

λ0
= 2π�

λ0
+ 2π

λ0
(� − �) = φ + k�̃, (2)

where φ is the average phase lag and k�̃ = k(� − �) is the
phase shift specific to each path. In the experimental realiza-
tion, � was measured ∼62 m, about eight orders of magnitude
larger than the laser wavelength λ0 [12]. Assuming that the
standard deviation σ� is of the same order of magnitude
than �, we can safely assume that the standard deviation σφ of
the phases is approximately eight orders of magnitude larger
than 2π , and that phases are thus uniformly distributed over
[0, 2π ].

III. MATHEMATICAL STRUCTURE
OF THE RANDOM WAVE FIELD

A 3D field of random waves can be represented in a purely
classical way as the real part E (r, t ) of a complex vector
field E(r, t ) in C3, constructed as the coherent sum of a large
statistical set of elementary plane waves indexed by α ∈ N.
Strictly speaking, the notion of a plane wave is only a local
approximation. In our experiment, the field is probed locally

by a single mode optical fiber and we can use this approxima-
tion for our calculation. Each elementary wave Eα (r, t ) has
a complex amplitude aαeiφα and carries a polarization repre-
sented by a complex unitary vector dα perpendicular to kα ,
the wave vector. This elementary wave reads

Eα (r, t ) = aαeiφα dαexp(ikαr − iωαt ). (3)

The key assumptions made by Berry and Dennis [18] to con-
struct the 3D random wave model are as follows:

(1) Each elementary wave is a random object defined by
three independent random variables: A wave vector kα , a
phase φα , and a polarization dα .

(2) The random wave vector kα is uniformly distributed
on the 3D sphere |kα| = k = 2π/λ0; the phase is uniformly
distributed on [0, 2π ]; the polarization state is uniformly dis-
tributed on the Poincaré sphere.

(3) The total field is a random sum of independent and
identically distributed elementary waves.

The amplitudes aα are normalization constants defined by
the energy density of the field. Each statistical set of random
waves {Eα (r, t )1�α�NC } is referred to as a microscopic config-
uration of the field C = {(aα, dα, φα, kα )1�α�NC }, where NC is
the number of elementary waves:

E(r, t, C) =
NC∑
α=1

aαdαeiφα exp(ikαr − iωt ). (4)

Each microscopic configuration C corresponds to a large
number of degrees of freedom equal to NC multiplied by the
number of degrees of freedom of each field component. While
there is no mathematical reason to set any particular upper
bound to NC , the diffraction theory provides an estimate of
this bound ∼1010 (see Appendix A).

Let us now consider a point r in the cavity and the time-
averaged optical intensity I (r, C) = cε0〈E2(r, t, C)〉t of the
real field E (r, t, C) = Re(E(r, t, C)) for a microscopic con-
figuration C. Using the complex vector formalism, it comes

I (r, C) = cε0 〈E(r, t, C)E∗(r, t, C)〉t

= cε0

2

[
NC∑
α=1

aαdαeiφα eikαr

]⎡
⎣ NC∑

β=1

aβdβeiφβ eikβ r

⎤
⎦

∗

.

(5)

For a given configuration C, the field complex amplitude
obeys a zero-mean circular complex Gaussian density, and
the speckle intensity is therefore exponentially distributed, as
expected from a fully developed speckle. The field being fully
polarized, it has a unity contrast, i.e., the standard deviation
across space equals the spatial mean [19]:

σI (r)|r = 〈(I (r, C) − I (r′, C))2〉(r,r′ ) = 〈I (r, C)〉r. (6)

These properties also apply in a dual way to the statistical
distribution of the field and the intensity at a given point r
across the microscopic configurations {C}, with an exponen-
tial distribution of the intensity and a unity contrast, i.e.,
σI (r)|C = 〈I (r)〉C .

We also find that the mean intensity at a given point r over
all microscopic configurations, 〈I (r)〉C , does not depend on r
and is equal to the mean intensity for a given configuration
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across space (showing an ergodicity property of our setup):

〈I (r, C)〉C = 〈I (r, C)〉r = I. (7)

It can be factorized using the phase statistics in Eq. (2):

〈I (r, C)〉C
= cε0

2

∑
1�α,β�NC

〈dαd∗
β〉C〈ei(kα−kβ )r〉C〈aαaβeik(�̃α−�̃β )〉C

= cε0NC
2

〈a2〉C . (8)

This simple result requires assumptions satisfied by the ran-
dom field created in the 3D stochastic interferometer (see
Appendix A).

IV. INTERFEROMETRIC RESPONSE
OF THE 3D SPECKLE FIELD

In our study, we only consider the perturbation of phase
transport and disregard the first-order effects on the geom-
etry of the elementary components of the field, i.e., the
polarization dα and the direction kα/|kα|. We present a
stochastic scalar perturbation theory that extends the classi-
cal two-arm interferometer theory to the case of a random
number of isotropically distributed arms with random lengths.
Furthermore, two metrics are commonly used to quantify the
intrinsic sensitivity of a speckle pattern, namely, the spectral
correlation function and the similarity [20]. However, those
metrics apply to measured two-dimensional images of speckle
patterns, while in the present case we will derive an intrinsic
sensitivity from the more general Berry formalism. Moreover,
this calculation is better suited to a temporal measurement
made on a single speckle grain through a monomode fiber,
for a frequency analysis, as we have done in Ref. [14].

V. WAVELENGTH DERIVATIVE
OF THE SPECKLE INTENSITY

Let us consider a microscopic configuration C of the ran-
dom wave field, associated with the set of path lengths {�α}C ,

and compute the derivative ∂kI (r, C) of the intensity with
respect to the wave number of the laser, k = 2π/λ0

∂kI (r, C) = cε0

2

∑
1�α,β�NC

[aαaβdαd∗
βeik(�̃α−�̃β )ei(kα−kβ )r

× [i(�̃α − �̃β ) + i(kα − kβ )r/k]]. (9)

Equation (9) can be interpreted with a thought experiment
in which the wave vector of the input light changes from
k to k + δk. The first-order effect of that change on the in-
tensity is given by δI (r, C) = δk × ∂kI (r, C). A comparison
can be made here with a classical two-arm interferometer,
in which the output intensity is not perturbed by δk if its
two arms have the same length. However, if the two arms
have a known length difference �L, the perturbation δk can
be computed from its deterministic consequence δI . Here
instead, each configuration contains a large number of arms,
and the interference results from an even larger number of arm
pairs (α, β), which individually come with a random length
difference (�α − �β ). As a result, diagonal terms in Eq. (9)
vanish, but nondiagonal terms do not, and they contribute to
a nonzero random response characterized by ∂kI (r, C). How-
ever, because the nondiagonal terms (�α − �β ) and (kα −
kβ ) have zero expectation, the average response vanishes too,
i.e., 〈∂kI (r, C)〉C = 0.

Therefore, our setup behaves as a stochastic interferometer,
meaning that it responds to a given perturbation δk by a
stochastic response δI (r, C) = δk × ∂kI (r, C), which is a ran-
dom variable of zero mean. In some way, this is what would
happen with a classical two-arm interferometer in which the
phase difference ϕ1,2 is a uniform random variable in [0, 2π ].
Since the sensitivity ∂ϕI for a given phase difference is pro-
portional to sin (ϕ1,2), it would then average out to zero over
all configurations. Practically, no information can be extracted
from using that interferometer with a single configuration, and
no information can be obtained from the average response
over a large number of configurations either.

The meaningful response is the quadratic response aver-
aged over all microscopic configurations C, as defined by

〈δI (r, C)2〉C = δk2 × 〈|∂kI (r, C)|2〉C . (10)

By introducing Mα,β = i(�̃α − �̃β ) + i(kα − kβ )r/k, square
modulus of Eq. (9) reads

|∂kI (r, C)|2 =
[

cε0

2

]2 ∑
1�α,β,γ ,δ�NC

aαaβaγ aδ dαd∗
βd∗

γ dδ eik[(�̃α−�̃β )−(�̃γ −�̃δ )]ei(kα−kβ )re−i(kγ −kδ )r Mα,βM∗
γ ,δ. (11)

We now average this equation over all configurations, which
amounts to considering the average for a random set of four
waves 〈. . .〉(α,β,γ ,δ). The average over nondiagonal pairs of
waves vanishes, i.e., 〈. . .〉(α,β )�=(γ ,δ) = 0, and only the di-
agonal terms corresponding to (α, β ) = (γ , δ) remain. For
these diagonal pairs, the contribution of polarization vectors
is 1 because they are unitary. Moreover, pairs α = β do not
contribute as seen above in the analogy with equal arm inter-
ferometers.

We are left with computing the average 〈a2
αa2

β |Mα,β |2〉α �=β .
Because variables �̃ and k are independent, and since
〈kαkβ〉α �=β = 〈kα〉〈kβ〉α �=β = 0, it comes (see Appendix B for
the detailed derivation)

〈|∂kI (r, C)|2〉C = NC (NC − 1)
c2ε2

0

2
[〈a2〉〈a2�̃2〉 − 〈a2�̃〉2].

(12)
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We observe that the statistics of the mean-square sensitivity
are independent of r. From now on, we will omit the spatial
variable r and consider a fixed arbitrary position r = 0. Con-
sidering that NC 	 1, we assume that the field amplitude a
and the path length � are independent variables. Using the
normalization of the intensity from Eq. (8), we find

〈|∂kI|2〉C = 2〈I〉2
C σ 2

�̃
, (13)

where σ 2
�̃

= σ 2
� is the variance of the path length distribu-

tion �. We know, however, from Eq. [21] that the derivative of
the phase shift with the wave number (and therefore the path
length �) has long-range correlations, and that the indepen-
dence between a and � is a strong assumption. Appendix C
details the exact calculation of the derivative of the intensity
with the wave number in that context and gives an equivalent
and consistent expression. From Eq. (1), we see that the exact
value of the variance σ 2

� requires the knowledge of variances
σ 2

nr
, σ 2

�c
, and σ 2

τr
of nr , �c, and τr , respectively. We find

σ 2
� = G2

[
�

2
c + 2σ 2

�c
+ c2τ 2

r + 2c2σ 2
τr

]
, (14)

where G = −1/ ln(ρ) is the cavity gain and ρ is its albedo.
Practically in our experiments, the size of the cavity is large

enough for the contribution of c τr to be negligible compared
to �c, and the variance of � can be safely approximated

accordingly, leading to σ 2
� ≈ σ 2

nr�c
= G2[�

2
c + 2σ 2

�c
]. Using

the ergodicity property 〈I〉C = I found in Eq. (7), it comes

〈|∂kI|2〉C = 2 (G�cI )2

(
1 + 2

σ 2
�c

�
2
c

)
. (15)

In addition, the response to small variations of the wavelength
is given by the derivative ∂λI = −(k/λ) ∂kI:

〈|∂λI|2〉C = 2(Gk�cI/λ)2

(
1 + 2

σ 2
�c

�
2
c

)
. (16)

VI. DERIVATIVE WITH RESPECT
TO THE CAVITY GEOMETRY

Our experimental results show that the speckle intensity is
sensitive to deformations of the cavity of the order of a few
picometers under the conditions described in Eq. [14]. Simi-
larly to the previous calculation, we show (see Appendix D)
that the response to small variations of the cavity geometry
(defined by a linear scaling parameter μ) is given by

〈|∂μI|2〉C = 2(Gk�cI )2

(
1 + 2

σ 2
�c

�
2
c

)
. (17)

An analogous formula can also be obtained when considering
a spatial variation of the refractive index n = n0 + δn of the
cavity medium.

VII. EXPERIMENTAL SENSITIVITY

In this section, we generalize the theoretical approach used
in the previous sections to derive an expression for the sensi-
tivity of the instrument with respect to any perturbation of the
field (wavelength, cavity size, refractive index, or any quantity
for which we can compute the partial derivative of the speckle

intensity). We then numerically calculate the noise floor with
experimental parameters, only to derive an expression in terms
of a temporal decorrelation function.

Let us consider an experiment in which a measured inten-
sity I (C) is obtained from a microscopic configuration C of the
speckle and a perturbation δp applied to one parameter p of
the field. The variation of the intensity δI = I (Cp+δp) − I (Cp)
is given at first order by δI ≈ δp × ∂pI (C). δI can therefore
be seen as a random variable indexed on the set of field
configurations {C}. As discussed in the previous section, the
meaningful quantity is the mean-square variation over {C},
which reads 〈δI2〉C = δp2 × 〈|∂pI|2〉C .

The interferometric sensitivity Sp to variations of the pa-
rameter p can be generically defined as the ratio of the relative
root-mean square (rms) intensity variations over the perturba-
tion |δp|. The so-called rms sensitivity comes as

Sp =
√〈

δI2
(δp)

〉
C

|δp| I
=

√〈|∂pI|2〉C
I

. (18)

Using Eqs. (16) and (17), we obtain the rms sensitivities Sλ,
Sn, or Sμ to changes of the wavelength, the index of refraction,
or the scaling parameter μ, respectively:

Sp = 2
√

2π G �c λ−α

√√√√1 + 2
σ 2

�c

�
2
c

≈ 10 G
�c

λα
, (19)

where the exponent α is two for a wavelength perturbation
and one for a deformation or a change in the refractive index.
Practically, for the cavity used in previous publications [12]√〈

δI2
(δp)

〉
C

I
=

⎧⎨
⎩

1.4 × 1015 |δλ|
9.4 × 108 |δn|
9.4 × 108 |δμ|

. (20)

Measuring the intensity subjected to a perturbation δp with
nph photons, the previous equation gives the signal-to-noise
ratio (SNR) associated with the intensity:

|δp|min = λα

2πG�c

SNR√
nph

. (21)

As a result, with nph = 106 photons, e.g., with a 100 kHz
counting rate during 10 s, and SNR � 10, we get |δλ| � 1.1 ×
10−17 m or |δn| � 1.7 × 10−11, which are in good agreement
with experimental realizations of other teams [22–24]. The
detection limit |δλ|min ≈ 10−17m can be used to estimate the
sensitivity to cavity deformations in our experiment. Using the
relation |δ�c|/�c = |δλ|/λ, we find a theoretical picometer-
level sensitivity |δ�c|min ≈ 10−12 m, in excellent agreement
with our experimental measurements, about 2.7 × 10−12 m
[12].

VIII. CONCLUSION

In summary, we have shown that a superposition of co-
herent and random light waves provides a deterministic and
quantifiable intensity response to external perturbations, such
as changes in wavelength or refractive index. We derived the
theoretical expected sensitivity of such instruments to external
perturbations, including changes in the instrument geometry,
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that can access the picometer scale. This level of performance
has been demonstrated experimentally using Lambertian cav-
ities, which act as 3D stochastic interferometers.

Even if such intrinsically random fields have been exten-
sively described after their first introduction by Berry [25–28],
it has been so mostly within the framework of geometry and
topology, with a focus on optical vortices and phase singu-
larities [29], and very few direct experimental realizations
within that context [30–32]. The essence of the interferometric
response that we describe lies in the boundary conditions
brought by Lambertian cavity walls, which introduce feed-
back as opposed to the boundless conditions used in Berry’s
theoretical description. Mostly used for high precision pho-
tometry [33,34] and occasionally coherent applications [22],
we bring those cavities under the new light of the random
wave model, bridging the gap between random light fields and
interferometry.

3D stochastic interferometry has applications ranging from
particle sizing, rheology, and marker-free protein study to
even vibration sensing, and the theoretical foundation that we
present in this study proves that it can be efficiently used
to design high-sensitivity experiments. In addition, the field
of random waves has been shown to raise deep fundamental
questions in quantum mechanics or even superfluids, and this
current study could shed new light on these phenomena, given
its original experimental approach to the subject.
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APPENDIX A

Equation (8) gives an expression for the mean intensity at
a given point r over all microscopic configurations, 〈I (r)〉C .
This result requires several assumptions listed in the main text.
Here, we remind those assumptions and add their respective
justifications:

(1) Each configuration C refers to a set of independent and
identical random variables Eα indexed by α.

This issue of independence is directly related to the prob-
lem of the numbers of degrees of freedom of the optical
field. From diffraction theory, the far field produced by the
cavity walls can be fully represented with a finite set of wave
vectors, the size of which is given in order of magnitude by
�c/λ

2 ≈ 1010. As a consequence, for a given configuration C,
the maximal number of degrees of freedom associated with
the corresponding set of wave vectors {kα}C has the same
order of magnitude. This order of magnitude does not include
the degrees of freedom associated with the polarization and

the phase, and thus far underestimates the number NC of
components that need to be considered in the sum. A further
discussion would require to also analyze the nonclassical de-
grees of freedom associated with photon numbers. At any rate,
the optical field has a finite number of degrees of freedom NF ,
and Eq. (5) provides a meaningful representation of the in-
tensity field if it contains a number of components NC ∼ NF .
Under this condition, the random variables Eα entering the
representation of the field are independent.

(2) The two random vector variables d and k are mutually
independent variables.

This assumption directly arises from the nature of the dif-
fuse reflection process. As discussed above, this process is
deterministic, but its complexity makes it appear as a random
process that practically destroys any correlation between the
polarization state and the wave vector for any reflected wave.

(3) d and k are independent of the phase and the real
amplitude (φ and a, respectively).

For each path α, the variables dα and kα are determined
by the last diffuse reflection event. The phase and the real
amplitude instead are determined by the whole stochastic
structure of the path, and are therefore independent of dα and
kα . They are also mutually independent because of the circular
uniformity of the phase.

(4) Because the polarization is isotropic, nondiagonal
terms average to zero.

(5) d is a unitary variable in C3.

APPENDIX B

As explained in the main text, only the terms such that
α �= β are left to compute in the sum from Eq. (11), which
are as many as NC (NC − 1). The average 〈a2

αa2
β |Mα,β |2〉α �=β

can largely be simplified. Indeed, since 〈kαkβ〉α �=β =
〈kα〉〈kβ〉α �=β = 0, all terms k2

α,β and kαkβ amount to 0 after
averaging. Furthermore, since �̃ and k are independent, all
terms �̃α,βkα,β also average out to 0. Therefore, the remaining
terms to average are a2

αa2
β |�̃2

α + �̃2
β − 2�̃α�̃β | . We then get

the following simplification:〈
a2

αa2
β

∣∣Mα,β |2〉
α �=β

= 2〈a2〉〈a2�̃2〉 − 2〈a2�̃〉〈a2�̃〉, (B1)

and the final result

〈|∂kI (r, C)|2〉C = NC (NC − 1)
c2ε2

0

2
[〈a2〉〈a2�̃2〉 − 〈a2�̃〉2].

(B2)

APPENDIX C

Reference [21] provides an expression for the following
joint probability distribution, under the assumption that the
random wave field is a circular Gaussian process, a statement
the Berry hypothesis relies on:

P(I, φ′, R)

= I

πQa2
exp(−I ) × exp

[
− I

Qa2
(φ′ − a2) − I

Qa2
R2

]
,

(C1)

where I is the intensity, φ′ is the phase derivative with respect
to the frequency ω, R is the derivative of the natural logarithm
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of the amplitude with respect to ω, a is the mean delay time,
and Q is a dimensionless parameter. Integrating φ′ and using
(log I )′ = I ′/I , we find

P(I, I ′) = 1√
πQa2I

exp(−I ) × exp

(
− (I ′)2

Qa2I

)
. (C2)

This leads to

P(I ′) = 1√
Qa2

exp

(
−2

|I ′|√
Qa2

)
, (C3)

hence

〈(I ′)2〉 = Qa2. (C4)

From Ref. [21], this value is proportional to the variance of
delay times. Indeed, we have

Qa2 = −C′′(�)�= 0 − a2, (C5)

where the term relative to the correlation matrix C(�) is
proportional to 〈t2〉. Therefore, 〈(I ′)2〉 = Qa2 is proportional
to the variance of the delay time, which is consistent with the
expression found in Eq. (13), where we find a proportionality
to the variance of the path length.

APPENDIX D

To theoretically derive intensity variations from deforma-
tions of the cavity is a difficult problem, because there is

no mathematical representation of cavity deformations that
would be simple enough to derive their effect on the speckle
intensity. To circumvent this difficult problem and provide a
simplistic but heuristic solution, we use a simple perturbation
approach. To represent small cavity deformations that cause
a change δ�c of the mean-chord invariant �c = 4Vc/�c, we
introduce the dimensionless scaling parameter μ = 1 + δμ

and substitute the random variable � that represents random
chords by μ�. In this approach, we implicitly assume that
the sole effect of δμ is to induce a phase shift on the elemen-
tary fields Eα , without changing the geometry of these plane
waves.

This strategy relies on the notion that the physics does not
change if the scale that measures the wavelength and the scale
that measures the geometry of the cavity down to its smallest
microscopic details are changed by the same factor. By the
same token, inasmuch a cavity deformation can be considered
to be equivalent to a dilation by the factor μ = 1 + δμ, its
effect will be equivalent to dilation of the wavelength by the
factor 1/μ, i.e., changing the wave vector by the factor μ.

With this dimensionless dilation scaling parameter μ, the
phase factor ik(�̃α − �̃β ) is substituted by ikμ(�̃α − �̃β ),
and the speckle intensity can be derived with respect to μ. A
so-called scale-derivative ∂μI = k∂kI is obtained, which reads

〈|∂μI|2〉C = 2(Gk�cI )2

(
1 + 2

σ 2
�c

�
2
c

)
. (D1)
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