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A variational Bayes approach to debiased inference for

low-dimensional parameters in high-dimensional linear regression

Ismaël Castillo∗, Alice L’Huillier∗, Kolyan Ray†, Luke Travis†

Sorbonne Université∗ and Imperial College London†

Abstract

We propose a scalable variational Bayes method for statistical inference for a single or low-dimensional

subset of the coordinates of a high-dimensional parameter in sparse linear regression. Our approach

relies on assigning a mean-field approximation to the nuisance coordinates and carefully modelling the

conditional distribution of the target given the nuisance. This requires only a preprocessing step and

preserves the computational advantages of mean-field variational Bayes, while ensuring accurate and

reliable inference for the target parameter, including for uncertainty quantification. We investigate the

numerical performance of our algorithm, showing that it performs competitively with existing methods.

We further establish accompanying theoretical guarantees for estimation and uncertainty quantification

in the form of a Bernstein–von Mises theorem.

Keywords: variational Bayes, debiased inference, spike-and-slab prior, sparsity, uncertainty quantifi-

cation, high-dimensional regression.

1 Introduction

Consider high-dimensional linear regression

Y = Xβ + σε, ε ∼ Nn(0, In), (1)

with response Y ∈ Rn, design matrix X ∈ Rn×p, parameter vector β ∈ Rp and noise level σ > 0. We

are interested in the sparse setup, where p ≥ n and typically p ≫ n, and many of the coefficients βi are

(approximately) zero. We focus here on estimation and uncertainty quantification for a fixed and prespecified

low-dimensional number k of coordinates of the high-dimensional parameter β. For notational simplicity and

without loss of generality, we consider the first k coordinates β1:k = (β1, . . . , βk)T , relabeling the coordinates

if necessary. Model (1) is routine in many real-world settings, for example in genetics, where only a small
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number of genes out of a large pool may have an association with a disease and the amount of data one has

is limited. The problem at hand then corresponds to one of making inference for a certain prescribed subset

of the large gene pool holding particular interest.

Frequentist estimation of the entire parameter β has been extensively studied in the sparse setting,

with the most common approach being the LASSO [44], which has many good estimation properties [7].

However, it is well-known that high-dimensional procedures, including the LASSO, can provide biased esti-

mators for low-dimensional parameters [56], which is especially harmful for uncertainty quantification. This

has led to several approaches to debias such frequentist methods [54, 27, 47, 28, 50, 14] and thus provide

reliable confidence sets in the present problem.

Sparse Bayesian methods have similarly received much recent study for global estimation and infer-

ence properties, see for instance [13, 29, 12, 38, 2, 3] and the references therein. However, much less is known

concerning Bayesian estimation of low-dimensional functionals in sparse high-dimensional models. Indeed,

similar to frequentist methods, naively using high-dimensional Bayesian methods to estimate functionals

can lead to ‘regularization bias’ and poor uncertainty quantification, meaning care must be taken with the

choice of prior [11]. In particular, there has been little work on Bayesian approaches to the present problem

of estimating a low-dimensional subset of the parameter β in model (1). A notable exception is Yang [50],

who combines a clever reparametrization of the likelihood with certain sparse priors [20] to establish a one-

dimensional posterior asymptotic normality result for the first coordinate β1. Another result is [12], who

provide a global Bernstein-von Mises theorem under strong signal strength conditions that implies a similar

result, see also [15] and [49]. However, the discrete model selection priors used in both approaches can make

computation hugely challenging, especially for modern problem sizes of interest. Our goal here is thus to

provide computationally scalable and statistically reliable Bayesian inference for a low-dimensional subset of

the coordinates of β, especially for uncertainty quantification.

A popular scalable posterior approximation method is variational Bayes (VB), which approximates

the true posterior by the closest element in Kullback-Leibler sense from a family of more tractable distribu-

tions. This involves solving an optimization problem which, for suitable variational families, can dramatically

increase scalability [5, 6]. However, this requires a statistical versus computational tradeoff, with simpler

variational families leading to faster computation but worse posterior approximation, potentially leading to

poor statistical behaviour. An especially popular variational approximation is mean field (MF) VB, where

the variational family consists of distributions under which the model parameters are independent, break-

ing any dependencies in the posterior approximation and losing any correlation information. MF VB has

been successfully used to approximate sparse priors, such as the spike and slab, in a number of settings

[32, 10, 37, 38, 39, 30]. While fast, available results on mean-field VB often show that this factorizable ap-

proach provides overconfident (wrong) uncertainty quantification by underestimating the posterior variance
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[5, 6], including for the marginal distributions of the coordinates in sparse settings [30].

The problem with standard MF VB is that it selects a (diagonal) covariance matrix to match

the precision rather than the covariance matrix of the posterior. In correlated settings, as are common

in practice, this can lead to an underestimate of the posterior variance, see e.g. [33]. Our solution is to

consider a parameter transformation β1:k → β∗
1:k used in [50] that orthogonalizes the likelihood of β∗

1:k and

β−k = (βk+1, . . . , βp), thereby decorrelating β∗
1:k and β−k under the posterior. We then use a variational

family making β∗
1:k and β−k independent, with a rougher MF approximation on the high-dimensional nuisance

parameter β−k and a richer approximation on the low-dimensional β∗
1:k, the latter of which correctly captures

the posterior covariance of β∗
1:k as the two components are now decorrelated. Undoing this transformation,

our variational approximation then correctly captures the posterior variance component of β1:k coming from

β∗
1:k, with a potential underestimation of the component coming from β−k due to the MF approximation.

This last variance component is typically of smaller order, so its underestimation has much less of an effect

than when using full MF VB, leading to dramatically improved uncertainty quantification. More broadly,

our approach can be viewed as a form of generalized MF approximation in a transformed parameter space

which decorrelates the posterior. Viewed in the original untransformed parameter space, this is equivalent

to using MF VB for the nuisance parameter β−k, and then carefully modelling the conditional distribution

β1:k|β−k to closely match the posterior, which remains computationally feasible since β1:k is low-dimensional.

Our main contribution is thus to propose a variational family based on this orthogonalizing transformation

that allows statistically reliable inference for β1:k (assuming the underlying posterior does) while preserving

the computational advantages of MF VB.

For computational reasons, we consider a spike–and–slab type prior related to the theoretically mo-

tivated but computationally infeasible prior from [50]. Since this prior is based on the same reparametrization

discussed above, it aligns with our variational family and thus has the attractive feature of decoupling com-

putation of β∗
1:k and β−k. Both optimization problems are then obtained by a simple pre-processing step

consisting of projecting the data and design matrix onto orthogonal spaces, giving two new linear regression

problems that can be solved in parallel. In particular, one can directly use existing implementations for both

these new linear regression steps without requiring any modification to the original algorithms, for instance

using precise (low-dimensional) samplers for β∗
1:k and fast coordinate ascent variational ascent (CAVI) for the

more expensive nuisance parameter β−k. In this way, our approach can exploit the computational scalability

of standard MF VB while still providing statistically reliable inference for β1:k.

We apply our method to numerical simulations and real covariate data, showing that it provides fast

and reliable statistical inference for β1:k in practice, including for uncertainty quantification, performing at

least as well as existing frequentist methods, notably the debiased LASSO [54, 27, 47]. A particular strength

of our method is that it appears to approximate quite well the correlation structure of the underlying posterior
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for β1:k in a variety of settings, leading to (variational) Bayesian credible sets with good frequentist coverage

and size. In particular, it continues to perform well in correlated settings, in stark contrast to full MF

VB. We further provide asymptotic theoretical guarantees for our method in the form of a semiparametric

Bernstein–von Mises theorem, showing that when the design is not too correlated, the marginal posterior

for β1:k will be asymptotically normal and centered at an efficient estimator and with optimal covariance as

n, p→ ∞. One consequence is that certain standard credible sets are asymptotic confidence sets of the right

level, thereby providing a frequentist justification for this variational Bayes approach.

Our method shares connections to existing work studying modified versions of the mean-field ap-

proach to improve VB inference. For instance, [43, 42] also consider reparametrizations based on linear

transformations before applying MF VB to improve global posterior approximation. Other approaches use

blocking techniques [22, 35, 31], i.e. grouping together certain parameters in the MF factorization (as we

do for β∗
1:k here), or partial factorizations [24, 19, 21]. Another approach is to apply MF VB on a subset of

parameters and some other approximation methods on the remaining parameters [53, 52]. Our work can be

viewed as extending some of these concepts to semiparametric estimation, with a carefully tailored variational

family designed to provide fast and reliable VB inference for the low-dimensional functional β1:k without

requiring modifications to existing software implementations. On the theory side, there has been much recent

work on the asymptotic properties of VB methods, but this has mostly focused on convergence rates or pos-

terior approximation, e.g. [1, 51, 55, 38]. For uncertainty quantification, [48] establish a Bernstein–von Mises

result for low-dimensional parametric models, confirming that credible sets from full MF VB can suffer from

under coverage. In nonparametric settings, there exist more positive results for other variational families,

notably sparse Gaussian processes, showing that these can be reliable, if sometimes conservative [46, 36, 45].

Organization. In Section 2, we describe our variational Bayesian methodology and provide a

sampling algorithm. Section 3 presents our numerical results, Section 4 our theoretical asymptotic guaran-

tees and Section 5 our conclusions. In Section 6 we present heuristic calculations explaining the excellent

performance of our method in the simulations for strongly correlated settings. All proofs are deferred to

Section 7, a discussion of the computational cost of our algorithm in Section 8, additional simulations are

presented in Section 9, a discussion of the conditions for our theoretical results is given in Section 10 and

some further background on our variational method is given in Section 11.

Notation. For β ∈ Rp, we denote β1:k = (β1, . . . , βk)T ∈ Rk the vector consisting of the first k

coordinates of β and β−k = (βk+1, . . . , βp)T ∈ Rp−k. We write Xi ∈ Rn for the ith column of X, X1:k =

(X1, . . . , Xk) ∈ Rn×k for the matrix consisting of the first k columns of X and X−k = (Xk+1, . . . , Xp) ∈

Rn×(p−k). Similarly, for Π a measure on Rp we denote Π−k for the measure induced on the last p − k

coordinates. The Lebesgue measure on Rk is denoted Λ = Λk, ∥ · ∥2 is the Euclidean norm, and for a matrix

X, we define ∥X∥ = maxi=1,...,p ∥Xi∥2. For λ > 0, we denote Lap(λ) the centered Laplace distribution on R,
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with density proportional to e−λ|x|. The Kullback-Leibler divergence between two probability distributions

P and Q is denoted KL(P,Q). For a vector β ∈ Rp, denote Sβ = {i : βi ̸= 0} by the set of non-zero

coefficients of β. For S ⊂ {1, . . . , p} let βS = (βi)i∈S and |S| be the cardinality of S. For our theoretical

results, we take σ2 = 1 and write P0 for the probability measure induced by the model Y = Xβ0 + ε, where

ε ∼ Nn(0, In).

2 Methodology

We now introduce our variational Bayes methodology to conduct fast and accurate inference, including un-

certainty quantification, on a low-dimensional subset β1:k = (β1, . . . , βk)T of the high dimensional parameter

β ∈ Rp in model (1) with k ≪ p a fixed integer. Our method applies equally to any subset βS , S ⊆ {1, . . . , p}

with |S| = k, but without loss of generality we may write S = {1, . . . , k} by relabelling the parameters. The

noise variance σ2 in (1) is typically unknown and must be estimated. We follow [12, 38] and compute an

estimator σ̂2 of σ2, and divide both sides of the regression model by σ̂, yielding Ỹ = Y/σ̂, X̃ = X/σ̂ and

ε̃ = (σ/σ̂)ε, where ε ∼ Nn(0, In). If the estimator σ̂ is close to σ, we should approximately recover the

σ = 1 case using instead (X̃, Ỹ ). For our method, we first require such a transformation and thus apply

the following methodology with σ = 1, using the notation (X,Y ) to refer to these normalized values (i.e.

(X̃, Ỹ )) for simplicity. For clarity of exposition, we first describe the case k = 1 before treating the general

case.

2.1 Prior and posterior for k = 1

For our underlying prior on β, we follow the approach of [50] of placing a sparse model selection prior

on the nuisance parameter β−1 = (β2, . . . , βp)T and a carefully chosen conditional distribution on β1|β−1.

The latter choice is motivated by the following decomposition of the likelihood, discussed further below.

Define H = X1X
T
1 /∥X1∥22 to be the projection matrix onto span(X1), and γi = XT

1 Xi/∥X1∥22, i = 2, . . . , p,

to be the rescaled correlations between the ith and 1st columns. By using the orthogonal decomposition

In = H + (In −H), the likelihood can be written

Ln(β, Y ) ∝ exp

{
−1

2
∥Y −Xβ∥22

}
∝ exp

{
−1

2
∥HY −X1β

∗
1∥

2
2

}
· exp

{
−1

2
∥(In −H)Y − (In −H)X−1β−1∥22

}
, (2)

where

β∗
1 := β1 +

p∑
i=2

γiβi. (3)
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The first exponential contains all the β1 terms via the transformed parameter β∗
1 , while the second term

involves only β−1. Using the above bijective reparametrization β = (β∗
1 , β−1), the likelihood decouples β∗

1

from β−1, with the dependence of β1 and β−1 fully captured through (3). This transformation can be

viewed as an orthogonalization to approximately decorrelate the parameter of interest β1 from the nuisance

parameter β−1 under the data. Note that if X1 is orthogonal to X−1, as might occur in experimental design

setups, then β∗
1 = β1 since X−1β−1 carries no information about β1. For the Bayesian, if the priors on β∗

1

and β−1 are independent, then the corresponding posterior distributions will also be independent, allowing a

particularly simple characterisation of the posterior. For this reason, we place independent priors on β∗
1 and

β−1, with β∗
1 sampled from a continuous distribution on R. This induces a conditional (non-independent)

prior on β1|β−1, but it is often helpful to think in terms of the decorrelated parameterization (β∗
1 , β−1). For

the sparse prior on β−1, we consider the class of model selection priors [13, 12, 38] defined as follows.

Definition 1 (Model selection prior). For d ≥ 1, ν a probability distribution on {0, . . . , d} and λ > 0, the

model selection prior on u ∈ Rd, denoted MSd(ν, λ), is determined in the following hierarchical manner:

1. the sparsity s ∈ {0, 1, . . . , d} of u is drawn according to s ∼ ν,

2. the active set S given |S| = s of u is drawn uniformly from the
(
d
s

)
subsets of {1, . . . , d} of size s,

3. ui|S
ind∼

Lap(λ), i ∈ S,

δ0, i /∈ S,

where δ0 denotes the Dirac mass at zero. We require that ν satisfies

A1d
−A3ν(s− 1) ≤ ν(s) ≤ A2d

−A4ν(s− 1), for s = 1, . . . , d, (4)

for some constants A1, A2, A3, A4 > 0.

For our practical implementation, we use the spike-and-slab prior [25] with βi ∼iid qLap(λ) + (1 −

q)δ0, where q ∈ [0, 1] is the prior inclusion probability of each βi and Lap(λ) denotes the Laplace distribution

with density function (λ/2)e−λ|x| on R. This fits within Definition 1 with ν ∼ Binomial(p, q). Note that

taking lighter than exponential tails can lead to overshrinkage and poor performance [13]; other heavy tailed

priors, such as Cauchy or non-local priors [29], could also be considered, although we focus here on Laplace

slabs for simplicity. It remains to specify the conditional prior on β1|β−1.

Definition 2. For ν a probability distribution on {0, . . . , p−1} , λ > 0 and g a positive density with respect

to Lebesgue measure Λ = Λ1, consider the following hierarchical prior distribution Π on β ∈ Rp:

β−1 ∼MSp−1(ν, λ)

β1|β−1 ∼ g

(
· +

p∑
i=2

γiβi

)
dΛ

(5)
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(the notation Y ∼ h(·)dΛ means that Y has density h with respect to Λ).

This prior can equivalently be written as taking β∗
1 ∼ g and β−1 ∼MSp−1(ν, λ) independent. The

above prior is similar to that considered in [50], though with two main differences. First, Yang [50] places

a different model selection prior on β−1, notably the abstract prior introduced in [20]. While this prior

is amenable to very refined theoretical results, it is challenging to implement in practice. In contrast, we

consider priors more widely used in practice, notably the spike and slab in our implementation. Second, we

do not require the prior density g of β∗
1 to be Gaussian, and will see below that choosing a distribution with

heavier tails performs better numerically and theoretically. We consider three concrete examples of priors g

for β1|β−1 in (5), including an improper one, with varying tail decays.

Example 1 (Laplace prior). For σn > 0, take g = gn the Lap(1/σn) distribution. Then the prior reduces to

β−1 ∼MSp−1(ν, λ), β1|β−1 ∼ Lap(1/σn) −
∑p

i=2 γiβi.

Example 2 (Gaussian Prior). For σ2
n > 0, take g = gn the N (0, σ2

n) distribution. Then the prior reduces to

β−1 ∼MSp−1(ν, λ), β1|β−1 ∼ N (−
∑p

i=2 γiβi, σ
2
n).

Example 3 (Improper prior). Consider the prior measure Λ ⊗MSp−1(ν, λ), which can be seen as the prior

(5) with g ∝ 1.

We find that the Laplace and improper priors work best in practice, having heavier tails, and would

recommend using these by default. Note that the improper g ∝ 1 does not require hyperparameter tuning

for σn, which the Gaussian prior is especially sensitive to.

Since both the likelihood (2) and prior (5) factorize in (β∗
1 , β−1), so too does the resulting posterior,

which we next characterize. Since H is the projection matrix onto span(X1), In − H is the orthogonal

projection onto span(X1)⊥, an (n − 1)−dimensional subspace of Rn. To avoid degeneracy issues, we wish

to consider such a projection mapping into Rn−1 rather than Rn, and we thus define P ∈ Rn×(n−1) as any

matrix whose columns form an orthonormal basis of span(X1)⊥, for which PPT = (In−H) and PTP = In−1.

We then define

W̌ = PTX−1 ∈ R(n−1)×(p−1), Y̌ = PTY ∈ Rn−1, ε̌ = PT ε, (6)

where premultiplying by PT is essentially premultiplying by (In−H) but with the image of the map in Rn−1

rather than an (n − 1)−dimensional subspace of Rn. The logarithm of the second term in the likelihood

decomposition (2) can then be written in terms of Y̌ and W̌ as

− 1
2∥(In −H)Y − (In −H)X−1β−1∥22 = − 1

2∥P (Y̌ − W̌β−1)∥22 = − 1
2∥Y̌ − W̌β−1∥22,

i.e. the log-likelihood of the linear model Y̌ = W̌β−1 + ε̌ with ε̌ ∼ Nn−1(0, PTP ) = Nn−1(0, In−1) based

on the transformed response Y̌ and features W̌ . To compute the posterior for β−1, we thus only need a

preprocessing step consisting of premultiplying the data by PT before running Bayesian linear regression as

usual.
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Lemma 1 (Posterior distribution when k = 1). Let Π be the prior (5). Then under the posterior distribution,

β−1 and β∗
1 are independent, and their distributions take the form

dπ(β−1|Y ) ∝ e−
1
2∥Y̌−W̌β−1∥2

2dMSp−1(ν, λ), (7)

dπ(β∗
1 |Y ) ∝ e

− 1
2∥X1∥2

2

(
β∗
1−

XT
1 Y

∥X1∥22

)2

g(β∗
1)dβ∗

1 . (8)

In particular, in Examples 2 and 3, the density (8) takes the form

β∗
1 |Y ∼ N

(
σ2
n

∥X1∥22σ2
n + 1

XT
1 Y,

σ2
n

∥X1∥22σ2
n + 1

)
and β∗

1 |Y ∼ N
(

1

∥X1∥22
XT

1 Y,
1

∥X1∥22

)
,

respectively. Finally, under the frequentist assumption Y ∼ Nn(Xβ0, In), we have Y̌ ∼ Nn−1(W̌β0
−1, In−1).

Lemma 1 shows that the posterior computations of β−1 and β∗
1 decouple, with that of β−1 following

the linear regression model Y̌ = W̌β0
−1 + ε̌ with model selection prior MSp−1(ν, λ), while β∗

1 follows from a

one-dimensional regression model with prior g. The first could in principle be tackled using computational

tools for sparse priors, such as modern MCMC methods [34, 23, 4], while the second is a low-dimensional

problem that can be solved for instance analytically or by MCMC. Lemma 1 thus provides an efficient way

to sample from the posterior of β1: (i) sample β−1 according to (7), (ii) sample β∗
1 according to (8), (iii)

compute β1 = β∗
1 −

∑p
i=2 γiβi.

However, the discrete nature of the model selection prior can make step (i) very expensive computa-

tionally, requiring O(2p) integrations for each of the possible active sets of β−1. The discrete and multimodal

nature of the posterior also makes posterior sampling challenging in high-dimensions, with MCMC methods

known to have problems mixing for typical problem sizes of interest [23]. This motivates us to use a varia-

tional approximation to the posterior distribution, which provides a computationally scalable alternative.

2.2 Variational approximation and sampling scheme for k = 1

To avoid the computational difficulty of posterior sampling for β−1, we instead consider a scalable mean-field

variational Bayes (MF VB) approximation, under which the model parameters are independent and each

follow a spike and slab distribution. Consider the following class of distributions on Rp−k:

Q−k =

{
Qµ,τ,q =

p⊗
i=k+1

qi N (µi, τ
2
i ) + (1 − qi)δ0 : qi ∈ [0, 1], µi ∈ R, τi ∈ R+

}
, (9)

and define the corresponding variational approximation to β−1 within the class Q−1 by

Q̂−1 = arg min
Q−1∈Q−1

KL(Q−1||Π−1(·|Y )), (10)

where Π−1(·|Y ) is the marginal distribution (7) of β−1 under the posterior (see below for the general case

k > 1). Such sparsity-inducing MF variational families have been used in a variety of settings [32, 10, 37, 38,
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39, 30] and the optimization problem (10) can be solved using coordinate ascent variational inference (CAVI),

see [38]. In particular, (7) in Lemma 1 shows that the optimization (10) reduces to the problem of finding

the closest element of Q−1 to the posterior (on Rp−1) coming from the model selection prior MSp−1(ν, λ)

and likelihood from the transformed linear regression model Y̌ = W̌β0
−1 + ε̌ defined in (6). One can thus

use the standard CAVI implementation derived in [38] for linear regression by simply replacing the inputs

(X,Y ) with (W̌ , Y̌ ). In particular, this allows one to directly use any existing software implementation (e.g.

[16]) for this problem without modification after the straightforward preprocessing step (6).

We complete the posterior approximation by using the exact posterior distribution for β∗
1 |Y , given

in (8), yielding the overall VB posterior:

β−1 ∼ Q̂−1, β∗
1 ∼ π(β∗

1 |Y ), β−1, β
∗
1 independent,

β = (β1, β−1) = (β∗
1 −

p∑
i=2

γiβi, β−1).
(11)

We denote by Q̂ the distribution for β given by (11), and Q̂1 the marginal distribution of the first coordinate

β1. Once one has computed Q̂−1, one can sample β1 ∼ Q̂1 in three steps:

(i) sample β−1 ∼ Q̂−1,

(ii) sample β∗
1 ∼ π(β∗

1 |Y ) according to (8), independently of β−1,

(iii) compute β1 = β∗
1 −

∑
i≥2 γiβi.

The full algorithm for fitting this method and sampling β1 is given in Algorithm 1. A discussion of its

computational cost can be found in Section 8.

The idea behind our method (11) is to combine a fast MF approximation for β−1 with the exact

posterior distribution for β∗
1 , which can be computed using low-dimensional Bayesian computational tech-

niques. Since the posteriors for β∗
1 and β−1 decorrelate, and are in fact independent for this specific prior

choice by Lemma 1 above, not only does computation decouple but we may use the exact marginal posterior

distribution (8) for β∗
1 (though not β1). We then undo the transformation to obtain our parameter of interest

β1 = β∗
1 −

∑p
i=2 γiβi, correctly capturing the posterior variance component of β1 coming from β∗

1 . Even

though the MF approximation on β−1 can (and does) underestimate the posterior variance of the second

component, this is typically of smaller order leading to a significant improvement over full MF VB. Indeed,

using full MF VB for (β1, β−1) underestimates the posterior variance for β1 leading to poor uncertainty

quantification in correlated settings, see Section 3 below.
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Algorithm 1 Generating ns samples of β1 from the VB posterior Q̂1

Require: Dn = (X,Y ),Π = (MSp−1(ν, λ), g), ns.

Compute Y̌ and W̌ :

Compute {u1, . . . , un−1}, an orthonormal basis of span(X1)⊥

Define P = (u1, . . . , un−1) ∈ Rn×(n−1) with columns u1, . . . , un−1

Compute Y̌ = PTY , W̌ = PTX−1

Fit Q̂−1 in (10) by performing CAVI based on (W̌ , Y̌ ) and prior MSp−1(ν, λ) [e.g. as in [38]]

Compute γi = XT
1 Xi/∥X1∥22 for i = 2, . . . , p.

for j = 1, . . . , ns do

Sample βj
−1 ∼ Q̂−1

Sample (β∗
1)j ∼ π(β∗

1 |Y ) according to (8), independently of βj
−1

Compute βj
1 = (β∗

1)j −
∑

i≥2 γiβ
j
i

end for

return {βj
1}

ns
j=1

2.3 The general case k ≥ 1

The methodology described above extends naturally to the k−dimensional subparameter β1:k = (β1, . . . , βk)T ∈

Rk at the cost of slightly more complicated notation. We assume that the columns X1, . . . , Xk are linearly

independent, else the problem is not identifiable. Denoting Σk := (XT
1:kX1:k)−1, we define the projection

matrix Hk = X1:kΣkX
T
1:k onto span(X1, . . . , Xk), and a matrix Pk ∈ Rn×(n−k), whose columns consist of an

orthonormal basis of span(X1, . . . , Xk)⊥. The likelihood now decomposes as

Ln(β, Y ) ∝ exp

{
−1

2
∥HkY −X1:kβ

∗
1:k∥

2
2

}
exp

{
−1

2
∥Y̌k − W̌kβ−k∥22

}
,

where β∗
1:k := β1:k + ΣkX

T
1:kX−kβ−k, Y̌k = PT

k Y and W̌k = PT
k X−k.

For ν a probability distribution on {0, . . . , p − k} , λ > 0 and g a positive density with respect to

the Lebesgue measure on Rk, consider the following prior distribution for β ∈ Rp:

β−k ∼MSp−k(ν, λ)

β1:k|β−k ∼ g(· + ΣkX
T
1:kX−kβ−k)dΛ.

(12)

We consider both the Laplace prior g(x1, . . . , xk) ∝ exp
{
− 1

σn

∑k
i=1 |xi|

}
and the improper prior g ∝ 1,

but not the multivariate Gaussian distribution for g since it already performs less well in both theory and

practice when k = 1. As in Lemma 1, the prior (12) gives rise to a posterior under which β∗
1:k and β−k are

independent with distributions of the form

dπ(β−k|Y ) ∝ e−
1
2∥W̌kβ−k−Y̌k∥2

2dMSp−k(ν, λ)(β−k), (13)

dπ(β∗
1:k|Y ) ∝ e−

1
2 (β

∗
1:k−ΣkX

T
1:kY )TΣ−1

k (β∗
1:k−ΣkX

T
1:kY )g(β∗

1:k)dΛ(β∗
1:k). (14)
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Similar to above, we approximate the distribution for β−k with the MF family Q−k given in (9):

Q̂−k = arg min
Q−k∈Q−k

KL(Q−k||Π−k(·|Y )),

for Π−k(·|Y ) the posterior distribution of β−k defined by (13). We then consider the full variational approx-

imation for β ∈ Rp:

β−k ∼ Q̂−k, β∗
1:k ∼ π(β∗

1:k|Y ), β−k, β
∗
1:k independent,

(β1:k, β−k) = (β∗
1:k − ΣkX

T
1:kX−kβ−k, β−k),

where π(β∗
1:k|Y ) is defined in (14). In the following, we denote by Q̂ the distribution on β given by the last

display and Q̂1:k the marginal distribution of β1:k. Computation of Q̂−k and sampling from Q̂1:k from this

variational approximation follows analogously to the discussion for the one dimensional case k = 1 above.

3 Simulated and real data studies

We assess the numerical performance of our proposed VB method with the improper prior choice g ∝ 1

(Example 3), which we refer to as I-SVB (I for improper), comparing its performance with (i) two standard

frequentist methods from Zhang and Zhang [54] and Javanmard and Montanari [27] (referred to as ZZ and

JM, respectively), and (ii) full mean-field variational inference with a spike-and-slab variational class [38]

(referred to as MF). We found that the Laplace prior for g performs similarly, but we focus on the improper

case for simplicity, since this gives a particularly simple expression for the posterior of β∗
1 |Y (see Lemma 1)

and does not require hyperparameter tuning. While one can achieve similar results using a Gaussian prior

with large variance, the results are sensitive to this hyperparameter choice and are less robust. For a detailed

comparison of the different prior choices, see Section 9.1. All of the code to produce these results can be

found in our GitHub repo at https://github.com/lukemmtravis/Debiased-SVB/. We test our method in

the following settings:

1. Random design X with i.i.d. rows Xi· ∼iid Np(0,Σ) where, for some ρ ∈ [0, 1),

(a) Σ = Ip with uncorrelated features;

(b) Σ = Σρ the matrix with (Σρ)jk = ρ if j ̸= k and 1 otherwise;

(c) Σ = ΣAR
ρ the autoregressive matrix with (ΣAR

ρ )jk = ρ|j−k| for 1 ≤ j, k ≤ p.

2. Real covariate data X coming from the riboflavin dataset [8] with synthetically generated responses.

For Gaussian random designs, the case Σ = Σρ has the strongest correlations and is studied in Sections 3.1

and 9.2. To illustrate inference for multi-dimensional parameters, in Section 3.2 we focus on Σ = ΣAR
ρ for

which ‘oracle’ confidence sets are not parallel to the coordinate axes, and where improvement over standard

mean-field VB is therefore particularly marked. Section 3.3 considers the real covariate data.

11
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3.1 One-dimensional inference k = 1

We present here 6 simulation settings representing a variety of scenarios, with additional simulations in

Section 9. In each case, we generate the true underlying data from a linear regression model Y = Xβ0 + σε

as in (1). We estimate the noise level σ2 with the simple estimator σ̂2 = ∥Y − Xβ̂∥22/(n − ŝ − 1), with β̂

the cross-validated LASSO and ŝ the sparsity of the estimator β̂, and consider the rescaled data Ỹ = Y/σ̂

and X̃ = X/σ̂ as described at the start of Section 2. Note that any suitable method for estimating σ2 can

be used instead, for instance the R package selectiveInference [40]. We then implement our VB method

according to Algorithm 1, where the function svb.fit from the package sparsevb [16] is used to fit Q̂−1

using CAVI after the preprocessing step (6), and where we compute π(β∗
1 |Y ) by conjugacy since g ∝ 1.

Turning to the other methods, for the full mean-field (MF) VB approach we approximate the

posterior arising from placing the model selection MSp prior on (β1, . . . , βp)T by the variational family Q̂−0

given by (9), again using the CAVI implementation in the sparsevb R-package [16]. We implement the ZZ

method by first performing cross-validated LASSO regression of Y on X with the glmnet package to obtain

an initial estimator β̂(init), then regress X1 = X−1γ−1 +η to obtain γ̂−1 and the residual z1 = X1−X−1γ̂−1,

and finally perform the bias correction by computing β̂1 = β̂
(init)
1 +zT1 (Y −Xβ̂(init))/zT1 x1. The JM method

is implemented with the code attached to the supplementary material of [27], though we adapt it so that it

only computes an estimate and confidence interval for one coordinate at a time so that the timing is a fair

comparison.

We parameterise each scenario by the tuple (n, p, s0, β
0
1 , β

0
j , ρ, σ

2), where n is the number of ob-

servations, p is the covariate dimension, s0 is the true sparsity of β0, β0
1 is the first coordinate of β0 (our

target for inference), βj
0 are the values of the other non-zero entries of β0 and σ2 is the unknown noise

variance. We take each row of X to be multivariate Gaussian Xi· ∼iid Np(0,Σρ) with diagonal entries

(Σρ)jj = 1 and off-diagonal entries (Σρ)jk = ρ for j ̸= k, so that ρ represents the correlation between any

pair of features. For each scenario, we simulate 500 datasets and for each set of observations compute a

95%−credible or confidence interval for every method. For the variational methods, we take 1000 samples

from the variational posteriors and compute credible intervals based on the empirical quantiles from these

samples. The confidence intervals for the frequentist methods are computed as specified in their respective

papers. For each method we report: (i) the coverage (the proportion of the intervals containing the true

value); (ii) the mean absolute error (MAE) of the centering of the intervals from the truth; (iii) the length

of the intervals; and (iv) the mean computation time in seconds. Results are found in Table 1, including the

standard deviations of these indicators where relevant.

We see that I-SVB and MF perform very similarly when there is no correlation between features

(scenario (i)), with both methods delivering approximately 95% coverage and smaller MAE than the other
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methods. Furthermore, both methods deliver this coverage while giving intervals which are smaller than their

frequentist counterparts. These methods thus outperform their frequentist counterparts for both estimation

and uncertainty quantification in this scenario.

However, when we add correlation to the features (scenarios (ii)-(vi)), the behaviour of I-SVB

diverges from that of MF, with I-SVB maintaining higher coverage than the other methods in these scenarios.

The coverage of I-SVB is sometimes higher than the intended 95% level, hinting that the credible sets could

be too large, but we see that the length of the I-SVB credible interval are generally comparable to those of

ZZ (excluding (iv)), which is likely a result of smaller bias of I-SVB as exhibited by its smaller MAE. As

expected, full MF ignores the correlation and thus provides much smaller credible sets in correlated settings,

underestimating the posterior variance and leading to under-coverage. Indeed, the MF credible sets are the

same length when the experiments are performed with zero correlation (see the additional simulations in

Section 9). Aside from MF, all other methods adapt to the added difficulty of the problem under correlation

by increasing the length of their intervals.

We also see that the credible sets from both VB methods can be computed in comparable time to

ZZ, and much faster than JM, which requires a relatively expensive optimization routine to estimate Σ−1.

While we adapted the code for JM to compute confidence intervals for a single coordinate at a time to speed

up computation, note that its R implementation could perhaps be optimised to be faster.

We provide additional similar scenarios in Section 9 in the appendix, which confirm the above

conclusions. These results already demonstrate for k = 1 how our approach improves upon naive MF

inference by providing reliable statistical inference while keeping the computational scalability of MF VB.

The overall performance of I-SVB is also competitive or better than its frequentist counterparts.

3.2 Multi-dimensional inference k ≥ 1

We now consider inference for β1:k for general k ≥ 1. We generate ns VB posterior samples {βi
1:k}

ns
i=1 of

β1:k, using which we estimate the posterior mean and covariance by

β̄1:k :=
1

ns

ns∑
i=1

βi
1:k, Θ̂1:k :=

1

ns

ns∑
i=1

(βi
1:k − β̄1:k)(βi

1:k − β̄1:k)T .

We then compute an approximate γ−credible set

Cγ :=
{
v ∈ Rk : (vk − β̄1:k)T Θ̂−1

1:k(vk − β̄1:k) ≤ χγ,k

}
, (15)

where χγ,k is defined by P (χ2
k ≤ χγ,k) = γ for χ2

k a chi-squared distribution with k degrees of freedom. The

method provided in Javanmard and Montanari [27] also extends naturally to the multi-dimensional setting

k ≥ 1 and results in a set of the form (15) above, but with β̄1:k replaced by their estimator and Θ̂1:k replaced

by σ̂2

n (M Σ̂MT )1:k,1:k, with M the relevant estimate of Σ−1.
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Scenario (n, p, s0, β
0
1 , β

0
j , ρ, σ

2) Method Cov. MAE Length Time

(i) I-SVB 0.952 0.082 ± 0.059 0.403 ± 0.034 0.270 ± 0.099

(100, 1000, 3, log n, log n, 0, 1) MF 0.954 0.082 ± 0.059 0.396 ± 0.028 0.162 ± 0.069

ZZ 0.886 0.112 ± 0.081 0.473 ± 0.223 0.271 ± 0.100

JM 0.976 0.163 ± 0.103 0.850 ± 0.077 1.899 ± 0.252

(ii) I-SVB 0.940 0.437 ± 0.343 2.241 ± 0.329 0.391 ± 0.132

(100, 1000, 3, log n, log n, 0.5, 16) MF 0.710 0.516 ± 0.512 1.316 ± 0.299 0.320 ± 0.187

ZZ 0.836 0.647 ± 0.473 2.824 ± 2.277 0.399 ± 0.128

JM 0.834 0.926 ± 0.602 3.066 ± 0.731 1.480 ± 0.249

(iii) I-SVB 0.992 0.051 ± 0.038 0.331 ± 0.024 1.384 ± 0.238

(400, 1500, 32,N (0, 1),N (0, 1), 0.25, 1) MF 0.752 0.072 ± 0.064 0.196 ± 0.007 0.913 ± 0.159

ZZ 0.846 0.069 ± 0.051 0.254 ± 0.017 1.396 ± 0.232

JM 0.636 0.289 ± 0.217 0.655 ± 0.13 33.673 ± 15.227

(iv) I-SVB 1.000 0.182 ± 0.131 1.872 ± 0.089 0.707 ± 0.159

(200, 800, 10, log n, log n, 0.9, 1) MF 0.014 3.629 ± 2.252 0.276 ± 0.015 1.062 ± 0.356

ZZ 0.936 0.217 ± 0.171 1.055 ± 0.082 0.626 ± 0.128

JM 0.260 1.693 ± 1.337 1.441 ± 0.123 9.927 ± 0.697

(v) ISVB 0.96 0.094 ± 0.074 0.482 ± 0.046 0.378 ± 0.053

(200, 1000, 5, 0, 0.5, 0.5, 1) MF 1.00 0.000 ± 0.000 0.272 ± 0.013 0.289 ± 0.054

ZZ 1.00 0.072 ± 0.053 0.476 ± 0.057 0.468 ± 0.061

JM 1.00 0.031 ± 0.025 0.668 ± 0.059 3.693 ± 1.120

(vi) ISVB 0.994 0.050 ± 0.038 0.340 ± 0.027 1.214 ± 0.144

(500, 1000, 10,U(−1, 1),U(−1, 1), 0.5, 1) MF 0.708 0.077 ± 0.071 0.175 ± 0.006 0.685 ± 0.153

ZZ 0.958 0.051 ± 0.040 0.273 ± 0.011 1.292 ± 0.157

JM 0.672 0.238 ± 0.155 0.622 ± 0.203 38.844 ± 17.190

Table 1: Estimation and uncertainty quantification performance for β1 using 4 methods. Highlighted in bold

are the smallest interval length, subject to coverage being larger than 0.85, and the smallest MAE.
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Two-dimensional visualization. To understand the behaviour of the methods, it is helpful to

visualise these sets for I-SVB, MF and JM in a 2-dimensional example. Figure 1 plots a realisation of the

credible/confidence regions and estimates from the three methods in three scenarios. We take n = 200,

p = 400, and define a parameter β0 with sparsity s0 = 10 and non-zero coordinates given by β0
i = 5.

We set the first two coordinates of β0 to be non-zero, and distribute the remaining 8 non-zero coordinates

uniformly throughout β0. The rows of the design are distributed as Xi· ∼iid Np(0,ΣAR
ρ ), where the elements

of the (autoregressive) covariance matrix are given by [ΣAR
ρ ]ij = ρ|i−j|. We vary the correlation between the

scenarios, with each facet title giving the value of ρ. For comparison, we also plot Oracle confidence sets

corresponding to the low-dimensional linear regression model Y = XS0βS0 + ε, where S0 is the (unknown)

support of the true β0. The oracle estimate of the full parameter β is given by β̂o
S0

:= (XT
S0
XS0

)−1XT
S0
Y

on S0, and is a point estimate β̂o
SC
0

= (0, . . . , 0) outside of S0. On S0 the oracle covariance matrix is

Θo
S0,S0

= (XT
S0
XS0)−1, while outside of S0 the covariance matrix is 0. The oracle sets are then of the form

(15) centered at β̂o
1:k and with covariance matrix Σo

1:k,1:k. Note that this is not a valid statistical method

since the oracle can not be computed in practice as S0 is unknown, but it provides a useful benchmark since

one essentially cannot do better than this.

In the first scenario with no correlation (left, ρ = 0), all the sets have a similar circular shape

and contain the truth (pink point). Moreover, MF and I-SVB provide very similar estimates and sets as

expected, since there is no underlying correlation. We see there is also little difference between these credible

sets and the Oracle confidence region, suggesting they are performing very well in this scenario. JM produces

a slightly larger confidence set due to the presence of an inflation factor in the application of their method

[27].

However, as we add correlation between the features, the behaviour of the methods diverge. In

correlated settings, we see the well-known issue [5, 6] that MF VB both underestimates the marginal variances

and fails to capture the correlation, leading to credible sets that are smaller and poorly oriented compared

to the Oracle. In the second scenario (middle, ρ = 0.5) the set still covers the truth, but in the third

scenario (right, ρ = 0.95) it does a poor job of quantifying the uncertainty. In these scenarios, JM increases

the size of the confidence sets to account for the added difficulty of the correlation, but it does not seem

to pick up the correct covariance structure, leading to much larger confidence regions (though at least

covering the truth). In contrast, the I-SVB credible sets seem to capture the correlation structure much

more effectively, mirroring the oracle, resulting in sets that are smaller while also covering the truth. Figure

1 demonstrates visually that unlike MF VB, our method I-SVB can correctly pick up (it is close to the oracle)

the posterior correlation structure of β1:k and provide good estimates of the posterior uncertainty, leading

to much improved uncertainty quantification in correlated settings. In Section 6, we provide heuristics to

explain why I-SVB appears to perform fairly similarly to the oracle, even in this strongly correlated scenario.

Not only is the coverage close to that of the oracle, but the shape of the credible set also nearly matches the
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Realisations of 2D credible regions
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Method I−SVB JM MF Oracle Truth

Figure 1: 95%-credible or confidence regions in three scenarios with design matrix rows Xi· ∼iid Np(0,ΣAR
ρ )

for increasing values of ρ given in the title of each facet. The interior of the ellipses represent the credible

or confidence regions, the crosses mark their centering and the pink point is the true value of (β1, β2). Each

scenario has n = 200, p = 400, k = 2, s0 = 10 and β0
i = 5.

oracle shape for AR covariances, as can be predicted from the heuristics.

To better understand why I-SVB seems to approach the Oracle covariance, we plot the components

of the covariance of β1:2 under the variational posterior. Recall that in 2 dimensions, the I-SVB posterior

is characterised by β1:2 = β∗
1:2 − (XT

1:2X1:2)−1XT
1:2X−2β−2, where the distributions of β∗

1:2 and β−2 are

independent. In Figure 2, we plot the ellipses {v ∈ R2 : vTM−1v = χ0.95,2} with M given by (i) the I-SVB

covariance of β1:2, (ii) the I-SVB covariance of β∗
1:2, (iii) the I-SVB covariance of (XT

1:2X1:2)−1XT
1:2X−2β−2,

and (iv) the Oracle covariance of β1:2. We see that the covariance contribution from the ‘debiasing’ quantity

(iii) alters the covariance of β∗
1:2, which is too small, to give a covariance structure for β1:2 which is closer

to the oracle covariance structure. Note this is not a simple inflation factor, since this debiasing occurs by

different amounts in different directions, and becomes more pronounced as the feature correlation increases.

Similar plots with the covariance between features given by the matrix Σρ are given in Figures 4–5 in the

supplementary material. Some heuristics about the size of the ‘debiasing’ term can be found in Section 6.

Numerical comparison in the multi-dimensional case k ≥ 2. We now numerically compare

these methods in a more systemic fashion, still in the case Σ = ΣAR
ρ . We compute the coverage as before,

and measure the size of the sets via their k−dimensional volume, which is proportional to
√∏k

j=1 λj where

{λi}ki=1 are the eigenvalues of the covariance matrix defining the regions (e.g. Θ̂1:k in (15)). To facilitate

comparison, when the Oracle gives a non-zero volume we report the relative volume of each method compared
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Covariance structure of the components of β1:2
0 0.5 0.95
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Covariance Matrix β β ∗ Oracle Debiasing Quantity

Figure 2: Realisations of the sets {v ∈ R2 : vTM−1v = χ0.95,2} with M given by the covariance matrices of

β1:2, β∗
1:2, the Oracle, and the debiasing quantity ((XT

1:2X1:2)−1XT
1:2X−2β−2). The design matrix rows are

distributed as Xi· ∼iid Np(0,ΣAR
ρ ) for increasing values of ρ given in the title of each facet. Each scenario

has n = 200, p = 400, k = 2, s0 = 10 and β0
i = 5.

to the Oracle (so that in these cases the Oracle has relative volume 1). In some scenarios, where the true

parameter of interest contains a 0, the Oracle set is a lower dimensional subspace of Rk, and so has volume 0;

in these cases we report the relative volume of each method to I-SVB. We also report the average L2−error

of the estimators (i.e. region centers) over the Monte Carlo simulations.

Each scenario is parametrized by the tuple (n, p, k, s0, β
0
j , ρ), where all parameters apart from k

have the same meaning as before, but we are now interested in k−dimensional credible/confidence regions

for β1:k. We also specify the true value of β0
1:k in each scenario, and distribute the remaining non-zero

coordinates uniformly throughout the nuisance parameter β0
−k, where the values of the non-zero coordinates

are specified by β0
j . We again simulate 500 realisations of a dataset and compute the credible or confidence

sets for each method. Table 2 contains the results.

With no correlation (scenario (i)), MF and I-SVB have similar performance to the Oracle — in

each case we observe similar coverage, L2−error and relative volume close to 1. The JM method likewise

achieves good coverage in these scenarios, but with a much larger relative volume to compensate for a larger

L2−error in the estimate. The JM method also takes longer to run due to the expensive estimation of Σ−1.

It is when we add correlation between the features (scenarios (ii)−(vi)) that we observe a difference

in the behaviour of the non-Oracle methods, similar to what we expect in light of Figure 1. In these scenarios,
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I-SVB maintains approximately the target coverage, while the coverage achieved by MF and JM drops

significantly. Remarkably, we see that the volume of the I-SVB sets is at most 50% larger than the Oracle,

and in the higher dimensional scenarios with larger n only about 30% larger. The JM method struggles due

to a larger bias in the estimate — it tries to compensate with a much larger relative volume, but this is not

enough to increase the coverage. For full MF, the problem is once again that the credible regions are too

small, with the relative volume of credible regions plummeting as we increase k and ρ, leading to significant

underestimates of the uncertainty. We also see that in scenarios (iv) and (vi), where some of the coordinates

of β0
1:k are zero, I-SVB maintains good coverage while providing a volume which is significantly smaller than

JM, suggesting that I-SVB is concentrating on a lower dimensional subspace of Rk as the Oracle does. In

summary, I-SVB appears to provide good (scalable) estimation and coverage for β1:k, while also accurately

capturing the underlying correlation, leading to smaller and more informative credible sets.

3.3 Real covariate example: riboflavin dataset

We conclude by using real covariates from the riboflavin dataset [8] with simulated responses. The dimension

of the covariate data X is n = 71 and p = 4088, and the pairwise correlation between features ranges from

close to -1 to close to +1. We sample 500 realisations of the dataset Y = Xβ0 + ϵ (holding X and β0 fixed)

computing the corresponding 95%-credible/confidence regions for each method. We take k = 1 and consider

as target parameter βj , i.e. we do not necessarily take j = 1. Since the design is fixed, the different covariate

columns of X have very different structures and hence the performance of each method depends on this

choice. To provide a fair comparison, we sample a random subset of the coordinates of size 100, compute

estimates of the coverage for each method on each coordinate using 500 realisations of the data, and report

the mean performance over the 100 coordinates. Results are given in Table 3, with the Oracle included for

reference.

In the first example, we set both β0
j = log n and the other active coordinates β0

k = log n. In this

case, we see that I-SVB and ZZ both offer good coverage, with the I-SVB coverage slightly below the intended

level. Of the non-oracle methods, I-SVB offers the smallest MAE, and the credible intervals produced by

this method are nearly the same size as the Oracle intervals, showing good uncertainty quantification. The

mean-field method struggles in this scenario, as the complex correlation structure between features throws

off the modelling of the nuisance parameter and the credible intervals are too small. The ZZ method offers

high coverage, but the confidence sets produced by this method are very wide, and the estimate itself is more

biased than for I-SVB. The JM method struggles due to a large bias and the confidence intervals have low

coverage despite being quite large.

In the second example, we set the coordinate of interest β0
j = 0, with the other active coordinates

given by β0
k = log n. In this case, the I-SVB coverage drops, though not too dramatically. The MF method
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Scenario (n, p, k, s0, β
0
j , ρ) Method Cov. L2−error Rel. Volume Time

(i) I-SVB 0.960 0.091 ± 0.048 1.007 ± 0.081 0.301 ± 0.107

(200, 400, 2, 10, log n, 0) MF 0.946 0.091 ± 0.048 0.951 ± 0.071 0.162 ± 0.080

β0
1:2 = (log n, log n) JM 0.952 0.112 ± 0.065 1.843 ± 0.314 1.012 ± 0.163

Oracle 0.948 0.096 ± 0.065 1.000 ± 0.073 -

(ii) I-SVB 0.966 0.127 ± 0.065 1.517 ± 0.118 0.206 ± 0.040

(200, 400, 2, 10, log n, 0.5) MF 0.790 0.125 ± 0.064 0.532 ± 0.043 0.309 ± 0.071

β0
1:2 = (log n, log n) JM 0.742 0.342 ± 0.527 2.975 ± 0.402 6.526 ± 0.902

Oracle 0.950 0.129 ± 0.068 1.000 ± 0.069 -

(iii) I-SVB 0.976 0.130 ± 0.046 1.397 ± 0.122 0.651 ± 0.106

(400, 800, 4, 10, log n, 0.5) MF 0.734 0.129 ± 0.046 0.305 ± 0.029 1.015 ± 1.652

β0
1:4 = (log n, . . . , log n) JM 0.430 0.308 ± 0.328 4.194 ± 0.979 32.808 ± 7.427

Oracle 0.972 0.123 ± 0.047 1.000 ± 0.080 -

(iv) I-SVB 0.970 0.110 ± 0.040 1.000 ± 0.091 0.982 ± 0.119

(400, 800, 4, 10, log n, 0.25) MF 0.842 0.342 ± 1.115 0.394 ± 0.028 2.244 ± 0.423

β0
1:4 = (0, 0, log n, log n) JM 0.500 0.498 ± 0.535 8.727 ± 9.590 31.551 ± 2.089

Oracle 0.990 0.072 ± 0.038 0.000 ± 0.000 -

(v) I-SVB 0.966 0.163 ± 0.052 1.325 ± 0.177 1.591 ± 17.545

(400, 1000, 6, 12, log n, 0.5) MF 0.616 0.246 ± 0.859 0.157 ± 0.016 7.984 ± 63.167

β0
1:6 = (log n, . . . , log n) JM 0.144 0.474 ± 0.551 7.304 ± 1.964 32.330 ± 2.805

Oracle 0.936 0.166 ± 0.054 1.000 ± 0.088 -

(vi) I-SVB 0.950 0.366 ± 0.111 1.000 ± 0.157 0.868 ± 0.148

(400, 1000, 6, 12,U(−5, 5), 0.9) MF 0.576 0.175 ± 0.136 0.001 ± 0.000 0.531 ± 0.196

β0
1:6 = (0, . . . , 0) JM 0.180 0.148 ± 0.090 265.69 ± 5538.8 29.079 ± 11.735

Oracle - - - -

Table 2: Estimation and uncertainty quantification performance for β1:k using 3 methods and the Oracle

approach. Highlighted in bold are the smallest relative volume (compared to the Oracle) of the sets, subject

to coverage being larger than 0.85, and the smallest mean L2-error. We do not highlight the Oracle since it

is not a valid method as it depends on the unknown truth, while in (iv) it reduces to the point estimate at

0, hence we omit it.
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Scenario (n, p, s0, β
0
j , β

0
k) Method Cov. MAE Length Time

riboflavin (i) I-SVB 0.905 0.159 ± 0.127 0.614 ± 0.021 2.129 ± 0.275

(71, 4088, 5, log n, log n) MF 0.262 2.078 ± 0.931 0.463 ± 0.002 1.828 ± 0.422

ZZ 0.971 0.422 ± 0.250 4.691 ± 1.465 0.656 ± 0.162

JM 0.300 2.430 ± 0.135 1.907 ± 0.103 22.573 ± 3.304

Oracle 0.944 0.125 ± 0.093 0.613 ± 0.000 -

riboflavin (ii) I-SVB 0.857 0.196 ± 0.154 0.646 ± 0.022 3.209 ± 0.511

(71, 4088, 5, 0, log n) MF 0.976 0.042 ± 0.032 0.450 ± 0.005 4.884 ± 7.862

ZZ 1.000 0.174 ± 0.131 4.664 ± 1.380 2.650 ± 4.094

JM 0.992 0.078 ± 0.033 1.408 ± 0.15 14.177 ± 2.483

Oracle 1.000 0.000 ± 0.000 0.000 ± 0.000 -

Table 3: Estimates of the coverage, MAE and length of the credible intervals produced using simulated data

with the covariates from the riboflavin dataset. Highlighted in bold are the smallest interval length, subject

to coverage being larger than 0.85, and the smallest MAE.

performs very well in this scenario, which is understandable since the prior contains a spike at 0 and it can

often detect that the truth is zero; the MAE is very small and the credible intervals are the smallest of the

non-oracle methods. The ZZ method once again yields very high coverage, but it is again conservative due

to the very long intervals. Likewise, the JM method offers high coverage, but with long credible intervals.

3.4 Summary of data studies

Our proposed I-SVB method provides uncertainty quantification when estimating a given number of coor-

dinates in high-dimensional regression. It does so in a reliable way, significantly improving upon standard

mean-field Variational Bayes. Notably, the I-SVB method 1) avoids the typical undercoverage generally

reported for the standard mean-field method; 2) is available for multi-dimensional parameters, where in two

dimensions it even comes close to the oracle optimal ellipsoidal ‘shape’ expected when the covariance matrix

is of AR type. I-SVB is competitive with several well-established methods: in our study the best other

method is ZZ for 1 dimensional parameter of interest, and JM for k ≥ 2 dimensional targets, compared to

which I-SVB performs as follows:

• for one dimensional target parameter (k = 1) and a Σρ correlation matrix, the I-SVB method is overall

best for moderate or large signals, while slightly conservative compared to ZZ for low signals with

slightly larger credible sets;

• for k ≥ 2, the I-SVB method is overall best, for Σ = ΣAR as well as Σ = Σρ (not reported above, see
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Section 9, Figures 4–5 in the appendix), with in the case of covariance ΣAR a shape of the confidence

set nearly matching the oracle.

In the next section, we provide theoretical support for I-SVB when the features are not too correlated;

for strong correlation, we explain in Section 6 that the phenomena for the shape of I-SVB confidence sets

described above can in fact also be quite precisely predicted through heuristic calculations.

4 Theoretical guarantees

We now establish asymptotic theoretical guarantees and optimality of our method when the features Xi are

not too correlated, in a sense made precise in (20) below. We work in the frequentist framework, where we

assume there is a true parameter β0 generating the data according to model (1), and derive a Bernstein-von

Mises (BvM) theorem for our VB posterior for β1:k in the asymptotic regime n, p→ ∞. We take σ = 1 and

again first describe the case k = 1 for clarity.

4.1 Bernstein-von Mises for k = 1

Write LQ̂(∥X1∥2(β1 − β̂1)) for the marginal variational posterior of ∥X1∥2(β1 − β̂1), where β̂1 is any random

sequence satisfying

β̂1 = β0
1 +

XT
1 ε

∥X1∥22
+ oP0

(
1

∥X1∥2

)
. (16)

We say the semiparametric Bernstein-von Mises (BvM) holds for Q̂1 if

dBL

(
LQ̂(∥X1∥2(β1 − β̂1)),N (0, 1)

)
P0−→ 0, (17)

as n→ ∞, where dBL is the bounded Lipschitz metric between probability distributions on R (see Chapter

11 of [18] for a precise definition). Several frequentist estimators have been shown to satisfy the expansion

(16) [54, 28, 50], which mirrors the classic notion of semiparametric efficiency in settings with low correlation

among columns of X. For instance, for random X with i.i.d. N (0, 1) entries, ∥X1∥2/
√
n → 1 with high

probability and it is shown in [26] that 1/
√
n is in this setting the ‘best possible’ (in either Cramer-Rao-

type or Le Cam sense) variance for estimating β1. In settings featuring stronger correlation in X, still in the

random design case with Xi· ∼ N (0,Σ) i.i.d., it can be shown ([26], Section 8) that under some conditions the

‘best possible’ variance is more generally (Σ−1)11. Proving theory for Bayesian methods in more correlated

settings is a challenging open problem that is beyond the scope of this paper, but is an interesting avenue

for future work.

Equation (17) states that the marginal VB posterior for β1 is asymptotically Gaussian, is centered

at an estimator verifying (16) and has variance equal to the frequentist variance of β̂1 (in contrast to full
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MF VB). An especially important implication of such a result is that standard (e.g. quantile-based) credible

intervals for β1 computed from the VB posterior are asymptotic confidence intervals of the right level. This

provides a theoretical guarantee that both estimation and uncertainty quantification for β1 based on our VB

approach is not only computationally scalable, but also (asymptotically) reliable.

As discussed above, for the sparse nuisance term β−1, computation is achieved by considering

the transformed linear regression model Y̌ = W̌β0
−1 + ε̌ defined in (6). For our theoretical results, we must

therefore translate the conditions required for sparse (VB) posteriors to behave well from the usual regression

setting (X,Y ) to (W̌ , Y̌ ). We first require a mild condition on the hyperparameter λ in the slab distribution

of the model selection prior in Definition 1:

∥W̌∥
p− 1

≤λ ≤ 2λ̄, λ̄ = 2∥W̌∥
√

log(p− 1). (18)

This assumption is standard [12, 38] and rules out large values of λ which may shrink many coordinates βi

in the slab towards zero, which we want to avoid since our prior instead induces sparsity via ν. In practice,

one would usually to take λ fixed or λ→ 0.

The sparse parameter β in (1) is not identifiable without assumptions on the design matrix X. We

make analogous assumptions on W̌ , and discuss how these relate to conditions on the original design X in

Section 10. The following assumptions are standard in the high-dimensional statistics literature [7] and their

exact formulation are taken from [12], see Section 2.2 of [12] for further discussion.

Definition 3 (Compatibility). For a design matrix X ∈ Rn×p, a model S ⊂ {1, . . . , p} has compatibility

number

ϕX(S) := inf

{
∥Xβ∥2|S|1/2

∥X∥∥βS∥1
: β ∈ Rp, ∥βSc∥1 ≤ 7∥βS∥1, βS ̸= 0

}
.

Definition 4. The smallest sparse scaled singular value of dimension s is

ϕ̃X(s) := inf

{
∥Xβ∥2

∥X∥∥β∥2
: β ∈ Rp, 0 ̸= |Sβ | ≤ s

}
.

The above definitions imply a kind of invertibility of X over sparse or approximately sparse vectors.

The number 7 in Definition 3 is not important and is taken in Definition 2.1 of [12] to provide a specific

numerical value; since we use one of their results, we employ the same convention. Such compatibility type

constants are bounded away from zero for many standard designs, such as diagonal matrices, orthogonal

designs, i.i.d. (including Gaussian) random matrices and matrices satisfying the ‘strong irrepresentability

condition’, see [12, 38]. We shall require these quantities to be bounded away from zero for X replaced by

W̌ and s a multiple of the true model size. For M > 0, define

ψ̃X
M (S) := ϕ̃

((
2 +

4M

A4

(
1 +

16

ϕX(S)2
λ

λ̄

))
|S|
)
,
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where λ, λ̄ satisfy (18) and A4 is the prior constant in (4). In the typical case λ ≪ λ̄, the constant in the

last display will be asymptotically bounded from below by ϕ̃((2+4M/A4)|S|). We will require that for some

ρn → ∞ and c0 > 0, the s0-sparse (sequence of) vectors β0 ∈ Rp satisfy

ϕW̌ (Sβ0
−1

) ≥ c0, ψ̃W̌
ρn

(Sβ0
−1

) ≥ c0, s0 = o(n) (19)

as n, p → ∞. Such conditions are typically implied by the same conditions on X instead of W̌ , see Lemma

4. We now state our main theoretical result.

Theorem 1. Let Π be the prior (5) satisfying (4) and(18). Suppose that β0 ∈ Rp satisfies (19) for some

ρn → ∞, that λ = O(∥W̌∥
√

log(p− 1)/s0) and log g is c-Lipschitz with c = o(∥X1∥2). If the design matrix

satisfies

∥X1∥2 maxi=2,...,p |γi|
maxi=2,...,p ∥(I −H)Xi∥2

ρns0
√

log p→ 0, (20)

then the semiparametric BvM holds for the VB posterior Q̂1.

Corollary 2. The Laplace prior (Example 1) with 1/σn = o(∥X1∥2) and the improper prior (Example 3)

satisfy the condition on the density g in Theorem 1. Thus, under the other conditions of Theorem 1, the

semiparametric BvM holds for Q̂1.

Recalling that γi = XT
1 Xi/∥X1∥22, condition (20) essentially requires that the correlations between

columns XT
1 Xi are not too large. The role of the sequence ρn is purely technical (it arises for the same

technical reasons as in [38]) and it can be taken to be any slowly diverging sequence, e.g. ρn = log n.

Condition (20) is verified in Section 10 for Xij ∼iid N (0, 1) and could similarly be verified in the other

random design settings of Section 3, provided the correlation parameter vanishes fast enough.

While our theoretical guarantees are established in the lower correlation regime, the above simu-

lations show that the method continues to perform well in more strongly correlated settings, see Section 3.

Under stronger correlation, the VB posterior performs both a significant bias and variance correction, which

is needed for accurate statistical inference and uncertainty quantification. In Section 6 below, we provide

heuristic computations explaining the behaviour of our method in the correlated settings with random Gaus-

sian design considered numerically in Section 3. Rigourously extending these results to general correlated

settings will require new proof ideas and is beyond the scope of this work.

For Gaussian priors, log g is not Lipschitz and thus has lighter tails, requiring additional assump-

tions.

Lemma 2. Let Π be the prior (5) with g ∼ N (0, σ2
n) (Example 2) satisfying (4) and(18). Suppose that

β0 ∈ Rp satisfies (19), λ = O(∥W̌∥
√

log(p− 1)/s0) and the design matrix satisfies (20). If in addition

σn∥X1∥2 → ∞,
|β0

1 |
σ2
n∥X1∥2

→ 0 and
maxi=2,...,p |γi|||β0

−1||1
σ2
n∥X1∥2

→ 0, (21)
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then the semiparametric BvM holds for Q̂1.

Condition (21) requires that σn be large enough depending on the size of the unknown true β0. A

similar condition is required in [50] since she also uses a Gaussian prior. In practice, the VB method with

Gaussian g can perform poorly if this condition is not satisfied, which requires careful hyperparameter tuning

to work, unlike the Laplace and improper case. This illustrates the fact that Gaussian priors are known to

do too much shrinkage unless the variance is large enough (see e.g. [13]). This is important in practice since

this assumption depends on the unknown truth.

4.2 Bernstein-von Mises for k ≥ 1

We now provide a BvM type result for the variational distribution Q̂1:k for β1:k ∈ Rk, showing that it is

asymptotically Gaussian centered at β̂k := β0
1:k +ΣkX

T
1:kε with covariance matrix Σk := (XT

1:kX1:k)−1. More

formally, for Lk = Σ
1/2
k , we say the semiparametric Bernstein-von Mises (BvM) holds for Q̂k if

dBL

(
LQ̂(L−1

k (β1:k − β̂k)),Nk(0, Ik)
)

P0−→ 0

as n→ ∞, where dBL is the bounded Lipschitz metric between probability distributions on Rk. We require

very similar assumptions to those formulated previously for k = 1. We assume

∥W̌k∥
p− k

≤ λ ≤ 2λ̄, λ̄ = 2∥W̌k∥
√

log(p− k) (22)

and for some ρn → ∞ and c0 > 0, the s0-sparse vectors β ∈ Rp satisfy

ϕW̌ (Sβ0
−k

) ≥ c0, ψ̃W̌
ρn

(Sβ0
−k

) ≥ c0, s0 = o(n). (23)

Theorem 3. Let Π be the prior (12) satisfying (4) and (22). Suppose that β0 ∈ Rp satisfies (23), λ =

O(∥W̌k∥
√

log(p− k)/s0) and log g is c-Lipschitz with c = o(∥Lk∥−1). If the design matrix satisfies

maxi=k+1,...,p ∥HXi∥2
maxi=k+1,...,p ∥(I −H)Xi∥2

ρns0
√

log p→ 0, (24)

then the semiparametric BvM holds for Q̂1:k.

Corollary 4. The Laplace prior with 1/σn = o(∥Lk∥−1) and the improper prior satisfy the condition on the

density g in Theorem 3. Thus, under the other conditions of Theorem 3, the semiparametric BvM holds for

Q̂1:k.

5 Discussion

In summary, we propose here a scalable variational Bayes approach for inference of a low-dimensional pa-

rameter in sparse high-dimensional linear regression. Our approach combines a simple preprocessing step
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with a variational class tailored to this problem, allowing one to plug-in existing computational tools for

fast and simple computation. We demonstrate that our I-SVB method significantly improves on standard

mean-field variational inference for this task, and performs favourably compared to two frequentist counter-

parts in terms of both estimation accuracy and uncertainty quantification. The I-SVB method demonstrates

robustness to correlated features, various forms of signal, and extends naturally to multidimensional uncer-

tainty quantification. Furthermore, I-SVB produces multidimensional credible regions which are very close

to optimal ‘oracle’-type confidence sets across a variety of scenarios. Our empirical results are supported by

theoretical frequentist guarantees in the form of a Bernstein-von Mises theorem.

Acknowledgements. We wish to thank the Imperial College London-CNRS PhD Joint Pro-

gramme for funding to support this collaboration, including funding ALH’s PhD position. IC’s work is

partly supported by ANR grant project ANR-23-CE40-0018-01 (BACKUP) and an Institut Universitaire de
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6 Heuristics

We provide some heuristic computations to explain the excellent behaviour of the I-SVB method in the

simulations above in settings with possibly significant correlation. Making these heuristics rigorous is an

interesting topic for future work. As above, suppose Xi· ∼ N (0,Σ) with Σ = ΣAR
ρ or Σ = Σρ for a fixed

ρ ∈ [0, 1). Recall that the cases where either ρ = 0 or ρ = ρn = o(1) vanishes sufficiently fast are covered by

our theoretical results from Section 4.

Let us focus on the one-dimensional case and compare the variance of the oracle ‘estimator’ β̂o
S0

:=

(XT
S0
XS0)−1XT

S0
Y with the expected variance of the I-SVB variational distribution. We assume for simplicity

that the coordinate of interest β1 belongs to S0. We have

Var(β̂o
S0
|X) = (XT

S0
XS0

)−1 ∼ (ΣS0
)−1/n,

where ΣS0
is the submatrix of Σ obtained by restricting (both) indices to S0. If vo1 denotes the (unconditional)

variance of the oracle estimate on the first coordinate, we also have

vo1 ∼ [(ΣS0
)−1]11/n. (25)

Recall on the other hand that I-SVB models β∗
1 and β−1 independently by β∗

1 ∼ N (XT
1 Y/∥X1∥22, ∥X1∥−2

2 )

and with β−1 following a mean-field approximation of the posterior of β−1|Y . Since we use the model

Y̌ = W̌β−1+ε̌ to fit the variational posterior on β−1, in these heuristics we assume that the posterior correctly

recovers the true support S−
0 := S0\{1} of β0

−1 and that, on S−
0 , it mimics the behaviour of the oracle estimate

β̂o
S−
0

= (W̌T
S−
0

W̌S−
0

)−1W̌S−
0
Y̌ in the projected model. In practice, there may be some uncertainty in terms of
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the support, which will then generate extra variance for I-SVB. As before, β̂o
S−
0

≈ N (β0
S−
0

, (W̌T
S−
0

W̌S−
0

)−1),

and the mean-field VB posterior should be close to the best mean-field normal approximation of this Gaussian

distribution, which is the normal distribution with diagonal precision matrix matching the diagonal of the

matrix W̌T
S−
0

W̌S−
0

, that is the precision corresponding to the oracle variance (W̌T
S−
0

W̌S−
0

)−1 of β̂o
S−
0

(see

e.g. [48], Lemma 8). One thus expects the covariance of the mean-field VB distribution Q̂−1 on β−1

to be close to the diagonal matrix Diag(1/[W̌T
S−
0

W̌S−
0

]ii]), where we have W̌T
S−
0

W̌S−
0

= XT
S−
0

(In −H)XS−
0

≈

nΣS−
0
−∥X1∥22γ−1γ

T
−1, so that Diag(1/[W̌T

S−
0

W̌S−
0

]ii]) ≈ 1
n ·Diag(1/([ΣS−

0
]ii−γ2i )). Since β1 = β∗

1 −
∑p

i=2 γiβi

by definition, the overall expected variance of I-SVB on β1 is, with γT−1 := (γi)i∈S−
0

,

vI -SVB
1 ≈ 1

∥X1∥22
+ VarQ̂1

( ∑
i∈S−

0

γiβi

)
=

1

∥X1∥22
+ γT−1VarQ̂1

(β−1)γ−1

≈ 1

n

1/Σ11 +
∑
i∈S−

0

γ2i /([ΣS−
0

]ii − γ2i )

 , (26)

where we have used the mean-field approximation by taking the above diagonal variance for β−1 under Q̂1.

By the same reasoning based on the (diagonal) precision of the MF VB–approximation matching

the diagonal precision of the oracle, the first term 1/(nΣ11) in (26) corresponds to the expected variance

of the full MF VB approximation based on the spike-and-slab prior (again assuming the posterior recovers

the true support). In particular, while the MF variational posterior has an asymptotic variance which is

too small in correlated settings, and therefore corresponding credible intervals typically undercover, we see

in (26) that since the terms of the sum are positive, the variance of I-SVB is always larger, and hence this

results in I-SVB credible intervals having typically better coverage than their MF counterparts. We now

further investigate quantitatively how much variance is gained in (26) for I-SVB for Σ = ΣAR
ρ and Σ = Σρ.

Case Σ = ΣAR
ρ . Suppose as assumed in the simulations above that we are in a ‘least-favourable’

situation that maximises correlation between features within S0, which corresponds to S0 = {1, 2, . . . , s0} (in

case S0 does not have coordinates amongs the first integers, for instance if S0 is drawn uniformly at random

in {1, . . . , p}, the corresponding covariance of (Xi)i∈S0
will typically be close to the identity as ρq is small

for large q, and so this is closer in spirit to the setting with low correlation already studied in Section 4).

The matrix Σ = ΣAR
ρ can easily be seen to have a tridiagonal inverse and vo1 = [Σ−1

S0
]11/n = n−1/(1 − ρ2).

On the other hand, by the law of large numbers γj ≈ E(X11X1j) = ρj−1, so for s0 ≥ 2

vI -SVB
1 ≈ 1

n

 1

Σ11
+
∑
i∈S−

0

γ2i
([ΣS−

0
]ii − γ2i )

 =
1

n

 1

1 − ρ2
+

s0−1∑
j=2

ρ2j

1 − ρ2j

 ,

where the first term in brackets corresponds to the oracle variance, and the second part of the sum is always

greater than 0 and small unless ρ is very close to 1. If s0 = 2 (and the sum is empty) we even have

vI -SVB
1 ≈ vo1. The last display shows that the variance of I-SVB nearly matches that of the oracle, as seen

empirically in the simulations above, while the MF method has vMF
1 ≈ 1/n leading to undercoverage. The
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same heuristics also apply in two dimensions (k = 2). In that case, it can be checked by a similar reasoning

as above that, denoting by vo1:2 and vI -SVB
1:2 respectively the variance of the oracle and the expected variance

of I-SVB, one has, with cρ = 1/(1 − ρ2),

vo1:2 = (cρ/n)

 1 −ρ

−ρ 1 + ρ2

 , vI -SVB
1:2 ≈ v01:2 + (cρ/n)

0 0

0
∑s0−1

j=2
ρ2j

1−ρ2j

 ,
so that once again the variance of I-SVB equals the oracle variance plus a term which will be small for

moderate values of ρ. These findings are in line with the empirical observations in Section 3.2 above: I-SVB

credible ellipses nearly match the oracle confidence ellipses associated to the oracle estimator, as seen in

Figure 1. Also, in this setting, the standard MF approximation, which has a diagonal variance, is necessarily

far off the oracle variance as in the above display. We note also that the asymptotic variance of β∗
1:2 is

Var(β∗
1:2) = (cρ/n)

 1 −ρ

−ρ 1

 ,
which is different from vo1:2 ≈ vI -SVB

1:2 . This confirms that in this case ‘undoing the transformation’ from β∗
1:2

to β1:2 has a non-negligible effect in terms of variance, as can be seen empirically in Figure 2.

Case Σ = Σρ. By arguing similarly as in the AR case, one first computes explicitly the precision

matrix (ΣS0)−1 which again is available in explicit form and which leads (we omit the details) to n · vo1 ∼

[(ΣS0)−1]11 = eρ/(1−ρ), with eρ = (1−2ρ+ρs0)/(1−ρ+ρs0) and eρ ≈ 1 for ‘large’ s0. On the other hand,

vMF
1 ≈ (Σ11)−1/n = 1/n and vI -SVB

1 ≈ (1 + (s0 − 1)ρ2/(1 − ρ2))/n. In this setting with strong correlations,

we still have that vI -SVB
1 is typically significantly larger than vMF

1 , thus compensating for the undercoverage

of classical mean-field VB. This time, the expected variance of I-SVB does not match in general that of

the oracle. One can note though that vI -SVB
1 scales (if ρ is bounded away from 0 so that ρ2/(1 + ρ) > 0

is a constant) as s0(1 − ρ)−1/n, which is s0 times the oracle variance, so in an (idealised) s0 → ∞ limit

(and assuming the centering of I-SVB is roughly of correct order) we have over-coverage; this is less critical

compared to the under-coverage of MF-VB, as then the method is simply somewhat conservative (so credible

sets may be slightly too large) but is then expected at least to cover the true parameter, which once again

is in line with the empirical results observed in Table 1.

7 Proofs

7.1 Proofs for the one dimensional case k = 1

Proof of Lemma 1. Recall that we have the following decomposition for the likelihood

Ln(β, Y ) ∝ e
− 1

2∥X1∥2
2(β

∗
1−

XT
1 Y

∥X1∥22
)2

e−
1
2∥W̌β−1−Y̌ ∥2

2 ,
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where W̌ , Y̌ are defined in (6). Using this decomposition and the form of the prior (5), we deduce that for

any f1 : R → R+ and f2 : Rp−1 → R+ measurable, we have

E(f1(β∗
1)f2(β−1)|Y ) ∝

∫
Rp

f1(β∗
1)f2(β−1)e

− 1
2∥X1∥2

2(β
∗
1−

XT
1 Y

∥X1∥22
)2

e−
1
2∥W̌β−1−Y̌ ∥2

2g(β∗
1)dβ1dMSp−1(ν, λ)(β−1)

∝
∫
R
f1(u)e

− 1
2∥X1∥2

2(u−
XT

1 Y

∥X1∥22
)2

g(u)du

∫
Rp−1

f2(β−1)e−
1
2∥W̌β−1−Y̌ ∥2

2dMSp−1(ν, λ)(β−1).

This implies that, under the posterior distribution, β−1 and β∗
1 are independent and their distributions are

given by (7) and (8) respectively. The assertion regarding the specific Examples 2 and 3 can be easily

deduced from (8) when g has the specific form chosen in Examples 2 and 3.

For the frequentist distribution of Y̌ under P0, note that Y̌ = PTY = PT (Xβ0+ε) = PT (X−1β
0
−1+

ε) = W̌β0
−1 + PT ε and thus Y̌ ∼ N (W̌β0

−1, P
TP ) = N (W̌β0

−1, In−1).

Proof of Theorem 1. Step 1: Convergence of β−1 to β0
−1. Recall that the VB posterior Q̂−1 for β−1 is the

mean-field approximation of β−1 based on the variational family Q−1 in (9). By Lemma 1, the posterior for

β−1 equals the posterior distribution in the linear regression model Y̌ = W̌β−1 + ε̌ with model selection prior

MSp−1(ν, λ). Thus we are exactly in the setting studied in Ray and Szabó [38], applied to this transformed

linear regression model. Since β0 satisfies the compatibility conditions (19) and the prior satisfies (4), (18)

and λ = O(∥W̌∥
√

log(p− 1)/s0), applying Theorem 1 in [38] gives that there exists M > 0 large enough

depending only on the prior such that, with εn = M ρns0
√
log p

∥W̌∥c30
,

Q̂−1

(
{β−1 ∈ Rp−1, ||β−1 − β0

−1||1 ≤ εn}
)

= 1 + oP (1). (27)

Using that ∥W̌∥ = ∥(I −H)X−1∥ and (20), the rate εn satisfies

εn∥X1∥2 max
i=2,...,p

|γi| → 0. (28)

Step 2: Showing asymptotic normality. Denote Bn = {β−1 ∈ Rp−1 : ∥β−1 − β0
−1∥1 ≤ εn},

An = R × Bn and let EQ̂ be the expectation under the variational posterior Q̂. By Lemma 1 and (27), we

have Q̂(An) = Q̂−1(Bn) = 1 + oP (1). To prove a convergence result as in (17), we employ the technique

consisting in showing that for all t ∈ R, the VB posterior Laplace transform In := EQ̂(et∥X1∥2(β1−β̂1)1An
),

restricted to the set An on which Q̂ concentrates with P0-probability one, converges to that of the limiting

Gaussian, which then implies the result (see [41] and [11]). First,

In = EQ̂(et∥X1∥2(β
∗
1−β̂1−

∑p
i=2 γiβi)1An

) = EQ̂(et∥X1∥2(β
∗
1−β̂1−

∑p
i=2 γiβ

0
i −

∑p
i=2 γi(βi−β0

i ))1An
).

Since β̂1 +
∑p

i=2 γiβ
0
i =

XT
1 Y

∥X1∥2
2

and using that β∗
1 and β−1 are independent under Q̂, we deduce that

In = EQ̂(e
t∥X1∥2(β

∗
1−

XT
1 Y

∥X1∥22
−
∑p

i=2 γi(βi−β0
i ))

1{β−1∈Bn})

= EQ̂(e
t∥X1∥2(β

∗
1−

XT
1 Y

∥X1∥22
)
)EQ̂(e−t∥X1∥2

∑p
i=2 γi(βi−β0

i ))1{β−1∈Bn}). (29)
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For the first term, recall that β∗
1 ∼ π(β∗

1 |Y ) has the same distribution as the posterior under Q̂ by (11).

Thus by Lemma 1 and making the change of variable u→ u
∥X1∥2

+
XT

1 Y

∥X1∥2
2
, we have

EQ̂

[
e
t∥X1∥2(β

∗
1−

XT
1 Y

∥X1∥22
)

]
=

∫
R e

t∥X1∥2

(
u− XT

1 Y

∥X1∥22

)
e
− ∥X1∥22

2

(
u− XT

1 Y

∥X1∥22

)2

g(u)du∫
R e

− ∥X1∥22
2

(
u− XT

1 Y

∥X1∥22

)2

g(u)du

=

∫
R e

tue−
u2

2 g
(

u
∥X1∥2

+
XT

1 Y

∥X1∥2
2

)
du∫

R e
−u2

2 g
(

u
∥X1∥2

+
XT

1 Y

∥X1∥2
2

)
du

.

Now using the fact that

g

(
u

∥X1∥2
+

XT
1 Y

∥X1∥22

)
= g

(
XT

1 Y

∥X1∥22

)
e
log g

(
u

∥X1∥2
+

XT
1 Y

∥X1∥22

)
−log g

(
XT

1 Y

∥X1∥22

)
,

that log g is c-Lipschitz with c = o(∥X1∥2) and the dominated convergence theorem, we have

EQ̂

[
e
t∥X1∥2

(
β∗
1−

XT
1 Y

∥X1∥22

)]
≤
∫
R e

tue−
1
2u

2

e
c

|u|
∥X1∥2 du∫

R e
− 1

2u
2
e
−c

|u|
∥X1∥2 du

= e
t2

2 (1 + o(1)) (30)

as ∥X1∥2 → ∞. Combining (30) with (29) yields

In ≤ e
t2

2 EQ̂(e|t|∥X1∥2 maxi=2,...,p |γi|∥β−1−β0
−1∥11{β−1∈Bn})(1 + o(1))

≤ e
t2

2 e|t|∥X1∥2 maxi=2,...,p |γi|εnQ̂(An)(1 + o(1)) = e
t2

2 (1 + oP (1))

where we used (28) in the last equality. The lower bound In ≥ e
t2

2 (1 + oP (1)) follows similarly. Thus we

deduce that In = e
t2

2 (1 + oP (1)). Since convergence of the Laplace transform In for all t ∈ R implies weak

convergence (cf [41] or [11]), this yields the result.

Proof of Lemma 2. The Gaussian prior g ∼ N (0, σ2
n) we consider here satisfies all the conditions of Theorem

1, except that log g is not Lipschitz. Thus to prove Lemma 2, we need just make some small adjustments to

the proof of Theorem 1. Step 1 holds as before, while Step 2 holds until (29). The only difference is then

the calculations for the first term in (29). Since β∗
1 |Y ∼ N

(
σ2
nX

T
1 Y

∥X1∥2
2σ

2
n+1

,
σ2
n

∥X1∥2
2σ

2
n+1

)
under the posterior, and

hence also under Q̂ by (11), and XT
1 Y = XT

1 Xβ
0 +XT

1 ε = ∥X1∥22β0
1 + ∥X1∥22

∑p
i=2 γiβ

0
i +XT

1 ε under P0,

EQ̂

[
e
t∥X1∥2(β

∗
1−

XT
1 Y

∥X1∥22
)

]
= exp

(
t∥X1∥2

[
σ2
nX

T
1 Y

∥X1∥22σ2
n + 1

− XT
1 Y

∥X1∥22

]
+
t2

2

∥X1∥22σ2
n

∥X1∥22σ2
n + 1

)
= exp

(
−t XT

1 Y

(∥X1∥22σ2
n + 1)∥X1∥2

+
t2

2

∥X1∥22σ2
n

∥X1∥22σ2
n + 1

)
= exp

(
−t∥X1∥2

β0
1 +

∑p
i=2 γiβ

0
i

∥X1∥22σ2
n + 1

− t
XT

1 ε

(∥X1∥22σ2
n + 1)∥X1∥2

+
t2

2

∥X1∥22σ2
n

∥X1∥22σ2
n + 1

.

)
.

Using the assumptions (21) and the fact that
XT

1 ε

(∥X1∥2
2σ

2
n+1)∥X1∥2

∼ N (0, (∥X1∥22σ2
n + 1)−2) = oP (1), one

deduces that EQ̂(e
t∥X1∥2(β

∗
1−

XT
1 Y

∥X1∥22
)
) = e

t2

2 (1 + oP (1)). Following the rest of the proof of Theorem 1 yields

the result.
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7.2 Proofs for the k-dimensional cases

To prove Theorem 3, we first need the following Lemma, which is a k−dimensional version of Lemma 1.

Lemma 3 (Posterior distribution for k ≥ 1). Let Π be the prior (12). Then under the posterior distribution,

β−k and β∗
1:k are independent, and their distributions takes the form

dπ(β−k|Y ) ∝ e−
1
2∥W̌kβ−k−Y̌k∥2

2dMSp−k(ν, λ)(β−k), (31)

dπ(β∗
1:k|Y ) ∝ e−

1
2 (β

∗
1:k−ΣkX

T
1:kY )TΣ−1

k (β∗
1:k−ΣkX

T
1:kY )g(β∗

1:k)dβ∗
1:k. (32)

Under the frequentist assumption Y ∼ Nn(Xβ0, In), we have Y̌k ∼ N (W̌kβ
0
−k, In−k).

Proof of Lemma 3. Recall that we have the following decomposition for the likelihood

Ln(β, Y ) ∝ exp

{
−1

2
∥HkY −X1:kβ

∗
1:k∥

2
2

}
· exp

{
−1

2
∥Y̌k − W̌kβ−k∥22

}
.

Using this decomposition and the form of the prior, we deduce that for any f1 : Rk → R+ and f2 : Rp−k → R+

mesurable, we have

E(f1(β∗
1:k)f2(β−k)|Y ) ∝

∫
Rp

f1(β∗
1:k)f2(β−k)e−

1
2∥HkY−X1:kβ

∗
1:k∥

2
2e−

1
2∥Y̌k−W̌kβ−k∥2

2g(β∗
1:k)dβ∗

1:kdMSp−k(ν, λ)(β−k)

∝
∫
Rk

f1(β∗
1:k)e−

1
2∥HkY−X1:kβ

∗
1:k∥

2
2g(β∗

1:k)dβ∗
1:k

×
∫
Rp−k

f2(β−k)e−
1
2∥Y̌k−W̌kβ−k∥2

2dMSp−k(ν, λ)(β−k).

This implies that, under the posterior distribution, β−k and β∗
1:k are independent and their distributions are

given by (31) and (32), respectively.

For the frequentist distribution of Y̌ under P0, note that Y̌k = PT
k Y = PT

k (X−kβ
0
−k + ε) =

W̌kβ
0
−k + PT

k ε and thus Y̌k ∼ N (W̌kβ
0
−k, P

T
k Pk) = N (W̌kβ

0
−k, In−k) under the frequentist assumption.

Proof of Theorem 3. The proof is very similar to the proof of Theorem 1.

Step 1: Convergence of β−k to β0
−k. Recall that the variational posterior of β−k, Q̂−k, is the

mean-field approximation of the posterior distribution of β−k which is distributed according to the posterior

distribution in a linear regression model induced by the model selection prior MSp−k(ν, λ). Since β0 satisfies

(23), the prior satisfies (4), (22) and λ = O(∥W̌∥
√

log(p− k)/s0), applying Theorem 1 in [38] gives that

there exists M large enough such that, with εn = M
ρns0

√
log(p−k)

∥W̌k∥c30
, we have that

Q̂−k

(
{β−k ∈ Rp−k, ||β−k − β0

−k||1 ≤ εn}
)

= 1 + oP (1).
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Using that ∥W̌k∥ = ∥(I −H)X−k∥ and (24), the rate εn satisfies

εn max
i=k+1,...,p

∥HXi∥2 → 0. (33)

Step 2: Showing asymptotic normality. Denote Bn = {β−k ∈ Rp−k : ∥β−k − β0
−k∥1 ≤ εn}

andAn = Rk × Bn. By Lemma 3 and (33), we have Q̂(An) = Q̂−k(Bn) = 1 + oP (1). As in the proof of

Theorem 1, we now want to study, for all t ∈ Rk, the multidimensional VB posterior Laplace transform

In := EQ̂(et
TL−1

k (β1:k−β̂k)1An
). First, we have

In = EQ̂(et
TL−1

k (β∗
1:k−β̂k−ΣkX

T
1:kX−kβ−k)1An

) = EQ̂(et
TL−1

k (β∗
1:k−β̂k−ΣkX

T
1:kX−kβ

0
−k−ΣkX

T
1:kX−k(β−k−β0

−k))1An
).

Since β̂k + ΣkX
T
1:kX−kβ

0
−k = ΣkX

T
1:kY and again using the independence of β∗

1:k and β−k under Q̂,

In = EQ̂(et
TL−1

k (β∗
1:k−ΣkX

T
1:kY−ΣkX

T
1:kX−k(β−k−β0

−k))1{β−k∈Bn})

= EQ̂(et
TL−1

k (β∗
1:k−ΣkX

T
1:kY ))EQ̂(e−tTL−1

k ΣkX
T
1:kX−k(β−k−β0

−k))1{β−k∈Bn}). (34)

For the first term, using Lemma 3, and the change of variable U → LkU + ΣkX
T
1:kY ,

EQ̂(et
TL−1

k (β∗
1:k−ΣkX

T
1:kY )) =

∫
Rk e

tTUe−
∥U∥22

2 g(LkU + ΣkX
T
1:kY )dU∫

Rk e
− ∥U∥22

2 g(LkU + ΣkXT
1:kY )dU

.

Now using the fact that

g(LkU + ΣkX
T
1:kY ) = g(ΣkX

T
1:kY )elog g(LkU+ΣkX

T
1:kY )−log g(ΣkX

T
1:kY ),

and that log g is c-Lipschitz by assumption with c = o(∥Lk∥−1), the inequality c∥LkU∥2 ≤ cC∥Lk∥∥U∥2,

and the dominated convergence theorem, we have the following upper bound

EQ̂(et
TL−1

k (β∗
1:k−ΣkX

T
1:kY )) ≤

∫
Rk e

tTUe−
1
2∥U∥2

2ecC∥Lk∥∥U∥2dU∫
Rk e

− 1
2∥U∥2

2e−cC∥Lk∥∥U∥2dU
= e

∥t∥22
2 (1 + o(1)). (35)

Let us now bound the second term in (34). Since

∥L−1
k ΣkX

T
1:kX−k(β0

−k − β−k)∥22 = (ΣkX
T
1:kX−k(β0

−k − β−k))T (L−1
k )TL−1

k (ΣkX
T
1:kX−k(β0

−k − β−k))

= (ΣkX
T
1:kX−k(β0

−k − β−k))T Σ−1
k (ΣkX

T
1:kX−k(β0

−k − β−k))

= ∥X1:kΣkX
T
1:kX−k(β0

−k − β−k)∥22 = ∥HX−k(β0
−k − β−k)∥22,

we have

∥L−1
k ΣkX

T
1:kX−k(β0

−k − β−k)∥2 ≤ max
i=k+1,...,p

∥HXi∥2∥β0
−k − β−k∥1. (36)

Combining (34), (35) and (36), we deduce

In ≤ e
∥t∥22

2 EQ̂(e∥t∥2 maxi=k+1,...,p ∥HXi∥2∥β0
−k−β−k∥11{β−k∈Bn})(1 + o(1))

≤ e
∥t∥22

2 e∥t∥2 maxi=k+1,...,p ∥HXi∥2εnQ̂(An)(1 + o(1)) = e
∥t∥22

2 (1 + oP (1)).

The lower bound In ≥ e
∥t∥22

2 (1 + oP (1)) follows similarly. Thus we deduce In = e
∥t∥22

2 (1 + oP (1)). Since the

convergence of In implies weak convergence, this yields the result.
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8 Computational cost

We discuss the computational cost of Algorithm 1 for sampling from the VB posterior when using Coordinate

Ascent Variational Inference (CAVI) (e.g. using the R-package sparsevb [16]) and an improper prior slab

g ∝ 1. We show that one can generate ns VB posterior samples at cost O(n2p + costCAV I + nsp), where

costCAV I is the cost of running the CAVI algorithm to solve (10). Since the optimization problem (10) is

high-dimensional and non-convex, we discuss its computational cost in more detail below.

For the pre-computations, one can compute the orthonormal basis {u1, . . . , un−1} of span(X1)⊥,

and hence P , in O(n2) time using Householder reflection. One can then compute Y̌ = PTY and W̌ = PTX−1

in O(n2p) time using standard matrix multiplications, which dominates the cost of computing P . Since one

can similarly compute (γi)
p
i=2 with cost O(n2p), the overall cost of the pre-computations is O(n2p).

Turning to costCAV I , each CAVI iteration cycles through the O(p) parameters (µi, τ
2
i , qi) in the

variational family (9), updating one parameter at a time keeping all other paramters fixed using the updating

equations (16)-(17) in [38]. These equations require upfront computation of the Gram-matrix XTX as well

as further O(np) computations. Computing XTX exactly costs O(np2), but efficient low-approximations

exist that can reduce this cost, such as Nyström approximations [17]. Each qi update can then be performed

exactly and requires O(p) computations, while each µi and τ2i update can be performed using any one-

dimensional optimization algorithm (e.g. the limited memory Broyden-Fletcher-Goldfarb-Shanno (BFGS)

algorithm is used in [16]). The cost per iteration of CAVI is thus O(p2 + p · cost1D) with an upfront cost of

O(np2), where cost1D is the cost of the one-dimensional optimizer used. Note that [38] recommends using

a data-driven initialization and updating order, which requires pre-computation of an estimator such as the

LASSO.

Lastly, each VB posterior sample β1 = (β∗
1)−

∑
i≥2 γiβi requires O(1) to sample β∗

1 (Lemma 1 after

an upfront cost of O(n2)), O(p) to sample β−1 ∼ Q̂−1 (see (9)) and O(p) to compute, leading to an overall

cost of O(n2 + nsp). Summing these gives the overall cost O(n2p+ costCAV I + nsp) stated above.

Note that in general, Algorithm 1 requires only a pre-processing step of cost O(n2p) to yield

two separate optimization problems for the computation of β∗
1 and β−1, which are just transformed linear

regression problems which can be solved separately and in parallel using whichever algorithm is desired.

Let costβ∗
1 ,ns

be the cost of generating ns samples of β∗
1 (e.g. using conjugacy if g ∝ 1 or MCMC if g is a

Laplace or other distribution) and costβ−1,ns
be the cost of generating ns samples of β−1 from the variational

posterior Q̂−1 (e.g. using CAVI or another sampling algorithm). Then the overall cost of the method is

O(n2p+ costβ∗
1 ,ns + costβ−1,ns + nsp).
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9 Additional Simulations

We present here additional simulations, including a comparison of the different choices for the prior g and

what happens if one does not randomize the nuisance parameter β−1.

9.1 Comparing the priors on g

We compare the performance of our method (5) using three different priors for g, namely the Laplace

(Example 1), Gaussian (Example 2) and improper (Example 3). We denote these three methods by L-SVB-

σ, G-SVB-σ and I-SVB, respectively, where σ represents the prior standard deviation. For both the Laplace

and Gaussian priors, we use one prior with a relatively light tail (σ = 1) and one with a heavier tail (σ = 4).

Again, we parameterise each scenario by the tuple (n, p, s0, β
0
1 , β

0
j , ρ, σ

2) with n observations, β0 ∈ Rp having

sparsity s0, and where the true value of interest is given by β0
1 , while the other non-zero entries of β0 are

given by β0
j . We take the rows Xi,· ∼iid Np(0,Σρ), where the diagonal entries of Σρ are 1 and the off-diagonal

entries are given by ρ (so that ρ represents the correlation between any pair of features).

For each scenario, we simulate 500 sets of observations and for each set of observations compute

a 95%−credible interval for each method: we take 1000 samples from the variational posterior and use the

empirical quantiles. For each method we assess: (i) the coverage (proportion of intervals containing the true

value); (ii) the mean absolute error of the centering of the intervals as an estimator for the truth; (iii) the

mean length of the intervals; and (iv) the mean computation time. Results are found in Table 4.

The main observation is that most of the calibrations perform similarly to one another. Indeed, the

heavy tailed methods (every method apart from G-SVB-1) exhibit similar performance in every scenario.

Indeed, it is only for very large signals (scenarios (ii), (iv) and (v)) that G-SVB-1 drops in performance due

to an increase in bias. Otherwise, the length and bias of the credible intervals are consistent within each

scenario for every calibration, and they all take a similar time to fit. This shows that our method is not

sensitive to the choice of g, as long as sufficently heavy tails are used. Note that using an improper g ∝ 1

avoids the need to choose a variance hyperparameter σ.

9.2 The role of randomizing β−k

The asymptotic theory suggests that in low-correlation settings, the variance of β−1 is of smaller order than

that of β∗
1 and hence one may not need to randomize β−1. We show here that even in such low-correlation

settings, it is still beneficial to include the VB posterior variance of β−1 since this leads to better finite-sample

performance. In moderate or high correlation settings, the covariance of the debiasing term coming from β−k
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Scenario (n, p, s0, β
0
1 , β

0
k, ρ, σ

2) Method Cov. MAE Length Time

(i) I-SVB 0.934 0.078 ± 0.064 0.401 ± 0.033 0.257 ± 0.065

(100, 1000, 3, log n, log n, 0, 1) G-SVB-1 0.926 0.086 ± 0.069 0.400 ± 0.032 0.224 ± 0.053

G-SVB-4 0.940 0.078 ± 0.064 0.402 ± 0.033 0.235 ± 0.067

L-SVB-1 0.936 0.078 ± 0.065 0.402 ± 0.032 0.230 ± 0.058

L-SVB-4 0.938 0.078 ± 0.064 0.401 ± 0.033 0.228 ± 0.057

(ii) I-SVB 0.942 0.083 ± 0.064 0.400 ± 0.032 0.223 ± 0.072

(100, 1000, 3, 2 log n, 2 log n, 0, 1) G-SVB-1 0.844 0.112 ± 0.081 0.398 ± 0.031 0.203 ± 0.048

G-SVB-4 0.948 0.083 ± 0.063 0.401 ± 0.032 0.201 ± 0.046

L-SVB-1 0.942 0.083 ± 0.064 0.400 ± 0.032 0.206 ± 0.056

L-SVB-4 0.942 0.083 ± 0.063 0.400 ± 0.031 0.205 ± 0.052

(iii) I-SVB 0.978 0.074 ± 0.054 0.414 ± 0.031 0.340 ± 0.059

(200, 800, 3, log n, log n, 0.5, 1) G-SVB-1 0.964 0.082 ± 0.060 0.414 ± 0.032 0.338 ± 0.063

G-SVB-4 0.978 0.074 ± 0.054 0.414 ± 0.031 0.336 ± 0.061

L-SVB-1 0.980 0.074 ± 0.054 0.413 ± 0.033 0.330 ± 0.054

L-SVB-4 0.982 0.073 ± 0.054 0.414 ± 0.032 0.337 ± 0.064

(iv) I-SVB 0.980 0.071 ± 0.053 0.414 ± 0.031 0.340 ± 0.058

(200, 800, 3, 2 log n, 2 log n, 0.5, 1) G-SVB-1 0.908 0.101 ± 0.069 0.413 ± 0.030 0.336 ± 0.061

G-SVB-4 0.978 0.070 ± 0.053 0.415 ± 0.031 0.339 ± 0.067

L-SVB-1 0.986 0.071 ± 0.053 0.414 ± 0.030 0.338 ± 0.064

L-SVB-4 0.982 0.071 ± 0.053 0.413 ± 0.031 0.338 ± 0.072

(v) I-SVB 0.974 0.075 ± 0.056 0.412 ± 0.028 0.352 ± 0.094

(200, 800, 10, log n2, log n2, 0.5, 1) G-SVB-1 0.232 0.275 ± 0.095 0.413 ± 0.029 0.347 ± 0.108

G-SVB-4 0.974 0.074 ± 0.057 0.413 ± 0.028 0.339 ± 0.086

L-SVB-1 0.974 0.074 ± 0.056 0.412 ± 0.029 0.338 ± 0.090

L-SVB-4 0.972 0.074 ± 0.056 0.411 ± 0.029 0.340 ± 0.095

(vi) I-SVB 0.954 0.059 ± 0.047 0.298 ± 0.018 0.417 ± 0.142

(200, 800, 10, 2 log n, 2 log n, 0.9, 1) G-SVB-1 0.938 0.063 ± 0.046 0.298 ± 0.019 0.410 ± 0.140

G-SVB-4 0.952 0.059 ± 0.046 0.298 ± 0.018 0.398 ± 0.130

L-SVB-1 0.948 0.060 ± 0.046 0.298 ± 0.019 0.400 ± 0.142

L-SVB-4 0.954 0.059 ± 0.046 0.298 ± 0.019 0.397 ± 0.141

Table 4: Assessing the performance of the uncertainty quantification provided by each debiased SVB method

in 6 different scenarios.
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Figure 3: Comparison of the VB posteriors when β−1 is drawn according to Q̂−1 and when it is set equal to

the VB posterior mean (with no randomization).

Scenario (n, p, s0, β
0
1 , β

0
j , ρ) Method Cov. MAE Length Time

(100, 200, 10, log n, log n, 0) Normal 0.953 0.069 0.286 ± 0.015 0.663 ± 0.097

Using VB Mean 0.904 0.069 0.255 ± 0.014 0.623 ± 0.094

Table 5: Assessing the quality of the uncertainty quantification provided by the VB posteriors when β−1 is

drawn according to Q̂−1 and when it is set equal to the VB posterior mean (with no randomization).

plays a crucial role in capturing the correct covariance structure of the low-dimensional parameter, and thus

should not be omitted, see Figure 5 below. We therefore always recommend to randomize β−k according to

the variational family Q̂−k.

Turning to the case k = 1, recall that we sample β−1 ∼ Q̂−1 and β∗
1 ∼ π(β∗

1 |Y ) independently, and

then compute β1 = β∗
1 −

∑
i≥2 γiβi. Here we explore what happens when instead of sampling β−1 ∼ Q̂−1,

we instead just use the variational posterior mean of β−1 given by β̄i = qiµi. For (n, p, s0, β
0
1 , β

0
j , ρ) =

(100, 200, 10, log n, log n, 0), Figure 3 plots a histogram of 100,000 VB posterior samples both with β−1 ∼ Q̂−1

and with β−1 set to be the VB posterior mean. As expected, adding the (independent) variance component

from β−1 ∼ Q̂−1 noticeably increases the VB posterior uncertainty. This leads to slightly worse performance,

as evidenced in Table 5, which shows estimates of the coverage over 1000 realisations of the dataset. Using

the VB mean yields slight undercoverage with only minimal time savings in this fully uncorrelated setting.

The above already shows the advantages of randomizing β−k in uncorrelated settings. We now turn

to more correlated settings, again showing that the debiasing (and its randomization) plays a significant role.

We provide analogous plots to Figures 1 and 2, but using the more heavily correlated structure where each

row of the design is distributed as Xi· ∼ Np(0,Σρ), where [Σρ]ij = ρ if i ̸= j and is 1 otherwise, with results
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Figure 4: 95%-credible or confidence regions in three scenarios with design matrix rows Xi· ∼iid Np(0,Σρ)

for increasing values of ρ given in the title of each facet. The interior of the ellipses represent the credible

or confidence regions, the crosses mark their centering and the pink point is the true value of (β1, β2). Each

scenario has n = 200, p = 400, k = 2, s0 = 10 and β0
i = 5.

shown in Figures 4 and 5. Figure 4 presents a similar story to Figure 1, but in this case I-SVB is the only

(non-Oracle) method to cover the truth in the most highly correlated scenario. Figure 5 shows that in this

more correlated scenario, it is even more important to take into account the covariance structure of the

debiasing, as the ellipse from β∗
1:2 is far too small; once the debiasing has taken place (which depends on

β−k ∼ Q̂−k) the covariance structure of β1:2 is better, though perhaps conservative.

9.3 Additional simulations

Tables 6 and 7 show the performance of the various methods in some additional scenarios, where again the

correlation structure between features is given by Σρ. The discussion of these results is largely the same

as that presented in Section 3; the I-SVB method delivers consistent uncertainty quantification in difficult

scenarios where other methods struggle.

10 Design matrix conditions

We provide here some further discussion to help understand the conditions on the design matrix required by

our theoretical results. Our Bernstein-von Mises results in Section 4 require conditions on the compatibility
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Scenario (n, p, s0, β
0
1 , β

0
j , ρ, σ

2) Method Cov. MAE Length Time

(vii) I-SVB 0.964 0.056 ± 0.041 0.281 ± 0.016 0.370 ± 0.127

(200, 800, 3, log n, log n, 0, 1) MF 0.968 0.056 ± 0.041 0.279 ± 0.013 0.223 ± 0.092

ZZ 0.952 0.062 ± 0.046 0.293 ± 0.039 0.479 ± 0.153

JM 1.000 0.070 ± 0.053 0.483 ± 0.025 2.451 ± 0.203

(viii) I-SVB 0.946 0.056 ± 0.045 0.286 ± 0.017 0.397 ± 0.135

(200, 800, 10, log n, log n, 0, 1) MF 0.928 0.056 ± 0.045 0.279 ± 0.014 0.250 ± 0.119

ZZ 0.880 0.074 ± 0.059 0.295 ± 0.061 0.511 ± 0.161

JM 1.000 0.078 ± 0.058 0.498 ± 0.029 2.547 ± 0.291

(ix) I-SVB 0.926 0.045 ± 0.034 0.203 ± 0.009 1.299 ± 0.238

(400, 1500, 32,N (0, 1),N (0, 1), 0, 1) MF 0.818 0.059 ± 0.052 0.196 ± 0.007 0.688 ± 0.137

ZZ 0.822 0.059 ± 0.045 0.201 ± 0.012 1.396 ± 0.259

JM 0.724 0.145 ± 0.105 0.369 ± 0.015 17.77 ± 1.712

(x) I-SVB 0.982 0.101 ± 0.075 0.595 ± 0.054 0.295 ± 0.091

(100, 1000, 3, log n, log n, 0.5, 1) MF 0.896 0.097 ± 0.071 0.395 ± 0.028 0.273 ± 0.116

ZZ 0.948 0.152 ± 0.115 0.845 ± 0.603 0.324 ± 0.122

JM 0.960 0.231 ± 0.149 0.962 ± 0.11 1.718 ± 0.202

(xi) I-SVB 0.986 0.069 ± 0.049 0.413 ± 0.032 0.359 ± 0.089

(200, 800, 3, log n, log n, 0.5, 1) MF 0.914 0.067 ± 0.049 0.278 ± 0.014 0.261 ± 0.084

ZZ 0.978 0.084 ± 0.063 0.475 ± 0.078 0.530 ± 0.130

JM 0.976 0.131 ± 0.085 0.630 ± 0.063 3.863 ± 0.49

Table 6: Assessing the performance of the uncertainty quantification provided by each method in 5 additional

scenarios. Highlighted in bold are the smallest interval length, subject to coverage being larger than 0.85,

and the smallest MAE.
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Scenario (n, p, s0, β
0
1 , β

0
j , ρ, σ

2) Method Cov. MAE Length Time

(xii) I-SVB 0.830 0.353 ± 0.272 1.349 ± 0.391 0.339 ± 0.112

(100, 1000, 3, log n, log n, 0, 16) MF 0.802 0.391 ± 0.290 1.302 ± 0.399 0.228 ± 0.103

ZZ 0.766 0.468 ± 0.338 1.579 ± 1.185 0.296 ± 0.081

JM 0.924 0.596 ± 0.342 2.870 ± 0.854 1.636 ± 0.219

(xiii) I-SVB 0.956 0.054 ± 0.042 0.281 ± 0.017 0.349 ± 0.083

(200, 1000, 5, 0, log n, 0, 1) MF 1.000 0.000 ± 0.000 0.272 ± 0.014 0.211 ± 0.066

ZZ 0.976 0.049 ± 0.038 0.295 ± 0.048 0.434 ± 0.103

JM 1.000 0.041 ± 0.035 0.511 ± 0.028 2.980 ± 0.243

(xiv) I-SVB 0.928 0.058 ± 0.045 0.283 ± 0.017 0.389 ± 0.092

(200, 1000, 10, 1, log n, 0, 1) MF 0.930 0.058 ± 0.045 0.277 ± 0.014 0.238 ± 0.075

ZZ 0.854 0.082 ± 0.062 0.292 ± 0.036 0.469 ± 0.108

JM 0.974 0.092 ± 0.069 0.531 ± 0.032 3.237 ± 0.246

(xv) I-SVB 0.962 0.037 ± 0.025 0.177 ± 0.007 1.157 ± 0.245

(500, 1000, 10,U(−5, 5),U(−5, 5), 0, 1) MF 0.952 0.039 ± 0.030 0.176 ± 0.005 0.434 ± 0.140

ZZ 0.946 0.041 ± 0.027 0.178 ± 0.008 1.407 ± 0.343

JM 0.574 0.136 ± 0.113 0.267 ± 0.011 25.371 ± 7.692

(xvi) I-SVB 0.986 0.101 ± 0.304 0.598 ± 0.124 0.978 ± 0.242

(200, 1000, 10, 1, log n, 0.5, 1) MF 0.638 0.314 ± 0.466 0.276 ± 0.014 2.032 ± 0.587

ZZ 0.952 0.095 ± 0.074 0.482 ± 0.087 0.610 ± 0.079

JM 0.312 1.813 ± 1.359 1.496 ± 0.13 14.73 ± 1.267

Table 7: Assessing the performance of the uncertainty quantification provided by each method in 5 additional

scenarios. Highlighted in bold are the smallest interval length, subject to coverage being larger than 0.85,

and the smallest MAE.
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Figure 5: Structure of the 95%-credible regions given by the covariance matrices of β1:2, β∗
1:2, the Oracle, and

the debiasing quantity ((XT
1:2X1:2)−1XT

1:2X−2β−2) with design matrix rows Xi· ∼iid Np(0,Σρ) for increasing

values of ρ given in the title of each facet. Each scenario has n = 200, p = 400, k = 2, s0 = 10 and β0
i = 5.

constants of the transformed matrix W̌ in (6) rather than the original design X, which has been extensively

studied in the literature [7]. The next lemma shows how one can relate these.

Lemma 4. For any S ⊂ {1, . . . , p} with |S| > 1,

ϕW̌ (S\{1}) ≥

√
1 − 1

|S|
ϕX(S) − ∥X1∥2

∥W̌∥
√

|S|max
i≥2

|γi|.

Furthermore, for any s ∈ {1, . . . , p},

ϕ̃W̌ (s− 1) ≥ ϕ̃X(s) − ∥X1∥2
∥W̌∥

√
smax

i≥2
|γi|.

In particular, if (20) is satisfied, then

ϕW̌ (S\{1}) ≥

√
1 − 1

|S|
ϕX(S) − o(1) and ϕ̃W̌ (s− 1) ≥ ϕ̃X(s) − o(1).

Proof of Lemma 4. For the first statement, write S∗ = S\{1}. Observe that, for any β ∈ Rp−1,

∥W̌β∥2 =

∥∥∥∥∥∥X
0

β

−X1

∑
i≥2

γiβi

∥∥∥∥∥∥
2

≥

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

− ∥X1∥2

∣∣∣∣∣∣
∑
i≥2

γiβi

∣∣∣∣∣∣ ≥

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

− ∥X1∥2∥β∥1 max
i≥2

|γi|.

(37)
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Then we have,

ϕW̌ (S∗) = inf
∥βSC

∗
∥1≤7∥βS∗∥1

√
|S∗|∥W̌β∥2

∥W̌∥∥βS∗∥1
≥ inf

∥βSC
∗
∥1≤7∥βS∗∥1

√
|S∗|

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

− ∥X1∥2∥β∥1 maxi≥2 |γi|


∥W̌∥∥βS∗∥1

≥ inf
∥βSC

∗
∥1≤7∥βS∗∥1

√
|S∗|

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

∥W̌∥∥βS∗∥1
−
√

|S∗|∥X1∥2∥β∥1 maxi≥2 |γi|
∥W̌∥∥βS∗∥1

.

Now, when ∥βSC
∗
∥1 ≤ 7∥βS∗∥1 we have ∥β∥1/∥βS∗∥1 ≤ 8, so the second term is bounded below by

−∥X1∥2

∥W̌∥

√
|S∗|maxi≥2 |γi| = −∥X1∥2

∥W̌∥

√
|S∗|maxi≥2 |γi|. For the first term we have

inf
∥βSC

∗
∥1≤7∥βS∗∥1

√
|S∗|

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

∥W̌∥∥βS∗∥1
≥

√
1 − 1

|S|
inf

∥β′
SC ∥1≤7∥β′

S∥1

√
|S| ∥Xβ′∥2
∥X∥∥β′

S∥1

=

√
1 − 1

|S|
ϕX(S).

For the second statement, write s∗ = s− 1. Once again using Equation (37), we have

ϕ̃W̌ (s∗) = inf
0̸=|Sβ |≤s∗

∥W̌β∥2
∥W̌∥∥β∥2

≥ inf
0 ̸=|Sβ |≤s∗

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

− ∥X1∥2∥β∥1 maxi≥2 |γi|


∥W̌∥∥β∥2

≥ inf
0̸=|Sβ |≤s∗

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

∥W̌∥∥β∥2
− ∥X1∥2∥β∥1 maxi≥2 |γi|

∥W̌∥∥β∥2
.

Now, when 0 ̸= |Sβ | ≤ s∗ we have ∥β∥1/∥β∥2 ≤ √
s∗, so the second term is bounded below by

−∥X1∥2

∥W̌∥
√
s∗ maxi≥2 |γi| = −∥X1∥2

∥W̌∥
√
s∗ maxi≥2 |γi|. For the first term we have,

inf
0̸=|Sβ |≤s∗

∥∥∥∥∥∥X
0

β

∥∥∥∥∥∥
2

∥W̌∥∥β∥2
≥ inf

0̸=|Sβ′ |≤s

∥Xβ′∥2
∥X∥∥β′∥2

= ϕX(s).

Lemma 4 shows that if (20) holds, then the compatibility constants for W̌ can be bounded from

below by those for X, which is a much more commonly studied problem (e.g. Section D of [38]).

A related (but stronger) notion is the mutual coherence of X, given by

mc(X) = max
1≤i̸=j≤p

|XT
i Xj |

∥Xi∥2∥Xj∥2
.
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Lemma 1 of [12] allows one to bound the compatibility numbers of X from below if one has control of the

mutual coherence via the following inqualities

ϕ(S)2 ≥ ϕ̄(1)2 − 15 |S| mc(X), ϕ̃(s)2 ≥ ϕ̄(1)2 − s mc(X),

where ϕ̄(1) = mini ∥Xi∥2/∥X∥ is typically bounded away from 0. We can relate the first quantity in our

‘no-bias’ condition (20) to the mutual coherence.

Lemma 5. We have

∥X1∥2 maxi=2,...,p |γi|
maxi=2,...,p ∥(I −H)Xi∥2

=
maxi=2,...,p ∥HXi∥2

maxi=2,...,p ∥(I −H)Xi∥2
≤ mc(X)

1 −mc(X)
.

Proof. We begin with[
maxi=2,...,p ∥HXi∥2

maxi=2,...,p ∥(I −H)Xi∥2

]2
≤
[

max
i=2,...,p

∥HXi∥2
∥(I −H)Xi∥2

]2
= max

i=2,...,p

∥HXi∥22
∥Xi∥22 − ∥HXi∥22

.

As ∥HXi∥22 = (XT
i X1)2/∥X1∥22,

max
i=2,...,p

∥HXi∥22
∥Xi∥22 − ∥HXi∥22

= max
i=2,...,p

(XT
i X1)2/∥X1∥22

∥Xi∥22 − (XT
i X1)2/∥X1∥22

= max
i=2,...,p

(XT
i X1)2/∥X1∥22∥Xi∥22

1 − (XT
i X1)2/∥X1∥22∥Xi∥22

=
maxi=2,...,p(XT

i X1)2/∥X1∥22∥Xi∥22
1 − maxi=2,...,p(XT

i X1)2/∥X1∥22∥Xi∥22
,

since the function x 7→ x/(1−x) is increasing. We now define mc1(X) := maxi=2,...,p(XT
i X1)/∥X1∥2∥Xi∥2 ≤

mc(X), so that[
maxi=2,...,p ∥HXi∥2

maxi=2,...,p ∥(I −H)Xi∥2

]2
≤ mc1(X)2

1 −mc1(X)2
≤ mc(X)2

1 −mc(X)2
≤
[

mc(X)

1 −mc(X)

]2
since x 7→ x2

1−x2 is increasing on [0, 1]. Taking the square root of both sides completes the proof.

If the entries of the design matrixXij are i.i.d. with either |Xij | ≤ C and log p = o(n) or Eet0|Xij |α <

∞ for some α, t0 > 0 and log p = o
(
n

α
4+α
)
, then Theorems 1 and 2 of [9] give that

√
n

log pmc(X)
P−→ 2 as

n → ∞. The compatibility numbers are then bounded away from 0 with probability 1 asymptotically for

models of size s0 = o(
√
n/ log p). In addition, using Lemma 5, our ‘no-bias’ condition (20) is satisfied for

models of size s0 = o (
√
n/ log p).

As a concrete example to illustrate our conditions, we consider the case of the i.i.d. random design

matrix X ∼iid N (0, 1). One can check that if the truth is sparse enough, then the conditions required in

Theorem 1 hold with probability tending to 1.

Corollary 5. Suppose that log p = o(n1/3) and β0 ∈ Rp is s0-sparse with s0 = o(
√
n/ log p). Consider

the prior (5) with ν satisfying (4), λ satisfying 2
√
n−1
p−1 ≤ λ ≤ 2

√
(n−1) log(p−1)

s0
and g is c-Lipschitz with

c = o(
√
n). Then the semiparametric BvM holds for Q̂1.
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Proof of Corollary 5. Since the Xij ∼iid N (0, 1) and PTP = In−1, we have that the W̌ij are also i.i.d.

N (0, 1) and therefore the compatibility conditions can be verified using results on the compatibility of

Gaussian matrices. More precisely, since log p = o(n1/3) and s0 = o
(√

n/ log p
)

, the compatibility numbers

are bounded away from 0 on an event of probability 1 asymptotically as discussed above. Similarly, since

s0 = o(
√
n/ log p), condition (20) is satisfied with probability 1 asymptotically.

Since the Xij are i.i.d. N (0, 1) and the W̌ij are also i.i.d. N (0, 1), we have ∥X1∥2 =
√
n(1 + oP (1))

and ∥W̌∥ =
√
n− 1(1 + oP (1)). Therefore, by the assumptions on λ and c, the conditions required on λ and

c in the deterministic case are satisfied on an event of probability 1 asymptotically.

11 A connection to a larger variational class

As discussed in the introduction, our method can be viewed more generally as placing a rough MF vari-

ational approximation on the high-dimensional nuisance parameters β−1 and then carefully modelling the

conditional distribution β1|β−1. We now make this link precise, showing that our variational approxima-

tion (11) corresponds to the KL-minimizer of such a variational family. More precisely, define the set of

conditional densities:

D =
{
q : R× Rp−1 → [0,∞) : q(·|β−1) is a density with respect to Lebesgue measure for all β−1 ∈ Rp−1

}
,

and the variational class

V = {q(β1|β−1)dβ1dQ−1(β−1) : q ∈ D , Q−1 ∈ Q−1} .

In Lemma 6, we show that the KL-minimizer between V and the posterior is given by q = π(·|β−1, Y ) with

π(·|β−1, Y ) being the conditional distribution of β1|β−1 under the posterior, and Q−1 = Q̂−1. By rewriting

the distribution (11) in term of a distribution on β−1 and a conditional distribution of β1|β−1 , one can see

that this minimizer is exactly the approximation (11). Such partial factorisations have also been used in

other settings, for instance binary regression [19].

Lemma 6. For any V = V (q,Q−1) in V,

KL(V ∥Π(·|Y )) = KL(Q−1∥Π−1(·|Y )) +

∫
Rp−1

KL(q(·|β−1)∥π(·|β−1, Y ))dQ−1.

Consequently,

arg min
V ∈V

KL(V,Π(·|Y )) = V (π(·|β−1, Y ), Q̂−1).

Proof of Lemma 6. We prove the first assertion. Let V = V (q,Q−1) ∈ V with Q−1 being absolutely contin-
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uous with respect to Π−1(·|Y ), otherwise the result is immediate. We have that

dV (β) = q(β1|β−1)dβ1
dQ−1

dΠ−1(·|Y )
(β−1)dΠ−1(β−1|Y )

=
q(β1|β−1)

π(β1|β−1, Y )
π(β1|β−1, Y )dβ1

dQ−1

dΠ−1(·|Y )
(β−1)dΠ−1(β−1|Y )

=
q(β1|β−1)

π(β1|β−1, Y )

dQ−1

dΠ−1(·|Y )
(β−1)dΠ(β|Y ).

Consequently, V is absolutely continous with respect to Π(·|Y ) and

KL(V ||Π(·|Y )) =

∫
log(

q(β1|β−1)

π(β1|β−1, Y )

dQ−1

dΠ−1(·|Y )
(β−1))dV (β)

=

∫
log(

q(β1|β−1)

π(β1|β−1, Y )
)dV (β) +

∫
log(

dQ−1

dΠ−1(·|Y )
(β−1))dV (β)

=

∫
Rp−1

∫
R

log(
q(β1|β−1)

π(β1|β−1, Y )
)q(β1|β−1)dβ1dQ−1(β−1) +

∫
Rp−1

log(
dQ−1

dΠ−1(·|Y )
)dQ−1

=

∫
Rp−1

KL(q(·|β−1)∥π(·|β−1, Y ))dQ−1 + KL(Q−1||Π−1(·|Y )).

The second assertion can be easily deduced form the first assertion.
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