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CONVERGENCE OF THE KMP MODEL TO THE KPZ EQUATION

GUILLAUME BARRAQUAND AND FRANCESCO CASINI

Abstract. We prove that the Kipnis-Marchioro-Presutti (KMP) process converges to the
Kardar-Parisi-Zhang (KPZ) equation, as time t goes to infinity, in a properly scaled obser-

vation window shifted by t3/4. Our proof is based on identifying the KMP process with a
stochastic flow of kernels describing transition probabilities in a certain model of random walk
in space-time random environment. This allows to apply a recent result of [Par24] proving
convergence of the density field of random walks in random environment to the KPZ equation
in a suitably general sense.

Contents

1. Introduction 1
2. KMP model as a stochastic flow 3
3. Main result 8
4. Verification of hypotheses 13
5. Convergence in the Skorokhod space 15
6. Computation of noise variance 16
Appendix A. Discrete-time analogues 21
References 24

1. Introduction

Kipnis, Marchioro and Presutti introduced in [KMP82] a stochastic model for energy exchange
in a chain of harmonic oscillators, further studied in both mathematics and physics literature.
The model can be described on an arbitrary graph as follows. Vertices are assigned random
energies, evolving as a Markov process: for each pair of adjacent vertices, their energies are
redistributed at exponential rate 1, uniformly over all possible redistributions that conserve the
total energy.

This model, as well as variants and generalizations [GKRV09, CGGR13, CGRS16], is often
studied through the notion of Markov duality [JK12, GR25]. The original article [KMP82]
actually proved one of the first examples of a so-called absorbing duality. Besides Markov
duality, the model on a finite lattice connected to boundary reservoirs is one of the simplest
prototypes of driven diffusive system in non-equilibrium statistical physics. Recently, the model
received increased attention in the physics literature [BSM22a, BSM22b, GPR+22, RGIB23,
KLD23, BM24], in the context of macroscopic fluctuation theory (MFT). The latter is a general
framework [BDSG+02, BDSG+15] that extends the hydrodynamic theory to predict the large
deviation behaviour of many stochastic transport models. We shall also mention a new approach
to characterizing the stationary measure of the model based on the so-called hidden temperature
model [DMFG24], new duality and intertwining relations [GRvT25], as well a recent proof of
the hydrodynamic limit [FGHS25].

The KMP model shares many similarities with the Symmetric Simple Exclusion Process
(SSEP). In particular, the MFT equations – a couple of nonlinear PDEs from which one can
conjecturally express large deviation rate functions – are exactly the same for both models
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[ZM16, GPR+22, RGIB23]. This similarity does not concern only large deviations. On the
graph Z, both the SSEP starting from a step initial condition and the KMP model starting from
a localized energy distribution are expected to converge to the Edwards-Wilkinson equation
(additive noise stochastic heat equation). Indeed, this is proven for the SSEP [KL13] and
several variants of KMP model [FF98, BRAS06, Yu16].

The goal of this article is to show that despite the similarities between SSEP and KMP
models, the scaling limit of the KMP model is richer in the sense that in the appropriate scaling
window, its fluctuations converge to the multiplicative noise stochastic heat equation (3.2), that
is the exponential of the Kardar-Parisi-Zhang (KPZ) equation (3.1) (Theorem 3.1). The main
idea behind our proof is that the field of energies in the KMP model should be understood
as a stochastic flow that describes the probability distribution of a random walk in random
environment (Proposition 2.5). Once this identification is made, we can apply a recent result
of [Par24] proving convergence to the KPZ equation for a general class of random walks in
(dynamic) random environment. A special case of this result is stated below as Theorem 3.5.

We expect that up to model-dependent constants, our main result also holds for more general
redistribution mechanisms involving a greater and possibly random number of consecutive sites,
with a similar proof. Further, our work also suggests Conjecture 3.2: for any velocity v ∈ (−1, 1),
v 6= 0, as time t goes to infinity, the logarithm of KMP energies around site ⌊vt⌋ converges to
the Tracy Widom distribution.

Before commenting further on the connections between the KPZ equation and random walks
in random environment, we should mention that a connection between the KMP model and
the KPZ equation is already studied in [KLD23]. Indeed, based on MFT predictions, the large
deviations in the SSEP and KMP model, or any other model with the same mobility and diffusion
coefficient, should be related to a stochastic PDE describing the probability distribution of a
Brownian particle in a white noise velocity field. The latter is known to be related to the Kardar
Parisi-Zhang universality class [LDT17, BR20, BLD20]. More precisely, [KLD23] studied the
crossover between the large deviation of the KMP model and the small time large deviation
behaviour of the KPZ equation.

KPZ universality class and random walks in random environment. The KPZ equation,
introduced in [KPZ86], is an emblematic model in the KPZ class. Although it is distinct from
the universal KPZ fixed point [MQR21], it arises in general as scaling limit of models when one
can rescale simultaneously time and space as well as a parameter of the system that controls
the asymmetry of the model, or the strength of the noise. For example, the weakly asymmetric
simple exclusion process converges to the KPZ equation [BG97]. When tuning the strength
of the noise, that is scaling the temperature to infinity, the free energy of directed polymers
converges to the KPZ equation [AKQ14].

A toy model of discrete time random walk in space-time i.i.d. random environment was
introduced in [BC17]. When transition probabilities are beta distributed, the model is exactly
solvable, which allows to prove that the quenched probabilities of deviations of order t for the
random walk have Tracy-Widom distributed fluctuations on the scale t1/3. This is a signature of
the KPZ universality class. A number of further results on the model were obtained in subsequent
works [TLD15, TLD16, CG17, BRAS18, BR20, BR23, HCGCC23, HDCC24, HCC24]. In the
context of the present paper, the most important development is the fact that the quenched
probabilities of moderate deviations of order t3/4 have fluctuations which are described by the
KPZ equation. This was predicted, with increasing degree of precision, in [TLD16, LDT17,
BLD20] and then proved in [DDP24b] for rather general discrete time simple random walks (see
also [DDP24a] and [BW22] for similar results).

It is natural to wonder about the universality of this convergence, whether it remains true
for more general non simple random walks in random environment, possibly allowing some
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correlations in space that vanish at large scale. In Physics references, universality was studied
in [HDCC25] (see also [HDCC24, HCC24, DDP24b]). Interestingly, the scalings depend on the
model: it was found in [Has25] that if the average E[X(t+1)−X(t)] of an elementary step of the
random walk X(t) is deterministic (with respect to the law of the environment), that is if the
randomness of the environment is felt only in the higher cumulants of a random walk elementary
step, the scaling of moderate deviations should be different. This prediction was confirmed in
[Par24], showing that for a general class of R-valued random walks in random environment,
moderate deviations converge to the KPZ equation on a scale that depends on some integer p.

The correct scale of moderate deviations to consider is n
4p−1

4p where p is the smallest integer so
that the p-th moment E[(X(t+ 1)−X(t))p] of an elementary step is random with respect to the
law of the environment. The general convergence result of [Par24] is stated below as Theorem
3.5 in the case p = 1, which is the only case we need. In the case p = 2, the coefficient 7/8 can
also be predicted by considering a continuous model of diffusion with space-time white noise
diffusion coefficient [LD23].

Outline. In Section 2 we introduce a random walk in random environment (RWRE) and we
show that the energy variable of the KMP process can be described by the quenched transition
kernel of this RWRE. Moreover, we show that the k-point motion is described by the so-called
dual-KMP process and recover the Markov duality relation [KMP82, CGGR13] from the re-
versibility of the model. In Section 3.1 we state our main result (Theorem 3.1), which becomes
a direct consequence of a general convergence result proven in [Par24] which is recorded below
as Theorem 3.5. We then formulate some possible generalizations and conjectures suggested by
our results. The following sections are devoted to the proof of Theorem 3.1. In Section 4 we
show that the kernel of our RWRE satisfy the assumptions required in [Par24]. In Section 5, we
show how to prove the convergence of the field in D([0, T ],S ′(R)), starting form the convergence
for the interpolated field. In Section 6 we construct a time discretization of our RWRE that
allows to compute explicitly the value of the variance of the noise in the limit.

We also discuss discrete analogues in Appendix A. We recall the definition of the discrete time
Beta-RWRE introduced in [BC17], explain how it is related to a discrete variant of the KMP
model with a brick-wall structure, and we explain connections of both models to a model for
the unitary evolution of a quantum wavefunction, introduced in [SKR92] as a model of directed
waves.

Acknowledgments. G.B. and F.C. were partially supported by Agence Nationale de la Recherche
through the grant ANR-23-ERCB-0007. G. B. was also supported by ANR grant ANR-21-CE40-
0019. G.B. is grateful to Pierre Le Doussal for drawing his attention to the reference [SKR92]
and for many useful conversations related to the models discussed in Appendix A. G.B. also
thanks Ivan Corwin for suggestions related to Section 3.3.

2. KMP model as a stochastic flow

2.1. The KMP model. We recall the definition of the KMP model on Z.

Definition 2.1 ([KMP82]). The KMP model (η(t, x)x∈Z)t>0 is a continuous-time Markov pro-

cess defined on the state space Ω = R
Z
+. The infinitesimal generator is given by

L =
∑

x∈Z

Lx,x+1 ,

where the action of the linear operators Lx,x+1 on local functions f : Ω → R reads

(Lx,x+1f) (η) =

∫ 1

0
[f(. . . , η(x− 1), p(η(x) + η(x+ 1)), (1 − p)(η(x) + η(x+ 1)), η(x+ 2), . . .)

−f(η)]
pα−1(1 − p)α−1

B(α,α)
dp .
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In words, at exponential rate 1 on each bond (x, x + 1) the total energy η(x) + η(x + 1) is
redistributed according to a Beta(α,α)-distributed random variable, i.e. the couple (η(x), η(x+
1)) is replaced by

(B(η(x) + η(x+ 1)), (1 −B)(η(x) + η(x+ 1)))

where B ∼ Beta(α,α). More precisely, the process may be constructed as follows. Associate to

each bond (x, x+1) a Poisson process (T
(j)
x,x+1)j∈{0,1,...} ∈ R

+. For each Poisson time T = T
(j)
x,x+1,

let B
(j)
x,x+1 be an independent random variable distributed as Beta(α,α). On each bond, at each

Poisson times T , the energies are updated by letting

(η(T, x), η(T, x + 1)) =
(
B(η(T−, x) + η(T−, x+ 1)), (1 −B)(η(T−, x) + η(T−, x+ 1))

)
(2.1)

where η(t−, x) denotes the left-limit at time t, i.e. the value just before the jump. The process
may be constructed using a variant of Harris graphical construction [FF98].

Remark 2.2. In the original paper [KMP82], the KMP model was introduced with a Uniform([0, 1])-
random variable (corresponding to α = 1). It has been generalized in [CGGR13] to B ∼
Beta(α,α), which is sometimes called generalized KMP process.

Remark 2.3. The KMP model can be interpreted as a system of particles with positions
(Rn(t)), see [FF98] and [GPR+22]. Consider the special case α = 1 for simplicity. From a KMP
energy configuration, we can define a particle configuration (up to a global shift) via

η(n, t) := Rn+1(t) − Rn(t) .

The particle’s dynamic is such that each particle carries a Poisson clock, and when it rings,
Rn(t) jumps to a location chosen uniformly in the interval [Rn−1(t),Rn+1(t)].

2.2. A continuous-time random walk in random environment. We now define a specific
model of random walk in random environment (RWRE). The position of the random walk at
time t ∈ R+ is denoted (X(t))t>0. The environment is made of a family of Poisson processes
(indexed by bonds of Z) and Beta variables for each Poisson time on each bond.

Definition 2.4. On a probability space (Ω,F ,P), we define the following random variables: for

each bond (x, x+ 1), let
(
T

(j)
x,x+1

)

j∈Z>0

be a Poisson point process, independent for each bond.

For each bond (x, x + 1) and each j ∈ N, let B
(j)
x,x+1 be an independent random variable

distributed as Beta(α,α) as previously. We denote a realization of the environment by (P, ω) ∈
Ω, where P is a realization of the Poisson processes and ω is a realization of the Beta variables.

Given (P, ω) ∈ Ω, the random walk dynamic is the following. If at time t, X(t) = x, we have
to consider the first Poisson times larger than t associated to the bonds (x− 1, x) and (x, x+ 1).
Let

T1 := min
j∈Z>0

{
T

(j)
x−1,x : T

(j)
x−1,x > t

}
, T2 := min

j′∈Z>0

{
T

(j′)
x,x+1 : T

(j′)
x,x+1 > t

}
.

Then, we have that:

• if T1 > T2, the walker remains at site x with probability B2 or goes to x+ 1 with probability
(1 −B2), where B2 is the Beta variable associated with the Poisson time T2;

• if T1 < T2, the walker goes to x− 1 with probability B1 or remains at site x with probability
(1 −B1), where B1 is the Beta variable associated with the Poisson time T1.

In words, we may say that when the Poisson clock rings on a fixed bond, the walker goes
to the left-most site of the bond with probability BT· , or it goes to the right-most one with
probability 1 −BT· . Figure 1 shows a possible path taken by the random walk.

The law of the RWRE can be described by the quenched transition kernel

Ks,t(y, x) := PP,ω (X(t) = x|X(s) = y) . (2.2)

where PP,ω(·) is the probability measure of the random walk conditioning on (P, ω). We some-
times use the shorthand notation Kt(x, y) := K0,t(x, y).
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x x + 1 x + 2 x + 3x− 1x− 2x− 3

B
(1)
x−1,x

B
(1)
x,x+1

B
(2)
x,x+1

B
(1)
x+1,x+2

B
(2)
x+1,x+2

B
(1)
x+2,x+3

B
(1)
x−2,x−1

B
(1)
x−2,x−3

t = 0

B
(2)
x−1,xt = τ

Figure 1. The horizontal segments (bridges) represent the times of the Poisson
point process attached to each bond. They are decorated with random variables
B ∼ Beta(α,α). The continuous red line is a possible trajectory of random walk,
from (0, x) to (τ, x − 1). The gray circles represent the location of the particle
after each Poisson event.

The dynamic of the RWRE (X(t))t>0, yield dynamic for its transition kernel. For some t > 0,
we consider the transition kernel (Kt(y, x))x∈Z, for a particle initially located at site y. In the
same set up as before, the updating rule consists of:

• if T1 > T2

KT2
(y, x) = B2 (Kt(y, x) +Kt(y, x+ 1)) ; (2.3)

• if T1 < T2

KT1
(y, x) = (1 −B1) (Kt(y, x− 1) +Kt(y, x)) . (2.4)

The transition kernel Ks,t(y, x) defined in (2.2) is a stochastic flow of kernels, in the sense of
Definition 5.1 of [SSS14]. This means that it satisfies the conditions:

(1) Consider x, y ∈ Z and s 6 t 6 u, then a.s. we have that Ks,s(x, y) = δx(y) and

Ks,u(y, x) =
∑

z∈Z

Ks,t(y, z)Kt,u(z, x) .

(2) Consider t0 < t1 < . . . tn−1 < tn, then
(
Kti−1,ti(·, ·)

)
i∈{1,...,n} are all independent.

(3) The kernels Ks,t(·, ·) and Ks+u,t+u(·, ·) are equal in finite dimensional distribution for
each s 6 t and u.

2.3. The KMP as a stochastic flow of kernels. As is probably already clear from (2.3) and
(2.4), the transition kernel of the RWRE defined above evolves as the KMP energies.

Proposition 2.5. Let (η(t, x)x∈Z)t>0 be the KMP process with initial condition (η(x, 0))x∈Z
. Let

(Kt(y, x)x,y∈Z)t>0 be the stochastic flow of kernels defined in (2.2). For any bounded function
̺0 : Z → R+, let

̺t(x) :=
∑

y∈Z

̺0(y)Kt(y, x). (2.5)
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Then, if ̺0 = η(0, ·) we have that

η(t, x)
(d)
= ̺t(x),

in the Skorokhod space D
(
R+,R

Z
+

)
.

Proof. Let us first consider the initial condition η(0, x) = 10(x), we have

η(0, x) = K0(0, x) = 10(x) .

Comparing the dynamic of the KMP model (2.1) and those of the transition kernel (2.3)-(2.4),
and assuming that the two stochastic processes share the same Poisson events and the same
Beta variables, we have η(t, x) = Kt(0, x) for all t > 0 and x ∈ Z. For an arbitrary initial
condition ̺0 = η(·, 0), defining ̺t(x) as (2.5), the Proposition follows by linearity. �

As stationary measures for the KMP model are well-known [KMP82, CGGR13], we obtain
the following.

Lemma 2.6. Let µα be the product measure on configurations (η(x))x∈Z ∈ R
Z
+ such that the

η(x) are i.i.d. and Gamma(α) distributed. Then, the Markov process ̺t defined in (2.5) has a
unique stationary measure (up to multiplicative constant) given by µα.

Proof. Given Proposition 2.5, this is an immediate consequence of the known stationary measure
for the KMP model. �

2.4. k-point motion. The description of the KMP model as a stochastic flow of transition
kernels provides a new perspective on the Markov duality between the KMP model and the
following model introduced in [KMP82, CGGR13].

Definition 2.7 (Dual-KMP). The Dual-KMP model (ξ(t, x)x∈Z)t>0 is a continuous-time Markov
process defined on the state space Z

Z
>0, where ξ(t, x) represents a number of particles on site x

at time t. At rate 1, on each bond (x, x + 1), the total number of particles ξ(x) + ξ(x + 1) is
redistributed according to a random variable R ∼ BetaBinomial(n, α, α) random variable with
n = ξ(x) + ξ(x+ 1), such that at every Poisson time T , (ξ(T−, x), ξ(T−, x+ 1)) becomes

(R, ξ(T−, x) + ξ(T−, x+ 1) −R) .

We recall that a random variable R ∼ BetaBinomial(n, α, β), if it has density given by

P(R = k) =

(
n

k

)∫ 1

0
pα+k−1(1 − p)β+n−k−1dp .

The KMP and the dual-KMP satisfy a Markov duality, with respect to the duality function
(see [KMP82, CGGR13])

D(η, ξ) :=
∏

x∈Z

d(η(x), ξ(x)), d(η(x), ξ(x)) = η(x)ξ(x) Γ(α)

Γ(α+ ξ(x))
.

Namely, the following equation holds true:

Eη(0,·) [D(η(t, ·), ξ(0, ·))] = Eξ(0,·) [D(η(0, ·), ξ(t, ·))] , (2.6)

where the expectations on the right-hand-side and on the left-hand-side are taken with respect
to the law of the KMP with initial condition η(0, ·) and of the dual KMP with initial condition
ξ(0, ·), respectively.

We observe that the redistribution of the dual particles on each bond can be seen as binomial
experiments with random probability of success with law Beta(α,α). Therefore, when the
Poisson events occurs, each of the particles in the bond behaves as an independent random
walk in a Beta random environment.

Let k ∈ Z>0 and call k-point motion the joint evolution of {(X1(t), . . . ,Xk(t))}t>0, where
for all i ∈ {1, . . . , k} Xi(t) is a copy of the RWRE initially located on an arbitrary site of Z.
Therefore, we observe that the dual-KMP process can be interpreted as the k-point motion
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associated with the RWRE, in which the kernel of each of these walkers evolves as the KMP
process (properly initialized).

The transition kernel for the k-points motion to go from (x1, . . . , xk) ∈ Z
k to (y1, . . . , yk) ∈ Z

k

is defined as

p
(k)
t ((x1, . . . , xk) → (y1, . . . , yk)) := E [Kt(x1, y1) · · ·Kt(xk, yk)] . (2.7)

Lemma 2.8. Let νinv
α be a product measure over Z

k, with densities

νinv
α (x1, . . . , xk) = E

[
k∏

i=1

µα(xi)

]
,

where, with a slight abuse of notation, we have used again the notation E to denote the expectation
with respect to the Gamma variables in the definition of the stationary measure µα. Then, the
k-points motion (X1(t), . . . ,Xk(t))t>0 has a unique stationary measure given by νinv

α .

Proof. The proof is an immediate consequence of Lemma 2.6. �

The duality relation (2.6) can now be re-obtained starting from reversibility and using the

kernel (2.7) for the k-points motion. Consider two configuration vectors ξ = (ξx)x∈Z and (ξ̂x)x∈Z,

where ξx (ξ̂x) denotes the number of particles at site x. We assume that both vectors contains k
particles and we denote by x1, . . . , xk and by x̂1, . . . , x̂k their location. It is convenient to denote

Pt(ξ, ξ̂) = p
(k)
t ((x1, . . . , xk) → (x̂1, . . . , x̂k)). By Lemma (2.8), we have the detailed balance

condition

ν inv
α (ξ)Pt(ξ, ξ̂) = ν inv

α (ξ̂)Pt(ξ̂, ξ) .

For fixed (η(0, x))x∈Z, we denote f(ξ) =
∏

x∈Z η(0, x)ξ(x) and we write

∑

ξ̂

Pt(ξ, ξ̂)
f(ξ̂)

ν inv
α (ξ̂)

=
1

ν inv
α (ξ)

∑

ξ̂

Pt(ξ̂, ξ)f(ξ̂) .

We analyze separately the two sides of the equation above. On the left-hand-side, we have that

∑

ξ̂

Pt(ξ, ξ̂)
f(ξ̂)

ν inv
α (ξ̂)

= Eξ(0)




∏

x∈Z

η(0, x)ξ(t,x) Γ(α)

Γ(α+ ξ(t, x))





On the right-hand-side we have that the quantity ν inv
α (ξ) :=

∏
x∈Z

Γ(α+ξ(x))
Γ(α) , while we have the

following chain of equalities:

∑

ξ̂

Pt(ξ̂, ξ)f(ξ̂) =
∑

x̂1,...,x̂k∈Z

∏

x∈Z

η(0, x)ξ̂(x)
E [Kt(x̂1, x1) · · ·Kt(x̂k, xk)]

=E




∑

x̂1∈Z

· · ·
∑

x̂k∈Z

k∏

ℓ=1

η(0, x̂ℓ)Kt(x̂ℓ, xℓ)





=E



∏

x∈Z




∑

y∈Z

η(0, y)Kt(y, x)




ξ(x)




=Eη(0)




∏

x∈Z

η(t, x)ξ(x)





Therefore, we immediately read off the duality relation by setting ξ(0, x) = ξ(x) for all x.
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3. Main result

3.1. Kardar-Parisi-Zhang equation. The Kardar-Parisi-Zhang (KPZ) is a stochastic partial
differential equation (SPDE), introduced in [KPZ86], which governs the evolution of a function
h(t, x), where t ∈ R+ and x ∈ R. This SPDE reads

∂th(t, x) =
1

2
∂xxh(t, x) +

1

2
(∂xh(t, x))2 + Ξ(t, x) , (3.1)

where Ξ(t, x) is a space-time white noise. We consider solutions to the KPZ equation (3.1) in
the Cole-Hopf sense. For any fixed time horizon T > 0 and initial condition h0 ∈ C(R,R), a
random function h ∈ C([0, T ], C(R,R)) is a solution to (3.1) if h(t, x) := log(U(t, x)), where
U(t, x) solves the multiplicative-noise stochastic heat equation

∂tU(t, x) =
1

2
∂xxU(t, x) + U(t, x)Ξ(t, x) , (3.2)

with initial condition U0(x) = eh0(x). A function U(t, x) is a solution to (3.2) with initial
condition U0(x) if it satisfies

U(t, x) =

∫

R

pt(x− y)U0(y)dy +

∫ t

0
ds

∫

R

pt(x− y)U(s, y)Ξ(s, y) .

where pt(x) denotes the heat kernel. We will consider a slightly different solution where h0 is
not a continuous function but rather the so-called narrow wedge solution, that is when h(t, x) =
log U(t, x) and U0(x) = δ0(x). There exists a unique solution to (3.2) (see [BC95, Par19]) in the
class of processes in C((0, T ], C(R,R)) adapted to the filtration generated by the white noise Ξ,
and satisfying the L2 bound

sup
x∈R, t∈(0,T ]

tE
[
U(t, x)2

]
< ∞ .

3.2. Main result. Consider the KMP process (η(t, x)x∈Z)t>0, with initial condition η(0, x) =

1{x=0}. For N ∈ Z>0, for t ∈ [0, T ] and for x ∈ N−1/2
Z −N1/4t we introduce the density field

FN (t, x) = CN,t,x η(tN,N3/4t+N1/2x) , (3.3)

where
CN,t,x = eN1/4x+N1/2 t

2
+ t

8 . (3.4)

This density field should be seen as a distribution which can be integrated against test functions
φ ∈ C∞

c (R) as

〈FN (t, ·) , φ〉 =
∑

x∈Z−N3/4t

FN

(
t,

x√
N

)
φ

(
x√
N

)
, (3.5)

where the shift by N3/4t is simply due to the fact that η(t, ·) is defined on integers. We recall
the definition of the Schwartz space

S(R) :=

{
f ∈ C∞

c (R) : ∀α, β ∈ Z>0, sup
x∈R

|xα(Dβf)(x)| < ∞
}
,

and denote its dual space by S ′

(R).

Theorem 3.1. The sequence (FN )N∈Z>0
is tight with respect to the topology D

(
[0, T ],S ′

(R)
)
.

Furthermore, any limit point lies in C ((0, T ], C(R)) and coincides with the law of the Itō solution
to the multiplicative noise stochastic heat equation given by

{
∂tU(t, x) = 1

2∂xxU(t, x) + 1
2
√

α
U(t, x)Ξ(t, x)

U(0, x) = δ0(x)
. (3.6)

Here, α > 0 is the parameter of the Beta(α,α) distribution of the random environment and
Ξ(t, x) is the standard Gaussian space-time white noise.
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Proof. Since the KMP process can be identified with the stochastic flow of kernels (2.2), by
Proposition 2.5, we may apply the result of [Par24] (reported it in the case p = 1 in Theorem
3.5 of the subsequent Section 3.5), specialized to our particular family of stochastic flows. More
in detail, in Section 4 we verify that the assumptions of [Par24] are satisfied by our transition
kernel (Proposition 4.1). For completeness, in the subsequent Section 3.5, we recall and list
these hypothesis in Assumptions 1. This yields the convergence of the field obtained by linearly
interpolating the values at discrete times. In Proposition 5.1, we prove the convergence in

D
(
[0, T ],S ′

(R)
)
. Finally, in Section 6, we prove that γ = 1

2
√

α
(Proposition 6.7). �

3.3. Further directions. Based on the convergence of the Beta RWRE to the Tracy-Widom
distribution, and given Proposition 2.5, we make the following conjecture.

Conjecture 3.2. Let v ∈ (−1, 1), v 6= 0. Let (η(t, x))x∈Z be the energies in the KMP model
with initial condition η(0, x) = 1x=0. There exists deterministic functions f(v) and σ(v) such
that

lim
t→∞

P

(
log η(t, vt) + f(v)t

σ(v)t1/3
6 s

)
= FT W (s)

where FT W is the cumulative distribution of the Tracy-Widom GUE distribution [TW92].

More generally, we expect that the field

Hn(t, x) :=
log η(tn, vtn+ n2/3x) + f(t, n, v)

g(t, n, v)

should converge as n → ∞ to the KPZ fixed point (introduced in [MQR21]) for well-chosen
functions f and g. The general picture is the following. We refer to Figure 2 and to [BLD20] for

similar explanations in the RWRE setting. When x is of order t1/2, η(t, x) behaves on average

as e−x2/(2t) with site to site fluctuations given by the stationary measure, and lower order
fluctuations conjecturally given by the additive noise stochastic heat equation. For |v| > 1, it
is easy to show that η(t, vt) is equal to zero with very high probability: indeed, starting from
η(0, x) = 1x=0, the energy at site x becomes nonzero only after a random time distributed as
the sum of x independent exponential random variables. For 0 < |v| < 1, η(t, vt) is nonzero, and

it asymptotically behaves as e−f(v)t with lower order fluctuations given by the Tracy-Widom
distribution, according to Conjecture 3.2. A crossover between this Tracy-Widom distributed
fluctuations and the Edwards-Wilkinson fluctuations in the diffusive scaling occurs when x scales
as t3/4, as Theorem 3.1 shows.

3.3.1. A sticky limit of the KMP model? Given the coefficient 1
2
√

α
in front of the noise term

in (3.6), it seems natural to simultaneously rescale time and space with the noise strength α.
It would be interesting to apply this scaling to the KMP model. More precisely, we ask the
following:

Question 3.3. Does the limit

E(t, x) := lim
ε→0

ε−1η(ε−2t, ε−1x) (3.7)

exists in a weak sense when the parameter α is scaled ass α = ε. How to describe the limiting
Markov process?

In the case of the discrete-time Beta RWRE, the limit is studied in [LJL04, JR04, HW06,
LJL13, SSS14, BR20, BR23, BW23]. Based on [SSS14], we believe that a good candidate for
the limit (3.7) should be searched among the Howitt-Warren flows [HW06].
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0 x

t

x = O
(√

t
)

Stochastic heat equation

x = vt, v ∈ (0, 1)
KPZ fixed point

x = vt, v ∈ (−1, 0)
KPZ fixed point

x = t3/4

moderate deviation regime

x > t
η(t, x) = 0

x < −t
η(t, x) = 0

Figure 2. Diagram in space time coordinates showing the expected scaling lim-
its of the KMP model with initial condition η(0, x) = 1x=0. In the gray area,
the energy field is frozen (equal to zero). In the diffusive scaling window in the
middle, the KMP model is expected to converge to the stochastic heat equation
(based on [BRAS06, Yu16]). Conjecture 3.2 is about the scaling x = vt, v ∈ (0, 1),
in green. Our main result (Theorem 3.1) shows that between these last two re-

gions, there exist a critical scaling x ∼ t3/4 where fluctuations are described by
the KPZ equation.

3.3.2. More general models of energy redistribution. We expect that, up to model dependent
constants, the statement of Theorem 3.1 still holds for generalizations of the KMP model, with
the same proof method.

First, one can consider a generalization of the weight’s distribution. The most minor general-
ization would be to choose Beta(α, β) with α 6= β random variables. This would simply induce
a drift in the density profile of the associated RWRE. More generally, one could consider that
the energy is redistributed on a given bond according to a random variable B following a more
general distribution, for instance it could be a sum of Dirac masses, or a mixture of Dirac masses
and a continuous part.

Second, one could consider more complicated redistribution mechanism. For example, one
could redistribute the energies on a larger number n of consecutive sites, this number n could
even be random. As long as the sum of energies is preserved by the redistribution rule, it would
still be possible to define a stochastic flow of kernels and possibly apply Theorem 3.5 as long as
some mild assumptions are satisfied. To give a concrete example, one could consider the following
model: associate a Poisson process to each n-tuple of consecutive sites and redistribute the
energies on these sites at rate 1 in the same proportions as an independent Dirichlet(α1, . . . , αn))
random variable.

3.3.3. Convergence in a better topology. In a different direction, it would be interesting to prove
convergences in better topologies for the field (3.5). However, one cannot prove the point
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wise convergence for the field (3.5), since η(t, x) locally converges to i.i.d. Gamma distributed
variables (the stationary measure) which is very irregular at large scales. However, we conjecture
that replacing η(t, x) with

∑
y : y>x η(t, y) would instead make the field (3.5) converge pointwise

(the fluctuations due to the stationary measure would average out in the sum). Such a result is
proved in the context of the Beta RWRE which is a more tractable model [DDP24b].

3.3.4. Convergence of continuous time stochastic flows of kernels. Theorem 3.5 is stated for
discrete time RWRE, corresponding to discrete stochastic flows of kernels. A similar result
should hold for continuous time RWRE, and it would be interesting to understand how γ depends
on the law of the RWRE in that case. Our arguments in Section 6 suggest that for continuous
time RWRE X(t) on countable state space, the value of the noise strength γ2 in the limit should

be the same as for the skeleton chain X̃(n) associated to X(t) (if X(t) has rates qx→y, then

we define the skeleton chain X̃ as the discrete time Markov chain with transition probabilities
px→y =

qx→y

−qxx
).

3.4. Notations. It is important in the proofs below to distinguish the probability measure on
the environment from the law of the random walk, and to distinguish the averaged law of the
random walk from the random walk conditioned on the environment. We will use the following
notations:

P Probability measure of the environment.
P Path-space annealed probability of the continuous-time random walk.
P Path-space probability measure of a discrete-time symmetric random walk (Xn)n∈Z>0

.

PP,ω Quenched (conditioning on the environment) path-space probability measure for the
random walk. Similarly PP (conditioning on Poisson processes only).

P Law of a Poisson process (N(t))t>0 with intensity 1.

The expectations, variances and covariances associated with the probability distributions
listed above will be written using the corresponding font.

3.5. A general convergence result. In [Par24] the author considered a generalized model of
discrete-time random walk in random environment, proving the convergence of the quenched
density field to the multiplicative noise stochastic heat equation (mSHE). To our purposes, we
only need to rely on the particular case where p = 1 and the RWRE hops on the lattice Z.
Therefore, we state below the result of [Par24] in this specific set-up. Consider a probability
space (Ω,F ,P). A measurable function ω ∈ Ω → Kω(·, ·) such that for each x ∈ Z associates
a probability measure Kω(x, ·) on Z is said a Markov transition kernel in random environment.
Let (Kn−1,n)n∈Z>0

by a sequence of these kernels (for which we drop the ω dependence for the

sake of notation). For each n we interpret Kn−1,n(x, y) as te probability of reaching y at time n
given that the particle started from x at time n−1. Moreover, for all y ∈ Z and for all N ∈ Z>0,
define the quenched N -steps transition kernel

K0,N := K0,1 · · · KN−1,N ,

where K0,1K1,2(y, x) =
∑

z∈Z K0,1(y, z)K1,2(z, x). We assume that the sequence satisfies the
following hypotheses.

We introduce some notation. We define the 1-point annealed kernel as

p(x) := E [K1(0, x)] . (3.8)

Then, we introduce its moment generating function M(α) :=
∑

x∈Z e
α|x|p(x) < ∞ and its k-th

moments as mk =
∑

x∈Z x
kp(x). Moreover, considering x = (x1, . . . , xk) and y = (y1, . . . , yk)

with xi, yi ∈ Z and define the k-points annealed correlation kernel

p(k) ((x1, . . . , xk) → (y1, . . . , yk)) := E [K1(x1, y1) · · · K1(xk, yk)] .
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Finally, by marginalizing over the the 2-points kernel, we introduce the 2-points kernel

pdif(x, y) :=
∑

y1,y2∈Z

1{y1−y2=y}p(2) ((x, 0) → (y1, y2)) (3.9)

We denote by (Z(n))n∈Z the Markov chain associated to the transition kernel pdif(x, y).

Assumptions 1. We assume the following 6 statements:

HP 1) K0,1(·, ·),K1,2(·, ·),K2,3(·, ·) . . . are i.i.d. under P.
HP 2) The kernels K1(x,A) and K1(x+ a,A+ a) have the same distribution under P.
HP 3) There exists α > 0 such that M(α) < ∞ and m2 −m2

1 = 1.
HP 4) The first moment is non-deterministic : VAR (

∫
Z
yK1(0, dy)) > 0.

HP 5) We can construct a decreasing function Fdecay : [0,∞) → [0,∞) such that x → xFdecay(x)
is decreasing for x large enough and belongs to L1([0,∞), dx), and such that the following
estimate holds for all k 6 4, r1, . . . , rk ∈ {0, . . . , 3}, r1 + . . .+ rk 6 4.

∣∣∣∣∣∣

∑

y1,...,yk∈Z

k∏

j=1

(yj − xj)rj p(k)(x → y) −
∑

y1,...,yk∈Z

k∏

j=1

y
rj

j p⊗k(y)

∣∣∣∣∣∣
6 Fdecay

(
min

16i<j6k
|xi − xj|

)
.

HP 6) The Markov chain (Z(n))n∈Z>0
, is irreducible: ∀x, y ∈ Z there exists m ∈ Z>0 such that

pm
dif(x, y) > 0.

Remark 3.4. In words, HP 5) requires that, when the xi are far apart, the k-points motion
is close to the motion of k independent random walkers. This statement must hold, at least, in
the sense of mixed moments.

We introduce some quantities. For all N ∈ Z>0, we define the drift constant

dN := N
∑

x∈Z

xexN−1/4−log M(N−1/4)p(x).

Furthermore, for t ∈ N−1
Z>0 and for x ∈ Z, we introduce the tilting constant

DN,t,x := exp
{
N1/4x+ t

[
N−1/4dN −N logM(N−1/4)

]}
. (3.10)

The re-scaled field, of which we want to take the limit, is given by (for t = k/N and φ ∈ C∞
c (R))

hN (t, φ) :=
∑

x∈Z

DN,t,N−1/2(x−dN t)φ
(
N−1/2 (x− dN t)

)
K0,tN (0, x). (3.11)

The field is defined for integer times in (3.11) and we can linearly interpolate to define it for all
times t > 0.

In order to provide intuition behind this scaling, let us examine the first moment – see [Par24]
for further explanations. Let (R(n))n∈Z>0

denote the random walk associated with the transition
kernel (Kn−1,n)n∈Z>0

. We observe that the stochastic process

Zn(λ) = eλR(n)−n log M(λ) =
eλR(n)

E[eλR(n)]

is a strictly positive, mean-one discrete-time martingale. Let us fix a horizon time N > 0 and

consider the measure Qλ,N (·) =
dQλ,N

dP
P(·) where

dQλ,N

dP
= ZN (λ). Since we are interested in

moderate deviations where R(n) is of order O(N3/4), it is natural to let λ = N−1/4. Then,

E

[
hN (t, φ)

]
= QN−1/4,N

[
φ
(
N−1/2 (R(tN) − dN t)

)]
.

By Girsanov’s theorem, under QN−1/4,N , the sequence of random variables N−1/2 (R(tN) − dN t)
is a centered process, and by Donsker’s theorem, it weakly converges to a Brownian motion. It
implies that

E

[
hN (t, φ)

]
−−−−→
N→∞

∫

R

pt(x)φ(x) = E

[∫

R

dxUt(x)φ(x)

]
,
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where pt(x) is the standard heat kernel and Ut(x) solves (3.2) with δ0 initial condition.

Theorem 3.5 (Special case of [Par24, Theorem 1.4]). The sequence (hN )N∈Z>0
defined in (3.11)

is tight with respect to the topology C
(
[0, T ],S ′

(R)
)
. Furthermore, any limit point as N → ∞

lies on C ((0, T ], C(R)) and coincides with the law of the Itō solution to the multiplicative noise
stochastic heat equation given by

{
∂tZ(t, x) = 1

2∂xxZ(t, x) + γ Z(t, x)Ξ(t, x)

Z(0, x) = δ0(x)
. (3.12)

Here, Ξ is a standard white noise and the noise variance is given by

γ2 :=

1
2

∑
z∈Z

[∑
x,y∈Z(x− y)2p(x)p(y) −∑

a∈Z(a− z)2pdif(z, a)
]
πinv(z)

∑
z∈Z [

∑
a∈Z pdif(z.a)|a| − |z|] πinv(z)

. (3.13)

Above πinv is the invariant measure of the process Markov (Z(n))n∈Z>0
, with transition kernel

pdif introduced in (3.9). It is shown in [Par24] that, under Assumptions 1, πinv is unique and
0 6 γ < ∞.

4. Verification of hypotheses

For the RWRE from Definition 2.4, the one-point annealed law is a continuous time simple
random walk, so that

p(y) := E [K1(0, y)] =
∞∑

n=0

PP
(

n∑

i=1

ξi = y

∣∣∣∣N(1) = n

)
P(N(1) = n) , (4.1)

where (N(t))t>0 denotes a Poisson process (describing when the particle jumps) and (ξi)i∈Z>0

is a sequence of i.i.d. Rademacher random variables. We may compute the moment generating
function as

M(λ) =
∞∑

n=0

(
E
[
eλξ1

])n
P (N(1) = n)

= ecosh(λ)−1 .

Moreover, using
∑

x∈Z

xexN−1/4

p(x) = sinh(N−1/4)ecosh(N−1/4)−1 ,

we find the expression of the drift constant

dN = N sinh(N−1/4) . (4.2)

Given the scalings (3.10) and (3.11) in Theorem 3.5, the contant CN,t,x arising in our scalings
(3.4) and (3.5) should be equal to

DN,t,N−1/2(N1/2x+dN t) = exp

(
N1/4x+

t

2
N1/2 +

t

8
+ tO(N−1/2)

)
. (4.3)

Since we are considering a convergence in C([0, T ],S ′(R)) we can discard the error term

tO(N−1/2), hence the expression given in (3.4).

Proposition 4.1. The assumptions 1 are verified by the sequence of kernels (Kn−1,n(x, y))n∈Z>0
.

Proof. Assumptions HP 1), HP 2) and HP 6) immediately follows from the definition of the
sequence of kernels. Assumption HP 3) is a consequence of the explicit expression for the
moment generating function (4.2) and of the fact that p is the probability distribution of a
continuous-time random walk at time 1 so that m1 = 0 and m2 = 1.

To prove assumption HP 4) we simply need to prove that
∑

y∈Z yK1(0, y) has some probability
to be nonzero. Indeed, we may assume that there are no Poisson events associated with the
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bonds (−1, 0) and (1, 2) and only one at time 0 < T < 1 on the bond (0, 1). This happens with
positive probability (with respect to the law of independent Poisson processes), and in such a
case,

∑
y∈Z yK1(0, y) = 2BT − 1, which is nonzero with positive probability.

Assumption HP 5) is trivial if k = 1 or if r1 + . . .+rk = 1. First, we prove it for k = 2 and we
generalize for arbitrary k. Let (X1(t))t>0 and (X2(t))t>0 be two RWRE as in Section 2.2, with
2-point kernel given by (2.7). Assume that at t = 0 they are located at x1 and x2 respectively,

with |x1 − x2| = 2d for some d ∈ Z>0

2 and, without loss of generality, we assume x1 6 x2. We
introduce the Poisson event Ed defined as follows:

Ed :=

{
∃t ∈ [0, 1] : X1(t) = ⌊x1 + x2

2
⌋ ∨ X2(t) = ⌈x1 + x2

2
⌉
}
.

For i = 1, 2, for fixed xi ∈ Z and ri ∈ {0, 1, 2, 3} such that 2 6 r1 + r2 6 4, we introduce
∆i := (Xi(1) − xi)

ri and we write that

E [∆1∆2] = E [∆1∆2|Ed]P(Ed) + E [∆1∆2|Ec
d]P(Ec

d) .

We only need to bound the first addend on the right-hand-side, since the second one coincides
with the case of two independent walkers. By the Cauchy-Schwarz inequality we have that

E[∆1∆2|Ed] 6
√

E[∆2
1|Ed] E[∆2

2|Ed] .

For i ∈ {1, 2}, we denote by ∆i(n) the displacement of the i-th walker in n jumps. By the fact
that the there can only be a finite number of Poisson event [0, 1], we have obtain the bound

E
[
∆2

1|Ed

]
=

∞∑

n=⌊d⌋
E[∆2

1(n)]
P(n, Ed)

P(Ed)
6 C1e

−C2d ,

where C1, C2 > 0. A similar argument can be performed for X2(t). Moreover, let us observe
that

∑
y1,y2∈Z

∏2
j=1 y

rj

j p⊗2(y) is uniformly bounded in r1, r2 by a positive constant. Therefore,

we conclude that, for all r1, r2 ∈ {0, . . . , 3} : 2 6 r1 + r2 6 4, there exist C3, C4 > 0 such that

∣∣∣∣∣∣

∑

y1,y2∈Z

2∏

j=1

(yj − xj)
rj p(2)((x1, x2) → (y1, y2)) −

∑

y1,y2∈Z

2∏

j=1

y
rj

j p⊗2(yj)

∣∣∣∣∣∣
6 C3e

−C4|x1−x2| .

To extend the argument to general k ∈ {3, 4}, we introduce the Poisson event by assuming that
the walkers are labeled according to xi 6 xi+1 for 1 6 i 6 k − 1:

E :=
⋃

16i6k

⋃

t∈[0,1]

{
Xi(t) =

⌈
xi−1 + xi

2

⌉}
∪
{
Xi(t) =

⌊
xi + xi+1

2

⌋}
.

Then, by applying repeatedly the Cauchy-Schwartz inequality, the result follows. �

We introduce the sequence of fields
(
F̄N (t, x)

)

N∈Z>0

⊂ C([0, T ],S(R)),

where F̄N (t, x) is obtained by linearly interpolating the filed FN (t, x) between the points in{
k
N T

}N

k=0
. Applying Theorem 3.5, we conclude that the sequence of field

(
F̄N(t, x)

)

N∈Z>0

is

tight in C([0, T ],S ′(R)) and it weakly converges to the solution U(t, x) of (3.6) in the sense of
Theorem 3.5.
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5. Convergence in the Skorokhod space

Building on the convergence of the sequence of interpolated fields
(
F̄N (t, x)

)

N∈Z>0
to the solu-

tion U(t, x) of (3.6), established in the previous section, we now prove that the sequence of fields
(FN (t, x))N∈Z>0, introduced in (3.5), likewise converges in the Skorokhod space D([0, T ],S ′(R)).

Proposition 5.1. The sequence of fields (FN (t, x))N∈Z>0
is tight in D([0, T ],S ′(R)) and its

finite dimensional distributions weakly converge to the finite dimensional distributions of U(t, x),
solution of (3.6).

Proof. First, we show tightness. Referring to[Mit83], it is enough to prove tightness inD([0, T ],R)
for the sequence of processes (〈FN (t, ·) , φ〉)N∈Z>0

defined in (3.5). To this aim we state and
prove the following Lemma.

Lemma 5.2. For all φ ∈ C∞
c , t, s ∈ [0, T ] with s < t, and ǫ ∈ (0, 1/2), we have the estimate

E [|〈FN (t, ·) , φ〉 − 〈FN (s, ·) , φ〉|] 6 C(t− s)1/2−ǫ + o(N) . (5.1)

where o(N) goes to zero as N → ∞.

Proof. We denote by (XN (t))t>0 the symmetric continuous-time random walk, whose transition
kernel is obtained from the one of (XN (t))t>0 by averaging out the Beta(α,α) random variables.
Then, we have that the continuous time stochastic process

Zt(N
−1/4) =

eN−1/4X(Nt)

E[eN−1/4X(Nt)]

is a mean-one continuous-time martingale. We will interpret this martingale as a Radon-
Nikodym derivative. Actually, it coincides with the tilting constant (3.10) after a suitable shift
of the space variable, that is

DN,t,N−1/2(XN (t)−tdN ) = Zt(N
−1/4) . (5.2)

Let N ∈ Z>0 and consider the path space measure for the random walk (XN (t))t>0 given by

QP
N(·) = dQP

dPP PP(·), where dQP

dPP = Zt(N
−1/4). Then, by a direct computation, one has that

QP
N

(
XN (Nt)

)
= dN t .

We conclude the stochastic process (YN (Nt))t>0, defined as YN (Nt) := XN (Nt) − dN t, is has
zero expectation under QP

N . Therefore, by using (5.2), which is related to the constant CN,t,x

by (4.3), and recalling the definition of the field FN in (3.5), we have the following estimate, for
some C > 0:

E [|〈FN (t, ·) , φ〉 − 〈FN (s, ·) , φ〉|] =E

[∣∣∣∣Q
P
N

(
φ

(
XN (tN) − dNs√

N

)
− φ

(
XN (sN) − dN t√

N

))∣∣∣∣
]

6 CE

[
QP

N

(∣∣∣∣
YN (tN)√

N
− YN (sN)√

N

∣∣∣∣
)]

,

where we used the Lipschitz property of φ ∈ C∞
c (R). Finally, by applying the Donsker’s invari-

ance principle and by the Hölder property of the Brownian trajectories, one obtains the estimate
(5.1). �

To prove tightness we apply Aldous criterion [Ald78, Bil99]. This consists of proving two
facts.

(1) For every t ∈ [0, 1] the sequence 〈FN (t, ·) , φ〉 is tight.
(2) For all ǫ > 0

lim
δ→0

lim sup
N→∞

sup
τ∈T
θ6δ

P (| 〈FN (τ + θ, ·) , φ〉 〈FN (τ, ·) , φ〉 | > ε) = 0
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(1) is a consequence of the finite dimensional convergence proved below. (2) follows from Markov
inequality along with the estimate (5.1).

To complete the proof we show the convergence of the finite dimensional distribution of the
field F(t, x) to U(t, x). This is a consequence of the convergence of the interpolated field F̄N

in C((O,T ],S ′(R)). Let us explain the details for the one point distribution. Given the weak
convergence of F̄N , it suffices to show that for any t ∈ [0, T ], φ ∈ C∞

c (R) and for all ǫ > 0 we
have that

lim
N→∞

P

(∣∣∣〈FN (t, ·) , φ〉 −
〈
F̄N (t, ·) , φ

〉∣∣∣ > ǫ
)

= 0 . (5.3)

By the definition of interpolated field F̄N we have the following estimate
∣∣∣〈FN (t, ·) , φ〉 −

〈
F̄N (t, ·) , φ

〉∣∣∣ 6
∣∣∣∣〈FN (t, ·) , φ〉 −

〈
F̄N

(
k

N
, ·
)
, φ

〉∣∣∣∣

+

∣∣∣∣〈FN (t, ·) , φ〉 −
〈
F̄N

(
k + 1

N
, ·
)
, φ

〉∣∣∣∣ .

Now, using the estimate (5.1) and by using the fact that |t − k
N |, |t − k+1

N 6 T
N we have that

E

[∣∣∣∣〈FN (t, ·) , φ〉 −
〈
F̄N

(
k

N
, ·
)
, φ

〉∣∣∣∣
]
6 o(N) ,

so that (5.3) holds by Markov’s inequality. �

6. Computation of noise variance

The goal of this section is to compute the value of the noise strength γ in Theorem 3.1.

Proposition 6.1. For the stochastic flow defined in Section 2.3,

γ2 =
1

4α
.

Proposition (6.1) is proved in the rest of this section. This proof is based on an approxima-
tion argument. First we introduce a discrete-time counterpart of the RWRE, depending on a
parameter ǫ (Definition 6.2), from which we define the discrete-time noise variance γ2

ǫ . Second,
we show that the approximation is well-chosen in the sense that γ2

ǫ converges to γ2 as ǫ → 0
(Proposition 6.5). Third, we compute the limit of γ2

ǫ (Proposition 6.7), which yields the value
of γ2.

6.1. Definition of the discrete-time process.

Definition 6.2. On a probability space (Ω(ǫ),F (ǫ),P(ǫ)), we define the following random vari-

ables: for each bond (x, x+1), let
(
I(n)

x,x+1

)

n∈Z>0

be a Bernoulli process with parameter ǫ ∈ [0, 1],

independent for each bond.

For each bond (x, x + 1) and each n ∈ Z>0, let B
(n)
x,x+1 be an independent random variable

distributed as Beta(α,α). We denote a realization of the environment by (Bin, ω) ∈ Ω(ǫ), where
Bin is a realization of the Bernoulli processes and ω is a realization of the Beta variables.

Given (Bin, ω) ∈ Ω(ǫ), we define a random walk (Xǫ(n))n∈Z>0
as follows. If at discrete-time

n, Xǫ(n) = x, the update rule is as follows:

• If I(n)
x−1,x = I(n)

x,x+1 = 1 or if I(n)
x−1,x = I(n)

x,x+1 = 0 the particle does not move. These events

happen with probability ǫ2 and 1 − 2ǫ(1 − ǫ) respectively.

• If I(n)
x−1,x = 1 and I(n)

x,x+1 = 0: the walker moves to x + 1 with probability 1 − B
(n)
x,x+1, or

remains at x with probability B
(n)
x,x+1. This event happens with probability ǫ(1 − ǫ).

• If I(n)
x−1,x = 0 and In

x,x+1 = 1: the walker moves to x− 1 with probability B
(n)
x−1,x, or remains

at x with probability 1 −B
(n)
x−1,x. This event happens with probability ǫ(1 − ǫ).
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The law of the discrete time RWRE of Definition 6.2 can be described by the quenched
transition kernel

Kǫ
n−1,n(x, y) := PBin,ω(Xǫ(n) = y |Xǫ(n− 1) = x) .

Above we have denoted by PBin,ω the quenched path space probability measure, by conditioning
with respect to the Beta-variables and to the Binomial(n, ǫ) process, obtained as a sum of n
independent Bernoulli(ǫ) variables. Again, for all N ∈ Z>0 we denote by Kǫ

N = Kǫ
0,1 · · ·Kǫ

N−1,N

the quenched N -steps transition kernel.
We now introduce a transition kernel for the difference of two continuous time walkers, for

which we derive the invariant measure. This will be useful to characterize the stationary dis-
tribution of its discrete-time counterpart. To this aim, consider two copies of the RWRE of
Definition 2.4 (X1(t))t>0, (X2(t))t>0. We denote the annealed transition kernel for the Markov
process (Z(t))t>0 := (X1(t) −X2(t))t>0 by

pdif,t(z, a) := E




∑

y∈Z

p
(2)
t ((z, 0) → (y2 + a, y2))



 .

In what follows, we drop the subscript t when t = 1 (c.f. with (3.9)). We report the following
Lemma.

Lemma 6.3. Let πinv
α be the product measure on configurations x ∈ Z such that πinv

α (x) =
E[µα(x)µα(0)]. Then, the Markov process (Z(t))t>0, with annealed transition kernel pdif,t(·, ·),
has a unique invariant measure given by πinv

α .

Its proof is an immediate consequence of Lemma 2.6, then is omitted. For the rest of the
paper, we consider the invariant measure πinv

α to be re-normalized as

πinv
α (x) =

{
1 if x 6= 0
(α+1)

α if x = 0
. (6.1)

In analogy to (4.1), we introduce the annealed kernel for the one point as

pǫ
n(x) := E

(ǫ) [Kǫ
n(0, x)] .

Moreover, we introduce the annealed kernel for the discrete-time two-points motion as

p(2),ǫ
n ((x1, x2) → (y1, y2)) := E

(ǫ) [Kǫ
n(x1, y1)Kǫ

n(x2, y2)] . (6.2)

Above, we have denoted by EBin,ω the expectation with respect to the environment and to the
Binomial process. Furthermore, we define

pǫ
dif,n(x, y) :=

∑

y1∈Z

p(2),ǫ
ǫ,n ((x, 0) → (y1 + y, y1)) . (6.3)

Definition 6.4. We denote by (Zǫ(n))n∈Z>0
the discrete-time Markov process with transition

kernel pǫ
dif,n(·, ·).

We observe that pǫ
dif,n(·, ·) is invariant with respect to the measure πinv

α of Lemma 6.3. This

is inherited from pdif,t(·, ·).

6.2. Convergence of γǫ to γ. We rewrite in a more convenient form the noise variance γ2,
introduced in (3.13). Let

N :=
1

2

∑

z∈Z




∑

x,y∈Z

(x− y)2p(x)p(y) −
∑

a∈Z

(a− z)2pdif(z, a)



 πinv
α (z) , (6.4)

D :=
∑

z∈Z



∑

a∈Z

pdif(z.a)|a| − |z|

 πinv

α (z) , (6.5)
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be the numerator and the denominator of the constant γ2, respectively, so that γ2 = N
D . We

introduce the discrete-time counterpart of the numerator as

N ǫ :=
1

2

∑

z∈Z



∑

x,y∈Z

(x− y)2pǫ
⌊ǫ−1⌋(x)pǫ

⌊ǫ−1⌋(y) −
∑

a∈Z

(a− z)2pǫ
dif,⌊ǫ−1⌋(z, a)


 πinv

α (z) .

Similarly, we introduce the discrete-time counterpart of the denominator as

Dǫ :=
∑

z∈Z

πinv
α (z)




∑

a∈Z

pǫ
dif,⌊ǫ−1⌋(z, a)|a| − |z|



 .

Furthermore, we define the discrete-time constant as

γ2
ǫ :=

N ǫ

Dǫ
. (6.6)

Proposition 6.5. We have the convergence

lim
ǫ→0

γ2
ǫ = γ2 .

Proposition 6.5 comes from the fact that the discretization Xǫ(n) converges to the RWRE
X(t) from Definition 2.4 in a suitable sense. The following Lemma will be useful.

Lemma 6.6. For all x1, x2, y1, y2 ∈ Z we have that

lim
ǫ→0

p
(2),ǫ
⌊ǫ−1⌋ ((x1, x2) → (y1, y2)) = p(2) ((x1, x2) → (y1, y2)) . (6.7)

Moreover, for all x ∈ Z, we have that

lim
ǫ→0

pǫ
⌊ǫ−1⌋(x) = p(x) . (6.8)

Proof. For ǫ ∈ [0, 1], for all x ∈ Z and t ∈ [0, T ] we define

Qǫ
x,x+1(t) :=

⌊ǫ−1t⌋∑

i=1

I i
x,x+1 ∼ Binomial(⌊ǫ−1t⌋, ǫ) . (6.9)

Then, ǫ ∈ [0, 1] we introduce the counting process

(Qǫ(t))t∈[0,T ] :=
(
. . . ,Qǫ

x−1,x(t),Qǫ
x,x+1(t),Qǫ

x+1,x+2(t) . . .
)

t∈[0,T ]

Here, for each bond, Qǫ
x,x+1(t) is an independent copy of (6.9) in which we have the sum of

I i
x,x+1 random variable. By using [Bil99, Example 12.3] and for all (x, x+ 1) we have that

(
Qǫ

x,x+1(t)
)

t∈[0,T ]

d−−→
ǫ→0

(N(t))t∈[0,T ]

in the Skorokhod space D([0, T ],ZZ
>0). Therefore, by using the definition of the kernel (6.2) and

the law of total expectation, we have that

p
(2),ǫ
⌊ǫ−1⌋ ((x1, x2) → (y1, y2)) = E

(ǫ)
[
E

(ǫ)
[
Kǫ

⌊ǫ−1⌋(x1, y1)Kǫ
⌊ǫ−1⌋(x2, y2)|Qǫ(t)

]]
.

The mapping

Qǫ(t) → E
(ǫ)
[
E

(ǫ)
[
Kǫ

⌊ǫ−1⌋(x1, y1)Kǫ
⌊ǫ−1⌋(x2, y2)|Qǫ(t)

]]

can be seen as continuous and bounded function of the trajectories of the stochastic process
Qǫ(t), for t ∈ [0, T ]. Therefore, by Portemanteau theorem, we have the result. With the same
argument one proves (6.8). �
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Proof of Proposition 6.5. It suffices to show that N ǫ and Dǫ converge to N and D respectively
as ǫ goes to zero. We may write the numerator N ǫ as

N ǫ =
∑

z∈Z

πinv
α (z)



∑

x,y∈Z

xyp
(2),ǫ
⌊ǫ−1⌋((z, 0) → (x+ z, y)) −

∑

x,y

xypǫ
⌊ǫ−1⌋(x+ z)pǫ

⌊ǫ−1⌋(y)


 .

By performing a similar argument to the one done in the proof of HP 5) in Proposition 4.1,
we obtain that there exists an exponentially decaying and ℓ1(Z>0) function GDecay : Z → [0,∞)
such that, uniformly in ǫ,




∑

x,y∈Z

xyp
(2),ǫ
⌊ǫ−1⌋((z, 0) → (x+ z, y)) −

∑

x,y

xypǫ
⌊ǫ−1⌋(x)pǫ

⌊ǫ−1⌋(y)



 6 GDecay(|z|) .

Therefore, by Lemma 6.6 and the dominated convergence theorem, one obtains that limǫ→0N
ǫ =

N . Likewise one proves that limǫ→0D
ǫ = D. �

6.3. Computation of the limit.

Proposition 6.7. Recall γǫ from (6.6). We have

lim
ǫ→0

γ2
ǫ =

1

4α
. (6.10)

Proof. We treat the discrete-time numerator and denominator separately. Let us start with the
numerator. We re-write N ǫ as

N ǫ =
∑

z∈Z

πinv
α (z)COV

(ǫ)
(
E(ǫ)

z

[
Xǫ(⌊ǫ−1⌋) − z

]
,E

(ǫ)
0 [Y ǫ(⌊ǫ−1⌋)]

)
. (6.11)

Above, we have denoted by E
(ǫ)
z the quenched expectation with respect to the path space measure

of the RWRE initialized at z. Using the telescopic identity

Xǫ(⌊ǫ−1⌋) −Xǫ(0) =

⌊ǫ−1⌋−1∑

i=0

(Xǫ(i+ 1) −Xǫ(i)) , (6.12)

and using the fact that the two walkers can be correlated only through the same Bernoulli event,
we have that

N ǫ =

⌊ǫ−1⌋−1∑

i=0

∑

z∈Z

πinv
α (z)COV

(ǫ)
(
E(ǫ)

z [Xǫ(i+ 1) −Xǫ(i)] ,E
(ǫ)
0 [Y ǫ(i+ 1) − Y ǫ(i)]

)
.

By using the invariance property of the measure πinv
α we have that

N ǫ = ⌊ǫ−1⌋
∑

z∈Z

πinv
α (z)COV

(ǫ)
(
E(ǫ)

z [Xǫ(1) − z] ,E
(ǫ)
0 [Y ǫ(1)]

)
.

Therefore, it is enough to compute the covariance for one step of the chain, which we re-write

as COV
(ǫ)
(∑

x∈Z(x− z)Kǫ
1(z, x),

∑
y∈Z yK

ǫ
1(0, y)

)
.

If |z| > 1, this covariance is trivially vanishing, then we consider the remaining cases. In what
follows, for the sake of notation, we denote by I a random vector containing the Bernoulli(ǫ)
variables, associated with the environment and relevant for the considered case.
Case z = 0. Here, we have that

COV
(ǫ)



∑

x∈Z

xKǫ
1(0, x),

∑

y∈Z

yKǫ
1(0, y)


 = VAR

(ǫ)



∑

x∈Z

xKǫ
1(0, x)


 .
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The relevant Bernoulli(ǫ) variables are listed in I = (I−1,0,I0,1) ∈ {0, 1}2. By the law of total
variance we have that

VAR
(ǫ)



∑

x∈Z

xKǫ
1(0, x)




=E
(ǫ)


VAR(ǫ)



∑

x∈Z

xKǫ
1(0, x)

∣∣∣∣I




+ VAR

(ǫ)


E(ǫ)



∑

x∈Z

xKǫ
1(0, x)

∣∣∣∣I




 .

By using the fact that Eω[B] = 1/2, the expectation of the second addend equals zero. For the
first addend we obtain that

E
(ǫ)



VAR(ǫ)




∑

x∈Z

xKǫ
1(0, x)

∣∣∣∣I







 = 2ǫVAR(ǫ)(B0) + o(ǫ) =
ǫ

2(2α + 1)
+ o(ǫ) .

Case z = 1. The relevant Bernoulli(ǫ) variables are listed in I := (I−1,0,I0,1,I1,2). By applying
the law of total covariances, we have that

COV
(ǫ)



∑

x∈Z

(x− 1)Kǫ
1(1, x),

∑

y∈Z

yKǫ
1(0, y)


 =

E
(ǫ)


COV

(ǫ)



∑

x∈Z

(x− 1)Kǫ
1(1, x),

∑

y∈Z

yKǫ
1(0, y)

∣∣∣∣I






+ COV
(ǫ)


E(ǫ)



∑

x∈Z

(x− 1)Kǫ
1(1, x)

∣∣∣∣I


 ,E(ǫ)



∑

y∈Z

yKǫ
1(0, y)

∣∣∣∣I




 .

Since Eω[B] = 1/2, the second addend equals zero. The first addend is of order ǫ only when
I = (0, 1, 0), otherwise it is equal to zero or of order o(ǫ). Then, we write

E
(ǫ)



COV
(ǫ)




∑

x∈Z

(x− 1)Kǫ
1(1, x),

∑

y∈Z

yKǫ
1(0, y)

∣∣∣∣I







 =VAR
(ǫ)(B0)ǫ+ o(ǫ)

=
ǫ

4(2α + 1)
+ o(ǫ) .

(6.13)

Case z = −1. By symmetry, one obtains again (6.13).
Using equation (6.11) for N ǫ and the measure πinv

α , written in (6.1), we have that

N ǫ = ⌊ǫ−1⌋
(

ǫ

2(2α + 1)
+
α+ 1

α

ǫ

2(2α + 1)

)
+ o(1) =

1

2α
+ o(1) . (6.14)

Let us now turn to the denominator. By using the telescopic identity (6.12), the invariance
of the measure πinv

α and by an argument similar to that done for the numerator, we obtain

Dǫ = ⌊ǫ−1⌋
∑

z∈Z

πinv
α (z)E(ǫ)

[
Edif,(ǫ)

z [|Zǫ(1)| − |Zǫ(0)|]
]
. (6.15)

Here, E
dif,(ǫ)
z denotes the quenched expectation with respect to the law of the Markov chain

(Z(n))n∈Z>0
introduced in Definition 6.4. Therefore, to find the exact expression for the denom-

inator it is enough to compute the annealed expectation

E
(ǫ)
[
Edif,(ǫ)

z [|Zǫ(1)|]
]

− |z| =E
(ǫ)


E(ǫ)



∑

y∈Z

Kǫ
1(0, y)

∑

a∈Z

Kǫ
1(z, a+ y)|a|

∣∣∣∣I




− |z| .

For |z| > 1, the the denominator is vanishing. We then consider the remaining cases.
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Case z = 0. Here, the relevant Bernoulli(ǫ) variables are listed in I = (I−1,0,I0,1). Then, we
write

E
(ǫ)


E(ǫ)



∑

y∈Z

Kǫ
1(0, y)

∑

a∈Z

Kǫ
1(0, a+ y)|a|

∣∣∣∣I



 =

(
1 − 4VAR(ǫ)(B)

)
ǫ+ o(ǫ)

=
2α

2α+ 1
ǫ+ o(ǫ) .

Case z = 1. Here, the relevant Bernoulli(ǫ) variables are listed in I = (I−1,0,I0,1,I1,2). In this
case, we have contribution of order at most ǫ only when I−1,0 = I0,1 = I1,2 = 0 (that is an event
with probability 1 − 3ǫ+ o(ǫ)) or when I−1,0 + I0,1 + I1,2 = 1 (that are events with probability
ǫ+ o(ǫ)). Then, we obtain

E
(ǫ)


E(ǫ)



∑

y∈Z

Kǫ
1(0, y)

∑

a∈Z

Kǫ
1(1, a+ y)|a|

∣∣∣∣I




− 1

=

((
1 + E

(ǫ)[B−1]
)

+ 2

(
1

4
− VAR

(ǫ)(B0)

)
+ E

(ǫ)[2(1 −B1) +B1]

)
ǫ− 3ǫ+ o(ǫ)

=
α

2α+ 1
ǫ+ o(ǫ)

(6.16)

Case z = −1. By symmetry, we have again (6.16).
By computing the expectation with respect to the invariant measure πinv

α of equation (6.1),
we obtain

Dǫ =⌊ǫ−1⌋
(

2α

2α+ 1
ǫ+

2α

2α+ 1

α+ 1

α
ǫ

)
+ o(1) = 2 + o(1) . (6.17)

Finally, by using (6.14) and (6.17), we have that

lim
ǫ→0

γ2
ǫ = lim

ǫ→0

N ǫ

Dǫ
=

1

4α
.

�

Appendix A. Discrete-time analogues

In this section, we consider a discrete-time random walk in a i.i.d. beta-distributed random
environment introduced in [BC17]. We explain its connection to a discrete time energy redistri-
bution model in a so-called “brick-wall” geometry. Even if the redistribution rule differs from
the one of the KMP, this connection has been an important source of inspiration for this work.
Finally, we explain that both models may also be seen as a Haar unitary random quantum
circuit, or equivalently, a toy model of directed waves in random media introduced in [SKR92].

A.1. The discrete-time Beta random walk in random environment. Let (Bn,x)n,x∈Z

be a collection of i.i.d. Beta(α,α) distributed random variables, playing the role of the random
environment. We denote by (X(n))n∈Z ⊂ Z a discrete-time random walk, moving in this random
environment (Beta-RWRE). As above, P is the quenched path space measure, while P is the
probability measure over the environment. The transition probabilities for the walker read

P(X(n + 1) = x+ 1|X(n) = x) = Bn,x and P(X(n + 1) = x− 1|X(n) = x) = 1 −Bn,x .

Let pn(x) := P0 (X(n) = x) be the quenched n-steps transition probability for the walker, start-
ing from 0 and reaching x, for which we adopt the convention that it is non-zero only if n and
x have the same parity. The following recursion relation holds

pn(x) =
↑

pn(x) +
↓

pn(x) = pn−1(x− 1)Bn−1,x−1 + pn−1(x+ 1) (1 −Bn−1,x+1) , (A.1)

where we denoted
↑

pn(x) = P (X(n) = x, X(n− 1) = x− 1) ,
↓

pn(x) = P (X(n) = x, X(n − 1) = x+ 1) .
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We write equation (A.1) in order to compare the model with the energy exchange model and
the random quantum circuit discussed below. This recursion appeared in the context of directed
waves in random media [SKR92], see also [CS94, Kar94]. It was used to compute E[E[X(n)]k ]
for k = 2 in in [SKR92] and k = 3, 4 in [CS94]. However, this recursion is not particularly
convenient to study the model. It turns out to be much better to consider, for any set A,

qn(x) = P(X(0) ∈ A|X(−n) = x).

For a fixed time n and A = 0, (qn(x))x∈Z and (pn(−x))x∈Z have the same distribution. It was
shown in [BC17] that the evolution of the function

u(n, x1, . . . , xk) := E

[
k∏

i=1

qn(xi)

]

is solvable by Bethe ansatz (and the solution admits a k-fold contour integral expression). This
was used in [BC17] to prove that log pn(cn) has n1/3 scale Tracy-Widom fluctuations, putting
the model in the context of the KPZ universality class.

Before discussing other related models, let us derive the stationary measure for the Beta-
RWRE on a finite segment with reflecting boundaries. We recall that Beta RWRE on Z>0 with
a boundary condition was studied in [BR23]. Here we consider segment of length N + 1, where
the sites are denoted by x ∈ {0, . . . , N}.

Bn,x ∼ Beta(αx+1, αx) ∀x ∈ {0, . . . , N − 1} , (A.2)

For all n ∈ Z>0 and for x ∈ {1, . . . , N − 1} the recurrence is given by (A.1), while on the
boundaries we have that

pn(0) = Bn−1,1 pn−1(1), pn(N) = Bn−1,N−1 pn−1(N − 1) .

Therefore, we say that the boundaries are reflecting.

Lemma A.1. The stationary measure of the Beta-RWRE on the finite segment {0, 1, . . . , N} is
given by

νstat =
N⊗

x=0

νstat(x), where νstat(x) ∼ Gamma(αx + αx+1) . (A.3)

Proof. Stationarity follows from the elementary property: given the random variables

ν1, ν2 ∼ Gamma(a+ b), independent; B1, B2 ∼ Beta(a, b), independent ,

then

ν1B1 ∼ Gamma(a), ν2(1 −B2) ∼ Gamma(b) independent .

Independence follows form another elementary property: given two independent random vari-
ables ν ∼ Gamma(a+ b) and B ∼ Beta(a, b), then

(νB, ν(1 −B)) ∼ (Gamma(a),Gamma(b)) independent .

�

A.2. Brick-wall KMP model. We introduce the discrete-time Markov process (η(n, x)x∈Z)n∈Z,
which we call brick-wall KMP model (BW-KMP). Any configuration at time n ∈ Z belongs to
the state space [0, 1]Z, where η(n, x) represents the energy at site x. To describe its time evolu-
tion, we consider a sequence of i.i.d. (Bn,x)n,x∈Z, such that Bn,x ∼ Beta(α,α) and we define the
following updating rule: When n is even, we redistribute the energy on bonds (x, x+ 1) with x
even according to the rule

(η(n+ 1, x), η(n + 1, x+ 1)) = (1 −Bn,x, Bn,x) (η(n, x) + η(n, x+ 1)) . (A.4)

When n is odd, we do the same with x odd. There is a connection between the BW-KMP
process and the Beta-RWRE defined in Section A.1.
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Figure 3. Brick-wall KMP model on a segment of length 8 between times n = 1
and n = 6. The vertical lines represent the energy η(n, x) flowing upward in time
(for simplicity of the picture, we only report the initial and the final energies).
The boxes represent the redistribution mechanism, depending on a Beta variable,
between sites x and x+1 at time n and according to the recursion relation (A.4).
The reflecting boundary condition for the Beta RWRE translates in a very simple
manner in the brick-wall description.

Proposition A.2. Assume that, at discrete-time n0 ∈ Z, we have η(n0, x)+η(n0, x+1) = pn0
(x)

for all x ∈ Z. Then, for all n ∈ Z such that n > n0, we have

η(n, x) = pn−1(x− 1)Bn−1,x−1 and η(n, x+ 1) = pn−1(x+ 1) (1 −Bn−1,x+1) . (A.5)

Proof. The proof is done by induction. By using (A.4) we have that

(η(n0 + 1, x), η(n0 + 1, x+ 1)) = (1 −Bn0,x, Bn0,x) (η(n0, x) + η(n0, x+ 1)) .

From the assumption, it follows that η(n0+1, x+1) = Bn0,xpn0
(x). We now repeat the argument

for n0 + 1 and x + 2, obtaining η(n0 + 1, x + 2) = (1 − Bn0,x+2)pn0
(x + 2). Now we assume

that, for arbitrary n > n0, we have pn(x) = η(n, x) + η(n, x+ 1) for all x ∈ Z. Then, the same
argument leads to

η(n+ 1, x+ 1) = Bn,xpn(x) and η(n + 1, x+ 2) = (1 −Bn,x+2)pn(x+ 2) .

�

Remark A.3. Consider the BW-KMP process on the finite segment {1, . . . , 2N} with reflecting

boundary conditions. Specifically, examine the process
(
η(n, x)x∈{1,...,2N}

)

n∈Z>0
according to

the rule (A.4) with x, x+1 ∈ {1, . . . , 2N}, see Figure 3 for a pictorial representation, and choose
the environment as (A.2). As an immediate consequence of Proposition A.2, this BW-KMP on
a segment is stationary with respect to the measure νstat in (A.3).

A.3. A model for directed waves in random media and random walk in random
environment. Motivated by a problem of directed waves in random media, [SKR92] considered
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a unitary variant of the stochastic heat equation with multiplicative noise (unitary means that
it preserves the L2 norm). The simplest model is the stochastic PDE

∂tψ(t, x) =
i

2
∂xxψ(t, x) + iΞ(t, x)ψ(t, x),

but it is not well defined a priori, which was leading to some conflicting results in the literature
– see the discussion in [SKR92]. Saul, Kardar and Read argued that the directed polymer
interpretation of the usual stochastic heat equation is key, and that unitary analogues should
likewise be defined through a path integral. These considerations led them to the following
discrete model. We consider a wave function Ψn(x) ∈ C

2 evolving at discrete times as follows.
It is convenient to write

Ψn(x) =

(
Ψ+

n (x)
Ψ−

n (x)

)

and imagine that the components Ψ±
n (x) are attached to the edges adjacent to (n, x) in the

lattice, Ψ+
n (x) is the component of wave function coming from above, i.e. coming to (n−1, x+1),

so it should be associated with the edge from (n− 1, x+ 1) to (n, x), and similarly for Ψ−
n (x).

The time evolution is the following. Fix some (n, x). It is convenient to write

Ψin
n (x) =

(
Ψin,+

n (x)

Ψin,−
in (x)

)
:=

(
Ψ+

n (x)
Ψ−

n (x)

)
, Ψout

n (x) =

(
Ψout,+

n (x)
Ψout,−

n (x)

)
:=

(
Ψ+

n+1(x− 1)
Ψ−

n+1(x+ 1)

)
.

Then, the time evolution of the wave function is determined by

Ψout
n (x) = Un,x Ψin

n (x) .

where Un,x is a Haar distributed 2 × 2 unitary matrix (and the family Un,x is i.i.d.). Since Un,x

is unitary
‖Ψout‖2 = ‖Ψin‖2 .

Moreover, as argued in [SKR92],

Bn,x :=
|Ψout,−

n (x)|2
‖Ψout

n (x)‖2
(A.6)

does not depend on Ψin (because the Haar measure is translation invariant) and is uniformly
distributed (because columns of Haar unitary matrices are uniformly distributed on the complex
sphere).

Remark A.4. One could consider a more general model where Ψ+
n (x) ∈ C

N , Ψ+
n (x) ∈ C

M and
Un,x is Haar distributed in U(N+M). The model would be very similar with Bn,x ∼ Beta(N,M).

Proposition A.5. Given that at time n0 ∈ Z we have ‖Ψout
n0

(x)‖2 = pn0
(x). Then, for all n ∈ Z

such that n > n0 we have
pn(x) = ‖Ψn(x)‖2 .

Proof. Using the environment (A.6), the proof is analogous to the one of Proposition A.2. �

Remark A.6. We observe that the BW-KMP and the model described in this last subsection
can be viewed as random quantum circuits, since the updating rule can be rephrased in a unitary
dynamic evolving quantum states – see for instance [NVH18, FKNV23].
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