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Abstract: This contribution shows a geometric optimal control procedure to solve the trajectory
generation problem for the navigation (generic motion) of mechanical systems with revolute joints.
The mechanical system is analyzed as a nonlinear Lagrangian system affected by dry friction at the
joint level. Rayleigh’s dissipation function is used to model this dissipative effect of joint-level friction,
and regarded as a potential. Rayleigh’s potential is an invariant scalar quantity from which friction
forces derive and are represented by a smooth model that approaches the traditional Coulomb’s
law in our proposal. For the optimal control procedure, an invariant cost function is formed with
the motion equations and a Riemannian metric. The goal is to minimize the consumed energy
per unit time of the system. Covariant control equations are obtained by applying Pontryagin’s
principle, and time-integrated using a Finite Elements Method-based solver. The obtained solution is
an optimal trajectory that is then applied to a mechanical system using a proportional–derivative
plus feedforward controller to guarantee the trajectory tracking control problem. Simulations and
experiments confirm that including joint-level friction forces at the modeling stage of the optimal
control procedure increases performance, compared with scenarios where the friction is not taken into
account, or when friction compensation is performed at the feedback level during motion control.

Keywords: Lagrangian systems; optimal control; Rayleigh’s dissipation function; friction force laws;
nonlinear mechanical systems; Riemannian geometry; Pontryagin’s maximum principle

MSC: 49S05; 51P05; 53A35; 70E60

1. Introduction

Friction is a resistive and non-conservative force. It arises when there is contact
between two surfaces. Therefore, it is present in most realistic systems because mechanical
interfaces are present. Being resistive, it systematically opposes the motion, and because it
is a non-conservative force, some of the mechanical energy that contributes to the system
motion transforms into heat, noise, and material deformation and wear in some extreme
cases. These energy losses result in motion control performance decline as vibration
propagates and the system is dragged down in a sometimes hardly predictable manner.

This study involves an actuated nonlinear mechanical system in which friction plays
a significant role during motion control. Friction drags down the system, introduces
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undesirable stick–slip motions, and results in positioning errors. As a result, appropriately
modeling and predicting the effects of friction on dynamical systems is highly desirable. A
set of reviews covering a large spectrum of issues in modeling, numerical simulation, and
control of dynamical systems subject to friction effects can be found in [1–7]. These provide
a detailed overview of the main problems and advances in the field.

Our focus is on the analysis, numerical and experimental, of a smooth friction model
that approximates friction forces at the joints of a mechanical system when used in the
framework of the indirect optimal control (OC) approach proposed in [8,9]. This OC method
is a Riemannian formulation of Pontryagin’s Maximum Principle (PMP). It is covariant and
holds interesting properties when compared to more traditional formulations [9]: equation
stiffness is reduced, leading to shorter computing times, and resulting motions require
less power consumption and less motion amplitude. This methodology is a geometric
description of optimal control that can be applied to different types of multibody systems
such as robotic manipulators and mechatronic systems of the sort. Note that OC problems
often lead to solving a stiff set of nonlinear ordinary differential equations (ODEs) [10–13].
Therefore, adding friction forces into the motion equations shall make the task even more
challenging. Indeed, classical friction models usually showcase discontinuity at null
velocity [2]. Therefore, special attention is required to solve the ODE arising from this
OC methodology.

We model friction at the system joints by invoking Coulomb’s law, one of the most
fundamental friction models. More precise and complete friction models exist. The Dahl
and LuGre models [7] are two examples that are widely used for friction compensation
(see, e.g., [3]). Nevertheless, Coulomb’s model is considered to be a suitable first step [14]
because it has led to successful practical applications. However, Coulomb’s model does
feature a discontinuity at zero velocity (see Figure 1a) because it is usually defined using the
signum function. Non-smooth friction approximations such as the Dahl and LuGre models
involve an internal variable and an additional restriction. The numerical treatment of the
classical Coulomb friction model requires specific procedures deal with the discontinuity at
zero velocity. We approach Coulomb friction by a smooth approximation that replaces the
signum function, with the continuously differentiable hyperbolic tangent function. This
smooths out the discontinuity at zero velocity [5,7] (see Figure 1b) and avoids the need for
a specific procedure or auxiliary equations. Being an approximation, one should expect
limitations, but our experimental observations prove that it could be a good starting point.

Direct optimization procedures, (where the dynamics are first discretized and then
optimized) for OC, routinely deal with friction by making use of complementarity formu-
lations of Coulomb’s model as in [15–17] for example. However, this is usually carried
out to deal with friction forces that come from contact or impact situations with external
objects in the system. Our approach focuses on joint-level frictional forces (that are internal
to the system) within an indirect method (where we first optimize the dynamics and then
discretize them). Direct optimization procedures fall out of the scope of this work.

Regarding indirect OC methods, joint-level friction effects (internal to the system)
have previously been considered in robotics for example. However, either viscous friction
is exclusively considered [18–21], or friction dynamics are linearized through the Linear
Quadratic Regulator framework [18,22]. Indeed, joint-level Coulomb’s friction models are
rarely associated with the nonlinear OC of dynamical systems in the modeling phase of
joint motion. One of those few examples can be found in [23] where an indirect optimal
control method based on Pontryagin’s Maximum Principle (PMP) was used to optimally
control the motions of an industrial robot while previously identifying a friction model for
its joints. Note that even though the identified friction model combines Coulomb’s and
viscous friction effects, the authors report that it is continuous and specific to a particular
robot model. Another example can be found in [24], where Dynamic Programming is used,
but it is unspecified if a traditional Coulomb model or a continuous approximation was
selected. The work by Kim and Ha [25] is perhaps most closely related to our work. There,
an explicit solution is given for the time-optimal control of a one-degree-of-freedom (DOF)
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mechanical system. Our work differs in that actuating forces at the joint level are being
minimized. Either way, no mention is usually made about the numerical complexities that
arise when dealing with an internal, joint-level Coulomb’s friction force in conjunction with
OC-related equations. It seems that such friction effects have been routinely regarded as a
purely control issue where its forces require compensation at the feedback level [3].
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sgn(q̇)

(a)

−1 1

1
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q̇

tanh(kq̇)

k = 1
k = 10
k = 100

(b)
Figure 1. (a) Classical Coulomb friction model. (b) Coulomb–tanh alternative model. The alterna-
tive Coulomb–tanh model ensures continuity at null velocity (represented by the q̇ variable) and
approaches the classical model as k increases.

Consequently, there is motivation to manage friction at the modeling level. In this
way, the optimal control process shall lead to trajectories that inherently minimize friction
effects during motion. We hypothesize that optimal control performance increases by
including joint-level friction into the motion equations of the system. This hypothesis will
be experimentally verified. We shall see that this is still a difficult task because even if
the selected friction model (that we refer to as “Coulomb-tanh”) is continuous, equations
become stiffer when the slope coefficient within the hyperbolic tangent function increases.
Consequently, the used ODE solver is revealed to be rapidly affected by this coefficient
when set up to operate using traditional algorithms such as shooting methods and finite
differences. The optimal control equations are solved using a commercial ODE solver set
up to operate with a Finite Element Method (FEM) that discretizes over the time dimension,
to overcome such limitations. Additionally, we will experimentally demonstrate that the
hyperbolic tangent slope coefficient does not require reaching excessively high values
to obtain acceptable performance in our OC process that considers internal joint-level
friction effects.

The goal of the present work is not to propose a numerical method designed to tackle
our optimal control problem. Instead, we present some first steps toward incorporating
joint-level friction forces into the system model, in a way that is compatible with a Rieman-
nian formulation, and such that these forces are directly taken into account by the indirect
optimal control method. Therefore, we analyze the impact and the benefits of incorporating
joint-level friction forces into the model. We compare our results with a scenario where
these forces are compensated at the feedback level. The main contributions of our work
consist of showing the following:

• The comprehensive integration of joint- level friction forces into the motion equations
through Rayleigh’s dissipation function;

• Numerical evidence that the smooth friction approximation converges toward the
classical Coulomb friction within the optimal control procedure;

• Numerical confirmation that control performance is improved by including friction
forces in the modeling stage, compared to a feedback-based friction compensation;

• Experimental validation of the optimal control procedure (with satisfactory results
even in an open-loop control).
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The remainder of the manuscript is organized as follows. First, we present the OC
methodology, starting with the Riemannian metric selection in Section 2. Joint-level friction
will be incorporated into the model by ensuring that the covariance of motion equations
is preserved. We will show that friction models for rotational joints can be derived from
Rayleigh’s dissipation function, regarded as a scalar potential. Since joint-level friction
forces are included in the system dynamics, these are managed by the optimal control
process at the motion planning stage. Section 3 is devoted to the numerical simulation
analysis of our situation. The optimal path planning of a simplified nonlinear Lagrangian
system considering joint friction will be taken as the case scenario. An example where the
control variable is determined with the Riemannian OC method will expose the numerical
difficulties that arise when including friction forces. The stiffness of the optimal control
equations will be briefly assessed. Then, further simulations will show that the proposed
procedure is compatible with multi-DOF systems. We will then realize the optimally
controlled motion on a simple experimental setup built for this study. Section 4 presents
these results. We will show that the selected friction model leads to a performance increase
of the optimal control. Finally, we will discuss the obtained results in this work that we
deem to be a first step toward more complex scenarios. We will also discuss perspectives to
treat more precise friction models on more complex systems.

2. Riemannian Optimal Control

Let us consider a multibody mechanical system described by a finite number of n
configuration parameters qi where i ∈ [1, n]. In multibody systems such as these, a joint
supports another one on the chain. An actuator ensures rotational joint motion by exerting
torque. Q designates the set of states q ≡ {qi}. In the remainder of the manuscript, we
shall rely on tensor notation and apply Einstein’s summation convention on repeated
subscript–superscript indices [26–28]. This is a convention that is used to ease notation in
tensor calculus. For example,

aj
kℓb

k
j ≡ ∑

j,k
aj

kℓb
k
j ,

and the live index of the resulting quantity is ℓ.

2.1. Riemannian Metric

System dynamics is derived from the kinetic energy K of the system (as in [26]). It is
a quadratic, strictly convex form of q̇i. An overdot denotes the time rate of change of the
variable. K coefficients define a positive-definite, configuration-dependent Hessian M(q),
called mass tensor. Nonlinear regular functions of the state q ∈ Q compose these tensor
components. The kinetic energy of the system is expressed as

K(q, q̇) =
1
2

Mkℓ(q)q̇k q̇ℓ, (1)

where the mass tensor M(q) defines a metric in a Riemannian manifold [26,29–31] and Ein-
stein’s summation convention is implied over repeated subscript–superscript indices. The
choice of a metric tensor is fundamental for calculating lengths of vectors and curves [28].
In the current setting, the selected metric stands above and so the following methodology
lies in the framework of Riemannian geometry.

2.2. Riemannian Manifold

With the selected Riemannian metric, Q has a Riemannian structure and the following
manifold can be established.

(a) Covariant space derivation ∂j ≡ ∂
∂qj .

(b) Contravariant space derivation ∂j such that ⟨∂j, ∂k⟩ = δ
j
k.

(c) Components of the inverse mass tensor M−1 = Mjl such that Mij Mjl = δℓi .
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(d) The connection Γℓ
ik = 1

2 Mjl(∂i Mlk + ∂k Mli − ∂ℓMik) is symmetric with respect to

its lower indices: Γj
ki = Γj

ik. It defines the differentials dej = Γℓ
jk dqkeℓ and de j =

−Γj
kℓ dqkeℓ.

(e) The relationship between covariant components φj and contravariant components
φk is established through the metric: φj = Mjk φk, φk = Mkj φj.

(f) Covariant differential of a vector field φ ≡ φjej, dφ =
(

∂ℓφj + Γj
lk φk

)
dqℓej.

(g) Covariant differential of a covector field φ ≡ φℓeℓ, dφ =
(

∂k φℓ − Γj
kℓφj

)
dqkeℓ.

(h) Covariant derivative of a scalar field: dV = ∂ℓV dqℓ = ⟨∇V, dq jej⟩ and ∇V =

∂ℓVeℓ.
(i) Covariant derivative of a covector field φ = φℓeℓ, dφ ≡ ⟨∇φ, dq jej⟩, and ∇φ =(

∂k φℓ − Γj
kℓφj

)
ekeℓ.

2.3. System Dynamics Subject to Dissipative Effects

We shall consider the configuration-dependent gravitational potential V = V(q). It
models gravity actions and is defined as a product between the system mass, the local
gravitational field intensity, and the center of mass height. The system Lagrangian is
defined as L(q, q̇) = K(q, q̇)− V(q). When a forcing control ui is exerted at the joint, the
Euler–Lagrange equations

d
dt

∂L
∂q̇i −

∂L
∂qi = ui

are satisfied (see [31,32]).
The equations above describe the Lagrangian system dynamics (c.f. [33]) without

considering energy dissipation. However, motion equations of most realistic multibody
mechanical systems are not conservative. Such systems are generally affected by forces
that are velocity-dependent and, ultimately, dissipate energy. These forces oppose motion
and may be grouped in a non-conservative generalized forces term that derives from a
velocity-dependent scalar potential F ≡ F(q̇). This potential corresponds to Rayleigh’s
dissipation function ([32], ch. 1) . Therefore, when accounting for dissipative effects at each
joint, the Euler–Lagrange equations become

d
dt

∂L
∂q̇i −

∂L
∂qi = ui −

∂F
∂q̇i . (2)

Equation (2) is prescribed by some authors (see [34] (ch. 6) or [35] (ch. 4), for example)
and is a generalization after the works of J. W. Strutt (otherwise known as Baron or Lord
Rayleigh) [36], perhaps best advocated by [37]. Note that Strutt only considered the case
of viscous friction that is linear in the system velocities. However, Rayleigh’s dissipation
function can be used to model Coulomb’s friction (see [37]) and ensures covariance preser-
vation of motion equations when regarded as an invariant potential function. Indeed, for
an invariant F(q̇), the derivative ∂F

∂q̇i is covariant.
Here, we propose to approximate Coulomb’s friction at the system joints, using the

Coulomb–tanh friction force model invoked in [4], so that

∂F
∂q̇i = fij tanh(kq̇j), (3)

where k adjusts the transition slope between negative and positive velocity; fij, such that
fij = 0 for i ̸= j, are dry friction coefficients at the joints; and q̇j are the configuration
parameters’ time derivatives.

The Coulomb–tanh model of Equation (3) is an approximation of the traditional
Coulomb’s model for dry friction, which is usually represented through the signum func-
tion [2,3,5]. Note that we wish to focus on Coulomb’s friction, and evaluate how usable
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the proposed model from Equation (3) is. Therefore, viscous friction is not treated in this
section. As such, when k is large enough, Equation (3) approaches the traditional Coulomb
friction model (see Figure 1). The Coulomb–tanh model is nonlinear but should be easier to
simulate than the more classical model, as suggested in [4,5]. This is because any conven-
tional solver is able to deal with the motion Equation (2), and includes the Coulomb–tanh
model of Equation (3). The numerical implementation is straightforward.

Upon inserting Equations (1) and (3) into Equation (2), the covariant second order
equations of motion are found:

Mij

(
q̈j + Γj

ℓm q̇ℓ q̇m
)
+∇iV + fij tanh(kq̇j) = ui. (4)

The system motion is thus governed by Equation (4). By recalling that uj = Mjiui, the
contravariant components of the torques u can also be formulated:

q̈i + Γi
jℓ q̇

j q̇ℓ +∇iV + Mij f jℓ tanh(kq̇ℓ) = ui. (5)

2.4. Optimal Control

Consider a dynamical system at an initial state x0 = x(0). The idea is to take it to
a final state x1 = x(T) in a period T, such that the control action minimizes the convex,
invariant, and Riemannian cost functional

J(u) =
∫ T

0
γ(u(q, q̇, q̈))dt =

∫ T

0

1
2

Mijuiujdt =
∫ T

0

1
2

uiuidt. (6)

Being endowed with the metric M in this Riemannian setting, the above cost func-
tional contains the scalar product ⟨u, u⟩ ≡ 1

2 uiui. Torques u are defined covariantly (ui) by
Equation (4) and contravariantly (ui) by Equation (5), and belong to the set U of controls
u ≡ {ui}. These are functions of the states q ≡ {qi}, and their first and second derivatives.
States and controls are assumed to belong to a restricted class of smooth and differentiable
functions in the domain [0, T]. Controls are admissible if they satisfy the imposed boundary
conditions [38]. The integrand γ = γ(u) is a convex and invariant running cost function
that confers a Riemannian structure to our problem and is assumed to be continuously dif-
ferentiable in t ∈ [0, T], q ∈ Q, and u ∈ U. The fact that it is convex eases the minimization
process of Equation (6).

The selected cost functional described by Equation (6) is regarded as the performance
index. For systems with revolute joints, this performance index has the units of power
(N m s−1 ≡ kg m2 s−3 ≡ W). Minimizing (6) amounts to lower energy consumption across
time.

The control action can be minimized by applying Pontryagin’s Maximum Principle
(PMP) [38–40], which introduces Lagrange multipliers, regarded as adjoint variables. With
these new variables, we form a Hamiltonian function H of the states and the adjoint
variables such that

H(ẋ, λ, γ) = λẋ − γ.

The states x = {q, ζ} = {q, q̇} and the adjoint variables λ = {p, ξ} are continuous and
γ is the running cost function from Equation (6).

An important physical interpretation can be given to the adjoint variable ξ by carrying
out the analysis in Proposition 2 of [9]: it is equal to the control variable u. This short analysis
can be carried out in the following few lines. For instance, using the cost functional (6),
H(ẋ, λ, γ) takes the following form:

H(ẋ, λ, γ) = ξ j

[
uj − Γj

ℓmζℓζm − Mjℓ∂ℓV − Mjℓ fℓm tanh(kζm)
]
+ pjζ

j − 1
2

Mjℓujuℓ. (7)
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We then apply PMP by canceling the partial derivative of the above Hamiltonian with
respect to the control variable ui: ∂H

∂ui = 0. The outcome is that

ξ j = Mjℓuℓ = uj. (8)

Therefore, ξ is exactly equal to the selected control variable. This property results from
the Riemannian structure of the Hamiltonian function.

By combining condition (8) with Equation (7), the optimal Hamiltonian function
is obtained:

H = pjζ
j + ξ j

[
−Γj

ℓmζℓζm − Mjℓ∂ℓV − Mjℓ fℓm tanh(kζm)
]
+

1
2

Mjℓξ jξℓ.

Motion and adjoint equations derive from this Hamiltonian in a symplectic manner,
so that states and adjoint variables are, respectively, described by the following first-
order ODE:

q̇j =
∂H
∂pj

, ζ̇ j =
∂H
∂ξ j

, ṗj(t) = −∂H
∂qj , ξ̇ j(t) = −∂H

∂ζ j . (9)

Note that the first two equations of (9) describe the system dynamics as a first-order
system. The last two equations of (9) constrain the control variable behavior (see Proposi-
tion 3 of [9]).

In summary, the optimization procedure consists of solving the first-order system (9),
subject to a set of four boundary conditions on the states. In our case, boundary conditions
will be applied to initial and final positions and velocities.

3. Optimal Control Simulation of a Nonlinear Lagrangian System Considering Friction

Let us consider the actuated mechanical system depicted in Figure 2. It can be assimi-
lated to a nonlinear pendulum, actuated at its center of rotation O through a rotating motor.
Following from Equation (4), its motion can be approximated through the equation

M(q̈ + ω2 sin(q)) + fc tanh(kζ) = u, (10)

where M is the system mass tensor, and the ω parameter embeds gravity effects, system
mass, and link length properties. Parameters fc and k are, respectively, the Coulomb (or
dry) friction coefficient and the hyperbolic tangent slope coefficient.

O x2

x1
y1

y2

q

u

C

∥ #   „

OC∥ = a

g

Figure 2. Actuated mechanical system. Motion is generated around the center of rotation O by an
actuator delivering a forcing torque u. The generalized coordinate q is the angular position. C is the
position of the center of mass. Vector g indicates the gravity action direction.

We will now present the numerical analysis of this system optimal motion simulation.
Our computations were performed on Wolfram’s Mathematica® scientific computing soft-
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ware (version 12.3) [41]. It provides the differential equations solving tool NDSolveValue,
which can be set up to operate with a wide range of numerical methods. The results
presented in this section were obtained with this solver.

3.1. Optimal Control Simulation Taking Friction into Account

To optimally control the motions of this system, we follow the methodology presented
in [9,42]. As such, to minimize the cost functional of the system torques (6), we describe
the system dynamics and optimal controls by Equation (9). These become

q̇ = ζ

ζ̇ = −ω2 sin(q)− fc tanh(kζ)−ξ
M

ṗ = ω2ξ cos(q)
ξ̇ = −p + fc

M kξ sech2(kζ).

(11)

This scenario does not correspond to a typical friction compensation problem. It is
an optimal motion planning procedure, where friction is managed at the modeling level.
Therefore, the optimization process provides trajectories that minimize joint-level friction
effects during motion.

It has been established through numerical trials that this type of ODE system can be
difficult to solve by conventional numerical methods because it is subject to numerical
stiffness (see [9,13]). Regarding stiffness, it may be safe to assume that the friction model
will only exacerbate the issue [14]. Recall that we use a friction model that approaches
Coulomb’s friction when the parameter k is sufficiently large (see Figure 1). Thus, when
fixing the rest of the parameters, we can expect stiffness to increase with a growing value
of k. Therefore, we wish to reach the highest value of k, for which Equation (11) can still
be solved.

In the following numerical experiments of optimally controlled motion, we will solve
the first-order system (11) subject to the parameters and boundary values of Table 1. Other
boundary conditions were used in our trials; however, the following results are presented
without loss of generality. Different boundary conditions change the trajectory but not the
resulting motion properties.

Table 1. Simulation parameters for the optimal motion simulation of a one-DOF system subject to
joint-level friction.

Final Time Boundary Conditions: Intial and Final States System
Mass Pulsation Dry Friction Coefficient

T q(0) ζ(0) q(T) ζ(T) M ω fc

2 s 0 rad 0 rad s−1 0.8 rad 0 rad s−1 1.384 kg m2 2.609 s−1 13.683 N m

We use Mathematica’s NDSolveValue ODE solver set up to operate with an FEM
option on a mono-dimensional, uniform mesh. The fixed step size is chosen to be of
h = 10−4 s. The integration method is of order 2 and uses 20 digits of precision. Other
NDSolveValue options covering finite differences methods, stiffness-specific procedures,
and shooting methods were tried but were unsuccessful in solving Equation (11) subject to
the boundary values of Table 1. The idea is to seek the largest possible value of k so that the
solver still converges to a solution.

Unless the FEM option of NDSolveValue is used, solutions can be obtained only up
to k = 0.5 s rad−1, which does not allow for much of an analysis. Therefore, using the
FEM option, the value of k was gradually increased until NDSolveValue failed to return a
solution that met the boundary values of Table 1. Note that when simulating stiff systems,
step sizes should be chosen so that these are smaller than the smoothing parameter’s
inverse (see e.g., [43]). For our chosen smooth friction model, the smoothing parameter is
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k. In our case, the step size is much smaller than the inverse of the smoothing parameter:
h = 10−4 s ≪ 1/k.

During the optimally controlled motion simulation of the one-DOF system depicted
in Figure 2, the maximum value of k for which NDSolveValue could find a solution was
k = 55 s rad−1, even when further diminishing the step size.

Figure 3 shows the solutions obtained with four different values of k. Note that
solutions start reaching a limit curve already for k = 10 s rad−1 because the corresponding
optimal position solution is almost the same as the one obtained for k = 55 s rad−1. Indeed,
those two corresponding position curves are virtually indistinguishable in Figure 3a. The
difference in the corresponding joint torque solutions is a little more perceptible without
being overwhelming (see Figure 3b). The torque solution tends to a limit curve in which we
expect sharp corners (see Figure 3b). For practical purposes, the solution for k = 10 s rad−1

might suffice.
The NDSolveValue solver faces limitations when the hyperbolic tangent function

coefficient k, of the chosen friction model (3), reaches high values. The specialized literature
of friction modeling and compensation often mentions numerical stiffness to justify issues
such as this one, i.e., the difficulty of obtaining solutions with ODE solvers [2]. Classical
methods to estimate and measure stiffness generally involve the evaluation of eigenvalues,
Jacobians, Lipschitz constants, and norms [44,45]. However, in our specific optimal control
example, it is easy to see that stiffness increases just as k increases. Consider Figure 4a: it
shows the evolution of the maximum slope at each torque solution obtained for growing
values of k. Figure 3b shows that the maximum slope increases with k. This evolution is
linear but quite steep: the slope of the fitted model for this evolution is of 104.21 N m s−2.
Figure 4b shows a zoom-in around the corners of the torque curves where the maximum
slope for the torque curve when k = 55 s rad−1 is displayed. This maximum slope is of
5725.1 N m s−1, which is very steep. Therefore, we can expect most numerical methods to
fail in solving the system (11).
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(a) Optimal position evolution
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(b) Optimal torque evolution

Figure 3. Optimal motion of the actuated mechanical system subject to dissipative effects modeled
by the Coulomb–tanh friction model. Solutions to the system (11) subject to the boundary values of
Table 1, obtained with Mathematica’s NDSolveValue ODE solver, set up to operate with an FEM. The
solver finds a solution for k ≤ 55 s rad−1: (a) optimal joint torque solutions for different values of k;
(b) zoom-in at the corners. Note that solutions change very little for k > 10 s rad−1.
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(b) Torque slope increase

Figure 4. Optimal motion of the actuated mechanical system subject to dissipative effects modeled by
the Coulomb–tanh friction model. Analysis of the optimal torque solution evolution with a growing
value of k: (a) maximum slope ξ̇max of torque curves’ evolution as k increases; (b) zoom-in around
the sharp corners of torque curves for different values of k. The maximum slope evolution is linear
with a steep rate of change. The maximum slope tends to infinity as k reaches very high values.
Convergence toward the classical Coulomb’s model is revealed.

In an extreme case where k could reach a much higher value, the torque curve in
Figure 3b would showcase very sharp corners with a maximum slope that tends to infinity.
However, considering the maximum torque curve slope, we can conclude that such a value
for k already approximates Coulomb’s friction very well in the current situation. Of course,
this needs to be verified experimentally. Therefore, the experimental validation of this
hypothesis will be presented in the next section.

Now, consider Figure 5. This figure shows a short analysis of the friction force
evolution during optimal motion simulations as the value of k grows. Friction force
stabilizes around a limit curve for k ⩾ 10 s rad−1. Again, as shown by Figure 5a, the only
notable difference between the curve for k = 10 s rad−1 and the curve for k = 55 s rad−1

is around the corners, which are already acute for the latter case. Note that a plateau is
present in the friction force curves. In this plateau, the force corresponds to Coulomb’s
friction coefficient fc = 13.683 N m. This behavior is typical of Coulomb’s friction force
law, so we can conclude that the optimal control procedure gives a good representation
of the Coulomb friction force even for small values of k. Additionally, consider Figure 5b,
which shows the evolution of the ratio between the maximum friction force fmax and the
maximum torque ξmax that was recorded during optimal motion simulations for growing
values of k. It is interesting to notice that as k grows, fmax stabilizes around a value of
exactly half the maximum torque for each corresponding motion.

Let us remark that other popular solvers could be used. For example, Matlab’s bvp4c
and bvp5c solvers can be invoked to solve the two-point boundary value problem of
equations (11) subject to the boundary values of Table 1. However, even with a step size of
h = 10−4 s (as in our example), usable solutions could not be obtained for k ⩾ 5.
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(a) Friction torque evolution
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Figure 5. Optimal motion of the actuated mechanical system subject to dissipative effects modeled
by the Coulomb–tanh friction force law. Analysis of the friction force evolution during optimal
motion with a growing value of k: (a) friction torque f as k increases for the optimal motion; (b) ratio
between maximum friction force fmax and maximum optimal torque ξmax for growing values of
k. Note that for k ⩾ 10, friction force stabilizes at the value of the Coulomb friction coefficient
fc = 13.683 N m. Subfigure (b) shows the evolution of the ratio between the maximum friction force
fmax and maximum optimal torque ξmax for growing values of k. The maximum friction force is about
half the maximum torque recorded during optimal motion. Notice that friction torques converge
toward the traditional Coulomb’s law.

3.2. Trajectory Duration Influence

The previous subsection analysis was conducted with a fixed trajectory duration of
T = 2 s. However, it was observed that T does have an impact not only on the solver
performance (equations become stiffer as T increases) but also on motion characteristics (as
observed in [9,13]).

In particular, the analyzed motion where T = 2 s (see previous subsection) showcased
only one velocity sign change in the absence of friction (see Figure 3a). One could then
wonder what would happen if there were more velocity sign changes when omitting
friction in the motion equations. Would this also affect the optimal motion where friction
has been directly taken into account? We have conducted a series of numerical tests for
four different trajectory durations. Let us remark that the results and conclusions presented
in the previous subsection still apply when the trajectory duration changes. Therefore, we
will focus on other aspects from here on.

Consider Table 2 which lists some results of our numerical trials. The first observation
is that even when there are several changes in the velocity sign during optimal motion
without friction, there are no sign changes in the case where friction is considered, regardless
of trajectory duration. The second observation is that for T > 3 s, the optimal control
problem becomes considerably stiffer (numerically speaking) and so the k coefficient cannot
reach a very high value. In that regard, a coefficient of k = 14 s rad−1 is still representative
of Coulomb friction, as was shown in Section 3.1, but is lower than for the other cases.
Interestingly, k reached a lower value for T = 1 s or T = 2 s than for T = 3 s. This is
counterintuitive and surprising because the analysis carried out in [9] showed that stiffness
tends to increase with higher values of T.

Let us now focus on Figures 6 and 7 where optimal solutions for position and torque
are displayed for four different trajectory durations. It is striking that optimal solutions, in
the case where friction is considered, are practically the same for every value of T. Figure 6
shows the optimal positions for the case without friction (when k = 0 s rad−1). Notice
that there are various velocity sign changes for T > 1 s. Intuitively, there would at least
be one velocity sign change somewhere in the optimal position for T = 4 s but this does
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not happen. Instead, the system performs only one swing to get to the final position for
every duration. The torque curves (Figure 7) confirm that the optimal solution is the same
for every duration (with the corresponding amount of zero values before motion starts).
Maximum torque reaches the same value in every case. It is twice the value of the Coulomb
friction coefficient fc. This observation may not be reproduced when the system has more
degrees of freedom but at least we can observe that motion is effectively damped.

Table 2. Optimal motion characteristics for four different values of trajectory duration T. An optimal
velocity solution may showcase multiple sign changes when friction is not taken into account. When
considering friction within the model, no velocity sign changes are recorded. The highest value of k
(kmax) is attained for T = 3 s.

T
Optimal Velocity Sign Changes kmax

No Friction (k = 0) With Friction (k = kmax)

1 s 0 0 48 s rad−1

2 s 1 0 55 s rad−1

3 s 2 0 70 s rad−1

4 s 3 0 14 s rad−1
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Figure 6. Optimal positions for four trajectories with growing duration T, without and with friction.
Curves calculated without friction are shown along those calculated by taking friction into account
for the maximum value of k attained in each case (kmax). Notice how optimal positions that consider
friction tend to the same limit curves in each case, regardless of the trajectory duration.



Mathematics 2024, 12, 3239 13 of 26

0 0.5 1

−10

0

10

20

Time (s)

To
rq

ue
u(

t)
(N

m
)

ξk=0
ξk=48
ξcomp

(a) T = 1 s

0 0.5 1 1.5 2

−10

0

10

20

Time (s)

To
rq

ue
u(

t)
(N

m
)

ξk=0
ξk=55
ξcomp

(b) T = 2 s

0 0.5 1 1.5 2 2.5 3

−10

0

10

20

Time (s)

To
rq

ue
u(

t)
(N

m
)

ξk=0
ξk=70
ξcomp

(c) T = 3 s
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Figure 7. Optimal torques for four trajectories with growing duration T, without and with friction.
Each curve shows: optimal torques without considering friction (ξk=0); optimal torques considering
friction (ξk=kmax ); optimal torques without considering friction with added friction compensation
(ξcomp). Notice how solutions that consider friction (ξk=kmax ) tend to the same limit curves in each
case, regardless of the trajectory duration.

3.3. Optimal Control Performance

Optimal control performance is now assessed. Let us recall that the goal of including
friction forces into the system model is for the optimal control procedure to take them
directly into account so that friction effects are inherently minimized. We aim to show
the difference between our optimal control that considers friction and a more traditional
approach where friction is compensated at the feedback control level. The latter procedure
was presented in [8,13] and did not consider friction in the system model. This case would
correspond to the above solutions for k = 0 s rad−1. Friction forces were then added at the
feedback control level. This process can be simulated by creating a friction-compensated
torque variable

ξcomp = ξk=0 + fc tanh(kmaxζk=0) (12)

where we shall recall that ξk=0 is the optimal torque in the absence of friction and ξcomp is
the friction-compensated torque; fc is the Coulomb friction coefficient; kmax is the highest
possible value of k; and ζk=0 is the optimal velocity in the absence of friction. Other
variables may arise in feedback control, depending on the chosen controller. However, (12)
gives a good approximation of what to expect.

Figure 7 shows the ξcomp variable evolution for four different trajectory durations T.
The difference with our proposed solution (ξk=kmax) is quite noticeable. Obviously, in the
added friction compensation case, the curve is an exaggeration of the optimal solution that
does not consider friction (ξk=0) because we are simply adding a force that has the value
of the Coulomb friction coefficient fc. Consequently, the compensated solution suffers the
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same number of transitions between positive and negative values as the optimal motion
that does not consider friction (see the second column of Table 2), resulting in an oscillatory
torque evolution.

To assess the performance increase by our proposed method, we analyze the behavior
of the cost functional (6) that is regarded as the performance index. We compare the value
of J(ξcomp) against the values of J(ξk) for different values of k. Table 3 shows the evaluation
of J(ξcomp) for the case where friction compensation is performed on the optimal solution
that does not consider friction, in the second column. J(ξk) was evaluated for other values
of k, in the optimal case that takes friction into account, after the third column of Table 3.

Let us focus on the second and third columns of Table 3: J(ξcomp) grows as T increases,
while J(ξk=0) drops its value. This was already observed in [13]. Most importantly,
the performance increase becomes evident with our proposal: while J(ξcomp) grows as
T increases, J(ξk=kmax) seems to settle around the value of 78 N m s−1, regardless of the
trajectory duration. This property shall be experimentally verified in the next section.
Finally, the last column of Table 3 shows the performance increase that should be obtained
with our proposal, which grows with the trajectory duration.

Table 3. Performance indicators for the one-DOF system. Cost functional J(ξ) evaluation for: optimal
torques without considering friction with added friction compensation (ξcomp); optimal torques with
various values of the k coefficient ξk=·. The cost function is regarded as the performance index of
our optimal control method: lower values indicate better performance. Optimal torques ξk=0 require
friction compensation.

T (s)
J(ξ) =

∫ T
0 Mijξiξ j, Measured in N m s−1 Performance

Increase

J
(
ξcomp

)
J(ξk=0) J(ξk=14) J(ξk=48) J(ξk=55) J(ξk=70) 1− J(ξk=kmax )

J(ξcomp)

1 104.24 4.99 77.27 78.24 – – 24.94%
2 168.77 2.77 77.27 78.24 78.29 – 53.64%
3 235.33 1.99 77.27 78.24 – 78.36 66.75%
4 276.25 1.51 77.27 – – – 71.68%

3.4. Optimal Control Simulation of a Two-DOF System Considering Friction

This section illustrates that the proposed procedure can be used on multi-DOF systems.
The following simulations were achieved on a two-DOF mechanical system that can be
regarded as an actuated double pendulum. The parameters for this system are reported
in [13] and recalled in Figure 8, which depicts the system. For the following simulations, the
parameters are indicated by Table 4. These are used in Equations (4) or (5) to describe the
system dynamics. The optimal control procedure exposed in Section 2.4 is then followed
for this simulation. In this example, the resulting first-order system (9) is subject to the
boundary values from Table 4.

Table 4. Simulation parameters for the optimal motion simulation of a two-DOF system subject to
joint-level friction.

Final Time Boundary Conditions: Initial and Final States Dry Friction
Coefficients

T
(
q1(0), q2(0)

) (
ζ1(0), ζ2(0)

) (
q1(T), q2(T)

) (
ζ1(T), ζ2(T)

)
( f11, f12)

1.5 s (0, 0) rad (0, 0) rad s−1 (0.8, 1) rad (0, 0) rad s−1 (13.683, 2.018)N m

Figure 9 presents the obtained simulation results for the optimal control of the two-
DOF system depicted by Figure 8. Naturally, numerical stiffness increases in this con-
figuration. The maximum value that was attained for k = 20 s rad−1 for this two-DOF
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configuration. However, the system seems to be reaching limit curves at k = 10 s rad−1.
This confirms the tendency also observed for the one-DOF case (see Figures 3 and 5a).

O1

O2

x2

x1

q1

q2

u1

u2

C1
(m1, I1)

C2
(m2, I2)

∥ #        „

O1C1∥ = 0.091 m

∥ #         „

O1O2∥ = 0.45 m

∥ #        „

O2C2∥ = 0.048 m

g

Figure 8. Representation of the two-DOF mechanical system. Motion is generated around
the centers of rotation (O1, O2) by actuators delivering the respective forcing torques (u1, u2).
The generalized coordinates (q1, q2) are the angular positions. Parameters (m1, m2, I1, I2) =

(23.902 kg, 3.880 kg, 1.266 kg m2, 0.093 kg m2) are the respective masses and inertias of each link.
(C1, C2) are the positions of the centers of mass. Vector g indicates the gravity action direction.
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Figure 9. Optimal motion of a two-DOF mechanical system subject to dissipative effects modeled
by the Coulomb–tanh friction model. Solutions to the system (9) subject to the boundary conditions
of Table 4, obtained with Mathematica’s NDSolveValue ODE solver, set up to operate with an FEM.
Solutions are shown for growing values of k up to k ≤ 20 s rad−1. Note that solutions change very
little for k > 10 s rad−1.
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Finally, let us consider Figure 10. It shows the optimal control solution on the idealized
case where friction is absent (ξk=0). Then, ξ

comp
k=0 simulates the traditional case where

friction is managed at feedback-level, by simple addition, as in Equation (17). In this added
friction compensation case, curves ξ

comp
k=0 become an exaggeration of ξk=0 because a force is

simply added afterward. Conversely, our proposed solution is represented by the ξk=20
curves. Being smoother, these are easier on the actuators of the system. Most importantly,
our proposed solution shall lead to a better performance, as compared to the traditional
feedback-level friction compensation case. This is shown by Table 5 where the performance
increase is shown for this simulation. Note that such performance further increases for
longer trajectories, as shown by Table 3.
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Figure 10. Optimal torques for the trajectory of the two-DOF system. The curve ξk=0 is the optimal
torque when friction is not considered. The curve ξ

comp
k=0 represents ξk=0 with added friction compen-

sation (simulating feedback control-level friction compensation). The curve ξk=20 is the proposed
optimal solution when friction is directly managed by the optimal control procedure. The proposed
solution ξk=20 is easier on the actuators of the system.

Table 5. Performance indicators for the two-DOF system. Cost functional J(ξ) evaluation for: optimal
torques with feedback-level friction compensation (ξcomp

k=0 ); optimal torques with two values of the k
coefficient ξk=·. The cost function is regarded as the performance index of our optimal control method:
lower values indicate better performance. Optimal torques ξk=0 require friction compensation.

T (s)
J(ξ) =

∫ T
0 Mijξiξ j (N m s−1) Performance

Increase

J
(

ξ
comp
k=0

)
J(ξk=0) J(ξk=11) J(ξk=20) 1 − J(ξk=kmax )

J(ξ
comp
k=0 )

1.5 312.09 39.88 293.55 5.94%
3 391.90 17.26 348.65 – 11.04%

The simulations in this section show that our proposed optimal control procedure is
compatible with multi-DOF systems and also result in increased performance.

4. Experimental Validation

We have conducted a series of experiments on a one-DOF mechanical system with
a rotating actuator. The goal is to validate the simulation results presented in the previ-
ous section. We begin by briefly describing our experimental setup and the parameter
identification procedure. The obtained results are then presented.
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4.1. Experimental Setup

To validate our simulation results, we perform some experiments on an actuated
single DOF mechanical system. A direct current (DC) motor is directly mounted on the
axis so that the system operates as a direct drive joint. It is a McMillan Electric Company
C3350B3006 brushed DC motor to which a metal disc holding a pendulum arm is directly
attached at its center of rotation (see Figure 11). A 4096 pulses per round optical encoder
was installed on the motor axis at the rear part of the motor. The result is a resolution of
1.5 × 10−3 rad (8.79 × 10−2°). Velocity is estimated by Euler backward differentiation of the
pendulum position. Then, the average of 3 consecutive velocity values is taken. A round,
homogeneous, and rigid ABS plastic part was placed on the rim of the metallic disc. This
slightly increases joint-level friction.

Figure 11. One-DOF experimental system.

System control is achieved through Matlab Simulink (version 7.0) and QuaRC software
(version 1.1), operated in real-time by a Windows desktop computer linked to a Quanser
Q4 data acquisition card. QuaRC ensures communication between Matlab’s Simulink
environment and the Quanser Q4 device. The real-time system was configured with a
sampling period of 1 × 10−3 s. The encoder is connected to the Quanser Q4 card. Data
are then sent to the UPM-2405 power supply that powers up the DC motor. An in-house
current meter was designed to drive the motor in torque mode.

4.2. System Parameters

Our procedure to estimate the system parameters, which shall be used in Equation (10),
requires that the torque mode control operates accurately. In this sense, we need to identify
some electrical parameters first. It is known that the electric model of a DC motor, neglecting
the armature inductance, is given by (see e.g., [46])

v = kb q̇ + Raia, (13)

where v is the armature voltage, Ra its resistance, ia its current, kb its counter-electromotive
force constant, and q̇ its angular velocity. It is also known that the motor outputs a torque
u, which is proportional to ia,

u = kaia, (14)

where ka is the motor torque constant. If we consider that losses are minimal during motor
operation, then ka = kb. Therefore, if we divide (13) by ia on both sides,

v
ia

= ka
q̇
ia
+ Ra. (15)
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This means that we can estimate ka and Ra by measuring v, ia, and q̇ since Equation (15)
can be regarded as a linear equation where v/ia is the dependent variable and q̇/ia is the
independent variable. This experiment gave the values ka = 0.1762 N m A−1 and Ra =
5.54 Ω. Per (14), it suffices to know ka and supply an adequate ia to generate the required
torque. Therefore, to achieve the torque mode operation of the DC motor, a proportional–
integral (PI) controller is designed to regulate the current, using gain values of kp = 5 and
ki = 5000.

Next, the identification tool included in Simulink was used for the parametric identifi-
cation of the actuated mechanical system (10). The “Nonlinear Least Squares” method was
selected within the “Reflective Trust Region” algorithm. An open-loop experiment was
then conducted by using the input torque signal

u(t) = 0.3
(

1 − e−1.8t
)
+ 0.1 sin(26t + 0.08) + 0.1 sin(12t + 0.34). (16)

A hyperbolic tangent slope parameter of k = 100 s rad−1 was used during the param-
eter identification. The identified values are indicated in Table 6. Figure 12 shows the
simulated joint position time evolution compared to the experimental joint position result.
Both curves are acceptably close to one another.

Table 6. Identified parameters of the experimental system of Figure 11.

System Mass Pulsation Dry Friction Coefficient

M ω fc

1.367 × 10−2 kg m2 5.591 × 10−1 s−1 1.075 × 10−1 N m
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Figure 12. Comparison of position time evolution: simulation versus experimental result after
identifying system parameters. Input signal (16) and the identified system parameters of Table 6 were
used on the motion Equation (10) for this experiment. The measured position is acceptably close to
the simulated one.

4.3. Experimental Results Analysis

For this experimental exercise, we followed the optimal control procedure exposed in
Section 3.1. That is, we solved the nonlinear system (11) subject to the boundary conditions
of Table 4, with a fixed value of T = 2 s, but using the system parameters given in Table 6.
The maximum value of k that could be attained using these parameters was of k = 56 s rad−1

with which we obtained the optimal solutions qk=56 and ξk=56. These shall be used as
references for the main experiments.

Before proceeding, let us clarify two nomenclature details.

1. A tilde over a variable indicates an experimental open-loop control result. For example,
q̃k=56 is the open-loop position resulting from taking qk=56 as a reference.

2. A bar over a variable indicates an experimental closed-loop control result. For example,
q̄k=56 is the closed-loop position when taking qk=56 as a reference for feedback.

We will begin by presenting the results obtained when controlling the system in
an open loop. Then, we will show the results obtained in a closed loop with friction
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compensation at the feedback level. Finally, we will show the results obtained when the
optimal control procedure managed friction.

4.3.1. Open-Loop Control

This first open-loop experiment is important to verify the system response when
controlled in an open loop. If the system reaches the goal position within acceptable
bounds, this means that the selected model is adequate because there is no controller
feedback in this experiment.

Equation (11) is solved subject to the boundary conditions of Table 1 on a T = 2 s
duration, fixing the system parameters as in Table 6. This is carried out for several values of
the k slope parameter. Then, the corresponding torques uk=· are directly fed to the system
without feedback. Figure 13 shows the tendency of open-loop control positions qk=· as k
grows, compared with the best optimal reference attained at k = 56. Notice that without
added friction compensation at the feedback level, the system cannot move and remains at
the initial position (q̃k=0 curve of Figure 13). Reaching the end goal position is impossible
in this manner. Therefore, when k = 0, friction must be compensated at the feedback level
in a closed loop to reach the end goal position.

However, notice how for k = 1 there is a substantial improvement even if the goal end
position is still unattained. Then, a limit curve seems to be attained for k = 10. Curves cease
to significantly improve for k ≥ 10. For this reason, Figure 13 also shows a zoom-in around
the end goal position so that one can better appreciate what is happening: as k grows,
open-loop position curves seem to settle around some region near the end goal position
without attaining it. Nevertheless, this experiment proves that a very high value of k is not
required to properly approach Coulomb’s friction force because good results are already
obtained for k = 10 s rad−1 with little deviation from the optimal reference trajectory.
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Figure 13. Open-loop positions q̃k=· for various values of k compared against the best optimal
reference qk=56. Notice that open-loop positions are very close to the optimal reference for k ≥ 10.
Zooming near the end of the trajectory reveals that the attained end positions converge around a
region close to the desired end goal position for k ≥ 10.

4.3.2. Classical Closed-Loop Control with Feedback-Level Friction Compensation

This experiment shows a more classical procedure to deal with friction at the joint level.
In this experiment, friction is not considered in Equation (11), meaning that k = 0 s rad−1.
The idea is to show that the optimal control reference is heavily changed when dealing
with friction in this manner.
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The proportional–derivative (PD) plus feedforward controller found in [46] was used
in our experiments. In this particular case, we added friction compensation at the feedback
level, so that

ξ̄
comp
k=0 = kp(qk=0 − q) + kv(q̇k=0 − q̇) + ξk=0 + fc tanh(100q̇), (17)

because we have fixed the hyperbolic tangent slope parameter at k = 100 s rad−1 for this
experiment. In the above control law, q and q̇ are, respectively, the measured position and
velocity of the system at each instant.

The closed-loop curves in Figure 14 were obtained by using kp = 6 and kv = 0.005.
Notice how, for practical purposes, the position tracking goal is achieved. The maximum
recorded positioning error was of 3.68 × 10−2 rad (2.11°) at t = 1.77 s. This means that the
controller is performing acceptably well as can be seen in Figure 14a where q̄ comp

k=0 tracks
qk=0 with minor deviations during the trajectory. Now, consider Figure 14b where the
reference optimal torque ξk=0 was modified according to Equation (17) in order to produce
ξ̄

comp
k=0 . Consequently, some spikes were recorded along the trajectory. This is the effect of

adding the Coulomb–tanh friction model to the control law in (17), which occurs when
velocity is very close to zero. Therefore, ξ̄

comp
k=0 is very different from the optimal reference

ξk=0, reaching maximum values that are more than five times higher than the maximum
reference ones. This means that the system response is far from the optimal reference.
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(a) Optimal reference qk=0; open-loop experiment
result q̃k=0; closed-loop experiment with feedback
level friction compensation q̄ comp

k=0 .
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Figure 14. Comparison between optimal reference variables and experimental results for the case
where friction is compensated at feedback level: (a) position and (b) torques.

The results from this experiment motivate our procedure. In the following experiment,
we will use the optimal reference for which k ̸= 0 in the Coulomb–tanh friction model. The
results will then be compared with those obtained in this experiment.

4.3.3. Closed-Loop Control with Friction Managed by the Optimal Control Procedure

Our final experiments use the same previous conditions and parameters. However,
friction is now directly taken into account by the optimal control procedure. Therefore,
in (10), parameter k takes the highest attained value for this system: k = 56 s rad−1.

In this scenario, the controller no longer compensates friction at the feedback level,
so now,

ξ̄k=kmax = kp(qk=kmax − q) + kv(q̇k=kmax − q̇) + ξk=kmax , (18)
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where q and q̇ correspond to the measured system position and velocity at each instant.
Note that for this experiment, the same gain values as in the previous experiment were
used (kp = 6 and kv = 0.005).

Figure 15 shows the curves obtained for this experiment: system position and required
torque for the trajectory. Notice how position tracking was properly achieved using the
closed-loop control procedure (18) since curves qk=56 and q̄k=56 are indistinguishable (see
Figure 15a). Indeed, the results are now better than those obtained in the scenario where
friction is compensated at feedback level (see Section 4.3.2): maximum error occurred at
t = 1.818 s with a deviation of 1.67 × 10−2 rad (0.96°). Figure 15a clearly shows when the
controller compensates deviations by either increasing or decreasing the input torque value
with respect to the optimal reference ξk=56. Notice how by the end of the experiment,
around t = 1.9 s, the closed-loop torque ξ̄k=56 settles at the desired values. These small
deviations are the consequence of unmodeled dynamics and uncertainties. We hypothesize
that a more complete friction model would further reduce these deviations.
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(a) Optimal reference qk=56; open-loop experiment
result q̃k=56; closed-loop experiment result q̄k=56.
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Figure 15. Comparison between optimal reference variables and experimental results for the case
where friction is directly taken into account by the optimal control procedure: (a) positions and
(b) torques.

Recall that the maximum torque resulted in being twice as big as the friction force
(which is equal to the friction coefficient fc, see Figure 5b) in Section 3.1’s simulations.
During these experiment simulations, however, we recorded that the ratio max(ξk=56)

fc
≈ 3

and in the closed-loop experiment, max(ξ̄k=56)
fc

≈ 3.5. Interestingly, some relationship might
exist between these values (see Section 3.1), but we cannot conclude on a specific tendency
here.

We must also remark that the open-loop position q̃k=56 is very close to the reference
qk=56 (see Figure 15a). This was observed in Figure 13. More importantly, open-loop control
quality is radically increased by our approach.

4.3.4. Performance Increase with the Proposed Optimal Control Procedure

Consider Figure 16 which shows the torque with feedback-compensated friction ξ̄
comp
k=0

and the closed-loop torque ξ̄k=56. Notice how these curves generally behave as predicted by
simulations in Section 3.3 (with added signal noise). Some differences with the simulations
of Section 3.3 reveal unmodeled uncertainties and friction effects. Indeed, we focused on
approximating Coulomb friction. Nevertheless, the resulting closed-loop torques were
globally anticipated through simulations. We can observe that ξ̄

comp
k=0 and ξk=56 reach

similar maximum values. However, the system exerts less force across the trajectory since
only one swing is required to reach the end goal position.
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Table 7 shows the performance increase due to our optimal control procedure: the
performance index value is lower. The ratio between J

(
ξ̄

comp
k=0

)
and J

(
ξ̄k=kmax

)
indicates the

performance increase. We must remark that the moment of inertia is smaller in our experi-
mental platform than in our simulations (see Section 3). This factor explains why the figures
in Table 7 are lower than those in Table 3. Additionally, Table 3 shows that J

(
ξ̄

comp
k=0

)
grows

as T increases; Table 7 further verifies this result experimentally. Therefore, as T grows, the
performance gap increases between both situations just as we predicted in Section 3. Finally,
we must retain the following: J

(
ξ̄

comp
k=0

)
≫ J(ξk=0), whereas J

(
ξ̄k=kmax

)
≈ J

(
ξk=kmax

)
, but

most importantly, J
(
ξk=kmax

)
< J

(
ξ̄

comp
k=0

)
.
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Figure 16. Closed-loop torques for two scenarios: friction compensation at feedback level (ξ̄ comp
k=0 ),

and friction taken into account by the optimal control procedure (ξ̄k=56). The solution ξ̄k=56 is the
better one because it is much closer to its optimal reference and is more cost-effective.

Table 7. Cost functional J(ξ) evaluation for two scenarios: feedback level friction compensation

J
(

ξ̄
comp
k=0

)
, and optimal control procedure that takes friction into account J

(
ξ̄k=kmax

)
compared with

their optimal reference counterparts. Lower values indicate better performance.

T (s) kmax

J(ξ) =
∫ T

0 Mijξiξ j
(
N m s−1) Performance

Increase

J
(

ξ̄
comp
k=0

)
J
(
ξk=kmax

)
J
(
ξ̄k=kmax

)
1 − J(ξ̄k=kmax)

J(ξ̄
comp
k=0 )

1.5 50 1.7189 1.1787 1.0960 36.24%
2 56 1.9779 1.1789 1.1585 41.42%

2.5 26 1.8706 1.1736 1.2076 35.44%
3 23 2.4580 1.1717 1.2218 50.29%

5. Discussion

The selected smooth dry friction law (3) is an approximation of Coulomb’s friction
force law. Therefore, some limitations are observed. For instance, the Coulomb–tanh model
supposes motion at very low velocities, so stiction cannot be represented in this manner.
Effects such as Stribeck’s friction, or the break-away force, are non-existent in our numerical
trials. Computationally speaking, the selected dry friction approximation does increase
numerical stiffness when the slope coefficient grows (see Figure 4). As a result, most
numerical methods fail to integrate the optimal control problem equations in high-stiffness
situations. Note that acceptable results are obtained for a relatively small value of the slope
coefficient though (see Figures 3, 5 and 9). However, our contribution is an exploration into
how to deal with friction within the indirect optimal control method proposed in [8,9,42],
which could be useful for the control of dynamical systems. A different friction law can be
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selected without changing the optimal control methodology, but an appropriate numerical
strategy should be required.

Regarding the selected geometric optimal control procedure, it has been compared
with more classical formulations in [8,9], where some numerical advantages are described.
In this first step, we focused on joint-level Coulomb’s friction because it is the most pre-
dominant dissipative effect during motion. Indeed, most models generalize Coulomb’s
friction with added effects. These at least represent Coulomb’s friction when simplified to
the extreme. This is the case for the widely used Dahl and LuGre models for example [2,5].

A straightforward enhancement of the selected friction model consists of adding a
viscous friction term such as fv q̇, where fv denotes the viscous friction coefficient. However,
our focus was on dry friction to assess if the selected Coulomb–tanh friction law is actually
usable at the optimal planning level. Hopefully, our simulations (Section 3) and experi-
ments (Section 4) convince the reader that Coulomb’s friction can be successfully modeled
using the approximate Coulomb–tanh friction law. Note that even if the friction model
was considerably enhanced, a precise parameter identification method is still required to
increase performance on a real system. It has been pointed out that joint-level friction
identification is affected by time [6]. Therefore, the identified parameters vary from trial to
trial, even if every other factor remains unchanged. Other ambient conditions have also
been reported to negatively affect the parameter identification procedure. Indeed, it is
almost impossible to obtain the same friction characteristics in two separate experiments
because factors such as temperature and lubricant distribution within the actuator and joint
have an (often non-negligible) impact on friction conditions [47]. These problems have
been identified a long time ago but remain open. In our case, these issues were minimized
by conducting our experiments immediately after identifying the system parameters.

Our experimental observations prove that the simple addition of joint-level Coulomb
friction force at the modeling stage of an optimal control procedure significantly enhances
performance. Our focus is on the proper manner of including friction forces in motion
equations. Their addition led to interesting numerical challenges. For instance, traditional
methods included in most commercial solvers fail to deal with this problem considering
realistic parameters and conditions.

A FEM approach did provide acceptable results. In future developments, we may
adapt symplectic integrators to treat our frictional optimal control problem. These inte-
grators usually give good results for the time integration of dynamical systems in terms
of accuracy, long-term convergence rate preservation, and stability (see [48,49] for exam-
ple). Therefore, one perspective is to formulate our optimal control procedure as a fully
discrete method based on symplectic variational integrators that the authors are currently
developing in this sense [50,51]. On a different tone, to enhance the modeling and simula-
tion approach, subdifferentials [52] or differential inclusions [14,43] may also need to be
considered to deal with discontinuous friction models.

6. Conclusions

The proposed optimal control procedure manages joint-level friction by including it in
the system motion equations through Rayleigh’s dissipation function. The procedure is
suitable for mechanical systems with revolute joints. The covariance of the system motion
equations was preserved. The optimality condition is obtained by applying Pontryagin’s
Maximum Principle. The result is that one adjoint parameter is equal to the control variable.
This optimality condition prevails with the added joint-level dissipative effects. It confers
practical and physical interpretation to the adjoint variable.

The smooth Coulomb–tanh friction model was selected to approximate the classical
Coulomb’s friction law. Simulations were conducted on an actuated mechanical system
affected by joint-level friction (see Figure 2).

Simulations showed the following:

1. Optimal solutions quickly approach limit curves for k ≥ 10 s rad−1 (see Figure 3).
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2. Stiffness of the optimal control Equation (11) radically increases as k grows (see
Figure 4).

3. Coulomb’s friction force is well-represented for values of k ≥ 10 s rad−1 (see Figures 5
and 9c,f).

4. Control performance is increased by our approach when compared to the case where
friction is compensated at feedback level (see Tables 3 and 5, and Figure 7).

Experiments were then conducted on an actuated pendulum specifically built for this
work (see Figure 11). System parameters were identified following the procedure detailed
in Section 4.2. Analysis of the experimental results showed that:

1. Open-loop control quality is radically increased with our optimal control procedure
that manages friction (see Figure 13).

2. Feedback level friction compensation results in a closed-loop torque ξ̄
comp
k=0 that is

heavily modified with respect to the optimal reference ξk=0 (see Figures 7 and 14).
3. Conversely, closed-loop system torque ξ̄k=kmax is very close to the optimal reference

ξk=kmax when joint-level friction is directly taken into account by the optimal control
procedure (see Figure 15).

4. Closed-loop control quality is also increased with our proposal (see Sections 4.3.2
and 4.3.3).

5. Optimal control performance increases by taking joint-level dry friction into account
when compared to a feedback level friction compensation scenario (see Figure 16 and
Table 7).

Simulations and experiments show that incorporating frictional forces into the model-
ing phase of the optimal control procedure significantly enhances performance compared
to a scenario where friction compensation is applied at the feedback level during motion
control. Moreover, it was verified that the Coulomb–tanh friction force law is suitable
and effectively converges the traditional Coulomb’s friction law. The proposed methodol-
ogy, involving the Coulomb–tanh model, is a way to obtain acceptable results, avoiding
complementarity formulations and differential inclusions in the optimal control procedure.
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