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Feedback approximate controllability of blowup points
for the heat equation with anti-interference blowup
profile

Ping Lin* Hatem Zaag!

Abstract. This paper is concerned with a feedback approximate controllability problem
of blowup points for the heat equation. We show that the system is approximately controllable
for blowup points with feedback controls and the feedback operator is bounded at any time
before blowup. It is also proved that the blowup profile for feedback controllability of blowup
points is stable with respect to initial data. That is, suppose that the initial data has a very small
perturbation, the blowup profiles also have tiny changes. More precisely, it just undergoes a
tiny translation in space and time. This means that our feedback strategy is anti-interference.

Keywords. heat equation, blowup point, feedback control, approximate controllability,
anti-interference blowup profile

Mathematics Subject Classification 2020. 35K20, 93B05, 93B52

1 Introduction

Control issues are almost ubiquitous. In a control problem, there is a controlled object and
one (or more) control actions. According to the basic action principles of control, it can be
divided into two types: open-loop control and closed-loop control (also known as feedback
control). It is called open-loop control to design a series of instructions to control the object
according to control requirements and external interference. The characteristic of this scheme
is to control based solely on the expected results, regardless of the consequences of the control
effect. Another type of method that determines the control effect based on changes in the
controlled object is called closed-loop control, or feedback control. Whether it is to suppress
the influence of external disturbances or reduce the influence of internal parameter changes,
feedback control is far superior to open-loop control. It is worth pointing out that feedback is a
special concept in control theory.

It is well known that blowup widely exists in nature and in practical applications. Some
nonlinear evolution differential equations can be used to describe this phenomenon (see for

*School of Mathematics & Statistics, Northeast Normal University, Changchun 130024, P. R. China. E-mail
address: linp258 @nenu.edu.cn.

"Université Sorbonne Paris Nord, LAGA, CNRS (UMR 7539), F-93430, Villetancuse, France. Email:
hatem.zaag @univ-paris13.fr.



instance [[Ll], [4]-[6], [16]-[18], [25], [26], [28]-[30[, [32]-[38], [40], [46]-[S0[, [S5], [S6], [S9],
[60]). Roughly speaking, blowup is a conception which means that a solution is unbounded
in finite time. In certain cases, the blowup of a solution is desired. For instance, the dramatic
increase in temperature leads to the ignition of a chemical reaction. However, solutions to linear
partial differential equations without control generally globally exist. It is naturally interesting
to find feedback controls to these equations such that the corresponding solutions blow up in
finite time at some given place.

Let €2 be a bounded domain of R™ with smooth boundary 0f2. Consider the following
control system,

y— Ay =T,u, z€Q t>0,
y =0, x e i, t>0, (1.1)
y($,0) = y0($)7 x €

Here the control « acts on a nonempty and open subset w C (2, and 1, is the characteristic
function of the set w.

In the absence of control, we know that the solution to system (1.1 globally exists. The
following definition refers to blowup time and blowup point of a solution to (I.T)) with a feed-
back control.

Definition 1.1 (Notions of blowup time and point). Let T > 0 and a € ). We say that T is the
blowup time and a is a blowup point of the solution y to system (|I.1|) with a feedback control
u, if y(z,t) exists for all (x,t) € Q x [0,T) with |y(a;,t;)| = +o0, as j — oo, for some
sequences a; — a andt; — T.

In [45], Lin and Zaag proposed the following feedback exact controllability problem for
blowup points.

Problem (P). Givena € Q, T > 0 and initial data yo € H}(S2), can we find a feedback
control w such that T is the blowup time of the solution y to (I.1), with a being the unique
blowup point of y?

Lin and Zaag [435] studied Problem (P) and obtained the following result (see Theorem 2
in [43])).

Proposition 1.2. For any a € w and any T > 0, there exist Ty € (0,1/2) and yo € C§°(w)
such that for any yo € HE(Q), the solution y to with the following feedback control

w(o,t) = { —15P(6)(y(t) — Bo) (x) — Ao(x), (2,t) € 2 x [0,T —T),
U Py (s ), (z,t) € Qx [T —Ty,T),

exists on [0,T), T is the blowup time of y and y has a unique blowup point a, where p > 1.
Here, P € Cs([0,T—Ty); £ (H)) is the unique mild solution to the following Riccati system,

lim (P(s)z,z) = +00, foreach zop € H and zy # 0. (1.2)

{ P'(t) + A*P(t) + P(t)A — P(H) 1,15 P(t) =0, t € [0, T —T1),
(s,2)—=(T—T1,20)



Moreover, for all R > 0,

r—a

V(T = t)[1og(T — 1)

(T—t)pily(m,t)—f< )‘%Oast%T.

sup
{le—al<R\/(T=0)[l0a(T—0)|}

Here H = L*(2), X+ (H) denotes the Banach space of all symmetric and positive operators
acting in H and Cs([0,T — T1); S+ (H)) denotes the set of all mappings S : [0,T — Ty) —
Yt (H) such that S(-)zg is continuous on [0,T — T}) for each zy € H. 1} is the adjoint
operator of 1,,, A* is the adjoint operator of A, and

—1)2 —51
f(n) = <p —1+ (p4p)|77|2> , VneR. (1.3)

Leta € w, T > 0and yo € HZ(Q). The proof of Proposition (see the proof of
Theorem 2, [435])) relies on 2 arguments:

A Nonlinear Construction Argument: We constructed a blowup solution to some parabolic
equation with a localized nonlinearity. More precisely, we found a special initial data g
supported in w such that the corresponding solution to system (where initial time is
replaced by 7' — 77 and initial data is replaced by yp) with the feedback control u(x,t) =
lyP~Ly(z,t), (z,t) € Q x [T —T1,T) (p > 1), blows up in time 7" with T} € (0,7/2) at
unique blowup point a, with the prescribed blowup profile;

A Linear Control Argument: We connected the given initial state yg to the initial data of
the Construction Step. That is, we proved that the solution y to (I.1) with the feedback control
U(.Z’, t) = —]lip(t)(y(t) _§0) (l‘) —Aﬂo(l‘), (.f, t) € (X [07 T_Tl) satisfies y(T_TI) = 370~
Combining these two steps, we could prove Proposition [1.2]

In order to state our problem studied in this paper, we need the following definition.

Definition 1.3 (Notion of feedback approximate controllability of blowup points). Given a €
QT >0andyy € Hol(Q), we say that system is approximately controllable for blowup
points with feedback controls if for each € > 0, we can find a feedback control u such that the
corresponding solution y to blows up in time T™ and has a unique blowup point a* with
|T* —T| < eand|a* —al <e.

In this paper, we would like to obtain a result on feedback approximate controllability of
blowup points for system (I.I)) with an anti-interference blowup profile. A natural question to
ask is that the feedback exact controllability of blowup points for system has been well
solved in [45]], why the approximate one is to be studied? The following two reasons give the
answer to this question.

(i) As we see in Proposition the feedback operator P(-) which makes the solution y
of system to reach g in time 7" — T3 is the solution to Riccati system (1.2). Since P(-)
satisfies the second equality of (I.2)), it is indeed an unbounded operator. This is because the
feedback null controllability result for linear heat equation obtained in [53]] was used to prove
this property, and one can not make system be feedback null controllable by a bounded
linear feedback operator due to the backward uniqueness of the solution to linear heat equation.



From point of view of application, it is better if the feedback operator could be bounded
in any time before blowup. Since P € Cg([0,T — T1); S (H)), we have that for any T €
(0,7 —Ty), P € Cs([0,T"]; £ (H)), i.e., P(-) is a bounded operator on [0,7"]. To achieve
this aim, we could first choose a time 7" close enough to 7" — T} and act the feedback control
u(-,t) = —15P(t)(y(t)—5o) (-)—Ayo(-) on [0, T"]. To avoid errors, 7" should be allowed to be
taken from a sufficiently small interval very close to 7'—7T7. On the other hand, as we mentioned
above, the corresponding solution to system (I.I]) (where initial time is replaced by 7" — T’ and
initial data is replaced by 7o) with the feedback control u(x,t) = |y[P~ly(x,t), (x,t) € Q x
[T—T1,T) (p > 1), blows up in time 7" at unique blowup point a. Then, the following problem
should be answered: For any ¢ > 0, when the feedback control u(-,t) = —15P(t)(y(t) —
7o) (-) — Ago(+) acts on time [0, "] with T” € (0, T — T}) in a sufficiently small interval very
close to T' — T7, could y(7T”) be sufficiently approximate to g such that when we further take
the feedback control |y|P~'y as ¢ > T", the solution y to could blow up in time 7™ and has
unique blowup point a*, with |T* — T'| < ¢ and |a* — a| < £? For this purpose, we naturally
have to consider feedback approximate controllability of blowup points for system (1.1)).

(i) It is important to show that whether the blowup profile for feedback controllability
of blowup points is stable with respect to initial data. That is, suppose that the initial data
has a very small perturbation, will the blowup profiles also have tiny changes? The positive
answer to this question would mean that our feedback strategy is anti-interference. This is very
important in practical application. To this end, studying the case of approximate controllability
is more reasonable.

The following theorem is our main result, which could give a positive answer to the above
questions proposed in (i) and (ii). Theorem (1| could be viewed as a result of approximate
controllability with anti-interference blowup profile, and the feedback operator stated in it is
bounded at any time before blowup.

Theorem 1. Givena € wandT > 0. Let Ty € (0,T/2) and yo € C§°(w) be given in Proposi-
tion[1.2} Let yo € H}(Q). Then for any e > 0, there exists €, € (0, min(e/4, Ty /4)) such that
we can find § € (0, min{e/4,T —T1}), 6* > 0 with (0 —6*,6+6*) C (0, min{e/4, T —T1})
and €* > 0 such that for any € € (§ — 6*,8 + 0*) and any initial data y;; € H(Q) satisfy-
ing |lyg — ?JOHH(%(Q) < g%, the solution y to with initial data y§ and with the following
feedback control

—15P(@)(y(t) — vo)(x) — Ago(x), (z,t) € 2x[0,T - Ty — &),
u(z,t) =< 0, (, ) eQx[T—-Th —&,T—Ty —c+¢&1),
|y|p_ly(x¢t)v (.Z‘,t) € x [T_Tl —E+ é\l,T*)
blows up in time T* and has unique blowup point a*, with |T* — T| < ¢ and |a* — a| < ¢,
where p > 1. Here, P € Cs([0,T —T1); S (H)) is the unique mild solution to Riccati system

(Z.2).
Moreover, for all R > 0,

T —a*

WP—mm@tmN%“”)

G“%V“M%ﬂ—f<

{lz—a*|<R\/(T*—D)log(T*—1)| }

ast — T*, where f is defined in (I.3).



From the perspective of the purpose of control, the target of feedback controllability prob-
lem for blowup points is “infinity”, which is outside the state space of the solutions, while the
targets of classical controllability problems (see for instance [2], [3], [7]-[15], [19]-[24], [27],
(390, [42], (431, [S1]-[530, 1571, (58], [61], [62]]) are within the state space. On the other hand,
feedback control may be considered as a closed-loop system which plays an effective role of
control.

In the past twenty years, several references studied the controllability of equations in the
context of blowup. Doubova, Fernandez-Cara, Gonzalez-Burgos and Zuazua [15], together
with Ferndndez-Cara and Zuazua [24] considered the controllability of weakly blowing up
semilinear parabolic equations with open-loop controls. They showed that the considered sys-
tems are null and approximately controllable at any time. One can also see the recent works
by Barcena-Petisco [2], Kassab [39]] and Le Balc’h [43]]. In those papers, blowup occurs if no
control is applied. Meanwhile, using appropriate controls, the solution can be steered to zero
or as near as possible to some given target in the state space at any given time. In other words,
the aim of those references was to prevent blowup thanks to controls, which is the opposite to
our purpose of feedback controllability problem for blowup points, where we aim at making
the solution blow up.

Recently, several references concerned the study of feedback blowup controllability. In
addition to [45]], Lin [44] considered the blowup controllability of the heat equation with feed-
back controls. As a matter of fact, Lin proved that for any initial data in H& (Q) and for any
time 7" > 0, there exist a number p with p € (1, 00) and a feedback control acting on an inter-
nal subset of the space domain such that the LP*! norm of the solution to blows up in 7.
Later, Han, Liu and Lin [31] studied the ordinary differential system y/(¢) = Ay(¢) + Bu(t) in
the case where (A, B) is null controllable, A and B being time independent matrices. They first
concluded that this ode system is exactly blowup controllable with feedback control. Further-
more, they showed that it is also approximately blowup controllable with the feedback operator
bounded at any time before blowup.

In some particular situations, one may need a sharper target for blowup. This is the case
for instance in the mining process, where one may need blowup to occur at a specific space
location in some given time. The problem of blowup point controllability considered in this
paper and [45]] could meet this need.

The idea of the proof of our main result in Theorem [I]is as follows.
Consider the following auxiliary system,
yr— Ay =1,lyP~ly, 2€Q, t>0,
y =0, x e i, t>0, (1.5)
y(z,0) = yo(x), x €,
where p > 1 is arbitrary but fixed.

First, we will remake the proof of our result on constructing a blowup solution for sys-
tem (I.5) with a prescribed profile, i.e., Theorem 1 in our paper [45]], which is the following
proposition. This plays an important role in establishing our main result.



Proposition 1.4. For any a € w, there exists Ty > 0 such that for any T € (0,Ty), there exists
some initial data yo € C§°(w) such that the corresponding solution y to exists on [0,T),
T is the blowup time of y and y has a unique blowup point a. Moreover, for all R > 0,

(T—t)p*y(at)—f( a—— )‘%0 (1.6)

sup
{lo—al<Ry/T—DTTog(T—D] } V(T = t)[log(T —#)|

ast — T, where [ is defined in (I.3).

Just as we did in the proof of Theorem 1 in [45], thanks to some cut-off function around
a € w, we recover the R" case, however, with cut-off terms:

v — Ay = |y|P 'y + cut-off terms, with (z,t) € R" x [0,T).

Then, we will use similar techniques to Mahmoudi, Nouaili and Zaag [46] to prove that for
any a € w, there exists 7y > 0 such that for any 7' € (0, Tp), one can find special initial data
such that the corresponding solution blows up in time 7" at unique blowup point a, and with the
prescribed blowup profile (1.6). The control of the solution near that profile will be different,
according to whether we are in the “blowup region” or the “regular region”:

¢ In the blowup region, near the blowup point, we reduce the question to a finite-dimensional
problem. Similarity variables will be used to control the solution near the profile.

e In the regular region, far from the blowup point, we directly use standard parabolic
estimates.

Note that we proceed by contradiction to solve the finite-dimensional problem and com-
plete the proof of that step thanks to a topological argument.

However, in subsection 2.1, we will reformulate the problem and give a modified defini-
tion of shrinking set and some preliminary lemmas, which are small adaptations of those used
in the proof of Theorem 1 in [45]]. The order in which they appear in the proof will also change.
The adaptations and the change of order would make these lemmas not only apply to construct
a blowup solution corresponding to special initial data we chose in [45], but also to initial data
in a small neighborhood of it. This will play an important role in proving our main result of this
paper. By these lemmas, we will follow the same techniques used in [45]] to prove Proposition
[I.4] (see subsection 2.2).

Then, we proceed prove our main result in the following two steps.
In the first step, we will prove a stability result of the blowup profile for system (I.3).

The following theorem gives a stability result of the blowup profile with respect to initial
data for system (I.5), which will be used to prove Theorem I]

Theorem 2. Let i be the constructed solution in Proposition Yo is its initial data in
C§°(w), T is its blowup time and @ € w is its unique blowup point. Then for any € > 0, there
exists £1 > 0, such that for any initial data yy € Wol’q (Q) O\ W?24(Q) with ¢ > n+2 satisfying
lyo — ol wha@) Aw2a@) < €L the corresponding solution y to system blows up in finite
time T'(yo) and at a unique blowup point a(yo) with

IT(yo) = T| <&, |a(yo) —al <.



Moreover, for all R > 0,

_1
sup |(T (o) = )7 Ty,
{1e—a(yo)|<R\/(T(yo)—0)[log(T(yo)—1)| }

_ x—a(yo) 0 1.7
f<\/(T(yo)—t)ﬂog(T(yo)—t)l)‘ - Y (1.7)

ast — T(yo), where f is defined in (1.3).

Theorem [2] shows the stability of the constructed solution in Proposition [I.4] with respect
to perturbations in initial data. By the similar techniques used in [45] and [55], it could be
proved by using geometrical interpretation of the finite-dimensional parameters, reduction to a
finite-dimensional problem and continuity (see details in Section 3).

In the second step, let a € wand T > 0. Let 71 € (0,7'/2) and yp € C§°(w) be given
in Proposition Let yo € HJ (). Recall that in Linear Control Argument, we connect the
given initial state g to initial data g of the Construction Step in nonlinear argument at time
T — T by the feedback control u(-,t) = —15P(t)(y(t) — 90)(-) — Ago(-), t € [0,T — T1].
However, by the second equality of , P(-) is indeed an unbounded operator.

Since P € Cs([0,T — T1); X (H)), we could show that for initial data y; € H} ()
with |y — voll () small enough, the corresponding solution y with the feedback control
u(-,t) = =15 P(t)(y(t) — 90)(-) — Ago(-), t € [0,T"] satisfies y(1") could be close enough
to Jo in H(€2), where T" € (0, T — T1) could be any time in a sufficiently small interval very
closeto T — T7.

Furthermore, we could take O control to enhance the regularity of the solution y in the
interval of (7”,7" + 1], where we take &1 small enough to ensure that y(7” + 1) could be
close enough to g in Wol’q(Q) N W24(Q) with ¢ > n + 2.

Finally, by Theorem 2] we could complete the proof of Theorem [I] (see details in Section
4).

The rest of this paper is structured as follows. In Section 2, we will reconstruct a blowup
solution with a prescribed profile. Section 3 will prove a stability result of the blowup profile
with respect to initial data for system (I.5)), i.e., Theorem[2] In section 4, we will give the proof
of our main result.

2 Reconstructing a blowup solution with a prescribed profile

In this section, we will remake the proof of our result on constructing a blowup solution with
a prescribed profile, i.e., Theorem 1 in our paper [45], which is Proposition [I.4]in this paper.
This plays an important role in establishing our main result. Some arguments will repeat those
written in [45] for the convenience of the readers and for the completeness of this paper.

Throughout this paper, we will give the proof when n = 1, for simplicity, bearing in mind
that the proof for n > 2 is the same, with natural adaptations, as one can see from the paper
[49]] done for the standard heat equation.



2.1 Formulation of the problem and preliminary lemmas

Consider some a¢ € w and 7" > 0. The aim of Proposition is to show that for 7" small
enough, there is some yp € C{°(w) such that equation fitted with initial data yo has a
solution y(z,t) defined for all (x,¢) € © x [0,T") such that y blows up at time 7" only at the
point a, with the behavior described in (L.6).

Let xo € C°(R, [0, 1]) with
_ LS
xo(§) = { 0 I€]> 2. (2.1)
In the regular region, we define 3 by

y(z,t) =y(z, t)x(2), v €Q, t >0, 2.2)

where for any £ € Q, X (§) =1 — xo (4(557;@), for some g > 0 will be fixed sufficiently small

later. Then, 7 satisfies the following equation:
0 = Oaa + LulyP 7 — 2X'Oay = X'y (2.3)
In the blowup region, we make the following similarity variables transformation:
W(z,s) = (T — )"/ Vy(z,t) = e/ P Vy(a+e 22, T — ) (2.4)
with
t—a=(T—-t)"%2, T—t=e¢"" (2.5)

This transformation was first introduced by Hocking and Stewartson [41] in the context of the
Complex Ginzburg-Landau (CGL), which includes the semilinear heat equation as a special
case. Later, it was used by Giga and Kohn in [28]] to derive the well celebrated blowup results
for the latter equation. Following (2.4)), we see that W (z, s) satisfies the following equation in
(Q — a)e’/? x [sp, 00), with sg = — log T":

1 1
DsW = 0°W — 5 20:W — EW + [WPIW + (1, — 1)|WPIW. (2.6)

For all z € R, we define

_ W(Za S)X(Z, 8)7 (AS (Q - a)es/Z’
w(z,5) = { 0, 2z € R\(Q —a)e’/?, @7
with
2673/2
x(z8) = xo( "), 28)
where
(a —4ep,a + 4ep) C w, (2.9)



and g > 0 will be fixed small enough later.

We see that whenever initial data yo € C§°(w) and y exists on [0, T'), it follows by the
internal regularity of the heat equation that w is in the space C*!(R x [sg, +00)) with 59 =
—logT.

It can be easily obtained that

1 1
dsw = 0?w — izazw - Ew + wP~ w + N(z,8), 2 € R, s > —logT, (2.10)

where
Wosx — 20.W0.x — W2x + 32W.x
N(z,8) =< +[WPW(x —xP), z€(Q—a)e’? s>—logT, (2.11)
0, z€R\ (Q—a)e’/?, s > —logT.
Let
w=p+q, (2.12)
where
z K
=f(—=)+— 2.13
@ f(\/g) * 308 (2.13)

1
with kK = (p— 1) 7T and f is defined in 1| Then, ¢ is a solution to the following equation
inR x [sg,00),

0sq = (L+V)q+ B(z,8) + R(z,s) + N(z, s), (2.14)
where
Ez@?—éz@z—i—l, Vzp(pp_l—%, (2.15)
B(z,5) = I(sD+CJ)\p Yo+4q) — " —pp’'q, (2.16)
R(z,s) = zazgo - pllcp + P — 05, (2.17)
N(z,s) = H + 0,G(z, s), (2.18)
H(z,8) = W(0sx + 92x + %zé’zx) HIWPTIW (x = XP), (2.19)
and
G(z,8) = —20.xW, 9.G(z,5) = —20°xW — 20, x0.W. (2.20)

We give a decomposition of the solution ¢ to equation (2.14) according to the spectrum of
L. The operator £ is self-adjoint on D(L) C L2(R) with

D
|

p(z) = ——, 221




and
L®) = {9 € LE®) [91F; = [ 19Po(2)dz < +oo}.

The spectrum of L is explicitly given by
spec(L) = {1 — %; m € N}.

All the eigenvalues are simple. For 1 — 3 corresponds the eigenfunction

m!
h(2) =Y ———— (1) M2,
= nl(m —2n)!

The eigenvalues h,, satisfy the following orthogonality condition

/hnhmpdz = 2"n!0y .-
In the following, we will often use the notation

km = hm/HhmH%g-

Now, let us first introduce

x1(z,8) = Xo( i )
Koy/s
where X is defined in (2.1), Ky > 1 will be chosen large enough. We then write
q = Ge + qb,
where
@ = qx1; ¢e = q(1 — x1)-
From (2.1)) and (2.24)), we see that
supp gy (s) C B(0,2K0v/s), supp ¢e(s) C R\ B(0, Kov/s).

Second, we decompose g as follows,

a(2,8) = D am($)hm(2) + 4-(z,9),

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

where ¢, is the projection of g, on h,,, ¢—(z,5) = P_(q), and P_ is the projection on

{hi; i > 3}, the negative subspace of the operator L.

In order to reduce the infinite dimensional problem proposed in Proposition [I.4] into a
dimensional one, we need the following definition as in [45]], which is a small adaptation of the

original one in [45] (see Definition 2.1 in [45]]).
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Definition 2.1 (Shrinking set). Forall Ko > 1,0 >0, A >0, p€ (0,1), no € (0,1, T > 0
andt € [0,T), we say a function y defined in Q2 x [0, t| belongs to the set S* (Ko, €0, A, pu,m0, T, t)
at time t, if

(i) q(s) € Vi,.a(s), where s = —log(T — t), z = e*/?(x — a), q(s) is defined in ,
, , and , and Vi, A(s) is the set of all functions r € L>(R) such that

rn(9)] < As2(m = 0,1), [ra(s)] < A% 2log s -

Ir_(z,8) < As™2(1 4 |2]3), |re(z,s)| < A2s~1/2, (229)
where

() = (=), (e00) Pl 30

form € N, rp(s) = [ km(2)x1(z, s)r(z, s)p(z)dz '

(ii) For all x € Q with |z — a| > ueo,

y(z, )] < no.
First, let us give an estimate which will be used in many places in this paper.

Since a € w, there exists dy € (0, 1) such that for any g € (0, do|, (a —4eg, a+4ep) C w.
Then, for any Ky > 1and any &y € (0, 5], there exists s3 (Ko, eg) > 0 such that when sy > s§,
Ko/30 < ege®0/?.

Next, we can derive the following bounds when y(t) € S*(Ky,eo, A, 1,0, T, t) (see
Lemma 2.2 in [45]). Throughout the paper, C' is a constant number, which may be different
according to the context.

Lemma 2.2. Forall Ko > 1, eg > 0and A > 1, there exists s%(Ko, eo, A) > 0 such that if
s> 59> 83 pe(0,1),n € (0,1, t €[0,T) and y(t) € S*(Ko,e0, A, it,m0, T, t), where
t=T — e 5, then

d(,5)| < CAPEE(1 4+ |:9),

(ii) lq(s)|| oo < CAZs71/2,

(iii) [W(s)|| e < (p— 1)1/ D 42,

By Definition[2.1] there are two types of estimates: item (i) and item (ii). In the following,
we will give two different priori estimates, following two estimates. For item (i), the following
lemma plays an important role in reducing the infinite dimensional problem into a finite one in
the blowup region, which is a small adaptation of Proposition 4.4 in [45]].

Lemma 2.3. There exists KO > 1 such that for any Ko > KO, any g9 € (0, do] and any
A > 0, there exists A(A, Ko,e0) > 1 such that for all A > A(A, Ko,eo), there exists
so(A,A,KO,Eo) > 0 such that for any sy > 30(11, A, Ky, e0), any u € (0,1) and any
no € (0, 1], for any solution of , we have the following property: if

’(Jm 80)‘ < ASO_ ) - 07 17
lq2(s0)| < A80210g80,
la—(2,50)] < A(1+]2%)s0 2,

—1/2
lge(s0) || poe < Asg /2,

(2.31)
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if for some s1 > sg, we have y(t) € S*(Ko,c0, A, u,no, T,t), whenever t = T — e~ with
s € [so, s1], then, for all s € [sg, s1],

|g2(5)| < A%s7%logs — 572,

0 (.9 < S0+ [2P)s, o)
A2
1ge(s)ll e < N
For item (ii), given a small z, define t = ¢¢(x) by
|z — a| = Ko\/(T — to(x))|log(T — to(x))| (2.33)

to see that the solution is in fact “flat” at that time. Then, we see that the solution of (L.5)
remains “flat” for later time. By “flat”, we mean an almost space independent function. More
precisely, we claim the following lemma, which is a small adaptation of Lemma 4.6 in [435]].

Lemma 2.4. Lett € (0,T). There exist 0 < gy < 1 and KZ > 1 such that for any Ko > K¢,
there exists 6 € (0,d0) such that for any ¢ € (0, 3\] and A > 1, there exists s3(Ko,¢co, A)
such that if so > s3, € (0,1) and no € (0,1], then for vo € {z € R; 0 < |z — a| < g},
& =z +E\/T — to(xo) with €] < |log(T —to(x0))|/4, and fort = to(xo) +7(T —to(x0)),
t €[04, if y(t) € S*(Ko,e0, A, jt,m0, T, t), then it holds that the solution y with initial data
Yo € Wol’q(Q) NW24(Q) (q > n + 2) to system satisfies

y(z,t) UKO(T)‘ - C

Vio(zo) < t <1, < ,
o(w0) SESE | L) ™ Uko()| = Tloglao — alfo

where
* (p = 1)?|lwo — al*1-77
= 2.34
and
(p— 1)2 2 =
U (7) = ((p - -7)+ TKO) : (2.35)
y(xo,t)| < CL(Ko)|y*(x0)| for all t € [0,t], where Cy(Ky) is a constant depend-
ing on Ko.

In order to give a priori estimate following estimate (ii) in Definition 2.1 we need the
following lemma, which is similar to Proposition 4.7 in [435].

Lemma 2.5. For any ¢ € (0,1], any gy € (O,S] and any o1 > 0, there exist a positive

constant Cy > 1 independent of €,e¢ and o1, O(e,01) :W and Ty(€e,e0,01) =

2
€0

2
. e 11y (3.1
min {1, <4C26(01+1)p1("1+1)(%+ - )) } such that for any (1, p2) € { (3,3) (1, g)}, for

any 7 € [0,0] and any t € [0,T3], if y is the solution to system in the time interval [0, ]
with initial data yy € Wol’q (QNW24(Q) (q > n + 2) which satisfies

(i) for z € Qwith |z — a| € [eo, poeo]andt € [0,1], |y(z,t)| < o1; (2.36)
(1) for x € Qwith |z — a| > peo, |y(z,0)| <7. (2.37)

12



Then, for any t € [0,1] and any x € Q with |z — a| > paeo, it holds that

ly(z,t)] <e.
Proof. Lete € (0,1, g9 € (0,3], 01 > 0and (u1, ) € {(%,3), (3,1)}. Define Y by
V(z,t) =y(z,t)x(z), x € Q. (2.38)
Here X(z) =1 — Xo(*z*), where Xo € C§°(R, [0, 1]) with
~ — ]-7 |£’ S M1, 2.39
we={ o S 239

Then, by equation (I.5)), it holds that
Y = 022Y + ]lw‘y|p71y —20:(X'y) + X"y
Therefore, by (ii), we can write
t
1YWl < SO, 0%+ /0 St =) Ly o ajzpesy
~200(X'Io—al2pmeo¥) + X Tiz—al> oY) dt/Hme)’ (240

where S(t) is the heat kernel.
Let ©(¢,01) = W and 77 € (0, ©]. We proceed by contradiction, and assume that
e

2
N . c
there exists ¢ € (0, 7] where T5(¢,€0,01) = min {1, (402e(01+1>p‘1(al+1)(i i)) }, such

that the conclusion does not hold for all ¢ € [0, ¢], where C will be defined later.

Using (ii) and the continuity of y, this means that there is ¢ € (0, ] such that the conclusion
holds for all ¢t € [0,¢) and fails at ¢ = ¢. This implies that

IV ) oo (uaeo<lo—al, ve0r) = € (2.41)

Therefore, since Y’ and X" are supported by {z € Q; puieo < |z — al] < pgeo} and satisfy
IX'| < C/eo, [X"] < C/e, it holds by (i), (ii) and (2.40) that for all ¢ € [0, 7], we have

0o
¢ C n [t at C 1) [
<7t(or + 1] / V) iyt + SO [ LD [y
0 €0 0o vi=1 €0 0
! C 1) z C 1)~
<t 1+ 17 [ ey + SEED Vi A0
0 0 0

In the above estimate, when it comes to bounding ]y|l{|m,a|2 preo}» We will bound it by oy if
|z — a| < p26p, and by €(< 1) if |z — a| > po€p. Then, by Gronwall’s estimate, we have for
allt € [0,1]:

} ¢ ) 7, C 1)
V(0w < el (714 (o141 /7, Cloit )t)
€0 80

p- P ~ 1 1
< e 4 Coe 1t (0 4 1)\/2(— + —).
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2
' - e — mi €
Hence, if O(¢,01) = T Ty(€,e0,01) = min {1, (4026(Ul+1)p1(01“)(8104_12)) },

€0
7€ (0,0]andt <t < Ty, we have [|[3(t)]| () < €/2, forall t € [0,].
This contradicts (2.41) and completes the proof of Lemma [2.5] O

The following transverse crossing lemma also plays an important role to obtain our main
result (see Lemma 4.8 in [45]]).

Lemma 2.6. There exist Kg > 1 and Ay > 1 such that for any Ky > Kg, A > Ay and
eo € (0,6, there exists si(Ko,c0, A) such that for any so > s8, u € (0,1) and 9 €
(0,1], we have the following properties: Assume there exists 5. > so such that y(t.) €
S*(Ko,e0, A, p,mo, T, ty) witht, =T — e and (qo, q1)(5+) € 8[—(g’3)2 (gA)QP, then there

exists &1 > 0 such that for all § € (0,61), (qo,q1) (5% +6) & [~ & ig)zﬂ G ﬁS) 2

2
2.2 Proof of Proposition[1.4]

In this subsection, we will follow the almost same techniques with a small modification in the
proof of Theorem 1 in [45] to reprove Proposition [I.4] by the lemmas stated in subsection 2.1.
The idea stated in this subsection will also be used to prove the stability of blowup profile for
auxiliary system (I.5) in the next section.

The proof of Proposition (1.4{can be divided into the following three steps.
Step 1. Preparation of initial data

Given a € w, we consider initial data for system (I.5)) defined for all z € Q2 by
_1 A
ol do dr) =T 77 {2, 50)x(82, 50) + 5 (do + dr)xa (22, 50) }
0

=1 (S~ tog T o (M)

VT
e

where T' > 0 will be sufficiently small, sg = —logT, z = ”"—\/_T? Xo is defined in |i X is
defined in (2.8)) and x is defined in (2.24).

We have the following lemma, which is Lemma 3.1 in [45].

Lemma 2.7. (Reduction for initial data) For any Ko > 1, for any £y € (0, o] and for any

A > 1, there exists SS(KO, o, A) > 0 such that for all sy > 88, the following holds:
If initial data for equation are given by , then there exists a rectangle

Dr C [-2,2)?, (2.43)

such that
(i) for all (dop, d1) € Dy, we have yy € C§°(w) and

yO('7 dOa dl) € S*(K()a €0, A7 1/47 07 T7 0)7
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and

|g2(s0)| < s % log so,

lg—(z,50)] < (1 +2*)s52, (2.44)
e (-, 50)] < 5977

Moreover, the restriction of (dy, d1) — (qo(s0), q1(S0)) to the boundary of Dt has degree
(ii) for all (dy,dy) € Dt and for all x € Q with |x — a| > &¢/4,

yo(z,do,dr) = 0.

Step 2. Reduction to a finite-dimensional problem

Let Ko > Kg = max{K(}, K2, K3}, e0 € (0,8], A > A* := max{A4;, A(1, Ko,20)}
so = —logT > s = max{s}, s, s3,s¢,3,30(1, 4, Ko,e0)} and ng € (0,1]. Consider
(do,d1) € Dr. By the classical theory of parabolic equations, we can define a maximal
solution y to equation (1.5) with initial data (2.42), and a maximal time ¢.(do,d1) € [0,T]
such that

vt e [07t*)7 y(t) € S*(K(]:E(MA’ 1/277707T7 t)' (2.45)

Then, one of the following possibilities occurs:

(1) eithert, =T,

(2) or t, < T and from continuity, y(t.) € 905*(Ko,c0,A,1/2,19,T,t,), in the sense
that when t = ¢, one ‘<’ symbol in the definition of S*(Ky, ¢, A, 1/2,m0, T, t.) is replaced
by the symbol “=".

Our aim is to show that for 4 = 1/2, for all Ky and A large enough, ¢ and 7" small
enough and for any 79 € (0, 1], one can find (dy, d;) € Dy such that t,(do,dy) = T.

We argue by contradiction and assume that for all (dy, d1) € Dy, t.(do,d1) < T.
On one hand, by Lemma[2.7]and Lemma[2.3] we can derive the following proposition.

~

Proposition 2.8. For any Ky, > K§, for any €y € (0,6, for any A > A*, for any so > s
and for any ng € (0, 1], we have the following property: if (do,d1) € Dr and if for s1 > s,
we have Vs € [sq, s1], y(t) € S*(Ko,e0,A,1/2,m0,T,t) witht = T — e™%, then, for all
s € [so, s1],

|a2(s)| < A% ?logs — 572,
A
la—(z,8)] < 5 (1+]2%)s7%,

2 (2.46)
A2
o < ——.
Jae(s) = < 52
On the other hand, write R for {x € ; |z — a| > £9/2}. We have that
if € R, then |y(z, t.)| < % (2.47)
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provided that the parameters satisfy some conditions.

~

Indeed, we consider Ky > K§, e € (0,9], A > A*, o € (0,1], and

Sp > s] = max {sg(Ko,gg,A), —log (T2 (%,507(]1(}(0) [W} —,,L) }
D1 108 1

Applying Lemmal[2.4] we see that if y(t) € S*(Ko, 0, A,1/2,m9,T,t) for all ¢ € [0, ], then

for x € Q) with
€0

13
L <le—al< 50 Vite(ot,],

[y(a,t)] < LK)y (@)] < C1 (o) | —————

Using Lemma2.7, we see that for all z € Q with [« — a| > £, y(z,0) = 0.
Therefore, Lemma applies with (p1,pu2) = (i, %), e = 4,7 =0and 0; =

C1(Ko) {4(1),1)2 (670)2 =

} P~' and we see that

Sp\log%o
. €0 o
Va € Q with |z — a| > g,Vt € [0,t.], |y(z,t)] < 5 (2.48)

Hence, holds.

Step 3. Final argument for Proposition [1.4]

In this step, we shall conclude the proof of Proposition [I.4] thanks to a topological argu-
ment.

~

We fix Ko > K, e0 € (0,0], A > A*, no € (0,1] and Sp > s7. Take then s9 > Sy and
introduce T = e~ %0,

Note first that for any (do,d;) € Dr defined in Lemma equation fitted with
initial data (2.42) has a unique solution y(+, dy,d;) € C([0,t*), L°>°(£2)) for some maximal
t* = t*(dp,d1) € (0,+00], thanks to a classical fixed point argument. With some classical
parabolic estimates, we easily prove that Vy(-,do,d;) € C([0,t*), L>°(£2)). Using Lemma
we see that yo(-, do,d1) € S*(Ko,e0,A4,1/4,0,T,0). Therefore, we may introduce the
largest time ¢, = t.(dp,d1) € [0, min(T,t*(dy, d1))] such that for all t € [0,¢.), y(t, do,d1) €
S*(Ko, €0, A,1/2,n9,T,t). Then, 2 cases may occur:

(i) either t.(dp,d1) =T,
(ii) or t«(dp,d1) < T, and in that case, one of the “<” signs appearing in Deﬁnitionwhere
S*(Ko, €0, A,1/2,n9,T,t) is introduced should be replaced by a “="sign.

We proceed in two steps:
1. we argue by contradiction and prove the existence of some (dy,d1) € Dy such that
t«(do,dy) =T.
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2. we consider such a (dp,d;) € Dy and show that the maximal existence time of y(-, do, d1)
is T', namely that t*(dy, d1) = T'. Then, we conclude the proof of Proposition

1. A topological argument

We proceed by contradiction, and assume that for any (do,d1) € Dy, ti(dp,d1) < T.
By definition of ¢, (do, d1), Proposition [2.8| applies and estimate holds, leading to the
fact the equality case mentioned in item 2 above at time ¢ = ¢, concerns only the first two
components mentioned in Definition 2.1 namely that

A A
(90, q1)(do, d1, s«(do, d1)) € 8[—@, @]Q where s, = —log(T" — t.).

In particular, we can define the rescaled flow:

®: Dy — 9([—1,1])?,

Sx (d(]a d1)2
A

Then, we have the following proposition.

(do,d1) — (90, q1)(do, d1, s«(do, dy)).

Proposition 2.9.
1) ® is a continuous mapping from Dy to O([—1,1]?).
2) The restriction of ® to the boundary 0Dt has degree 1.

From this proposition, a contradiction follows thanks to the following statement which is
a consequence of Brouwer’s lemma, and could be obtained directly by the proof of of Theorem
12.8 in Smoller [54] (pp. 136), with a natural adaptation.

Proposition 2.10. Consider U a continuous function from the unit ball of R to its boundary.
Then, its restriction to the boundary has degree zero.

This means that there exists (dy, d1) € Dy such that ¢.(dp,dy) = T. By definition of ¢,,
this means that y(t) € S*(Ko, 0, A,1/2,m0,T,t) forall t € [0,T).

2. Conclusion of the proof of Proposition [1.4]

Let us summarize the result we have just proved:

~

If we fix Ko > K, e0 € (0,6], A > A*, np € (0,1], so > s} and T' = e, then we
see that for some (dy,d;) € Dr, equation with initial data has a solution y such
that for any t € [0,T), y(t) € S*(Ko, €0, A, 1/2,10,T,t). By Lemma[2.2] we see that for any
s > —logT and for any z € R,

otz ) < S8
z,8 .
a\z, =" /s
By (1.3), (2.7), (2.12)) and (2.13)), it holds that for any s > —logT and for any z with |z| <
g0e®/?, we have
z cA? C
Wiz, s)— f(—=)| < =
W)~ A < e
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Hence, if T" is small enough, we obtain from (2.4 and (2.5) that for any ¢ € [0,T") and for any
x € Qwith |z — a| < &,

r—a C(A)
N cmr el R e

(=) Dy, t) - f (2.49)

This implies (I.6).
This also implies that |y(a,t)| ~ [(p — 1)(T — t)]"%/®~D as t — T. Hence, y blows

up in finite time 7', and a is a blowup point of y. In particular, this means that t*(do, dy ), the
maximal existence time of y, is 7.

It remains to prove that all points zy # a are not blowup points.

We know from item (ii) in Definition[2.1that for all z € Q with [z —a| > %, |y(z,t)| <
no- Thus, any 2o € Q with |29 — a| > % is not a blowup point. Now, if 0 < |zg — a| < g0/2,
the following result from Giga and Kohn [29]] allows us to conclude Proposition (1.4

Proposition 2.11. For all K > 0, there is 1 > 0 such that if v(§, T) solves
v — Av| < K(1+ [uP?), (2.50)
and satisfies
_1
(&) <m(T —t) » 1,

forall (¢€,7) € B(a,r) x [T —1r2,T) for some a € Rand 0 < r < 1, then v does not blows
up at (a,T).

Indeed, since 0 < |zg — a| < £¢/2, it follows from (2.49) that

To—a C(A)
T oes )| e "

sup (T = 1) /Py, 0] < |£( v

|w—ao|< 200l

ast — T. By (I.5), it is easily obtained that y satisfies assumption (2.50). Therefore, applying
Proposition [2.11] we see that x is not a blowup point.

This completes the proof of Proposition[I.4] O

3 Stability of blowup profile for auxiliary system

In this section, we shall prove Theorem [2] which gives a stability result of the blowup profile
with respect to initial data for auxiliary system (I.5).
3.1 Formulation of the problem

Let @ € w. From section 2, we know that there exists K > 1 such that for any Ko >
K, there exists § > 0 with (@ — 40,a + 46) C w such that for any Ky > K and ¢y €
(0, 9], there exists A*(Kp,e9) > 1 such that for any A > A*(Ky,e0) and 19 € (0, 1], there

18



exists ?{(Ko,go,zzl\, 7o) such that for any T > 0 with S0 = —logf > ?{(Ko,ao,ﬁ, M),
we could construct an initial data (Ko, €0, A, T) € C3°(w) such that for any ¢t € [0, T),
7(t) € S*(Ko,c0, A,1/2,70,T,t). In particular, g(s) € Vi, a(s) forall s > —logT, and
[y(x,t)] < 7o for all z € Q with [z —a| > 2. Moreover, T is its blowup time and @ is its
unique blowup point.

Fix Ko > K, A > A*, g €

~

], and for any 79 € (0, 1] but fixed, we fix 7y €
2

(0,6
(-1%(2) 1751
((), W), o1 = C1(Kp) |:p8p|10g(|)] " with C;(Kp) > 1 is defined in Lemma
and we fix 59 > 57(Ko, €0, 4,M0)-

Mé“ "“O

. e 17q 27 ~ .
Consider an initial data yo € Wy (Q) (| W=4(£2) such that H50||W01,Q(Q)ﬂw27q(m is
small, where ¢ > n + 2 and
€0 = Yo — Yo-
We denote by y,, the solution of equation (1.5) with initial data yo and T'(yo) < +oo its
maximal time of existence.

For (T,a) C R" x w, we introduce

Wray,(2,8) = (T — t)l/(p_l)yyo(x, t) = e_s/(p_l)yyo(a + 6_8/22, T—¢e%) 3.1

with
t—a=(T—t)"%2, T—t=e"". (3.2)
Define
Wray(2,8)Xx(2,8), 2€(Q—a)e’/?
WTao (% 8) = { 0. " (5 s e I(R\(Q ~a)esl?, 3.3)
where  is defined in (2.8).
Let
qT’azyO (Z’ 8) = wT,a,yO (Z’ S) - 90(27 S)’ (34)

where  is defined in (2.13). We then write

T,ay0 = Qe + Qb (3.5
where
Qb = qT.a.y0X1, de = qT,a0(1 — X1)- (3.6)
Second, we decompose g as follows,
2
0(2,8) = Y am($)hm(2) + ¢ (2, 5), (3.7)
m=0
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where ¢y, is the projection of ¢, on h,,, q—(z,s) = P_(qs), and P_ is the projection on
{hi; i > 3}, the negative subspace of the operator L.

Our aim is to show that for A > 0, s9 > 59 = — logf large enough and for some
w € (0,1), if ||§0HW01,q(Q)nW2,q(Q) is small enough, then T'(yo) is finite, and y,,, blows up at
time 7'(yo) only at unique blowup point a(yp), with

T(yo) = T, alyo) — @, as &9 =yo — o — 0in Wy '(Q) NW29(Q),  (3.8)
Yyo (t) € S*(K()?EO?Aa,U’a no:T(yO)ﬂt)’ which impies QT(yO),a(yo),yo (S) € VKO,A(S) for any
s > og large enough and t = T'(yg) — e .

In order to achieve the aim in (3.8)), we will study g¢74,4,, Where (T, a) is arbitrary in
a small neighborhood of (7, @), hoping to have some hint that some (T(yo),a(yo)) close to
(T', @) will correspond to the aimed (7(yo), a(yo)).

Note that all the g7 4 4, satisfy the same equation for all (2, s) € R x [—log T, — log(7T" —
T'(yo))+) (by convention, we note — log 04 = 00),

9sqr,ay0 = (L4 V)00 + Brayo (2, 8) + R(2, 8) + Nray,(2,9), (3.9)
where £ and V' are defined in ( , R is defined in (2.17)) and

(@ + aT.a,0) P (0 + aTay0) — ¢° — PP 0T 0405 (3.10)
Hrayo + 0:GT 0,0 (2, 9), (3.11)

BTya’yO Z’ §

(2,5)
NT7a7y0 (Z7 S)
1 _
HT,a,yo (27 3) WT,a,yo (asX + 3,3)( + izaz)o + ’WT,a,yo|p 1VVT,a,yo (X - Xp)7 (3.12)
(2,8) =

_28ZXWT,G71/07 aZGT,Chyo (z, 3) - _26§XWT,a7yo - 262X82WT7G,?J0'
(3.13)

Groa,y (2,8

Introducing
Bz, t) = yyo(x,t) — Gla, t), forallz € Q, and 0 < ¢ < min(T(yo), T).
Let

=(T—T)e*, a=(a—a)e*? g9 =s0—log(l+7)and Z = z/(1+7) + a.
(3.14)

For any sg € [— log f, — log(f —T(y0))+), qr,q is defined (at least) on (—log T, o) for
T near T

For any so € [—log T, — log(T — T(yo))+), we have that if z € (2 — a)e?/2, then

AT.a,y0(2,00) = ¥ (50,90, T, a, 2)
(14 7)P[G(E 50) + 9(Fs0) + ¢ P15 (e FE 43, T — e 0)x (2 00)] — (2, 00)
+ e‘ﬁg(ze_T +a, T —e 9))[x(z,00) — x(Z, s0)]- (3.15)
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If 2 & (2 — a)e?/?, then

QT7a,y0 (27 UO) = @(807 Yo, T7 a, Z) = _QD(Za UO)' (316)

In the following, v (so, 3o, T, a, z) appears as initial data for equation at initial time
s = 0g. Consider the mapping (T, a) — ¥ (s0,y0, T, a, z). Similarly as in [45] and [55]], we
start from v (0, yo, T, a, z) atinitial time s = o including the reduction to a finite-dimensional
problem, the construction procedure would work.

3.2 Behavior of “initial data” ¢ for (T, o) near (T, )

In this subsection, we will prove the following proposition, which gives the properties of initial
data 711(30, Yo, T7 a, Z)'

Recall that we have fixed Ko > K, eg € ( S] g > A*. Letno € (0,1]. We fix iy €
(() 7770,), where o1 = Cl(Ko)[

7 gelo1+1)P~1 D

(&) 71 . _ (p71)2
8p|10g|%| } with C1(Ko) > 1. Let b = 5.

Proposition 3.1. There exists C > 1 such that for any A > CA, there exists So(A) >
57 (Ko, o, f/l\, 7o) large enough, such that for any sy > 5o(A), there exists £y(sg) > 0 small
enough such that for all yy € {y € Wol’q(Q) NW24Q); ||ly— y0HW1 Q)AwraQ) < o(s0)},
where ¢ > n + 2, the following holds:

(i) There exists a set

— ~  2e%(p—1)A . e/2(p—1)24
Dasoan C{T | IT =T s === la—al < ——o=mh o)
whose boundary is a Jordan curve such that the mapping
(T,a) — 02 (1, V1) (50,90, T, a), where o9 = so — log(1 + 1), (3.18)

is one-to-one from EA,So,yo onto [—A, A|%. Moreover, it is of degree -1 on the boundary.

(ii) For all (T,a) € ?A@,yoa ¥ (s0,y0, Ty a) € Vi, a(0o) with strict inequalities except
for the first two, namely (1, V1) (S0, Yo, T, a), in the sense that

— A
|1/}m‘ S PR T)’LZO, 17
70

[9y| < 02200_2 log o,

~

@_(Z,O’(}) %
1+ 23 o) o3’
_ C A2
‘w6(270—0)HL°°(R) < 7%7
99

for some positive constant C > 0.
(iii) For all (T,a) € D a4 50,40
6700)’ < 277\0.

(x,T —
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Define
G(z,00) = (1 + 7)1 g(Z, 50), (3.19)

where Z = zv/1 + 74+ a, 09 = sop —log(1+7), g(so) € L>°(R). In order to prove Proposition
BLI'I, we need the following lemma, which is an adaptation of Lemma 6.4 in [55].

Lemma 3.2. (Expansions of G(z,00)) There exists sy > 0 large enough such that for any
s0 > 30, and (1, ) € R? satisfying

1 1
IT| < — 6 la] < 1 (3.20)
such that if g(sg) € L°°(R) and g is given by (3.19 (-) then
(i) (32)*go(00) = go(s0)(1 + ;75) + Olagi(so)) +O((I7| + a®)ga(s0)) + O((e™

\TI

T+ +|m!+|a! )Hg(So)HLw)'

m) (22)2G,(00) = g1(50) (1 + LEUT) + 2ags(s0) +O((|7] + a2)gs(s0)) + O((e™*0 +
72+ 7ol + [af®)llg(s0) | o ):

(ii1) §2(00) = g(50) + Olags(50)) +0(a2ga(s0)) + O((e* + 7] + |a*)[lg(s0) | 1)

(iv) 75 20+ [08g0)(00) = 2L + O(ga(s0)) + O((s5 " + |7] + [a])llg(s0) | o )

(v) 3-[(22)2g,)(00) = O(1(50)) + Olgas0)) + O((sg™ + || + ) llg(so) | o=)s

(vi) Dago(00) = O(g1(50)) + Olaga(so)) + O((e=*° + || + |a|?)l|g(50) | o< ):

(i) B0y (00) = 2g2(30) + O(aga(s0)) + O((e* + || + lal?)lg(s0) < );

(viii) | "7 ooy < CIEEE ooy + Clal(l91(50)] + g2 (50)]) + O((s52 + || +

1+]z]3
) lg(s0) 1 )
(ix) [|ge (2, 00) [ Lo (®) < 19¢(Z, $0) | Loe®) + C (7] + | llg(50) [ Low (m)-

By Lemma[3.2] we can obtain the following lemma.

Lemma 3.3. (Expansions of modes for (T, a) close to (f ,a)) For sy > 0 large enough, there
exists Co(so) > 0 such that for any
1 1 1

S TS g lal = (3.21)

Hg0||W01"1(Q)ﬁW2*q(Q) ~ 16 4’

where ¢ > n + 2, we have the following inequalities:

2
. 0-0* —~ KT
70 T a) — _
(Z) 3(2) 1/}0(3073/07 ,CL) QO(SO) p— 1
- A A A2 s A2
SCHEOHWOM(Q)QWM( o) T C p || + C \Oz\ +C— + C—(|7| + |04] )
33 30
A2 2
+C 5 log so(7 + |a|?) + Ce™™ + O7? + C’ST’ - Cj— + Clale™®0/?;
50 0 0
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.\ |od— ~ 2k«
(ZZ) ‘731/}1(307y07T7 CL) - Q1(So) +

50 (p— 1)2;0
- A2 A A?
SCHEO”WOL‘I(Q)QW'Z 4 (Q )"‘Cie +C 2|T’ + C—5 log soley|
53 0
A2 CA
+ 02 (1 +Iral + ) + (52 4 70 el +1aP)
54 0

+C’<‘ o +e 50 4 7> + |ra| + — ’ ‘ + | ) +C’|oz|e_5°/2;

CA CA

(1) 25030, T )] < Cleollyg s nyage + -1l + z-lal*+
C A2 C A2 c
—(Irl+ ef?) + e + C(I7| + o> + &) + =
S0 54 %0

+ Ce™90a| + Ce™ % |af* + C|l2’ + ;1\2352 log so 4 Clale*/2;
s

0
. _ — K
(“}) 09 237[08¢0](30790,Ta (l)— _1
~ CA CA? C  CA2
<Cloll g sy + o + o]+ fa) + C(1r] +Jal) + < + S

-~

A
+ Ce™ % 4 CemC%0|a + C— log so;
50

02—
(V) O- {*21%} (801 Yo, T, a‘)’
S0
_ CA CA%, _
SCHeOHWOl’q(Q)ﬂWQ"Z(Q) + ST + 7%(50 1 + ’7’| + |Oé|)
0 50

1
+C(— + 7| + |a]) + Ce™ 9 + Ce™“*|al;
S0

N _ CA CA?
(Vl) |8o¢1/}[)(807y07T7 a)’ S OHEO”W&”(Q)QW&Q(Q) + g + ? IOg 80|Oé’—|—

CA2 C A
%)+ e 4 C(\Ty + o) +e7%0 4+ M)
T 5

2
50 50
+ C’e*CS°|oz| + Ce= O,

. — 2bk
(vii) [9ath1 (50, Y0, T a) + m\

~ CA 2

§C||50”W17‘1( )mW2q(Q)+ 2 |O‘|+ log 5o+
50 0
CA2 CA2 . C
(7l + o) + =™ + = + C(I7| + |af)
80 5 0

+ C’e_cso|a| + Ce_CSO;



E—(S()?y()vTa G)
(viii) || —————n—
1+ 23
L)
N CA CA C A2 A2 C A2
SC”€0HW3"7(Q)OW2"I(Q) + g + g’a’ + 7%“7" + ’Oé’ ) + Ci log 80’06’ + 5/2
2
+ Ce CSO\a|+ \ |+CU+C| ol + C|7)* + Ce ™
50 55
(ZCC) 6(807y07T) a)HLOO(]R)
~ C A2 o C _Cs
<Ol oy + —3- A+ 7|+ lal) + (7] + ‘;) 0l
50 50
Proof. From (3.13) and (3.16), we write
— —1 —2 —3 —4 —
D(50,90. T, 0,2) =9 (2,00) + 9" (2,00) + 3 (2,00) + &' (2,00) + & (2, 00)
for z € (Q — a)e?/?, where
G (z,00) = (1 + T)plile_”s‘ol Se 7743, — e *)x(z,09); (3.22)
F(z,00) = (1+7) 713, 50): (3.23)
@3(2,00) =1+ T)P%lgp(g, 50); (3.24)
(2, 00) = —p(z,00); (3.25)
Es(z,ao) = efsiol’y\(ze*%o +a,T—e ) [x(z,00) — x(Z, s0)], (3.26)
and for z ¢ (Q — a)e”®/?,
—1 -2 —3 —5 —4
1/) = 17[} = d} = ¢ = 07 1/} (230-0) = _90(270-0)' (327)

Step 1. Expansion of 9"

When t = T — e~%, §j is meaningful in [0, T — e~ *°]. Thus, y,,is meaningful in [0, T —
e 0] if yp is close enough to yp in Wol’q(Q) N W24(Q) with ¢ > n + 2, which implies
t < min(T'(yo),T") and it follows that

[E(T — €)oo () < Co||§o|\wolﬂq(9)mwz,q(m, (3.28)
whenever HgoHWOLq(Q)mWQ,q(Q) < 1/Cq for some Cy = Co(sq), where ¢ > n + 2.

Now, we prove that for sy large enough and (7, «) satisfies (3.21)), we have

_ _ _ 2__ 2__
[Bo(o0) -+ [1(o0)| + (o) + |or [ (22) o] (o0)| + [or [ (22) 1] (o)
—1
+ 030l + aBon)l + | o) e
L°°(R)
SCHg(T\ - e_SO)HLOO(Q) < CO(SO)||gOHW017Q(Q)mW2,q(Q)- (329)
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Indeed, for @(1) (00), it holds that

Faton)| =| [ xa(zs00)7 oop(a)iz

740, T — e *)x1(z,00)x(2, 00)dz|.

30 50
2

It is easy to see that z € (Q — a)e?/? is equivalent to Z € (€ — @)e*0/2. Hence,

71 D _s

[Yo(o0)] < ClIE(T — €)oo (0)- (3.30)
Similarly, we have

71 D —s

[¥1(00)] < ClIE(T =€) || Lo (@) (3.3D)

71 S _s

13 (00)| < CllE(T = e) || Lo () (3.32)

and
—1 —1 ~ 5 s
[¥e(o0) ooy = (1 = X1(2,00))¢ (00) | Lo (r) < ClE(T — ) |[Loo()-  (3.33)
By the above estimates,

—1 —1

‘ @1_(270_0) B ¢ (2,0'0))(1(2’,0'0) - mZ:() ¢m(00)hm(z)
3 - 3
1+ |2 Loo(®) 1+ 2|
L*>°(R)
<O[E(T — e%)|| o (- (3.34)

o) o 21
For 5~ [(;‘;) wo} (00), we have

(?)2%(00) :<So_1og(1+7))2/ﬂgXl(z,ao)wl(z,ao)p(z)dz

50

%W)% + T)—% / x1(z, 80 — log(1 + T))@l(z, 00)p(z)dz.

S0 R
We see that
1 s s ~
—1 _ (1—l—T)Pje*Pfolg(e*?O?—i-a,T—e_so)x(z,ao), 2 € (Q—a)e’/?,
(0 (2700) - .
0, otherwise.

However, we can take sg large enough such that |a — a| = |ae_570| <e 7T < 2. Thus, since

(@—46,a+ 46) C w, g9 € (0,0] and x(z,00) is 0 outside a small neighborhood of a when
. - —1 : .

la —a| < 2, itis easy to check that )" (2, o) is smooth in R.
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Then, we have that for sq large enough,

387[( ) %}( 0) = _230(11+T) 50—1050(1+T) /(Q a) ao/zp( )1+ r)iTe i

: 5(6_7(2\/1 Tr+a)+a,T —e )yi(z s0 —log(l+7))x(z, 00)dz
1 _ —log(1 + 7)\2 1 s
- (LI [ s — log(1 )1+ )T
2 S0 (Q—a) og/2
e P (eVItT4+a)+a,T — e *)x(z
1 /sp—log(l+7) 2/
+
AT < S0 ) (Q—a)eUO/Q P( )

_50

Ee 2 (VI+T1+a)+a,T — e ®)x(z,00)dz

_ 2 s
_1(%) / p(z)z(lJrT)p Ty (2, 50 — log(1 4 7))e” %
2 (Q a) og/2

S0

(I+7)r 1 = X1(Z, so — log(147))e »-1

80
e T (2VI+ T4 0a)+a,T — e ) x(z,00)dz
— log(1 2 :
(w) / p(2)(1+ )77 X1 (2,50 — log(1 +7))e 7T
So (Q—a) /2
fe T (VI+7+0a)+a,T — e )x.(2,00)2dz

1
2
(
—log(1 2 1 1 -
+ (W) / p(2) (1+ T)pil "1 (2, s0 — log(1 + 7))e =
S0 (Q—a)ev0/2

p—1
. 5(6_570(2\/1 Tr+a)+a,T—e *)x(z,00)dz

—log(1 2 1 _ s
+ (W) / p(z)(1+7)p116 )
S0 Q ) oo /2

Ee R VTTT40) 18T — e (z00) X020 g,

—(1+47)
— log(1 2 _ S0
n (80 og( +7')) / p(z)(l—l—T)P%le P
S0 (Q )ao/z
. g(e_%(zx/l Tr+a)+a,T—e )z, J@Wdz, (3.35)
- T

from which and the following equalities,

-3/2

(12l Y12 9o 2| 1
Koo (2400) = X6 (== ) 25— Meleo0) = X6 (") o 330
L Ze—ag/? 16_00/2 0z 00/2 6—0'0/2
Xoo(2,00) = xo< - )60 5 aXz(Z,UO)—X()( - ) o 63
we have that for s large enough,
2 [(2) %] 00| < CIBE = ) g (3.38)
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Similarly to the above inequality, we have that for sg large enough,

2= [(2) 00| < CIBE — )i (3.39)
1Oatbo(00)] < CllE0(T — e=)|| oo (), (3.40)

and
10athy(00)] < ClIE0(T — €7%)| oo (c2)- (3.41)

Then, by (3:30)-(3.34), (3:38)-(3.41)) and (3.28)), we can get (3.29).

Step 2. Expansion of s

Since for any t € [0,T), §(t) € S*(Ko,c0, 4,1/2,70, T, 1), where G(s) € Vi 1(s),
for all s > —logT and |y(z,t)| < 7o for all z € Q with [z —@| > . In particular, for
sq > —log T, we have

[Gm(s0)] < Asg(m = 0,1), [Ga(s0)| < A%s¢° log so, 342
13- (Z, 50)| < Asg2(1 + [7]3), M4%%MSA2;@
and
1@(s0) ||z < CAZsy "2, (3.43)

(i) For s¢ large enough,

00\ 2 CA CAZe%0 CA2
[(22) B3 (00) — os0)] <& |ﬂ+——+\+ — + = (|7l + o)
0 50 s2 s2
0 0
A2
C(|7] + |af? )—log 50. (3.44)
50
Indeed, by (3:23) and (3.27),
1
=2 _ ) (I+7)1q(%,50), 2 € (2~ a)eso/?, 345
¢ (Z,J(]) { 0’ Z¢ (Q—a)eso/g, ( . )

we have by Lemma [3.2] (i) that for s¢ large enough,

‘(Zﬁ) Bi(o0) = o(so)| = [do(s0) = + Oaa(s0)
7]

+0((17]+ a?)ia(s0)) + O( (70 +7° 4+ 1 ol a9 (s0) 1<) | 3:46)

where
1y [ Q7 %0), Z€ (Q—0a)e0/ (<= 2z € (U — a)e”/?),
g% s) = { 0, Z & (Q—a)eso/2. (3.47)

27



Hence, by (3.42)), (3.43) and (3.46)), (3.44) hold.

(i1) For s¢ large enough,

‘ (ao) ¢1(00) - Ch(So)‘

S0
CA2e=%0 CA ) 5 7\ CA C A2
<=+ = (1P ol vl + 1) + |+ - logsolal
B) 2 SO SO
50 80
CA .,
+( +e oy (|| 4 |af?). (3.48)

0
Indeed, since kg, k1, k2 are all orthogonal to k3, we have
G

a3(s0)|

2
- [ &Gk @EuE p@dE+ [ 3 anlslhn@k @ )o@
R R m=0

gc% + Ce O, (3.49)
50

Similarly, we have

o~

~ A _
[@a(s0)| <C— + Ce Cso, (3.50)
0

Then, we have by Lemma[3.2] (ii) that for sy large enough,

(22) Fiten) - it

[0 T 200 + O]+ a?)as)
r

+o((e0 w7+ Dt pral + af)llg(s0) 1o )| 61

Hence, by (3.42)), (3.43), (3.47) and @), (]318[) holds.

(iii) For sq large enough,

—2 CA%e0  CA? CA
[¥y(00)] <=5+ = (7] +|af® )+7,a‘ +—laf’
52 50 50 50
A2
+ Ce™90a| + Ce O%|al* + —5 log sq. (3.52)
s

0

Indeed, by Lemma [3.2](iii) that for sq large enough,

[3(00)] 2‘62(80) +0(ag3(s0)) + O(a®@u(s0)) + O((e™* + |7[ + [al*) lg° (s0) [ z=) |
(3.53)
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Hence, by (3.42)), (3.43), (3.47)), (3.49) and (3.50)), (3.52) holds.

(iv) For sq large enough,

_ — C A2 CA  CA* CA?
log 2&[03@3](%)\ < —(rl+la]) + —5 + =75 + —5 log so. (3.54)
52 50 30/ 50

Indeed, by Lemma[3.2] (iv),
50r 1o o0)| = | 2+ 0(@a(s0) + Ol + 171 + g s0) =

Hence, by (3.42)), (3.43)) and (3.47)), (3.54) holds.

(v) For sq large enough,

_ —2 CA2 CA _Cs
7 20r 300 < (e 7l + fal) + e 359
80 0

Indeed, by Lemma[3.2](v),

o0 *0-logui] (00)| = |75 *580- [ (23] (a0)

82

;%[0(@1(80)) +0(@3(s0)) + O(sg " + I7] + [aD]lg*(s0) | z=]|-

Hence, by (3.42), (3:43), (3-47) and (3.49), (3.55) holds.

(vi) For s large enough,

-~

— CA CA%2e=%0 (A2 A?
10a0(00)| £ —5 + T + — (7 + |a!2) + C— log solal. (3.56)
SO 85 53 SO

Indeed, by Lemma [3.2] (vi),
10253(00)| = 0(@1(50)) + O(aa(50)) + O((e™ + 1] + [l (s0) =] (35T

Hence, by (3.42)), (3.43)) and (3.47)), (3.56) holds.

(vii) For s large enough,

—y CA CA2e=%0  (CA? A? _
100101 (00)| < ?\a\ + T + —(7| + ]a!Q) + CS—Zlog so + Ce CSO]a\. (3.58)
0 35 502 0

Indeed, by Lemma [3.2] (vii),
1003 (00)| = [2a(50) + Olaia(s0)) + O((e™ + [7] + o) lg%(s0) ] (3:59)

Hence, by (3.42), (3:43), (3:47) and (3.49), (3.58) holds.
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(viii) For sg large enough,

&7 (2,00)
1.3
1+ |z| Lo (R)
CA CA? (CA? A
SS—Z(|04|+1)+ = (\7’|+|0z| )+C?logso|al.
0 0

SG s6
Indeed, by Lemma [3.2] (viii),

+O0((sg” + || + o) g (s0) | )

Hence, by (3.42)), (3.43)) and (3.47)), (3.60) holds.
(ix) For sq large enough, by Lemma [3.2)(ix), (3.42), (3.43) and (3.47),

G200l < 13 (Z 50) o) + Cr] + la) g% (s0) | o<

¢1 j(LZ’ZU';)) + Cla|(11(s0)| + |72(s0)])

1+ 213 || oo m)

<o|Cx

L (R)

C A2 C A2
<—(I7] + |af) + VR
302 S0

Step 3. Expansion of @3 and Jl

It is easy to check that

__1
(p— 1)2/282)51 Loy

=(p—-1
elzs)=(p =1+ s

=~ (7 = 2) +o(‘z|4)

Recalling that ko(2) =

[ etz matipz = [m—ﬁuzﬁ 2+ 0 (B 22 p(eya

:—4754'0( %),

and we have that for sy large enough,
K
po(s) =k +O(s7?), pa(s) = " ips +0(s7?),
p1(s) = @3(s) = 0, pa(s) = O(s72), le(s)| < C.
Define
2(%> _ 90(2’ 80)7 z € (Q - A) 80/27
g (Za 30) = { 0, gg (Q a) 50/2
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Then if sg is large enough, we have

9:(s0) = wils0),i =0, 1, 2, 3, 4, [lg*(s0)[| < C. (3.68)
Let
0, z € (Q — a)e®/?,
o= { (14776 (Z ), 2 & (2 — a)el2 G0

By and tb it holds that 1/1 (z,00) +n(2,00) = (L + T)P Lo(Z,50), 2z €R.

Since |a — a| = |ale™0/2 < ¢7%0/2 (G — 45,d + 45) C w and & € (0,4], we have
that when sq is large enough, which implies oy is large enough, if z ¢ (2 — a)e 90/2  then
|z| > 2Kg,/00. Thus,

nxi(z,00) = 0.

Hence, we have that for sg large enough,
Tolo) = [ (14 DTGV TH T + 00 -+ log(L+ 7))z c0)p(2)d
On the other hand, by (3.25) and (3:27),
Tolon) = = [ el 0tz oup(z)dz,

Thus, we can get that for sg large enough,

\(jg) T (00) + (:)))2¢é(00)— |

p—1

—0 |T’ 012 2
<Ce °"+C—+C—+C1° (3.70)
o o

Remember b = (pZ;)2, (pQ_b'f)g = %. By Lemma(ii), 3.63)), (3.66) and (3.68)), for sq
large enough,

2_3 2bka
‘(*0) ¥1(o0) + m‘
23 «
=|(%) Few + 52
SO(LJ)W( T +‘ '+|m|+|a| Yleo(so) o
0
SC(@JF e +| |+|W|+|04| ) (3.71)
50
By Lemma [3.2](iii), (3.63)), (3.66) and (3.68), for s large enough,
—3
¢2(UO>
K 1 o’
= - — - —S0 3 -
4psg O(g%) +O<sg) + 0™ + ||+ |af”) le(so) |
K 1
= — —S0 3 2
4pso (sg> +O0(e7 + 7] +|al”). (3.72)
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By Lemma [3.2)(iv), (3.63)), (3.66) and (3.68), for s¢ large enough,

752 0nfofiel(on) =" +0(5

1 0(5) +000) +0(5) +0( + 7+ lal)lpteo)ls

0
K

—1
By Lemma@ (v), (3:66) and (3.68), for s¢ large enough,

+ O( ) +O(|7] + |a). (3.73)

5 20rlo31(0)| =0 (- +1r1 + [af (o)l =
<o( |+ |a|) (3.74)
By Lemma [3.2] (vi), (3.63), (3-66) and (3-68), for s¢ large enough,

10atbo(o0)

=0(awa(s0)) + O™ + || + [af*)ll(s0) [ < |

gc(e—so Flrl+ e + |§;|) (3.75)

By Lemma 3.2 (vii), (3.63)), (3.66) and (3.68), for s large enough,

a1 (00) =2¢3(30) + O(e™* + |7] + |af?)[|o(50) | 1=
=~ 2 10(5) + O™ + [rl +1af?)

53
— 1 2

_—0+o(83) +0(7] + |a?)

B 2bk 1 1 9
——pzso*O(sg) +O(|7| + [af). (3.76)

Now for the remaining components, we need more refined estimates, for sy large enough
and for all z € (Q — a)e?/?,

—3 (6%
7(e00) — oz 50l <O (1l + )@+ 12p). 3.77)
Indeed, for z € (Q — a)e®/?,
( s)——i( —1+b22)P1112z( — 1) (3.78)
pelzs) = ——(p - sV :

Then, we have that for s large enough,
—3
9" (2, 00) = ¢(z, 50)|

—r<1+v>ﬁ¢<z 0) — ¢(2, 50)|
(14 7) 7 To(a/(L+ 7) + &, 50) — (1 4+ 7)7 T (2, 50) + (1 + 7)7T(2, 50) — (2, 50)]
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<1+ 77 |p(ev/(L+7) + a, 50) — 9(2, 50)| + |[(1+ 7)7T — 1ep(2, 50)|
gcslo\z 0/ A+ +a—2)||e /AT +a— 2| + +Clr|

1
O (el +zrl + lal)(Ir2] + fal) + Clr|

gc(m + |:|)(1 +2)?). (3.79)
0

For z & (2 — a)e“°/2, ES(Z, 00) — (2, 50) = —¢(z, S0)-
On the other hand, for s large enough and for all z € (€ — a)e?°/2, we could obtain

Ws(z,go) —©(z,50)] <C<\T! + J;%). (3.80)

For all s large enough and for all z € R, it holds by (3.63) that

K 2"
— - < .
plas) —nt (2 = 9)| < Ol (3.81)
and we have
11+ 22
< . .
|0sp(z, 8)] < C'min (s 2 ) (3.82)

Since E4(z, 00) = —p(z,00) with oy = sp —log(1+7), it holds that for s¢ large enough,
C C

’* - = 7|80 —oo| = ‘—210g(1 +T)‘ < sl

50 50

Then, it follows that by (3.63)), for s large enough,

—4 K
| (z,00) + K — th(z)]

IZI4 ol +121%)

<C—- (3.83)
53 53
Moreover, we have that for sg large enough,
—4 1 1+]z)?
|V (z,00) + ¢(z, so)] <C|T]m1n( #) (3.84)
Thus, for sg large enough,
(ZO> Go(00) = —r + O(s3) + O(rsy), (3.85)
0
—4 —4 K 9 9
¥1(00) =0, ¥y(00) = —— + O(sy ") + O(7577), (3.86)

dpso
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— C
|55 20: [03 0] (00)] Sg, (3.87)
and
24 —4 —4
Or[og1](00) = 0, 9atpg(0o0) = Oatpi(00) = 0. (3.88)

In order to estimate @i (z,00) + @i (z,00), we will use and easily check the following
estimate:

], <l
H T 12 e T+ 2P | ey’ (3:89)
For z ¢ (Q — a)e/?, it holds that for s large enough,
(2, 00) + 0 (2,00) | _ | = lz,00)|
» 00 » 00 - » 00 —
= < Ce™ ., 3.90
‘ FaEE T+ep = C° -0

Forz € (2 — a)e"o/z, we introduce

0 (z,00) + ' (2,00)
W(z,50,7,0) = ¢ = (14 7)710(Z, s0) — (2, 00), 2 € ( —a)e”®/2, (3.9
0, z & (Q — a)e®/?,

and

0, z € (Q —a)e”/?,

a)
—p(z,00), z & (2 — a)e?/?, (3.92)

\Ill(zv JO) = {
where

—1)222] 1 K
@41))3} 5y F = VI T+, 00 =so—log(l+7).

@(zu S) = |P— 1 +
Note that ¥(z, sg,0,0) = 0. Making a Taylor expansion, we may write
U(z, s, T,a) — TV ,(2, 50,0,0) — aV¥qy(z,s0,0,0)
1 1
:§\I/aa(z, 50,0(2, 50)7,0(2, 50) ) + 511177(2, 50,0(2, 50)7, (2, 50)a) 7>

+ U (2, 80,0(2, 80)7,0(2, s0)) T, (3.93)

where 0 < 6(z, sg) < 1.
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First, for z € (Q — a)e/2,
V. (z,s0,T,q)

1 1
= (1+71)p1 1gp(z\/l+77+a,so)

=1
P—1(1+7)p11[p1+(P—1)2(Zv1+7+04)2]plll(zv1+7+0‘>x
2p 4p S0 50
z
Xi
21471
-1 —1)? 2 = 2 1
4p 4p  so —log(l+7) (so—log(1+7))21+T

K 1

_ 3.94
2p(sp —log(1+7))21+ 71’ (3:94)
which implies for z € (Q — a)e/?,
U~ (2, 80,0,0)
1 p—1 (p—1)% 22551 22
- i P IV i
D — 190(2’ ) 2p [p + 4p  sg 250
p—1 (p—1)2 22755122 K
+ -1+ S (3.95)
4p 4p  sg sg 2ps(2)
For z ¢ (Q — a)e”/?,
U, (2, 50,0,0) = 0. (3.96)

In (3.95), we see four terms. Using the usual trick, we can bound the projection on the
negative part (after cut-off) of the 2nd, 3rd and 4th term by

C
—(1+12P),
S0

which after multiplication by 7, should give us a convenient rate.

Let us then try to bound the projection on the negative part (after cut-off) of ¢(z, sp),
namely

2
(2, 50)] - (2,00) = x1(2,00)(2, 50) = Y _[(2, 50)];(00) B (00).-
=0

<

Note first that

and
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Recalling that ¢ is even in z, this implies that for s large enough,
(. sollo(e0) = [ xa(au0)kolz)elz sohp(a)d
|22 K
= [ xa(z,00) [/WFO( ) + }P(Z)dz

2pso

=/ﬂxﬂ%mﬂ—UK+KM@M%+/XKAUMB%kP)+ ] p(e)iz

50 2psg

:H+o(l), (3.97)

50

[p (2, 50)]1(00) =0,
and by (3.64), for s( large enough,

[wawmww=/&mammxaw4%MQMz
=/mmwm—n@uW@%m@m+/@www%m@w
= [10a(2.0) = Dhal2)(z.so)pe)dz = 1

_o(;). (3.98)

4pso * O(%)

This way, for sg large enough,

[¢(2, 80)]- (2, 00)
2 2
=[ro(Z)] [+ o) + g ) — (s 0 () o)~ (e

=wr0(1) —wero() + o)

:0<1+Pﬁ). (3.99)

S0

Thus, for sg large enough,

C C
lp(z, 50)]-(2,00)| £ —(1+[2*) < —(1+|2]),
S0 S0
from which we have that for s( large enough,
C\|t
() (22 50,0,0)] < 1 4 2, 3.100
0

Second, for z € (Q — a)e?0/?,

\Ila(z7 50, T, Oé)

Z—L(l—f—r)ﬁ[p_l_g_( 1)? (evVI+7+a) 171 (p - )2(2\/1+77'+a)'
p_l 4p S0 2]?80

(3.101)
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Hence, for z € (Q — a)e?/?,

1 . (p—1)2 221551 (p—1)%
U, (2, 50,0,0) = ———(1 71[ 1 7{ Y_OZ2 3102
al2; 50 ) p— 1( ) + 4p 5o 2pso ( )

1
. —1)2 ,2 —55—1 o 1 4 2
Write p = {p -1+ (p4p) =7 z.Thenp=(p—1) 1 "z+ O(%)z.
It is easy to check that B (cp) = Pa(00) = 0, and for s large enough,
2 2, .2
1 gz z|*\ 2
@1 :/(Xl —1+1)(p—1) 71 1;de + /X1(z,00)0(|8l))2pdz

o E 2 e fir vl

—(p—1) 1! +O<310>' (3.103)

Thus, for sg large enough,

(Pa)(2,50,0,0)_(z,00)

~[1+0(ED)] [~ a4 n &g gyt it @ Do (D,

+(1 —1—7)911(1)2;901) [(p — 1)_P%1_1 + O(;{))]z

1+ |23
2 ) (3.104)
0

:0<

which implies that for sg large enough,
Cla
lo(Ty)_(z,50,0,0)| < 8‘2‘(1 + |2]3). (3.105)
0
Further, we can check that for s large enough,

\\IITT(z,SO,0(2,30)7,0(2,30)04)72\ <C(1+ \z|3)7'2,

2
|V ,0(z, 80,0(2,80)7,0(2, s0)a)Ta| < C(1+ |Z|3) (7'2 + %).

Hence, for sg large enough,

%(\I/TT)_(z, 50, 0(2, 50)7,0(2, 50)2)72| < C(1 + |2*)72, (3.106)
Oé2

[(Wra)—(z, 50,0(2, 50)7,0(2, s0))ar| < C(1+|2]) (72 + ?)' (3.107)
0

Finally, we have

\I/aoz(za S0, T, a)

(p—1%(av1+7+ a)z} 2= DiEVI+T+a)

p 1
= 14+7)-1|p—1+
(p_ 1)2( ) [p 4p S0 4(]98(])2
-1 L —1)% (21 + 7+ )5t
_ ];pso (14 1) [p_ 14 (p = ) (Z\/? ) ] SN, 3.108)
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For J1, it holds that for sq large enough,
2 o’
|J1(2, 50,0(2, 50)7, 0(2, 50)) o < C(1 + |2 )TQ),
which implies that for sg large enough,
2 5,0
|(J1)=(2, s0,0(z, 50)T,0(2, s0))a”| < C(1+ |z] )S—% (3.109)

For Js, we have

Ja(z, s0,0(z, s0)7,0(2, S0))

1 V1 —A-1
I (1+97_)p1[p_1+(p 2 (2 +97’+90¢)}
21080 4p 50
2 2._ 1 _
S PP A ) QYR
2pso 4p 50
(p—1) 22}1)11} p—1 (p—1)2 227551
S P 2 1+0 1{[17{
[p + dp  sg 2pso( TP + 4p  sg
1
— 1)1t — 1)1 1
L& 2)50 b+ (v 4p12 (14 6r)7 7 = J} 4+ J2 + J3.
0
It is easy to check that
1 2 a’
‘(JQ)*(Za8079('2750)7-70(2780)) ‘ < C(l + |Z| ) 2 (3110)
50
and
) o2
(J3)- (250, 0(z, 50)7.6(z, 80))| < C(L+ |#1) 55, (3.111)
50
and by the similar argument used to prove (3.99), we have
o2
\(Jg)_(z,30,0(2,30)7,0(2',30)) 2\ <C(1+ \z| )—2 (3.112)
50
Hence, by (3.93), (3.100), (3.103)-(3.107), (3.109)-(3.112), it holds that for sy large
enough,
VU (2,00) + 0" (2,00) Cli v olel, olol
H — f+| 8 20 < ||+ C5 + O + OlrP + Ce™. (3.113)
z Le@ny 0 s s

When z € (Q — a)e?/2, it holds that by (3.77) that for sq large enough,

[F2(z000) +02(z,00)| = (0= x0) (52, 00) + 0" (2. 00))] < C(Ir] + ji') G.114)
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When z ¢ (Q — a)e?/?, for sq large enough,

T (z200) + T (22 00)] = |(1 = x1)plz000)] < <

(3.115)
00
Step 4. Expansion of ¢
(1) For @8(00), we have that when sy is large enough such that |a — a| = \ae_%()] <
e T < <,
[Go(00)| < Clale*/2. (3.116)
Indeed,

7)[x(z,00) — x(%, s0)|x1(z, 00) p(2)dz,
where

2e00/2 - Ze—s0/2 2¢790/2 4 g —Q
0 )aX(Z780):X0< >:X0<

€0 €0 )

On one hand, when x € Q with |z —a| < £ and s is large enough such that [a —a| < £,
we have x(z, 00) — x(Z, so) = 0.

X(2,00) = XO(

On the other hand, for x € Q with |x — a| > £¢/2, it holds that

’XO(Z€€ZO/2> B XO(ze”0/2 +a— Zi) ‘ C

€0

€0
and
., %0 _ P N ~
Gl 2+ a,T— )| = [fle 3743, — ) < 7o < 1
Hence, when s is large enough such that |a — a| = |a67570| <e T <

Do op)| < YT —d| = 267% a — ale®/2e%0/2 < Clale=0/?
0 €0 €0

(3.117)
(i) Similarly to (3.116)), we have that when s is large enough,
2
‘13@?(00)‘ < Claje0/2, (3.118)
50
and
3(00)| < Clafe™*"2 (3.119)
(iii) For o, 20, [a@f’)}, we have that when s is large enough,
’05287[03@8]‘ < CeO(1 + |al). (3.120)
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Similarly to @(1) (09), it hods that for s( large enough,

(%) Fa(0)

S0
oo 2 _ 9% s ~
()" [ e ¥4 a,T ez o0l (e 00) — (sl
R
_ 2 s ~
:(SO losg(l + T)) (14+7)" 3 / x1(z, so — log(1 + T))e_ﬁjj( “2F4a,T—e)
0
[X(z,00) — x(Z, 80)]p(2)dz (3.121)
Hence
0 00\ 25 1 S0 — log(l + T) /
(= = -9 — log(1
or [( 0> %} (90) so(1+47) 50 (Q—a)ec0/2 xa(; 50— log(1 +7))
e ge P E+a, T — ) [x(2,00) — x(Z 50)]p(2)dz
1 —log(1 2 _9 50
— (147t (w) / x1(z,80 —log(1+7))e p—ly(e_gz
2 S0 (R—a)e?0/2
+a,T — e=*0)[x(2,00) — X(Z, 50)]p(2)d=
1 sp —log(l1+7) 2/ —%0 . _s0
+ ) - 1 1 + -1 2
-1 +7) ( 50 ) (Q—a)evo/? x1(7 50~ log(1 ¥ m))e FgleT2 2
+@,T — e)[x(2,00) — x(Z, 50)]p(2)dz
_ 2 .
- <—SO tog(l + T)> / (14 7) X109 (2, 50 — log(1 + 7))e 7 Tj(e 27
S0 (Q a) o0/2

+a,T — e7)[x(2,00) — X(Z, 50)]p(2)dz
1( L log L+ T)) / (1+7) Lexis(z, 50 — log(1+7))e 7 1g(e 37
2 (Q a) o0/2
T -
T

+a, )[ (z,00) — x(2; s0)]p(2)dz

1 o—log 1+T)) / (1+T) le(z 30—1Og(1+7-))6—ﬁ1//\( —%05

2 (2—a)e”0/2

a — log(1 2 2 _LA o
+a,’f — e*SO)Xl(%gO)[X(Z, 0-0) — X(g, 80)](1 + T)fl (z)dz

_ 2 S
_ (W) / (1+T> Xl(z S0 —10g(1+7))6_ﬁﬂ( —705
50 (Q—a)e0/2

+a’j:‘_ e_so)XGO(Z7UO)p(Z)dZ. (3122)

For |z —a| > £¢/2, we have
Gle™ %zt a, T —e )| =[fe #2403, T —e ™) < < 1.
X(z,

If |z —a| < % and [a—a| < 2, then x(z,00)— s9) = 0, which implies 0, [x(z, 09) —
x(z,s0)] = 0. Thus for sg large enough, we can get (3.120) m ) by the similar argument used in

the proof of (3.38).
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2 |
(iv) For 0, [Z—Swﬂ , we have that for sg large enough,
0

2
o: [iga?] ’ < Ce O (1 + |a). (3.123)
50
Since
—5 B —5
mww—/m@wumm@mmmmZ
R

_ % _, _9%0 o N
:/( Jerar —e p-1 y(e 5 z4+a,T —e O)Xl(z, UO)[X(Z,O'()) — X(Z7 So)]p(z)dz,
Q—a)e’0

similarly to (iii), we can get (3.123).

(v) For aoﬂg and (%@?, we can use the similar techniques used in the proof of (iii) to get
that for sg large enough,

‘8@8‘ < Ce O (1 4 |al), (3.124)

and

aﬂi" < CeC(1 + |al). (3.125)

(vi) For Ei (z,00), similarly to (i), we have that for s large enough,

37 (2,00) &’ (2,00)

IEAEE PR EEAEEN M
e g F e 0, T — e ) x(z,00) — XEos0)]
- L+ Lo ((Q-a)e0/?)
<Ce*0/?|al. (3.126)

(vii) For @i (z,00), similarly to (i), we have that for s large enough,

ol

L>(R)

_%0 ., _oo o ~
<[le™>1h(e” 2 2+ a, T — e ™) (1 = x1(2,00))[x(2,00) — X(Z; 50)] oo ((@=apeco/2
<Ce0/?|al. (3.127)

Conclusion of Lemma

For s large enough, Lemma [3.3] (i) holds from (3.29), (3.44), (3.70) and (3-116));

For sg large enough, Lemma [3.3] (ii) holds from (3.29), (3.48), (3.71)), (3.86) and (3.118);
For s large enough, Lemma 3.3 (iii) holds from (3:29), (3.52), (3.72)), (3-86) and (3.119);
For sq large enough, Lemma [3.3](iv) holds from (3.29), (3.54), (3-73), (3-87) and (3.120);
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For s large enough, Lemma[3.3](v) holds from (3:29), (3:53), (3-74), (3-88) and (3.123);
For s large enough, Lemma[3.3](vi) holds from (3.29), (3.56), (3.73)), (3-88) and (3.124);
For s large enough, Lemma 3.3|(vii) holds from (3.29), (3.58), (3.76), (3.88) and (3.125));
For sg large enough, Lemma [3.3] (viii) holds from (3.29), (3.60), (3-113) and (3.126));

For s large enough, Lemma [3.3] (ix) holds from (3:29), (3.62), (3.114), (3.115) and
(3.127).

Proof of Proposition 3.1}
Assuming Lemma 3.3 holds.
(i) Introducing the following change of functions and variables:

/’Zm(s()ag()a?? &) = Ugam(SOJJO;T, a) (3128)
form =0, 1,g9 = yo — 370, T = 3(2)7' a = spa. By Lemma it holds that whenever
H50||W1,q(mmw2,q( Q) < Co ) 7 < 16, |a| < 20 and s is large enough, it follows that

0
~ o R KT
)1#0(80,60, 7, ) — sgdo(s0) —

p—1
2
— N KSGT
=)a§¢o(50, yo, T, @) — s3G0(s0) — » - 1‘
o2

KT
—80’ 2¢o(80,y0,T a) — qo(so) — - 1’

/\

_ s A2 A2
§CS(2)H5O||WOL‘1(Q)QW2 a(Q) + C 2 7| + C |O" + C A spe 0 + CT|T| + CT’O“S

50 50
2 7l laP s 7 \Tl & s0/2
+ CA%log so(— + =z )+ Ce 030+C +C +C + Clalspe /%, (3.129)
~ 2bk
~ ~ o~ o 2/\ ~
’%(80,60777(1) $0q1(s0) + 12 1)204’
_ N 2bk
:’037/11(507?J0>Ta a) — s5q1(s0) + @_1)25004‘
2
B 2‘00¢ ( T 2bk g‘
=5 s0,90, T, a) = q1(s0) + ——3
0 50 ( —1)% 50
] A A2 ~2
<C’50||€0HW1<; (@AW2a(9) + CA2 5 e %0 +C \7’| +C— |77
54
A2 A _ a
oA @+ o2 3|Ty+c 2\T|+c A a2 + A log s (' ')
s s st
0 0
/’1\ ~
+C 3]Ta]+Ce Soso—i-C +C| i ’ |
52 S0 80
0
~ 3
+ c’m’ + el s 02 + CfFleCo0 4 Clafze=C, (3.130)
50
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Let

B Oy Dby Dy D
JaC;@(S(),gQ,Jo,QZl)(?,&): _ B = 5@0 (;@1 - (;ﬁo (;/il (3.131)
08, 0%, T Oa a OT
97 Oa
Since
8{50_ K _8(0(%@0)&_ K
or p—1  or o p-1
:78(‘7(2@0)_ R :Uo 1 9(o5¢p) 0(2) R
st Or p—1 s%ag or sip—1
2
@ _ K
+(83 1)p_1, (3.132)
and
C C|t
‘U 1)<—|10g( iU |3T|, (3.133)
S0 S0

we have by Lemma [3.3]that for s large enough, the following four inequalities holds

Mo __x |
o (p—1)
4 ceon oA (L 17, 1al
<CH€0HW1 Q)W )+C' 0 + Ce“%0 _|_CSO <80 + —= 80 ?0>
A? a
+C—210g30+0(—+%+ |O‘|> ol —080+C‘ i (3.134)
50 S0 SO S0 S0 0
aJo‘ _ ‘8(081%) da| ‘awo) g
oo da  Oa da  sg
~ A CA%] L _ _
SCS()HE()HW&q )OWQq(Q)—i-CSO ngola 083226 %0 + Cspe” ®°
0
~2
C ’ + Clale %0 4+ Csge=C%,  (3.135)

+C’a’+cm+0 d| |+C |~|2+C
S0

Ch 30

8751‘ _ ‘8(037/)1)67" _ ‘3(08%)1

oF or Ot or 3(2)
A A2 7| &l |7|
<C CotCa(—+ o ¢ 2
HEOHW”(O)ﬂW“( )+ st i sé < 0 " 50 So) " (So i 53

(3.136)

+’ ’)—I—Ce CSO+C’ ,
S0 S0
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and

Or N 2bk ‘ _ ‘a(wl) a5 N 2bk ‘
oa  (p—121 | 9a so  (p—1)2
:)a(d)l)a(% n ia% 26k 18 2bk N 2bk ‘

da so  soso(p—12 g (p—1?% (p—1)?

<Csoll C’El cAial 4 st e 4 oL 4 ol
>~ 80H€OHWO1’LZ(Q)0W2“Z(Q) + — Og S0 + ;3‘04 + 30 (& + % + g
A2 A2 B 2
+C 3| |+C & \2+0‘0‘| + Clale™ 9% 4 Cspe 080+0‘T’. (3.137)
e 56 5
Consider now sg large, and £y such that
1
ENQ 1, , S é\o Sy) i—m —=——. (3138)
ol vy < o) = oz

From the above-mentioned expansions, we see that for sy large enough, the function

(7,@) = (Yo, 41)(s0, 20,7, @)
is C''-diffemorphism from the rectangle

Ra—— 2(19—1)14’2(19—1)14] y [_ (p —61)2147 (p—bl)zA

(V(7T, @) € R4, and Jacz 5(s0, €0, Yo, 1;1) # 0,) onto a set £4 5, 4, Which approaches (in some
appropriate sense) from the rectangle

[s2G0(s0) — 24, s2G0(s0) + 2A] x [s2G1(s0) — 24, s2q1 (s0) + 2A4]
as sg — 00, where A > 0 large enough will be fixed later.

Since q(so) € Vi, 7(s0), we have

o~

|s5q0(s0)| < A, 15301 (s0)| < A,

we clearly see that
[_Av A]2 - 51473073/0

for A > 24 and so large enough, hence, there exists a set D A,s0,y0 C R such that

(40, %1) (50, €0, DA sg o) = [~ A, A

Moreover, from d3.129[) and (]3.130[), the function (QZ(), {/;1) has degree -1 on the boundary
of Dy .s0,y0- BY transformation ({3.128)), the conclusion of item (i) holds.

(11) Take (T,a) € Das, o and let us check that (0,90, T, a) € Vi, a(00). Note that
T=s¢r,a=spa,7=(T— T) 0 oy = (a —a)e®/? and

2¢7%0(p—1)A | e0/2(p —1)2A
2 Y

KSG - brsg

~ ‘

D asono C {(T, a)’ T 1T < } (3.139)

44



From item (i), we know by construction that
| < Aag?, m=0,1.
For the other estimates to be checked, note first from (3.139), and the definition (3.14) of (7, @)

that ( 1A ( 124
2(p—1 p—1
——— lof < ———.

KSG brsg

Therefore, using (3.138) and then items (iii), (viii) and (ix) of Lemma [3.3] we see that for s
large, we have

7] <

[y| < CEZUJQ log o9,

~

v = (3.140)
1+ 7| o) 0
and
12
H@e(z,ao)H < C/} : (3.141)
L*(R) o2
0

IfA> C A for some large C > 0and sg > s0(A), then we see that the conclusion follows.

(iii) Take (T,a) € DAy, With A > CA. Recall that for all z € Q with |z — @] >
e0/2, |y(xz,t)] < o for any ¢t € [O,T\). Then, for any sy > Sp(A) but fixed, there exists
a constant C3 > 0 such that ||§(f — € )| peo() < C3. By system , we have that if
\|§0||W01,q(Q)QW2,q(Q) is small enough, then ||yy,(t)|[z~) < Ci for some Cy > 0, where

t=T—e 0 =T—e ", and ||y, (t) — §(t) || L= () < C5(so)||€0|]W3,q(ﬂ)mw27q(m. Thus, if
C5(so)HgoHW(},q(Q)nWQ,q(Q) < 7o, then for all x € Q with |z —a| > 3e¢/4 and when s is large

enough such that |a —a| = ]ae_570| <e T < 2, which implies |z —@| > |z —a| —|a —a| >
€0/2, we have |y, (z,T —e~°)| < 27)p. O

Proof of Theorem [2| By Proposition [3.1 and lemmas in Subsection 2.1, we can use the
very similar techniques we used in the proof of Proposition [I.4]in Subsection 2.2 to complete
the proof of Theorem 2]

4 Proof of Theorem 1]

In this section, we will use Theorem Q] and the feedback null controllability results for linear
heat equations obtained in [53]] to prove Theorem I]

Proof. Consider p > 1. By Proposition [I.4] we conclude that for any a € w, there exists
Ty > 0 such that for any 7" € (0, Tp), there exists some initial data yy € C§°(w) such that the
corresponding solution y to exists on [0, 7"), T is the blowup time of y and y has a unique
blowup point a.
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Then, given (a,T’) € w x (0, +00), we take a time 7} € (0, min{7y,7/2}). Applying
Proposition we know that there exists initial data yo € C§°(w) such that the solution y to
(1.5) blows up at time 7 with a being its unique blowup point. Introducing

Vi(x,t) :=ylx,t =T +T1), (x,t) € Qx [T —T1,T),

we see that )* satisfies the following equation:

Vi — AY* = 1,|V*P~1Y*, (z,t) € Qx (T — Ty, T),
V* =0, (z,t) € 002 x (T — Ty, T),
YVi(x, T —T1) = yo(z), z € .

Moreover, YV* blows up at time 7', only at the blowup point a.

On the other hand, given yg € H, & (), take the following system in consideration:

Z—AZ =1,v, (x,t) € Qx (0, T —T1),
Z =0, (z,t) € 02 x (0, T —T1), “4.1)
Z(JZ,O) = yo(J?) - go(lt), T € Qa

where v € L%(0,T — Ty; H). Since yo — 9o € H} (), it is well known that for each v €
L?(0,T — Ty; H), there exists a unique solution Z in C([0,T — T1]; H}(Q2)) to (4.1).

Consider now the following optimal control problem:

T—-T1
(P) min { / [o(t)||%dt; Z satisfies 1; Z(T—Ty) = 0},
0

together with the Riccati system (1.2). By Theorem 2.1 in [53] and its proof, there exists
a unique mild solution P € Cs([0,7 — T1); X" (H)) to problem (1.2). Moreover, v(t) =
—1%P(t)Z(t) defined for all t € [0,7 — T1) is the optimal feedback control for problem (P).

Set now forall ¢t € [0,T — T1), §(t) := Z(t) + yo(x) and
1 (t) := v(t) — Ayo(z) = =15 P(@)(5(t) — Yo(x)) — Ayo(x).
It holds by the construction of yo(z) that
Ayo(z) = 1,A70(x).
Then, it follows that  is the solution to the following equation:

v — Ay =T1,u1, € Qx(0,T—-T),
—0, zedx (0,7 —Th), (4.2)
(z,0) =yo(x), x€8,

¢ S

with

§(T —T1) = fo(a).
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Set
R g(ﬂf,t), (l‘,t) €N x [O,T— Tl)a
M%ﬂ’{aﬁ@w,(@wegxw—ﬂjm

and

w(a,t) = { —15P(t)(y(t) — vo)(x) — Ago(x), (x,t) € Q x (0,7 —T1),
’ ly|P~ty(x, 1), (x,t) €e Qx [T —T1,T).

Then, y is the solution to (I.1]) with the feedback control w, and it follows that y blows up in T’
and has a as a unique blowup point.

Consider the following two equations,

—AD=0, z€Q, t>0,
® =0, x €N, t>0, (4.3)
®(z,0) = Po(x), x€Q,

and
¢t_A¢:O7 $€Q,t>0,

¢ =0, z €09, >0, (4.4)
&(z,0) =yo(z), z €.

It is well known that if & € Wl’q(ﬂ) N W24(Q) with ¢ > n + 2, then the solution & €
C([0,T); W24(Q)) N W&’Q(Q)) N CY([0,T]; LY(Q)) for any T > 0. By Sobolev embedding
theorem, we have Wy'9(Q) N W24(Q) — C*(Q) and C([0,T]); W21(Q)) N Wy4(Q)) N
CY([0,T]; LY(Q)) — CPP2(Qx (0,T)) for some 0 < a < land 0 < S < 1, where
q>n+2.

If & € HZ (), then for any t > 0,

|80 o) <t H1® - Golla@ < CCF B0~ Tollgyy @)

Leo(2)
Thus, for 1 < q < o0,

18) — 6(0)lwae < € (1+7)[8(5) — 6(3)

c (4.6)
gc(1+

La(Q)

t\—% ~
(5) 1% — Golzyca- (47

SN )

Hence
~ ~( _n 2\ /t\—7%
18(t) = 6Ol e@emzae < C(t7H+ (1+5)(5) 1%~ Gollmyey  @8)

for some C' > 0.

Lete > O andlete; > 0 be givenin Theoremlfor /2. Since yp € C3°(w), we have that
there exists a time £, € (0, min(Z, Z)) such that
~ ~ €1
16(€1) = Yol Lo @)rwza(e) < 5 (4.9)
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Since § € C([0,T — T1]; H}(S2)), there exist 6 € (0, min{e/4,T — T1}), 6* > 0 with
(0 —0%,6+6*) C (0,min{e/4,T — T1}) such that forany £ € (6 — 0*,d + &*),

1 &1

19T = T2 = &) = Goll () < — (4.10)

- e
G )
Since P € Cs([0,T — Ty — 6 + 6*]; ST (H)), there exists €* > 0 such that for any initial

data g satisfying ||y5 — yoll 1) < €" and any € € (6 — 6", 6 4 67), the solution y* to (I.1)
with initial data y and with the following feedback control

u(z,t) == =15 P(t)(y*(t) — yo)(x) — Ago(z), (z,t) € 2x (0, T =Ty — 6+ 6"

satisfies

* ~ . ~ 9
[T =Ty =) = 9(T' =T = )l gy (o) < 5(51_% B (1 ! %> (%)7%) 7 @b

from which and (@.10), it holds that

ly" (T = T1 =€) = Yoll gy (o) < 5(5;% . (1 B %> <%)_%> 5 (4.12)

Further, we consider the following equation,

Y; — AY =0, (2,t) €eQUx (T —Ty —&,T —Ty —E+E1),
Y =0, (l’,t)689X(T—T1—§,T—T1—g+g1),
Y(x7T_T1_§) :y*(T_Tl_é\)(x)? 'CEGQ7
and
b1 — Ad =0, (z,t) €eQx (T —Ty —5T —T, —5+7),
¢ =0, x,t)e@Qx(T—Tl—aT—Tl—?—ka),

¢(x7T_T1_§):§0(x)7 er

By (4.8) and (4.9), it holds that

IY(T =T =24 81) = $(T = Ty — £+ &) || Lo yw2aa(e)

<O+ (1+2) () Yy @ - 71 -3~ oy @.13)
and
(T — Th — E+ 1) — Joll Lo (yrmw2a() < %17 (4.14)
from which, (.13) and (@.12)) we have
V(T = Ty = 8+ &1) = Boll oo (0 rwayrwtaoy < €1 (4.15)

48



Then by Theorem the solution Y to the following equation

Y, - AY =1,V Py, re,t>T—-T) —€+z,

Y =0, red), t>T T, —e+ ¢,

Y(@,T-T—c+8)=Y(T-T —£+8)(z), z€Q,

blows up at time 7, only at the blowup point a*, |T* — (T — Th — €+ 1) — T1| < /2 and

la* —a| < /2. Since £ < ¢/4and &1 < ¢/4, we have |T™* — T'| < e.
Moreover, for all R > 0,

r—a*

V(T = t)]log(T* — t)]

(T*—t)TiIV(x,t)—f< )] =0

{le—a*|<R\/ (TN log(T"—1)] }

ast — T, where f is defined in (1.3).

Set
y*(x,t), (x,t) e Qx[0,T—T —¢),
y(z,t) =< Y(x,t), (x,t) e Qx[T-T\—&T T —c+¢&1),
Y(.%',t), (.’B,t)EQX [T—Tl—é\—i-é\l,T*),
and
—15P()(y(t) — vo)(z) — Ago(z), (x,t) € 2 x [0, T —T1 — &),
u(z,t) =< 0, (, ) eQx[T—-Th—&,T—Ty —€+¢&1),
P~ y(z,t), (,t) € QX [T =Ty — &+, T7).
Then from the above argument, Theorem [T holds. O
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