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 A B S T R A C T

This study investigates the impact of defects on the fatigue strength anisotropy of Ti-6Al-4V alloy fabricated 
by Laser Powder Bed Fusion (L-PBF). Finite element simulations are performed to analyze two defect popu-
lations, lack of fusion (LoF) defects and gas pores, under multiaxial proportional loading conditions. Results 
demonstrate that fatigue strength is highly sensitive to the polar angle 𝜃 representing the defect orientation 
with respect to the mechanical loading and is primarily influenced by defect morphology, transitioning from 
low sphericity (LoF defects) to high sphericity (gas pores). The anisotropic behavior is particularly pronounced 
under tensile loading, where the morphology of LoF defects and loading directions exhibit a notable influence. 
Shear loading exhibits reduced sensitivity to these factors. The proposed statistical methodology allow to 
determine the fatigue strength anisotropy for any multiaxial loading configuration and defect population. The 
numerically obtained fatigue strength anisotropy matches the one obtained experimentally in the literature and 
non-local analysis smoothens the fatigue strength surface response, leading to a reduction in the anisotropic 
factor (𝜆).
1. Introduction

The success of the Laser Powder Bed Fusion (L-PBF) process can 
be attributed to numerous factors, including the ability to tailor the 
microstructure by controlling the process parameters, which are known 
for their high flexibility. Additionally, L-PBF is recognized for its effi-
cient material usage and ability to fabricate intricate industrial com-
ponents with high dimensional accuracy [1]. Furthermore, L-PBF is 
considered as material-efficient technique due to its ability to recycle 
unused metal powder. However, it also presents key challenges, such 
as fabrication-induced defects (e.g., Lack of Fusion (LoF) defects and 
gas pores), which remain a major concern when designing industrial 
components susceptible to fatigue damage. The induced defects depend 
on the fabrication process. For instance, Lack of Fusion (LoF) defects 
arise due to insufficient energy input, leading to incomplete melting 
and poor fusion. Gas pores or voids trapped within the solidified mate-
rial primarily result from pre-existing gases in the feedstock powder 
or the evaporation of volatile elements within the powder at high 

∗ Corresponding author at: Arts et Metiers Institute of Technology, CNRS, Bordeaux INP, I2M, UMR 5295, F-33400 Talence, France.
E-mail address: nicolas.saintier@ensam.eu (N. Saintier).

temperatures, making it difficult for the gases to escape as the melt 
pool solidifies [2,3].

Previous studies have shown that LoF defects notably reduce fatigue 
strength due to their tortuous morphology, which creates areas of 
high stress concentration [4–6]. In addition, fatigue strength is highly 
sensitive to several parameters within the defect population, such 
as defect size, shape, and location relative to the surface (surface, 
sub-surface, and internal) [7,8]. Furthermore, statistical analyses that 
consider the entire defect population characteristics such as the size 
distributions, defect densities, and spatial distributions are crucial for 
predicting the fatigue behavior [9]. Defect size is often acknowledged 
as the major factor impacting fatigue strength under uniaxial high-cycle 
fatigue (HCF) loading conditions [10–12]. According to Murakami 
and Endo [13], the fatigue limit of materials containing defects can 
be related to the defect size using the square root area (denoted as 
√

area in the following) parameter, which represents the projected 
area perpendicular to the maximum principal stress. They proposed a 
model based on Linear Elastic Fracture Mechanics (LEFM) to correlate 
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Nomenclature

⟨FIP⟩ Fatigue Indicator Parameter averaged over 
a given volume

𝐝 Direction vector in spherical coordinates
𝐞𝜓 Azimuthal unit vector in spherical coordi-

nates
𝐞𝜃 Polar unit vector in spherical coordinates
𝐞𝑟 Radial unit vector in spherical coordinates
𝐢, 𝐣,𝐤 Cartesian unit vectors along x, y, z axes
𝐧 Normal vector in the Euclidean space E3

𝛼, 𝛽 Crossland criterion parameters
𝜆 Anisotropic factor of fatigue strength
𝜈 Poisson’s ratio
𝜓, 𝜃, 𝜙 Euler angles for rotation of stress tensors
𝛹 Sphericity
𝛴d, Td, 𝛴(FS) Numerical macroscopic fatigue strengths
𝛴d−1 Fully reversed fatigue strength in tension
𝛴h,max Maximum hydrostatic stress
𝜎, 𝜇, 𝜉 Gumbel distribution parameters
√

𝐽2,𝑎 Amplitude of 2nd invariant of the deviatoric 
local stress tensor

T(I) Elementary stress tensors
dc Radius of the sphere over which stresses are 

averaged
F3d 3D Feret diameter
R(𝜓, 𝜃, 𝜙) Overall rotation matrix
Td−1 Fully reversed fatigue strength in torsion
Vc Volume of sphere over which stresses are 

averaged
√

area Murakami’s defect size parameter
𝑠 Deviatoric stress tensor
CT Computed Tomography
DC Danger coefficient
DVE Defective Volume Element
E Young’s modulus
FE Finite Element
FIP Fatigue Indicator Parameter
GEV Generalized Extreme Value
HCF High-cycle Fatigue
HIP Hot Isostatic Pressed
KDE Kernel Density Estimation
LEFM Linear Elastic Fracture Mechanics
LoF Lack of Fusion
MPC Multi-point Constraint
R Stress ratio 𝜎min∕𝜎max

the fatigue strength to 
√

area, discriminating the internal and surface 
defect configurations. However this 

√

area parameter is inapt to fully 
capture the criticality of defects with complex morphologies [14]. 
Additionally, depending on the defect’s shape and the type of loading, 
the 

√

area parameter may be difficult to define unambiguously. In 
uniaxial tensile loading the principal stress direction is unique, while 
for the torsional loading, for instance, the existence of two principal 
stress directions leads to two possibilities to define the 

√

area parame-
ter. Similarly, for non-proportional loadings, this parameter cannot be 
defined effectively.

In the HCF regime, surface and near-surface defects are known to be 
more harmful to fatigue behavior than internal defects, largely because 
2 
of the significant influence of environmental conditions (such as vac-
uum, dry air, or ambient air) on the growth of fatigue cracks [15,16]. 
For the considered material, crack growth rates are lower in vacuum 
than in air condition. This is usually considered as the root cause of the 
higher criticality of surface defects as compared to internal defects since 
for the latter ones lower crack propagation rates result in higher fatigue 
lives [17–22]. In addition to environmental effects, the interaction 
between near-surface defects and the free surface leads to cyclic strain 
localization within the ligament (the ligament size between the free 
surface and the defect) [23], which promotes premature crack initi-
ation compared to internal defects. Furthermore, elastic–plastic finite 
element simulations conducted by Z. Xu et al. [24] for ideal spherical 
defects revealed that the theoretical stress concentration factor (Kt) 
reaches its peak when the defect is in direct contact with the free 
surface. It should be noted that the environment may also modify the 
crack initiation (local plasticity to crack transition) phase but only very 
limited results exist in the literature on these aspects.

Studies focusing particularly on the impact of the defect morphol-
ogy are also limited, and this defect feature is usually considered as 
a second order parameter contributing to the scatter of the fatigue 
resistance [25]. However, as shown in Léopold et al.’s work [26] for 
cast Ti64 alloy, local defect morphology may have a strong impact on 
the fatigue strength. A similar work on cast AlSi alloy revealed opposite 
trend with a limited impact of the local defect morphology on the 
fatigue strength [27]. These results suggest that the impact of the local 
defect morphology on the fatigue resistance depends on the material 
and possibly decreases when the ductility increases.

LoF defects are typically formed between the L-PBF layers due to 
insufficient fusion and often lead to anisotropic monotonic quasi-static 
tensile and fatigue properties. For instance, horizontally built samples 
(longitudinal axis perpendicular to the build direction (BD)) show 
higher fatigue strength than vertically built samples (longitudinal axis 
parallel to the build direction) [28,29]. This result is usually attributed 
to the fact that LoF defects in vertically built samples which are loaded 
parallel to the BD have a larger projected area than those in horizon-
tally built samples [30–32]. Additionally, for multiaxial loadings, the 
orientation of the defects with respect to the loading directions might 
influence the fatigue behavior due to the morphological anisotropy of 
the defects. This impact of defect orientation is expected to be more 
significant with LoF defects, which have low sphericity compared to gas 
pores [33]. In a previous study on C45 structural steel by Z. Marciniak 
et al. [34], elliptical defects in the form of a one-sided notch were 
introduced at the surface of samples. These defects were placed at three 
different orientations (45◦, 60◦, and 90◦) with respect to the main axis 
of the test specimens and subjected to fully reversed (R = −1) bending 
and torsional loading conditions. Both experimental and numerical 
investigations revealed that defect orientation has a greater impact on 
the fatigue life under bending than under torsion, with 90◦-oriented 
defects being more critical to fatigue behavior.

Nevertheless, the influence of defect orientation on multiaxial high-
cycle fatigue strength has been little studied, particularly in the case 
of LoF defects, which are known for their complex morphology. To the 
best of the author’s knowledge, there is no literature addressing this 
specific topic. Thus, in this study, a methodology is proposed to assess 
the impact of defects on the high-cycle fatigue strength anisotropy 
under multiaxial loadings, specifically for a high-strength material 
processed by L-PBF, using Finite Element (FE) simulations.

Several innovative aspects will be treated in this work, which can 
be summarized as follows. First, instead of considering ideal defect 
morphology configurations as in the majority of previous works dealing 
with multiaxial loadings, full field FE computation of real complex 
defect morphologies will be considered. Secondly, a statistical frame-
work is proposed in order to address the fatigue strength anisotropy 
resulting from the combination of a complex defect population with 
multiaxial loadings that potentially cover all possible defect/loading 
misorientation. Third, considering the large number of computations 
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Fig. 1. (a) Feret diameter F3d against sphericity, 3D views of meshed (a) gas pore and (b) LoF defect.
needed to cover all possible misorientation (around 390 000 computa-
tions per loading case (see Section 3 for more details)), an innovative 
reconstruction strategy is proposed to access the results at a low nu-
merical cost. Fourth, a detailed methodology to efficiently visualize the 
resulting anisotropy is proposed. Finally a workflow that summarize 
the methodology to open the way of part positioning under fatigue 
properties constrain that include fatigue anisotropy properties will be 
presented.

2. Materials and methods

2.1. Material and defects

The alloy considered in this study is a Ti–6Al–4V, processed by L-
PBF. The fatigue strengths at 106 cycles under fully reverse tension 
(𝛴d−1 = 512 MPa) and fully reversed torsion (Td−1 = 416 MPa) were 
obtained in a previous work [35] for machined defect-free smooth sam-
ples. All the specimens were stress relieved and Hot Isostatic Pressed 
(HIP) prior testing to significantly reduce residual stresses and porosity. 
The aforementioned results will allow to determine the parameters 
of a multiaxial high-cycle fatigue strength criterion presented in the 
following sections.

Additional Ti–6Al–4V samples were processed by L-PBF using dif-
ferent sets of process parameters in order to generate controlled defect 
populations with distinct geometrical characteristics, gas pores and LoF 
defects (see Bonneric et al.’s study [36] for a detailed description). The 
resulting defect populations were characterized by micro-CT scans with 
a voxel size of 4 μm. Fig.  1a provides the distributions in size (expressed 
in terms of 3D Feret diameter F3d) and sphericity 𝛹 of the defects for 
each population. Note that the Feret diameter is the maximum possible 
distance between the parallel planes that are tangent to opposite sides 
of the defect geometry, while the sphericity is given by Eq.  (1) were Vp
is the volume of the defect and Ap the surface area of the defect. 

𝛹 =
𝜋

1
3
(

6Vp
)
2
3

Ap
(1)

25 LoF defects and 10 gas pores characterized by X-ray Computed 
Tomography (CT) are considered for the numerical simulations in the 
present study (the considered defects are highlighted in red in Fig.  1a). 
The selection of the LoF defect size range followed two criteria : i. 
the defect size corresponds to defects that are among the 5% largest 
defects in the population, ii. high defect density so that critical defects 
could be encountered in fatigue specimens. For the largest defects their 
density being relatively low, the probability of having such a defect in 
experimental test would be low due to scale effect. For further details 
on the scale effect, please refer to [16]. Fig.  1b and c provides 3D 
views of typical gas pore and LoF defect that have been used for finite 
element simulations. The number of defects to be chosen for numerical 
modeling was based on the adequate balance between stabilization of 
the statistical parameters describing the FIP distribution (presented in 
3 
the following) and the numerical cost of adding new defects. It was 
considered that a sufficient number of defects were chosen when the 
variation of the GEV distribution function parameters was less than 1% 
when adding more defects to the analyses, geometry of the gas pores 
exhibiting less variability than that of the LoF defects (see the ranges 
of the sphericities and sizes values in Fig.  1 for example), 10 gas pores 
were found to be sufficient to capture the scatter of fatigue behavior 
induced by variations in the gas pore geometry from one defect to 
another. The proposed methodology focuses on the capture of the effect 
of local stresses due to the combination of complex defect morphologies 
and complex multiaxial loadings. Heterogeneous stress fields resulting 
from local heterogeneity at the grain scale are not considered here 
but were considered on ideal defects in a previous study by Guerchais 
et al. [37].

2.2. Meshing and calculation

For each selected defect, a surface mesh is performed using the 
Avizo® software. The defect is then positioned at the center of a cubic 
volume whose length is 5 times the size of the defect, before meshing 
the volume with quadratic tetragonal elements with GMSH software, 
as illustrated in Fig.  2a. In the following the cube containing the defect 
will be denoted Defective Volume Element (DVE). The total number of 
elements in the each DVE is around 106, with an element size at the 
vicinity of the defect of approximately 2.5 μm. Multi-point Constraint 
(MPC) periodic boundary conditions are used to prescribe the cyclic 
loading applied to the cube. Three different loading conditions are 
considered in this study (see Fig.  2b), all corresponding to a loading 
ratio of R = −1, which are (a) fully reverse tension (𝛴a,0), (b) fully 
reverse shear (Ta,0), and (c) in-phase combined tension–shear stress 
with a biaxial stress ratio of Ta,0 ∕𝛴a,0 = 1. In addition for each loading 
case, all the possible loading directions with respect to the defects 
will be considered. The exact methodology is described in Section 3. 
The material behavior is assumed to be linear elastic isotropic with a 
Young’s modulus E = 110 GPa and Poisson’s ratio 𝜈 = 0.34. All finite 
element calculations have been performed using the FE code Z-set.

2.3. Post-processing — Application of a multiaxial HCF criterion

In order to simulate whether the applied loading would initiate a 
fatigue crack at 106 cycles, a multiaxial HCF strength criterion is used 
as a post-processing procedure on the FEA results on each considered 
couple (defect/loading condition). For ease of implementation in the 
FE tools. The Crossland criterion [38] is used, where the Crossland 
Fatigue Indicator Parameter (FIP), Eq. (2), is a linear combination of 
the amplitude of the 2nd invariant of the deviatoric stress tensor 𝐽2,𝑎
and the maximum hydrostatic stress 𝛴ℎ,𝑚𝑎𝑥, as expressed in Eq.  (2): 

FIP =
√

𝐽 + 𝛼 ⋅ 𝛴 (2)
2,𝑎 h,max
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Fig. 2. Schematic illustration of the numerical study methodology, (a) mesh 
generation, and (b) multi-axial fatigue loading conditions.

Fig. 3. FIP distribution on the surface of (a) gas pore and (b) LoF defect. 
(Note: FIPs are normalized for this illustration).

The calculation of J2,a is obtained by a double maximization over a 
loading period [10] as expressed in Eq.  (3), where 𝑠 is the deviatoric 
part of the stress tensor. 𝛴h,max is given by Eq.  (4). At each point, 
for a given cyclic loading condition the fatigue strength at 106 cycles 
is reached when the following condition is reached when √𝐽2,𝑎 + 𝛼 ⋅
𝛴h,max = 𝛽. The criterion parameters 𝛼 and 𝛽 have been identified 
from the experimental fatigue strengths at 106 cycles 𝛴d−1  and Td−1
corresponding to uniaxial tension loading (R = −1) and torsion loading 
(R = −1), respectively [35]. 
√

𝐽2,𝑎 =
1

2
√

2
max
ti∈T

{

max
tj∈T

√

(

𝑠
(

𝑡𝑖
)

− 𝑠
(

𝑡𝑗
)

)

∶
(

𝑠
(

𝑡𝑖
)

− 𝑠
(

𝑡𝑗
)

)

}

(3)

𝛴h,max =
1
3
max
t∈T

(

tr(𝛴(t))
)

(4)

In the post-processing step, the FIP distributions on the surface of 
the defects (see Fig.  3) are considered to determine the maximum FIP 
value designated as FIPmax. A fatigue crack is considered to initiate 
when the condition FIPmax ≥ 𝛽 is fulfilled in the DVE. The macroscopic 
load leading to FIPmax = 𝛽 will therefore be designated as the numer-
ical macroscopic fatigue strength, and noted 𝛴d under fully reversed 
uniaxial loading (or Td for the shear case). Since the material behavior 
is considered as linear elastic, there is a linear relation between the 
applied macroscopic loading and the local stress state. For this reason, 
it is possible to evaluate the numerical macroscopic fatigue strengths 
from a single computation under an arbitrary applied macroscopic 
stress level. Indeed, if under a prescribed macroscopic loading 𝛴a the 
maximum FIP value is FIPmax,𝛴a

, the numerical fatigue strength 𝛴d is 
given by : 

𝛴d =
𝛴a

FIP
𝛽 (5)
max,𝛴a

4 
Fig. 4. Illustration showing three consecutive rotations used to transform a 
stress tensor. These include (i) first rotation around 𝑧-axis at an angle 𝜓 , (ii) 
second rotation around 𝑥′-axis at an angle 𝜃, (iii) third rotation around 𝑧′-axis 
at an angle 𝜙.

The post-processing procedure described previously corresponds to 
a local analysis of the stress field since the FIP field is computed 
from the stress state at each node of the mesh. Several authors have 
shown that local analyses lead to conservative predictions of fatigue 
strength [39–41], and it is important to account for the stress/strain 
gradients surrounding stress raisers to accurately simulate the HCF 
strength. To do so, a non-local Fatigue Indicator Parameter ⟨FIP⟩ is 
introduced. It corresponds to the volume averaging of the local FIP over 
a small volume Vc [42,43] (see Eq. (6)). This volume corresponds to 
the part of material included in a sphere of radius dc centered at the 
hotspot. A dc value of 6 μm is considered for the studied material based 
on a previous work [44]. It also has to be noted that the averaging 
volume is truncated near the surface of the defect. 
⟨FIP⟩ = 1

Vc ∭Vc

FIP dV (6)

3. Numerical methodology to assess the HCF strength anisotropy

As stated in the introduction section the target of this work is to 
cover all possible misorientations between the defect population and 
the applied multiaxial loading. As an example, for a single defect under 
tensile loading, varying the orientation in 15◦ increments results in 625 
computations, and for all 25 LoF defects considered, this totals 15,625 
computations. In shear loading, including a third rotational angle (see 
below for more detail about that third rotation), the total number of 
computations for all 25 defects exceeds 390,000. To limit the numerical 
cost of such extensive computation cases, an efficient reconstruction 
strategy is detailed in the following.

In order to evaluate the defect orientation effect on the identified 
numerical HCF strength, two ways are possible. Either rotate the defect 
and fix the loading orientation, or rotate the loading and fix the defect 
orientation. The latter has the advantage of not having to remesh the 
considered volume element for each new configuration and to only 
manipulate the applied macroscopic stress tensor. If we consider an 
arbitrary applied macroscopic stress tensor 𝛴 on the DVE, its rotation 
from a reference basis to a new rotated basis is performed utilizing 
the Bunge Euler angle convention [45] (see Fig.  4) by applying three 
subsequent rotations as described in Eq. (7): 

(x, y, z)
𝒛 axis 
⟶
𝜓

(x′, y′, z)
𝒙 axis 
⟶
𝜃

(

x′, y′′, z′
) 𝒛 axis 

⟶
𝜙

(

x′′, y′′′, z′
)

(7)

As shown in Fig.  4, 𝜓 represents the azimuthal angle, corresponding 
to the rotation about the 𝑧-axis. 𝜃 is the polar angle, associated with 

′
the rotation about the 𝑥 -axis. Finally, 𝜙, often referred to as the 
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spin angle, corresponds to the third rotation about the 𝑧′-axis. This 
rotation sequence is consistent across all the loading types considered. 
To achieve a uniform distribution of data points across the 3D space 
that describes the overall rotation and ensure accurate quantification 
of fatigue strength anisotropy, the angles 𝜓 , 𝜃, and 𝜙 were discretized 
from 0◦ to 360◦ in increments of 15◦. The rotation matrices correspond-
ing to each rotation are provided in Eq. (8), while the overall rotation 
matrix R corresponds to Eq. (9). 

𝑅𝑧(𝜓) =
⎡

⎢

⎢

⎣

cos𝜓 sin𝜓 0
− sin𝜓 cos𝜓 0

0 0 1

⎤

⎥

⎥

⎦

, 𝜓 ∈ [0, 2𝜋]

𝑅𝑥(𝜃) =
⎡

⎢

⎢

⎣

1 0 0
0 cos 𝜃 sin 𝜃
0 − sin 𝜃 cos 𝜃

⎤

⎥

⎥

⎦

, 𝜃 ∈ [0, 𝜋]

𝑅𝑧(𝜙) =
⎡

⎢

⎢

⎣

cos𝜙 sin𝜙 0
− sin𝜙 cos𝜙 0

0 0 1

⎤

⎥

⎥

⎦

, 𝜙 ∈ [0, 2𝜋]

(8)

R(𝜓, 𝜃, 𝜙) = Rz(𝜙)Rx(𝜃)Rz(𝜓) (9)

The rotated macroscopic stress tensor 𝛴′(t) is then computed as 
follows: 

𝛴′(t) = R 𝛴(t) RT (10)

This rotated tensor 𝛴′(t) can be written as a linear function of 
6 independent elementary macroscopic stress tensors (see Eq. (11)), 
which are designated as Tk (t) in what follows, where k is an index cor-
responding to the Voigt notation. The expressions of these 6 elementary 
tensors are provided in Eq. (12). 

𝛴′(t) =
6
∑

k=1
𝜮′

k(t) T
k (11)

𝑇 1 =
⎡

⎢

⎢

⎣

1 0 0
0 0 0
0 0 0

⎤

⎥

⎥

⎦

𝑇 2 =
⎡

⎢

⎢

⎣

0 0 0
0 1 0
0 0 0

⎤

⎥

⎥

⎦

= 𝑒1 ⊗ 𝑒1 = 𝑒2 ⊗ 𝑒2

𝑇 3 =
⎡

⎢

⎢

⎣

0 0 0
0 0 0
0 0 1

⎤

⎥

⎥

⎦

𝑇 4 =
⎡

⎢

⎢

⎣

0 0 0
0 0 1
0 1 0

⎤

⎥

⎥

⎦

= 𝑒3 ⊗ 𝑒3 = 𝑒3 ⊗ 𝑒2 + 𝑒2 ⊗ 𝑒3

𝑇 5 =
⎡

⎢

⎢

⎣

0 0 1
0 0 0
1 0 0

⎤

⎥

⎥

⎦

𝑇 6 =
⎡

⎢

⎢

⎣

0 1 0
1 0 0
0 0 0

⎤

⎥

⎥

⎦

= 𝑒1 ⊗ 𝑒3 + 𝑒3 ⊗ 𝑒1 = 𝑒1 ⊗ 𝑒2 + 𝑒2 ⊗ 𝑒1

(12)

For each macroscopic stress tensors Tk , it is possible to compute 
the associated stress field tk (x) in the DVE containing a given defect. 
The problem being fully linear, the stress field in the DVE 𝜎′(x) corre-
sponding to the rotated loading can be obtained from the 6 stress fields 
tk (x) associated to the aforementioned elementary tensors by using the 
superposition principle (Eq. (13)). 

𝜎′(x, t) =
6
∑

k=1
𝜮′
𝑘(t) t

k (x) (13)

Thus, the finite element computations of the stress field tk (x) on 
each DVE for the 6 elementary loading tensors allow to assess the stress 
field, corresponding to any rotated loading knowing 𝛴(t) and the Euler 
rotation angles 𝜓, 𝜃 and 𝜙.

This procedure can be applied for any loading conditions, in the 
present case tension, shear and combined tension–shear, whose initial 
5 
macroscopic stress tensors are: 

𝛴(t)tension =
⎡

⎢

⎢

⎣

0 0 0
0 0 0
0 0 𝛴zz(t)

⎤

⎥

⎥

⎦

𝛴(t)shear =
⎡

⎢

⎢

⎣

0 0 𝛴xz(t)
0 0 0

𝛴zx(𝑡) 0 0

⎤

⎥

⎥

⎦

𝛴(t)combined =
⎡

⎢

⎢

⎣

0 0 𝛴xz(𝑡)
0 0 0

𝛴zx(𝑡) 0 𝛴zz(𝑡)

⎤

⎥

⎥

⎦

(14)

The numerical reconstruction procedure was validated by compar-
ing the superposed stress fields with direct finite element simulations 
with a difference of less than 0.01%. Following the assembly of the 
final stress state, danger coefficient (DC), DC = FIPmax

𝛽  values are 
determined for each combination of Euler angles. Subsequently, macro-
scopic numerical fatigue strengths are identified from these values. 
Specifically, the value of the macroscopic loading corresponding to the 
fatigue strength 𝛴FS is obtained as 𝛴FS(t) = 𝛴(t)∕DC. The numerical 
reconstruction procedure was validated by comparing the superposed 
stress fields with direct finite element simulations, and, as expected a 
perfect match was obtained.

In the case of pure tension, the final rotation corresponding to the 𝜙
angle does not affect the final applied loading. In that particular loading 
case, the loading direction aligns with the final rotation axis 𝑧′ (see 
Fig.  4). Consequently, for this specific loading case, the rotated loading 
direction can be fully described by the 𝜓 and 𝜃 angles. This enables 
the results to be visualized as a function of the loading directions using 
a spherical plot or surface response plot (as described in J. Nordmann 
et al.’s study on elastic anisotropy [46]) involving spherical coordinates 
as illustrated in Fig.  5b.

The vector d, which corresponds to the loading direction for which 
the fatigue strength is being evaluated, is expressed as follows in 
spherical coordinates: 

𝐝 =
⎛

⎜

⎜

⎝

sin(𝜃) cos(𝜓)
sin(𝜃) sin(𝜓)

cos(𝜃)

⎞

⎟

⎟

⎠i, j, k

(15)

The sphere shown in Fig.  5b therefore represents all the possible 
loading directions, with the 𝜓 angle varying between 0 and 2𝜋, and 
the 𝜃 angle varying between 0 and 𝜋. In the present work, this sphere 
has been discretized considering specific combinations of 𝜓 and 𝜃
angles with an increment size of 15◦ between consecutive angles, 
indicated by the black dots in Fig.  5b. For a given loading direction, 
the corresponding fatigue strength 𝛴d is reported on the spherical plot 
with the coordinate point 𝛴d ⋅ 𝐝. The set of all these points forms a 3D 
surface, an example of which is provided in Fig.  6, with deviations from 
the ideal spherical shape indicating the level of anisotropy.

It is noteworthy that the third rotation angle 𝜙 has an impact on the 
final rotated loading for the cases of shear and combined tension–shear 
loading conditions, meaning that each direction 𝐝 on the spherical plot 
is related to several fatigue strengths corresponding to the variations in 
the 𝜙 angle. This point will be addressed in Section 4.3.1.

4. Results and discussions

4.1. LoF defects loaded in tension

4.1.1. Local analysis
The statistical workflow for analyzing fatigue strength anisotropy 

is illustrated in Fig.  7a–d. Considering a pure macroscopic tensile 
stress, the surface responses were determined for the 25 considered 
LoF defects (see Fig.  7a and b), using the fatigue strengths determined 
from a local analysis as detailed in Section 3. In each direction 𝐝(𝜓, 𝜃), 
Generalized Extreme Value (GEV) statistics were applied to the fatigue 



S.S. Penkulinti et al. International Journal of Fatigue 203 (2026) 109294 
Fig. 5. (a) Parameterization of the loading direction 𝐝 with the Euler angles (image extracted from [46]) (b) Representation of the loading direction 𝐝 using 
spherical coordinates (spherical plot) The black dots correspond to the loading directions considered in the present study. In reference to Fig.  4 𝑋1 is x-axis, 𝑋2
is y-axis and 𝑋3 is z-axis.
Fig. 6. (a) Spherical plot of a defect (gas pore), (b) Illustration of the loading 
direction in red corresponding to the point P on the surface response.

strengths of all the 25 defects to identify the distribution parameters 
(Fig.  7c). Finally, the derived parameters enabled us to obtain a median 
surface response (Fig.  7d), quantifying the HCF strength anisotropy.

The Generalized Extreme Value (GEV) statistics is a powerful tool 
for capturing the statistical tendency of the extreme (weakest) values 
within a dataset. Murakami and coauthors [7,47] were the first to apply 
extreme value theory to estimate the maximum inclusion size in a large 
volume of steel, based on data sets from smaller volumes. The GEV 
cumulative distribution function is given by: 

𝐹 (𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

exp

(

−
(

1 + 𝜉
(

𝑥−𝜇
𝜎

))− 1
𝜉

)

, if 𝜉 ≠ 0

exp
(

−exp
(

− 𝑥−𝜇
𝜎

))

, if 𝜉 = 0

(16)

where 𝜇 is the location parameter, 𝜎 > 0 is the scale parameter and 
𝜉 is the shape parameter. 𝜉 determines the type of extreme value 
distribution: 𝜉 > 0 indicates a Fréchet distribution, 𝜉 < 0 corresponds 
to a Weibull distribution and 𝜉 = 0 indicates a Gumbel distribution.

4.1.2. Extreme value statistics — analysis
As mentioned earlier, for each 25 LoF defects, the fatigue strength 

for a given loading direction (𝜓, 𝜃) is extracted in order to build the 
distribution and determine the associated GEV parameters. To identify 
the most suitable extreme value distribution for the numerical data, a 
contour plot of the shape parameter 𝜉 is plotted for various combina-
tions of loading directions (𝜓, 𝜃) for LoF defects, as shown in Fig.  8. Due 
to the symmetry of the spherical plot, the range of 𝜓 and 𝜃 is limited 
6 
to 0 to 180◦. From this contour plot, it is observed that most values 
of 𝜉 in the GEV distribution are close to zero, indicating that the data 
is best represented by a Gumbel distribution (𝜉 = 0). Therefore, the 
numerical results discussed in this study are analyzed using a Gumbel 
distribution.

Using the Gumbel parameters (𝜇 and 𝜎) identified for each loading 
direction (𝜓, 𝜃), the median fatigue strength is computed from Eq. (17) 
and used to construct the median spherical plot (see Fig.  7d). For 
the specific case of fully reverse uniaxial tension, regions of lower 
median fatigue strength are observed at 𝜃 = 0◦ (parallel to the building 
direction), while higher median fatigue strengths lie along the equator 
(𝜃 = 90◦, perpendicular to the building direction). The anisotropy 
is directly linked to the morphology of LoF defects and the relative 
orientation of the building direction with respect to the macroscopic 
applied stress 𝛴zz first principal stress direction. From this median 
spherical plot, an anisotropic factor, 𝜆 is calculated as the ratio between 
maximum and minimum fatigue strength (equal to 1 for a perfect 
sphere). In this case, it is equal to 2.49. 
Median = 𝜇 − 𝜎 ln(ln(2)) (17)

The spherical plot of the 𝜇 parameter, which represents the loca-
tion parameter, identified for the fatigue strengths distribution of LoF 
defects is plotted as functions of loading directions as illustrated in Fig. 
9a. In 9a, high values of 𝜇 indicate a high median fatigue strength in 
these directions (i.e., high-fatigue-strength directions). In contrast, low 
𝜇 values indicate loading directions with low median fatigue strengths.

Likewise, the spherical plot of the 𝜎 parameter, which represents 
the scale parameter of the fatigue strength distribution (Gumbel model) 
identified for Lof defects, is plotted as a function of loading directions, 
as shown in 9b. This parameter quantifies the scale of extreme values 
or, in other words, the variability and dispersion of the underlying 
data. From this spherical plot, regions with high 𝜎 (yellow regions) 
indicate greater scatter, while lower 𝜎 (blue regions) suggest more 
concentrated, less dispersed values. When comparing this spherical 
plot to the median spherical plot of the fatigue strength (refer to Fig. 
7d), the loading directions corresponding to higher fatigue strengths 
exhibit higher variability, whereas the loading directions corresponding 
to lower fatigue strengths show lower variability. This variability is due 
to the stress localization differences:

• For loading directions parallel to the building direction, corre-
sponding to the lowest fatigue strength, high-stress zones concen-
trate near the defect equator for all defects, where high curvature 
promotes severe stress concentration.
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Fig. 7. (a) 25 LoF defect geometries analyzed, (b) fatigue strength spherical plot for each 25 defects, (c) GEV parameter fitting for a given loading direction 
P(𝜓, 𝜃) and (d) illustration of the median HCF strength in the presence of LoF defect population as a function of the loading direction.
Fig. 8. LoF defects’ contour plot of 𝜉 for the loading directions (𝜓, 𝜃).

• For loading directions perpendicular to the building direction, 
corresponding to the highest fatigue strengths, high-stress regions 
differ from one defect to another, increasing scatter.

This is illustrated in Fig.  11, the FIP distribution on the surface 
of a given LoF defect is subjected to vertical (𝜃 = 0◦) and horizontal 
(𝜃 = 90◦) tensile loading (see Fig.  10). 

4.1.3. Analysis of the fatigue strength percentiles
To visualize the distribution in Euler angles corresponding to low 

and high-fatigue strength, a weighted Kernel Density Estimation (KDE)
method is used on angular coordinates (𝜓, 𝜃) to determine an estimator 
of the probability density function involving weights associated to each 
pair of angles (𝜓, 𝜃).

This approach allows to highlight clusters of orientations where low 
or high fatigue strengths are concentrated, by considering the directions 
associated to fatigue strength lower than the 10th percentile (P10) of the 
fatigue strength values, and directions associated to fatigue strength 
higher than the 90th percentile (P90) of the fatigue strength values, 
respectively.

The resulting density maps (Fig.  12) show that low-fatigue strength 
directions (P10) cluster at 𝜃 = 180◦ or 0◦, accounting for symmetry 
(parallel to the building direction) and high-fatigue strength (P ) are 
90

7 
at 𝜃 = 90◦ or 270◦, accounting for symmetry (perpendicular to the 
building direction). In addition it shows that fatigue strength is more 
sensitive to the polar angle 𝜃 than to the azimuthal angle 𝜓 . Therefore, 
the statistical analysis presented hereafter will focus on the polar angle 
𝜃.

4.1.4. Non-local analysis
As detailed in Section 2.3, the macroscopic fatigue strength can be 

assessed using either a local or a non-local analysis that accounts for 
the stress gradients, which vary from one defect to another.

A comparison between these two types of approaches is provided in 
Fig.  13 to assess the impact of the analysis type on the assessed fatigue 
strength anisotropy. Specifically, it represents the median surface re-
sponse of the 25 LoF defects corresponding to (a) local analysis and (b) 
non-local analysis. Moving from local to non-local analysis leads to a re-
duction in anisotropic factor 𝜆, from 2.49 to 1.53. The anisotropic factor 
reduction is due to volumetric stress homogenization, which smoothens 
local stress concentrations due to the tortuous local geometry, thereby 
decreasing 𝜆 compared to the local analysis. Similarly, the normalized 
variability parameter 𝜎∕𝜇, derived from Gumbel distribution parame-
ters, is significantly reduced in the non-local analysis, illustrated in Fig. 
14 as compared to local analysis (see Fig.  10), with 𝜎∕𝜇 ranging from 
0.18–0.29 for non-local analysis, and 0.19 to 0.41 for local analysis.

Directions with the low fatigue strength (≤P10), noted Ld in the 
following, cluster at 𝜃 = 0◦ - parallel to the building direction, and 
directions with high-fatigue strength (≥P90), noted Hd in the following, 
cluster at 𝜃 = 90◦ - perpendicular to the building direction. This 
confirms that anisotropy directions are intrinsic to defect morphology, 
even if the non-local analysis reduces the severity of anisotropy. From 
the percentile analysis (not illustrated in the present paper), directions 
with low and high fatigue strengths remain consistent between local 
and non-local analysis. In addition, defect size sensitivity was evaluated 
for Ld (𝜃 = 0◦, 𝜓 = 90◦) and Hd (𝜃 = 90◦, 𝜓 = 30◦). The evolution 
of the fatigue strengths with the defect size for these directions is 
illustrated in Fig.  15 in a Kitagawa–Takahashi diagram. In this figure, 
defect size (

√

area) represents the square root of the LoF defect’s area 
projected onto the tensile loading direction. The slopes remain similar 
across directions.Data for Hd exhibit slightly higher dispersion than 
Ld, indicating increased variability in localized stress regions from 
defect morphologies under H  loading. Numerical results align well 
d
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Fig. 9. Spherical plots of the (a) 𝜇 and (b) 𝜎 parameters for LoF defects loaded in tension.
Fig. 10. Relative variability parameter in the presence of LoF defect popula-
tion as a function of the loading direction — loaded in pure tension.

Fig. 11. Localization of areas with high stress concentration for (a) vertical 
tensile loading and (b) horizontal tensile loading.

with experimental data reported by Bonneric et al. [36], particularly 
for Ld values. For instance, in both the numerical investigation and 
Bonneric’s experimental study, vertical building direction (𝜃 = 0◦) 
showed the lowest fatigue strengths.

4.2. Gas pores population under tensile loading

A similar analysis was carried out for the 10 considered gas pores. 
The median value of the HCF strength on gas pores are provided for 
all the possible loading directions, both local and non-local analyses in 
Fig.  16a, b. From the local analysis the anisotropic factor 𝜆 = 1.27, it 
is significantly lower than that of LoF defects (2.49), due to the near-
spherical geometry of gas pores. Non-local analysis reduces 𝜆 to 1.11, a 
8 
smaller reduction as compared to LoF defects (from 2.49 to 1.53) which 
present higher local stress gradients.

Density plots derived from percentile analysis show clustering pat-
terns analogous to LoF defects, and have therefore not been included 
in the present paper. Low-fatigue strength directions (P10) are at 𝜃 = 0◦

or 180◦ (parallel to the building direction), while directions with high-
fatigue strength (P90) cluster at 𝜃 = 90◦ (perpendicular to the building 
direction). Nevertheless, despite high sphericity gas pores show same 
anisotropy as LoF defects, in terms of low and high-fatigue strength 
direction clusters.

The surface plot of normalized variability parameter 𝜎∕𝜇, derived 
from the Gumbel distribution parameters, is provided in Fig.  16c, d. 
For the local analysis, the 𝜎∕𝜇 values range from 0.06–0.19, indicating 
lower relative variability compared to LoF defects. The results confirm 
that numerical analysis captures the reduced morphological variability 
of gas pores — even with fewer defects sampled (10) than required for 
LoF defects (25). Transitioning to non-local analysis further reduces the 
𝜎∕𝜇 range to 0.03–0.14.

4.3. Multiaxial loadings

4.3.1. Influence of third rotation 𝜙
As opposed to the pure tension case, the rotated macroscopic stress 

tensor is impacted by the third rotational angle 𝜙 when shear and 
combined tension–shear loadings are considered. As a consequence the 
fatigue strengths determined for these loading types are sensitive to 
𝜙 angle, as illustrated in Fig.  17. The figure shows the evolution of 
the fatigue strength of a LoF defect when the 𝜙 angle evolves from 0◦
to 360◦ while the 𝜓 and 𝜃 angles are fixed (𝜓 = 0◦; 𝜃 = 0◦), for the 
cases of shear and combined tension–shear loadings. For this reason 
the representation of the results as previously proposed for the uniaxial 
case is not possible since another dimension (𝜙) plays a role on the 
fatigue strength anisotropy resulting from a defect population.

4.3.2. Interpretation of spherical plot
Following the previous remarks, the problem dimensionality needs 

to be reduced in order to propose some visualization of the results. 
As shown in Fig.  17, as the numerical fatigue strength evolves as a 
function of the angle 𝜙, it is proposed to plot the minimum fatigue 
strength so that the represented fatigue strength is given by: 𝛴d(𝜃, 𝜓) =
min𝜙 𝛴d(𝜃, 𝜓, 𝜙). Similarly to what was done in the case of fully reverse 
tension, the direction d(𝜃, 𝜙) represented in the spherical plot is associ-
ated with the tensile direction in the case of combined tension/shear. 
In the case of pure torsion the same representation is chosen and the
d(𝜃, 𝜙) represent the normal to the shear plane.

To further justify this dimensionality reduction, Fig.  18 presents 
the density distributions of angles 𝜃, 𝜓 , and 𝜙 for the lowest 10% 
(𝛴d < P10) and highest 10% (𝛴d > P90) fatigue strength values. It 
can be observed that the 𝜙 angle exhibits a relatively uniform density 
distribution compared to 𝜃 and 𝜓 , which show stronger variations. This 
supports the approach of considering only the minimum value across 
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Fig. 12. LoF defects loaded in tension under local analysis — distribution of polar and azimuthal angles corresponding to (a) 10 percentile (𝑃10) fatigue strength 
values and (b) 90 percentile (𝑃90) fatigue strength values.
Fig. 13. LoF defects loaded in pure tension–median spherical plots of the 
fatigue strength in the presence of LoF defects population as a function of 
the loading direction. (a) local analysis and (b) non-local analysis.

Fig. 14. For a non-local analysis, relative variability parameter in the presence 
of LoF defect population loaded in pure tension as a function of the loading 
direction.

𝜙, allowing the spherical representation of the fatigue strengths as a 
function of 𝜃 and 𝜓 only.

Fig.  19 illustrates the mechanical interpretation of how varying the 
angle 𝜙 affects the loading direction for a fixed defect orientation. In 
this schematic, two different 𝜙 angles at fixed 𝜓 = 0◦ and 𝜃 = 45◦

are shown for a gas pore defect. The red arrows represent the rotated 
macroscopic stress tensor 𝛴′, and highlight how the orientation of 
the shear components (dotted blue) evolve around the fixed defect. 
This confirm the need for evaluating the worst-case fatigue strength 
(minimum) by considering all the possible 𝜙 rotations for each (𝜃, 𝜓)
direction.
9 
Fig. 15. Non-local analysis of LoF defects loaded under tension — Variation 
of fatigue strengths with defect size in a log–log scale, at both lowest and 
highest-fatigue strength directions.

Fig. 16. Median spherical plots of fatigue strength (a, b) and relative variabil-
ity parameter (c, d) for gas pores under pure tension loading, evaluated using 
(a, c) local analysis (𝜆 = 1.27) and (b, d) non-local analysis (𝜆 = 1.11).
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Table 1
Fatigue strengths of vertical (𝜃 = 0◦) and horizontal (𝜃 = 90◦), and their resulting anisotropic factors 𝜆 for high 
and low ductility materials reported in the literature.
 Material 𝜃 = 0◦ 𝜃 = 90◦ Load ratio 𝜆 Ductility Failure from References 
 𝛴max 𝛴max R  
 
L-PBF AlSi10Mg

50 127 0.1 2.54

High

LoF defects [29]  
 108 160 0.1 1.48 LoF defects [48]  
 112 153 0 1.37 LoF defects [49]  
 193 244 0.1 1.26 Gas pores [50]  
 L-PBF SS 316L 147 388 0.1 2.64 LoF defects [51]  
 L-PBF 17-4PH 200 260 −1 1.30

Low

LoF defects [52]  
 DMLS maraging steel MS1 219 240 −1 1.10 Gas pores [53]  
 L-PBF 15-5 PH SS 248 300 −1 1.21 LoF defects [54]  
 
L-PBF Ti–6Al–4V

100 200 −0.2 2.00 Gas pores [55]  
 346 439 −1 1.27 Gas pores [56]  
 – – 0.1 1.63 Gas pores [57]  
Fig. 17. Variation in fatigue strength as a function of 𝜙 at a fixed (𝜓 = 0◦

and 𝜃 = 0◦) for both gas pore and LoF defects under shear and combined 
proportional tension–shear loading.

4.3.3. Fatigue strength anisotropy in presence of defects for fully reverse 
shear loading

Median LoF defects’ spherical plots (Fig.  20a, b) confirm weaker 
anisotropy, with 𝜆 decreasing from 1.28 (local) to 1.09 (non-local) - a 
15% reduction. This contrasts sharply with fully reverse tension, where 
𝜆 decreased by 39% (2.49 to 1.53). This also shows that shear loading 
results in less anisotropy than tension loading. From the gas pores’ 
median spherical plots (Fig.  20c, d), 𝜆 decreasing from 1.29 (local) to 
1.1 (non-local), a 15% reduction, similarly to LoF defects.

The normalized variability parameter 𝜎∕𝜇 for LoF defects under 
shear loading exhibits a range of 0.2–0.3 in local analysis, narrowing 
to 0.19–0.25 in non-local analysis (Fig.  21a, b). Gas pores exhibit even 
lower variability, with 𝜎∕𝜇 ranging 0.06–0.16 (local) and 0.02–0.12 
(non-local) (Fig.  21c, d).

In order to better identify the regions of high/low fatigue strength 
a percentile analysis is proposed. It considers all fatigue strengths, 
including the full distribution of fatigue strengths for every (𝜃, 𝜓, 𝜙)
combination. This approach preserves impact of all the rotation angles, 
allowing precise identification of low and high-fatigue strength direc-
tions clusters across all orientations. Fig.  22a presents the density map 
of the angles 𝜓 and 𝜃 that are associated to fatigue strengths whose 
values at or below the 10th percentile (i.e., (≤P10)). The cluster peaks 
observed in this map therefore correspond to the directions associated 
with low fatigue strength. Notably, these peaks align with specific 
combinations of polar and azimuthal angles (𝜃 = +∕−45◦, 𝜓 = +∕−90◦), 
which correspond to the directions of the maximum principal stresses 
acting under shear conditions. A similar analysis conducted on the 
upper 90th percentile values (i.e., ≥P90) reveals cluster peaks at 𝜃 = 90◦

and 𝜓 = 0◦ (Fig.  22b), indicating that this orientation is associated 
with the highest fatigue strength under the same loading conditions. 
Furthermore, the non-local analysis do not modifies Ld and Hd that 
are consistent with local the ones identified from the local analyses.

For gas pores, the analysis of low-fatigue-strength directions (P10)
under shear loading (not illustrated in this paper) shows peak ori-
entations similar to those identified for LoF defects, in both local 
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and non-local analysis. However, differences arise when examining 
the directions associated with high fatigue strength (P90). In the local 
analysis, the cluster peak is located at 𝜃 = 120◦ and 𝜓 = 135◦, whereas 
in the non-local analysis, the peak shifts to 𝜃 = 90◦ and 𝜓 = 0◦ - which 
is consistent with LoF defects’ high-fatigue strength directions.

4.3.4. Fatigue strength anisotropy in presence of defects for proportional 
combined tension–shear loading

Median LoF defects’ spherical plots (Fig.  23a, b) shows anisotropy 
for LoF defects, with 𝜆 decreasing from 1.57 (local) to 1.15 (non-local) 
- a 27% reduction. Gas pores show a similar trend, with lower initial 
anisotropy: 𝜆 decreases from 1.23 (local) to 1.08 (non-local), a 12% 
reduction (Fig.  23c, d).

The normalized variability parameter 𝜎∕𝜇 for LoF defects under 
combined tension–shear loading ranges between 0.18–0.31 in local 
analysis, narrowing to 0.19–0.25 in non-local analysis (Fig.  24a, b). Gas 
pores exhibit significantly lower relative variability, with 𝜎∕𝜇 values 
ranging 0.06–0.16 (local) and 0.03–0.12 (non-local) (Fig.  24c, d).

Similar to the pure shear case, the percentile analysis considers all 
fatigue strengths across 𝜙 orientations: 𝛴d(𝜃, 𝜓, 𝜙), retaining the full 
distribution of fatigue strengths for every (𝜃, 𝜓, 𝜙) combination. For LoF 
defects in the local analysis, the cluster peaks of orientations corre-
sponding to the lowest fatigue strengths (≤P10) values occurs at specific 
combinations of polar and azimuthal angles (𝜃, 𝜓), which correspond to 
the directions of the maximum principal stresses acting under combined 
tension–shear (Ta∕𝛴a = 1) loading conditions (Fig.  25a). The cluster 
peaks of orientations corresponding to the highest fatigue strengths 
(≥P90) are 𝜃 = 90◦ and 𝜓 = 0◦, corresponding to high-fatigue strength 
directions (Fig.  25b). Non-local analysis retains these directional trends, 
indicating that volumetric stress homogenization does not change the 
principal directions corresponding to low and high-fatigue strengths.

Gas pores, however, exhibit distinct behavior in the local analysis: 
the highest fatigue strengths correspond to 𝜃 = 60◦ and 𝜓 = 60◦, 
diverging from the trends observed for LoF defects. Nevertheless, non-
local analysis shifts this high-strength directions to 𝜃 = 90◦ and 𝜓 = 0◦, 
bringing it into alignment with the high-strength directions of LoF 
defects. This suggests that volumetric stress homogenization reduces 
defect-induced HCF strength anisotropy, smoothing out local geometric 
effects under combined tension–shear loading, similar to what was 
observed in the pure shear loading case. Meanwhile, the directions with 
low-fatigue strength for gas pores remain consistent with the principal 
stress directions, similar to LoF defects.

5. Discussion summary

This section focuses on summarizing the results obtained under 
three different loading conditions, comparing both defect types.

The reported anisotropic factor 𝜆 in literature differs between ma-
terials categorized as high-ductility and low-ductility. In this work, 
materials exhibiting an elongation (A%) greater than 20% are classified 
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Fig. 18. Density distributions of angles 𝜃, 𝜓 , and 𝜙 among directions corresponding to (a) the lowest 10% and (b) the highest 10% fatigue strength values — 
LoF defects loaded in pure shear.
Fig. 19. (a, b, c) Shear and (d, e, f) Combined tension–shear loading type’s spherical plot of a gas pore. At point P, illustration of loading direction 𝛴′ in red, 
with respect to gas pore whose orientation is fixed for two different 𝜙(= 0 and −90) angles at a specific 𝜓 and 𝜃 angles, which are 0 and 45◦ respectively. Shear 
loading directions are in dotted blue lines and tensile loading directions are in dotted black lines.
as high-ductility, whereas those with A% below 20% are considered 
low-ductility. High-ductility materials exhibit a broader anisotropic fac-
tor range (1.26–2.64) compared to low-ductility materials (1.10–2.00), 
as summarized in Table  1. This difference could be attributed to the 
limited ability of low-ductility materials to undergo plastic deformation 
and redistribute stresses around defects. LoF defects become more crit-
ical under positive load ratios (R ≥ 0), where tensile loading increases 
defect sensitivity, leading to pronounced anisotropy in fatigue strength. 
For instance, studies on AlSi10Mg [29] and SS 316L [51], both highly 
ductile, report high 𝜆 values of up to 2.54 and 2.64, respectively, and 
indicate LoF defects as the dominant failure origin. It should be noted 
that the reported range of anisotropic factors (𝜆) depends on material 
properties such as ductility and defect type; while the absolute values 
differ between materials, the qualitative trend of increased anisotropy 
associated with LoF defects under tensile loading is generally observed.

The numerical results are in agreement with the literature. For LoF 
defects, both local (𝜆 = 2.49) and non-local (𝜆 = 1.53) anisotropy factors 
fall within the established literature range of 1.21–2.64. Similarly, for 
gas pores, both local (𝜆 = 1.27) and non-local (𝜆 = 1.11) values are 
within the reported experimental range of 1.10–2.00.

Table  2 shows the summary of the impact of loading directions 
under tension, shear, and combined tension–shear loading cases for 
two defect types from the non-local analysis. For each loading type, it 
has been categorized into lowest and highest-fatigue strength loading 
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directions, which were identified from the non-local analysis KDE 
analysis or percentile analysis discussed in the previous section, when 
considering non-local fatigue criterion (4).

To evaluate the statistical distribution of fatigue strengths in critical 
and non-critical loading directions for both defect types, empirical 
cumulative distribution functions (ECDFs) were plotted, as shown in 
Fig.  26. The fatigue strengths at lowest and highest-fatigue strength 
were extracted for each defect geometry at a fixed 𝜓, 𝜃, and this process 
was repeated for all the considered defect geometries. Using these 
extracted fatigue strength values, CDFs were generated to analyze the 
statistical distributions.

Regardless of the loading or defect type, the highest-fatigue strength 
direction (i.e., the orientation of the direction vector d) corresponds to 
𝜃 = 90◦. However, the difference in fatigue strengths at the median 
value (ECDF = 0.5) between the lowest and highest-fatigue strength 
directions is more pronounced in tension than in other loading types. 
When defect morphology is considered, the difference in median fatigue 
strengths between LoF defects and gas pores is also greater in tension 
for both anisotropy directions. These observations suggest that the 
tension case is more sensitive to changes in both loading direction and 
defect morphology. For LoF defects, comparing the tension case with 
shear and combined tension–shear cases shows a shift in the critical 
loading directions from 𝜃 = 0◦ to 𝜃 = 45◦, 𝜓 = 90◦ and 𝜃 = 30◦, 𝜓 = 90◦
respectively.
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Table 2
Lowest (L) and highest (H) fatigue strength directions (polar 𝜃 and azimuthal 𝜓 angles) under different loading 
conditions for both defect types from the non-local analysis.
 Defect type Tension Shear Tension–Shear

 L H L H L H  
 LoF defects/Gas pores 𝜃 = 0◦ 𝜃 = 90◦ 𝜃 = 45◦, 𝜓 = 90◦ 𝜃 = 90◦, 𝜓 = 0◦ 𝜃 = 30◦, 𝜓 = 90◦ 𝜃 = 90◦, 𝜓 = 0◦ 
Fig. 20. Median spherical plots of fatigue strength under pure shear loading 
for LoF defects and gas pores. (a) Local analysis of LoF defects (𝜆 = 1.28), (b) 
Non-local analysis of LoF defects (𝜆 = 1.09), (c) Local analysis of gas pores 
(𝜆 = 1.29), and (d) Non-local analysis of gas pores (𝜆 = 1.10).

Fig. 21. Relative variability parameter 𝜎∕𝜇 as a function of loading direction 
under pure shear loading for (a, b) LoF defects and (c, d) gas pores, evaluated 
using (a, c) local and (b, d) non-local analysis.
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The comparison of the anisotropic factor (𝜆) under different loading 
types for both LoF defects and gas pores, based on local and non-local 
analysis, is shown in Fig.  27a. From this figure, it can be observed 
that for LoF defects, 𝜆 is higher in tension compared to shear and 
proportional combined tension–shear loading conditions, in both lo-
cal and non-local analyses. However, for gas pores which are more 
spherical in nature, there is no major difference in 𝜆 among the three 
considered loading conditions, regardless of whether local or non-local 
analysis is applied. When comparing 𝜆 between LoF defects and gas 
pores across all loading conditions, the difference is most pronounced 
in tension, followed by combined tension–shear, while the shear case 
shows no change even with their surface responses being different. 
These observations suggest, as also noted earlier from the density plot 
analyses, that changes in loading direction and morphology have a 
higher impact under tension compared to the other loading types.

The percentage change or decrease of 𝜆 (denoted as %𝛥𝜆) from 
local (L) to non-local (NL) analyses is illustrated in Fig.  27b for both 
defect types under tension, shear, and tension–shear loading conditions. 
The non-local analysis allows the smoothing of the surface response by 
averaging the stresses on and around the defect geometry over a given 
volume, Vc. For LoF defects, when subjected to tension which exhibits 
a high anisotropic surface response in the local analysis, the %𝛥𝜆 from 
local to non-local analysis is the highest compared to other loading con-
ditions. This is likely due to the higher stress concentration factors in 
tension, as compared to shear [58] and proportional combined tension–
shear, and the resulting steep stress gradients (which vary with defect 
sizes). Consequently, even with a small non-local parameter dc (6 μm), 
the stresses surrounding the defects are significantly reduced. On the 
contrary, for gas pores, which exhibit a highly isotropic morphology, 
the %𝛥𝜆 from local to non-local analyses is similar across all loading 
conditions.

Fig.  28 illustrates the workflow for optimized build-direction part 
fabrication aimed at increasing fatigue resistance. FE analysis of the 
component is first used to identify the most highly stressed zone and the 
corresponding loading condition at that zone. Based on defect statistics 
in this critical region, representative defects are selected for FE sim-
ulations. For each considered defect population, fatigue strengths are 
computed as a function of orientations. Using extreme value statistics, 
Gumbel parameters are fitted to the empirical data. This allows the 
construction of low fatigue strength regions density maps, which in turn 
guide the optimization of the part’s build direction for the specified 
loading condition.

6. Conclusions and perspectives

Based on the results of the numerical investigation, the following 
conclusions can be drawn:

• Fatigue strength is more sensitive to the polar angle 𝜃 than to the 
azimuthal angle 𝜓 , especially in pure tension case. The fatigue 
strength anisotropy is likely due to the morphology of defect 
geometries ranging from low sphericity (LoF defects) to high 
sphericity (gas pores) and their fixed orientation relative to the 
loading direction or direction vector d.

• The morphology factor is less dominant in shear loading than in 
tensile loading. Tensile loading is more sensitive to changes in 
both the loading direction and defect morphology.
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Fig. 22. For a local analysis at LoF defects loaded under fully reversed shear — Distribution of (a) the 10 percentile (P10) fatigue strength values and (b) the 90 
percentiles (P90) fatigue strength values for LoF defects depending on the polar (𝜃) and azimuthal (𝜓) angles.
Fig. 23. Median spherical plots of the fatigue strength under proportional 
combined tension–shear loading (Ta∕𝛴a = 1) for (a, b) LoF defects and (c, 
d) gas pores, evaluated using (a, c) local analysis with 𝜆 = 1.57 and 1.23, 
respectively, and (b, d) non-local analysis with 𝜆 = 1.15 and 1.08, respectively.

• From the percentile analysis, regardless of the loading type or de-
fect morphology, the non-critical loading direction is consistently 
observed at 𝜃 = 90◦ (aligned with the xy-plane).

• A non-local analysis was conducted to account for stress gradients 
around the defect geometries by averaging stresses over a given 
volume Vc, the surface response was smoothened, leading to a 
reduction in the anisotropy factor.

• The relative variability parameter 𝜎∕𝜇 showed that stress vari-
ability is strongly influenced by defect morphology and loading 
type. For LoF defects, tension loading was associated with the 
highest initial 𝜎∕𝜇 range (0.19–0.41), indicating significant stress 
localization. Non-local analysis reduced this range by 29% (to 
0.18–0.29). Shear and combined tension–shear loadings showed 
smaller reductions (17%–19%). Gas pores exhibited much lower 
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Fig. 24. Relative variability parameter (𝜎∕𝜇) as a function of the loading 
direction under proportional combined tension–shear loading (Ta∕𝛴a = 1) for 
(a, b) LoF defects and (c, d) gas pores, evaluated using (a, c) local and (b, d) 
non-local analysis.

initial 𝜎∕𝜇 values (0.06–0.19 in tension) and consistent reductions 
of approximately 26% under non-local analysis across all loading 
modes.

This study assumes a linear elastic isotropic material and applies 
a multiaxial HCF strength criterion (Crossland) that is known to give 
good results only for proportional loadings. Future work should extend 
the current study by incorporating elastic–plastic behavior and vali-
dating fatigue prediction models applicable to both proportional and 
non-proportional multiaxial loadings.

Additionally, the current study does not account for the influence of 
the loading ratio, which plays a role in determining the proportion of 
fatigue life governed by short crack propagation. This, in turn, impacts 
both fatigue strength and fatigue life. Future studies should address 
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Fig. 25. For a local analysis at LoF defects loaded under fully reversed combined tension–shear (Ta∕𝛴a = 1) - Distribution of (a) the 10 percentile (𝑃10) fatigue 
strength values and (b) the 90 percentiles (𝑃90) fatigue strength values for LoF defects depending on the polar (𝜃) and azimuthal (𝜓) angles.
Fig. 26. From non-local analysis, CDFs of low-fatigue strength direction (in blue and red) and high-fatigue strength direction (in transparent blue and red) loading 
directions in both LoF defects and gas pores loaded under (a) tension, (b) shear and (c) proportional combined tension–shear (Ta∕𝛴a = 1).
Fig. 27. Under different loading types for both populations of defects (a) 
comparison of anisotropic factor (𝜆) in local and non-local analysis and (b) 
% decrease of 𝜆 from local (L) to non-local (NL) analysis.

this aspects by considering the effect of loading ratio on short crack 
propagation and its interaction with anisotropic HCF strength across 
different building orientations.

Capturing position/depth-dependent effects of LoF defects repre-
sents an important research prospect particularly for materials where 
the short crack propagation may play an important role in the overall 
fatigue life.
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Fig. 28. A workflow for optimized-building direction part fabrication (a) FEA of the part, (b) FE calculations, (c) knowledge of defect statistics, (d) extreme value 
statistics, (e) initial building direction, (f) low fatigue strength directions density map and (g) optimized building direction.
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