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 A B S T R A C T

There are insights of chaotic properties in economic systems and data. To prove the existence of 
chaotic dynamics, the establishment of a deterministic model is mandatory. A global modelling 
tool (GPoM) is used to search for mathematical models of equations from economic data: 
unemployment, inflation and nominal exchange rate over 30 years. A system of three differential 
equations is selected as a model, whose solution is a chaotic attractor in R3. The model 
extracted from the data is not able to fit them, but it provides equations linking those multiple 
economic variables. The topological characterisation of the chaotic attractor solution exhibits an 
additional branch in its first return map to the Poincaré section. Consequences of this particular 
structure are analysed and interpreted economically.

1. Introduction

Economic dynamics are made of complex systems with multiple interactions that often defy precise forecasting. This difficulty is 
further compounded by the nonlinear nature of the relation between economic aggregates and their propensity to oscillate between 
periods of stability and instability [1]. As a consequence, the investigation of chaotic dynamics within economic systems has emerged 
as a significant area of research [2,3]: this exploration is motivated by the limitations of linear models in capturing the complexities 
and nonlinearities inherent to economic phenomena. There exist tools that compute values giving insight on the fact that chaos could 
appear in economic systems [4,5]. Since chaos is by nature deterministic, any claim of chaotic behaviour must first demonstrate 
the underlying determinism [6].

The methodologies employed in economics can be broadly categorised into two distinct approaches. The foremost and 
significantly most prevalent method (the structural approach) involves the construction of theoretical economic models that, through 
specific parametrisations or structural designs, exhibit chaotic behaviour. It often begins with established economic frameworks, 
such as general equilibrium models and introduces nonlinear elements or mechanisms that can generate complex dynamics [7].

The second one, which is more investigative and less developed (the empirical approach), focuses on the empirical analysis of 
economic data to detect the presence and characteristics of chaotic dynamics: it seeks to identify chaotic patterns directly from 
observed economic data, such as stock prices, exchange rates, or macroeconomic indicators. Based on a single time series, Elena 
Olmedo [4] has for instance underlined that unemployment in Spain behave in a chaotic way.
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The purpose of the paper is to provide a topological characterisation and interpretation of a chaotic attractor generated from 
economic data. We go further in the empirical approach of chaos in economics using a set of three times series data taken from the 
specific context of French economy.

Let us emphasise at the outset that our goal is not to build an economic model, nor to predict or fit the data, but rather to extract 
structure and dynamical properties from time series to have insight on the mechanisms relating multiples economic variables. While 
traditional metric methods (Lyapunov exponents, correlation dimension, BDS tests) struggle to detect chaotic signatures in economic 
data due to their sensitivity to noise, non-stationarity, and limited sample sizes [8], a topological analysis of attractors provides a 
robust alternative [9]. By focusing on topological characterisation, we aim to complement existing empirical approaches and provide 
interpretative insights into the complex interactions relating multiples economic variables.

The data series selected correspond to a classic topic in economics: the Phillips curve, which traditionally links inflation and 
unemployment [10]. This framework provides a rich ground for exploring complex dynamics. The Phillips curve posits an inverse 
relationship between inflation and unemployment, suggesting a trade-off that policymakers can exploit. However, the stability and 
predictability of this relationship have been questioned over time, with empirical evidence suggesting that the Phillips curve can shift 
or even disappear under certain conditions [11,12]. Building on recent advancements in the field, we incorporate a third dimension 
– the nominal exchange rates – into our analysis. This addition is motivated by the work of François Geerolf [13], who argues 
that the conventional interpretation of the Phillips curve may overlook critical complexities in modern economies. Specifically, he 
highlights the pivotal role of exchange rates in shaping the dynamic interplay between unemployment and inflation.

In this framework, we propose to use tools such as GPoM [14] to generate systems of differential equations from three economic 
time series (price inflation, unemployment and the nominal exchange rate). Since these tools generate systems of differential 
equations involving polynomial and nonlinear terms, solving these systems may yield chaotic attractors as solutions. Currently, 
several tools can help to describe, characterise and classify these chaotic dynamics [15–17]. The solution of the obtained system 
exhibits a particular structure with a unimodal first return map to the Poincaré section with an additional branch. Such a particular 
structure can be interpreted in multiple ways as a prolongation in the template [18–20] or as an extra branch [21,22]. Theoretical 
results presented hereinafter using the Rössler system [23] will clarify the role of such an additional branch. Finally, the topological 
analysis of the chaotic attractor solution of a model will provide some details on the dynamics and its implication on the economical 
interpretations.

2. Topological characterisation method

Further to this recent review [17], chaos is defined as follows: ‘‘A more practical definition could be that a solution 𝑆 to a 
dynamical system 𝑓 : R𝑑 → R𝑑 is said to be chaotic if 𝑓 is deterministic, 𝑆 is bounded, and 𝑆 is sensitive to initial conditions’’. 
Consequently, the deterministic aspect of models is fundamental to obtain chaos and, the differential equations systems obtained 
from global modelling techniques ensure this property. Literature on chaotic dynamics and nonlinear dynamics has been developed 
at the end of the century while the main concepts of this theory come from the early nineties (see Fig. 1 of [24]).

For a detailed introduction to the topological approach to chaotic dynamics, see the book ‘‘The Topology of Chaos: Alice in Stretch 
and Squeezeland’’ by Gilmore and Lefranc [25]. Fig.  1 represents the steps of the topological characterisation of a chaotic attractor 
solution to a standard system in the domain [26]. The Rössler system [23]: 

⎧

⎪

⎨

⎪

⎩

𝑥̇ = −𝑦 − 𝑧

𝑦̇ = 𝑥 + 𝑎𝑦

𝑧̇ = 𝑏 + 𝑧(𝑥 − 𝑐)

(1)

has the attractor  (Fig.  1a) solution for parameters 𝑎 = 0.398, 𝑏 = 2 and 𝑐 = 4.
The main tools developed for analysing attractors solution of dissipative systems are the Lyapunov Exponents (quantification 

of the rate of separation for infinitesimally closed trajectories), and the Poincaré section (Fig.  1b) whose purpose is to transform a 
continuous problem to a discrete representation of trajectories and their link after a topological period. For the Rössler system, the 
Poincaré section is defined as follows: 

 =
{

(𝑦𝑛,−𝑧𝑛) ∈ R2
| − 𝑥𝑛 = −𝑥−, −𝑥̇𝑛 < 0

}

(2)

where 𝑥− is a 𝑥-value of the central fixed point of the system. From this Poincaré section, a variable 𝜌𝑛 is defined to represent the 
distance from the inside of the attractor to the outside: 

𝜌𝑛 = 1 − (𝑦𝑛 + 4.98)∕(−2.15 + 4.98) (3)

This variable is used to build the first return map that is the signature of the chaotic dynamics (Fig.  1c). Unstable Periodic Orbits 
(UPOs) are considered as the skeleton of a chaotic attractor because of their unstable property (Fig.  1d) [26]. Consider that a 
differential equations system is numerically solved (using the four-order Runge–Kutta algorithm, RK4), the solution is a trajectory 
in a phase space. Thus, at a moment, this numerical solution of a differential equations system will ‘‘follow’’ one UPO for a while 
before diverging and visiting another UPO. This process maintains the trajectory into the attractor; the latter being the solution of 
the differential equations system that cannot be described analytically. The ‘‘periodic’’ in periodic orbits refers to the state space and 
not to the time space (topological period). Periodic orbits are time invariant while the system evolves in a chaotic state (from initial 
condition, the solution evolves and successively visits the unstable periodic orbits). From a chaotic time series that is the numerical 
2
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Fig. 1. Topological characterisation of a chaotic attractor (adapted from Fig. 1 of [27]). (a)  is the chaotic attractor solution of the 
Rössler system (1). (b) Bounding torus of the attractor indicating the required number of components to create the appropriate Poincaré 
section. The Poincaré section (2) is represented in the phase space with a flow evolving clockwise. (c) First return map with periodic points 
indicating the position of the Unstable Periodic Orbits (UPOs). (d) Numerical representation of the UPOs in the phase space and table containing 
numerical linking numbers between UPOs. (e) Template describing the topological properties of the attractor. Linking matrix detailing torsions 
and permutations for each branch in the template with the validation when theoretical linking numbers (computed from the linking matrix and 
the joining chart) between orbits correspond to numerical linking numbers (d).

solution of a differential equations system, UPOs can be extracted from the first return map, and this acquisition is a preliminary 
step of the topological characterisation [28]. For dissipative systems, the purpose of this method is to obtain the structure of the 
chaotic attractor from a topological invariant (the linking number Fig.  1d) computed between every couple of UPOs (the reader is 
referred to [25] for details). The template was originally introduced as ‘‘knot-holder’’ by Birman and Williams [29] that permits to 
resume the topological properties of the topological invariants extracted from the attractor using the linking number (Fig.  1e). The 
template is a formal description of the branched manifold detailing the topological properties of a chaotic attractor. The linking 
numbers between each pair of orbits are computed numerically (Fig.  1d) and theoretically using the algebraic description of the 
template by the linking matrix 𝑅

𝑅 =
[

0 −1
−1 −1

]]

. (4)

and linking graphs. The linking matrix indicates the torsions and permutations between orbits, but additional crossings could happen 
in the joining chart. Templates are constructed under the Tufillaro’s convention [30] where, before the stretching and squeezing 
mechanism of the template, the left to right order corresponds to the bottom to top order, inducing only positive crossing in linking 
charts as illustrated by transparency in Fig.  1e. The template is validated if both, theoretical and numerical linking numbers, are 
equals for corresponding couple of UPO (Fig.  1e). A template is described with a linking matrix detailing the number of branches 
with their torsions and how they permute before joining. The template of the Rössler attractor is thus defined by the linking matrix 
𝑅 (4). This formalism underlines the chaotic properties of the attractor with a splitting chart that separate the flow in branches 
(sensitivity to initial conditions with the stretching and folding part of the mechanism) and a joining chart where trajectories are 
regrouped before going for another round (bounded solution). Templates of various chaotic attractors solution to a Rössler system 
have been established using this framework [31].
3
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Table 1
Stationarity tests on raw and smoothed data (unemployment rate: 𝑥, inflation rate: 𝑦
and nominal effective exchange rate: 𝑧).
 Test
(criterion for stationarity)

Raw data
𝑝−values (𝑥, 𝑦, 𝑧)

Smoothed data
𝑝−values (𝑥, 𝑦, 𝑧)

 

 KPSS (𝑝−value > 0.05) 0.0718, 0.1, 0.0938 0.01, 0.01, 0.01  
 PP (𝑝−value < 0.05) 0.5658, 0.0828, 0.2764 0.8324, 0.6182, 0.7226  
 ADF (𝑝−value < 0.05) 0.543, 0.2919, 0.0994 0.0946, 0.01, 0.1448  

3. Modelling economic data and chaotic solution

3.1. Global modelling

The global modelling technique initiated in the early 1990s [32–34] aims to extract differential equations systems directly from 
observational time series. Originally, it was mostly applied to single time series and to either theoretical [33,35] or experimental 
cases [36]. Applications to multivariate time series from real environmental conditions is recent [37]. Few tools have been developed 
for this purpose. The Generalised Global Polynomial Modelling (GPoM) package [14,38] developed at Cesbio by S. Mangiarotti is one 
of them. Another popular technique, the Sparse Identification of Nonlinear Dynamics (SINDy) tool [39], was proven to be quicker, 
but its ability to obtain non trivial approximations of environmental dynamics remains uncertain. GPoM is relatively slower when 
applied to already known systems because its algorithm systematically checks the numerical integrability of the equations which is 
time-consuming. This test of integrability becomes mandatory when the original equations are unknown, and then, GPoM cannot 
be considered as slower anymore. This limitation for numerical integration has been addressed via parallelisation and will be made 
available in the new versions of the package (S. Mangiarotti, personal communication, June 5 2025). From this point of view, the 
GPoM platform has proven to be particularly interesting. It was successfully applied to numerous realms, which makes it the best 
candidate for the present project. Since the early 2010s, it has been successfully applied to agronomy of cereal crops cycles [40], 
geohydrology of karstic systems [41], eco-epidemiology of plague [37], epidemiology of Ebola and COVID-19 [42], eco-hydrology 
of earthworms activity [43], and seasonal cycles of CO2 in caves [44].

GPoM can be used with different objectives: (1) for dynamical characterisation (chaos detection and topological classification); 
(2) for coupling detection (in particular under highly nonlinear conditions), and (3) for retro-modelling (that is, to obtain 
interpretable equations). Note that for this latter objective, in a single case, a complete interpretation of the differential equations 
systems obtained from observational time series could be proposed, [37] which reveals the potential of the approach. The GPoM 
package is an open-source package developed in R language and made available on the Comprehensive R Archive Network 
(CRAN) [45].

3.2. Economic data, pre-treatment and origin

A set of three-monthly time series is considered; each associated to a macroeconomic variable in the French setting. Those 
variables have been chosen accordingly to the recent debates on the Phillips curve mentioned above [13]. The time series on 
unemployment and inflation come from the INSEE (National Institute of Statistics and Economic Studies) [46] database, whereas the 
time series on exchange rate comes from the BIS (Bank for International Settlements) [47] database over 30 years. Fig.  2 represents 
the time series of the three variables:

• Unemployment rate (the share of the labour force that is unemployed and actively seeking employment)
• Inflation rate (the percentage increase or decrease in the price level of goods and services in the economy over a year)
• Nominal effective exchange rate (a measure of the value of a country’s currency relative to a weighted basket of foreign 
currencies)

A noteworthy point is that stationarity tests (KPSS, PP, ADF) [48–50] have been run using tseries library [51] on the data 
(Table  1), suggesting that the studied series might not be stationary, even though KPSS tests on raw data suggest stationarity.

According to the GPoM documentation, it is often necessary to subsample the time series, before resampling them using spline 
interpolation, as giving a polynomial form to the curves may help the algorithm succeed in finding a nonlinear dynamic. The values 
of the time series are also normalised in [0, 1] in a homogenisation matter (see second column of Fig.  2). The GPoM algorithm is then 
applied to the set of time series, with different parameters to ensure that most combinations of polynomial terms are covered by the 
algorithm. A set of prestructured models is then generated and are tested in terms of numerical integrability (diverging models are 
rejected). The remaining models are then selected by default, based on their performances to reproduce the original phase portrait. 
Two closely related models emerged (with a solution that neither converges to a point nor diverges after long time of integration), 
either with small variations in parameter values and/or with an additional term in one of the equations. We selected the model 
with fewer equation terms whose solution is not periodic oscillations.
4
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Fig. 2. The original time series and the normalised and preprocessed time series (second column) used to perform global modelling with GPoM.

Fig. 3. Attractor  solution of the model (5).

3.3. Model

For the reminder of this article, the following notation is used:

• Unemployment rate (𝑥)
• Inflation rate (𝑦)
• Nominal effective exchange rate (𝑧)

and the selected model generated by GPoM is defined as follows: 
⎧

⎪

⎨

⎪

⎩

𝑥̇ = −15.2193492215949 + 12.6246703650997 𝑧 + 12.2891205846936 𝑧2 + 38.2077775976987 𝑦 − 51.327806215602 𝑦𝑧

𝑦̇ = 11.3194672143246 𝑧 − 11.1810798067421 𝑧2 − 4.59572630441015 𝑥

𝑧̇ = −5.1609358283762 𝑥𝑧 + 10.5277054934486 𝑥𝑦

(5)

First, it indicates that the data could be connected using these relations. The solution of this system is a chaotic attractor  (Fig. 
3). As our purpose is not to fit the trajectories but rather to examine whether a relationship exists between these variables and what 
its properties are, this mathematical model is a way to reveal the complex underlying dynamics contained in the data. As deriving 
a deterministic model from random-like data is deemed highly unlikely [52], the fact that such a model can be obtained provides 
evidence for an underlying structure that merits analysis.
5
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Fig. 4. Density histograms of values (𝑥, 𝑦, 𝑧) of both time series and solution of the model (5).

3.3.1. Relating model outputs to observed data
Running a data/model consistency analysis with very short time series is inherently challenging. In our case, the model was run 

over a much longer timescale than the empirical observations, making its output distribution a faithful reflection of its equations. 
Consequently, the empirical and simulated distributions are not expected to be identical.

Density histograms (Fig.  4) display the distribution of model outputs and observed time series by showing the relative frequency 
of observations across intervals, normalised to represent probability density. Because the empirical series is much shorter than the 
simulated one, the empirical distribution can reasonably be expected to lie within the range of the model distribution, which is 
largely the case. Given this limitation, the distributions appear broadly compatible: the empirical values are contained within the 
model range, except for a small discrepancy for the largest values of observed inflation (data reaches 0.9 whereas model does not 
exceed 0.85). However, this deviation concerns only a very thin tail of the distribution.

The model reproduces the three peaks observed in the unemployment distribution. However, the absence of a clear tail in the 
data could reflect the short length of the empirical time series or a genuine discrepancy. Similarly, the three peaks in the exchange 
rate distribution are recovered, although their exact positions differ slightly between the model (∼ 0.31,∼ 0.54,∼ 0.96) and the data 
(∼ 0.27,∼ 0.61,∼ 0.88). In contrast, the comparison for inflation is less satisfactory: only one peak (at 0.2) coincides, while the most 
prominent empirical peak (at 0.4) is not reproduced. Once again, these divergences may arise both from the limited length of the 
observed series and from the fact that the model constitutes a low-dimensional approximation of the complex dynamics observed.

These distribution comparisons allow us to establish connections between the model (5) and the available data. It is important 
to remember that our objective is not to fit the data or predict the evolution of the time series, but rather to analyse the dynamics 
emerging from the system of differential equations that link these economic variables.

3.3.2. Interpretation
It should be noted that the model generated by GPoM highlights relationships that are partly consistent with the theoretical 

framework proposed by the Phillips Curve and its developments [13]. It reflects, for instance, the intuition that the unemployment 
rate has a negative impact on inflation, which is consistent with the idea that an improvement in the situation on the labour 
market maintains upward pressure on prices (through higher household consumption and greater bargaining power of employees). 
Besides, the nominal exchange rate has a positive (and cumulative) impact on the unemployment rate. One possible interpretation 
is that an appreciation of the national currency (i.e. the exchange rate) can lead to a loss of competitiveness for the country (the 
price of exported products being more expensive for non-resident economic agents). In this context, when the currency appreciates, 
export-oriented industries may experience a drop-in activity and lay off part of their workforce.

Within our exploratory framework, it is important to remember that some interactions highlighted by the model are not addressed 
by theoretical frameworks in economics, which predominantly focus on the implications of anticipated inflation and equilibrium 
conditions. By contrast, our empirical methodology examines the subject through a different lens, suggesting that the nominal 
exchange rate could play a role in the cross-relation between inflation and unemployment (insofar as the exchange rate depends 
on the central bank’s monetary policy reactions). For instance, the evolution of the unemployment rate depends on the level of 
inflation, but the sign of this effect is conditional on the level of the nominal exchange rate. In other words, there could be one or 
6
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Fig. 5. A. Three-dimensional representation of the chaotic attractor solution  and the Poincaré section  . B. Computed points of  .

more nominal exchange rate thresholds that could have a strong impact on the combined dynamics of unemployment and inflation. 
These cross-relationships involving the exchange rate (and therefore central bank intervention) can lead to very different dynamics 
that could be taken into account in theoretical modelling (e.g., an example of modelling [53]). As the model outputted by GPoM 
is not an economic model, it can only be considered as a rough approximation of the original economic dynamic, and it does not 
allow for a full interpretation of all the terms in the system’s equation. However, since the system was derived from the data, it 
contains information about their relationships, which we analyse below.

4. First return map with additional branches

4.1. First steps of the topological characterisation

The topological analysis is performed as previously defined (Section 2). The flow evolves clockwise in the phase plane (𝑥 − 𝑦). 
The Poincaré section is the hyperplane  (represented in Fig.  5.A) defined as follows:

 =
{

(𝑦(𝑡), 𝑧(𝑡)) ∈ R2
|𝑥(𝑡) = 𝑥−, 𝑦(𝑡) < 𝑦−, 𝑡 > 0

}

Fig.  5B shows the Poincaré section with the orientation of the 𝑦–axis from the inside to the outside of  . This Poincaré section 
exhibits a particular structure where there are several layers that corresponds to chaotic dynamics signature where the flow 
is stretched, folded and squeezed. There is no possibility to position a Poincaré section on  without having such a structure 
with multiple layers. The first return maps of attractors solution to system generated from non-stationary data show additional 
structures [54]; this is observed in Fig.  5B. However, strong non-stationarity leads to the appearance of numerous additional 
structures that are concentrated and overlap in the first return maps. In our case, the additional structure is a simple additional 
branch without overlapping. This corroborates the statistical analysis where data used for modelling are weakly non-stationary. To 
precisely understand the implication of such a constraint on topological characterisation, we first address this problem with the well 
known Rössler system [23].

4.2. The case of the Rössler attractor

Additional branches in first return maps can be observed, but their impact on the topological characterisation is not clear 
(see [18–20] where extra-branches are not considered and reciprocally [21,22] where they are considered). These extra-branches 
must be distinguished from foliated structure exhibited by Lorenz system [55] and Chen system [56] where the foliations are the 
result of a tearing mechanism [57]. As a first glimpse on the system (5) solution, it appears that several folding might occur (Fig. 
3) without tearing mechanism. The purpose of this subsection is to clarify the meaning of an additional branch in first return map 
where only stretching and folding mechanisms occurs (see template Fig.  1e). First return maps depend on the Poincaré section’s 
position used to perform the topological characterisation of an attractor (see [58] for four distinct first return maps for only one 
chaotic attractor). A first return map is obtained with an extra branch (Fig.  7A) using the Rössler system (1) with the following 
Poincaré section: 

 =
{

(𝑦 ,−𝑧 ) ∈ R2
| − 𝑥 = −1, −𝑥̇ > 0

}

(6)
𝑛 𝑛 𝑛 𝑛
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Fig. 6. Poincaré section positioned inside the stretching and folding mechanisms. A. Space phase (−𝑥, 𝑦) with flow evolving clockwise with 
the Poincaré section  (6) place in the stretching and folding mechanism. B. Poincaré section  (6) in (𝑦𝑛,−𝑧𝑛). The only use of 𝑦𝑛 to build a 
variable 𝛾𝑛 remove the bijection between the section and the Poincaré section.

Fig. 7. Comparison of periodic points order in first return maps. First return maps of two equivalents Poincaré sections for the Rössler system 
with periodic points of the unstable periodic orbits. A and B correspond respectively to Poincaré section (2) and (6). As these two first return 
maps are obtained from equivalent Poincaré sections, the relative order of the periodic points is conserved by following the line in A and B. This 
translates the fact that the stretching and folding mechanism start in the three-dimensional space inducing modification in the structure of the 
first return map B compared to A. In addition, the relative order of periodic points corresponds to 𝜌𝑛 values in A while it does not correspond 
to the order of 𝛾𝑛 values in B.

that is represented in Fig.  6. From this first return map, a variable 𝛾𝑛 is build to represent the distance from the inside to the outside 
of the attractor as it has been done for 𝜌𝑛 (2): 

𝛾𝑛 = (𝑦𝑛 − 0.229)∕(1.7634 − 0.229). (7)

As illustrated by Fig.  6B, such a construction implies the loss of bijection from the Poincaré section  to 𝛾𝑛. Facing this extra branch 
in first return map, one can be tempted to consider that there are three branches in the template with an encoding that could be 
0, 1 and 1. Instead of trying to study directly the extra-branch impact from the first return map Fig.  7B, we proposed to build a 
bijective representation of  using 𝜂𝑛 that is defined as follows: 

𝜂𝑛 =

{

(𝑦𝑛 − 0.229)∕(1.7634 − 0.229)  if 𝑧𝑛 ≤ −1.1665

1 + (𝑦𝑛 − 1.137)∕(1.7634 − 1.137)  else
(8)

Such a partition of the Poincaré section implies a separation and this is used to characterise chaotic attractor bounded by higher 
genus torus where multiple components are required to study their topology [59,60]. The first return map associated to this 
representation of the Poincaré section  with 𝜂𝑛 is represented Fig.  8A.

Consequently, 𝜂𝑛 has values between 0 and 1 giving the increasing and decreasing branches encoded with 0 and 1 from 𝛾𝑛 and 
values of 𝜂𝑛 between 1 and 2 corresponds to the values of the additional decreasing branch from 𝛾𝑛 and is encoded with 1. The first 
return map (Fig.  8A) associated to such a Poincaré section clearly split the three branches and indicates that there are only three 
transitions between the components:
8
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Fig. 8. Topological characterisation of the Rössler attractor considering three distinct branches. A. First return map of a Poincaré section 
with two components, separating out the additional decreasing branch. From branch 0, only transition to branch 1 are possible. B. Template with 
three branches including a separation between the two components. The separation between 1 and 1 is virtual as it is underlined by dashed line. 
(9) is the linking matrix describing this template. C. Linking graph used to theoretically compute linking numbers between orbits 𝑁insertion = 2
(10).

• From branch 0, the next periodic point will be in branch 1.
• From branch 1, the next periodic point will be in branches 0 or 1.
• From branch 1, the next periodic point will be in branches 0 or 1.

The hypothesis of separating the two decreasing branches leads us to a template (Fig.  8B) described by the linking matrix 𝑅3: 

𝑅3 =
0
1
1

⎡

⎢

⎢

⎣

0 −1 −1
−1 −1 −1
−1 −1 −1

⎤

⎥

⎥

⎦

⎤

⎥

⎥

⎦

. (9)

with the following structure (Fig.  8B). This template is also validated using numerical and theoretical linking numbers. This 
calculation for two periodic orbits of period 4 and 6 is: 

𝑙𝑘(1011, 101011) = 1
2

[

2𝑅0,0 + 6𝑅0,1 + 4𝑅0,1 + 4𝑅1,1 + 6𝑅1,1 + 2𝑅1,1 +𝑁insertion

]

= 1
2
(0 − 6 − 4 − 4 − 6 − 2 + 2) = −10 ,

(10)

including the insertion number computed theoretically (Fig.  8C).
Considering that both torsions of branch 1 and 1 are equal to −1 and that they permute negatively once, they can be regrouped in a 

unique negative torsion. Consequently, the template with three branches (Fig.  8B) is topologically equivalent to the Rössler template 
with two branches (Fig.  1G). Therefore, splitting the first return map into three branches produces the same result as considering 
only two branches and reordering the periodic points based on their implication number that corresponds to the progression from 
one side to the other on the first return map. As the Poincaré section leading to this calculation are equivalents, (2) and (6), the 
additional branch appears because of the positioning of Poincaré section (6) in the chaotic mechanism where stretching and folding 
are occurring and before the squeezing mechanism. Consequently, even if the Poincaré section is not ideally positioned to analyse the 
topology of a chaotic attractor, the shape of its first return map synthesises the chaotic mechanism without the need of considering 
additional branches as being new interesting branches from the topological perspective.

5. Template and its implication

5.1. Template of the model

Further to the results of previous section, the topological method is applied directly without considering the layers of  . Thus, 
𝜌  is a discrete value detailing successive passage of the flow through the Poincaré section, allowing the drawing of a first-return 
𝑛

9
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Fig. 9. (A) A set of 4 orbits of the attractor  . (B) The first return map associated to  . The 4 orbits are plotted on it. The coordinates are 
normalised between 0 and 1 (11).

Table 2
Numerical linking numbers between 
pairs of orbits extracted from the 
chaotic attractor  .
 (1) (10) (1110) 
 (10) −1   
 (1110) −2 −3  
 (111010) −3 −5 −10  

Fig. 10. Theoretical computation of 𝑁joining for 𝑙𝑘(1110, 111010). Each positive crossing is counted: 𝑁joining = 2.

map that describes the dynamic of the flow in one dimension. 

𝜌𝑛 =
−𝑦 − min(𝑦)

max(𝑦) − min(𝑦)
(11)

The unstable periodic orbits (Fig.  9.A) are extracted from the attractor  . The first-return map (Fig.  9.B) is subsequently plotted 
along with the orbits. Based on the work previously detailed (Section 4.2), only two branches are considered which leads to the 
naming convention, 0 and 1, used in Fig.  9, Tables  2 and 3. The symbol 0 is for the increasing branch and the symbol 1 for the 
decreasing branch. The linking numbers are computed using a script written in Python [61], giving numbers identical to the one 
obtained by an analysis of the Rössler system (Fig.  1). The same template and its associated linking matrix are considered:

𝐿 =
[

0 −1
−1 −1

]]

.

The computation of the theoretical linking numbers is then done (and detailed in 3) using the following formula:

𝑙𝑘(,′) = 1
2
×

( 𝑘
∑

𝑖=1

𝑙
∑

𝑗=1
𝐿𝑖 ,′

𝑗
+𝑁joining(,′)

)

As the theoretical linking numbers correspond to numerical ones, template is validated (Fig.  1e). This template evolving clockwise 
is made of a continuous part from bottom right to top right. The remaining part is composed of the chaotic mechanism made with 
two branches: 0 that has no torsion and 1 with a negative torsion permuting with the other branch, stretching and reversing the 
order of orbits in the flow until both branches are squeezed together.
10
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Table 3
Theoretical linking numbers between pairs of orbits extracted from 
the chaotic attractor  (see Fig.  10 for examples of 𝑁joining compu-
tation).

𝑙𝑘(1, 1110) = 1
2
× [3𝐿1,1 + 𝐿1,0 +𝑁joining]

= 1
2
× (−3 − 1 + 0) = −2

𝑙𝑘(10, 1110) = 1
2
× [3𝐿1,1 + 𝐿1,0 + 3𝐿0,1 + 𝐿0,0 +𝑁joining]

= 1
2
× (−3 − 1 − 3 + 0 + 1) = −3

𝑙𝑘(1110, 111010) = 1
2
× [3 × 4𝐿1,1 + 3 × 2𝐿1,0 + 4𝐿0,1 + 2𝐿0,0 +𝑁joining]

= 1
2
× (−12 − 6 − 4 + 0 + 2) = −10

5.2. Interpretation and discussion

The main interest of the template representation is that it reproduces all properties of chaotic solutions. First, the solution 
is bounded in the template. Secondly, the evolution is not time-dependent because it is built on topological invariants. Finally, 
the last part of the chaotic mechanism with stretching and squeezing illustrates the sensitivity to initial conditions as well as the 
nondeterministic properties by allowing all trajectories to be redistributed in every branch for the next topological period. The 
topological structure of the attractor  indicates where the mechanisms leading to chaos occur: stretching to split closed trajectories 
and folding and squeezing to mix them while maintaining a bounded evolution of the trajectories. This mechanism is detailed 
theoretically Fig.  1e where the periodic orbits are embedded in the template of  that is equal to the template of  . Two branches 
are distinguished where the left part contains no torsion, and the external branch has a negative torsion. Orbits of the attractor 
(Fig.  9A) are spatially closed to the theoretical representation of the template except that there is an additional branch. The latter 
indicates that for a couple (𝑥, 𝑦) (unemployment and inflation) two distinct values of 𝑧 (exchange rate) (Fig.  5B) have non equivalent 
values at the end of the chaotic mechanism in the template. The stretching, folding and squeezing occur in the chaotic mechanism 
of the template while a part of the attractor will be squeezed later in the chaotic mechanism after a revolution. The trajectories on 
the right of the Poincaré section of Fig.  9A reproduces transformations due to the chaotic mechanism of the attractor. As mentioned 
before, for  , there is no place to position the Poincaré section without having this additional branch. This branch is visible all 
along the flow with two layers.

From an economic point of view, when unemployment decrease, price inflation tends to accelerate with possibly two distinct 
values of exchange rates due to this additional branch. This parallel evolution of trajectories (which corresponds to the theoretical 
form of the Phillips curve) is maintained until stretching and folding occur to mix trajectories, that is, when both 𝑥 and 𝑦, 
respectively, unemployment and inflation are high (Fig.  9A). This phenomenon precedes the torsion and squeezing part of the 
template in the phase space. In this area, there are several possibilities for closed trajectories, it includes both scenarios where two 
closed trajectories will diverge to follow distinct paths or, two distinct trajectories could also be closed after the chaotic mechanism 
because of the squeezing mechanism. Another possibility is that two distinct trajectories could exchange their relative positions 
because at the end of the template, the branches are stretched and squeezed to the branch line.

The coexistence of high inflation and high unemployment directly contradicts the conventional Phillips curve framework. This 
phenomenon known as ‘‘stagflation’’, which was particularly observed during the 1970s, has necessitated a re-evaluation of the 
factors driving inflation and unemployment, prompting economists to consider alternative explanations (supply-side shocks, role of 
inflationary expectations). Beyond these dimensions that are not addressed in the paper, our empirical approach suggests that the 
juxtaposition of high unemployment and high inflation can lead to a chaotic dynamic, that is, an unpredictable dynamical regime 
despite the underlying determinism.

6. Conclusion

From economic data time series, a model has been generated using a global modelling tool. A model defined by a three-differential 
equations system has been obtained, that will hopefully pave the way and bring up interest to the study of non-linear, chaotic 
dynamics and global modelling based on economic data. The system cannot be classified as an economic model ; however, being 
derived from data, it encapsulates underlying relationships between unemployment, inflation and nominal exchange rate. The 
solution of the model is a chaotic attractor that has been subsequently topologically characterised. We proved that the presence 
of a supplementary branch does not raise any issue in the topological analysis of the attractor  , which is topologically equivalent 
to that of the classical Rössler attractor. In terms of economic analysis, our study complements existing empirical approaches by 
applying a topological analysis to ‘‘classical’’ economic data, which provides insights into the complex and nonlinear interactions 
among multiple economic variables. This exploratory approach suggests the exchange rate plays a role in the inflation-unemployment 
relationship: it could lead to very different dynamics that may be considered in theoretical modelling. More important, the analysis 
11
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allowed the identification of key point in chaotic dynamics specifically during periods of high inflation and high unemployment 
– and not elsewhere – thereby indicating where trajectories intertwine and concentrate. The simultaneous occurrence of inflation and 
unemployment presents a conundrum that challenges traditional macroeconomic models, particularly those based on the Phillips 
curve, which posits an inverse relationship between these two economic aggregates. In this context, it could be viewed as a potential 
shift to another economic regime, driven by factors that introduce non-linearities and sensitivity to initial conditions, characteristics 
of chaotic systems. For future works, we plan to realise bifurcation diagrams of the differential equation system to fully understand 
the route to chaos by varying parameters and contribute to a better understanding of the rise of chaotic dynamics in the model and 
its potential role in the economical phase space.
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