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Abstract

It is well known that a Backward Stochastic Differential Equation (BSDE) with a Peano-type generator
has infinite many solutions when the terminal value is zero. In this paper, we study the uniqueness of
adapted solutions of such a BSDE when the terminal value is positive. Two methods are developed. The
first one is to connect the BSDE to an optimal stochastic control problem: under suitable integrability
of the terminal value, with a verification argument, we prove that the first component of the adapted
solution pair is the value process for some given stochastic optimal control problem. The second one
appeals to a change of variables, with a flavor of more analyses: by a change of variables, the original
BSDE is reduced to a convex quadratic BSDE, and then using the #-difference method, we give a sharp
result in some special case which can be applied to the BSDE defined by Kreps-Porteus utility.

Keywords: Backward stochastic differential equation, Existence and uniqueness, Peano-type,

f-difference method, Kreps-Porteus utility.

2010 MSC: 60H10

1. Introduction

Define R := (—o0, +00), Ry = [0,+00) and Ry := (0,+00). Given a real T > 0 and a positive
integer d. Let (Q2, F,P) be a complete probability space with augmented filtration (F;)¢cjo, 7] generated
by a d-dimensional standard Brownian motion (B;):c[o,r), and F = Fr. The equalities and inequalities
between random elements are always understood to hold P — a.s.. We are concerned with the following

scalar backward stochastic differential equation (BSDE for short):

T T
Y, =¢ —|—/ 9(s,Ys, Zs)ds — / ZsdBs, te€[0,T], (1.1)
¢ ¢

where ¢ is an Fr-measurable real-valued random variable, called the terminal value, and for each (y, z) €

R x R4 the stochastic process g(-,-,y,2) : Q x [0,T] — R is (F;)-progressively measurable (the
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function g is called the generator). An adapted solution of BSDE (1.1) is an pair of (F;)-progressively
measurable processes (Y, Z¢)¢ejo,7] taking values in R x R'*? such that P — a.s., t — Y; is continuous,
t > |g(t, Y, Zi)| + | Z4|? is integrable, and (1.1) is fulfilled. Pardoux and Peng [32] established the first
existence and uniqueness result on the square-integrable adapted solution of a nonlinear BSDE under
the Lipschitz condition on the generator g and the square-integrable condition on the terminal value &.
Since then, BSDEs have received a lot of attentions and gradually become a powerful tool in various
fields such as mathematical finance, nonlinear expectation, PDE, stochastic control and game, and so
on. The reader is referred to [12, 33, 31, 27, 7, 8, 34, 22, 23, 26, 37, 15, 18] for details among others.

The existence of a square-integrable adapted solution for BSDE (1.1) was given in Lepeltier and
San Martin [29] when the terminal value & is square-integrable, and the generator g is only continuous
and has a linear growth in both unknown variables (y, z). See also Fan and Jiang [19] for the case of
the LP (p > 1) solution. By virtue of the localization method of Briand and Hu [5] along with the a
priori estimate technique and the comparison theorem for adapted solutions of BSDEs, existence were
given for more general situations that the generator g may have a one-sided linear/superlinear growth in
the state variable y and a super-linear/sub-quadratic/quadratic growth in the state variable z. Relevant
results are available in for example [27, 5, 3, 13, 14, 15, 17, 18]. It is well known that under the above-
mentioned conditions, BSDE (1.1) can have multiple adapted solutions when the terminal value is zero.
For example, for each ¢ € [0, 7], the pair of processes

(Vi) = 3 (e~ ) ,0), teo,7]

is an adapted solution of the following BSDE:

T T
Ytz/ \/|Y3|ds—/ Z.dB, te[0,T]. (1.2)
t t

The main reason lies in that the following Ordinary Differential Equation (ODE)

y' () = —vy(t), e[0T}

has infinite many solutions y; = [(c — ¢)¥]?/4 on the time interval [0, T]. To the best of our knowledge,
Peano first explored this kind of phenomenon of multiple solutions of ODEs (see for example Herrmann
[21], Crippa [9] and Delarue and Flandoli [10]). We call the generator like /7~ being of Peano type.

To obtain the uniqueness of an adapted solution of BSDE (1.1), some further conditions have to be
imposed on the generator g. The uniform Lipschitz condition used in Pardoux and Peng [32] is just the
classical one. Weaker conditions than the uniform Lipschitz condition were subsequently explored and
verified during the last three decades. Among these conditions we would like to especially mention Mao’s
non-Lipschitz condition, the monotonicity condition and the one-sided Osgood condition with respect to
the state variable y, and the uniform continuity condition and the convexity/concavity condition with
respect to the state variable z. The reader is referred to [30, 31, 27, 4, 6, 24, 25, 20, 11, 3, 2, 13, 1, 16,
15, 17, 18] for more details. We mention that in order to verify the validity of these conditions, some
novel ideas and tools were also constantly presented and developed, such as Gronwall’s and Bihari’s
inequalities, Girsanov’s transform, the #-difference method and the test function technique.
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The generator of Peano type like \/y~ goes beyond of all works mentioned in the last paragraph. As
a result, the previous BSDE (1.2) admits multiple adapted solutions. Moreover, for a nonnegative and
nonzero terminal value, it is possible that a BSDE with a Peano-type generator still admits multiple
adapted solutions. For example, let 7 € (0,T") be a given stopping time, A € F, be a given event such
that P(A) € (0,1), A € [0,1] be a constant, ) := A7 + (1 — A\)T be an F,-measurable random variable,
and (Y, Z})ie(0,-) be the adapted square-integrable maximal solution of the following BSDE:

T-7\° (m =" ’ ’
Yt*:(1+ > 1A+[} 1Ac+/ Y ds—/ Z)B,, te(0,7].
t

2 2 ]

Then, by setting for each ¢ € [0, T,

_ T—t\? —t)+]? _
%= {<1 N 2> tat [WA?)} lAc} Lisr + Y ey and 27 = Z)My<sr,

we can directly verify that (Y, Z{\)te[o,T] is a square-integrable adapted solution of the following BSDE
T T
Yt:1A+/t J}st—/t Z,dB,, tel0,T).
Note the constant A can be arbitrarily chosen in [0,1]. The last BSDE admits infinite many square-
integrable adapted solutions. Now, let us take a look at the ODE with a Peano-type generator when the
terminal value is positive. By virtue of the variable separation method, it is straightforward to verify

that for any given ¢ > 0, the following ODE

does have a unique solution y;, = (y/c + T/2 — t/2)? on the time interval [0,T]. Then, a question
is naturally asked: for any given square-integrable terminal value £ € Ry, is the square-integrable
solution (Y3, Zt);e[o,7] such that Y. € Ry of the following BSDE
T T

Y; :§+/t \/st—/t Z,dB,, tel0,T). (1.3)
necessarily unique? When £ > ¢ > 0 for some constant ¢, it is not difficult to see that the answer is
affirmative. In fact, by taking the conditional mathematical expectation we have Y; > ¢ for any adapted
square-integrable positive solution (Y;, Z;)ier of BSDE (1.3). Then, (Y., Z.) has to be the unique square-
integrable adapted solution of the following BSDE with a Lipschitz generator:

T T
Y, :f+/ (\/YS 1{y520}+\/61{3/5<c}) ds—/ ZsdBg, t€][0,T].
t t

But, when essinf ¢ = 0, it seems that the answer of the previous question can not be easily obtained
by any existing results. The objective of the present paper is to solve this problem. Two kinds of more
complicate scenarios are further investigated. To the best of our knowledge, this is the first study on the
uniqueness of the adapted solutions of BSDEs with generators of Peano type.

More specifically, in Section 3 of the present paper we apply a verification method to study uniqueness
of the adapted solutions of BSDEs with generators of Peano type when the terminal value £ is positive.
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In fact, it is proved that under some integrability conditions on the terminal value, the first component
Y. of the adapted solution pair is indeed the value process for some given stochastic optimal control
problem. See Theorem 3.2 for more details. The second is an analytical approach. After a change of
variables, the original BSDE is shown to be equivalent to one convex BSDE with quadratic growth in
Section 4. Then we use a #-difference method to get a sharp result in some special case which can be
applied to the BSDE defined by Kreps-Porteus utility. See Theorem 4.1 for more details. The proofs are
quite involved. The whole ideas consist in employing the classical dual theory on the convex functional
and the 6-difference method employed initially in Briand and Hu [6]. The Fenchel-Moreau theorem,
Holder’s inequality, Jensen’s inequality, It6-Tanaka’s formula, Girsanov’s transform and Doob’s maximal
inequality on sub-martingales play crucial roles in our proof. For more clarity, let us take BSDE (1.3)
for an example to quickly illustrate our whole idea.
We first introduce the verification method used in Theorem 3.2. First of all, from the duality,
V??:;gg{qqu}, y €R;. (1.4)
Then we define some admissible set H which is a subset of (F;)-progressively measurable R ;-valued
processes and will be given precisely later, and for any ¢q. € H, define (Ytq',Zf')te[O,T] as the unique
square-integrable adapted solution of the following BSDE:
T 1 T

Y2 =§+/t (quf‘ +4qs> ds—/t Z%dB,, te0,T). (1.5)
Finally, suppose that both & and 1/,/€ are square-integrable and (Y3, Z),cjo,7] is any square-integrable
adapted solution of BSDE (1.3) such that Y. € R, , and we prove that for each ¢ € [0,T],

Y, = essinf V,T', (1.6)
q.€EH
which gives uniqueness of the adapted solution of BSDE (1.3). In order to verify (1.6), we choose
q. is an (JF;)-progressively measurable R -valued process

H = (Qt)te[o,T] : 9
such that E [e2foT qsd5:| <400 and E [(foT q%dt) } < +00

For any q. € H, by It6’s formula we can directly verify that BSDE (1.5) admits a unique square-integrable
adapted solution (Y., Z%) such that

ft] , t€][0,T].

T
s 1
Y;q. —F eftT qsdsg+/ eft qudu ds
t 4(]5

And, in light of (1.3)-(1.5), by a comparison argument we can prove that for each q. € H and t € [0,T],
Y <Y

Now, from the duality we pick

1
= ——— tel0,T). 1.7

It remains to prove that ¢ € H and Y. = Y. For this purpose, we first give some a priori estimate on

Y.. It follows from Itd’s formula that

2 Y—z\/Z+/T 1+ﬂ d —/T Zs 4p te0,T]
t — ] 4(}/8)3/2 S ] /T/S 89 9 .
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Thus, for each t € [0, T],
2/Y, zE[Q\/ﬂft} YT —t

and then ) )
T—t T—t
vz (e[vER]+ 50) 2 (ne ) (18)
with

n:= min E [\/Zu-‘t} .

t€[0,T)
From this a priori estimate, we can now finish the desired proof. First, by (1.7) we know that ¢* is an
2
(Ft)-progressively measurable R -valued process and E [( foT 1/q; dt) } < 400. Then, by the a priori
estimate (1.8) we obtain
2

T T

/Ldtg/ 2dt:2ln(2n+T>:ln P

0o Vi o 2+T—t 21 2trr[10u}]1E[\/§>|ft]
<€|0,

and, in light of Jensen’s inequality and Doob’s maximal inequality,

| T ’
E lexp (/0 mdt) < E tg{l&}}] (1 + SETTEE] [\/ﬂft])
T ’ 1.9
< s (o1 e 7)) | "
T 2
< 4E (1 + 2\/?) < +400.

Combining (1.7) and (1.9) yields that E [62 Jo ’I:ds} < +o00. Hence, ¢* € H. Finally, in light of the
duality (1.4) along with (1.7), we have
X 1
‘/YSZQSYS—’_F’ s € [O,T] (110)
q

s

Moreover, in light of (1.3) and (1.10), from the uniqueness of the square-integrable adapted solution of

BSDE (1.5) it follows that Y. = v Thus, we have proved that the positive square-integrable adapted

solution of BSDE (1.3) is unique when 1/¢ is integrable. We remark that this verification method is

applied in this paper to a more general situation that the generator g contains not only a nonnegative

term being of Peano type in the state variable y, but also a nonnegative term satisfying the monotonicity

condition in y and a real-valued term being uniformly Lipschitz continuous in the state variables (y, z).
In the sequel, let us further illustrate the #-difference method used in Theorem 4.1. Suppose that

(Y:, Zt)repo,r) 1s a square-integrable adapted solution of BSDE (1.3) such that Y. € SP(R, ) for some

p > 1. Define ¢ := 2,/€ and for each t € [0,T],

Zy

\/—?t.

By virtue of It6’s formula, we can conclude that (Y., Z.) is an adapted solution of BSDE (1.3) such that

Y. € SP(Ry,) if and only if (Y., Z.) is an adapted solution of the following BSDE:

Y, :=2Y, and Z;:=

- B T | Z,|? T _
=g [ (145 e [z, cen (111)
t 2Y9 t
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such that Y. € S?P(R;;). Note that the generator g(y) := /y of BSDE (1.3) is a concave function
defined on R, while the generator g(y, z) := 1+z|?/2y of BSDE (1.11) is a joint convex function defined

on Ry x R'? Then, for each § € (0,1) and (y1,%2,21,22) € Ry x Ry ;. x RYX4 x R4 we have

Ly 50001 (9(y1,21) — 09(y2, 22))

-0 21 — 0z
Lo 9 (2 + (=L 020k (1= )T =02 )~ Ol )|

+
_ y1 — Oy z1 — 0z
S (1 —9)1{y1>0y2}g (( 11 92> ) 11 02> .

Based on the above observation, we can employ the §-difference method as in Briand and Hu [6], Fan

and Hu [15], and Fan, Hu and Tang [17, 18] to verify that BSDE (1.11) admits a unique adapted solution
(Y., Z) such that Y. € S?*’(R,,). As a result, (Y., Z.) is the unique adapted solution of BSDE (1.3)
such that Y. € SP(R, ;). This method is applied to a slightly general situation in this paper. See BSDE
(4.1) and Theorem 4.1 in Section 4 for more details. We remark that although in Section 4, the BSDE
is special, but the result is sharper since no integrability condition is imposed on 1/¢.

The rest of this paper is organized as follows. Some notations, spaces and two technical lemmas used
later are presented in Section 2. In Section 3 we state and prove Theorem 3.2 as the first main result,
with the help of a verification argument. Finally in Section 4, using the #-difference method, we study
the uniqueness of the adapted solution of a special BSDE, and give Theorem 4.1. Several remarks and
examples are included to illustrate both theorems. See Theorems 3.1, 3.3 and 4.2 along with examples
3.5 and 4.3 for details. In particular, the uniqueness of the Kreps-Porteus utility of an endowment

¢ € LP(Ry4) is demonstrated in Theorem 4.3.

2. Preliminaries

2.1. Notations and spaces

For a,b € R, define aAb := min{a, b}, at := max{a, 0}, and sgn(x) := 1,59 — 1,<o with 14 being the
indicator function of set A. For each p > 1, denote by LP(F3;R) for ¢t € [0, T] the total of Fz-measurable
R-valued random variables ¢ satisfying E[|{|P] < +o0 (in particular, L?(Fp;R) is also denoted by LP(R)
for simplicity), £P(R) the total of (F;)-progressively measurable R-valued processes (X).c[o,r) satisfying

1 2oy o= {E [( / ) thdt>p] }; < +oc,

SP(R) the total of (F;)-adapted continuous R-valued processes (Y;)¢c(o,7] satisfying

1
P
) < 400,

and MP(R'*?) the total of (F;)-progressively measurable R**?-valued processes (Z¢);e(0,7] satisfying

T P/2 %
|1 Z]| prrixay == ¢ E (/ |Zt|2dt> < +o0.
0

6
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If the R is replaced with Ry or R, in anyone of the above spaces, then it represents the total of those
elements in the original space taking values in Ry or R .
Denote by S the totality of concave functions p(-) : R; — R, such that p(0) = 0, p(z) > 0 for z > 0

and p'(+) is a continuous function on (0, +o0) taking values in R,. Note that for p(-) € S, we have
VA€ (0,1), Yo 20,  p(Ax) = pAz + (1— \)0) = Ap(e) + (1 — A)p(0) = Ap(a)

and then the function p(z)/xz, x > 0 is nonincreasing, i.e., for each z,y > 0,

if x <y, then v _ > (2.1)
x x y
Hence, p(z) < p(1)z for z > 1, and then p(-) is of linear growth, i.e.,
Ve Ry, pla) < p(1) + p(1)z. (2.2)
Furthermore, by (2.1) we have for each z,y € Ry,
plety) _plx) plzty) _ ply)
x+y — x xz+y oy
and
plr+y) . ple+y)
+ — + < + .
plety) == o+ === "y < pl@) + o)
As a result, p(-) can be dominated by itself, i.e.,
Vr,y € Ry, [p(x) — p(y)| < plz —yl). (2.3)

2.2. Two Lemmas

By virtue of Fenchel-Moreau theorem, we can prove the following lemma which gives a dual repre-

sentation of function p(-) in S. It will play an important role in the proof of our main result.

Lemma 2.1. For p(-) € S, let

p*(q) == Sup {p(x) — gz}, qeRy. (2.4)

Then, p*(-) is a nonincreasing convex function on Ry taking values in Ry U {+oo}, and

px) = {p*(q) +qz}, z€R,. (2.5)

= inf
q€ERL,p*(q)ERL

Moreover, for any xo € Ry, by picking ¢ = p'(zo) € Ry we have p*(q) € Ry and

p(xo) = p*(q) + qzo. (2.6)

Proof. By (2.4), it is straightforward to verify that p*(-) is a nonincreasing convex function on R taking
values in Ry U {4+o00}. Now, let us verify (2.5). Define
—p(z), ==>0;

pla) == (2.7)
400, x <0.



Then, p(-) is a proper convex function defined on R. By Fenchel-Moreau theorem, if

p*(q) == Slelg{—qx —p(@)}, q€R, (2.8)
then
plz) = Slelg{—qx -7 (@)}, zeR (2.9)

It follows from (2.7) and (2.8) that

p*(q) = sglg{*qz +p(@)}, q€R,

and then, in light of (2.4), p*(q) = p*(q) for ¢ > 0 and p*(q) = +oo for ¢ < 0. As a result, by (2.9),

p(z) = 21;15{—(196 -p' (@)} = igg{—qw -p* (@)}, z€eR.

Hence, in light of (2.7), we obtain

p(r) = —p(x) = — 21;18{—% A ;gg{qx +p"(q)}, >0,

which is just (2.5). Moreover, for each zg € R, by picking ¢ = p/'(z9) = —p'(z) > 0 we have

p(xo) = —qzo — p"(q),
which yields p*(¢) = p*(¢) € R4 and (2.6). The proof is complete. O
Remark 2.2. For example, for each given o € (0,1), the function p(x) := x*, x € Ry belongs to S. If

" o « 11—«
p*(q) == sup {p(z) —qz} = sup {a® —qz} = (1 — ) <> , qg€Ry,
z€ER L rERL q

then p*(-) is a nonincreasing convex function on Ry taking values in Ry U {+o0}, and

(07

plx) = inf {p*(q) + qx} = inf {(1 —a) () o + qm} , weR,.

q€R4,p*(q)ERL qER} ¢ q

Moreover, for any xo € Ry, by picking ¢ = p'(x0) = ax§ ' € Ry we have p*(q) = (1 — a)z§ € Ry and

p(xo) = p*(q) + qro = x5

It is noteworthy that for p € S, in light of (2.1) and (2.3), if lim+ p(z)/x = k for some k > 0, then
z—0
p(+) must satisfy the Lipschitz condition with Lipschitz constant k, and if lir{)lJr p(x)/x = +oo and
z—

1
/ ——dx := lim Lda: = +o00,
o+ p(z) e—0t Jo p(x)

then p(-) must satisfy the Osgood condition. In the present paper, we are interested in the other case of

p €8S, ie., p(-) belongs to the following set:

i / i PE) 1
S:= {p()ES‘p(O—!—O) '_xli%l+ . =400 and . p(x)dx<+oo}. (2.10)



For example, let k,c¢ > 0, « € (0,1) and 8 > 1 be four given constants, and € > 0 be a sufficiently small

constant. Define p1(z) := kz, « € R;; and the following nine functions:

z|Inz|?, z € [0,¢];
pa(z) =

p2(€) + po(e = 0)(x =€), =z € (e,+00),

z|Inz||In|lnz||?, x € [0,¢;
p3(x) =

p3(e) + ph(e = 0)(z —¢), z € (g,+0),

x| Inz|, x € [0,¢];
pa(x) ==

pa(e) + pi(e = 0)(z —¢), =€ (g,400),

z|lnz||ln|Inx||*, x € [0,¢];
s ) 1= pol) = ka®, 7 € Ry,

ps5(&) + ps(e = 0)(x —¢e), =z € (g,400),

VT, z € 0,1];
kx®, z €10, ¢;
pr () = ps(x) = -3+ + 1, ze(l,2);
ke® + kac® =Yz —c¢), x € (c,+00),
%, x € [2,400),
% Inzlk, z € [0,¢];
po(x) :=
po(e) + phle — 0)(z — &), 7 € (&, +00),
and
et z € [0,¢];
proa) =4 "

p10(€) + plole = 0)(z — &), = € (&, +00).
Then, p;(-) belongs to the above-mentioned first case, both ps(-) and p3(-) belong to the second case,
and all functions p;(-),i =4,...,10, belong to S. Functions in S will be called to be Peano-type.
We especially emphsis that it is straightforward to verify that for each p(-) € S and h(-) € S, the
function p(-) := p(-) + h(-) must belong to S.
Functions p(-) in S have the following properties which will be used later, see (3.22)-(3.23) in Section 3.

Lemma 2.3. For p(:) €S, let p.(x) := p(x) + ¢ for x € Ry and some constant ¢ € Ry, and let

v w 1
H. = = _— R..
e(v) / PXCN / ot ()t R

Then, H.(-) is well-defined and strictly increasing on Ry, H.(0) =0 and lim H.(u) = +oo. Moreover,

U—+00
for each ky > H.(1) and ko, ks > 0, we have
HI(ky + ko) < 2eR2(p(Fo) g=1(f)) (2.11)
and
pelksH ' (ky + ko)) < 2eM00WF) p (ks H I (y ), (2.12)

where H:1(+) : Ry — R denotes the inverse function of H.(-).
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Proof. By the definition (2.10) of S, it is obvious that H.(-) is well-defined and a strictly increasing
function on R} with H.(0) = 0. In light of (2.2), we have

: teo g 1 teo g
lim H.(u) = dz > dz = +o0.
u—-+oo o ctplx) pM)+cto 1+z

Then the inverse function H_1(-) : Ry — Ry of H,.(-) is well-defined and is also strictly increasing on R
Now, fix k; > H.(1) and ko, ks > 0, and let uy = H'(k; + k2) and u; = H*(ky). Then, ug > u; > 1
and in light of (2.2), we have

(%) 1
ko = (1{31 + ]{32) —k = HC(UQ) — Hc(’u,1> = / —dx
u

1 w2 1 1+ us 1 Uz — U1
dx = In = In{1+ ,
p(1)+cJ,, 1+4+= p(+ec 14+u  p(Q)+c 1+wu

which yields that
y — 1y < (em(pu)m _ 1) (1+u) <2 (ek2<p<1>+c) _ 1) u.

Thus, picking C' = 2eF2(P(D+¢) > 1 we obtain uy < Cuy. This is just (2.11). Finally, in light of (2.1)
and C' > 1, we have

pelksHZ (ky + k2)) = pelksuz) < pe(Chsur) < Cpelksur) = Cpe(ksH, (k1))
which is the desired conclusion (2.12). The proof is complete. O

Remark 2.4. The preceding proof also manifests that the conclusions of Theorem 2.3 are still true when

the condition of p'(0 4+ 0) = +oo in (2.10) is dropped from the definition of S.

3. Main result

Let us always fix several constants 3, 3, B, v >0, A>0and p > 1 along with two (F;)-progressively
measurable processes (ay)¢ejo, 7] and (@t)epo,r) in LP(Ry). Let g be the conjugate of p, i.e., 1/p+1/q = 1.

3.1. Statement of the main result
Suppose that the function g can be written as

9w, t,y,2) = f(w, t,y) + f(w, t,y) + f(w, t,y, 2), (3.1)
where the three functions
f(w7tay) : Q% [OaT] X R+ — R-H
flw,t,y) : Qx[0,T] x Ry — Ry,

f(w,t,y,z) Q% [0,T] x Ry x R4 s R
are all (F;)-progressively measurable for each (y, z) € R x R1*? and satisfy the following assumptions:

(A1) dPxdt—a.e., f(w,t,-) is continuous, nonnegative and concave on R, and has the partial differential
f'(w,t,y) at any point y € R, in the last argument. Moreover, there is a function () € S such
that dP x dt — a.e.,
10



L4 V:l/ € R+7 Oét(CU) + (P(y) S f(wat7y) S CYt("‘)) + 511/7

e VyeR,, 0< fl(wt,y) <A (y).

(A2) dPxdt—a.e., f(w,t,-) is continuous and nonnegative on R, and satisfies a monotonicity condition

and a linear growth condition, i.e.,

o V(y1,y2) € Ry xRy, sgn(yr — y2)(f(w, t,41) — Flw,t,92)) < Bl — v,
b Vy € R+7 0 < f(w7t7y) < dt(w) +By
(A3) dP x dt — a.e., f(wﬂf, -,-) is continuous on Ry x R'*? taking values on R, f(w,t,0,0) = 0, and
satisfies a uniform Lipschitz condition, i.e., for each (y1, ¥z, 21,22) € Ry x Ry x R*d x RI*d,

|f(w7taylazl) - f(w7t;y2722)‘ S B'yl - y2| +’7‘Zl - 22‘-

Remark 3.1. Regarding assumptions (A1)-(A3), we make the following remarks.

(i) Let (ut)iefo,r), (Ut)refo,r) and (it )iefo,r) be three (Fi)-progressively measurable nonnegative bounded
processes such that essinfycio 7y ur > ¢1 and essinfyco 7 Uy > c2 for some two constants c1,ca > 0,

and ¢(-) be a function in'S. Then, it is not difficult to verify that the following function
flwt,y) = ap(w) + u(w)d(t(w)y + @ (W), (w,t,y) € 2 x[0,T] xRy

satisfies assumption (A1) with p(-) = c1¢(ca+). In particular, any function in S satisfies (A1).
Consequently, a generator f satisfying (A1) has a close link with a function of Peano type.

(i) For each (w,t,y) € Q x [0,T] x Ry, define
filw,ty) =1 =" and fo(w,t,y):=1+siny+ (3~ [Bi(w)ly)*.

It is obvious that neither g1 (w,t,-) nor ga(w, t, ) satisfy the usual uniform Lipschitz condition, while

both of them satisfy assumption (A2).

(ii) We emphasize that dP x dt — a.e., the function g(w,t,-,-) is not necessarily concave/convez, and

that the function f in (A3) may take negative values.

The main result of the paper is stated as follows.

Theorem 3.2. Suppose the function g defined in (3.1) satisfies assumptions (A1)-(A3) and & € LP(R44).

Let the process a. > ¢ for a constant ¢ > 0 and the constants p > p > q, and let p > 1 be the constant
such that 1/p+1/p=1/p. If

@ € LT (Ry), then the following BSDE
T T
V=g [ gYazyds [ zaB. tep (32)
t t
admits a unique adapted solution (Yy, Zy)ieo,r) € SP(R4y) x MP(RY¥?). Moreover, by denoting
f(w,t,q) = suﬂg) (fw, t,y) —qy), (w,t,q) € Q2 x[0,T] xRy, (3.3)
yeRy

11



we have for each t € [0,T],

Y; = essinf (e~ Jo 2=dsy 2 3.4
=), o
and there exists ¢* .= f'(-,Y.) € H such that Y. = Y9, where the admissible control set is defined by

g. is an (J)-progressively measurable R, -valued process
H = (Qt)te[o,T] : - ~ (3.5)
such that off 9 € LP(R) and (f(t.))eorr € £7(Rs)

and (Y1, Z{ ) ieo,m) is the unique adapted solution in SP(Ry ) x MP(RY™?) of the following BSDE:
T T
vo—e s [ g ve 2 [ zidb., te (o) (36)
t t
with €9 := elo ds¢ and for each (w,t,y,2) € A x [0,T] x Ry x R1*4,
g (t9,2) = e 00 [t ) + Flt,em B 0ty) 4 f(tem Botry em owdz) | 3 )
Remark 3.3. We make the following remarks.

(i) Suppose the function g defined in (3.1) satisfies assumptions (A1)-(A3). Let g be defined as follows:

g(w,t,y,2), (w,t,y,2) € Qx[0,T] x Ry x RY*4;
g(w7 t’ y7 Z) = (3.8)
9(w,t,0,2), (w,t,y,2) € Qx[0,T] x (—00,0) x R4,

It is mot hard to verify that for each (y,z) € R x R¥™4 g(w, t,y, z) is (F;)-progressively measurable

taking values on R, and dP x dt — a.e.,
— g(w,t,-,-) is continuous on R x R and 0 < ay(w) < g(w,t,0,0) < 2a;(w);
= V(y,2) ER xR, g(w,t,y,2)| < 2 (w) + (B+ B + D)yl + 72!,

From some ezisting results such as Theorem 1 of Fan [14], Theorem 5.1 of Fan [13] and Theorem
2.8 (iv) of Fan, Hu and Tang [18], it follows that for each & € LP(R), the following BSDE

T T
Yi=¢ —|—/ g(s,Ys, Zs)ds —/ ZsdBs, t€10,T)] (3.9
¢ ¢

admits an adapted solution (Yi, Zi)iejo,r) € SP(R) x MP(RY™). And, by the classical comparison
theorem under the Lipschitz condition we have that if £ > 0, then Y. > 0. This means that for each
¢ € LP(Ryy), BSDE (3.2) admits an adapted solution (Yy, Z)iepo, 1) € SP(Ri4) x MP(RI*4).

(ii) Suppose that the function f disappears in the definition (3.1) of the function g, and functions f and
f satisfy assumptions (A2) and (A3). Let g be defined in (3.8). Then for each (y,z) € R x R1*4,

g(w, t,y, z) is (Fi)-progressively measurable taking values on R, and dP x dt — a.e.,
— g(w,t,-,-) is continuous on R x R4 and 0 < g(w,t,0,0) < a;(w);
— V(y1,y2,2) € R x Rx R, sgn(yy — ) (g(w, 1,91, 2) — §(w, t, 42, 2)) < (B+ B)lyr — val;
= Y(y, 21, 22) € R x RIX4 x R4 |g(w,t,y, 21) — g(w, t,y, 22)| < |21 — 20];

- Vy € R-‘m |g(wat7y70)‘ S O_Zt(w) + (B + B)|y|
12



It then follows from Theorem 4.2 of Briand et al. [{] that for each & € LP(R), BSDE (3.9) admits
a unique adapted solution (Yi, Zi)ieco,r) € SP(R) x MP(RY™ ). And, by the classical comparison
theorem under the Lipschitz condition we have that if £ > 0, then Y. > 0. This means that for each
¢ € LP(Ryy), BSDE (3.2) admits a unique adapted solution (Y, Z;)icpo,1] € SP(Ry4)x MP(R1*4).

(iii) Suppose the function g defined in (3.1) satisfies the above assumptions (A1)-(A3). Suppose further

that & € LP(R4) is bigger than or equal to some constant ¢ > 0. For each ¢ € (0,¢, define

3 f(W,t, )7 (wat7y) € x [O,T] X [C’ +OO),
f(watvy) =
Hetely (0, t,y) € @ x [0,T] x [0, ¢).

By assumption (A1) we can easily verify that dP x dt — a.e., for each (y1,y2) € Ry x Ry,

|f(w7t7y1) - f(w7t7y2)‘ < )‘(pl(c)|y1 - y2|

Thus, by replacing f with f in the definition (3.1) of the function g and using a similar argument
as in (i), we can conclude that BSDE (3.2) admits at most an adapted solution (Yi, Z;)ico,1) €
SP(Ry) x MP(RY™™?) such that Y. > c. On the other hand, note that the following BSDE

T T
Yt:E+/ (—mm—fﬂzs\)ds—/ Z.dBs, te[0,T]
t t

admits a unique adapted solution (EeB(FT),O)tE[QT] belonging to SP(Ry 1) x MP(RY*). By the
nonnegativity of f and f, the Lipschitz condition off and the classical comparison theorem under
the Lipschitz condition it can be checked that for any adapted solution (Yy, Zi)iejo, 1) of BSDE (3.2),
we have Y. > ce=PT. Consequently, BSDE (3.2) admits a unique adapted solution (Yi, Z¢)iejo,r) in
the space SP(Ry 1) x MP(RY*4).

From Theorem 3.2, we immediately have the assertion (iii) of Theorem 3.3 as the following corollary.

Corollary 3.4. Suppose the function g defined in (3.1) satisfies assumptions (A1)-(A3) and § € LP(Ryy).
If ¢ > ¢ for some &> 0, then BSDE (3.2) admits a unique adapted solution in SP(Ry ) x MP(RI*?).

At the end of this subsection, we present the following example.

Example 3.5. For simplicity, we only consider the case of f(-) = f(-) = 0 appearing in (3.1). For each
(w,t,y) € X x[0,T] x Ry, define

gl(watvy) = y+ ‘Bt(w)|7 g2(wat7y) = \/§+ |Bt(w)|7 gg(&),t,y) = \/ma

and
g4(w7tay) = \/3?+T7t, 95(w7t7y) = \/y+t7 gg(w,t,y) = \/§+t

It is easy to verify that all these functions satisfy the assumption (A1) with p(z) :=+/T €S and A\ =1. It
then follows from Theorem 3.2 that for each i =1,---,6 and £ € LP(R, ), if 1/€ € L*" for some p > q,
then BSDE (3.2) with g := g; admits a unique adapted solution (Y, Z!) € SP(Ry,) x MP(R*4). For
example, for any (F;)-progressively measurable bounded processes (at)iecjo,r) € R and (bt)iepo, ) € R*4
the terminal value & := elo ardt|Brl+[Jf bdB: satisfies the above-mentioned integrability condition.
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On the other hand, if we first consider the BSDE on the time interval [T/2,T), then from Theorem 3.2
with p(z) == /T € S and a. := \/T/2 > 0 it follows that BSDEs (3.2) with g := gs, g6 admit unique
adapted solutions (Yf,Zf)te[T/g,T] and ()/tG’ZtG)te[T/Q’T]7 respectively, on the time interval [T/2,T] in
the space SP(Ryy) x MP(RY™?). Furthermore, by taking the conditional mathematical expectation it is

straightforward to verify that for each t € [T/2,T),

T T
Yy > (T —1) and 1@625@4)

2 2
T\?2 T

Thus, Theorem 3.4 yields that BSDEs (3.2) with generators g := gs,gs admit also unique adapted so-

and then

lutions (Yt5,Zt5)t€[0,T/2] and (Y;G,Zf)te[o,T/g] , respectively, on the time interval [0,T/2] in the space
SP(Ry4) x MP(RM9).

As a result, we conclude that for each & € LP(R, ), without assuming any integrability on 1/¢, BSDEs
(3.2) with generators g := gs,ge admit unique adapted solutions (Y%, Z%) and (Y6, Z5) , respectively, in
the space SP(Ry ) x MP(RY*4).

3.2. Proof of the main result

Now, we are at a position to prove Theorem 3.2.
Proof of Theorem 3.2. The existence of an adapted solution (Y3, Z;)icj0,r) € SP(Ryy) x MP(RM4) of
BSDE (3.2) has been illustrated in Theorem 3.3 (i).

Next, we further verify existence and uniqueness of the adapted solution (Y,", Z{ );cj0,1) € SP(R44) X

MP(RY*4) of BSDE (3.6) for any ¢. € H. In fact, let ¢. € H and define

g% (w,t,y,2), (w,t,y,2) € Ax[0,T] x Ry x R4
gq (w7 t? y7 Z) =
g% (w,t,0,2), (w,t,y,2) € Q2 x[0,T] x (—00,0) x R1X9,

In light of assumptions (A2) and (A3) along with the definition (3.7) of g%, we can verify that for each
(y,2) € R x R4 g% (w, t,y,z) is (F;)-progressively measurable taking values on R, and dP x dt — a.e.,

e §%(w,t,-,-) is continuous on R x R4 and g% (w,t,0,0) > 0;

o V(y1,y2,2) € Rx R x R sgn(yr — y2) (g% (w, t,51,2) — §% (w, t, 92, 2)) < (B + B)ly1 — vel;
o V(y,21,20) € R x R4 x RIX g4 (w,t,y, 21) — g% (w, t,y, 20)| < |21 — 22;

o Yy ERy, [g%(w,t,y,0)] < elo = [a, (W) + £*(w, b, q(w)] + (B+ B)yl.

Moreover, by the definition (3.5) of H we know that el a:ds ¢ LP(R,) and f*(-,q.) € LP(R,). Tt then

follows from Holder’s inequality that

(E[IEP)? < +oo

hSTS

E qu-|15] -F [eﬁfoT qsd8|£|ﬁ} < (E [eﬁfoT qsds})
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and

p

E (/Oqu'(t,O,O)Idt> < E|effo ads (/OT(at+f*(t,qt))dt>p
< ()’ (2]([ e reana) ])

<  —oo.
Thus, an identical argument to (i) of Theorem 3.3 yields that for each ¢. € H, BSDE (3.6) admits a
unique adapted solution (Y, Z] )icp0,7] € SP(Ry4) x MP(R?*4),
In the sequel, for each ¢. € H, define Y% := ¢~ Jo =45y % and Z% := ¢~ Jo %95 7% and let us prove
that for each ¢ € [0, 77,

LTS
1l

Y, <Y (3.10)

First, in light of (3.6) and (3.7), by It&’s formula we obtain

T T
Yo — ey / G (5, V0, 28 )ds — / Z04B,, te0.7T), (3.11)
t

t
where for each (w,t,y,z) € Q x [0,T] x Ry x R1*4,
gl]- (W,t,y, Z) = Qt(w)y + f*(watvqt(w)) + f_(wvtv y) + f(w7tay7’2)'

On the other hand, in light of (3.3), by a similar analysis as in Theorem 2.1 we obtain

flw, t,y) = inf {f"(w.t,q) +qu}, (w,t,y) €Qx[0,T] xRy,
q.€R4; f* (w,t,q)ER4

and then
f,Yy) <aqYe + f*(t,q0), t€][0,T].

Furthermore, in light of the definitions of g and %, by assumptions (A2) and (A3) along with the last

inequality we can deduce that
Lysye (9(6Y0 20 — g (1%, 20))
= Lyapa [F(6Y0) = Yy — £ (ta) + a(Y - V1)
Hlysga (FY) = FY0)) + 1ysge (F(6 Y020 = F 78, 20))
< (@ + B+ DY =Y +91y, 590120 — 28], te[0.T],

and, by letting g, := (8 + B)t + fot ¢sds, t € [0,T] and using Ité-Tanaka’s formula for ed (Y; — V;4)*,

T T
el (Y, — V1)t < / e 1y o] Zs — 28 |ds — / et 1y, o0 (Zs — Z2)dBs, t€[0,T]. (3.12)
t =-°s t sZ1ts
Now, we define a probability measure Q% which is equivalent to P by

log Tz, - 27) sy
= ——* 5. dBs — — 1 5. ds | .
1P exp </O 2, — 2% {|Z,— 2% |#0} 9 /0 {12~ 22 |#0y95

Then, dQ? /dP admits moments of any order. According to Girsanov’s theorem, the process

t 7 T
q. .__ '7<Zs - Zg) N
By = B —/O ml{\zrzg#o}ds, t€0,7]
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is an (F;)-adapted standard Brownian motion, and (3.12) can be written as
~ A T ~ A
e (Y, - Y1)t < —/ e 1y Sya (Zs — ZF)dBY, t€[0,T]. (3.13)
t —+s

Finally, by the definition of ¢. and the integrability of Z% we know that e? Z% = e(B+) 79 ¢ MP(RIX4)
and, by Holder’s inequality we deduce that

T 2 o : T
E ( / Ie@tzt|2dt> < PBHATE |epfo ads ( / |Zt|2dt>
0 0

oPB+BAT (E [ei) Iy qsdsD

P
2

A

RS 11

IA

TS
&=
VR
c\

S
N
S
(oW
—
~__—

< 400

T
Ega. (/0 e@t(zt—Zg-)th)
T AN dge\71]\ 7
<|E /0|e‘“(Zt—th')\ dt E <le’> < +o0.

Thus, (3.10) follows immediately by taking the conditional mathematical expectation with respect to F

under probability Q7 on the both sides of (3.13).

and then

1
2

In order to complete the proof of Theorem 3.2, it remains to verify that there exists a ¢* € H such
that
Y, =V = Jowdsy (3.14)

The following proof will be divided into three steps.
Step 1. In this step we will prove that Y. admits a desired lower bound, see (3.19) below. For each

t € 10,7, we define

F(t,Y:, Z) — f(£,0,Z
a; = f( ¢ t)Y f( t)l{yt>0} cR
t

and - ~
(f(tv 0, Zt) — f(t7 0, ()))Zt—r

o d
by := 1 Z,|2 1z, |#0y € R%.

It follows from assumption (A3) that |a.| < 5, [b.| < v and

f(ta }/ta Zt) = at}/t + tht' (315)

Furthermore, define a probability measure Q which is equivalent to P by

40 T 1 /7 ,
N bIBo— = [ |bsf2ds].
dP exp(/o s 2/0 b [*ds

Then, both %% and % admit moments of any order. According to Girsanov’s theorem, the process
_ t
Bt = Bt */ bst, te [O,T]
0
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is an (F;)-adapted standard Brownian motion, and in light of (3.15), BSDE (3.2) can be written as
T B T -
Y, :§+/ (f(s,Ys) + f(s,Ys) —|—asYS) ds —/ ZdBs, t€][0,T].
¢ ¢
Then, letting £ := elo asdsg Y .= elo@:dsy. and Z. := eloasds 7 by Ité’s formula we obtain
Y, =& +/ (s, Va)ds — / Z.dBs, t € [0,T] (3.16)
t t

with
glt,y) = eli s (f(t, e i medy) 4 f(t,em B y) ) | (w,ty) € QX [0,T] X Ry

From assumption (A1) along with nonnegativity of f and boundedness of a., it follows that dP x dt —a.e.,

for each ¢t € [0,T] and y € Ry,

glt,y) = elo @95 p(1, 07 Jo 2dsy) > elo 9095 (a, + o(y)) > @ + B(y) = ¢+ @(y) (3.17)

s

with

T

a:=ePlay>c:=ePTc and @y):=e Ty €Ss.

Now, let @z() := ¢+ @(-). For each n > 1 and ¢t € [0, T}, define the following stopping time

u
7t :=inf uZt\/
0

2
° ds>ny AT
Be(¥) }

and the following function

“ o1 “ 1
@gu = — dy = fd y UER .
() /0 2ely) "’ /0 et oy’ i

In light of (3.16) and (3.17), using Itd’s formula for ®(Y;) yields that for each n > 1 and t € [0, T],

B B - T g(s,}’/s) 95/(}75) ™ g _
Pelly) = q’*”*”/t (%<Y;>+2<%<z>>2>d5/t o)

> Eg [®a(Yre) + (1] — )| Fi] -

(3.18)

Since ®;(0) = 0 and for each u > 0, ®%(u) > 0 and ®7(u) < 0, we have P;(-) € S and, in light of (2.2),
@E(u) S @5(1) + (I)E(].)U7 u € R+.

On the other hand, by Holder’s inequality we deduce that

b

E | sup |V;|P < PBTR sup |Y;|? <7 (R sup V[P < 4o
t€[0,T] t€[0,T] t€[0,T]
and then .
_ o S d@ % B
Ey | sw %] < (E| s mif| ] (E ((ﬂp) < oo,
t€[0,7] t€[0,7]

In light of the last three inequalities, we can send n — oo in (3.18) to obtain that for each ¢ € [0, 7,
D5(V;) > Eg [®a(8)|F] +T —t

and then
Y, > e Jo s dso 1 (B [04(6)|F] +T —t) > e PTd; ! (n+T — 1) (3.19)
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with
= min Eg [®:(&)|F:] € Ry 3.20
n= min Bg[8:(6)173] € Ryt (3.20)
) > 0 and prove that ¢* € H. First, it follows from

Step 2. In this step, we pick ¢* := f'(-,Y.

assumption (Al) and the definition of @¢(-) that for each ¢ € [0, T]
g = F'(t.Y2) < 0 (V) = 2T EL(Y)).

Then, in light of (3.19) and the definition of ®;(-) along with the nonincreasing property of @.(-) and

the nondecreasing property of ¢z(-), we can deduce that
. T ~ T -
AeﬁT/ GLY)dt < AeﬂT/ o (e—ﬂ%gl (n+T— t)) dt
0 0

T
/ g dt <
0
_ o () 1
= /\eﬁT/ SOC( -BT ) — du
o' (n) Pe(u)
_ o7 (n+T) 1 _
< \e2PT / S%( -BT )7d (e_ﬂTu)
) ( BTy,

n @, (G’B%El(n))} :

Pe
AT [hup( —AT -1 77+T)

By picking p € (p,p) and using Holder’s inequality, we have
dP P (e‘BT%‘ Y+ T)) e dP
E [eﬁfqu?dt} Eg [epfqu?,dtd] < Eg R Ar— -
Q Pz (e ITo; 1(77)) dQ
iy B e

N R )
¢ e (e*Bbea’ 1(n))

IN

By Theorem 2.3, we have for n > ®5(1)
@e (7PT07 0+ T)) < 27D, (T () ). (3.22)

Since
oo (7P TR7 () = ez (271 ()
() are nondecreasing, in view of (3.20) and (3.22), we conclude that

,A) such that

23T

and both functions @z(-) and ®;
there is a constant C' > 0 depending only on (8,¢, T, (1), p

- ﬁ)\e2BT
Pe (e_’BT@El(n + T)) 1 PAe
Eg <CEg || ——— 1 . +C
I\ (e m) - \edw) ety
. (3.23)
< CEg ! o +C
max :
¥ |re01 \ @e (227 (Bg [02(§)I7]))
PAe2BT /2
Since ®z(), pz(-) € S, it is not difficult to verify that the function (W(q)ll( ))> is convex on
R, ;. Then, by Jensen’s inequality we have
1 {))\eQET 1 ﬁkezBT/2
) (G
<%0c (@c" (Eg [%(f)lﬂ]))) “ [ \ee®
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Furthermore, by Doob’s maximal inequality on sub-martingales and Hélder’s inequality we obtain

28T

pAe Ple
1 1
Fo | ooy, (goc (@ " (Eq [<I>c(5>|ft]))> =t (80@)

1 i)}\ez[}T d@ 1 ;ﬁ)\eﬁT % d(@ % D
= 4K — — | <4< E — E||l—
e w)={®|Gw) ()

On the other hand, since () € S, we have

28T

pel€) = e T (el g 4 e < e T (PTe) 4o < p(6) + 0
and

@e(&) = e_BTcp (efoT asds§) +c> e_BTgo (e_BTf) +c> e_2BT¢ &) +e

Thus, if —4— € LP"""

HGET (Ry), then it follows from (3.21), (3.23) and (3.24) that

elo a:ds ¢ LP(R,).

It remains to show that (f*(t,q;))ico,r] € LP(Ry). In fact, in light of (3.3) and the definition of ¢,

similarly as in Theorem 2.1 we obtain that for each ¢ € [0, 7],
fY) = £t q) + 4 Ve (3.25)
Then, in light of (3.25) and assumption (A1), we have for each ¢ € [0, T,
0<f(tq) < f(t,Y1) < au + Y2

As a result, f*(-,q*) € LP(R,) due to & € LP(R,) and Y. € SP(Ry).
Step 3. In this step we prove that for each ¢ € [0, 7],

Y, = e Jo tidsy s (3.26)
In fact, it follows from (3.25) that (Y., Z.) solves the following BSDE:
T - B T
Vo=t [ (@Vor £+ Y+ fs Y z))ds - [ ZaB., te o1,
t t

Define for each ¢ € [0,T],
Y, = elo q:dSY} and 7, := elo a:ds 7.

Then, by It6’s formula we know that (Y., Z.) solves BSDE (3.6) with ¢. := ¢*. On the other hand, by

<E ) <o

P
2

Holder’s inequality we deduce that, in light of ¢* € H,

< (sl )

ik
< I

E sup |Yi|P

t€[0,T]

sup \Yt|ﬁ

t€[0,T]
T ~
E ( / |Zt|2dt>
0

<E|ePlo s qup |y, [P
te(0,T]

T
< E|ePlo ©ds (/ |Zt|2dt>
0
(]E {eﬁ.fgq:ds}) E (/T|Zt|2dt>
0

< +o00,

and _
b
2

3 s

P
2

il

IA
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which means that (Y., Z.) € SP(Ry;) x MP(R'¥9). Thus, the uniqueness of the adapted solution of
BSDE (3.6) in the space of SP(Ry) x MP(R'*9) yields that Y. = Y%, which is (3.26). That is to say,
(3.14) holds true. The proof of Theorem 3.2 is then complete. O

4. Sharp result on some special BSDE

In this section, we are concerned with the following BSDE of special form:
T T
Y, =¢ _|_/ [(kl(s))l—ana + ko (5)Ys + k3 (s)|Zs| + ka(s)] ds — / ZsdBs, te0,T], (4.1)
t t

where £ € LP(R,,) for some p > 1, both a € (0,1) and ¢ € Ry are constants, and k;(-) i =1,2,3,4

are four (F;)-progressively measurable real-valued processes defined on € x [0, 7] such that
k1() € LP(Ry), ko(:) € [—c,c], ks(-) €]0,c] and ky(-) € LP(RS).
The main result of this section is stated as follows.
Theorem 4.1. BSDE (4.1) admits a unique adapted solution (Yy, Zy)ieo,r) in SP(Ryy) x MP(RI*4),

Proof. For each z,k € R, by Young’s inequality we have
Bz < (1 — )k + ax. (4.2)

The existence of an adapted solution (Y., Z.)icj0,7] € SP(Ry) x MP(R'*9) of BSDE (4.1) is available
in Theorem 3.3 (i). Now, we prove the uniqueness by employing the 6-difference method used in for
example Briand and Hu [6] and Fan, Hu and Tang [18].

Define € := efo k2(9)dsg ¢ LP(Ry4) and

V.= elo k2(s)dsy SP(Ro4), 7 = eloke(s)ds 7 < Mp(Rlxd)’

Fr () i=eo k25 () e £P(RL),  and k() i= elo 205k, () € £P(R,).

It follows from Itd’s formula that (Y., Z.) solves the following BSDE:

T T
S / (R () V2 4 k()| Zs] + Ra(s)] ds — / Z.dB., te[0.1]. (4.3)
t t
Let
H()'—/uid _ L e ueRr
u) 1= s T=g—_u U +-
Then

H Y z):=[1-a)]™=, z€R,

is the inverse of function H(-). Furthermore, we define £ := H(£) € LT (Ry),

o H(Y) = Lyl e gt B (V7 = 2
Vim HY) = g VI € ST (Rey), 2= H'(V)Z = &
and
- 1 _
k() 1= ————ka(-) € L7(Ry).
(1—-a)T=
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By applying Itd’s formula to Y., it is not difficult to verify that
Y, =¢ +/ 9(s,Ys, Zs)ds —/ ZdBs, te€[0,T], (4.4)
t t

where for each (w,t,y,2) € Q x [0,T] x Ry x R1*4,

_ a o |z ~ 1
= -~ N e . 4'
9w, t,y,2) = (k1 (w, 1)) +k3(w,t)\z|+2(1_a) y +l-c4(w,t)ym (4.5)

Obviously dP x dt — a.e., the function g(w,t,-,-) is jointly convex on R, x R'*<,

By virtue of the f-difference method we will show that BSDE (4.4) admits at most an adapted
solution (Y., Z.) such that Y. € STa(R,,). In fact, suppose that both (Y1, Z!) and (Y2, Z2) are
adapted solutions of BSDE (4.4) in the space ST« (R4_.). For each 8 € (0,1), define

. Yl _gy?2 . 7Y — 072
YG = - - Za = : :
g d 2 1-6

Observe that dP x dt — a.e., for each (yi,ys,21, 22) € Ry x Ry x R4 x RIXd)

Loy s0y0) (941, 21) — Og(t, Y2, 22))

.y
= Liyi>0u0) [9 (t, Oy + (1 — 9)%

yr —Oy2\ T 21— Oz
< (1—9)1{y1>9y2}g t, 1—-6 T 1-46 '

Using It6-Tanaka’s formula, we conclude that there exists an (F;)-progressively measurable R -valued

zZ1 — 922

; 0z + (1 — 9)1_9> —0g(t, yo, 22)}

process (k! )teo,7] depending on 6 such that

T T T
Yt =E+ / [1{yse>0}g<s,(¥f>iZ§>fni’] ds — / dr - / LigosgyZedBs, t€(0,T], (4.6)

where L? denotes the local time of V¢ at 0, which is a nonnegative nondecreasing process. Furthermore,
let
1
V0= BN = [(1 - )07 e sP(Ry)
and

2= (Y () gy 2 = 1 [0 (7)) 77 2.

1l-«a
In light of the form of (4.6) along with those arguments from (4.3) to (4.5), applying Itd’s formula to Y.’
yields that for each t € [0, T,

T T T
Yf:5+/ [(El(s))lw(g&)a+k3(s)|Z§|+1{W>0}12:4(s)—,a§} ds—/ dEZ—/ Z2dB,, (4.7)
t ° t t

where

R = [(1 - a)(f/,")ﬂ T8 and L= /O [(1 - a)(?f)ﬂ ALY,

In the sequel, note that £ € LP(R, ), Y € SP(R,), ki1(-) € LP(Ry), k3(-) € [0,¢], ka(-) € LP(RY),

g’ € Ry, LY is a nonnegative nondecreasing process and in light of (4.2),
(k1 ()1~ (V)" < (1= a)la(s) + V2, s€[0,T].
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By using a standard argument to establish a priori estimates for the adapted solution of BSDE (4.7),
see Appendix for details, we deduce that there is a constant C' > 0 independent of # such that for each
t€[0,T] and 6 € (0,1),

Y|P < CE

P + </O (k1(s) + ka(s)) ds>

and then

p
Fi

(0%

EIP + </0 (k1(s) + ka(s)) ds) +c} :

Sending 6 — 1 in the last inequality yields Y < Y2, In the same way, we have Y2 < Y!, and therefore,

~ ~ 1-0
(Y —ov2)* < 1 a {CE

Y2 = Y!. That is to say, BSDE (4.4) admits at most an adapted solution (fft,Zt)te[o’T] such that
Y. € S5 (Ryy).

Finally, from those arguments from (4.2) and (4.5) we conclude that BSDE (4.1) admits at most an
adapted solution (Y., Z.) € SP(R; 1) x MP(R'*?). The proof is complete. O

Remark 4.2. We have the following three remarks.

(i) The conclusion of Theorem 4.1 remains true when the expression |Zs| appearing in BSDE (4.1) is
replaced with f(Z) for a positive homogeneous and convex function f(-) : R? — R,. In fact, in the
proof of Theorem 4.1 one only needs to replace the expressions |Zs|, ks(w,t)|z| and |Z?| appearing

in (4.3), (4.5) and (4.7) with f(Zs), k3(w,t)f(z) and f(Z?), respectively.

(ii) By wvirtue of the relevant result on the L' solution obtained for exzample in Briand et al. [{] and
Fan, Hu and Tang [18] one can verify that when ks(-) =0 and p = 1, BSDE (4.1) admits a unique
adapted solution (Y3, Zt)iepo,1) such that Y. belongs to class (D).

(iii) For the case of essinf,cio ) ka(t) = 0, the conclusion of Theorem 4.1 is better than that of Theo-
rem 3.2 since the integrability condition on 1/¢(€) in Theorem 3.2 is moved away in Theorem 4.1.

However, Theorem 4.1 is only able to tackle BSDEs with generators of certain form.
Finally, we illustrate Theorem 4.1, by the following typical financial example.

Example 4.3. The Kreps-Porteus (or Epstein-Zin) utility of an endowment studied in El Karoui, Peng
and Quenez [12] (see also Skiadas [35], Fan [13], Xing [37], Wang, Wang and Yick [36] and Kubler,
Selden and Wei [28]) can be defined by the adapted solution of the following BSDE:

T T

Y :f—i-/ g(Ys)ds —/ Zsds, tel0,T], (4.8)
0 t
where £ € LP(R,.) for some p > 1, and for each y € Ry,
pel =y p, 1,

gly) === =—(c"y "~y 4.9
) = 5 = ) (4.9)
with 8,¢ >0 and 0 # p < 1. It is easily verified that whether the case of p =1 or the case of p < 0, the

generator g satisfies the monotonicity condition. Consequently, by classical results it is concluded that
BSDE (4.8) admits a unique adapted solution (Y., Z.) € SP(Ry) x MP(R'¥9),
22



For the case of p € (0,1), the generator g is of Peano type and all previous existing results fail to
answer whether BSDE (4.8) admits a unique adapted solution (Y., Z.) in the space SP(R, ) x MP(R'*4)
when & € LP(Ryy). However, Theorem 4.1 gives an affirmative answer to this question. More gener-
ally, Theorem 4.1 yields the affirmative answer when the constant ¢ in (4.9) is replaced with a general
consumption process (ct)iepo,r] € LP(Ry).

Moreover, in light of Theorem 4.1 along with Theorem 4.2 (ii), we see that for the case of p € (0,1),
when & € L'(Ry4) and the constant c in (4.9) is replaced with a general consumption process (ct)iejo,1] €

LY(R,), BSDE (4.8) admits a unique adapted solution (Y., Z.) such that Y. belongs to class (D).

Appendix A. An a priori estimate

In this section, we shall give the a priori estimate employed in the proof of Theorem 4.1.

Proposition A.1. Suppose that & € LP(Ry) for some p > 1, (Lt)iejo,1) i an (Fi)-progressively
measurable nondecreasing process with Ly = 0, and the function g(w,t,y, z) : Qx[0, T] xR x R4 js (F;)-

progressively measurable for each (y, z) € Ry x RV such that dP x dt —a.e., for each (y, z) € Ry x R1X4,
g(wvtaya Z) < ft(w) + :u|y‘ + >\|Z‘7

where f. € LP(Ry), and p, A > 0 are two nonnegative constants. Let (Y, Zi)ie(o,1) be an adapted solution
of the following BSDE

T T T
n=g+/)ﬂ&njg®—/'m¢—/ Z,B,, te[0,T).
t t t

IfY. € SP(Ry), then Z. € MP(RY™4) and there exists a constant Cp, > 0 depending only on p such that
for each a > p+ \* and t € [0,T], we have

T
E (/ e2“5|ZS|2ds> }‘t]'
0

Moreover, there exists a constant Cp, > 0 depending only on p such that for each a > p+A*/[LA (p—1)]

T
apT | ¢|p as sd F .
] +</0 e f s> 1

Proof. Observe that under the conditions of Theorem A.1 we have for each t € [0, T],

g p

tel0,T

T
Fi| <CE [ sup (e‘”’t|Yt|p) + (/ e“sfgds>
] 0

and t € [0,T], we have

2

T
E | sup (e‘”’t|Yt|p)+</ e2“S|ZS|2ds> Fi| <C,E
] 0

tel0,T

p

sgn(Yy)g(t, Yy, Zy) < fo 4+ p|Ye| + N Zy),

T
2/ Y,dL, <0
t

and
T
p/ |V, [P~tsgn(Ys)dL, < 0.
t
The desired conclusions follow immediately by following closely the proof procedure of Lemma 3.1 and
Proposition 3.2 in Briand et al. [4]. The only difference lies in that one needs to use the conditional
mathematical expectation with respect to F; instead of the original mathematical expectation. More

details are omitted here. The proof is complete. O
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