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Abstract
An analytical method for predicting the forced vibroacoustic response of a fluid-filled baffled cylindrical shell submerged
in a shallow-water waveguide is presented. The structural equations are governed by a thin shell theory that is decomposed
into circumferential modes with a Fourier series and axial modes using a beam function. Heavy fluid fills the exterior and
interior domains of the shell. The exterior fluid domain is further constrained by acoustic boundaries of an upper free surface
and lower rigid bottom, which together form an ideal shallow-water waveguide. The acoustic boundaries are enforced by
employing the image source method and Graf’s addition theorem which reconciles the differing coordinate systems of the
many image sources that appear in the analytical expressions for the fluid–structure coupling. Vibroacoustic characteristics
due to a mechanical point excitation on the surface of the shell or acoustic excitation from an internal monopole source and
influence of different waveguide depths are investigated.

Keywords Fluid-filled finite baffled cylindrical shell · Shallow-water waveguide · Underwater vibroacoustics · Image source
method · Analytical model · Mechanical point excitation · Acoustic monopole source excitation

1 Introduction

Vibroacoustic analysis of cylindrical structures is of inter-
est as it can provide a relevant model for engineering
applications such as underwater acoustics and geotechni-
cal applications; for instance, fluid-filled cylindrical shells
can represent pipelines, ballast tanks of ships, and underwa-
ter vehicles. The analysis of shells [1–3] and its underwater
acoustics [4] can be found in literature as a basis for the
analytical investigation of underwater cylindrical shells. Typ-
ically, cylindrical shells are studied in an acoustic free field
(i.e. infinite sea) [5–11] such as in investigations related
to acoustic scattering characteristics of shells [7, 8], and
predicting flow-induced noise in pipes [9–11]. The pres-
ence of acoustic boundaries such as a sea surface or sea
floor in the analysis can be relevant for different underwa-
ter operating conditions such as the effect of a sea surface
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on partially submerged shells [12–16] and completely sub-
merged shells near an acoustic boundary such as a free
surface [17–20]. A general approach to tackle such vibroa-
coustic models is to build them with element-based models
such as the finite element method (FEM), boundary element
method (BEM), or coupled FEM-BEM approaches [21–23].
This numerical framework can be computationally expen-
sive, especially as the spatial resolution of analysis increases
with increasing frequencies in the frequency-domain analy-
ses or large fluid domains, especially when evaluating the
far-field acoustic propagation. It is asserted that analyti-
cal (and semi-analytical) approaches provide an avenue to
make such predictions more manageable. However, analyt-
ical approaches rely on simplicity such that models can be
amenable for analysis, and specifically for cylindrical struc-
tures are reduced to thin infinitely long shells. In literature,
the vibroacoustic behaviour of cylindrical shells is exhibited
viamechanical line excitations [19, 20, 24, 25], which reduce
the system of an infinitely long thin shell to being a mechani-
cal point-excited thin annulus (i.e. a two-dimensional study).
To consider a three-dimensional study, a mechanical point-
excited infinitely long thin shell is presented in a fluid domain
that is terminated by an upper free surface [19] and recently
in an ideal shallow-water waveguide [26]. Shells of finite
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length can be analytically investigated with infinitely rigid
baffles attached at its ends, such that specific axial boundary
conditions are enforced at the interface between the elastic
shell and rigid baffle [3, 16, 27, 28]. However, these studies
have been limited to simple fluid domains such as an acoustic
free field [3, 27] or in an acoustic half-space [28].

Theoretical forced vibroacoustic analysis of fluid-loaded
cylindrical shells has been typically conducted within an
acoustic free field as to ignore the influence of surround-
ing acoustic boundaries that could be present in an ocean
environment. Recent studies have focused on complicating
other aspects of the vibroacoustics system such as imposing
stochastic excitation rather than a deterministic excitation.
Maxit et al. [9] presented an analytical model formulation of
an infinitely long shell that is excited by a turbulent boundary
layer, while, for finite-length baffled shells, the analysis has
been presented in pre-stressed fluid-loaded cylindrical shells
by Guo et al. [27], which can be recognised as a study that
builds upon predecessors such as Sandman [29], Laulagnet
and Guyader [30], and Junger and Feit [3]. It is also men-
tioned that theoretical analysis can be performed with hybrid
approaches that combine analytical solutions with numerical
methods to tackle complex geometries in which analytical
models can no longer solve. For example, the condensation
transfer function approach [25, 31, 32], seen as a modular
sub-structuring framework to decompose a target vibroa-
coustic system and re-compile a predicted behaviour, can
benefit from employing theoretical solutions where possible.
These works can serve as a motivation to pursue advance-
ments in the analytical models involving the vibroacoustic
behaviour of cylindrical shells.

The addition of acoustic boundaries enforces a different
fluid–structure coupling, and the external fluid domain can
no longer be considered an infinite sea (acoustic free field).
A sequence of theoretical developments can be observed in
the literature, from first involving a single boundary, typ-
ically of a pressure release boundary condition of a free
surface [15, 19, 20]. In Li et al. [19], far-field acoustic
responses of a point-excited infinitely long cylindrical shell
are analytically predicted, while, in Marsick et al. [20], the
simpler two-dimensional problem is solved by considering
a line-distributed load of an infinitely long shell. Near and
far-field characteristics were investigated for a fluid-filled
two-dimensional cylindrical shell. In contrast, Guo et al. [15]
developed a framework that couples the analytical solution
for the vibration of a shell with the acoustic propagation pre-
diction from the BEM to predict far-field acoustic pressure
from a finite-length cylindrical shell. Then, there are exam-
ples of double reflection scenarios, which can be viewed as
an extension to the acoustic half-space (semi-infinite fluid
domain). In this case, a horizontal free surface meets an
adjacent vertical rigid floor to form a quarter-infinite fluid
domain. It was analysed as a two-dimensional problem by

Chen et al. [33] and Guo et al [34]. These investigations
progress the complexity of the fluid domain in which the
cylindrical shells are coupled to. A relevant advancement
would be involving a shallow-water environment, where two
parallel acoustic boundaries form an acoustic shallow-water
waveguide. The free vibration analysis has been performed
by Wang et al. [35]; however, they neglected the fluid–
structure coupling of the shallow-water waveguide. This
approach is known as the “mirror effect” model and has
been demonstrated in the literature [20, 24] to be incom-
plete in modelling the waveguide reflection phenomenon. In
general, a combined FEM-BEM solver such as suggested in
Jiang et al. [23] and Zhang et al. [36] can be applied. This
is similar to the previously mentioned study of Guo et al.
[15]; however, with a coupled FEM-BEM solver, the analyt-
ical solution for vibration is replaced with FEM.Most works
related to a shallow-waterwaveguide can be found in the field
of underwater acoustics, with applications to oceanography.
However, structural vibration is typically not involved, for
example, in the study of acoustic scattering of rigid and fluid
cylinders by Baynes et al. [37] which focuses on acoustic
propagation. A typical approach to model the shallow-water
waveguide is with the image source method. In terms of
vibroacoustics, it suggests the acoustic component that is
modelled analytically by the image source method can be
coupled with the vibration component of a cylindrical shell
that can also be solved analytically. This analytical approach
is presented in Kha et al. [24] for a two-dimensional setting
and Kha et al. [26] for a three-dimensional setting involv-
ing an infinitely long shell under point load. However, the
investigation for the case of a finite-length cylindrical shell
remains open.

This paper herein provides an analytical framework for
predicting the forced vibroacoustic responses of a fluid-
filled finite-length baffled cylindrical shell submerged in
an ideal shallow-water waveguide. Its structural dynamics
are described by a thin shell theory, while the acoustics
of the internal and external fluid domains are governed
by the Helmholtz equation. More specifically, the acoustic
boundaries of the external fluid domain of an ideal shallow-
water waveguide are enforced by applying the image source
method. Under this approach, the acoustic reflections off the
upper free surface and lower rigid bottom are represented by
many image sources. Graf’s addition theorem is employed to
reconcile the differing coordinate systems of themany image
sources that appear in the analytical expressions for the exter-
nal fluid loading. It is also at this stage in the model that the
structural dynamics become coupled with the acoustics of
the shallow-water waveguide by considering the continuity
between the shell radial velocity and fluid radial velocity at
the interface between the structure and external fluid domain.
It is referred to as fluid–structure coupling. The vibroacoustic
behaviour is exhibited due to a mechanical point excitation
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or acoustic excitation from an internal monopole source. The
acoustic excitation is the blocked pressure at the internal sur-
face of the shell due to the internal monopole source. The
analytical framework is applied to a specific numerical exam-
ple and compared against an equivalentmodel using the finite
element method (FEM) via the COMSOLMultiphysics v6.1
software. Both structural and acoustic characteristics from
the numerical example are compared to verify the proposed
method. Finally, the excited shell submerged in different
waveguide fluid domains is investigated. Convergence of its
vibroacoustic behaviour to simpler fluid domains of an acous-
tic free field (infinite sea) and acoustic half-spaces with an
upper free surface only or a lower rigid floor only are demon-
strated as thewaveguide depths increase. The influence of the
waveguide is mainly observed in the low frequency portion
of the radiated sound power.

2 Analytical Framework

The systemof interest consists of a finite cylindrical thin shell
baffled on each end by infinitely long rigid cylinders. Both
the exterior and interior of the cylindrical shell are occupied
by a fluid. The external fluid domain is further restricted by
acoustic boundaries of an upper free surface and lower rigid
bottom, which together form the fluid domain of an ideal
shallow-water waveguide. The geometry of the shell is spec-
ified by a uniform thickness h, mean radius R, an inner radius
R int = R−h/2, outer radius Rext = R+h/2, and half-length
L (i.e. a total length of 2L). Subsequent analysis is in the fre-
quency domain (omitting the time dependence of e−jωt ) such
that the shell material properties include a complex Young’s
modulus E = Ē (1 − ηs j) (Ē being the typical Young’s
modulus) where ηs is a structural loss damping factor and
j = √−1, Poisson’s ratio μ, and shell density ρs . While
the external and internal fluid domains are filled with flu-
ids of densities ρext

f and ρ int
f , respectively, and characterised

by complex sound speeds cext and c int, respectively, where
c = c̄

(
1 − η f j

)
(c̄ being the typical sound speed) with fluid

damping η f . A schematic of the system of interest is shown
in Figure 1, both in Cartesian coordinates (x, y, z) and cylin-
drical coordinates (r , ϕ, z), where the origin is positioned at
the centre of the shell. The external fluid domain of an ideal
shallow-water waveguide has a total depth H = H f s + Hsb,
where the distance between the centre of the shell and upper
free surface is H f s and lower rigid bottom (seabed) is Hsb.
Both the external and internal fluid domains are of infinite
extent along the z-axis.

2.1 Structural Dynamics

The motions of the cylindrical shell are represented by the
governing equations of a thin shell theory [1]

[L]

⎡

⎣
u
v

w

⎤

⎦ = γ

⎡

⎣
0
0

fe − f extl + f int
l

⎤

⎦ , (1)

where [L] is the Flügge’s operator, γ = R2
(
1 − μ2

)
/E∗h,

fe, f extl , f int
l are the pressure distributions due to the exter-

nal source, the external fluid loading and the internal fluid
loading, respectively. The axial, tangential and radial dis-
placements, u, v, w, respectively, are decomposed circum-
ferentially as a Fourier series in n, and axially with a beam
function in m, thus taking the following form [1, 3]

⎛

⎝
u (ϕ, z)
v (ϕ, z)
w (ϕ, z)

⎞

⎠ =
∞∑

n=−∞
ejnϕ

⎛

⎝
Un (z)
Vn (z)
Wn (z)

⎞

⎠

=
∞∑

n=−∞
ejnϕ

∞∑

m=0

⎛

⎝
Ũmn X ′

m (z)
Ṽmn Xm (z)
W̃mn Xm (z)

⎞

⎠ , (2)

where Ũmn , Ṽmn and W̃mn are theFourier coefficients of axial,
tangential and radial displacements, respectively, Xm (z) is
the appropriate beam functions of axial modem (and X ′

m (z)
its derivative with respect to the argument) that satisfy the
boundary conditions enforced at the connections with the
rigid baffles.Moreover, the external pressure distributions are
decomposed in a similar manner to the radial displacement

⎛

⎝
fe (ϕ, z)
f extl (ϕ, z)
f int
l (ϕ, z)

⎞

⎠ =
∞∑

n=−∞
ejnϕ

⎛

⎝
Fe,n (z)
Fext
l,n (z)

F int
l,n (z)

⎞

⎠

=
∞∑

n=−∞
ejnϕ

∞∑

m=0

⎛

⎜
⎝
F̃e,mnXm (z)
F̃ext
l,mnXm (z)

F̃ int
l,mnXm (z)

⎞

⎟
⎠ , (3)

⎛

⎜
⎝
F̃e,mn

F̃ext
l,mn

F̃ int
l,mn

⎞

⎟
⎠ = 1

L

∫ L

−L

1

2π

∫ 2π

0

⎛

⎝
fe (ϕ, z)
f extl (ϕ, z)
f int
l (ϕ, z)

⎞

⎠ e−jnϕ X∗
m (z) dϕ dz, (4)

for z ∈ [−L, L] and ϕ ∈ [0, 2π), where ∗ refers to the com-
plex conjugate, and, F̃e,mn , F̃ext

l,mn and F̃ int
l,mn are the Fourier

coefficients of the pressure distributions due to the external
source, the external fluid loading and the internal fluid load-
ing, respectively. In the following developments, a shell with
simply supported ends (i.e. such that the displacements in the
x- and y-direction are constrained to be zero, while the dis-
placement in the z-direction is free) is considered. Therefore,
the beam functions are Xm (z) = cos (kmz) for |z| ≤ L and 0
otherwise, km = (m + 1/2) π/L , and X ′

m (z) = − sin (kmz)
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Fig. 1 Schematic of a fluid-filled finite-length simply supported (SS) baffled shell in a shallow-water waveguide

for |z| ≤ 0 and 0 otherwise [1]. After considering the appro-
priate orthogonality relations, themodal governing equations
that are represented in m, n are

[
L̃
]
⎡

⎣
Ũmn

Ṽmn

W̃mn

⎤

⎦ = γ

⎡

⎣
0
0

F̃e,mn − F̃ext
l,mn + F̃ int

l,mn

⎤

⎦ , (5)

where the elements of
[
L̃
]
can be found in Ref. [19, 26]. The

coefficients for the radial displacements W̃mn are solved for
by applying Cramer’s rule

∣
∣∣L̃
∣
∣∣

L̃11L̃22 − L̃12L̃21
W̃mn = γ

(
F̃e,mn − F̃ext

l,mn + F̃ int
l,mn

)
. (6)

The radial excitation forcing term fe is specified as an input,
while the external and internal fluid loading terms, f extl and
f int
l , respectively, are determined by considering themotions

of each fluid domain and applying the continuity relations at
the appropriate fluid–structure interfaces.

2.2 External Fluid Loading

2.2.1 Acoustic Propagation into the External Fluid

In an acoustic free field, the external acoustic pressure
p ext, FF obeys the Helmholtz equation under the Sommerfeld
radiation condition. In cylindrical coordinates, and using a
method of separation of variables, the solution is known to
take the general form [2]

p ext, FF (r , ϕ, z)

= 1

2π

∞∑

n=−∞
ejnϕ

∫ ∞

−∞
P̃ext
n (kz) H

(1)
n

(
kextr r
)
ejkz z dkz, (7)

where H (1)
n ( ) is the Hankel function of the first kind,

kz is the axial wavenumber, kext = ω/cext is the com-
plex acoustic wavenumber in the exterior fluid domain, and

kextr =
√
kext2 − k2z is the associated radial wavenumber. In

a shallow-water waveguide, the external acoustic propaga-
tion will interact with the upper free surface and lower rigid
bottom.

The total acoustic pressure pext is taken to be the sum of
successive acoustic pressures

pext (r , ϕ, z) = 1

2π

∞∑

i=−∞

{ ∞∑

n=−∞
ejnϕi

∫ ∞
−∞

P̃ ext,i
n (kz)

H (1)
n

(
kextr r i

)
ejkz z

i
dkz
}

, (8)

where the original or “real” source is indexed as i = 0
(r0, ϕ0, z0 = r , ϕ, z) and “image” sources are indexed as
i �= 0 and represent the reflections off the acoustic bound-
aries of the shallow-water waveguide fluid domain. Image
sources that instantiate with a reflection off the lower rigid
bottom are considered lower image sources (i.e. i < 0), and
those off the upper free surface are considered upper image
sources (i.e. i > 0). The coordinates of the image sources
are related to the original coordinate system by the following
relations [20, 26]

r i =
⎧
⎨

⎩

√[
Di − r cos (ϕ)

]2 + [r sin (ϕ)]2 i < 0,√[
Di + r cos (ϕ)

]2 + [r sin (ϕ)]2 i ≥ 0,
(9)

ϕi =

⎧
⎪⎪⎨

⎪⎪⎩

π − arctan

[
r sin (π − ϕ)

Di + r cos (π − ϕ)

]
i < 0,

arctan

[
r sin (ϕ)

Di + r cos (ϕ)

]
i ≥ 0,

(10)
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where Di is the distance between the origin of the i-th image
source coordinate system to the original coordinate system,
and zi = z.

2.2.2 External Fluid-Shell Coupling

Acontinuity relation is enforced at the interfaces between the
outer surface of the shell and external fluid domain, which
captures the fluid-shell coupling. The shell is an elastic region
that spans between |z| ≤ L (i.e. a total length of 2L) and
is held by infinitely long rigid baffles that spans |z| > L .
The continuities between the shell radial velocity and fluid
velocity at the respective fluid domains are

∂ pext

∂r

∣∣
∣∣
r=Rext

=
{

−ω2ρext
f w, |z| ≤ L,

0, |z| > L.
(11)

The radial displacement from Eq. (2) and external acoustic
pressures from Eq. (8) is substituted into Eq. (11) to obtain
the following expression

∂

∂r

{
1

2π

∞∑

i=−∞

∞∑

n=−∞
ejnϕi
∫ ∞

−∞
P̃ ext,i
n (kz)

H (1)
n

(
kextr r i

)
ejkz z

i
dkz
} ∣∣∣∣

r=Rext

= ω2ρext
f

∞∑

n=−∞
ejnϕ

∞∑

m=0

W̃mn Xm (z) . (12)

Total acoustic pressure in the external fluid domain contains
image sources, each with its own coordinate system with
origins positioned at its centre. To reconcile the different
coordinate systems, the Graf’s addition theorem is applied to
convert the Hankel function and complex exponential func-
tions into terms in the coordinate system of the real source
(i.e. r i

∣∣
r=Rext

, ϕi , zi → Rext, ϕ, z). Consider the term inside
the partial derivative of Eq. (12) evaluated at the outer surface
of the shell

1

2π

∞∑

i=−∞

∞∑

n=−∞
ejnϕi
∫ ∞

−∞
P̃ext,i
n (kz)

H (1)
n

(
kextr r i

∣∣
r=Rext

)
ejkz z

i
dkz

= 1

2π

∞∑

n=−∞
ejnϕ

∫ ∞

−∞

∞∑

n′′=−∞
	nn′′ (Rext)

P̃ext
n′′ (kz) e

jkz z dkz, (13)

where

	nn′′ (Rext) P̃ext
n (kz) = δnn′′ H (1)

n

(
kextr Rext

)
P̃ext
n′′ (kz) +

∑

i>0

(−1)n+n′′
P̃ext,i
−n′′ (kz) H

(1)
n+n′′

(
kextr Di

)
Jn
(
kextr Rext

)
+

∑

i<0

P̃ext,i
−n′′ (kz) H

(1)
n+n′′

(
kextr Di

)
Jn
(
kextr Rext

)
, (14)

is from applying Graf’s addition theorem

H (1)
−n

(
kextr r i

∣∣
r=Rext

)
e−jnϕi =

⎧
⎪⎪⎨

⎪⎪⎩

∞∑
n′′=−∞

(−1)n+n′′
H (1)
n+n′′
(
kextr Di

)
Jn′′
(
kextr r
)
ejn

′′ϕ, i > 0

∞∑
n′′=−∞

H (1)
n+n′′
(
kextr Di

)
Jn′′
(
kextr r
)
ejn

′′ϕ, i < 0

(15)

to Eq. (13) for r < Di (which is the case considered for the
acoustic pressure for external fluid-loading, i.e. r = Rext),
where Di is the distance between the origin of the i-th image
source coordinate system to the original coordinate system,
and subsequently exchanging n and n′′ without loss of gener-
ality. The spectral pressures of the image sources are related
to the spectral pressures of the real source in an ideal shallow-
water waveguide by [24, 26]

P ext,i
−n′′ =

{
−Pext

n′′ ,−Pext
−n′′ ,+Pext

n′′ ,+Pext
−n′′ , ... for i > 0,

+Pext
n′′ ,−Pext

−n′′ ,−Pext
n′′ ,+Pext

−n′′ , ... for i < 0,

(16)

and

δnn′′ =
{
0 if n �= n′′,
1 if n = n′′,

is the Kronecker delta function. It is important to recog-
nise in the relation from Eq. (16) that while the sign of the
coefficients is repeating every four iterations, the sign of the
circumferentialmode orders is changing every two iterations.
The change in sign of the circumferential mode orders (i.e.
n′′ to −n′′ and vice versa) implies a complete mode reversal
after every reflection off the acoustic boundary. The external
fluid loading f extl is equivalent to the acoustic pressure at the
outer surface of the shell p(r = Rext). Therefore, we substi-
tute Eq. (13) into Eq. (8), evaluated at r = Rext and arrive at
the following expression for fluid loading

f extl (ϕ, z) = pext (r = Rext, ϕ, z)

= 1

2π

∞∑

n=−∞
ejnϕ

∫ ∞
−∞

∞∑

n′=−∞
	nn′ (Rext) P̃ext

n′ (kz) e
jkz z dkz .

(17)
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Now, to determine the spectral external pressures, Eq. (13) is
introduced into Eq. (12) to obtain the following expression

kextr

2π

∞∑

n=−∞
ejnϕ

∫ ∞

−∞

∞∑

n′′=−∞
	′

nn′′ (Rext) P̃
ext
n′′ (kz) e

jkz z dkz

= ω2ρext
f

∞∑

n=−∞
ejnϕ

∞∑

m=0

W̃mn Xm (z) , (18)

where

	′
nn′′ (Rext) = δnn′′ H ′(1)

n

(
kextr Rext

)

+
∑

i>0

αi
n′′ (−1)n+n′′

H (1)
n+n′′
(
kextr Di

)
J ′
n′′
(
kextr Rext

)

+
∑

i<0

αi
n′′ H

(1)
n+n′′
(
kextr Di

)
J ′
n′′
(
kextr Rext

)
. (19)

From recognising the orthogonality of ejnϕ , applying a
Fourier integral to both sides of the expression, and re-
arranging the expression to determine the spectral coeffi-
cients for the external acoustic pressure (P̃ext

n ), we arrive at
the following

∞∑

n′′=−∞
	′

nn′′ P̃ext
n′′ (kz) = ω2ρext

f

kextr

∞∑

m=0

W̃mn X̃m (kz) , (20)

with the Fourier transform of the mode shapes of a simply
supported beam being [3]

X̃m (kz) =
∫ ∞

−∞
Xm (z) e−jkz z dz

=
∫ L

−L
cos (kmz)e

−jkz z dz

=
⎧
⎨

⎩

2km (−1)m cos (kz L)

k2m − k2z
if km �= kz,

L if km = kz .
(21)

A truncation of the circumferential modes and axial modes
are introduced, such that n ∈ [−N , N ] and m ∈ [0, M],
respectively

N∑

n′′=−N

	′
nn′′ P̃ext

n′′ = ω2ρext
f

kextr

M∑

m=0

W̃mn X̃m (kz) . (22)

The solution from the simultaneous equations will yield an
expression that isolates the spectral external pressures

N∑

n′′=−N

P̃ext
n′′ =

ω2ρextf

kextr

M∑

m=0

N∑

n′′=−N

N∑

n′=−N

	n′′n′ W̃mn′ X̃m (kz) ,

(23)

where the terms 	n′′n′ can be practically determined by con-
sidering a matrix form of the formulation and taking an
inversion of the corresponding term to 	′

nn′′ . Substituting
the spectral external pressures from Eq. (23) into Eq. (17),
the fluid loading term can then be expressed as

f extl (ϕ, z)

= 1

2π

N∑

n=−N

ejnϕ
∫ ∞
−∞

M∑

m=0

N∑

n′=−N
⎧
⎨

⎩

N∑

n′′=−N

ω2ρextf

kextr

(
	nn′′	′

n′′n′
)
⎫
⎬

⎭
W̃mn′ X̃m (kz) e

jkz z dkz

= 1

2π

N∑

n=−N

ejnϕ
∫ ∞
−∞

M∑

m=0

N∑

n′=−N

Z̃nn′ (kz) W̃mn′ X̃m (kz) e
jkz z dkz ,

(24)

where we define the acoustic impedance as

Z̃nn′ (kz) =
N∑

n′′=−N

ω2ρext
f

kextr
	nn′′	′

n′′n′ . (25)

It is recognised that there is a cross-modal coupling in the
circumferential mode shapes embedded in this term. The
coefficients for the external fluid loading Fext

l,mn are deter-
mined by applying the orthogonality relations from Eq. (4)

F̃ext
l,mn = 1

L

∫ L

−L

1

2π

∫ 2π

0

⎧
⎨

⎩
1

2π

∫ ∞

−∞

N∑

n′=−N

Z̃nn′ (kz)

M∑

m′=0

W̃m′n′ X̃m′ (kz) e
jkz z dkz

}

ej(n−n′)ϕX∗
m (z) dϕ dz.

(26)

The right-hand side is re-arranged to identify the complex
conjugate of the mode shapes in Fourier space X̃∗

m (kz) =
1

2π

∫ L

−L

∫ 2π

0
X∗
m (z) ejkz z dϕ dz

F̃ext
l,mn = 1

2πL

∫ ∞

−∞

N∑

n′=−N

Z̃nn′ (kz)

M∑

m′=0

W̃m′n′ X̃m′ (kz) X̃
∗
m (kz) dkz . (27)

Therefore, the coefficients for the external fluid loading can
be summarised with the following expression
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F̃ext
l,mn = 1

2πL

M∑

m′=0

N∑

n′=−N

W̃m′n′

∫ ∞

−∞
Z̃nn′ (kz) X̃m′ (kz) X̃

∗
m (kz) dkz

=
M∑

m′=0

N∑

n′=−N

Z̃ ext
mnm′n′ W̃m′n′, (28)

where we define the fluid loading impedance as [3, 38]
Z̃ ext
mnm′n′ = 1

2πL

∫∞
−∞ Z̃nn′ (kz) X̃m′ (kz) X̃∗

m (kz) dkz .

2.3 Internal Fluid Loading

2.3.1 Acoustic Propagation into the Internal Fluid

For the internal acoustic pressure, the Helmholtz equation
is solved in a similar manner additionally considering that
the pressure at the centre of the domain must be finite. The
solution is known to take the general form [2]

p int (r , ϕ, z)

= 1

2π

∞∑

n=−∞
ejnϕ

∫ ∞

−∞
P̃ int
n (kz) Jn

(
k int
r r
)
ejkz z dkz .

(29)

2.3.2 Internal Fluid-Shell Coupling

Similar to the external fluid-shell coupling, there is a con-
tinuity relation that is enforced at the interface between the
inner surface of the shell and the internal fluid domain.

∂ p int

∂r

∣∣∣∣
r=R int

=
{

−ω2ρ int
f w, |z| ≤ L,

0, |z| > L.
(30)

The radial displacement from Eq. (2) and internal acoustic
pressures fromEq. (29) are substituted into Eq. (30) to obtain
the following expression

k int
r

2π

∞∑

n=−∞
ejnϕ

∫ ∞

−∞
P̃ int
n (kz) J

′
n

(
k int
r R int

)
ejkz z dkz

= ω2ρ int
f

∞∑

n=−∞
ejnϕ

∞∑

m=0

W̃mn Xm (z) . (31)

From recognising the orthogonality of ejnϕ , applying a
Fourier integral to both sides of the expression, and re-
arranging the expression, the spectral coefficients for the
external acoustic pressure are expressed as

P̃ int
n (kz) = ω2ρ int

f

k int
r J ′

n

(
k int
r R int

)
∞∑

m=0

W̃mn X̃m (kz) . (32)

Internal fluid loading is then evaluated by substituting these
spectral pressures into Eq. (29)

f int
l (ϕ, z) = p int (r = R int, ϕ, z)

= 1

2π

∞∑

n′=−∞
ejn

′ϕ
∫ ∞

−∞
P̃ int
n′ (kz) Jn′

(
k int
r R int

)
ejkz z dkz

= 1

2π

∞∑

n′=−∞
ejn

′ϕ
∫ ∞

−∞

ω2ρ int
f

k int
r

Jn′
(
k int
r R int

)

J ′
n′
(
k int
r R int

)

∞∑

m′=0

W̃m′n′ X̃m′ (kz) e
jkz z dkz . (33)

The coefficients for the fluid loading can be evaluated by
using the orthogonality relation from Eq. (4)

F̃ int
l,mn = 1

L

∫ L

−L

1

2π

∫ 2π

0

⎧
⎨

⎩
1

2π

∫ ∞
−∞

ω2ρ int
f

k int
r

Jn′
(
k int
r R int

)

J ′
n′
(
k int
r R int

)

∞∑

m′=0

W̃m′n′ X̃m′ (kz) ejkz z dkz

⎫
⎬

⎭
ej(n

′−n)ϕX∗
m (z) dϕ dz

= 1

2πL

∞∑

m′=0

∞∑

n′=−∞
W̃m′n′

∫ ∞
−∞

Z̃ int
nn′ (kz) X̃m′ (kz) X̃∗

m (kz) dkz

=
∞∑

m′=0

∞∑

n′=−∞
Z̃ int
mnm′n′ W̃m′n′ , (34)

where the internal radiation impedance is

Z̃ int
nn′ (kz) = ω2ρ int

f

k int
r

Jn
(
k int
r R int

)

J ′
n

(
k int
r R int

)δnn′, (35)

which shows there are no cross-modal coupling terms in the
circumferential mode shapes and the internal fluid loading
impedance [3, 38]

Z̃ int
mnm′n′ = 1

2πL

∫ ∞

−∞
Z̃ int
nn′ (kz) X̃m′ (kz) X̃

∗
m (kz) dkz . (36)

2.4 Vibroacoustic Equations of Motion

Returning to Eq. (6) and substituting the coefficients for the
external fluid loading fromEq. (28) and internal fluid loading
from Eq. (34) to obtain the following expression

∣∣∣L̃
∣∣∣

L̃11 L̃22 − L̃12 L̃21
W̃mn + γ

M∑

m′=0

N∑

n′=−N

Z̃mnm′n′ W̃m′n′ = γ F̃mn,

(37)

where we the total fluid loading impedance is Z̃mnm′n′ =
Z̃ int
mnm′n′ + Z̃ ext

mnm′n′ to compact the expression. Once the coef-
ficients for the radial displacements W̃mn are determined, it
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Table 1 Dimensions andmaterial properties of the shell and fluid prop-
erties

Parameter Value

Young’s Modulus E [GPa] 210

Poisson’s ratio ν 0.3

Density of shell ρs [kg m−3] 7850

Density of external fluid ρext
f [kg m−3] 1000

Density of internal fluid ρ int
f [kg m−3] 1000

Speed of sound of internal fluid c̄ext [m s−1] 1500

Speed of sound of internal fluid c̄ int [m s−1] 1500

Thickness of shell h [mm] 50

Half-length L [mm] 5000

Mean radius R [mm] 1000

Structural damping ηs 0.01

Fluid damping η f 0.001

Total depth H [m] 10

Distance to free surface H f s [m] 5

Distance to rigid bottom Hsb [m] 5

Location of monopole source (rs , ϕs , zs) [m, rad, m] (0.5, 0, 0)

Location of point load
(
ϕ f , z f

)
[rad, m] (0, 0)

can then be substituted into thefluid–structure coupling equa-
tion from Eq. (20) to determine the spectral external acoustic
pressures. The external acoustic pressure is then evaluated by
Eq. (8) by considering the image-source real-source relation
P̃ ext,i
n = αi

n P̃
ext
n [24, 26].

2.5 Excitation of the Shell

In the vibroacoustic equation of Eq. (37), the remaining term
to define is the input radial forcing term fe, and more specif-
ically its corresponding coefficient F̃mn after applying the
orthogonality relations of Eq. (4). In the system of interest,
two types of excitations are considered: a mechanical point
load and an acoustic monopole source.

2.5.1 Mechanical Point Load

For a mechanical point load applied at a location on the inner
surface of the shell

(
R int, ϕ f , z f

)
, the general expression is

fe = F0
R int

δ
(
ϕ − ϕ f

)
δ
(
z − z f

)
, (38)

and its coefficients after decomposing into m, n modes are

F̃mn = F0
2πR intL

e−jnϕ f Xm
(
z f
)
. (39)

2.5.2 Acoustic Monopole Source

Radiated acoustic pressure from an internalmonopole source
located at (R int, ϕs, zs) is given as [39, 40]

fe =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑

n=−∞
ejnϕ
∫ ∞
−∞

{
jωρ f

4

Jn (kr rs )

J ′
n (kr R int)

[
Jn (kr r) Y

′
n (kr R int)

−J ′
n (kr R int) Yn (kr r)

]
e−jnϕs e−jkz zs

}
ejkz z dkz

for r > rs ,

∞∑

n=−∞
ejnϕ
∫ ∞
−∞

{
jωρ f

4

Jn (kr r)

J ′
n (kr R int)

[
Jn (kr rs ) Y

′
n (kr R int)

−J ′
n (kr R int) Yn (kr rs )

]
e−jnϕs e−jkz zs

}
ejkz z dkz

for r < rs .

(40)

The forcing term required is the blocked pressure at the inner
surface of the shell (i.e. r = R int > rs) and is obtained from
applying a Wronskian relation [41] to Eq. (40)

f (ϕ, z) =
∞∑

n=−∞
ejnϕ
∫ ∞
−∞

{
jωρ f

2πkr R int

Jn (kr rs )

J ′
n (kr R int)

e−jnϕs e−jkz zs
}
ejkz z dkz .

(41)

Fig. 2 Schematic of the finite element model of the baffled shell in an
underwater waveguide
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Fig. 3 Mean square shell radial velocity for an excited shell in a fluid domain of an acoustic waveguide from an analytical solution (ANALYTICAL)
and equivalent FE model (COMSOL)

The corresponding force coefficients are
F̃mn =

1

2πL

∫ L

−L

∫ ∞

−∞

{
jωρ f

2πkr R int

Jn (kr rs )

J ′
n (kr R int)

e−jnϕs e−jkz zs

}
Xm (z) dkz dz =

1

2πL

∫ ∞

−∞

{
jωρ f

2πkr R int

Jn (kr rs)

J ′
n (kr R int)

e−jnϕs e−jkz zs

}
X̃∗
m(kz) dkz . (42)

2.6 Vibroacoustic Indicators

Two vibroacoustic indicators are evaluated which include the
mean square radial velocity of the shell givenby the following
expression

〈v〉2 (ω) = 1

S

∫

S
|−jωw (ϕ, z)|2 dS

= ω2

2

M∑

m=0

N∑

n=−N

∣
∣∣W̃mn

∣
∣∣
2
, (43)

and the radiated sound power to the external environment
is evaluated by taking the surface integral of the active com-
ponent of the acoustic intensity at the surface of the shell


 (ω) = 1

2

∫

S
Real
{
f extl (ϕ, z) · jωw∗ (ϕ, z)

}
dS (44)

= S

4
Real

⎧
⎨

⎩

M∑

m=0

N∑

n=−N

M∑

m′=0

N∑

n′=−N

jω Z̃mnm′n′ W̃m′n′ W̃∗
mn

⎫
⎬

⎭
,

(45)

where Real { } denotes taking the real part of the value, and
in this case, the active component of intensity.
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Fig. 4 Radiated sound power for an excited shell in a fluid domain of an acoustic waveguide from an analytical solution (COMSOL) and equivalent
FE model (COMSOL)

3 Numerical Results

The proposed analytical approach is implementedwithMAT-
LAB with the following numerical example that is specified
in Table 1. Both the vibration response and the acous-
tic response are predicted with the present approach and
compared against an equivalent model using the FEM in
COMSOL Multiphysics v6.1. For the analytical framework,
the number of image sources is found to achieve numerical
convergence with a truncation of i ∈ [−300, 300]. The inte-
gration over axialwavenumbers is performednumerically via
a rectangle rule. TheGaussian quadrature scheme can also be
employedwithmarginal improvements in runtime. Themax-
imum circumferential mode order n ∈ [−N , N ] to consider

is based on a criterion N =ceil
[
1.5×Rext max

(
k, k f l

p

)
+1
]

[42], where ceil ( ) is the ceiling function, k f l
p ≈

[
k4p + ω2ρ f /

(
D
√
k2p − k2

)]1/4
is the flexural wavenum-

ber of an equivalent fluid-loaded plate, and kp is the flexural
wavenumber of an in-vacuo plate. The maximum axial mode
order is found to be sufficient for M = ceil (2L). There
are many parameters involved in the vibroacoustic system
at hand, of which some of the important phenomena have
already been investigated previously. For example, it was
shown that a fully coupled analytical model is important
rather than using typicalmirror effectmodel [24, 26] tomodel
the underwater acoustics of the cylindrical shell. Addition-
ally, far-field acoustic pressureswere investigated for varying
waveguide depths which demonstrated a stronger influence
when in proximity to a seafloor compared to the sea surface.
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Fig. 5 Acoustic pressure contours in the x − z plane (y = 0) for a point-load-excited shell

First, verification of the analytical approach is demon-
strated by comparison of predicted vibroacoustic responses
with a specific numerical example against an equivalent finite
element model using COMSOL Multiphysics. A schematic
of the finite element model is shown in Fig 2. Symmetry
planes reduce the computational domain to a quarter domain
with an excitation that is applied in the mid-plane of the shell
due to a symmetry in the x− y and x− z planes. The external
fluid domain is terminated by a pressure release condition (p
= 0), and a lower rigid bottom (∂ p/∂n = 0, where n is the
normal direction), and the remaining faces are extended by
a perfectly matched layer to simulate the Sommerfeld radia-
tion condition (infinitely outgoing waves). The internal fluid
domain is terminated by PML. Structured mesh is employed
in the PMLs to ensure numerical convergence. The vibroa-
coustic system is separated into two components: the finite
cylindrical shell,modelledwith the SolidMechanicsmodule,
and the fluid domains (external and internal), modelled with
the Pressure Acoustics module. At the interfaces between
these two components is a coupling via the Multiphysics
module, acoustic-structure boundary. Also, at the ends of the
cylindrical shell is a simply supported boundary condition, in
which the in-plane displacements are set to be zero while the
out-of-plane displacement is free. The fluid domain is then

discretisedwith a finemesh to ensure at least twelve elements
per wavelength. Comparison against the analytical solution
is made by evaluating vibroacoustic indicators of interest,
which includes the mean square radial velocity of the shell,
radiated sound power, and acoustic pressures received in the
external fluid domain of an ideal shallow waveguide.

Mean square radial velocity of the shell is evaluated using
Eq. (43). Only the rigorous computation of the modal dis-
placement W̃mn is necessary for its evaluation. Therefore,
only the vibroacoustic equations of motion of Eq. (37) are
solved. For the finite element model (COMSOL), a sur-
face average of the square radial velocity of the shell yields
the desired calculation. The comparison is shown in Fig. 3
and demonstrates excellent agreement between the analytical
solution and the equivalent finite element model. This ver-
ifies the structural component of the vibroacoustic system.
When compared to the analytical solution with the surround-
ing fluid domain of an acoustic free field instead, the results
are unchanged. This is expected as the fluid domain will only
affect the acoustic modes (low values of n), which will not
appear in the vibration response that is dominated by struc-
tural modes (higher values of n).

Radiated sound power is evaluated using Eq. (44). The
expression indicates that two terms are necessary for its eval-
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Fig. 6 Acoustic pressure contours in the x − z plane (y = 0) for a monopole source-excited shell

uation, the external fluid loading impedance Z̃mnm′n′ and
modal displacement W̃mn , while, for the finite elementmodel
(COMSOL), the surface integral of active acoustic intensity
Real{Ia} projected onto the normal direction n̂ provides the
necessary calculation


(ω) = 1

2

∫

S
Real
{
Ia · n̂} dS. (46)

This is equivalent to Eq. (44) and can be used for the cal-
culation instead. At very low frequencies (< 10 Hz for the
point load excitation and < 25 Hz for the monopole source
excitation), the values of radiated sound power are very low.
Therefore, it is omitted to maintain a reasonable dynamic
range, which is chosen to be 80 dB. The comparison is shown
in Fig. 4 and is in good agreement. As the radiated sound
power incorporates the fluid loading impedance, it verifies
the vibroacoustic fluid–structure coupling of the system. Fur-
thermore, the radiated sound power is compared against the
analytical solution for a shell in an acoustic free field. It
is observed that the waveguide fluid domain influences the
low-frequency aspects of the radiated sound power. It is men-
tioned that the analytical model is at least three times faster
than the corresponding finite element model for a shell in

a shallow waveguide and becomes much more efficient in
the analysis of shells in larger waveguide fluid domains that
eventually become computationally impractical for the FEM.

Furthermore, acoustic pressures in the internal and exter-
nal fluid domains are evaluated to verify the predicted internal
acoustic behaviour and external acoustic propagation in an
ideal shallow waveguide. Acoustic pressure is presented as
a sound pressure level (SPL), SPL = 20 log10 (|p| /pref)
where pref = 10−6 Pa. First, the acoustic pressure contours
at a low excitation frequency of 50Hz and high excitation fre-
quency of 500 Hz are presented for a point-load-excited shell
in Fig. 5 and monopole source-excited shell in Fig. 6. The
acoustic pressure contour in the x−z (y = 0) plane, covering
a 10×10m2 region, is shown in Figs. 5 and 6. It is shown that
the comparison against the equivalent finite element model
is in excellent agreement. It is also highlighted that for the
monopole excitation, the total acoustic pressure within the
internal fluid domain of the shell corresponds to the sum of
the acoustic pressure induced directly by the monopole, fe
(see Eq. (40)) and the radiated acoustic pressure due to the
elastic deformations of the shell p int (see Eq. (29)).

Anacoustic pressure spectrum is presented inFig. 7 to sup-
plement the acoustic pressure contours. The external acoustic
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Fig. 7 Acoustic pressure received at a point (r = R + 1, ϕ = π/2, z = 0)

pressure is received at a point in the plane of excitation
(z = 0), 1 m from the surface of the shell (r = R+ 1 m) and
parallel to the acoustic boundaries (ϕ = π/2). The compari-
son is made for both a point-load-excited shell andmonopole
source-excited shell. Excellent agreement is observed across
the excitation frequencies between 10 Hz and 500 Hz. The
acoustic pressure received in an acoustic free field is gener-
ally very different to that of a waveguide fluid domain due to
the influence of the acoustic boundaries (pressure release and
rigid floor). Even though the acoustic pressure is distributed
differently in a waveguide fluid domain, the radiated sound
power is relatively unaffected, only at the low frequency
range (< 250 Hz) Fig. 4) there is a significant difference.
Therefore, for the subsequent investigation into the influence
of the acoustic boundaries, the analysis is limited to the low
frequency portion of the radiated sound power.

Finally, an investigation into the effect of fluid domains
on the low frequency radiated sound power (< 250 Hz)
is presented here. In Fig. 8, we see a comparison against
the waveguide depths for a shell positioned at the midpoint.
Increasing the waveguide depth to 100 m is sufficient for the
radiated sound power to approximate the shell in an acoustic
free field, which is equivalent to setting the number of images
to 0, while reducing the waveguide depth to 5 m reduces the
radiated sound power at the lower end of the spectrum. At
higher frequencies, it is observed that the power tends to be
similar to that of a shell in an acoustic free field. Now the
centre of the shell is positioned at 2.5 m from the free surface
in Fig. 9 and at 2.5 m from the rigid bottom in Fig. 10. In a
waveguide fluid domain of 10m, the shell is then closer to the
free surface in Fig. 9, and closer to the rigid floor in Fig. 10.
To provide a point of comparison, sound power calculations
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Fig. 8 Radiated sound power at the low frequency range for a shell positioned in the middle of different waveguide depths

are performed for a shell in a semi-infinite acoustic domain
(acoustic half-space) that is bounded by either a free surface
or rigid bottom (at 2.5 m from the centre of the shell) and the
results are shown, respectively, in Figs. 9 and 10. It is noticed
that increasing the total waveguide depth to 100 mwill result
in the radiated sound power approximating to the correspond-
ing acoustic half-space case, which is equivalent to setting
the number of images to either 1 upper image only for the
free surface only case or 1 lower image only for the rigid bot-
tom only case. It can then be inferred from these results that
at reasonable waveguide depths, the radiated sound power
in both the low and higher frequency range can be approxi-
mated by the corresponding limiting case. However, for very
shallow waveguides, for instance H = 10 m, it is impor-
tant to incorporate the influence of the acoustic boundaries,
especially at the low frequency range.

4 Conclusions

An analytical framework for the vibroacoustic behaviour of
a baffled finite-length thin elastic fluid-filled cylindrical shell
that is held by infinitely long rigid baffles and submerged in an
ideal shallow-water waveguide is herein presented. The anal-
ysis involves combining the governing equations from thin
shell theory with the acoustic pressures from the Helmholtz
equation and image-source method to capture the interaction
with a shallow-water waveguide. Compared to previous for-
mulations of a two-dimensional shell (i.e. an infinitely long
cylindrical shell that is excited by an infinite line force) and
a three-dimensional infinitely long shell, there is a similar
phenomenon of cross-modal coupling in the circumferential
mode orders as found in analytical expressions with indexing
of nn′. However, with the addition of a finite elastic region,
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Fig. 9 Radiated sound power at the low frequency range for a shell positioned in H f s = 2.5 m from the free surface of two different waveguide
depths (H = 10, 100 m)

there is an additional cross-modal coupling in the axialmodes
(i.e. an indexingofmm′).A fully coupled vibroacoustic equa-
tion is then derived from thefluid–structure coupling between
the external shallow-water waveguide fluid domain, inter-
nal cylindrical fluid domain and excited baffled thin elastic
shell structure, where the excitation is specified either as a
mechanical point load or from the radiated pressures from an
internal acoustic monopole source. Using a numerical exam-
ple, the analytical model is verified against an equivalent
model that is generated using the FEM with COMSOLMul-
tiphysics v6.1. The analytical model is at least three times
faster than the corresponding finite element model and is
capable of evaluating large waveguide fluid domains that
become computationally impractical for the FEM. Vibra-
tion and acoustic responses are compared for verification

and comparison against a shell submerged in an acoustic free
field (infinite sea). It is observed that the pressure distribu-
tion within the fluid domain is very different for the case of
a waveguide and an acoustic free field due to the interaction
with the waveguide boundaries. However, when comparing
the radiated sound power, it is mainly affected at the low fre-
quency range. Different waveguide depths were investigated
using the analytical model. For different fluid domains, it
was demonstrated that waveguide depths of 100 m approxi-
mate the free field power. When the shell was shifted to bias
one acoustic boundary, the influence of the opposing acoustic
boundary on the radiated sound power was also negligible at
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Fig. 10 Radiated sound power at the low frequency range for a shell positioned in Hsb = 2.5 m from the rigid floor of two different waveguide
depths (H = 10, 100 m)

reasonable distances and can be approximated by the corre-
sponding acoustic half-space.
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