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Abstract: We study a class of nonlocal conformal field theories in two dimensions which
are obtained as deformations of the Virasoro minimal models. The construction proceeds by
coupling a relevant primary operator ϕr,s of the m-th minimal model to a generalized free field,
in such a way that the interaction term has scaling dimension 2− δ. Flowing to the infrared,
we reach a new class of CFTs that we call long-range minimal models. In the case r = s = 2,
the resulting line of fixed points, parametrized by δ, can be studied using two perturbative
expansions with different regimes of validity, one near the mean-field theory end, and one close
to the long-range to short-range crossover. This is due to a straightforward generalization of
an infrared duality which was proposed for the long-range Ising model (m = 3) in 2017. We
find that the large-m limit is problematic in both perturbative regimes, hence nonperturbative
methods will be required in the intermediate range for all values of m. For the models based
on ϕ1,2, the situation is rather different. In this case, only one perturbative expansion is
known but it is well behaved at large m. We confirm this with a computation of infinitely
many anomalous dimensions at two loops. Their large-m limits are obtained from both
numerical extrapolations and a method we develop which carries out conformal perturbation
theory using Mellin amplitudes. For minimal models, these can be accessed from the Coulomb
gas representations of the correlators. This method reveals analytic expressions for some
integrals in conformal perturbation theory which were previously only known numerically.
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1 Introduction and summary

Quantum field theory (QFT) in two dimensions (2d) abounds with exactly solvable models.
In particular, in 2d, the algebra of local conformal transformations is infinite-dimensional, and
its central extension, i.e. the Virasoro algebra, provides a powerful tool to solve many models
describing the critical regime of two-dimensional statistical systems [1]. Indeed, continuous
phase transitions are associated to scale-invariant Euclidean QFTs, and for unitary local 2d
QFTs, scale invariance is promoted to local conformal invariance [2]. We refer the reader to
the books [3–5], for a detailed discussion on 2d CFTs and more references to the original work.

We have been careful to emphasize the locality assumption, because in this paper we will
explore a class of models where some degree of nonlocality is introduced. From the Lagrangian
perspective, the notion of locality versus nonlocality is rather intuitive: Lagrangian densities
that depend only on some fields and a finite number of their derivatives, all at the same
point, are the basic ingredient of a perturbative definition of local QFTs; Lagrangians that
depend on fields at different points are instead the epitome of a nonlocal theory. However,
solvable 2d CFTs do not typically come in Lagrangian form, they are rather obtained more
abstractly from the representation theory of the Virasoro algebra. In this framework, locality
is intrinsically assumed in the fact of having a representation of the Virasoro algebra, and it
manifests itself in particular via the existence of a local energy-momentum tensor. Therefore,
a natural definition of a nonlocal 2d CFT is as a 2d QFT that has no local energy-momentum
tensor and that is invariant under just the global conformal group SO(3, 1). The easiest
example in such a class is provided by a bosonic generalized free field (GFF), i.e. a Gaussian
scalar field with conformal two-point function, and scaling dimension greater than zero.1
Unlike the local case, we do not know any solvable nontrivial model in this class, therefore
perturbation theory remains the main tool to approach nonlocal 2d CFTs.

The main motivation and source of examples for nonlocal CFTs comes from the study
of long-range models. These are statistical models in which for example spins interact with
each other not only via nearest-neighbour couplings, but all-to-all with a coupling having a
power-law decay with respect to the distance. The prototypical example is the long-range
Ising model, that has a long history dating back to the 1960’s [6–8]. In its Ginzburg-Landau
formulation, the d-dimensional long-range Ising model is described by a GFF of scaling
dimension ∆φ = (d− s)/2, perturbed by a quartic local interaction. For d/2 < s < s⋆, with
some fixed d-dependent s⋆ < 2, the interaction triggers a renormalization group (RG) flow
to a nontrivial IR fixed point [9, 10], corresponding to a nonlocal CFT [11]. For s > s⋆,
the model is instead in the short-range Ising universality class [12], and this has been used
in [13, 14]2 to construct a perturbative description of the long-range Ising CFT at s ≲ s⋆. The
latter construction is built on the knowledge of a CFT, without the need of any Lagrangian,
hence it can be generalized to a wide class of other cases, and this is the main idea that
we will exploit here.

1In general dimension d, a GFF has scaling dimension different from ∆free = d/2 − 1. The restriction
to scaling dimensions greater than ∆free is equivalent to demanding reflection positivity (i.e. unitarity) of
the GFF.

2The case d = 1 is special, as there is no nontrivial short-range Ising CFT. An alternative construction has
been found recently in [15, 16].
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In this work, we will consider a class of nonlocal 2d CFTs that can be constructed as a
perturbation of the simplest case of local 2d CFTs, namely the unitary and diagonal Virasoro
minimal models. The 2d Ising CFT belongs to such class of models, and thus we will recover
the 2d long-range Ising CFT of [13, 14] as a special case. The perturbation will itself be
local, but by coupling the minimal model to a GFF it will break local conformal invariance,
leaving us with only a global SO(3, 1) invariance.

As the construction is very general, let us state it starting from a generic local CFT in
general dimension, with expectation values denoted ⟨. . .⟩0. Assume that we know the spectrum
of such CFT, together with the operator product expansion (OPE) coefficients, i.e. we know
its set of conformal data. Given a relevant operator Φi(x), with scaling dimension ∆i < d, we
construct a nonlocal model by introducing a GFF χ(x) with scaling dimension ∆χ = d−∆i−δ,
with 0 < δ ≪ 1, and coupling it to the CFT by deforming the expectation values as

⟨. . .⟩g0 ≡
∫
dµC [χ] ⟨. . . e−g0

∫
Φiχ⟩0 ≡ ⟨. . . e−g0

∫
Φiχ⟩ , (1.1)

where the dots now stand for any operator insertion, and dµC [χ] is a centered normalized
Gaussian measure with covariance

C(x, y) ≡
∫
dµC [χ]χ(x)χ(y) =

1
|x− y|2∆χ

. (1.2)

The perturbed model is always nonlocal, except in the special cases δ = d/2 + 1−∆i (the
GFF χ is in this case a local free field theory) or δ = d/2 − ∆i (the GFF is ultralocal,
i.e. it is a non-dynamical Hubbard-Stratonovich field for a “double-trace” operator), which
we will exclude from now on.

Notice that given the form of the perturbation in (1.1), for χ-independent observables
we could easily integrate out χ, and obtain

⟨. . .⟩g0 = ⟨. . . e 1
2g2

0
∫

ΦiC
−1Φi⟩ , (1.3)

making the nonlocal nature of the perturbation completely manifest. This form of the model
is not very useful in practice, for at least two reasons. First, χ-dependent observables are part
of the spectrum of the theory. Second, in the form (1.1), we have a (nonlocal) CFT at g0 = 0,
perturbed by a local operator, and we can thus apply (standard) conformal perturbation
theory; on the other hand, in the integrated form (1.3), the perturbation is nonlocal, so its
perturbative treatment is not so straightforward.3

The choice of scaling dimension for χ is such that the operator 𝒪 = Φiχ has scaling
dimension ∆𝒪 = d − δ, so that it is weakly relevant for 0 < δ ≪ 1, and thus it induces a
nontrivial flow towards the IR.4 If there are no other (near-)marginal operators in the coupled
model, then it suffices to express g0 in terms of a renormalized coupling g, and thus the

3Nevertheless, the expression (1.3) can be helpful for the interpretation of the model, as it provides an
action of the type more commonly encountered in long-range models, and therefore we will occasionally refer
to it in the following.

4Notice that the GFF has a ℤ2 symmetry χ(x) → −χ(x), that is broken by the operator 𝒪i. If the original
CFT has also a ℤ2 symmetry, under which Φi is odd, then the perturbation preserves an invariance under the
diagonal subgroup of ℤ2 × ℤ2.
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flow is one-dimensional. The beta function can be computed using conformal perturbation
theory [17], as reviewed in [14, 18] (and here in appendix A). Its general form is

β(g) = −δg + β3g
3 +O(g5) , (1.4)

where the absence of a g2 term is a consequence of the linearity in χ of 𝒪. If β3 > 0, the beta
function (1.4) has a real fixed point at g = g± ≡ ±

√
δ/β3, and we will assume that at g = g±

the deformed CFT (1.1) has global conformal invariance, i.e. it defines a nonlocal CFT.5

As anticipated, in this paper we will stick to d = 2, and for the unperturbed local CFT
we will choose any of the unitary and diagonal Virasoro minimal models, denoted ℳm+1,m

with integer label m ≥ 3. We will consider different choices of Φi, corresponding to different
relevant Virasoro primaries ϕr,s.6 We refer to the theory at the IR fixed point of the flow
driven by 𝒪 = ϕr,sχ as long-range minimal model (LRMM) of type (m, r, s).

We can slightly restrict the set of LRMMs by demanding that they stay unitary, which
in particular requires β3 > 0, otherwise the fixed point is at imaginary coupling, and we
will likely find either violations of unitarity bounds or complex OPE coefficients, or both.
However, we do not know under which conditions we are bound to find β3 > 0, hence this
has to be checked on a case by case basis.

This paper will treat three LRMMs in detail, namely (m, 2, 2), (m, 1, 2) and (m, 2, 1).
The first two happen to have β3 > 0 for all m. Conversely, (m, 2, 1) has β3 < 0 but it is
structurally very similar to (m, 1, 2) in other respects. While many of our techniques will
also apply to other LRMMs, there are several motivations for starting with these three.

1. At a technical level, perturbative analysis of (m, r, s) has a lower barrier to entry when
rs is small. This is because rs is the number of Virasoro primary families exchanged in
the self-OPE of ϕr,s.

2. More conceptually, the (m, 2, 2) LRMMs are important because they are all believed to
cross over to mean-field behaviour for sufficiently large δ. This makes it easy to conjecture
a natural Landau-Ginzburg description. Indeed, following Zamolodchikov [19], unitary
minimal models ℳm+1,m have a Landau-Ginzburg description as the multicritical points
of a scalar field φ, that is identified with the most relevant Virasoro primary, i.e. ϕ2,2.
Therefore, this is the class of models that directly generalizes the Ising case of [13, 14],
and therefore we expect their near-mean-field description to be provided by the IR fixed
point of a GFF φ with perturbation φ2(m−1).

3. Since the (m, 2, 2) and (m, 1, 2) families intersect at m = 3, they both appeared in a
recent study of the 2d long-range Ising model using the numerical bootstrap [20] (see
also [21] for a closely-related study). Surprisingly, the bounds showed evidence that
they are saturated by the LRMM of type (m, 1, 2) for all m.

5We stress that Polchinski’s result on scale and conformal invariance [2] does not hold for non-local CFTs.
In the case of the long-range Ising model a strong argument for the conformal invariance of its fixed point has
been given in [11].

6Notice that taking Φi to be a scalar Virasoro descendant in ℳm+1,m will always lead to an irrelevant de-
formation.
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4. Studying at least two LRMM families presents an opportunity to learn about the
different types of allowed large-m behaviour. Indeed, we will find that the (m, 2, 2)
LRMMs differ greatly from (m, 1, 2) at large m, even though they coincide at m = 3.
This will be shown by computing a large amount of perturbative data and developing
complementary techniques for extracting the large-m limit. Perturbation theory at
large m goes back to the original work [17, 22] about RG flows connecting minimal
models and has been revisited many times since then [21, 23–31].7

Plan of the paper. Before coming to the details of coupling Virasoro minimal models
to a GFF, we first consider a Lagrangian definition of long-range multicritical models in
section 2. This is the nonlocal φ2(m−1) Landau-Ginzburg theory discussed above which
is conjectured to be the near-mean-field description of the LRMM of type (m, 2, 2). Our
calculations in this section can be seen as a generalization of the approach to the long-range
Ising model based on φ4 [9].

In section 3, we consider the case of LRMMs of type (m, 2, 2) (i.e. with Φi = ϕ2,2)
and compute anomalous dimensions for two types of operators. For operators that are UV
Virasoro primaries, their anomalous dimensions need to be computed using standard two-loop
conformal perturbation theory. This naturally leads to numerical integrals. For operators
that are UV higher-spin currents, their anomalous dimensions can be found more easily with
input from representation theory [40, 41]. We explain both types of calculations along with a
brute-force method for extrapolating the results to large m.

In section 4, we turn to the simpler LRMMs, (m, 1, 2) and (m, 2, 1), obtained with
Φi = ϕ1,2 and Φi = ϕ2,1 respectively. As it turns out, their anomalous dimensions at large m
are related by a simple map, thus allowing us to focus on (m, 1, 2) without loss of generality.
The treatment of UV Virasoro primaries and UV currents parallels the (m, 2, 2) case except
for a newly encountered mixing problem. This leads to the appearance of some anomalous
dimensions at one loop.

In section 5, we find analytic explanations for why the numerical results in (m, 2, 2) and
(m, 1, 2) LRMMs appear to take quite a simple form at large m. Our first approach is based
on taking the large-m limit first and works well for (m, 1, 2). Our second approach, which
takes the large-m limit last, is more time consuming but it works for (m, 2, 2) as well.

In section 6, we summarize the main lessons contained in the perturbative data for
LRMMs and give an outlook on future directions.

Various technical results are collected in the appendices. Appendix A contains a review
of the type of conformal perturbation theory discussed above which is needed in most sections
of the main text. Appendix B contains extra detail on perturbative calculations using the
Lagrangian theory in section 2. Appendix C reviews some necesssary aspects from the
solution of the diagonal Virasoro minimal models, which was completed in [42–44]. Finally,
appendix D contains a crashcourse on a Mathematica package from [45] which is instrumental
for being able to reproduce section 5.

7Another way to realize the long-range Ising model as part of a larger family is to consider the long-range
O(N) model [9, 32, 33]. For recent explorations of the CFT data and free energy at large N , see [34–39].
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2 Near mean field theory end — the φ2(m−1) flow

As we recalled in the introduction, one motivation for nonlocal CFTs comes from the study
of long-range statistical models, of which long-range Ising is the most studied example. It is
natural to generalize the long-range Ising model to the multicritical case by replacing the
quartic operator with a higher even power, that is, defining a new model with action:

SLR,m = 𝒩
2

∫
d2x1d2x2

(φ(x1)− φ(x2))2
|x1 − x2|2+s

+ λ0
(2m− 2)!

∫
d2xφ(x)2(m−1) . (2.1)

Here, the 𝒩 is a normalization factor, that we will choose such that the propagator is unit-
normalized in direct space (see [20] for more details). The operator φ2(m−1) has dimension
∆m = (m− 1)(2− s), with m = 3 corresponding to Ising and m > 3 to the multicritical cases.

The interaction is marginal when ∆m = 2, that is, at s = s̄, where

s̄ ≡ 2m− 2
m− 1 . (2.2)

For s < s̄ the interaction is irrelevant, therefore we are in the regime of mean field the-
ory (MFT). For s > s̄ the interaction is relevant, and as we show in section 2.2 the model
flows in the IR to an interacting fixed point, which can be studied perturbatively for s ≳ s̄.
Such a fixed point defines (for each given m) a family of long-range multicritical CFTs that
depend continuously on the parameter s.

Notably, despite the interacting character of such CFTs, the conformal dimension of the
field φ sticks to its GFF value. This is a standard feature of long-range models [9, 46], which
can be understood as a consequence of the local nature of UV divergences, that therefore
cannot lead to a renormalization of the nonlocal quadratic term in (2.1).

2.1 Crossover to short range

As the distance s − s̄ from the MFT regime increases, the CFT becomes more and more
strongly coupled and eventually the perturbative treatment based on (2.1) becomes unreliable.
Eventually, we expect that, like in the Sak scenario for the Ising case [10, 12], for some
s = s⋆ > s̄ the anomalous dimension of the irrelevant operator ∂µφ∂

µφ becomes so large to
turn it into a relevant operator. That is, we expect that ∂µφ∂

µφ will behave as a dangerously
irrelevant operator [47]. When this happens, the nonlocal CFT is no longer IR-stable, and
thus the long-range multicritical model transitions to a different universality class, which is
that of the corresponding short-range multicritical model. By continuity of the spectrum,
one infers that such crossover must take place at a value of s such ∆φ equals the conformal
dimension of the magnetization field in the corresponding short-range model. Let us thus
pause for a moment from the long-range domain, and discuss briefly what we know about
the short-range case.

In two dimensions, short-range multicritical models have been related by Zamolod-
chikov [19] (see also [5] or appendix A of [48] for reviews) to the unitary a diagonal Virasoro
minimal models, ℳm+1,m. According to such correspondence, the Landau-Ginzburg de-
scription of the unitary minimal models ℳm+1,m is obtained by a ℤ2-even perturbation
φ2(m−1) of the free boson:

Sm = 1
2

∫
d2x ∂µφ(x)∂µφ(x) + λ0

(2m− 2)!

∫
d2xφ(x)2(m−1) . (2.3)

– 6 –
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The key argument for such correspondence is the identification of the relevant primaries ofℳm+1,m with scaling operators of the theory (2.3) at its IR fixed point. The most relevant
singlet operator in ℳm+1,m, besides the identity, is ϕ2,2, which is thus identified with the order
parameter φ of the corresponding Landau-Ginzburg description. The relevant composite
operators corresponding to powers of φ are then obtained by repeated use of the OPE,
resulting in the identifications

: φk :=

ϕ(k+1,k+1) k = 1, . . . ,m− 2 ,
ϕ(k+3−m,k+2−m) k = m− 1, . . . , 2m− 4 .

(2.4)

Notice that φ(x)2m−3 is missing, because it is a descendant of φ, as a consequence of the
Schwinger-Dyson equations: φ(x)2m−3 ∼ ∂2φ.

Assuming the validity of Zamolodchikov’s correspondence between ℳm+1,m and (2.3),
and by the Sak scenario we discussed above, we expect that in the long-range model (2.1),
when ∆φ ≤ ∆2,2, i.e. for s ≥ s⋆ with

s⋆ ≡ 2− 2∆2,2 , (2.5)

the model will fall into the short range universality class. However, continuity of the spectrum
demands that the theory at s ≥ s⋆ will not be just ℳm+1,m, but it will rather include also a
decoupled sector. Following the same line of reasoning as for the long-range Ising case [13, 14],
and taking into consideration the identification between φ and ϕ2,2, we are led to conclude that
the CFT associated to the IR fixed point of (2.1) will be described near s⋆ by a LRMM of type
(m, 2, 2), i.e. the IR fixed point of ℳm+1,m perturbed by 𝒪 = ϕ2,2χ, and with the identification

δ = s⋆ − s . (2.6)

In support of this IR duality, we have the following pieces of evidence:
• Integrating out χ as in equation (1.3), with Φi = ϕ2,2, and using ϕ2,2 ∼ φ one obtains

precisely the quadratic term in (2.1). Therefore, the ϕ2,2χ perturbation can be seen as
being the analog of Sak’s nonlocal perturbation [10, 12–14], rewritten via a Hubbard-
Stratonovich trick;

• One major difference between the long-range and the short-range case is that in the
former φ(x)2m−3 is not a descendant of φ. In the long-range case, the Schwinger-Dyson
equations are nonlocal, hence they imply instead an exact shadow relation between the
two operators, namely

∆φ3 = 2−∆φ . (2.7)
By construction, this is also the dimension of χ, hence we expect χ to be identifiable
with the missing φ(x)2m−3 in (2.4). This field is present also at s > s⋆, but it decouples,
thus reconciling continuity of the spectrum with the absence of such an operator in the
short-range models;

• At δ > 0, the Schiwinger-Dyson equations for the deformed theory (1.1) imply that
at the IR fixed point, ϕ2,2 is the shadow of χ, and since the dimension of the latter is
protected (for the same reason why φ in (2.1) needs no wave function renormalization),
this means that ϕ2,2 must acquire an anomalous dimension such that we can identify it
with φ.

– 7 –
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In the absence of a full proof, it would be nice to test this duality between the long-range
multiciritical models (2.1) and the LRMM of type (m, 2, 2) by matching their predictions
near s̄ and near s⋆, respectively, with some nonperturbative (e.g. lattice) computation at
intermediate values of s. In view of such possible comparison, in the rest of this section
we provide some perturbative results in the near-MFT regime, while in the next section
we will study the near-crossover regime.

2.2 Beta function

In order to make the interaction term of (2.1) weakly relevant we choose

s = s+ ϵ

m− 1 , ϵ≪ 1 , (2.8)

such that the bare coupling has dimension [λ0] = 2 − (m − 1)(2 − s) = ϵ. We will treat ϵ
as a UV regulator. IR divergences are instead regulated by relegating the interaction to
a finite volume V = πR2.

Exploiting the analytic regularization, and using an MS scheme, the bare coupling gets
renormalized as λ0 = R−ϵ(λ+ δλ), with δλ the sum of appropriate counter-terms. From the
Callan-Symanzik equation, Rdλ0/dR = 0, the beta function is found to be (see appendix B
for details):

β(λ) = Rdλ/dR = −ϵλ+Aλ2 − 2B1λ
3 +O

(
λ4
)
, (2.9)

with
A = π

[2(m− 1)]!
(m− 1)!3 , (2.10)

and

B1 =
[2(m− 1)]!

3! π2
∑

a+b+c=2(m−1)
a, b, c ̸=0

a, b, c ̸=m−1

1
(a!b!c!)2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)

− [2(m− 1)]!
2(m− 1)!2 π

2 ∑
a+b=m−1

a, b ̸=0

1
(a!b!)2

[
ψ0

(
a

m− 1

)
+ ψ0

(
b

m− 1

)]

−
(
[2(m− 1)]!2
(m− 1)!6 − 2[2(m− 1)]!

(m− 1)!4

)
γEπ

2 ,

(2.11)

with γE Euler’s constant.
The beta function (2.9) admits two perturbative zeros: the trivial fixed point λ∗ = 0

and the nontrivial fixed point

λ∗ =
ϵ

A
+ 2B1ϵ2

A3 +O
(
ϵ3
)
. (2.12)

From the derivative of the beta function at this fixed point, we find the conformal dimension
φ2(m−1):

∆φ2(m−1) = 2 + β′(λ∗) = 2 + ϵ− 2B1
A2 ϵ

2 +O(ϵ3) . (2.13)
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2.3 Anomalous dimensions of φα operators

Consider a bare operator Φ, of dimension ∆UV
Φ , in the unperturbed theory. In the perturbed

theory, we compute the anomalous dimension of Φ by renormalising its two-point correlation
function, i.e. we define Φ = ZΦΦr and require

⟨Φ(∞)Φr(0)⟩ = Z−1
Φ ⟨Φ(∞)Φ(0)⟩ , (2.14)

to be finite from UV divergences (in the ϵ→ 0 limit), by choosing appropriately ZΦ. Note
that the operator at infinity does not get renormalized, because it is inserted outside the
(finite) region of integration.

The anomalous dimension of Φ is found from the Callan-Symanzik equation to be:

γ(λ) = − 1
ZΦ

R
dZΦ
dR

. (2.15)

The conformal dimension of Φ at the IR fixed point is

∆Φ = ∆UV
Φ + γ(λ∗) . (2.16)

For monomial operators Φ = φα, in the MS we find:

γ(λ) = Ãλ− B̃1λ
2 +O(λ3) , (2.17)

where
Ã = 2πα!2

(m− 1)!2(α−m+ 1)!Θ(α−m+ 1) , (2.18)

and Θ is the Heaviside function with Θ(0) = 0. The coefficient B̃1 depends more sensitively
on α, in particular (we define c ≡ 2m − 2 − a − b):

• If α < m,

B̃1=π2
α−2∑
a=1

2m−3−a∑
b=2m−1−α

1
(b+α−2m+2)!

α!2
a!2b!c!2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)
+π2

α−1∑
a=1

α!2
a!2(2m−2−α)!(α−a)!2

Γ
(
1− a

m−1

)
Γ
(
1− 2m−2−α

m−1

)
Γ
(
1− α−a

m−1

)
Γ
(

a
m−1

)
Γ
(
2m−2−α

m−1

)
Γ
(

α−a
m−1

) .

(2.19)

• If α = m,

B̃1 = −π2
m−2∑
a=1

m!2
a!2(m− 1)!c!2

(
H− a

m−1
+H− c

m−1

)

+ π2
m−2∑
a=1

2m−3−a∑
b=m

1
(b−m+ 2)!

m!2
a!2b!c!2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)
+ π2

m−1∑
a=1

a ̸=m−1

m!2
a!2(m− 2)!(m− a)!2

Γ
(
1− a

m−1

)
Γ
(
1− m−2

m−1

)
Γ
(
1− m−a

m−1

)
Γ
(

a
m−1

)
Γ
(

m−2
m−1

)
Γ
(

m−a
m−1

)
− π2

m!2
(m− 1)!2(m− 2)!

(
H 2−m

m−1
+Ha−m

m−1

)
. (2.20)
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• If m < α < 2m− 2,

B̃1=π2
α−2∑
a=1

2m−3−a∑
b=2m−1−α

a ̸=m−1,b ̸=m−1

1
(b+α−2m+2)!

α!2
a!2b!c!2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)
−π2

m−2∑
a=1

1
(α−m+1)!

α!2
a!2(m−1)!c!2

(
H− a

m−1
+H− c

m−1

)

−π2
m−2∑

b=2m−1−α

1
(b+α−2m+2)!

α!2
(m−1)!2b!c!2

(
H− b

m−1
+H− c

m−1

)

+π2
α−1∑
a=1

a ̸=m−1

α!2
a!2(2m−2−α)!(α−a)!2

Γ
(
1− a

m−1

)
Γ
(
1− 2m−2−α

m−1

)
Γ
(
1− α−a

m−1

)
Γ
(

a
m−1

)
Γ
(
2m−2−α

m−1

)
Γ
(

α−a
m−1

)
−π2 α!2

(m−1)!2(2m−2−α)!(α−m+1)!2
(
Hα−2m+2

m−1
+H a−α

m−1

)
. (2.21)

• If α ≥ 2m− 2,

B̃1=π2
2m−4∑
a=1

2m−3−a∑
b=2m−1−α

a ̸=m−1,b ̸=m−1

1
(b+α−2m+2)!

α!2
a!2b!c!2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)
−π2

m−2∑
a=1

1
(α−m+1)!

α!2
a!2(m−1)!c!2

(
H− a

m−1
+H− c

m−1

)

−π2
m−2∑

b=2m−1−α

1
(b+α−2m+2)!

α!2
(m−1)!2b!c!2

(
H− b

m−1
+H− c

m−1

)
. (2.22)

2.4 Example results

While we do not have a closed expression for the sums in the coefficient B1 at general
m, the latter can be easily evaluated at each finite m. For the for the long-range Ising
model (m = 3) we find:

β3(λ) = −ϵλ+ 3πλ2 − 24π2 log(2)λ3 +O(λ4) , (2.23)

in agreement with the results of [35]. For the long-range tricritical Ising model (m = 4) we find:

β4(λ) = −ϵλ+ 10π
3 λ2 −

[
30π2 log(3) + 45

√
3

32π

(
Γ
(1
3

)6
− 3Γ

(2
3

)6
)]

λ3 +O(λ4) , (2.24)

which is a new result.
We can also evaluate the coefficients in the large-m expansion, as we now explain.

Considering the second line in (2.11) first, [a!(m − 1 − a)!]−2 is sharply peaked around
a = m−1

2 . We can therefore approximate the sum by expanding ψ0
(

a
m−1

)
around this value
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with the leading term producing

∑
a+b=m−1

a,b ̸=0

1
(a!b!)2ψ0

(
a

m− 1

)
∼ ψ0

(1
2

)m−2∑
a=1

[a!(m− 1− a)!]−2

= ψ0

(1
2

) Γ(2m− 1)− 2Γ(m)2
Γ(m)4 .

(2.25)

For the first line in (2.11), the same approach tells us to evaluate the gamma functions
at a = b = c = 2

3(m − 1) resulting in an overall factor of [Γ
(
1
3

)
/Γ
(
2
3

)
]3. In this case,

we are still left with a nontrivial sum, which we approximate as a Gaussian integral. In
particular, we can write

1
(a!b!c!)2 =exp[f(a,b)]

∼ exp
[
f

(2m−2
3 ,

2m−2
3

)
+1
2

(
a− 2m−2

3

)2 ∂2f

∂a2
∣∣
a=b= 2m−2

3

+
(
a− 2m−2

3

)(
b− 2m−2

3

)
∂2f

∂a∂b

∣∣
a=b= 2m−2

3
+1
2

(
b− 2m−2

3

)2 ∂2f

∂b2
∣∣
a=b= 2m−2

3

]
.

(2.26)

The leading term is of course f
(
2m−2

3 , 2m−2
3

)
= −6 log Γ

(
2m+1

3

)
while the subleading term

becomes tractable after using Stirling’s approximation. As a result,

∑
a+b+c=2(m−1)

a, b, c ̸=0
a, b, c ̸=m−1

1
(a!b!c!)2

Γ
(
1− a

m−1

)
Γ
(
1− b

m−1

)
Γ
(
1− c

m−1

)
Γ
(

a
m−1

)
Γ
(

b
m−1

)
Γ
(

c
m−1

)

∼
[
Γ
(1
3

)
/Γ
(2
3

)]3
Γ
(2m+ 1

3

)−6 ∫
d2 x exp

[
− 3
2m− 2x⊺

(
2 1
1 2

)
x
]

=
[
Γ
(1
3

)
/Γ
(2
3

)]3
Γ
(2m+ 1

3

)−6 2π(m− 1)√
27

.

(2.27)

These expressions make it clear that the double sum dominates over the other terms
in (2.11) at large m. It is therefore valid to take

A = π
(2m− 2)!
(m− 1)!3 , B1 = π3

Γ
(
1
3

)3
Γ
(
2
3

)3 (m− 1)(2m− 2)!
35/2

[
2
3(m− 1)

]
!6
, (2.28)

in this limit. One can then plug this into (2.13) for instance and see that the coefficient
of ϵ2 diverges exponentially as m→ ∞. This leads to a breakdown of perturbation theory
when using small but finite values of ϵ. In consequence, while the near mean-filed and near
short-range ends become close in this limit as |s̄− s⋆| = 2/m + O(1/m2), the acceptable
range for perturbation theory (ϵ ≪ A2/2B1) shrinks at a faster speed.8

8In particular, one cannot set ϵ = (m − 1)(2− 2∆2,2 − s̄) ≈ 2 to try to approximate the large-m minimal
model ℳm,m+1 using the φ2(m−1) deformation.
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3 Near short-range minimal model end — the ϕ2,2χ flow

When the scaling dimension of φ takes the value

∆2,2 = 2h2,2 =
3

2m(m+ 1) , (3.1)

we expect that (2.1) flows to a product theory between the short-range minimal modelℳm,m+1 and a GFF χ of dimension 2 −∆2,2. From that product theory, we can induce a
weakly-relevant flow into the LRMM of type (m, 2, 2) via:

S′
LR,m = SSR,m + 𝒩

2

∫
d2x1d2x2

(χ(x1)− χ(x2))2
|x1 − x2|2−s

+ g0

∫
d2xϕ2,2χ , (3.2)

where χ has dimension 2 −∆2,2 − δ for 0 < δ ≪ 1, and 𝒩 is a normalization factor. We
recall that the dimension of χ is protected because UV divergences cannot renormalize its
nonlocal kinetic term. Furthermore, the Schwinger-Dyson equations imply the following
shadow relation at the IR fixed point:

∆ϕ2,2 = 2−∆χ. (3.3)

In this section, we compute the beta function for the coupling at leading order in
conformal perturbation theory, to show that the flow (3.2) leads to unitary and interacting
IR fixed points for all integer m ≥ 3. We also compute several anomalous dimensions of
operators at the IR fixed points.

3.1 Beta function

Finding the beta function to non-trivial order in g means computing the β3 coefficient defined
in (1.4). The method we use to compute β3, adapted from [18] and [14], is reviewed in
appendix A. We start from the (regularized) integral:

β3 = −π
∫
ℛ d2z⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩

∣∣∣∣
finite

, (3.4)

with 𝒪 = ϕ2,2χ, the integration domain is ℛ = {z : |z| < 1, |z| < |z − 1|}, and the integrand
is evaluated in the unperturbed theory. The latter can be computed recursively (to arbitrary
precision) using the BPZ differential equation [1], and we find (see appendix C for a derivation):

⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩
= ⟨χ(0)χ(z, z̄)χ(1)χ(∞)⟩⟨ϕ2,2(0)ϕ2,2(z, z̄)ϕ2,2(1)ϕ2,2(∞)⟩ (3.5)

= 1 + |z|−2∆χ + |1− z|−2∆χ

|z|2∆2,2

∑
r∈{1,3}

∑
s∈{1,3}

C2
(2,2)(2,2)(r,s)

∣∣∣∣∣
∞∑

n=0
a(r,s)

n ρhr,s+n

∣∣∣∣∣
2

,

where C’s are known OPE coefficients, the a(r,s)
n are coefficients of the Virasoro blocks for

ϕr,s exchange in the radial expansion as obtained from BPZ equation, and (ρ, ρ̄) are the
radial coordinates defined in [49]

ρ = z(
1 +

√
1− z

)2 , ρ̄ = z̄(
1 +

√
1− z̄

)2 . (3.6)

– 12 –



J
H
E
P
0
2
(
2
0
2
6
)
0
0
1

(m, 2, 2) m = 3 m = 4 m = 5
β3 1.268404308939(1± 4) 0.451640757399(67± 10) 0.241916794937(59± 10)

(m, 2, 2) m = 10 m = 15 m = 20
β3 0.04955840966(37± 27) 0.02151175317(88± 10) 0.01205562419(35± 10)

Table 1. Values of β3 for LRMM of type (m, 2, 2). For practical purposes, we have truncated the
sum over n to nmax = 20, and checked that the results are stable against increasing nmax. The series
truncation order is taken high enough such that the numerical error is dominated by the precision of
the numerical integration scheme.

The regularization in (3.4) is achieved by cutting off a ball of radius a around the origin
in the complex plane, integrating term-by-term in (3.5), and dropping power-law singular
contributions (as a→ 0) afterwards. In practice, we truncate the sum over n to some higher
order nmax, and perform integration by combining both numerical and analytic strategies,
as detailed in appendix A.

We list in table 1 several chosen values of β3 computed this way. Note that the m = 3
result matches that of [14] for the 2d long-range Ising model. We have computed β3 for a few
hundred integer values m ≥ 3, and for all of them we have found that β3 is positive. This
is also true for the analytic results in the 1/m expansion discussed in 3.3. We conjecture
that all LRMM (m, 2, 2), with (at least) m ≥ 3 and integer have β3 > 0.

3.2 Anomalous dimensions of Virasoro primaries

Next, we compute anomalous dimensions of Virasoro primaries ϕr,s. As reviewed in ap-
pendix A, we have that γr,s(g) = −1

2Br,sg
2+O(g4) to leading order in conformal perturbation

theory, where

Br,s = 2π
∫
ℛ d2z [2⟨ϕr,s(0)𝒪(z, z̄)𝒪(1)ϕr,s(∞)⟩+ ⟨𝒪(0)𝒪(z, z̄)ϕr,s(1)ϕr,s(∞)⟩]

∣∣∣∣
finite

, (3.7)

with ℛ is the same as before and the four-point functions are those of the unperturbed theory.
We will carry out all integrations using the series method once again. This involves writing

⟨ϕr,s(0)𝒪(z, z̄)𝒪(1)ϕr,s(∞)⟩
= ⟨χ(z, z̄)χ(1)⟩⟨ϕr,s(0)ϕ2,2(z, z̄)ϕ2,2(1)ϕr,s(∞)⟩

= |1− z|−2∆χ

|z|∆2,2+∆r,s

∑
r′=r±1

∑
s′=s±1

C2
(2,2)(r,s)(r′,s′)

∣∣∣∣∣
∞∑

n=0
a(r

′,s′)
n ρhr′,s′+n

∣∣∣∣∣
2

,

⟨𝒪(0)𝒪(z, z̄)ϕr,s(1)ϕr,s(∞)⟩
= ⟨χ(0)χ(z, z̄)⟩⟨ϕ2,2(0)ϕ2,2(z, z̄)ϕr,s(1)ϕr,s(∞)⟩

= |z|−4 ∑
r′∈{1,3}

∑
s′∈{1,3}

C(2,2)(2,2)(r′,s′)C(r,s)(r,s)(r′,s′)

∣∣∣∣∣
∞∑

n=0
a(r

′,s′)
n ρhr′,s′+n

∣∣∣∣∣
2

, (3.8)

where the coefficients a(r
′,s′)

n are again computed recursively from BPZ differential equation
(see appendix C) and C’s are known OPE coefficients.
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(m, 2, 2) m = 3
γ1,2 1.000000000000(06± 25) δ
γ1,3 (0.0± 2.5) · 10−13 δ

(m, 2, 2) m = 4
γ2,2 0.999999999999(98± 25) δ
γ1,2 1.853972502143(2± 7) δ
γ2,1 −1.49448378662(13± 12) δ
γ1,3 2.387848466943(8± 7) δ
γ1,4 (0± 3) · 10−10 δ

(m, 2, 2) m = 5
γ2,2 1.00000000000(02± 13) δ
γ2,3 1.47226190793(71± 13) δ
γ1,2 2.71621107485(0± 5) δ
γ2,1 −2.70495211922(48± 23) δ
γ2,4 0.64046753713(04± 13) δ
γ1,3 4.70461558572(07± 23) δ
γ2,5 −5.5457825655(85± 15) δ
γ1,4 4.157465930(9± 8) δ
γ1,5 (0± 3) · 10−6 δ

Table 2. Leading order in the anomalous dimensions at g = g∗ for LRMM of type (m, 2, 2), with
m = 3, 4, 5. We have truncated the sum over n to nmax = 30, and checked that the results are stable
against increasing nmax. The uncertainty is given by the maximal errors between the absolute error
|γr,s(nmax = 30)− γr,s(nmax = 25)| and the precision of the numerical integration at each point.

Upon truncating the series in n to some high nmax, and performing the integration for
fixed m, it is not difficult to generate tables of anomalous dimensions along the lines of table 2.

The m = 3 result is consistent with the analytic results of [14] for the 2d long-range
Ising model, i.e. γ1,2 = δ (from shadow relation (3.3)) and γ1,3 = 0.

3.3 Large-m analysis

After enlarging table 1 to several more values of m, it is possible to make conjectures about
the large-m expansion of β3 using a numerical fit. Figure 1 shows the result of this fit along
with evidence that the sum over n has converged sufficiently well. A conclusion we can
draw from the numerics is that

β3 =
π2

2m2 − π2

2m3 +O(m−4) . (3.9)

We will prove this result analytically in section 5, using an entirely different method based
on the Coulomb gas formalism. We find a perturbative (for m2δ ≪ 1) IR fixed point at:

g2∗/δ =
2m2

π2
+ 2m
π2

+O(1) . (3.10)

For anomalous dimensions, we have performed the fits with (3.10) plugged in from the
start. An example plot which scans over different values of (r, s) is shown in figure 2. Based
on data from approximately 100 operators, we conjecture:

γr,s(g∗) =


m
2

(r−s)2(r+s)
(r+1)(s−1) δ +O(1), r ≤ s

−m
2

(r−s)2(r+s)
(s+1)(r−1) δ +O(1), r > s

. (3.11)

Two comments are now in order.
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m2
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1
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1
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)
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Figure 1. Left: Polynomial fit (up to m−8) for numerical values of β3 and m ≥ 20. For each data
point, the error is taken to be the max between |β3(nmax = 20)− β3(nmax = 18)| and the precision of
the numerical integration at each point. The uncertainty on the fit corresponds to the 95% confidence
interval. Right: Error fluctuations, for several choices of n ≤ nmax and m. After some value nmax < 20,
the relative error get saturated by the numerical error.

First, the formula is anti-symmetric under r ↔ s. This is a consequence of a transfor-
mation applied to m, which formally exchanges Kac table weights:

m↔ −1−m, hr,s ↔ hs,r . (3.12)

Since the perturbing operator ϕ2,2χ is symmetric in the Kac labels, the transformation (3.12)
commutes with this flow. In particular, (r, s,m) ↔ (s, r, 1 −m) ≃ (s, r,−m) should be a
symmetry of the leading term in the large-m expansion.

Second, the fixed point (3.10) and anomalous dimensions (3.11) are plagued with the
same issue as the fixed point and anomalous dimensions discussed already at the end of
section 2, in the sense that it is not valid to consider small finite values of δ when m is
large. This is a further indication that, for unprotected quantities, one cannot make the
ϵ and δ expansions perturbative at the same time.

3.4 Anomalous dimensions of higher-spin currents

In this section, we consider the global primaries in the Virasoro identity multiplet, i.e the
stress tensor T and its higher-spin composites T I . These cease to be conserved as we turn
on the nonlocal interaction, and at the IR fixed point can generically acquire anomalous
dimension via a multiplet recombination [40, 41].

Taking the stress tensor as a simple example, the broken conformal Ward identities imply

∂̄T = g∗b𝒱 +O(g2∗) , (3.13)

where b is a numerical coefficient. As g∗ → 0, and assuming spectrum continuity, 𝒱 needs to
become an independent Virasoro primary with quantum numbers (h, h̄) = (2, 1) and there is
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γ2,2/δ = 1.00000(0± 8) +O(m−1)

γ3,3/δ = 1.00000(0± 8) +O(m−1)

γ1,2/δ = 0.75000(01± 13)m+O(1)

γ2,1/δ = −0.75000(01± 13)m+O(1)

γ1,3/δ = 2.00000(04± 34)m+O(1)

γ3,1/δ = −2.00000(04± 35)m+O(1)

Figure 2. Left: Polynomial fits (up to m−6) for several anomalous dimension for m ≥ 20. Here nmax =
50. For each data point, the error is taken to be the max between |β3(nmax = 50)− β3(nmax = 45)|
and the precision of the numerical integration at each point. The uncertainty on the fit corresponds
to the 95% confidence interval. The expansion order was increased compared to figure 1, in order to
improve convergence. Right: Leading non trivial order of the fit, for some operators.

only one such candidate which can be built from the minimal model ℳm,m+1 and a GFF
of dimension 2−∆2,2. We can therefore use the recombination to compute the anomalous
dimension of T at the IR fixed point.9

For higher-spin currents T I , we have many degenerate operators, and so (3.13) should
be modified as follow:

∂̄T I = g∗b
I

J𝒱J +O(g2∗) , (3.14)

and note that the matrix bI
J needs not be square. (Recently, [29, 31] used (3.14) to study

the breaking of extended chiral symmetry when perturbing away from a rational CFT. In
that application, the discussion was geared towards the question of whether the anomalous
dimensions were zero or non-zero.)

The explicit indices in (3.14) indicate that we have chosen bases for two degenerate
spaces of operators. The elements do not need to be orthogonal so we will refer to the Gram
matrices GIJ

T and GIJ𝒱 defined by the inner products〈
T †IT J

〉
= GIJ

T ,
〈𝒱†I𝒱J

〉
= GIJ𝒱 , (3.15)

9In the case of the long-range Ising model, the anomalous dimension of the broken stress tensor was
computed in [13, 14]. This was followed by a similar computation for the (unique) spin-4 current in [50]. The
calculations here will extend these results to higher long-range minimal models of type (m, 2, 2). They will
also be new for the long-range Ising model because we will go up to spin 6.
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in radial quantization. Perturbation theory enters when fixing the coefficient matrix bI
J .

This can be done by writing the mixed two-point function between ∂̄T I and 𝒱J in two
different ways. Fixing the spin to be ℓ,

⟨∂̄T I(z1, z̄1)𝒱J(z2, z̄2)⟩ = g∗b
I

K⟨𝒱K(z1, z̄1)𝒱J(z, z̄)⟩0 = g∗b
I

K

GKJ𝒱
z2ℓ
12z̄

2
12

⟨∂̄T I(z1, z̄1)𝒱J(z2, z̄2)⟩ = g∗

∫
d2z3⟨∂̄T I(z1, z̄1)𝒱J(z2, z̄2)𝒪(z3, z̄3)⟩0 = πg∗

λIJ

z2ℓ
12z̄

2
12
,

(3.16)

where unimportant labels on the OPE coefficient matrix λIJ have been suppressed. The
integral has been evaluated using the identity ∂̄1z

−1
13 = 2πδ(z13, z̄13) and the fact that

d2z3 = 1
2dz3dz̄3.10 Equating these two rows,

bI
J = πλIK

[
G−1𝒱 ]

KJ
. (3.17)

This solution can now be plugged into the equation of motion (3.14) and its conju-
gate to get

L̄−1T
I = πg∗λ

IK
[
G−1𝒱 ]

KJ
𝒱J , T †I L̄1 = πg∗𝒱†J

[
G−1𝒱 ]

JK

[
λ†
]KI

. (3.18)

The key will be to use both inside ⟨T †IT J⟩ since [L̄1, L̄−1] = 2L̄0 gives access to the scaling
dimension. We will also write T †I and T J as linear combinations of dilation eigenstates
T̃ J using

T I =M I
J T̃

J = (HU)I
J T̃

J . (3.19)

Note that we have also taken the polar decomposition of M into a Hermitian matrix H and
unitary matrix U . Putting the ingredients together,

(πg∗)2λIJ
[
G−1𝒱 ]

JK

[
λ†
]KL

= ⟨T †LL̄1L̄−1T
I⟩ =

[
HUdiag(γ)U †H

]LI
. (3.20)

Since the original basis of operators determines all OPE coefficients and Gram matrices, we
just need to strip off H from HUdiag(γ)U †H in order to compute the anomalous dimension
matrix. This is easily done by realizing that

MM † = H2 = GT . (3.21)

Therefore, H is the unique positive-definite Hermitian matrix squaring to GT : it may be found
by taking the positive square roots of all eigenvalues in the spectral decomposition of GT .

Let us now see how this works for examples with increasing spin. At spin 2, the current
which is broken is the stress tensor and there is only one operator with which it can possibly
recombine. For later convenience, we will write these operators with the notation

T = L−2, 𝒱 = ∆2,2ϕ2,2L−1χ−∆χL−1ϕ2,2χ . (3.22)
10Acting with ∂̄1 on z−1

12 is not relevant for this calculation because these insertions can always be considered
a finite distance apart.
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OPE coefficients involving them are fixed in terms of the central charge. It is therefore a
simple exercise to apply (3.20) and find

γ2 = (πg∗)2c−1∆2,2∆χ = (πg∗)2
3(2m+ 3)(2m− 1)

4m(m+ 1)(m+ 3)(m− 2) . (3.23)

At spin 4, there is again one current to break and it is the well known quasiprimary11

T 1 = L−4 −
5
3L

2
−2 . (3.24)

Conversely, suitable candidates for the divergence of T 1 span a nontrivial subspace. The
dimension of it depends on the minimal model under consideration. For m = 3, we have
found that𝒱1 = L−2L−1ϕ2,2χ− 76

45L
2
−1ϕ2,2L−1χ+ 76

115L−1ϕ2,2L
2
−1χ− 76

10695ϕ2,2L
3
−1χ𝒱2 = L3

−1ϕ2,2χ− 17
5 L

2
−2ϕ2,2L−1χ+ 153

115L−1ϕ2,2L
2
−1χ− 51

3565ϕ2,2L
3
−1χ ,

(3.25)

is a basis for the kernel of L1 among (h, h̄) = (4, 1) operators. At higher values of m, there
are fewer null states and a third operator is needed. In other words, the L−3 action on ϕ2,2
is independent and no longer a linear combination of L−2L−1 and L3

−1.12 For the m = 4
example, we have found𝒱1 = L−3ϕ2,2χ− 160

77 L−2ϕ2,2L−1χ+ 3200
3003L−1ϕ2,2L

2
−1χ− 3200

471471ϕ2,2L
3
−1χ𝒱2 = L−2L−1ϕ2,2χ− 3

77L−2ϕ2,2L−1χ− 120
77 L

2
−1ϕ2,2L−1χ+ 1780

3003L−1ϕ2,2L
2
−1χ

− 1780
471471ϕ2,2L

3
−1χ𝒱3 = L3

−1ϕ2,2χ− 240
77 L

2
−1ϕ2,2L−1χ+ 3569

3003L−1ϕ2,2L
2
−1χ− 3569

471471ϕ2,2L
3
−1χ . (3.26)

Although it would take more space to write out, it is clear that the quasiprimary basis
{𝒱1,𝒱2,𝒱3} can be computed for general m ≥ 4. Using these to compute OPE coefficients
and Gram matrices, we find

γ4 = (πg∗)2
3(2m− 1)(2m+ 3)(112m4 + 224m3 − 148m2 − 260m+ 75)

32(m− 2)m2(m+ 1)2(m+ 3)(3m− 2)(3m+ 5) , (3.27)

for the m ≥ 4 anomalous dimension. Even though the m = 3 anomalous dimension should in
principle require a separate calculation, it happens to be given by (3.27) once again.

At spin 6, the new ingredient that appears is that the (h, h̄) = (6, 0) quasiprimaries can
be degenerate. This is not the case for m = 3 which just has

T 1 = L−4L−2 −
5
2L

2
−3 +

5
3L

3
−2 , (3.28)

11This standard terminology in the context of 2d CFTs refers to operators that are Virasoro descendants,
only primaries under the global conformal group.

12Even though it is commonly said that ϕ2,2 for m = 3 only has null states at level 2 and 4, this is colloquially
referring to null Verma modules. At level 3, there is a null state which lives in the level 2 null Verma module.
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m γ6/(πg∗)2

3 97455/131072
4 11(21567259±

√
16239267339481)/557056000

5 3(1030002563±
√
34772932634594569)/12058624000

6 55(138204789±
√
607495480660345)/43724570624

10 207(66360398593±
√
134889823876370114049)/222258003968000

15 319(304817158333±
√
2817314386305624849289)/3508717748224000

20 43(41876782359±
√
52995318467200907281)/114592350208000

25 3339(7507982225219±
√
1700866497134624314157961)/2477904412672000000

Table 3. Anomalous dimensions of the two-loop dilation eigenstates among spin-6 operators in the
Virasoro identity multiplet. There are two of these for m ≥ 4 but only one for m = 3.

but all m ≥ 4 additionally have

T 2 = L−6 +
21
4 L

2
−3 −

14
3 L

3
−2 . (3.29)

The reason of course has to do with null states again. The many null states of ϕ1,1 from
the level 1 Verma module are joined by one from the level 6 Verma module in the case of
m = 3. We will not write expressions for the operators available for recombination but the
number of them is 3 for m = 3 and 6 for m ≥ 4. A general m formula for the anomalous
dimensions is likely to be very cumbersome and we have not attempted to find it. Even
the square root of the Gram matrix

GT = (m−2)(m+3)
4m3(m+1)3 (3.30)

×
(
7(1271m4+2542m3−941m2−2212m+336) −28(131m4+262m3−107m2−238m+30)
−28(131m4+262m3−107m2−238m+30) 1517m4+3034m3−1403m2−2920m+300

)
,

is already quite long. Instead, we have computed anomalous dimensions individually for
several values of m and listed the results in table 3.

4 Another long-range minimal model — the ϕ1,2χ flow

In this section, we study the LRMM of type (m, 1, 2). Because the analysis closely parallels
that of section 3, we will omit most intermediate steps and concentrate on the main results.

4.1 Beta function

The computation of β3 get slightly simplified such that the change of variable to radial
coordinates (3.6) is not necessary anymore. Indeed, for 𝒪 = ϕ1,2χ, the integrand is known in
closed form and thus converges everywhere including the integration region boundary:

⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩

= 1 + |z|−2∆χ + |1− z|−2∆χ

|z|2∆1,2

∑
s∈{1,3}

C2
(1,2)(1,2)(1,s)

∣∣∣ℱ(1,2)(1,2)(1,2)(1,2)
(1,s) (z, z̄)

∣∣∣2 , (4.1)
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(m, 1, 2) m = 3 m = 4 m = 5 m = 6
β3 1.268404308(9± 6) 3.169321538(4± 6) 5.475808980(0± 6) 8.062529231(4± 6)

(m, 1, 2) m = 10 m = 15 m = 20 m = 25
β3 20.000315421(0± 6) 36.615640393(7± 6) 54.016175065(8± 6) 71.796653176(4± 6)

Table 4. Values of β3 for LRMM of type (m, 1, 2). For practical purposes, we have truncated the
sum over n to nmax = 45, and checked that the results are stable against increasing nmax. The series
truncation order is taken high enough such that the numerical error is dominated by the precision of
the numerical integration scheme.

where C’s are known OPE coefficients and blocks (see appendix C)ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z) = (1− z)

m
2m+2 2F1

( 1
m+ 1 ,

m

m+ 1;
2

m+ 1; z
)
,ℱ(1,2)(1,2)(1,2)(1,2)

(1,3) (z) = zh1,3(1− z)
m

2m+2 2F1

(
m

m+ 1 ,
2m− 1
m+ 1 ; 2m

m+ 1; z
)
. (4.2)

Due to the complicated domain of integration, it is still hard to find analytic expressions
for β3. We proceed as in section 3, re-expanding (4.1) around z = z̄ = 0 to some high order
nmax only to remove IR divergencies and combining both analytic and numerical integration
strategies. Table 4 shows several values for β3.

Two comments are in order. First, for m = 3 we find the same result as for the LRMM
of type (3, 2, 2). This is of course expected, since for m = 3 the operator ϕ1,2 is the same
as ϕ2,2. Second, we have checked that β3 > 0 for many values of (integer) m. Since this
remains true in the 1/m expansion, as we will see in section 3.3, we conjecture that it must
be true all LRMM (m, 1, 2), with (at least) m ≥ 3 and integer.

4.2 Anomalous dimensions of Virasoro primaries

Anomalous dimensions of Virasoro primaries are obtained from an integral like (3.7). The
integrand is again known in closed form (see appendix C for a derivation), and we have

⟨ϕr,s(0)𝒪(z, z̄)𝒪(1)ϕr,s(∞)⟩

= |1− z|−2∆χ

|z|∆1,2+∆r,s

∑
r′=r±1

∑
s′=s±1

C2
(1,2)(r,s)(r′,s′)

∣∣∣ℱ(r,s)(1,2)(1,2)(r,s)
(1,s) (z, z̄)

∣∣∣2 ,
⟨𝒪(0)𝒪(z, z̄)ϕr,s(1)ϕr,s(∞)⟩

= |z|−4 ∑
r′∈{1,2}

∑
s′∈{1,3}

C(1,2)(1,2)(r′,s′)C(r,s)(r,s)(r′,s′)
∣∣∣ℱ(1,2)(1,2)(r,s)(r,s)

(1,s) (z, z̄)
∣∣∣2 , (4.3)

where C’s are known OPE coefficients andℱ(r,s)(1,2)(1,2)(r,s)
(r,s+1) (z)= (1−z) m

2m+2 zhr,s+1 2F1

(
m

m+1 ,
−rm+sm+m−r

m+1 ;−r+ ms

m+1+1;z
)
,ℱ(r,s)(1,2)(1,2)(r,s)

(r,s−1) (z)= (1−z) m
2m+2 zhr,s−1 2F1

(
m

m+1 ,
rm−sm+m+r

m+1 ;r− ms

m+1+1;z
)
,ℱ(1,2)(1,2)(r,s)(r,s)

(1,1) (z)= (1−z)
mr−ms+r+1

2m+2 2F1

( 1
m+1 ,

mr+r−ms+1
m+1 ; 2

m+1;z
)
,ℱ(1,2)(1,2)(r,s)(r,s)

(1,3) (z)= zh1,3(1−z)
mr−ms+r+1

2m+2 2F1

(
m

m+1 ,
rm−sm+m+r

m+1 ; 2m
m+1;z

)
. (4.4)
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(m, 1, 2) m = 3
γ1,2 1.00000000(00± 10) δ
γ1,3 (0± 5) · 10−10 δ

(m, 1, 2) m = 4
γ2,2 0.264198357(6± 4) δ
γ1,2 1.000000000(0± 4) δ
γ2,1 (0.0± 1.9) · 10−10 δ

γ1,3 0.444444444(45± 31) δ
γ1,4 γ3,1 see eq. (4.9)

(m, 1, 2) m = 5
γ2,2 0.120000000(00± 13) δ
γ2,3 0.369504172(28± 22) δ
γ1,2 1.00000000(00± 21) δ
γ2,1 (0.0± 1.1) · 10−10 δ

γ2,4 0.360000000(00± 18) δ
γ1,3 0.577350269(19± 20) δ
γ2,5 γ3,1 see eq. (4.9)
γ1,4 17.06825153(96± 10) δ
γ1,5 (0.0± 1.1) · 10−10 δ

Table 5. Leading order in the anomalous dimensions for LRMM of type (m, 1, 2), with m =
3, 4, 5. We have truncated the sum over n to nmax = 45, and checked that the results are stable
against increasing nmax. The uncertainty is given by the maximum between the absolute error
|γr,s(nmax = 45)− γr,s(nmax = 40)| and the precision of the numerical integration at each point.

As for the integration, we proceed as before expanding (4.3) around z = z̄ = 0 to some
high order nmax only to remove IR divergencies and combining both analytic and numerical
integration strategies. Several computed anomalous dimensions are listed in table 5.

A few comments are in order. As expected, the anomalous dimensions in LRMM of type
(3, 1, 2) match perfectly with those of (3, 2, 2) LRMM. Furthermore, we see that γ1,2 = δ,
consistently with the shadow relation (analogous to (3.3)). We also observe that, at least
for all integer m ≤ 100, γr,1 = γm−r,m appears to be compatible with zero for even r. For
m = 3, we know from [14] that γ2,1 = γ1,3 = 0, but this observation for higher r and m is
new. An analytic explanation for it will be given in section 5.

A mixing problem. One could try to apply the same procedure as before to compute
anomalous dimensions of operators ϕr,1, with r odd. It is not difficult to see that the
integral would feature additional log a divergences, coming from the negative integer values
of hr,2 − hr,1 − h1,2 (for all values of m) in the first line of (4.3). As no lower-order terms
are available to cancel those divergencies, they are signs of operator mixing.

The long-range interaction breaks the local Virasoro symmetry while keeping the global
conformal symmetry untouched. This allows ϕr,1 to mix with quasiprimary operators, as well
as with operators made of χ’s powers and other Virasoro primaries. The mixing happens
when two or more operators form a degenerate subspace: their UV dimensions are equal.
Due to the fusion rules, the operators that can mix with ϕr,1 are combinations of χ, ϕr,2
and their descendants. Their dimensions obey the relation:

∆r,2 +∆χ −∆r,1 = 3− r ∈ ℤ . (4.5)

Acting on the operator with a quasiprimary or descendant combination of L−k, k ∈ ℕ raises
the dimension by k. Thus, ϕr,1 mixes with the quasiprimary operator

M(r,2) := χℒ 3−r
2
ℒ 3−r

2
ϕr,2, r > 2 odd , (4.6)
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(m, 1, 2) m = 3 m = 4 m = 5
γ
(2)
3,1 / −0.993807196(68± 21) −3.046624486(44± 19)

(m, 1, 2) m = 10 m = 15 m = 20
γ
(2)
3,1 −11.716079789(22± 15) −20.455101516(67± 14) −29.371518375(64± 14)

Table 6. Two-loops coefficient in the anomalous dimensions for ϕ3,1 in LRMM of type (m, 1, 2).
We used nmax = 45. The uncertainty is given by the maximum between the absolute error
|γ3,1(nmax = 45)− γ3,1(nmax = 40)| and the precision of the numerical integration at each point.

where ℒ−k denotes a specific combination of Virasoro generators forming a quasiprimary
at level k and normalized with respect to its two-point function. When r is even, it is not
possible to form a spinless operator with the appropriate dimension, and its contribution
vanishes upon angular integration.

Under the mixing, the renormalization of the operators get slightly modified to

Qi =
∑

j

Z
(r,1)
i,j [Q]j , Q =

(
ϕr,1
M(r,2)

)
. (4.7)

This means that instead of only computing the (3.7) contribution, one should compute the
full two-point function in the degenerate subspace

Z(r,1) =

1 + g2
(
I

div(1)
ϕ𝒪𝒪ϕ + I

div(2)
ϕ𝒪𝒪ϕ

)
−g Idiv(1)

ϕ𝒪M

−g Idiv(1)
M𝒪ϕ 1 + g2

(
I

div(1)
M𝒪𝒪M + I

div(2)
M𝒪𝒪M

)+O(g3) , (4.8)

where Idiv(k)𝒪1...𝒪n
denotes the pole term of order k in 1/δ of the regulated n-point function integral,

see appendix A. The renormalized operators and their associated anomalous dimension are
obtained by solving the eigensystem of dZ(r,1)/d log(1/R). Already at this level, it is clear
that the one-loop contribution, allowed by the OPE, will compensate for the double poles
at two-loops, by consistency of the RG flow.

Here we choose to not compute the anomalous dimension of ϕr,1, for all r odd, as the
computation of the four-point function involving descendants placed at infinity requires a more
subtle handling. Instead, we report the special case of ϕ3,1, which mixes with M3,2 = χϕ3,2.
There, the one-loop contribution does not vanish anymore:

γ3,1(g) = −π m+ 2
m+ 3g + γ

(2)
(3,1)g

2 +O(g3)

γM(3,2)(g) = π
m+ 2
m+ 3g + γ

(2)
(3,1)g

2 +O(g3) .
(4.9)

The two-loop order γ(2)(3,1) contribution is equal for both operators and scheme dependent. The
four-point integral contributions are computed numerically following the procedure described
in section 3.2. Several values are given in table 6. The consistency condition for the RG flow
was verified up to machine precision. Note that ϕ3,1 does not belong to the Kac table (C.2)
of the long-range Ising model (3, 1, 2) LRMM.
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Figure 3. Left: Polynomial fit (up to m−8) for numerical values of β3 and m ≥ 20. For each data
point, the error is taken to be the max between |β3(nmax = 50)− β3(nmax = 45)| and the precision of
the numerical integration at each point. The uncertainty on the fit corresponds to the 95% confidence
interval. Right: Error fluctuations, for several choices of n ≤ nmax and m.

4.3 Large-m analysis

As we will prove in section 5, at large m we have that:

β3 =
3π2
8 (m− 1− 8 log 2) +O(m−1) . (4.10)

Figure 3 shows the result of this fit (after extending table 4 to several more values of m),
along with evidence that the sum over n has converged sufficiently well. We find a family
of perturbative (for δ/m ≪ 1) IR fixed points at:

g2∗/δ =
8

3π2
( 1
m

+ 1 + 8 log 2
m2

)
+O(m−3) . (4.11)

Figure 4 shows the result for several anomalous dimensions of ϕr,s, along with their large
m fit. For operators that do not mix (see the discussion in section 4.2), we conjecture that:

γr,s(g∗) =


1
3(r − s)2 s+(−1)s+r

s+(−1)s+r+1 δ +O(m−1), r > s > 1
1
3(r − s)2 s+(−1)s+r+1

s+(−1)s+r δ +O(m−1), 1 ≤ r ≤ s
. (4.12)

4.4 Anomalous dimensions of higher-spin currents

Since the ϕ1,2χ flow breaks Virasoro symmetry, quasiprimaries in the Virasoro identity
multiplet (which become degenerate above the lowest spins) acquire anomalous dimensions
which can be found with the recombination method. This refers to an (h, h̄) = (ℓ, 1) operator𝒱I becoming a descendant of an (h, h̄) = (ℓ, 0) operator T I when the coupling is switched
on. As explained around (3.20), we will use

[Udiag(γ)U ]IN = (πg∗)2
[
G

−1/2
T

]
IJ
λJK

[
G−1𝒱 ]

KL

[
λ†
]LM [

G
−1/2
T

]
MN

, (4.13)
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γ2,2/δ = (1.0000± 0.0014) 1
m2 +O(m−3)

γ3,3/δ = (2.6667± 0.0026) 1
m2 +O(m−3)

γ1,2/δ = 1.0000000(00± 21) +O(m−1)

γ1,3/δ = 0.6666666(67± 23) +O(m−1)

γ2,3/δ = 0.6666666(65± 23) +O(m−1)

γ3,2/δ = 0.1111111(1± 4) +O(m−1)

Figure 4. Left: Polynomial fits (up to m−6) for several anomalous dimension. Here nmax = 45. For
each data point, the error is taken to be the max between |β3(nmax = 45)− β3(nmax = 40)| and the
precision of the numerical integration at each point. The uncertainty on the fit corresponds to the
95% confidence interval. Right: Leading non trivial order of the fit, for some operators.

as a master formula where

⟨T †IT J⟩ = GIJ
T , ⟨T I(0)𝒱J(1)𝒪(∞)⟩ = λIJ , ⟨𝒱†I𝒱J⟩ = GIJ𝒱 , (4.14)

and the notation G
−1/2
T means we are taking the square root of G−1

T which has all positive
eigenvalues.

At spin 2, the difference between ϕ1,2 and ϕ2,2 plays no role and one can trivially
change (3.22) to

T = L−2, 𝒱 = ∆1,2ϕ1,2L−1χ−∆χL−1ϕ1,2χ . (4.15)

Similarly, (3.23) becomes

γ2 = (πg∗)2c−1∆1,2∆χ = (πg∗)2
3m(m+ 2)

4(m+ 1)(m+ 3) . (4.16)

At spin 4, we start to see results that are more sensitive to this particular LRMM.
Even though the current is still

T 1 = L−4 −
5
3L

2
−2 , (4.17)

the subspace of operators which can become its divergence is two-dimensional for any m.
Picking m = 4 for example, a valid basis is𝒱1 = L−2L−1ϕ1,2χ− 65

36L
2
−1ϕ1,2L−1χ+ 65

84L−1ϕ1,2L
2
−1χ− 65

4788ϕ1,2L
3
−1χ𝒱2 = L3

−1ϕ1,2χ− 11
3 L

2
−1ϕ1,2L−1χ+ 11

7 L−1ϕ1,2L
2
−1χ− 11

399ϕ1,2L
3
−1χ .

(4.18)
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m γ6/(πg∗)2

3 97455/131072
4 i(12317±

√
575089)/14875

5 35(103841±
√
60739393)/4194304

6 1760/1813, 132/161
10 90(24622±

√
6505053)/2301299

15 17(40596377±
√
21350564024689)/687865856

20 55(29233±
√
12123049)/1567657

25 2025(8280345±
√
1026132436081)/16126050304

Table 7. Anomalous dimensions for the broken quasiprimary currents of spin 6 analogous to table 3.

Using operators that are quasiprimary for general m, the correlators in (4.14) lead to

γ4 = (πg∗)2
3m(m+ 2)(29m2 + 94m+ 80)
32(m+ 1)2(m+ 3)(3m+ 5) . (4.19)

Notice that after plugging in the fixed point, both γ2 and γ4 are O(1/m) this time instead
of O(1).

At spin 6, there is one current for m = 3 and two for m ≥ 4. These are the same as (3.28)
and (3.29). A basis of operators which can recombine with these currents has three elements
for m = 3 and four for m ≥ 4. The building blocks again have unwieldy expressions for general
m so we have computed a representative set of anomalous dimensions which are in table 7.

4.5 What about ϕ2,1χ?

Just as 𝒪 = ϕ1,2χ defines a LRMM of type (m, 1, 2), we can use 𝒪 = ϕ2,1χ to define a
LRMM of type (m, 2, 1). It should be no surprise that these models are formally quite
similar. In fact, without any calculation, large-m results can be written down for one model
as soon as they are known for the other. The reason for this is the transformation (3.12)
which implements the swapping of Kac indices. We saw in section 3 that the anomalous
dimensions (3.11) had definite symmetry properties under (r, s,m) ↔ (s, r,−m) due to the
fact that ϕ2,2 is mapped to itself. In this section, the same transformation instead takes
anomalous dimensions associated with ϕ1,2χ to those associated with ϕ2,1χ. From (4.12),
we therefore conclude that the formula

γr,s(g∗) =


1
3(r − s)2 r+(−1)s+r+1

r+(−1)s+r δ +O(m−1), r ≥ s

1
3(r − s)2 r+(−1)s+r

r+(−1)s+r+1 δ +O(m−1), r < s
, (4.20)

is valid for the (m, 2, 1) LRMM.
Despite these formal similarities, it is worth pointing out that the (m, 2, 1) LRMM is

conceptually more exotic. This can be seen by using the same trick to compute the large-m
beta function. The result is

β3 = −3π2
8 (m+ 2 + 8 log 2) +O(m−1) , (4.21)
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with the fixed point

g2∗/δ = − 8
3π2

( 1
m

− 2 + 8 log 2
m2

)
+O(m−3) . (4.22)

This shows that the fixed point is complex, and thus the corresponding CFT is nonunitary.13

Although the result above was obtained at large m, we have checked numerically that this
fixed point is still not real at m = 4. When m = 3, ∆(2,1) = 1 and thus also χ2 becomes
marginal at δ = 0; moreover, the OPE gives ϕ2,1 × ϕ2,1 = 𝟙, implying 𝒪 × 𝒪 ⊃ χ2, and
thus an RG analysis involving two couplings is required.

5 Analytic approaches to large m

So far, our asymptotic results (3.10), (3.11) have been obtained from a fit with input data
computed at several large values of m. In each case, the closed form expression we quote for
the slope is clearly conjectural since the fit has finite precision. In this section, we develop
two methods for bypassing the fit and proving the asymptotic results directly. The first, in
subsection 5.1, introduces a multi-coupling RG flow which flows to the same fixed point as
the ϕ1,2χ flow. The second, in the remaining subsections, is applicable to the ϕ2,2χ flow as
well and involves a new mathematical toolkit.

5.1 Multiple couplings

As discussed, for any perturbation of the type 𝒪 = ϕr,sχ, computing the two-loop beta
function boils down to evaluating integrals of the type in (3.4). We are interested in taking m
to be large but a subtlety arises if we do this before evaluating the integral. This procedure
is not valid, as the integral exhibits a UV divergence ∝ log a, and therefore needs further
regularization.

Let us consider the simple case of 𝒪 = ϕ1,2χ, for which we know that β3 is of order
m, in the large m limit. The four-point correlation function of 𝒪 is written in closed form
in (4.1), and in the large m limit we find:

⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩ =
(2 + 2zz̄ − z − z̄)

(
1

(zz̄)3/2 + 1
((1−z)(1−z̄))3/2 + 1

)
2|z|

√
1− z

√
1− z̄

+O(m−1) . (5.1)

Along with the power-law divergent terms as a→ 0 (which we drop, as explained earlier), the
integrated large-m four-point function exhibits a logarithmic UV divergence, as announced:

β3 = −π
∫
ℛ d2z⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩ = −3π

2 log a+ regular terms as a→ 0 . (5.2)

(We recall that β3 is itself the coefficient of a logarithmic divergence, so log a above really
means (log a)2 in the perturbative expansion.) Before any discussion of the finite remainder
can be meaningful, this divergence must be removed by a consistent renormalization of

13The anomalous dimensions of weakly broken currents (4.16) and (4.19) are positive for ϕ1,2χ. They would
be negative in ϕ2,1χ therefore giving a clear sign of unitarity violation. This is because they are proportional
to an odd power of m in the large-m limit.
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couplings at lower order, which is possible only if we turn on more couplings in the UV.
(Analogous logarithmic divergences — with somewhat more complicated numerical coefficients
— will generically appear for other choices of ϕr,sχ as well.)

In the present case, the consistent RG flow must involve turning on in the UV both ϕ1,2χ

and ϕ1,3, the latter being weakly relevant at large m. We thus consider:14

S′
LR,m = SSR,m + 𝒩

2

∫
d2x1d2x2

(χ(x1)− χ(x2))2
|x1 − x2|2−s

+ g0

∫
d2xϕ1,2χ+ h0

∫
d2xϕ1,3 . (5.3)

The beta functions at leading order are found to be:

β(h) = − 4
m
h+ πh2C

(1,3)
(1,3)(1,3) + πg2C

(1,3)
(1,2)(1,2) +O(h3, hg2) ,

β(g) = −δg + 2πhgC(1,2)
(1,2)(1,3) +O(g3, h2g) ,

(5.4)

where, for the OPE coefficients, we use special cases of the formula from (C.21)

C
(1,3)
(r,s)(r,s) =

(r − s)2

2
√
3

s+ 1
s− 1 +O(m−1) . (5.5)

Our goal is to reproduce the results of the flow in section 4 which had a single coupling
constant. In this case, we took δ → 0 first and then m → ∞. For this reason, the limit
we are interested in is

δ ≪ 1
m

≪ 1 . (5.6)

Solving for the zeros at one-loop and then taking the leading order for small δm, we find two
families of IR fixed points related by the χ ↔ −χ (bulk) ℤ2 symmetry at:

h∗ = − δ√
3π

+O(δ2) , g∗ = ± 1
π

√
8δ
3m +O(δ3/2m1/2) . (5.7)

Another solution, besides g∗ = h∗ = 0, is the one that corresponds to the IR fixed point of
the staircase flow between consecutive minimal models [17, 22], where g∗ = 0 and h∗ = −

√
3

πm .
It is tempting to conjecture that (5.7) is the same as the IR fixed point of the finite-

m RG flow (induced by ϕ1,2χ) when (5.6) is satisfied. Indeed, by linearizing around the
fixed point (5.7), we find the following IR scaling dimensions for the leading UV-marginal
singlet operators:

∆O = 2 + 2δ +O(δ2) , ∆O′ = 2− 4
m

+ 2δ
3 +O(δ2) . (5.8)

These are equal to the IR scaling dimensions of ϕ1,2χ and ϕ1,3 respectively, along the finite-m
RG flow induced by ϕ1,2χ in the limit (5.6). For ϕ1,2χ, this follows by computing β′(g∗)
for the beta function (1.4), with coefficient β3 given in (4.10), and fixed point (4.11). For
ϕ1,3, this can be seen by using (4.12).

14If we take δ = 3
2m

, this RG flow furnishes an interesting class of conformal boundary conditions for the
theory of a 3d free massless scalar field [21].
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As a further check, we will show that infinitely many anomalous dimensions of Virasoro
primaries match between the two fixed points.15 Since ϕ1,3 can appear in the self-OPE of ϕr,s

but ϕ1,2χ cannot, the one-loop anomalous dimension of a non-degenerate Virasoro primary is:

γr,s = −2πh∗C(1,3)
(r,s)(r,s) =

δ

3(r − s)2 s+ 1
s− 1 . (5.9)

This agrees with (4.12) when s > r and r + s is odd.16 Based on (5.8), we should already
expect that the disagreement for r+ s even occurs because of mixing. Indeed, ϕr,s appears in
the OPE of ϕ1,2χ and ϕr,s−1χ and their dimensions obey the relation

∆r,s−1 +∆χ −∆r,s = 2 + r − s+O(m−1) . (5.10)

If this integer is even, we can build the scalar

M(r,s−1) = χℒ 2+r−s
2

ℒ 2+r−s
2

ϕr,s−1 , (5.11)

and find degeneracy with ϕr,s.
It is possible, but more difficult, to write a multi-coupling RG flow — like the one

just discussed for ϕ1,2χ — to investigate systematically the large-m behavior of other ϕr,sχ

minimal models. This is partly because there is more large-m degeneracy in the UV. For
example, in the ϕ2,2χ case, one would need to consider at least two more couplings at one loop:
ϕ1,3 and ϕ3,1. There is also the possibility that higher loops will be needed since some of the
OPE coefficients entering the beta function are suppressed at large m (see appendix C). In the
following subsections, we will develop an alternative approach which sticks to a single-coupling
RG flow, at the price of computing integrals at finite m first.

5.2 The advantages of Mellin space

Based on the discussion above, one might assume that our task is now very difficult. This is
because integrated four-point functions at finite m appear not to have closed form expressions.
The way out is to be more flexible about which types of expressions we consider to be closed
form. In particular, we will exploit the Mellin representation

ℱ(r,s)(r′,s′)(r′,s′)(r,s)(z, z̄) =
∫ i∞

−i∞

dxdy
(2πi)2 |z|

x|1− z|yℳ(r,s)(r′,s′)(r′,s′)(r,s)(x, y) . (5.12)

As long as we are careful about the contour, it is possible to first integrate |z|x|1− z|y over all
of space, which is an easier calculation than integrating it over the region ℛ. Well developed
Mellin space methods then exist to handle the remaining contour integrals.

Going back to [51–53], Mellin amplitudes are perhaps best known for the role they have
played in studies of holographic CFTs in a large N expansion. Nevertheless, they exist for
general CFT correlators as well. This was rigorously established in [54], which also analyzed
Mellin amplitudes for minimal model four-point functions in some detail. To obtain the ones
we need, it will be important to use the so called Coulomb gas formalism of [42–44], which

15Checking that anomalous dimensions of spin-ℓ currents match should also be straightforward.
16In particular, ϕ1,2 gets an anomalous dimension of δ which means that the shadow relation holds.

– 28 –



J
H
E
P
0
2
(
2
0
2
6
)
0
0
1

provides a convenient integral representation of either a multi-valued block or a single-valued
correlator. The former are analogous to open string amplitudes, while the latter are analogous
to closed string amplitudes. For all of the propagators that appear, the identities

Γ(∆)
(ti − tj)∆

=
∫ i∞

−i∞

dγ
2πiΓ(−γ)Γ(γ +∆)tγi (−tj)−∆−γ , (5.13)

and ∫ d2t

π

n∏
i=1

Γ(∆i)
|t− zi|2∆i

=
∏
i<j

∫ i∞

−i∞

dγij

2πi Γ(γij)|zij |−2γij , (5.14)

(subject to various conditions) may be used repeatedly in order to arrive at expressions
that take the form of (5.12).

By doing conformal perturbation theory in this way, the large-m limit becomes accessible.
The step-by-step prescription is schematically summarized as follows:

1. Write the integrand in the Mellin-Barnes representation

lim
m→∞

∫
d2z ⟨𝒪r′,s′(0)𝒪r,s(z, z̄)𝒪r,s(1)𝒪r′,s′(∞)⟩

∼ lim
m→∞

∫
d2z

∫ i∞

−i∞

∏
k

ddxk ℳ̃(r,s)(r′,s′)(r′,s′)(r,s)(|z| , |1− z| , xk).
(5.15)

2. Commute the contour integrals to the left, introducing regulators and deforming the
contours when necessary to avoid colliding poles

lim
m→∞

∫
d2z

∫ i∞

−i∞

∏
k

dxk 7→
[∫ i∞

−i∞

∏
k

dxk +
∑

Res
]

lim
m→∞

∫
d2z. (5.16)

3. Compute first the integral over space, then expand in the large-m limit, and finally
compute the remaining contour integrals.

Note that in contrast to the previous section, the limit is never commuted with the integral
over space, avoiding the issue of the flow with multiple couplings. However, while commuting
the contour integrals, the contour can be pinched by colliding poles. A systematic regulating
procedure is thus necessary to separate those poles and keep track of their contributions. The
rest of this section will explain the technical steps involved with a focus on the coefficient
β3 for the ϕ1,2χ-flow and (with significantly greater complexity) the ϕ2,2χ-flow. We have
also examined anomalous dimensions of the ϕ1,2χ-flow. Although it remains a challenge to
treat all operators uniformly, our approach is sufficient to prove our conjectured γr,s formula
for any particular value of (r, s).

5.3 Coulomb gas review

The Coulomb gas formalism was first used by [42, 43] to compute the structure constants of
diagonal Virasoro minimal models C(r1,s1)(r2,s2)(r3,s3). While some expressions for these were
used in sections 3 and 4, we will instead focus on the four-point functions entering conformal
perturbation theory. Our conventions will be those of [55] in the case α′ = 4. For more about
the history and subtleties of the linear dilaton theory which underlies this approach, see [56].
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Consider a massless free scalar field in two dimensions which can be written as ϕ(z)+ ϕ̄(z̄)
on shell. With an additional topological term in the action, it is easy to modify this theory
so that conformal transformations are generated by

T (z) = −1
4(∂ϕ)

2(z) + iα0∂
2ϕ(z) . (5.17)

This stress tensor determines the central charge

c = 1− 24α2
0 , (5.18)

and the conformal weights of operators involving exponentials of ϕ(z) and ϕ̄(z̄). In this work,
we will indicate normalization factors separately and use the notation

Vα(z) = eiαϕ(z), Vα(z, z̄) = eiα[ϕ(z)+ϕ̄(z̄)] . (5.19)

A straightforward calculation then shows that Vα(z) and V2α0−α(z) both have

h = α(α− 2α0) , (5.20)

while Vα(z, z̄) and V2α0−α(z, z̄) both have

∆ = 2α(α− 2α0) . (5.21)

When using these exponentials (informally vertex operators) to represent Virasoro primaries
of minimal models, it will be convenient that this can be done in two ways.

It is now important to discuss the neutrality condition, which is familiar from the free
scalar CFT. The linear dilaton CFT having (5.17) as a stress tensor is similar, except it
requires us to place a background charge −2α0 at infinity. As such, correlation functions
of vertex operators are given by

⟨Vα1(z1) . . . Vαn(zn)⟩ =
∏
i<j

z
2αiαj

ij δ∑
k

αk−2α0,0

⟨Vα1(z1, z̄1) . . . Vαn(zn, z̄n)⟩ =
∏
i<j

|zij |4αiαjδ∑
k

αk−2α0,0 .
(5.22)

This neutrality condition is rather limiting, but it can be relaxed if we deform the theory
once more by inserting in correlators additional charged operators, integrated over some
contour. Such nonlocal operators are known as screening charges. In order to preserve
conformal invariance, the integrated operators must be exactly marginal and this fixes their
charges to have one of two values,

h = 1 ⇒ α ∈
{
α0 ±

√
α2
0 + 1

}
. (5.23)

These solutions are denoted by α±, which satisfy

α+ + α− = 2α0, α+α− = −1 , (5.24)

or
α+ =

√
m+ 1
m

, α− = −
√

m

m+ 1 , (5.25)
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in terms of the usual label for a minimal model. As a result, correlators in the Coulomb
gas theory are non-zero if their total charge differs from 2α0 by a linear combination of α±
with non-negative integer coefficients. Importantly, this means that all of the exponentials
involved must have charges given by αr,s or 2α0 − αr,s for

αr,s = 1− r

2 α+ + 1− s

2 α−, r, s ∈ ℕ , (5.26)

which is precisely the statement that their conformal weights belong to the Kac table. To
actually compute a correlation function, we integrate the positions of Vα±(z) or Vα±(z, z̄)
insertions and then use (5.22). We will see various examples in the following subsections.

For now, let us note that a Virasoro block can be computed from

zhr1,s1+hr2,s2 ⟨Vαr1,s1
(0)Vαr2,s2

(z)Vαr3,s3
(1)V2α0−αr4,s4

(∞)⟩ (5.27)

=zhr1,s1+hr2,s2+2αr1,s1αr2,s2 (1−z)2αr2,s2αr3,s3

∫ N+∏
i=1

dsis
2α+αr1,s1
i (si−z)2α+αr2,s2 (1−si)2α+αr3,s3

×
∫ N−∏

j=1
dtjt

2α−αr1,s1
j (tj−z)2α−αr2,s2 (1−tj)2α−αr3,s3

∏
i<k

s
2α2

+
ik

∏
j<l

t
2α2

−
jl

∏
m,n

(sm−tn)−2 ,

in a two-step process. The first step is to choose a contour which consists of line segments
running between the branch points of the integrand. Specifically, [42, 43] defined two bases
for the homology of (5.27) and showed that one yields four-point blocks in the s-channel
while the other yields four-point blocks in the t-channel.17 The second step is to divide by a
certain integral independent of z so that the leading z → 0 or z → 1 asymptotics of (5.27)
become unit-normalized. Fortunately, this integral admits the closed-form expression∫ 1

0

N+∏
i=1

dsi

s−A
i (1−si)−B

∫ 1

0

N−∏
j=1

dtj
tAC−1
j (1−tj)BC−1

∏
i<k

s2C
ik

∏
j<l

t2C−1
jl

∏
m,n

(sm−tn)−2

=
N+−1∏

i=0

N−−1∏
j=0

Γ((i+1)C+1)Γ((j+1)C−1+1)(A+iC−j)−1(B+iC−j)−1

Γ(C+1)Γ(C−1+1)[A+B+C(N++i−1)−(N−+j−1)][(i+1)C−j−1]

× Γ(1+A+iC)Γ(1+B+iC)
Γ(2−2N−+(N++i−1)C+A+B)

Γ(1−AC−1+jC−1)Γ(1−BC−1+jC−1)
Γ(2−2N++(N−+j−1)C−1−AC−1−BC−1) ,

(5.28)
where the relation between A,B,C and the parameters in (5.27) depends on the choice of
contour. In the special cases of N+ = 0 or N− = 0, (5.28) becomes the Selberg integral
for 𝔰𝔩(2). Selberg integrals for higher-rank Lie algebras can be defined but almost none of
them are known in closed form. This is the reason why most of the minimal model CFTs
for WN -algebras remain unsolved [58].18

17The change of basis matrix (or crossing kernel) was found in [57] using a sequence of contour deformations.
One of its interesting properties is the appearance of a 6j-symbol for the quantum group Uq+(𝔰𝔩(2))×Uq−(𝔰𝔩(2))
with q± = eπiα2

± . This has a non-trivial origin since the global symmetry group of a generic minimal model is
simply ℤ2.

18Although W-algebra minimal models are most often studied with higher-rank generalizations of the
Coulomb gas formalism, there are newer methods which appear to be promising. In particular, a semi-analytic
bootstrap technique first developed for loop models in [59] was recently used to solve the Virasoro minimal
models with partition functions given by the E6 modular invariant [60].
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To compute a single-valued correlation function

⟨Vαr1,s1
(z1, z̄1) . . . Vαrn−1,sm−1

(zn−1, z̄n−1)V2α0−αrn,sn
(zn, z̄n)⟩ , (5.29)

there is no longer a contour ambiguity since the requisite number of screening charges
Vα±(z, z̄) are integrated over all of space. To normalize one of these integrals we divide it
by factors of the two-point function19

⟨Vαr,s(0)Vαr,s(1)V2α0(∞)⟩ =
∫ r−1∏

i=1
d2ui(|ui||1− ui|)4α+αr,si−1

×
∫ s−1∏

j=1
d2vj(|vj ||1− vj |)4α−αr,sj−1 ∏

i<k

|uik|4α2
+
∏
j<l

|vjl|4α2
−
∏
m,n

|um − vn|−4

= πr+s−2

α
8(r−1)(s−1)
+

r−2∏
i=0

s−2∏
j=0

Γ(1− α2
+)Γ(1− α2

−)Γ((i+ 1)α2
+)Γ((j + 1)α2

− − s+ 1)
Γ(α2

+)Γ(α2
−)Γ(1− (i+ 1)α2

+)Γ(1− (j + 1)α2
− + s− 1)

× Γ(2− s+ 2α−αr,s + iα2
−)2Γ(s− 4α−αr,s − (r + i− 2)α2

−)
Γ(s− 1− 2α−αr,s − iα2

−)2Γ(3− s+ 4α−αr,s + (r + i− 2)α2
−)

× Γ(1 + 2α+αr,s + jα2
+)2Γ(2r − 3− 4α+αr,s − (s+ j − 2)α2

+)
Γ(−2α+αr,s − jα2

+)2Γ(4− 2r + 4α+αr,s + (s+ j − 2)α2
+)

,

(5.30)

where the relations (5.24) hide the symmetry under (α+, r) ↔ (α−, s). Once again the
existence of a closed-form expression here is crucial. A numerical computation of (5.30)
would not work because the integral is divergent and needs to be defined through analytic
continuation.

Before moving on, it is worth noting that various authors have introduced modified
Coulomb gas formalisms since the work of [42–44]. The motivation for doing so is to enable
exact calculations in other classes of CFTs. These include the aformentioned minimal models
for W-algebras and also critical q-state Potts models for general q [61]. Very recently, [62]
developed a Coulomb gas formalism which can be used to solve a family of CFTs having
the quantum group Uq(𝔰𝔩(2)) as a genuine global symmetry.

5.4 Warm-up in the chiral case

As a first application of these techniques, let us consider the problem of expanding Virasoro
blocks for minimal models at large m. The simplest ones to study are the two blocks
that appear in a four-point function of ϕ1,2 operators, namely ℱ(1,2)(1,2)(1,2)(1,2)

(1,1) (z) andℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z). As reviewed in appendix C, we already know that both of these blocks

may be expressed as hypergeometric functions but the point we would like to illustrate is that
one does not need to rely on this fact. The Coulomb gas formalism applies to all Virasoro
blocks and it makes the large-m expansion transparent once it is combined with the Mellin
representation. The identity we will use to go to Mellin space is

1
(ti − tj)∆

= 1
Γ(∆)

∫ c+i∞

c−i∞

dγ
2πiΓ(−γ)Γ(γ +∆)tγi (−tj)−∆−γ , (5.31)

19Notice that V2α0 is degenerate with the identity and it is indeed a two-point function.
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where the contour separates the poles of Γ(−γ) from those of Γ(γ +∆). This is possible with
a straight contour of real part c ∈ (−∆, 0) if and only if ∆ > 0. The case of noninteger ∆ < 0
can be reached by analytic continuation, which corresponds to taking a contour slaloming
between the intertwined poles of the two gamma functions. Lastly, ∆ ∈ −ℕ0 can be reached
as a limit from one of the previous cases.

Since the external operators of interest are all ϕ1,2, (5.27) reduces to a single integral
and we can consider the contours t ∈ (0, z) and t ∈ (1,∞). These contours correspond toℱ(1,2)(1,2)(1,2)(1,2)

(1,1) (z) and ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z), respectively, because the first line of

ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z) ∼ z2α2

−−1(1− z)α2
−/2

∫ z

0
dt[t(z − t)(1− t)]−α2

−

ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z) ∼ z2α2

−−1(1− z)α2
−/2

∫ ∞

1
dt[t(t− z)(t− 1)]−α2

− ,
(5.32)

has O(zh1,1) scaling as z → 0, while the second line has O(zh1,3) scaling. However, the z → 0
limit of these integrals tells us more than just the scaling. It also tells us the prefactor. The
prefactor of the first line is (5.28) for A = B = 1, C = α−2

− while that of the second line is (5.28)
for A = 2α−2

− − 3, B = 1, C = α2
−. We can therefore be careful about normalizations, to find

ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z) = z2α2

−−1(1− z)α2
−/2Γ(2− 2α2

−)
Γ(1− α2

−)2
∫ z

0
dt[t(z − t)(1− t)]−α2

−

ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z) = z2α2

−−1(1− z)α2
−/2 Γ(2α2

−)
Γ(1− α2

−)Γ(3α2
− − 1)

∫ ∞

1
dt[t(t− z)(t− 1)]−α2

− .

(5.33)
Note that the limit m → ∞, which corresponds to α± → ±1, turns the integrals of (5.33)
into local Feynman integrals.

The key step now is passing to the representation (5.31) which trivializes the integral
over t. The proper values of ti and tj here are chosen so as to avoid branch points. For
the first line of (5.33), we take ti = z − t and tj = z − 1. This turns tij into 1− t which is
the unique factor from the integrand which does not vanish anywhere on the contour. In
the second line, it is convenient to change variables t 7→ t−1 followed by taking ti = 1 − t

and tj = 1 − z−1. All in all,ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z)

= (1−z)−α2
−/2 Γ(2−2α2

−)
Γ(α2

−)Γ(1−α2
−)

∫ i∞

−i∞

dγ
2πi

(
z

1−z

)γ Γ(−γ)Γ(α2
−+γ)Γ(1−α2

−+γ)
Γ(2−2α2

−+γ)ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z)

= z2α2
−−1(1−z)−α2

−/2 Γ(2α2
−)

Γ(1−α2
−)

∫ i∞

−i∞

dγ
2πi

(
z

1−z

)γ Γ(−γ)Γ(α2
−+γ)Γ(1−α2

−+γ)
Γ(2α2

−+γ)
. (5.34)

Notice that setting α2
− = 1 before integration to extract the leading large-m asymptotics is

incorrect because this forces a pinching of the contour: the leading poles of Γ(−γ)Γ(1−α2
−+γ)

approach each other in this limit. Starting from α2
− < 1, the resolution is to move the contour

past one of the poles so that once the α2
− → 1 limit is taken, the above pinching no longer

occurs. This leads to a crucial residue as shown in figure 5. Taking this into account for
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Figure 5. Sequences of poles for both lines of (5.34) which are offset from the real axis for clarity.
The rightmost dot is α2

− − 1 and the leftmost cross is 0. The red contour is completely free of singular
behaviour in the α2

− → 1 limit (double arrow) but it is not the natural Mellin-Barnes contour (the
blue one). The difference is a simple residue at the rightmost dot.

the first line of (5.34), the result is20

ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z)= (1−z)−α2

−/2 Γ(2−2α2
−)

Γ(α2
−)Γ(1−α2

−)

[
Res

α2
−−1

+
∫
ℜγ∈(−1,0)

dγ
2πi

]

×
(

z

1−z

)γ Γ(−γ)Γ(α2
−+γ)Γ(1−α2

−+γ)
Γ(2−2α2

−+γ)

= (1−z)−α2
−/2 Γ(2−2α2

−)
Γ(α2

−)Γ(1−α2
−)

[
1− logz−log(1−z)−2γE

m

+
∫ i∞

−i∞

dγ
2πi

(
z

1−z

)γ

Γ(−γ)Γ(1+γ)
(
1−ψ(γ)+ψ(1+γ)

m

)]
+O(m−2) .

(5.35)
Both the integral and the residue in the first line can be safely expanded at large m and this
yields a new integral whose contour is once again the standard Mellin-Barnes one. This does
not occur in the remaining block but otherwise it is handled in the same way:

ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z) = z2α2

−−1(1− z)−α2
−/2 Γ(2α2

−)
Γ(1− α2

−)

[
Res

γ=α2
−−1

+
∫
ℜγ∈(−1,0)

dγ
2πi

]

×
(

z

1− z

)γ Γ(−γ)Γ(α2
− + γ)Γ(1− α2

− + γ)
Γ(2α2

− + γ)

= z2α2
−−1(1− z)−α2

−/2 Γ(2α2
−)

Γ(1− α2
−)

[
m+ 4− log

(
z

1− z

)
− 2γE

−
∫
ℜγ∈(−1,0)

dγ
2πi

(
z

1− z

)γ

Γ(−1− γ)Γ(γ)
]
+O(m−2) .

(5.36)

20Notice that the residue at γ = 0 of Γ(−γ)Γ(α2
−+γ)Γ(1−α2

−+γ)
Γ(2−2α2

−+γ) is Γ(α2
−)Γ(1−α2

−)
Γ(2−2α2

−) , which goes to 2 in the limit

α2
− → 1. However, if we naively take the limit first in the integrand we find Γ(−γ)Γ(1 + γ), whose residue at

γ = 0 is 1. The mismatch is due to the pinching of the contour, and as explained the correct way of taking
the limit in the integrand is to first move the contour past the pole at α2

− − 1. As evident from (5.35), this
provides the missing half of the residue at γ = 0.
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Evaluating the integrals in (5.35) and (5.36) produces

ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) (z) = 2− z

2
√
1− z

+ 3z log(1− z)
4m

√
1− z

+O(m−2)

ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) (z) = z√

1− z
+ (z + 2) log(1− z) + 2z(3− 4 log z)

2m
√
1− z

+O(m−2) .
(5.37)

The leading terms here are easy to derive using the hypergeometric functions in appendix C
but the subleading terms are less trivial.21

5.5 The ϕ1,2χ beta function

We now turn to the harder task of expanding integrated correlators of 𝒪 = ϕ1,2χ. The
best approach here is to bypass the use of Virasoro blocks, which the chiral Coulomb gas
formalism computes, and to instead build correlators directly from the non-chiral Coulomb gas.
Once this is done, we can then proceed analogously by going to Mellin space and deforming
the contours. It will be crucial to use Symanzik’s formula [64], which applies to star-like
integrations that have n > 3 legs with exponents satisfying ∑n

i=1∆i = 2. It states that∫ d2t

π

n∏
i=1

Γ(∆i)
|t− zi|2∆i

=
∏
i<j

∫ i∞

−i∞

dγij

2πi Γ(γij)|zij |−2γij , (5.38)

where the integration variables γij satisfy

γii = 0, γij = γji,
∑
j≠i

γij = ∆i , (5.39)

leaving n(n − 3)/2 independent variables, and their contours separate sequences of poles
which increase to the right from sequences of poles which increase to the left. The ability
to do this with a straight contour (one which gives all gamma arguments in the measure
a positive real part) is again not guaranteed. If it is possible however, the relations (5.39)
imply that all exponents satisfy 0 < ∆i < 1. This is precisely the condition for the original
integral to converge without needing analytic continuation.

Before involving the four-point function for χ, let us show that we can write down a
four-point function for ϕ1,2 in Mellin space which agrees with the result of [54]. As should be
familiar, we will use the charge α1,2 thrice and 2α0 − α1,2 once in order to get a Coulomb
gas representation with a single screening charge. Integrating its position and using (5.30)
to normalize, we have

⟨ϕ1,2(0)ϕ1,2(z,z̄)ϕ1,2(1)ϕ1,2(∞)⟩= ⟨Vα1,2(0)Vα1,2(z,z̄)Vα1,2(1)V2α0−α1,2(∞)⟩
⟨Vα1,2(0)Vα1,2(1)V2α0(∞)⟩ (5.40)

=[|z||1−z|]α2
−

Γ(α2
−)2Γ(2−2α2

−)
Γ(1−α2

−)2Γ(2α2
−−1)

∫ d2t

π
[|t||z−t||1−t|]−2α2

− .

If we were to move the point at infinity to a finite point, we would see that the exponents
add up to 2 which is a simple consequence of the screening charges being marginal. We

21For a very different approach to this problem, see [27] which performed a large-m expansion of Virasoro
blocks using the AGT relation [63].

– 35 –



J
H
E
P
0
2
(
2
0
2
6
)
0
0
1

can therefore use (5.38) and solve for the γij as

γ34 = −x2 γ12 = 2α2
− − 1− x

2 γ13 = 1− α2
− + x+ y

2
γ14 = −y2 γ23 = 2α2

− − 1− y

2 γ24 = 2− 3α2
− + x+ y

2 .
(5.41)

The resulting Mellin integral is therefore

⟨ϕ1,2(0)ϕ1,2(z,z̄)ϕ1,2(1)ϕ1,2(∞)⟩= [|z||1−z|]2−3α2
−Γ(2−2α2

−)
Γ(α2

−)Γ(1−α2
−)2Γ(2α2

−−1)Γ(2−3α2
−)

(5.42)∫ i∞

−i∞

dxdy
(4πi)2 |z|

x|1−z|yΓ(−x
2 )Γ(−

y
2 )Γ(2α

2
−−1− x

2 )Γ(2α
2
−−1− y

2 )Γ(1−α2
−+ x+y

2 )Γ(2−3α2
−+ x+y

2 ).

Since this has two Mandelstam-like variables instead of one, we should expect some com-
plications as compared to the previous subsection.

It is now time to multiply by

⟨χ(0)χ(z, z̄)χ(1)χ(∞)⟩ = 1 + |z|3α2
−−6 + |1− z|3α2

−−6 , (5.43)

but the subsequent integration reveals a problem. Although there exists a value of α2
−

which allows the pole sequences of (5.42) to be separated by a straight contour, this is no
longer true after we integrate. What we will need to do is shift the exponents of (5.43)
by additional regulator parameters so that we may keep track of them as they approach
zero.22 The first term in (5.43) for instance can be written as [|z||1− z|]−2δ with δ → 0.23

Integrating just this piece shows that

I1,2=
πΓ(2−2α2

−)
4Γ(α2

−)Γ(1−α2
−)2Γ(2α2

−−1)Γ(2−3α2
−)

(5.44)∫ i∞

−i∞

dxdy
(2πi)2Γ(−

x
2 )Γ(−

y
2 )Γ(2α

2
−−1− x

2 )Γ(2α
2
−−1− y

2 )Γ(1−α2
−+ x+y

2 )Γ(2−3α2
−+ x+y

2 )Γ( 4−3α2
−−2δ+x

2 )

Γ( 4−3α2
−−2δ+y

2 )Γ( 6α2
−−6+4δ−x−y

2 )Γ( 3α2
−−2+2δ−x

2 )−1Γ( 3α2
−−2+2δ−y

2 )−1Γ( 8−6α2
−+4δ+x+y

2 )−1 ,

is the first of the three integrals we need to expand at large m. As it turns out, all three
parts of (5.43) contribute equally thus allowing us to define

β3 = −32π3! I1,2 . (5.45)

As we are integrating over all of space here, let us stress that the factor of 3 in front
does not refer to three copies of the region ℛ but the three types of Wick contractions
for generalized free fields.

The large-m expansion we are seeking is now part of a double expansion with δ and
1 − α2

− both approaching zero from above. To begin the analysis of it, let us recall that
22A less efficient but more conceptually pleasing approach is to analytically continue the charges of the

external operators away from α1,2 such that the total charge remains 2α0 − α−. This makes it possible to
choose precise values such that no relevant operators are exchanged in any channel which is the condition for
the integral to be finite.

23Note that this δ is a regulator parameter and should not be confused with the δ appearing in the classical
term of the beta function.
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the Virasoro block expressions (5.35) and (5.36) are both obtained from a certain operator
acting on the original integrand — a residue and an integral over a new contour which makes
the α2

− → 1 limit safe to take. We can determine the analogous operator for δ → 0 here by
identifying the gamma functions from (5.44) which have colliding poles pinching the contour
in this limit. Looking at the y variable first, a simple check returns the sequences

y = 6α2
− − 4− x− 2m, y = 6α2

− − 6 + 4δ − x+ 2n , (5.46)

for non-negative integers m and n. The parameter δ is what prevents these sequences from
having overlap at (m,n) ∈ {(0, 1), (1, 0)}. We therefore need two residues to move the contour
out of the region where poles can collide. As a result, the most convenient rewriting of
I1,2 is the one that has

−
∫ i∞

−i∞

dx
2πi

(
Res

y=6α2
−−6+4δ−x

+ Res
y=6α2

−−4+4δ−x

)
+
∫
ℜ(x+y−6α2

−)∈(−8,−6)

dxdy
(2πi)2 , (5.47)

acting on the integrand of (5.44). Another language for what we have done is that we have
“merged” the sixth and ninth gamma functions by adding their arguments according to

Γ6

(
2− 3α2

− + x+ y

2

)
Γ9

(
3α2

− − 3 + 2δ − x+ y

2

)
→ Γ{6,9} (2δ − 1) . (5.48)

The two residues are explained by the fact that the δ → 0 limit lands one unit away from the
leading pole of the new “effective gamma function”. To locate the singularities that remain
in (5.47), it will be helpful to proceed in this way.

Fortunately, this approach was spelled out explicitly in [65] which developed an algorithm
for extracting singularities from multi-dimensional Mellin-Barnes integrals. This algorithm
will be especially useful for the second term of (5.47) which is a double integral but we will
warm up by applying it to the single integral first. Starting with this easier term, we can
compute both residues and then take the constant term in the small δ expansion to arrive at

I ′1,2 =
1
2Γ
(
−x2

)
Γ
(
2α2

− − 1− x

2

)
Γ
(
1− α2

− + x

2

)
Γ
(
2− 3α2

− + x

2

)
Γ(2α2

− − 2)

×
[(
(3− 2α2

−)x2 + 14(α2
− − 1)2x− 2α4

−x− 2(α2
− − 1)(3α2

− − 2)(3α2
− − 4)

)
×
(
Hx

2−α2
−
+Hx

2−3α2
−+1 −H2α2

−−3

)
+ 2(3− α2

−)x+ 9α4
− − 28α2

− + 16
]
.

(5.49)

The important part of this long expression is simply the factor in front with four gamma
functions. The other factor does not introduce new singularities. Following [54, 65], we will
label the important gamma functions as Γ1 through Γ4 in the order shown and consider all
possible sums of their arguments such that the dependence on x disappears. We arrive at

Γ{1,3}(1− α2
−)Γ{1,4}(2− 3α2

−)Γ{2,4}(1− α2
−)Γ{2,3}(α2

−) , (5.50)

where a subscript indicates the two gamma functions that were merged. We can go through
the meaning of these four mergings in order.

1. Taking the x = 0 residue from Γ1 will make Γ3 encounter a leading pole at α2
− = 1.
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2. The x = 0 residue from Γ1 will give Γ4 a subleading pole while x = 2 will give it a
leading pole.

3. The x = 4α2
− − 2 residue from Γ2 will give Γ3 a leading pole.

4. No residues at poles resulting from Γ2 will make Γ4 encounter a pole at α2
− = 1.

The content of the above is that we need to take

−
[
Res
x=0

+ Res
x=2

+ Res
x=4α2

−−2

]
I ′1,2 = −1

3m
3 +O(m2) , (5.51)

where we have used (α2
− − 1)−3 = −m3 + O(m2). Going back to the original integral,

I1,2 =
πΓ(2− 2α2

−)
4Γ(α2

−)Γ(1− α2
−)2Γ(2α2

− − 1)Γ(2− 3α2
−)

[
−1
3m

3 + . . .

]
, (5.52)

where the ellipsis denotes not just O(m2) contributions but also O(m3) contributions from
the second term in (5.47). These will be worked out next.

The power of this merging procedure will be demonstrated most convincingly for the
second term in (5.47). This is the integral from (5.44) at δ = 0 except over a shifted contour.
We will pair up gamma functions that have x appearing with opposite signs and then do the
same for y. Since merging now happens in two iterations, there is a rule from [65] which
normally needs to be applied in order to filter out fake poles. It states that an effective
gamma function should be deleted if its label contains the label of some other effective gamma
function as a proper subset. This is part of what ensures that final results are independent
of whether we start with x or y. Given the functions Γ1 through Γ9 from the numerator
of (5.44) (in the order shown there), it is easy to verify that

Γ{1,5,7,9}(
α2
−
2 )Γ{1,6,7,9}(1−

3α2
−
2 )Γ{3,5,7,9}(

5α2
−
2 − 1)Γ{3,6,7,9}(

α2
−
2 ) , (5.53)

need to be removed, leaving us with

Γ{1,7}(2−
3α2

−
2 )Γ{2,8}(2−

3α2
−
2 )Γ{3,7}(1+

α2
−
2 )Γ{4,8}(1+

α2
−
2 )

×Γ{1,4,5}(α2
−)Γ{2,3,5}(α2

−)Γ{3,4,6}(α2
−)Γ{3,4,5}(3α2

−−1)Γ{7,8,9}(1)
×Γ{1,2,5}(1−α2

−)Γ{1,4,6}(1−α2
−)Γ{2,3,6}(1−α2

−)Γ{1,2,6}(3−2α2
−)Γ{5,9}(2α2

−−2)Γ{6,9}(−1) .
(5.54)

However, most of these effective gamma functions (including those removed by the filtering
rule) only affect singularities away from α2

− = 1. It is therefore sufficient to restrict attention
to the last line of (5.54). One caveat is that the singular behaviour from (5.48), which exists
for arbitrary α2

−, has already been avoided by the contour in (5.47). As such, Γ{6,9} plays
a somewhat diminished role. The singularities as α2

− → 1, which indicate contour pinches,
come from residues corresponding to the other five effective gamma functions but sometimes
they are at poles overlapping with those of Γ{6,9}. These overlaps enhance the strength of
the singularity. To see how this works, define the pinching planes

P{1,4,6}=(0,4α2
−−2), P{1,2,5}=(0,0), P{2,3,6}=(4α2

−−2,0)
P{1,2,6} ∈{(0,2),(0,0),(2,0)} ,

P{5,9}=V (x+y+2−2α2
−), P{6,9} ∈{V (x+y+4−6α2

−),V (x+y+6−6α2
−)} ,

(5.55)
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Figure 6. Examples of how the contour can be pinched. Focusing on the real parts of (x, y), each
gamma function is analytic in a half-space. As α2

− → 1 (indicated by the double arrow), these
half-spaces intersect in a locus called the pinching plane which is either a line or a point. The locus
relevant to the strongest singularity is an intersection of several pinching planes and will therefore
always be a point in this example. The diagram on the left corresponds to P{5,9} and one of the
choices for P{6,9} — the other choice is similar except the line where the half-spaces meet does not
pass through the origin. The diagram in the middle corresponds to P{1,2,5} and one of the choices for
P{1,2,6}. The other choices are again translations of this. The diagram on the right for P{2,3,6} has
two half-spaces move instead of one. We would simply change which ones these are for P{1,4,6}.

where V (L) is the set of points with L = 0. Examples of the pinchings are shown in figure 6.
There are multiple choices for P{1,2,6} and P{6,9} because Γ{1,2,6} and Γ{6,9} allow one to take
residues at subleading poles of the gamma functions involved and still achieve an α2

− → 1
singularity. Depending on the choice, different mutual intersections from

P{1,2,6} ∩ P{1,4,6} ∩ P{6,9}, P{1,2,6} ∩ P{2,3,6} ∩ P{6,9}

P{1,2,6} ∩ P{1,2,5} ∩ P{5,9} ∩ P{6,9} ,
(5.56)

can be non-empty. Looking at the first line, the maximal non-empty intersection involves
three pinching planes and therefore produces an O((α2

− − 1)−3) term. In other words, an
O(m3) which should be added to (5.52). Even though the last line has four pinching planes,
it does not produce an O(m4) because all of the same gamma functions still appear when
either P{5,9} or P{6,9} is dropped. Now that the pinchings contributing to the desired leading
term are all known, it is straightforward to take double residues in the five ways indicated
by (5.55) to arrive at[

Res
x=0, y=0

+ Res
x=0, y=2

+ Res
x=2, y=0

+ Res
x=4α2

−−2, y=0
+ Res

x=0, y=4α2
−−2

]
(5.57)

× Γ(−x
2 )Γ(−

y
2 )Γ(2α

2
− − 1− x

2 )Γ(2α
2
− − 1− y

2 )Γ(1− α2
− + x+y

2 )Γ(2− 3α2
− + x+y

2 )

× Γ(4−3α2
−+x

2 )Γ(4−3α2
−+y

2 )Γ(6α2
−−6−x−y

2 )Γ(3α2
−−2−x

2 )−1Γ(3α2
−−2−y

2 )−1Γ(8−6α2
−+x+y

2 )−1

= 4
3m

3 +O(m2) ,

or
I1,2 =

πΓ(2− 2α2
−)

4Γ(α2
−)Γ(1− α2

−)2Γ(2α2
− − 1)Γ(2− 3α2

−)
[
m3 +O(m2)

]
. (5.58)
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Although the manipulations above are all correct, it is much better to carry them out in
an automated way. This is what we explain how to do using the Mathematica package MB in
appendix D. Running the code presented there for a few seconds leads to the result

I1,2 =
πΓ(2− 2α2

−)
4Γ(α2

−)Γ(1− α2
−)2Γ(2α2

− − 1)Γ(2− 3α2
−)
[
m3 + (4− 8 log 2)m2 +O(m)

]
, (5.59)

which has one extra term. As a prediction for the beta function, this is

β3 =
3π2m
8 − 3π2

8 (8 log 2 + 1) +O(m−1) , (5.60)

as expected. The MB manipulations required for the next subsection will take closer to an hour.

5.6 The ϕ2,2χ beta function

We finally come to the beta function for the ϕ2,2χ deformation. While the MB package described
in appendix D was convenient for the last subsection, it will be crucial here. This is because
the four-point function which appears in β3 requires one screening charge of each type. It is

⟨ϕ2,2(0)ϕ2,2(z, z̄)ϕ2,2(1)ϕ2,2(∞)⟩= ⟨Vα2,2(0)Vα2,2(z, z̄)Vα2,2(1)V2α0−α2,2(∞)⟩
⟨Vα2,2(0)Vα2,2(1)V2α0(∞)⟩

= [|z||1−z|](α++α−)2 α
8
+Γ(α2

−)3Γ(2−α2
−)Γ(3−2α2

−)Γ(α2
+−1)2Γ(2−2α2

+)
Γ(1−α2

−)3Γ(α2
−−1)Γ(2α2

−−2)Γ(2−α2
+)2Γ(2α2

+−1)

×
∫ d2t1d2t2

π2
[|t1||z−t1||1−t1|]−2α+(α++α−)[|t2||z−t2||1−t2|]α−(α++α−)|t12|4α+α− ,

(5.61)
where the normalization factor comes from (5.30). In the next step, which is applying (5.38)
twice, we have ordered the marked points as (0, z, 1,∞, t2) when eliminating t1 and (0, z, 1,∞)
when eliminating t2. Using δij variables in the first iteration and γij in the second, we can
solve (5.39), in terms of δ12, δ13, δ14, δ23, δ24 and γ12, γ13. This leads to the Mellin-Barnes
representation

⟨ϕ2,2(0)ϕ2,2(z,z̄)ϕ2,2(1)ϕ2,2(∞)⟩= πα8
+(α2

−−1)Γ(α2
−)2Γ(2−α2

−)Γ(3−2α2
−)Γ(2−2α2

+)
Γ(1−α2

−)3Γ(2α2
−−2)Γ(2−α2

+)2Γ(2α2
+−1)Γ(α2

+−1)Γ(3−3α2
+)∫ i∞

−i∞

dδ12dδ13dδ14dδ23dδ24dγ12dγ13
(2πi)7|z|2δ12+2γ12 |1−z|2δ23+2γ23

[|z||1−z|](α++α−)2
Γ(δ12)Γ(δ13)Γ(δ14)Γ(δ23)Γ(δ24)Γ(γ12)Γ(γ13)

Γ(α2
++α+α−−δ12−δ13−δ14)Γ(α2

++α+α−−δ12−δ23−δ24)Γ(1−3α2
+−3α+α−+δ12+δ13+δ23)

Γ(α2
+−α+α−−1+δ12+δ14+δ24)Γ(1+2α+α−−δ12−δ13−δ14−δ23−δ24)

Γ((α++α−)2−δ12−δ13−δ14−γ12−γ13)Γ(1−2(α++α−)2+2δ12+δ13+δ14+δ23+δ24+γ12)

Γ(3α2
++3α2

−+4α+α−−2−δ12−δ13−δ23−γ12−γ13)Γ(2−2α2
+−2α2

−−2α+α−+δ13−δ24+γ13)
Γ(3−3α2

+−3α2
−−4α+α−+δ12+δ13+δ23)−1Γ(α2

++α2
−−1+δ12+δ14+δ24)−1

Γ((α++α−)2−δ12−δ13−δ14)−1Γ((α++α−)2−δ12−δ23−δ24)−1. (5.62)

To separate the sequences of poles and allow the Mellin-Barnes contour to be straight,
we will need to analytically continue in α2

+, α2
− and α+α− as if they were independent
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variables. As before, there will also be a regulator parameter introduced by the integral
over space. Looking at

⟨χ(0)χ(z, z̄)χ(1)χ(∞)⟩ = 1 + |z|3(α++α−)2−4 + |1− z|3(α++α−)2−4 , (5.63)

specifically, we will recognize that all three terms contribute equally and change the 1 to
[|z||1 − z|]γ . The final integral to consider is then

I2,2=
πα8

+(α2
−−1)Γ(α2

−)2Γ(2−α2
−)Γ(3−2α2

−)Γ(2−2α2
+)

Γ(1−α2
−)3Γ(2α2

−−2)Γ(2−α2
+)2Γ(2α2

+−1)Γ(α2
+−1)Γ(3−3α2

+)∫ i∞

−i∞

dδ12dδ13dδ14dδ23dδ24dγ12dγ13
(2πi)7 Γ(δ12)Γ(δ13)Γ(δ14)Γ(δ23)Γ(δ24)Γ(γ12)Γ(γ13)

Γ(α2
++α+α−−δ12−δ13−δ14)Γ(α2

++α+α−−δ12−δ23−δ24)Γ(1−3α2
+−3α+α−+δ12+δ13+δ23)

Γ(α2
+−α+α−−1+δ12+δ14+δ24)Γ(1+2α+α−−δ12−δ13−δ14−δ23−δ24)

Γ((α++α−)2−δ12−δ13−δ14−γ12−γ13)Γ(1−2(α++α−)2+2δ12+δ13+δ14+δ23+δ24+γ12)
Γ(3α2

++3α2
−+4α+α−−2−δ12−δ13−δ23−γ12−γ13)Γ(2−2α2

+−2α2
−−2α+α−+δ13−δ24+γ13)

Γ(1−δ12−γ12+ γ+(α++α−)2
2 )Γ(3+δ12+δ13+γ12+γ13+

γ−5α2
+−5α2

−−6α+α−
2 )

Γ(2α2
++2α2

−+2α+α−−3−δ13−γ13−γ)Γ(3−3α2
+−3α2

−−4α+α−+δ12+δ13+δ23)−1

Γ(α2
++α2

−−1+δ12+δ14+δ24)−1Γ((α++α−)2−δ12−δ13−δ14)−1

Γ((α++α−)2−δ12−δ23−δ24)−1Γ(4−2α2
+−2α2

−−2α+α−+δ13+γ13+γ)−1

Γ(δ12+γ12− γ−(α++α−)2
2 )−1Γ(−2−δ12−δ13−γ12−γ13− γ−5α2

+−5α2
−−6α+α−
2 )−1 . (5.64)

While it is clear that MB will have a longer runtime due to the sheer number of integrals,
the setup of it is also more involved due to the two types of screening charges. This is
explained in appendix D which shows the steps needed to produce the result

I2,2=
πα8

+(α2
−−1)Γ(α2

−)2Γ(2−α2
−)Γ(3−2α2

−)Γ(2−2α2
+)

Γ(1−α2
−)3Γ(2α2

−−2)Γ(2−α2
+)2Γ(2α2

+−1)Γ(α2
+−1)Γ(3−3α2

+)

[
−1
6m

4+O(m2)
]
.

(5.65)
Expanding the prefactor, and recalling that β3 = −32π

3! I2,2, we see that

β3 =
π2

2m2 − π2

2m3 +O(m−4) . (5.66)

This proves the leading and first subleading asymptotic that we conjectured from numerical
conformal perturbation theory.

5.7 Further comments

This section has explored the idea of performing conformal perturbation theory using the
Mellin amplitudes of four-point functions in minimal models. Although the main application
was the large-m expansion, there are also some observations to be made for finite m.
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One of these pertains to special anomalous dimensions in the ϕ1,2χ-flow. Starting with

⟨ϕr,s(0)ϕ1,2(z,z̄)ϕ1,2(1)ϕr,s(∞)⟩= ⟨Vαr,s(0)Vα1,2(z,z̄)Vα1,2(1)V2α0−αr,s(∞)⟩
⟨Vα1,2(0)Vα1,2(1)V2α0(∞)⟩

= |z|1−r−(1−s)α2
− |1−z|α2

−
Γ(α2

−)2Γ(2−2α2
−)

Γ(1−α2
−)2Γ(2α2

−−1)

∫ d2t

π
|t|−2(1−r)+2(1−s)α2

− [|z−t||1−t|]−2α2
− ,

(5.67)
we can notice that one of the exponents of the integrand becomes a non-negative integer for
s = 1. When r is odd, (5.67) is not sufficient for computing anomalous dimensions due to the
mixing problem treated in section 4.2. When r is even however, Symanzik’s formula shows
that the anomalous dimension will vanish whether or not m is taken to be large. This is the
finding from [54] that minimal model correlators of the form ⟨ϕr,1(0)ϕ1,2(z, z̄)ϕ1,2(1)ϕr,1(∞)⟩
have vanishing Mellin amplitudes. It greatly generalizes the calculation in [14] which showed
that the ε operator in the 2d long-range Ising model (which is ϕ2,1) has a vanishing two-loop
anomalous dimension. An obvious counterpart to this statement is that, in the ϕ2,1χ-flow,
γ
(2)
1,2k vanishes for all m instead of γ(2)2k,1.

We can also ask how far the methods in this section take us for non-trivial perturbative
data at finite m. The answer is that everything goes through exactly as above until the
last step when an analytic continuation is done for α2

− → 1 or α2
+ → 1. If one wants

α2
− → m

m+1 or α2
+ → m+1

m instead, it is easy to ask for such a limit in MBcontinue[]. While
this no longer produces the types of closed-form expressions seen in (5.59) and (5.65), it
produces Mellin-Barnes integrals which can be computed numerically to high precision. For
the ϕ1,2χ-flow, which gives MB runtimes that are fairly reasonable, we have tested this method
and found that it agrees with the rather different numerical method of section 4.

The last point we would like to make is that the use of Mellin-Barnes integrals here
allows this method to manifestly generate known special functions. As a simple example,
consider the σ four-point function in the 2d Ising model

⟨σ(0)σ(z, z̄)σ(1)σ(∞)⟩

= − 1
8π2 [|z||1− z|]− 1

4

×
∫ i∞

−i∞

dxdy
(4πi)2 |z|

x|1− z|yΓ(−x
2 )Γ(−

y
2 )Γ(

1−x
2 )Γ(1−y

2 )Γ(x+y
2 + 1

4)Γ(
x+y
2 − 1

4)

= −
∫ i∞

−i∞

dxdy
(2πi)2Γ(−x)Γ(−y)Γ(x+ y − 1

2)
|z|x− 1

4 |1− z|y− 1
4

2
√
2π

.

(5.68)

The first line follows from Symanzik’s formula and the second line uses the duplication
formula to recover the expression which was first written in [66]. In this form, it is clear
that the poles of Γ(−x) and Γ(−y) are kept while those of Γ(x + y − 1

2) are not. If we
now include the GFF and integrate,

β3 = −3π
∫ i∞

−i∞

dxdy
27/2π5/2Γ(−x)Γ(−y)Γ

(
x+ y − 1

2

) Γ(x
2 + 7

8)Γ(
y
2 + 7

8)Γ(−
2x+2y+3

4 )
Γ(18 − x

2 )Γ(
1
8 − y

2 )Γ(
2x+2y+7

4 )
, (5.69)

where we have included a factor of 3 instead of writing two extra terms. If we now make
the change of variables x′ = 7

8 − x
2 and y′ = 7

8 − y
2 , we can take the residue at x′ = m
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and y′ = n to find

−Γ(78)2Γ(
11
8 )2

26π5/2
(1)2m+n(78)m(78)n(118 )m(118 )n

m!n!(1)m(1)n(3)m+n(52)m+n
, (5.70)

after using both the duplication formula and the reflection formula several times. Sum-
ming (5.70) weighted by umvn would yield a Kampé de Fériet hypergeometric function
with arguments (u, v). This sum diverges at u = v = 1 but we can take the convergent
integral (5.69) to be the definition of the Kampé de Fériet hypergeometric function in this
case and write

β3 = −Γ(78)2Γ(
11
8 )2

26π5/2 F

[
1, 1; 78 ,

11
8 ;

7
8 ,

11
8

5
2 , 3; 1; 1

; 1, 1
]
. (5.71)

6 Conclusions and future directions

In this paper, we introduced and studied a class of two-dimensional QFTs, characterized
by multi-critical universal behavior and long-range interactions, that arises when coupling
a Virasoro minimal model to a generalized-free field (GFF) theory. More precisely, if ϕr,s

is a relevant primary in the m-th unitary Virasoro minimal model and χ is a generalized
free field, we turn on the interaction

g

∫
d2xϕr,sχ . (6.1)

This is relevant when the operator 𝒪 ≡ ϕr,sχ has scaling dimension ∆𝒪 = 2− δ < 2. In
this case, the RG flow generically reaches an IR fixed point, defining a family of non-local
CFTs labeled by (m, r, s) and continuously parametrized by δ. We call this family the
long-range minimal models (LRMM) of type (m, r, s). For m > 3, these models naturally
extend the 2d long-range Ising construction near the short-range end [13, 14] to multicritical
theories, i.e. with more than one ℤ2-invariant operator.

In the near short-range regime (0 < δ ≪ 1), the fixed point is weakly coupled and CFT
data admit a perturbative expansion in δ. We analyzed LRMM of types (m, 1, 2), (m, 2, 1),
and (m, 2, 2), computing the beta function of the weakly-relevant coupling to leading order
in conformal perturbation theory — numerically for finite m and analytically in the 1/m
expansion. We also determined anomalous dimensions of a wide set of low-lying UV operators,
including Virasoro primaries ϕr,s and higher-spin currents, at leading nontrivial order in δ.

In the opposite regime with large δ, we have argued that the (m, 2, 2) LRMM admits
a dual, weakly-coupled, Ginzburg-Landau formulation in terms of an appropriate GFF φ,
perturbed by a multi-critical potential (see section 2). Determining the extent to which this
is true for other LRMMs is an important open problem.

The constructions of long-range models via the coupling of a local CFT with a GFF
is very general, and it can be extended to many other models. Our reason for singling out
the Virasoro minimal models is the high-degree of control that we have on them, but even
in this case there are many open questions.
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We list some future directions:

• It would be interesting to better understand the structure of multi-coupling renormal-
ization that arises in the large-m limit, as discussed in section 5.1. A related point
is that consecutive short-range minimal models ℳm+1,m are related by the famous
staircase RG flow [17, 22], that is:24

ℳm+1,m + h

∫
d2xϕ1,3 → ℳm,m−1 . (6.2)

We can ask if there is also a similarly simple way to understand RG flows between the
(m, r, s) and the (m− 1, r, s) LRMMs.

• Although the LRMMs are nonlocal CFTs, they are amenable to standard non-
perturbative approaches, including the conformal bootstrap. The framework of [21, 68,
69] in particular has been successful at finding kinks for the long-range Ising model [20].
Moreover, each such kink lives on a curve which admits a second kink and this second
kink moves as a function of the spin-2 operator gap being imposed. A preliminary
check indicated that it moves in a way which is consistent with the (m, 1, 2) LRMM.
Now that a large amount of perturbative data is available, the time is ripe to test this
conjecture by taking more numerical data. Apart from the bootstrap, a functional
renormalization group approach to the long-range Ising model [70–72] is a also good
candidate for studying long-range minimal models, at least in their Ginzburg-Landau
description, when this is available.

• Our focus so far has been on local operators in LRMMs but CFTs also admit defect
operators. Defects in long-range O(N) models have recently been studied in [73]. In
any CFT, there is a large class of defect operators called pinning field defects. It was
recently shown in [74], subject to various assumptions, that pinning field defects of
codimension one are generically factorizing. Nonlocal CFTs violate these assumptions
and a counter-example in the long-range Ising model was subsequently constructed
in [75] — namely a conformal interface which is perturbatively close to the trivial
interface and therefore not factorizing. The long-range Ising example integrates φ2

along the interface and the natural analogue of this is φm−1 in Ginzburg-Landau
description of the (m, 2, 2) LRMM.

• Our construction can also be extended to other two-dimensional long-range systems,
such as long-range Q-state Potts models. For Q = 3, we expect the critical and tricritical
long-range Potts models to be described by a subset of fields in the LRMM of type
(5, 2, 2) and (6, 2, 2), respectively, as in the analog short-range case [5]. The status of
other long-range Potts models is unclear to us. For Q > 4, the short-range model has a
first-order transition, but its “walking” renormalization group flow can be understood in
terms of complex fixed points [76, 77]. In analogy with the one-dimensional case [78–81],
we expect that long-range interactions will affect the nature of the phase transition, at

24See also [67] for a recent numerical bootstrap analysis of the staircase RG flow between minimal models,
in the context of QFT in AdS2.
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least in some range of the long-range exponent s, and up to some value of Q. It would
be interesting to understand if a second order transition below some critical s⋆, and
eventually how to describe the long-range to short-range crossover: for example, as a
fixed point annihilation [82]? The short-range Q = 4 case is special, as it is described
not by a minimal model, but by an orbifold construction [83]. It would be interesting
to explore its long-range deformation.

• Another obvious generalization would be to apply the same type of long-range defor-
mations to the non-unitary minimal models. It has been conjectured [48, 84–87] that
a single scalar field theory as in (2.3) but with the ℤ2-even potential replaced by the𝒫𝒯-symmetric perturbation iφ2m+1 provides the Ginzburg-Landau description for the
nonunitary minimal models ℳ2,4m+1 or ℳ2,2m+3. For other non-unitary minimal mod-
els, there are conjectured Ginzburg-Landau descriptions for specific cases [88, 89], but in
general the question remains open. Studying long-range deformations of such minimal
models, and comparing them to long-range versions of their conjectured Ginzburg-
Landau description, could perhaps help in corroborating such conjectures, as the
long-range case provides a tunable parameter that allows to make the Ginzburg-Landau
description weakly coupled, as we have seen in section 2.

• Another interesting target is the LRMM of type (m, 3, 3). The operator ϕ3,3 is the
energy field, i.e. φ2 in the Ginzburg-Landau description. By such identification, we
recognize our 𝒪 = ϕ3,3χ as the type of interaction that appears naturally in models with
weak disorder that results in an effective long-range correlated random-temperature
disorder [90–94], where χ represents the disorder field. The main difference is that our
deformation corresponds to an annealed disorder, while in the quenched case one has
to introduce replicas. For these type of long-range deformations, a first challenge is to
compute the blocks, which are solutions of a ninth-order ODE. However, simplifications
occur for m = 3 and m = 4, as in the former case we have ϕ3,3 = ϕ2,1, and in the latter
case we have ϕ3,3 = ϕ1,2.

• Finally, it would be interesting to construct a theory for the long-range to short-range
crossover for the one-dimensional version of the multi-critical models of section 2. For
the case of the one-dimensional long-range Ising model, which was understood only
recently in [15, 16], the crossover theory near s = 1 is a generalized version of the
bosonized spin-1/2 Kondo impurity model, with the scalar field having a negative
dimension for s < 1. It is natural to imagine the multi-critical case to be related to a
spin-j generalization of such model.

Acknowledgments

We thank A. Antunes, N. Bobev, F. Herček, L. Di Pietro, D. Mazáč, M. Paulos, T. Pochart,
S. Rychkov, R. Santachiara, J. Silva, B. van Rees and P. van Vliet for discussions. EL is
supported by the European Union (ERC, QFT.zip project, Grant Agreement no. 101040260).
Views and opinions expressed are however those of the authors only and do not necessarily
reflect those of the European Union or the European Research Council Executive Agency.

– 45 –



J
H
E
P
0
2
(
2
0
2
6
)
0
0
1

Neither the European Union nor the granting authority can be held responsible for them.
Research at Perimeter Institute is supported in part by the Government of Canada through
the Department of Innovation, Science and Economic Development and by the Province of
Ontario through the Ministry of Colleges and Universities.

A Brief review of conformal perturbation theory

In this appendix, we review the method of conformal perturbation theory, following closely [14,
18].25 The reason for repeating this here, besides the convenience of having an internal
reference for formulas that have a crucial role in the bulk of the paper, is also to make some
aspects of the subtraction process more explicit.

We start from (1.1), specialized to d = 2,

⟨. . .⟩g0 = ⟨. . . e−g0
∫

d2z 𝒪(z,z̄)⟩ , (A.1)

where 𝒪 = Φiχ, and the composite operator is weakly relevant: ∆𝒪 = 2 − δ. As usual,
the computation of observables in the perturbed theory needs UV and IR regularizations
and a renormalization prescription.

Following [18], a convenient observable is ⟨𝒪(∞)⟩g0 , where the operator at infinity is
defined as the limit 𝒪(∞) := limz,z̄→∞(zz̄)∆𝒪𝒪(z, z̄). Expanding the observable in powers
of g0, we find

⟨𝒪(∞)⟩g0 = ⟨𝒪(∞)⟩ − g0

∫
d2z ⟨𝒪(z, z̄)𝒪(∞)⟩+ 1

2g
2
0

∫
d2z1d2z2 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪(∞)⟩

− 1
3!g

3
0

∫
d2z1d2z2d2z3 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩+O(g4) . (A.2)

Evaluating the integrals, we encounter IR divergences, due to translation invariance of
the integrands,26 and UV divergences, originating from the integration of correlators of
operators at coincident points. For the IR regularization, we restrict the interaction to a finite
domain 𝒟 = {|z| ≤ R}, with volume V = πR2, thus replacing every integration as follows:∫
ℂ d2z → ∫𝒟 d2z. This also implies that the inserted operator is never at a coincident point

with the integrated operators, and hence we do not need to renormalize it. UV divergences
can instead be regularized either by a hard cutoff (i.e. |zij | ≥ a) or by analytical continuation
in δ. Demanding that ⟨𝒪(∞)⟩g is independent of the UV cutoff or that it admits a regular
limit for δ → 0, requires that we implement a coupling renormalization.

Equation (A.2) is rather generic, but in our specific case it is notably simplified. The
first and third terms vanish identically, because they contain an odd number of fields χ,
and the latter follows a centered Gaussian distribution. Moreover, a conformal two-point
function with one operator at infinity reduces to a constant, that can be chosen to be equal
to one. Therefore, equation (A.2) becomes

⟨𝒪(∞)⟩g0 = −V (g0 + g30I𝒪𝒪𝒪𝒪 +O(g50) , (A.3)
25See also [17, 27, 95–97] for earlier references.
26If rather than inserting the operator at infinity, we would place it at some point w ∈ 𝒟, these IR divergences

would be replaced by UV divergences at zi ∼ w, and they would require a multiplicative renormalization of𝒪(w), as well as a mixing with the identity operator.
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with
I𝒪𝒪𝒪𝒪 = 1

3!V

∫
𝒟3

d2z1d2z2d2z3 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩ . (A.4)

The UV divergences of the integral can result either separately from each of the pairwise
coincident limits |z12| ∼ 0, |z13| ∼ 0, and |z23| ∼ 0, or from the triple coincidence limit,
when all three points collide.

The strongest (i.e. power-law) divergences originate from the pairwise coincident limits,
which therefore we should deal with first. Consider the region |z12| ∼ 0 at finite |z13| and
|z23|, and use the OPE𝒪(z1, z̄1)𝒪(z2, z̄2) =∑

k

C𝒪𝒪k

|z12|2∆𝒪−∆k
𝒪k(z2, z̄2) + descendants . (A.5)

The integral over z1 results in a singularity for each operator 𝒪k such that 2∆𝒪 −∆k ≥ 2,
schematically: ∫

d2z1d2z2d2z3 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩

⊃
∫

d2z C𝒪𝒪k

|z|2∆𝒪−∆k

∫
d2z2d2z3 ⟨𝒪k(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩ .

(A.6)

Since ∆𝒪 = 2 − δ with 0 < δ ≪ 1, this means that we will have power-law divergence for
each relevant operator (∆k < 2 − 2δ), and at δ = 0 a logarithmic one for ∆k = 2.

The standard way to deal with the power-law divergences is to subtract them by adding
a counterterm in (A.1) for each relevant operator in the 𝒪 × 𝒪 OPE:27

⟨. . .⟩g0 = ⟨. . . exp
{
− g0

∫
d2z𝒪(z, z̄)− ∑

k|∆k<2
λk(g0)

∫
d2z𝒪k(z, z̄)

}
⟩ , (A.7)

where λk is a series in g0 with coefficients chosen to cancel the above divergences. For
example, in order to cancel the divergence in (A.6) and the other two similar divergences
at |z13| ∼ 0, and |z23| ∼ 0, we need

λk(g0) =
g20

a2−2δ−∆k

π C𝒪𝒪k

2− 2δ −∆k
+O(g30) , (A.8)

where a is a UV length cutoff.28 At order g30, this results in

⟨𝒪(∞)⟩g0 = −V (g0 + g30(I𝒪𝒪𝒪𝒪 −K) +O(g50) , (A.9)

27Notice that if we had divided (A.1) by the partition function ⟨e−g0
∫

d2z 𝒪(z,z̄)⟩ we would have automatically
subtracted the divergences arising from the contribution of the identity operator. In other words, the
counterterm associated to the identity operator is the free energy. For simplicity, here we choose to treat the
identity as any other operator.

28Notice that we do not need to introduce an independent coupling for these counterterms, as the observable
⟨𝒪k(∞)⟩g0 is automatically finite with these choices. Indeed, up to finite boundary contributions, we have

⟨𝒪k(∞)⟩g0 = −δλk

∫
d2z ⟨𝒪k(z, z̄)𝒪k(∞)⟩+ 1

2g2
0

∫
d2z1d2z2 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪k(∞)⟩+ O(g3

0)

∼ −δλkV + 1
2g2

0V

∫
d2z

C𝒪𝒪k

|z|2∆𝒪−∆k
+ O(g3

0) = 0 + O(g3
0) .
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where

K =
∑

k|∆k<2

π C𝒪𝒪k

a2−2δ−∆k (2− 2δ −∆k)V

∫
𝒟2

d2z2d2z3 ⟨𝒪k(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩ . (A.10)

In practice, at this order of the perturbative expansion, the effect of the counterterms
is equivalent to replacing the four-point function in (A.4) with

F
(
(z1, z̄1), (z2, z̄2), (z3, z̄3)

)
= ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)𝒪(z3, z̄3)𝒪(∞)⟩

−
∑

k|∆k<2
(C𝒪𝒪k)2

( 1
|z12|2∆𝒪−∆k |z13|∆k

+ 1
|z13|2∆𝒪−∆k |z12|∆k

+ 1
|z32|2∆𝒪−∆k |z31|∆k

)
.

(A.11)
Equivalently, one can use analytic continuation in δ, i.e. compute the integrals at a large
enough value of δ such that 2− 2δ −∆k < 0 and then analytically continue to small δ; this
way, the power divergences are automatically subtracted.

For the logarithmic divergences caused at δ = 0 by other marginal operators 𝒪k with
∆k = 2 things are a bit different.29 First, these divergences are present even in analytic
regularization, where they translate as usual into poles at δ = 0. Second, logarithms (or poles)
necessarily carry another scale, for dimensional reasons. This other scale is a renormalization
scale, or IR scale (such as R), and thus the counterterm λk(g0) has a nontrivial RG flow.
Therefore, in this case in order to keep the bare theory fixed, we need to introduce an
independent bare coupling λk,, to be treated on equal footing with g0, and then re-express
it in term of running renormalized couplings λk,0 = f(λk, g, R). In most of our work we
are not in this situation, hence in the rest of this appendix we assume that 𝒪 is the only
(near-)marginal operator in the theory. See however the large-m discussion in section 5.1
for an instance in which these remarks become relevant.

Lastly, we should consider what happens when all three integration points in (A.4) come
close together, which we anticipate to lead to a logarithmic divergence in the integral. This
triple coincidence limit could be expressed in terms of a triple OPE [14], but this results
in a rather tautological statement. Following [14, 18], the divergence is extracted by the
following manipulations:

Ĩ div𝒪𝒪𝒪𝒪 = 1
3!V

∫
d2z1d2z2d2z3 F

(
(z1, z̄1), (z2, z̄2), (z3, z̄3)

)
∼ 1

3!

∫
d2z2d2z3 F

(
0, (z2, z̄2), (z3, z̄3)

)
= 2π

3!

∫ R

0

d|z3|
|z3|2∆𝒪−3

∫
d2z F

(
0, (z, z̄), ê

)
∼ π

6
R2δ

δ

∫
d2z F

(
0, (z, z̄), ê

)
.

(A.12)

29Notice that the 3-point function in (A.6) (proportional to 1/|z23|∆k ) also leads to logarithmic divergence
in this case, hence we have a double-log divergence. Since there is no g2 term in the perturbative expansion of
⟨𝒪(∞)⟩g, if in this type of computation we find such a double-log divergence, it is a clear signal that we have
missed another marginal operator.
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Choosing to work with a hard cutoff a at δ = 0, we find as usual that the pole in δ is
replaced by a logarithm:

Ĩ div𝒪𝒪𝒪𝒪 = π

3 log (R/a)
∫

d2z F
(
0, (z, z̄), ê

)
. (A.13)

In (A.12), we have ignored boundary effects associated to changes of variables, because
we are interested in the divergent part arising from the short distance limit. In particular,
in the second step, we have translated the integration variables in order to set z1 = z̄1 = 0
in the integrand, and we have approximated the integral over z1 with a simple volume
factor. This step, is only true in the large-V limit, hence the ∼ sign. Next, we have shifted
(z2, z̄2) → (|z3|z, |z3|z̄), so that the triple coincidence limit corresponds to |z3| → 0, and
we used conformal invariance to pull out a 1/|z3|2∆𝒪 from the four-point funciton. In the
absence of other marginal operators, the final integral over the point z is convergent,30 it is
independent of the arbitrary unit vector ê, and in the large-V limit also of |z3| and R. The
last statement is only true in the case that C𝒪𝒪𝒪 = 0, otherwise it results in a log (R/|z3|)
and a total double-log divergence for Ĩ𝒪𝒪𝒪𝒪.31

Therefore, for our C𝒪𝒪𝒪 = 0 case, the subtracted integral Ĩ𝒪𝒪𝒪𝒪 has a simple pole in δ,
or logarithmic divergence in a, which can be absorbed in the definition of a (dimensionless)
renormalized coupling:

g = Rδ
(
g0 + g30 Ĩ

div𝒪𝒪𝒪𝒪 +O(g50)
)
. (A.14)

The independence of the coupling g0 on R implies an RG flow of g:

−R dg

dR
= −δg + β3g

3 +O(g5) , (A.15)

where we defined

β3 = −π3

∫
d2z F

(
0, (z, z̄), ê

)
. (A.16)

Alternatively, in the case of cutoff regularization, we can define an RG flow for the bare
coupling with respect to a, using the inverse of (A.14) and the independence of the coupling
g on a. The two schemes are related by a coupling redefinition (e.g. [98]), and β3 is scheme
independent at leading-order in δ.

The above derivation and resulting expression for β3 corresponds to what is called “Method
1” in [14]. For numerical computations, it is convenient to use “Method 2” of [14]. In the latter,
the integration domain is divided in three regions ℛij = {z1, z2, z3 : |zij | < |zik|, |zij | < |zjk|},
associated to each of the possible pairwise coincidence limits discussed above, and the

30However, it is not absolutely convergent, as pointed out in [14], due to relevant or marginal operators
with nonzero spin among the descendants in (A.5), so it has to be evaluated with some care.

31This can be shown by studying the large-|z| behavior of F
(
0, (z, z̄), ê

)
via an OPE in the 𝒪(z, z̄)× 𝒪(∞)

channel: 𝒪(z, z̄)𝒪(∞) ∼
∑

k

C𝒪𝒪k

|z|∆k
𝒪k(∞) ,

and remembering that relevant operators have been subtracted in (A.11).
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Figure 7. The integration region where a disk near the origin has been singled out for analytic
integration of a truncated power series term-by-term. This allows power divergences to be subtracted
systematically. In the remaining region, we can reliably perform the numerical integral all at once.

subtraction of power divergences is done by hand in each region. In the large-V limit, the
three regions give equal contributions, hence one defines

β3 = −
(
π

∫
ℛ d2z ⟨𝒪(0)𝒪(z, z̄)𝒪(1)𝒪(∞)⟩

)
finite

, (A.17)

where ℛ = {z : |z| < 1, |z| < |z − 1|} . (A.18)

As plotted in figure 7, the integration region is then split as ℛ = 𝒜 ∪ 𝒜̄, where 𝒜 is the annulus𝒜 = {z : 0 < a ≤ |z| ≤ 1/2} , (A.19)

and 𝒜̄ = ℛ \𝒜 is its complement in ℛ. In 𝒜, we perform the integration analytically, while
in 𝒜̄, we perform the integration numerically. The notation (. . .)finite means that we keep
only the terms that stay finite in the a → 0 limit.

One drawback of the region ℛ is that we use a series expansion in z for the integrand,
we are likely to find a divergent result because the integral partly extends to |z| = 1, where
such series cannot converge, due to the singularity of the four-point function at z = 1. It
is then convenient to introduce radial coordinate ρ of [49]

ρ = z(
1 +

√
1− z

)2 , ρ̄ = z̄(
1 +

√
1− z̄

)2 , (A.20)

that maps ℛ to a smaller region, where convergence of the series is ensured. Indeed the
point z = 1 is mapped to ρ = 1, while z = ∞ is mapped to ρ = −1, hence the radius of
convergence in the ρ plane is still |ρ| = 1, and the region ℛ is mapped to a region strictly
inside the unit disk, see figure 8.

A.1 Anomalous dimensions

Once we have computed the beta function as in (A.15), we can compute the associated critical
exponent, that for a one-dimensional flow is simply given by dβ/dg evaluated at the fixed point
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Figure 8. The region ℛ (interior of the dashed line) together with its image under the ρ map (grey
region). Notice that the annulus is not the image of the original annulus: we split the region into a
new annulus and its complement after having applied the map.

g∗ = ±
√
δ/β3. From this, we can then obtain the scaling dimension of 𝒪 at the IR fixed point:

∆𝒪 = 2 + dβ

dg

∣∣∣
g=g∗

= 2 + 2δ . (A.21)

We are of course interested in computing also the scaling dimensions of other operators
Φi at the fixed point. In order to do that, we can compute the mixing matrix by renormalizing
for example its two-point function. Alternatively, we can use the trick of introducing it as a
perturbation that we will switch off at the fixed point, and obtain the anomalous dimension
as a critical exponent, as for 𝒪. The two methods are of course completely equivalent.

Consider the two-point function of Φi, expanded in powers of g0:

⟨Φi(0)Φi(∞)⟩g0 =⟨Φi(0)Φi(∞)⟩ − g0

∫
d2z ⟨𝒪(z, z̄)Φi(0)Φi(∞)⟩

+ 1
2g

2
0

∫
d2z1d2z2 ⟨𝒪(z1, z̄1)𝒪(z2, z̄2)Φi(0)Φi(∞)⟩+O(g30) .

(A.22)

As usual, the integrals lead to UV divergences, and we cure them by a multiplicative
renormalization of the operator: Φi → [Φi] = Zi

−1(g0)Φi. However, the point at infinity lies
outside the integration region, and thus the operator Φi(∞) does not need to be renormalized.

Assuming that Φi is just an operator in the original minimal model, i.e. it is independent
of χ, the three-point function ⟨𝒪ΦiΦi⟩ vanishes, and hence the result can be simplified to

Zi
−1(g0)⟨Φi(0)Φi(∞)⟩g0 = Zi

−1(g0)
(
1 + IΦ𝒪𝒪Φ g20 +O(g40)

)
, (A.23)

and therefore we need to set

Zi(g0) = 1+I div
Φ𝒪𝒪Φ g20 +O(g40) . (A.24)

The four-point function is again simplified by rescaling z1 and effectively setting z2 = 1.
However, now the s, t and u channels do not contribute equally. To compensate, we use
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translation invariance32 to shift the operators around such that the integration regions are
centered around each inserted operator and correspond to (A.18)

I div
Φ𝒪𝒪Φ = 1

2

∫
𝒟2

d2z1d2z2 ⟨Φi(0)𝒪(z1, z̄1)𝒪(z2, z̄2)Φi(∞)⟩

∼ 1
2

∫ R

0

d|z3|
|z3|2∆𝒪−3

∫
d2z ⟨Φi(0)𝒪(z, z̄)𝒪(1)Φi(∞)⟩

= R2δ π

2δ

∫
ℛ d2z [2⟨Φi(0)𝒪(z, z̄)𝒪(1)Φi(∞)⟩+ ⟨𝒪(0)𝒪(z, z̄)Φi(1)Φi(∞)⟩] .

(A.25)

As in the discussion above, it should be understood that in general the integrand in this
expression needs subtractions, corresponding to divergences caused by operators in the OPE
Φi × 𝒪 with dimension smaller than that of Φi. Moreover, if there exist other operators in
the OPE Φi × 𝒪 with the same dimension as Φi, these lead to new logarithmic divergences,
and thus they require that [Φi] include a nontrivial mixing with them; in this case the
renormalization factor Zi becomes a mixing matrix Zi

j .
In the method reviewed in [18], one introduces instead λi,0Φi as a perturbation in the

action. Considering the observable ⟨Φi(∞)⟩g0,λi,0 , expanding to linear order in λi,0 and
quadratic in g0, and redefining λi,0 = R∆0

i −2λiZi
−1(g), one finds exactly the same formulas

as above, times an overall factor R∆0
i −2λi. The beta function of λi then reads

βi(g, λi) = R
d

dR
λi = (∆0

i − 2)λi + λiγi(g) , γi = −R d

dR
lnZi . (A.26)

From a Callan-Symanzik argument (e.g. [99]) we find that the scaling dimension ∆i

of [Φi] at the fixed point is

∆i = 2 + dβλ

dλ

∣∣∣
g=g∗

= ∆0
i + γi(g∗) . (A.27)

Using (A.24), and the general formula for I div
Φ𝒪𝒪Φ, we have

γi(g) = −π g2
∫
ℛ d2z [2⟨Φi(0)𝒪(z, z̄)𝒪(1)Φi(∞)⟩+ ⟨𝒪(0)𝒪(z, z̄)Φi(1)Φi(∞)⟩] . (A.28)

B Near mean field theory computations

While the Lagrangian (2.1) is suited to standard perturbation computation in momentum
space (see for example [35, 36] for the case m = 3), we will choose here an approach in
direct space paralleling conformal perturbation theory, which allows us to simplify the
computations for general m.

With respect to appendix A, the main differences in the near-MFT case are that (i) the
three-point function of the perturbing operator is non-vanishing, and (ii) the unperturbed
theory is Gaussian, hence we can construct the three and four-point functions by Wick
contractions.

32Translation invariance is broken by the regularization, but we assume it only affect the finite part, not the
diverging one.
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B.1 Integrals toolkit

We report here the integrals involved in the computation of a long-range Gaussian three and
four-point functions, with dimension 2(m − 1)∆ = 2 − ϵ.

• The integral of a single power of 1/ |x|2a∆ presents a pole in 1/ϵ for a = m− 1

D1(a) =
∫

V
d2x 1

|x|2a∆ =
∫

V
d2x 1

|x|2−ϵ δa,m−1 =
2π
ϵ
Rϵ δa,m−1+(1−δa,m−1)O(1). (B.1)

• The double integral factorizes in the large V limit and contributes only for a or b = m−1

D2(a, b) =
∫

V
d2x1d2x2

1
|x1|2a∆

1
|x2|2b∆ ∼

∫
V
d2x1d2x2

1
|x1|2a∆

1
|x1 − x2|2b∆

= D1(a)D1(b). (B.2)

The ∼ stands for the large V limit where boundary terms are neglected and translation
invariance is assumed to hold, as explained in appendix A.

• As an intermediate result, the following integral is finite in the limit R→ ∞ and ϵ > 0

D̃(a,b)=
∫

d2x2
1

|x2|2a∆
1

|x1−x2|2b∆ =πf (a∆, b∆,2−(a+b)∆) |x1|2−2(a+b)∆ , (B.3)

with the function f(a, b, c) given by:

f(a, b, c) = Γ (1− a) Γ (1− b) Γ (1− c)
Γ (a) Γ (b) Γ (c) . (B.4)

• Then, using the intermediate result (B.3),

D3(a,b,c)=
∫

V
d2x1d2x2

1
|x1|2c∆

1
|x2|2a∆

1
|x1−x2|2b∆ ∼ π2

ϵ
f (a∆, b∆,2−(a+b)∆)R2ϵ

(B.5)

Note that similarly to D2 (B.2), the permutation symmetry in (a, b, c) inside the integral D3
is broken by the regularization. Indeed, the function f(a, b, c) (B.4) is well defined only for
0 < a, b, c < 1. Outside this domain, the function as to be analytically continued, which can
generate extra terms corresponding to IR divergencies (see IR rearrangement in [100]). As
we are only interested in the UV divergencies, we will neglect those terms and freely use the
assumed permutation symmetry of (a, b, c) to only evaluate it on its domain of definition,
that is for (a + b)∆ > 1 or equivalently a + b > m − 1.

For clarity, the function f (a∆, b∆, 2− (a+ b)∆) can be rewritten under the additional
condition a + b + c = 2(m − 1) as f (a∆, b∆, c∆+ ϵ). In particular, for a or b = m − 1, it
presents a second pole in 1/ϵ in addition to the factorized pole (B.5):

f (a∆, b∆, c∆+ ϵ)
∣∣∣a+b+c=2(m−1)
a+b>m−1
a,b,c>0

=


Γ(1− a

m−1)Γ(1− b
m−1)Γ(1− c

m−1)
Γ( a

m−1)Γ( b
m−1)Γ( c

m−1)
+O(ϵ), a, b ̸= m− 1[

2
ϵ −

(
H− a

m−1
+H− c

m−1

)
+O(ϵ)

]
δb,m−1 + (a↔ b),

(B.6)
with H−n denoting the Harmonic number.
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B.2 Beta function

From conformal perturbation theory the one and two-loops order of the beta function (2.9)
are given by the poles of the integrals of the three and four-points functions of the interacting
field ϕ2(m−1) respectively:

A= 1
2

( 1
(2m−2)!

)2 ∫
V
d2x ⟨ϕ2(m−1)(∞)ϕ2(m−1)(x)ϕ2(m−1)(0)⟩0

∣∣∣∣∣
1/ϵ pole

,

B1=
1
3!

( 1
(2m−2)!

)3 ∫
V
d2x1dx2 ⟨ϕ2(m−1)(∞)ϕ2(m−1)(x1)ϕ2(m−1)(x2)ϕ2(m−1)(0)⟩0

∣∣∣∣∣
1/ϵ pole

,

B2=
1
3!

( 1
(2m−2)!

)3 ∫
V
d2x1dx2 ⟨ϕ2(m−1)(∞)ϕ2(m−1)(x1)ϕ2(m−1)(x2)ϕ2(m−1)(0)⟩0

∣∣∣∣∣
1/ϵ2 pole

.

(B.7)

The notation |1/ϵ represents the coefficient of the 1/ϵ pole. By consistency of the RG flow,
the double poles contribution arising at two-loops cancel as

A2 = B2. (B.8)

The monomial ϕ2(m−1) is a primary operator of the generalized free field CFT. The convention
is choosen such that its two-point functions in normalized by the coupling’s prefactor. In
addition, the field ϕ is a protected operator of long-range theory and do not get renormalized.
Therefore, no other integrals are expected to contribute to the beta function at this order.

The correlators are evaluated in the unperturbed theory — a Gaussian theory — and
can be evaluated through wick contractions. The integrals are represented diagrammatically
by drawing a line between two vertices for each possible Wick contraction. For simplicity, we
denote by a single line all the contractions between fields placed at the same point with an
associated label representing its multiplicity. Then, as for Feynman diagrams, each line of
multiplicity a contribute to the integral as 1/ |x|2a∆. The point at infinity plays the role of
the “external legs” because it is not integrated over. In table 8 the diagrams contributing to
the beta function are listed along side their associated combinatorial number (the number of
equivalent diagrams). By dashed lines, we mean lines with zero multiplicity, i.e removed lines.
As in dimensional regularization, no contribution of tadpoles and disconnected diagrams
are taken into account.

As an example, we compute the combinatorial factor of the one-loop diagram 8 explicitly:

S1-loop=
1
2

( 1
(2m−2)!

)2

︸ ︷︷ ︸
Prefactor

×

(
2(m−1)
m−1

)
︸ ︷︷ ︸
Choose (m−1)

legs from ∞

(
2(m−1)
m−1

)
︸ ︷︷ ︸
Choose (m−1)

legs from 0

(m−1)!︸ ︷︷ ︸
Ways to connect

0 to ∞

×

(
2(m−1)
m−1

)
︸ ︷︷ ︸
Choose (m−1)

legs from x

(m−1)!︸ ︷︷ ︸
Connect left over

from 0 to x

×(m−1)!︸ ︷︷ ︸
Connect
x to ∞

.

(B.9)
All other combinatorial factors are computed in a similar way.
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Diagram Conditions Combinatorial factor Integral

λ10 ∞0
2(m− 1) 1

λ20

x0

∞

a b

c

a = b = c = m− 1 S1-loop(m) = 1
2
(2m−2)!
(m−1)!3 D1(c)

λ30

x10

x2

∞
a b

c

d

e

f

a = f, b = d, c = e,

a+ b+ c = 2(m− 1),
a, b, c ̸= 0

∑
a+b+c=2(m−1)

a, b, c ̸=0

Sa,b,c(m)

=
∑

a+b+c=2(m−1)
a, b, c ̸=0

1
3!
(2m− 2)!
(a!b!c!)2

D3(a, b, c)

x10

x2

∞
a b
d f

a = b = d = f,

a = m− 1

3Sm−1,m−1,0(m)

= 3 1
3!

(2m− 2)!
((m− 1)!)4

D2(a, b)

Table 8. Diagrams contributing to the beta function for generic m.

Combining all contributions, the factors A (2.10) and B1 (2.11) of the beta function
are given by:

A= S1-loop(m)D1(m−1)
∣∣∣
1/ϵ pole

B1=
∑

a+b+c=2(m−1)
a,b,c≠0

a,b,c ̸=m−1

Sa,b,c(m)D3(a,b,c)+3
∑

a+b=(m−1)
a,b ̸=0

Sa,b,m−1(m)D3(a,m−1, b)
∣∣∣
1/ϵ pole

B2=3
∑

a+b=(m−1)
a,b ̸=0

Sa,b,m−1(m)D3(a,m−1, b) +3S(m−1),(m−1),0(m)D2(m−1,m−1)
∣∣∣
1/ϵ2 pole

(B.10)

On one hand, the sums in B1 do not admit an easily reachable closed form. Nonetheless,
they have a finite number of terms for a given value of m and can be straightforwardly
implemented in Mathematica. On the other hand, it can be shown that the contributions
in B2 satisfy the consistency condition (B.8).

B.3 Anomalous dimension of monomial operators

The monomial operator ϕα, α ∈ ℕ is the simplest primary operator of the GFF theory. As
for the beta function, its anomalous dimension (2.17) is controlled at one and two-loop order
by the poles of the integrals of the three and four-point functions of the interacting field
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ϕ2(m−1) with the operator considered ϕα:

Ã = 1
(2m− 2)!

∫
V
d2x ⟨ϕα(∞)ϕα(0)ϕ2(m−1)(x)⟩0

∣∣∣∣
1/ϵ pole

,

B̃1 =
( 1
(2m− 1)!

)2 ∫
V
d2x1dx2 ⟨ϕα(∞)ϕα(0)ϕ2(m−1)(x1)ϕ2(m−1)(x2)⟩0

∣∣∣∣∣
1/ϵ pole

,

B̃2 =
( 1
(2m− 1)!

)2 ∫
V
d2x1dx2 ⟨ϕα(∞)ϕα(0)ϕ2(m−1)(x1)ϕ2(m−1)(x2)⟩0

∣∣∣∣∣
1/ϵ2 pole

.

(B.11)

Once again, there is a consistency condition

B̃2 = Ã2 +AÃ (B.12)

which makes the two-loop coefficient in MS scheme regular in ϵ. The list of diagrams
contributing are given in table 9. Tadpoles and disconnected diagrams do not contribute to
the UV divergence. The combinatorial factor involved is defined as follow:

S̃a,b,c
d (m,α) =

(
α!
a!c!

)2 1
b!d! . (B.13)

Noteworthy, the diagrams are heavily constrained by the value of α taken. Indeed, for α = 1,
no connected diagram can be drawn at this order in perturbation. This is consistent with the
knowledge that ϕ does not get renormalized in long-range theories. For α ≤ (m − 1), the
one-loop order also vanishes under the Wick contractions’ constrains.

Putting all contributions together gives the one and two-loop results:

Ã = S̃1-loop(m,α)D1(m− 1)
∣∣∣
1/ϵ pole

, (B.14)

and

B̃1 =
min(α,2(m−1))−2∑

a=1

2(m−1)−a−1∑
b=max(0,2(m−1)−α)+1

S̃
a,b,2(m−1)−a−b
b+α−2(m−1) D3(a, b, 2m− 2− a− b)

+ Θ(2m− 2− α)
α−1∑
a=1

S̃
a,2(m−1)−α,α−a
0 D3(a, 2(m− 1)− α, α− a)

∣∣∣
1/ϵ pole

,

B̃2 =
min(α,2(m−1))−2∑

a=1

2(m−1)−a−1∑
b=max(0,2(m−1)−α)+1

S̃
a,b,2(m−1)−a−b
b+α−2(m−1) D3(a, b, 2m− 2− a− b)

+ Θ(2m− 2− α)
α−1∑
a=1

S̃
a,2(m−1)−α,α−a
0 D3(a, 2(m− 1)− α, α− a)

+
[
Θ(α− 2m+ 2)S̃m−1,0,m−1

m−1 + 2Θ(α−m+ 1)S̃m−1,m−1,0
m−1

+δ2m−2−αS̃
m−1,0,m−1
0

]
D2(m− 1,m− 1)

∣∣∣
1/ϵ2 pole

(B.15)

where Θ is the Heaviside function with Θ(0) = 0. Note that the computation above are
consistent with respect to the RG flow and all double poles cancel each other. In fact,
D2(m− 1,m− 1) (B.2) is proportional to 1/ϵ2 and only the first two diagrams at two-loops
in table 9 contribute to the simple pole.
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Diagram Conditions Combinatorial factor Integral

λ00 ∞0 α α!

λ10

x0

∞

a b

c

a = α− (m− 1),
b = c = 2(m− 1)
a, b, c > 0

S̃1-loop(m,α) ={
α!2

(m−1)!2(α−m+1)! , α > m− 1
0, α ≤ m− 1

D1(m− 1)

λ20

x10

x2

∞
a b

c

d

c

a

a < min (α, 2m− 2)− 1
max (0, 2(m− 1)− α) < b

b < 2(m− 1)− a

c = 2(m− 1)− a− b

d = b+ α− 2(m− 1)
a, c, d > 0

min(α,2(m−1))−2∑
a=1

2(m−1)−a−1∑
b=max(0,2(m−1)−α)+1

S̃
a,b,2(m−1)−a−b
b+α−2(m−1)

D3(a, b, c)

x10

x2

∞
a b

c

c

a

0 < a < α < 2(m− 1)
b = 2(m− 1)− α

c = α− a

b, c > 0

Θ(2m− 2− α)×
α−1∑
a=1

S̃
a,2(m−1)−α,α−a
0

D3(a, b, c)

x10

x2

∞
a

c

d

c

a

0 < a < 2(m− 1) < α

c = 2(m− 1)− a

d = α− 2(m− 1)
c, d > 0

Θ(α− 2m+ 2)S̃m−1,0,m−1
m−1 D2(a, c)

x10

x2

∞
a b
d a

0 < a < min (α, 2(m− 1))
b = 2(m− 1)− a

d = α− a

b, d > 0

2Θ(α−m+ 1)S̃m−1,m−1,0
m−1 D2(a, b)

x10

x2

∞
a

c

c

a

α = 2(m− 1)
0 < a < 2(m− 1)
c = 2(m− 1)− a

c > 0

δ2m−2−αS̃
m−1,0,m−1
0 D2(a, c)

Table 9. Diagrams contributing to the anomalous dimension of ϕα, α ∈ ℕ for generic m.
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C Correlators in minimal models

C.1 Conventions

We focus on unitary and diagonal minimal models ℳm+1,m with central charge

c = 1− 6
m(m+ 1) , m = 3, 4, 5, . . . (C.1)

Holomorphic Virasoro primaries are labeled by positive-integer pairs (r, s),

ϕr,s(z) , 1 ≤ r ≤ m− 1 , 1 ≤ s ≤ m, (r, s) ∼= (m− r,m+ 1− s) , (C.2)

where ϕ1,1 ≡ 𝟙 is the identity, and ϕr,s has the following (holomorphic) scaling dimensions33

hr,s =
(
(m+ 1)r −ms

)2 − 1
4m(m+ 1) . (C.3)

We will always take the Virasoro primaries to be unit-normalized.
The (holomorphic) fusion rules are

ϕr,s × ϕr′,s′ =
rmax∑

r′′=|r−r′|+1
r+r′+r′′odd

smax∑
s′′=|s−s′|+1
s+s′+s′′odd

ϕr′′,s′′ , (C.4)

where rmax = min(r + r′ − 1, 2m− r − r′ − 1) and smax = min(s+ s′ − 1, 2m− s− s′ + 1).
The diagonal minimal models are obtained by gluing the holomorphic and anti-holomorphic

sectors, such that the resulting physical spectrum contains only scalar Virasoro primaries,
with scaling dimensions

∆r,s = 2hr,s . (C.5)

These theories enjoy a ℤ2 symmetry, under which a Virasoro primary with labels (r, s)
in ℳm+1,m can be assigned a definite charge [101–103]

ϵ
(m)
(r,s) = (−1)(m+1)r+ms+1 . (C.6)

C.2 The four-point function with ϕ1,2 and ϕr,s

Consider the following correlator

⟨ϕr,s(z1, z̄1)ϕ1,2(z2, z̄2)ϕ1,2(z3, z̄3)ϕr,s(z4, z̄4)⟩ . (C.7)

To compute such a correlator, we first solve an ODE for the holomorphic correlator𝒟(z2)
2 ⟨ϕr,s(z1)ϕ1,2(z2)ϕ1,2(z3)ϕr,s(z4)⟩ = 0 , (C.8)

33Notice that (r, s, m) ↔ (s, r,−1− m) happens to be a symmetry of this formula. This has been used in
the main text to relate large-m expansions of CFT data in the ϕ1,2χ flow to those in the ϕ2,1χ flow. In the
case of ϕ2,2χ, it has been used as a check.
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where 𝒟(z2)
2 , acting on z2, is the differential operator:𝒟(·)

2 = ℒ(·)
−2 −

3
4h1,2 + 2(ℒ(·)

−1)2 , (C.9)

and ℒ(·)
−n are defined as:

ℒ(w)
−k ≡

3∑
i=1

( (k − 1)hi

(zi − w)k
− 1

(zi − w)k−1∂i

)
, ℒ(w)

−1 = ∂w . (C.10)

This holomorphic correlator takes the following form (zij ≡ zi − zj):

⟨ϕr,s(z1)ϕ1,2(z2)ϕ1,2(z3)ϕr,s(z4)⟩

=
(
z14
z13

)h1,2−hr,s
(
z24
z14

)hr,s−h1,2 ℱ(r,s)(1,2)(1,2)(r,s)(z)
(z12z34)hr,s+h1,2

, (C.11)

with

z = z12z34
z13z24

, z̄ = z̄12z̄34
z̄13z̄24

. (C.12)

The differential equation for ℱ(z) ≡ ℱ(r,s)(1,2)(1,2)(r,s)(z) then reads

0 = −16(z − 1)2z2(m+ 1)2ℱ′′(z)
+ 8(z − 1)z(m+ 1)[−2z + 4(z − 1)hr,s(m+ 1)− 3zm+m+ 2]ℱ′(z)

− [16(z − 1)2h2r,s(m+ 1)2 + 8
(
3z2 − 4z + 1

)
hr,sm(m+ 1)

+ (m− 2)
(
2(z − 1)2 +

(
z2 − 6z + 1

)
m
)
]ℱ(z) .

The two independent solutions to this differential equation, the Virasoro blocks, are found
to be:ℱ(r,s)(1,2)(1,2)(r,s)

(r,s+1) (z)= (1−z) m
2m+2 zhr,s+1 2F1

(
m

m+1 ,
−rm+sm+m−r

m+1 ;−r+ ms

m+1+1;z
)
,ℱ(r,s)(1,2)(1,2)(r,s)

(r,s−1) (z)= (1−z) m
2m+2 zhr,s−1 2F1

(
m

m+1 ,
rm−sm+m+r

m+1 ;r− ms

m+1+1;z
)
.

(C.13)

The correlator (C.7) is a sesquilinear combination of holomorphic and anti-holomorphic
blocks, with coefficients determined by crossing symmetry. The final result is:

⟨ϕr,s(z1, z̄1)ϕ1,2(z2, z̄2)ϕ1,2(z3, z̄3)ϕr,s(z4, z̄4)⟩

=
( |z14|
|z13|

)∆1,2−∆r,s ( |z24|
|z14|

)∆r,s−∆1,2 ℱ(r,s)(1,2)(1,2)(r,s)(z, z̄)
(|z12||z34|)∆r,s+∆1,2

, (C.14)

whereℱ(r,s)(1,2)(1,2)(r,s)(z, z̄) = (C(r,s)(1,2)(r,s+1))2ℱ(r,s)(1,2)(1,2)(r,s)
(r,s+1) (z)ℱ̄(r,s)(1,2)(1,2)(r,s)

(r,s+1) (z̄)

+ (C(r,s)(1,2)(r,s−1))2ℱ(r,s)(1,2)(1,2)(r,s)
(r,s−1) (z)ℱ̄(r,s)(1,2)(1,2)(r,s)

(r,s−1) (z̄) .
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The anti-holomorphic blocks are obtained by evaluating the holomorphic blocks at
z → z̄, i.e. ℱ̄ϕ(z̄) ≡ ℱϕ(z̄). The coefficients of the sesquilinear combination are the OPE
coefficients, and the latter can be computed via the Coulomb gas formalism [42–44] reviewed
in section 5.3.34

Next, we compute

⟨ϕ1,2(z1, z̄1)ϕ1,2(z2, z̄2)ϕr,s(z3, z̄3)ϕr,s(z4, z̄4)⟩ . (C.15)

Again, we first solve the following second order ODE for the holomorphic correlator𝒟(z2)
2 ⟨ϕ1,2(z1)ϕ1,2(z2)ϕr,s(z3)ϕr,s(z4)⟩ = 0 , (C.16)

where 𝒟(z2)
2 is the differential operator of eq. (C.9) and we have (z is defined as in (C.12))

⟨ϕ1,2(z1)ϕ1,2(z2)ϕr,s(z3)ϕr,s(z4)⟩ =
ℱ(1,2)(1,2)(r,s)(r,s)(z)
(z12)2h1,2(z34)2hr,s

. (C.17)

The differential equation for ℱ(z) ≡ ℱ(1,2)(1,2)(r,s)(r,s)(z)

0 = 3(z − 1)
(
(z − 1)z(m+ 1)ℱ′′(z) + (z(m+ 2)− 2)ℱ′(z)

)− 3zhr,smℱ(z) , (C.18)

leads to the following Virasoro blocks

ℱ(1,2)(1,2)(r,s)(r,s)
(1,1) (z) = (1− z)

mr−ms+r+1
2m+2 2F1

( 1
m+ 1 ,

mr + r −ms+ 1
m+ 1 ; 2

m+ 1; z
)
,ℱ(1,2)(1,2)(r,s)(r,s)

(1,3) (z) = zh1,3(1− z)
mr−ms+r+1

2m+2 2F1

(
m

m+ 1 ,
rm− sm+m+ r

m+ 1 ; 2m
m+ 1; z

)
.

(C.19)

Finally, we have

⟨ϕ1,2(z1, z̄1)ϕ1,2(z2, z̄2)ϕr,s(z3, z̄3)ϕr,s(z4, z̄4)⟩ =
ℱ(1,2)(1,2)(r,s)(r,s)(z, z̄)
(|z12|)2∆1,2(|z34|)2∆r,s

, (C.20)

whereℱ(1,2)(1,2)(r,s)(r,s)(z, z̄) = ℱ(1,2)(1,2)(r,s)(r,s)
(1,1) (z)ℱ̄(1,2)(1,2)(r,s)(r,s)

(1,1) (z̄)

+ C(1,2)(1,2)(1,3)C(r,s)(r,s)(1,3)ℱ(1,2)(1,2)(r,s)(r,s)
(1,3) (z)ℱ̄(1,2)(1,2)(r,s)(r,s)

(1,3) (z̄) ,

with OPE coefficient

C(r,s)(r,s)(1,3)

=
Γ
(

m
m+1

)
Γ
(

2
m+1−1

)√ (m−1)Γ( m
m+1)Γ( 2m

m+1)Γ( 3
m+1−1)

mΓ(m−1
m+1 )Γ(2− 3

m+1)Γ( 1
m+1−1) Γ

(
m(s+1)

m+1 −r
)
Γ
(
r+m−ms

m+1

)
Γ
(

1
m+1

)
Γ
(

2m
m+1

)
Γ
(
−r+m(s−1)

m+1 +1
)
Γ
(
r−m(s+1)

m+1 +1
) . (C.21)

34See also the Mathematica notebook attached to the submission of [55], for an implementation of Coulomb
gas formulae.
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C.3 The four-point function with ϕ2,2 and ϕr,s

Consider the following correlator

⟨ϕ2,2(z1, z̄1)ϕ2,2(z2, z̄2)ϕr,s(z3, z̄3)ϕr,s(z4, z̄4)⟩ . (C.22)

To compute such a correlator, we first solve an ODE for the holomorphic correlator𝒟(z2)
4 ⟨ϕ2,2(z1)ϕ2,2(z2)ϕr,s(z3)ϕr,s(z4)⟩ = 0 , (C.23)

where 𝒟(z2)
4 (acting on point z2) is the differential operator:𝒟(·)

4 =ℒ(·)
−4+

4h2,2−3
6h2,2

ℒ(·)
−3ℒ(·)

−1−
4
9(h2,2+3)ℒ(·)

−2ℒ(·)
−2+

4h2,2+6
6h2,2

ℒ(·)
−2ℒ(·)

−1ℒ(·)
−1−

1
4h2,2

(ℒ(·)
−1)4 .

(C.24)

The holomorphic correlator takes the following form

⟨ϕ2,2(z1)ϕ2,2(z2)ϕr,s(z3)ϕr,s(z4)⟩ =
ℱ(2,2)(2,2)(r,s)(r,s)(z)
(z12)2h2,2(z34)2hr,s

, (C.25)

(z is defined in (C.12)) and ℱ(z) ≡ ℱ(2,2)(2,2)(r,s)(r,s)(z) satisfies:

0 = Aℱ′′′′(z) +Bℱ′′′(z) + Cℱ′′(z) +Dℱ′(z) + Eℱ(z) , (C.26)

with

A=−9
2(z−1)4z3 , B=−9(z−1)3z2(−z+2(2z−1)m(m+1)+2)

m(m+1) ,

C = 9(z−1)2z
2m2(m+1)2

[
z2(2m(m+1)(2hr,sm(m+1)+hr,s−7m(m+1)+5)−1)

−2
(
m(m+1)

(
m2+m−5

)
+2
)
+2z(m(m+1)(7m(m+1)−11)+2)

]
,

D= 9(z−1)
2m2(m+1)2

[
2z2

(
2hr,s

(
m2+m+1

)
+3(m−1)(m+2)

(
m2+m−1

))
+z3

(
hr,s

(
4m2(m+1)2−2

)
−4(m+2)m3+(3m+7)m−3

)
−2z

(
m(m+1)

(
m2+m−8

)
+8
)
−4
(
m2+m−2

)]
,

E= 9zhr,s

2m2(m+1)2
(
z2
(
−hr,s(2m+1)2+m2+m−2

)
−6z

(
m2+m−1

)
+6
(
m2+m−1

))
.

(C.27)

The four independent solutions to this differential equation are the Virasoro blocks,ℱϕ(z) ≡ ℱ(2,2)(2,2)(r,s)(r,s)
ϕ (z) ,

where ϕ ∈ {𝟙, ϕ1,3, ϕ3,1, ϕ3,3}. To compute them, we go to the radial coordinate frame (3.6),
in terms of which we can write ℱϕ(ρ) =

∞∑
n=0

a(ϕ)n ρhϕ+n , (C.28)
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and we fix the coefficients a(ϕ) recursively using the differential equation (C.26). The first
non-zero coefficients are found to be:

a
(1,1)
2 = 24hr,s

(m−2)(m+3) , a
(1,1)
4 =

16hr,s

(
8hr,sm

2+8hr,sm+30hr,s+7m2+7m
)

(m−2)(m+3)(3m−2)(3m+5) ,

a
(1,3)
1 = 2(m−1)

m+1 , a
(1,3)
2 =

4
(
−8hr,sm

3−14hr,sm
2−4hr,sm+2hr,s+3m4−9m3+11m2−m−4

)
(m+1)2(3m−2)(3m+1) ,

a
(3,1)
1 = 2(m+2)

m
, a

(3,1)
2 =

4
(
8hr,sm

3+10hr,sm
2+3m4+21m3+56m2+62m+20

)
m2(3m+2)(3m+5) ,

a
(3,3)
1 = 4

m(m+1) , a
(3,3)
2 =−8

(
hr,sm

4+2hr,sm
3+hr,sm

2−m2−m+2
)

(m−1)m2(m+1)2(m+2) . (C.29)

Finally, we have

⟨ϕ2,2(z1, z̄1)ϕ2,2(z2, z̄2)ϕr,s(z3, z̄3)ϕr,s(z4, z̄4)⟩ =
ℱ(2,2)(2,2)(r,s)(r,s)(ρ, ρ̄)
(|z12|)2∆2,2(|z34|)2∆r,s

, (C.30)

whereℱ(2,2)(2,2)(r,s)(r,s)(ρ, ρ̄) = ℱ(2,2)(2,2)(r,s)(r,s)
(1,1) (ρ)ℱ̄(2,2)(2,2)(r,s)(r,s)

(1,1) (ρ̄)

+ C(2,2)(2,2)(1,3)C(r,s)(r,s)(1,3)ℱ(2,2)(2,2)(r,s)(r,s)
(1,3) (ρ)ℱ̄(2,2)(2,2)(r,s)(r,s)

(1,3) (ρ̄)

+ C(2,2)(2,2)(3,1)C(r,s)(r,s)(3,1)ℱ(2,2)(2,2)(r,s)(r,s)
(3,1) (ρ)ℱ̄(2,2)(2,2)(r,s)(r,s)

(3,1) (ρ̄)

+ C(2,2)(2,2)(3,3)C(r,s)(r,s)(3,3)ℱ(2,2)(2,2)(r,s)(r,s)
(3,3) (ρ)ℱ̄(2,2)(2,2)(r,s)(r,s)

(3,3) (ρ̄) ,
(C.31)

with OPE coefficients [42–44]

C(r,s)(r,s)(1,3)=
Γ
(

m
m+1

)
Γ
(

2
m+1−1

)√ (m−1)Γ( m
m+1 )Γ( 2m

m+1 )Γ( 3
m+1−1)

mΓ(m−1
m+1 )Γ(2− 3

m+1 )Γ( 1
m+1−1) Γ

(
m(s+1)

m+1 −r
)
Γ
(
r+m−ms

m+1

)
Γ
(

1
m+1

)
Γ
(

2m
m+1

)
Γ
(
−r+m(s−1)

m+1 +1
)
Γ
(
r−m(s+1)

m+1 +1
) ,

C(r,s)(r,s)(3,1)=
Γ
(
1+ 1

m

)
Γ
(
−m+2

m

)√
− (m+2)2Γ( 1

m )Γ(−m+3
m )

m3Γ(2+ 3
m )Γ(− 1

m ) Γ
(
r+ r+1

m −s+1
)
Γ
(
s− (m+1)(r−1)

m

)
Γ
(
2+ 2

m

)
Γ
(
− 1

m

)
Γ
(
s−mr+r+1

m

)
Γ
(

mr+r−ms−1
m

) ,

C(r,s)(r,s)(3,3)=
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(

1
m+1
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Γ
(
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(

rm−sm+m+r
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) (C.32)

×

√√√√√−
2

m+3
m+1 sin

(
2π

m+1

)
Γ
( 1

m−1
)
Γ
(
− 3

m

)
Γ
(
− 1

m+1

)
Γ
(

2m
m+1

)
Γ
(

m+4
m+1

)
Γ
(

1
2+

1
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)
Γ
( 3
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)
Γ
(
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)
Γ
(
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) .

Next, we consider:

⟨ϕr,s(z1, z̄1)ϕ2,2(z2, z̄2)ϕ2,2(z3, z̄3)ϕr,s(z4, z̄4)⟩ . (C.33)
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We start from the holomorphic correlator

⟨ϕr,s(z1)ϕ2,2(z2)ϕ2,2(z3)ϕr,s(z4)⟩ =
(
z14
z13

)h2,2−hr,s
(
z24
z14

)hr,s−h2,2 ℱ(r,s)(2,2)(2,2)(r,s)(z)
(z12z34)hr,s+h2,2

,

(C.34)

(with cross-ration (C.12)) which satisfies the following ODE

𝒟(·)
4 ⟨ϕr,s(z1, z̄1)ϕ2,2(z2, z̄2)ϕ2,2(z3, z̄3)ϕr,s(z4, z̄4)⟩ = 0 , (C.35)

where 𝒟(z2)
4 is the differential operator of (C.24). The differential equation for

ℱ(z) ≡ ℱ(r,s)(2,2)(2,2)(r,s)(z) ,

reads
0 = Aℱ′′′′(z) +Bℱ′′′(z) + Cℱ′′(z) +Dℱ′(z) + Eℱ(z) , (C.36)

with

A=−9(z−1)4z4 , B=−12(z−1)3z3[z(h2,2−3hr,s+6)+h2,2+3hr,s−3],
C=2(z−1)2z2

[
(z+1)2h22,2+3h2,2(z(4−7z)+2(z−1)(5z+1)hr,s+5)

+9
(
−7z(z−1)−3(z−1)2h2r,s+(11z−5)(z−1)hr,s−1

)]
,

D=2(z−1)z
[
2(z+1)3h32,2+2(z+1)h22,2(3z(z+1)+(z−1)(3z−5)hr,s+2)

+6h2,2
(
−2(z−3)z2+z−(7z−1)(z−1)2h2r,s+2(z(z(5z−9)+2)+2)hr,s−1

)
+9(z−1)

(
z+2z2((hr,s−4)(hr,s−1)hr,s−1)

−2zhr,s(hr,s(2hr,s−7)+4)+2hr,s(hr,s−1)2
)]
,

E=−(z+1)4h42,2−2(z+1)2h32,2
(
z(z+8)+

(
6z2−8z+2

)
hr,s+1

)
+h22,2

[
3z(z((z−2)z+6)−2)−2(3z(5z−6)−1)(z−1)2h2r,s

−2(3z+1)(z(5z+8)−5)(z−1)hr,s+3]
+6(z−1)h2,2hr,s

[
z2(3z−11)+z+2(3z−1)(z−1)2h2r,s−(z(17z−20)+1)(z−1)hr,s−1

]
−9(z−1)2h2r,s

[
z2((hr,s−6)hr,s+1)−2z(hr,s−4)hr,s+(hr,s−1)2

]
.

(C.37)

There are four Virasoro blocks, ℱϕ ≡ ℱ(r,s)(2,2)(2,2)(r,s)
ϕ , corresponding to

ϕ ∈ {ϕr+1,s+1,,ϕr+1,s−1,,ϕr−1,s+1,,ϕr−1,s−1,} .

Going to radial coordinates (3.6), we write:

ℱϕ(ρ) =
∞∑

n=0
a(ϕ)n ρhϕ+n , (C.38)
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and fix the coefficients a(ϕ) recursively using (C.36). The first non-zero coefficients are
found to be:

a
(r+1,s+1)
1 = 2(mr −ms+ r + 2)

m(m+ 1)(mr −ms+ r) ,

a
(r+1,s−1)
1

2
(
2m2(r − s+ 1) +m(3r − s+ 2) + r + 2

)2
m(m+ 1)(m(r − s+ 2) + r)(m(r − s+ 2) + r + 2) ,

a
(r−1,s+1)
1 = 2

(
2m2(r − s− 1) +m(3r − s− 2) + r − 2

)2
m(m+ 1)(m(r − s− 2) + r − 2)(m(r − s− 2) + r) ,

a
(r−1,s−1)
1 = 2(mr −ms+ r − 2)

m(m+ 1)(mr −ms+ r) .

(C.39)

The final result reads

⟨ϕr,s(z1, z̄1)ϕ2,2(z2, z̄2)ϕ2,2(z3, z̄3)ϕr,s(z4, z̄4)⟩

=
( |z14|
|z13|

)∆2,2−∆r,s ( |z24|
|z14|

)∆r,s−∆2,2 ℱ(r,s)(2,2)(2,2)(r,s)(ρ, ρ̄)
(|z12||z34|)∆r,s+∆2,2

, (C.40)

whereℱ(r,s)(2,2)(2,2)(r,s)(ρ, ρ̄) = (C(r,s)(2,2)(r+1,s+1))2ℱ(r,s)(2,2)(2,2)(r,s)
(r+1,s+1) (ρ)ℱ̄(r,s)(2,2)(2,2)(r,s)

(r+1,s+1) (ρ̄)

+ (C(r,s)(2,2)(r+1,s−1))2ℱ(r,s)(2,2)(2,2)(r,s)
(r+1,s−1) (ρ)ℱ̄(r,s)(2,2)(2,2)(r,s)

(r+1,s−1) (ρ̄)

+ (C(r,s)(2,2)(r−1,s+1))2ℱ(r,s)(2,2)(2,2)(r,s)
(r−1,s+1) (ρ)ℱ̄(r,s)(2,2)(2,2)(r,s)

(r−1,s+1) (ρ̄)

+ (C(r,s)(2,2)(r−1,s−1))2ℱ(r,s)(2,2)(2,2)(r,s)
(r−1,s−1) (ρ)ℱ̄(r,s)(2,2)(2,2)(r,s)

(r−1,s−1) (ρ̄) .
(C.41)

The OPE coefficients can be again computed via the Coulomb gas formalism discussed in
section 5 and implemented in [55].

D Contour deformations with MB

Section 5 explored the idea of writing perturbative data in long-range deformations of ℳm+1,m

as multi-dimensional Mellin-Barnes integrals. Computing the large-m expansion of such
integrals analytically was possible but only after a long sequence of contour deformations
designed to avoid pinchings. The warm-up calculations in subsections 5.4 and 5.5 are some of
the few that are practical enough to do by hand. For the ϕ2,2χ beta function in subsection 5.6
(which is also hard to study using a multi-coupling RG flow), we made essential use of an
automated solution. This is the Mathematica package MB [45] which we ran for about an
hour. In this appendix, we will review the basics of this package and then give explicit code
which performs the calculations in the main text.

D.1 Overview

The main property which makes Coulomb gas integrals different from the most familiar
massless Feynman integrals is that they involve non-integer propagator powers. Any package
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which is able to analyze their singularities needs to be written with this in mind.35 This
requirement is met by MB [45] which runs very quickly when there is one screening charge
and slows down dramatically when this number is increased. Let us now delve into some
of the details.

The first input for MB is a Mellin-Barnes integrand which distinguishes between two
types of symbols — integration variables and constant parameters. The second input is a
set of substitution rules which make all gamma (and polygamma) arguments positive. The
output is a set of Laurent expansion coefficients which are generated as we let the constant
parameters approach some final values.

Starting with the inputs, the Mellin-Barnes integral is found by using the Coulomb gas
and applying (5.31) and (5.38). With N = N+ + N− non-chiral screening charges and n

other operators, these generate an integral of dimension

D =
N+n−1∑

k=n

k(k − 3)
2 = N

N2 + 3Nn+ 3n2 − 6N − 12n+ 5
6 . (D.1)

Coming to the substitution rules, there are a few possibilities.

1. Sometimes it is possible to make the gamma arguments positive by setting constant
parameters to their final values right away. In this case, one simply has to Taylor
expand and all non-trivial functionality of MB is skipped.

2. Sometimes it is impossible to make the gamma arguments positive. In this case, extra
regulator parameters analogous to δ in (5.44) need to be introduced.

3. In all other cases, one chooses suitable initial values for all constant (including regulator)
parameters. This choice is usually inspired by the physics of the problem although MB
provides a helper function which can be used as a last resort.

The heart of MB records all pole crossings that take place as a constant parameter is moved
between its initial and final values. By taking residues every time, it generates a list of new
integrals with dimensions between 0 and D (recall that we saw dimensions 1 and 2 in (5.47)).
Each of these integrals in turn produces its own list of integrals once the next constant
parameter is varied. When none are left, the last layer in the tree of integrals needs to be
expanded. When the first few terms in the large-m expansion have a simple analytic form, it
is usually becasue non-trivial integrals in this last layer drop out at leading order.

D.2 Example code

We will now explain how to rederive (5.37) and (5.58) with MB. As expected, the code snippets
below will constitute analytic proofs of these results. Terms that MB only knows how to
evaluate numerically happen to be absent until higher orders in the large-m expansion.

35See [104] for a recent state-of-the-art package assuming integer powers.
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Starting with the Virasoro block ℱ(1,2)(1,2)(1,2)(1,2)
(1,1) , the large-m expansion is handled

with the following four lines.

int = (z/(1 - z))ˆg*Gamma[-g]*Gamma[g+am2]*Gamma[1-am2+g]/Gamma[2-2*am2+g];

rules = MBoptimizedRules[int, am2->1, {}, {am2,z}];

cont = MBcontinue[int, am2->1, rules];

list = MBmerge[MBexpand[cont, 1, {am2,1,1}]];

Clearly, the first line defines the Mellin-Barnes integral from (5.34). The second line then uses
the code MBoptimizedRules[] to find values of γ and α2

− which make all gamma arguments
positive.36 The non-trivial step of performing the analytic continuation in α2

− is done by
MBcontinue[] in the third line. Finally, the fourth line computes a list of terms which may
be expanded in 1/m to yield the second equality in (5.35).

The exact same procedure works for ℱ(1,2)(1,2)(1,2)(1,2)
(1,3) if we edit the first line to read

int = (z/(1 - z))ˆg*Gamma[-g]*Gamma[g+am2]*Gamma[1-am2+g]/Gamma[2+g];

instead.
Moving onto the multi-variable example I1,2, we should run

int = Gamma[-x/2]*Gamma[-y/2]*Gamma[2*am2-1-x/2]*Gamma[2*am2-1-y/2];

int *= Gamma[1-am2+(x+y)/2]*Gamma[2-3*am2+(x+y)/2];

int *= Gamma[2-d-(3*am2-x)/2]*Gamma[2-d-(3*am2-y)/2]*Gamma[3*am2-3+2*d-(x+y)/2];

int /= Gamma[d-1+(3*am2-x)/2]*Gamma[d-1+(3*am2-y)/2]*Gamma[2*d+4-3*am2+(x+y)/2];

rules = {{am2->89/192, d->105/128}, {x->-1/2, y->-3/8}};

rules = MBcorrectContours[rules, 10000];

cont1 = MBcontinue[int, d->0, rules];

list1 = MBmerge[MBexpand[cont1, 1, {d,0,0}]];

cont2 = MBcontinue[#[[1]], am2->1, #[[2]]] &/@ list1;

list2 = MBmerge[MBexpand[cont2, 1, {am2,1,-2}]];

which takes a few seconds. The first difference is that we have supplied a set of rules
manually which is faster than calling MBoptimizedRules[]. The second difference is that
the continuation now has two steps. The result of taking δ → 0 (even after taking the
constant term and dropping O(δ)) is a list of integrals. This entire layer must be fed into
MBcontinue[] so that α2

− → 1 can be applied to each entry. Fortunately, the final result,
once expanded in 1/m and integrated, yields the closed form result (5.59).

The most time consuming contour deformation in this paper (and the main reason to
use MB) is the one for I2,2, namely (5.64). To arrive at a set of substitution rules which make

36Note that this function succeeds whenever it returns a non-empty set of rules. Error messages which
are sometimes displayed before this happens, saying for example that no rules could be found, should be
ignored [45].
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the contour straight, demand that all exponents are between 0 and 1 whenever (5.38) is used.
When using it on t1, this produces values of α2

+ and α+α− which make the ℜδij > 0 linear
programming problem easy to solve. Next for t2, these partial rules plus a suitable value of
α2
− allows ℜγij > 0 to be solved quickly as well. It is then not difficult to tune γ until all

arguments are positive. Using this method, a set of rules which does the job is found to be

α2
+= 41

72 , α2
−= 361

576 , α+α−=−11
48 , γ=−989

576 , ℜγ12=
1
8 , ℜγ13=

11
96

ℜδ12=
1
24 , ℜδ13=

1
12 , ℜδ14=

1
6 , ℜδ23=

1
24 , ℜδ24=

1
8 . (D.2)

Let us assume that int has been set to (5.64) and rules has been set to (D.2). Before
finishing, we must contend with the fact that the large m limit sends α2

+ → 1 and α2
− → 1 at

the same time. This is a problem which only appears when both types of screening charges
are present.37 If we define ϵ ≡ m−1, a viable strategy is to cut off the infinite sum in

α2
+ = 1 + ϵ, α2

− =
∞∑

k=0
(−ϵ)k (D.3)

and then treat different functions of ϵ as separate parameters which go to zero. The number
of terms to keep is set by the number of powers of m which are desired in the final result.
To extract the leading and first subleading singularities, it is enough to use

α2
+ = 1 + ϵ1, α2

− = 1− ϵ1 + ϵ2 (D.4)

where we later set ϵ1 = ϵ and ϵ2 = ϵ2 − ϵ3. The code for expanding in these two parameters
is now straightforward. Using g, apam, e1, e2 to denote (γ, α+α−, ϵ1, ϵ2) respectively,
we should run

rules = MBcorrectContours[rules, 10000];

cont1 = MBcontinue[int, g->0, rules];

list1 = MBmerge[MBexpand[MBpreselect[cont1, {g,0,0}], 1, {g,0,0}]];

cont2 = MBcontinue[#[[1]], apam->-1, #[[2]]] &/@ list1;

list2 = MBmerge[MBexpand[MBpreselect[cont2, {apam,-1,0}], 1, {apam,-1,0}]];

cont3 = MBcontinue[#[[1]], e2->0, #[[2]]] &/@ list2;

list3 = MBmerge[MBexpand[MBpreselect[cont3, {e2,0,0}], 1, {e2,0,0}]];

cont4 = MBcontinue[#[[1]], e1->0, #[[2]]] &/@ list3;

list4 = MBmerge[MBexpand[MBpreselect[cont3, {e1,0,-1}], 1, {e1,0,-1}]];

which finishes in about an hour.38 A few optimizations are present but the important feature
of this code is that only the γ → 0 and α+α− → −1 continuations allow us to pick out

37A naive way to account for this would be to take α2
+ → α−2

− followed by α2
− → 1 but this would give the

wrong answer. Gamma functions containing the sum of a parameter and its inverse lead to very expensive
analytic continuations which MB does not implement. As stated in [45], parameters known to MB must enter
linearly in the arguments of gamma functions.

38To prevent it from taking much longer, we have modified MB so that the MBmerge[] command no longer
calls Simplify[].
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the constant term. For ϵ1 and ϵ2, we must consider a genuine double expansion containing
inverse powers of both. The output list4 ultimately has all of its O(m4) dependence come
from O(ϵ−2

1 ϵ−2
2 ), specifically

−1
6ϵ

−2
1 ϵ−1

2 = −1
6ϵ

−4(1 + ϵ)−1 = −1
6(m

4 +m3) +O(m2). (D.5)

The −1
6 is actually expressed in terms of a few unevaluated single integrals but they can

all be computed with the first Barnes lemma. The remaining pieces at O(m3) now come
from different types of terms as follows.39

O(ϵ−1
1 ϵ−1

2 ) : 0, O(ϵ−3
1 ) : 16m

3 (D.6)

The 0 comes from taking a result with unevaluated double integrals and using the first Barnes
lemma iteratively. Arranging (D.5) and (D.6) into a final result, (5.65) follows.
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