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ABSTRACT

In wireless communications, estimation of channels in OFDM systems spans frequency and time, which relies on sparse

collections of pilot data, posing an ill-posed inverse problem. Moreover, deep learning estimators require large amounts of training

data, computational resources, and true channels to produce accurate channel estimates, which are not realistic. To address

this, a convolutional neural tangent kernel (CNTK) is derived from an infinitely wide convolutional network whose training

dynamics can be expressed by a closed-form equation. This CNTK is used to impute the target matrix and estimate the missing

channel response using only the known values available at pilot locations. This is a promising solution for channel estimation

that does not require a large training set. Numerical results on realistic channel datasets demonstrate that our strategy accurately

estimates the channels without a large dataset and significantly outperforms deep learning methods in terms of speed, accuracy,

and computational resources.

1 | Introduction

Orthogonal frequency-division multiplexing (OFDM) is a mod-
ulation technique that has been extensively adopted in commu-
nication systems because it enables high data rate transmission
while maintaining excellent bandwidth efficiency. OFDM divides
the available spectrum into a number of overlapping but orthog-
onal narrowband subchannels, and hence converts a frequency-
selective channel into a non-frequency-selective channel [1]. As
a result, OFDM has started to be standardised as a key physical-
layer technique in wireless LAN standards such as the American
IEEE802.11a and the European equivalent HIPERLAN/2, and
many commercial systems [2].

Deep learning (DL) has recently emerged as a powerful tool in
communication systems, and Various DL approaches have been
introduced to enhance the performance of traditional algorithms,

particularly in tasks such as modulation recognition [3], signal
detection [4] and channel estimation [5-8]. Notably, several
studies have explored the use of deep convolutional neural
networks (CNNs) for channel estimation [9-12], where both the
input data and estimated channel responses are represented as
images. In reference [8], a lightweight CNN was first used to
extract relevant features from the pilot data. These extracted
features were then passed through a transformer network to
refine the channel estimation. Similarly, in reference [9], a
CNN was used to estimate the channel by feeding the real and
imaginary parts of least square (LS) estimated channels as input
image, while training data was generated using the 5G New
Radio Tapped Delay Line channel model. In references [12-
14], conditional generative adversarial networks (cGAN)s were
employed to estimate the channels as images. In reference [12],
the input of the network was the quantised received signal, and
the output was the estimated channel. In references [13, 14],
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authors estimated the channels by cGANs while using the full
channel image as groundtruth. Similarly, in reference [10] super
resolution convolutional neural networks (SRCNN) model was
proposed, taking a 2D noisy image as input representing the
channel response at pilot locations, and producing the estimated
channel as output. In all these works [8, 12-14], the channel
response was estimated by training CNN models that use the
simulated true/groundtruth channels to compute the network’s
training loss, which is not available in reality and requires large
training time. Motivated by the above mentioned works, in this
work, a lattice type pilot pattern is considered, and the time-
frequency grid of fast fading communication channel is regarded
as a three-dimensional (3D) image. The proposed contribution
is to train an infinite width neural network [15, 16] for matrix
imputation, which does not require a large dataset or true
channels and significantly less time for channel estimation. The
objective is to estimate the unknown values of the channel
response while using only the known values at the pilot locations.

To the best of our knowledge, this is the first work exploring
the concept of infinite width convolutional network for channel
estimation. Several recent research have shown that wider neural
networks provide notable advantages in terms of generalisation,
classification accuracy and feature learning efficiency [17-19].
Interestingly, artificial neural networks (ANN)s behave like Gaus-
sian processes as the network width tends to infinity [20, 21],
which directly links to kernel methods. The proposed method
(noted as channel-CNTK - channel convolutional neural tangent
kernel) extends this idea further by using a convolutional neural
tangent kernel (CNTK) [15] to impute the sparse time-frequency
channel response image. The contributions of this letter are
summarised below:

* To estimate the unknown values of the channel response from
only the channel response at pilot positions, an infinitely wide
CNN for kernel regression is employed.

* Numerical results show that our approach outperforms other
deep learning approaches when large training sets or true
channels are unavailable for training.

2 | Background

If the time-frequency grid is discretised for channel estimation
as a grid of points, the prediction of channel response by inter-
polating data from existing channel response at pilot locations
can be considered as a matrix imputation problem, where the
missing matrix element values (the grid points) are estimated
from the observed entries (pilot points). A number of learning-
based methods for imputing missing values rely on supervised
algorithms that use datasets with complete observations to find
connections between missing and available data [22, 23]. Authors
of references [15, 24, 25] introduced a method for regression,
shape completion, and reconstruction using incomplete data
by infinite width neural networks. Radhakrishnan et al. in
reference [25] showed drug response prediction, and the authors
of reference [15] showed regression by infinite neural networks.
Interestingly, in reference [24], authors tackled reconstruction
and unsupervised shape completion using sparse scanned data.

Channel response Estimated
at pilot locations Channel
7 4 Filter Jtoco
%
“'5. 6'} O Convolutional NTK
X Kernel Regression ~
V"‘ 5 L
N\ XN/
Input Layer ¥ Output Layer [
- )
Infinitly wide convolutional neural -
network

FIGURE 1 | An overview of the proposed Channel-CNTK method,
which accurately and quickly estimates channel response by exploiting
the width limits of neural networks. The main contribution lies in the
computation of kernels.

In that work, the solution depends on a deep prior inspired by
the neural tangent kernel (NTK).

3 | Methodology
3.1 | Inverse Problem Formulation

In this work, the goal is to estimate the channel time-frequency
response H € CM*N within an OFDM frame, where M and N
represent the subcarriers and time slots (each time slot contains
an OFDM symbol), respectively. The estimation relies solely
on sparsely distributed pilot symbols P, transmitted at specific
subcarriers and time slots. Each channel response is H, , €
CM*N 'located at coordinates (m, n) within the grid, where m €
{0,...,M — 1} and n € {0, ..., N — 1}. The task of estimating the
channel response at H,,,, from these limited pilot observations
P can be viewed as an inverse problem. The objective of channel
estimation is to learn a function f, : C* — CM*¥ capable of pre-
dicting the channel response at all subcarrier-time slot locations
where pilots are not available. Here, 6 denotes the parameters of
the function f, and P represents the number of pilot observations.
In this work, f is the infinite width network for kernel regression.
A high level overview of the proposed Channel-CNTK method is
shown in Figure 1.

3.2 | Neural Tangent Kernels

A neural network (NN) is a function f,(x) given by:

Jo(0) =70, 80, $(Ve, 8. (7o, (X)) ..)), @

where x is the input and y, €{1,...,L}, are the functions of
the layer, followed by a nonlinear function known as activation
¢., which According to reference [26], the training of infinite
width networks can be described by a kernel function. Thus,
with a kernel known as the NTK, solving kernel regression is
similar to training infinite width networks [26]. We provide the
CNTK formulation using the equation in section 4 in reference
[15]. The CNTK tensor @ € RM*XNXMXN wag defined and used in
a regression setting. In this case, the CNTK is a 4-dimensional
tensor where the inputs are coordinate features of the target
matrix.
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Definition (Neural Tangent Kernel). Let f,(x) : R® - R
denote a neural network with initial parameters w,. The NTK,
K : R¢ x RY — R is a positive semi-definite function given by:

K(x,x") = (Vo fu, (0), Vo, [, (X)), )

where V,, f,, (x) is the gradient and w, € R” denotes the param-
eters at initialisation.

Likewise, for convolutional networks, different number of layers,
kernel size, and convolution, skip connections of neural networks
are used to construct the CNTK (more details can be found in
reference [15]).

Definition (Convolutional NTK). Let y,(W) represent an
L layer convolutional network which maps the feature of A €
ROMXN to the target matrix Y € R, when the number of
convolutional filter approaches infinity, the CNTK, K : RY x
R¢ — R of y, is a positive semi-definite kernel given by:

K(Xm,n’Xm’,n’) = [GL(A’A/)]m,n,m’,n’y (3)

where, X,,, ., X,y v € R is the indicator matrices at coordinate
(m,n) and (m’,n’) and O is the tensor at the final layer L. As
derived in reference [15], if f(X) = XTy,(W) for X € R the
kernel at the indicator matrices is given by:

6(YA(W)m,n) S(YA(W)m’,n’)

KX, 0 Xt
( mpsdm ,n) 5ch,ﬁ SWa,ﬁ

[®L(As A,)]m,n,m’,n’ (4)

where f(X) is a function of the infinite width CNN’s output and
input with respect to W, ;, which are the indexed parameters.
A € COMXN jg a prior tensor, where C is the number of channels
and W are the weights. In this study, we initialised A using a
prior, which resembles semi-supervised learning and captures the
relationship among the coordinates within the target matrix. In
this work, in the context of channel estimation, similar to local
image prior (LIP) used in reference [27], the sparse H 55 image, is
used to initialise A for the CNN model.

3.3 | CNN Model Architecture

When the network width tends to infinity, the CNTK is derived
using a CNN. The proposed CNN model is modified from
reference [28] and has six convolutional layers, each using a
kernel size of (3, 3), followed by LeakyReLU activation, where
0.05 and 1 are the slopes, providing nonlinearity while main-
taining kernel tractability. Transposed convolution, upsampling
or trilinear upsampling are employed to change the spatial
dimensions of the feature maps. The hyperparameters of the
CNN model, such as the number of layers, kernel size, and
activation function, were selected based on prior work [23] by
empirical validation to balance performance and computational
efficiency.

(NN

FIGURE 2 | Example of a sample of channel time-frequency
response images. (a) The received signal Y, (b) transmitted symbols X,
(c) channel response at pilot locations Hfs (the target matrix which we
want to impute) and (d) perfect channel estimate Hpe,f, by MATLAB 5G
toolbox [29].

3.4 | Image of Channel Response Time-Frequency
Grid

In this study, we focus on a link between a pair of Tx and Rx
antennas in a device-to-device fast-moving scenario. The channel
time—frequency response matrix, denoted as H (of size M X N)
characterises the link between the transmitter and receiver using
complex values. This can be considered as a 3Dimage, that is,
H € Cow™MN ‘where Cy, M and N are the channel, height, and
width of the channel image, respectively. In an OFDM system,
the received signal Y, ,, after removal of cyclic prefix and discrete
Fourier transform performed at the mth subcarrier and nth time
slot can be expressed by Equation (5):

Ym,n = Xm,nHm,n + Zm,n’ (5)

where Y,X,H,Z € C""" and X,,,, Hy,,.,Z,, represent the
known transmitted symbol, channel response and additive white
Gaussian noise (AWGN) with zero mean and variance o2 at the
mth subcarrier and the nth time slots, respectively. Following the
least square (LS) estimation specifically with fading, the estimate
of the channel H, fs at pilot positions can be expressed as:

HY =Y/X. 6

A visual representation of normalised image for a sample of
received signal Y, estimated channel response at pilot locations
H ES, (i.e., the target matrix which we want to impute) and perfect
estimation of the channel Hy,,; on time-frequency grid with M =
14 time slots and N = 360 subcarriers (based on 5G New Radio
[5G-NR] 3GPP standard [29]) is shown in Figure 2.

3.5 | Estimating the Channel With CNTK

In this case, the sparse channel response Hfs (see Figure 2c)
has dimensions M x N. The sub-tensors H. ﬁ’ssub from H/(in the
following sections, M = 12, N = 14 is chosen, sub-tensor details
are given in section 4.2) and the CNTK K € CMXNXN T et
X’ be the set of available channel response locations and y
the corresponding channel response; X is the location of an

unobserved point where the prediction of the channel response
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is made. The predicted value H (x) is given by:
Ax) =KX, X) KXX) 'y 7)

where K (X, X') is the CNTK evaluated between the training data
and the predicted location. K (X, X) and X is the CNTK evaluated
using X as the training data.

4 | Numerical Results

In this section, channel-CNTK approach is evaluated with differ-
ent pilot density using traditional interpolation techniques and
neural network models, namely, ANN and cGAN.

4.1 | Evaluation Metric

The normalised mean squared error (NMSE) is utilised to calcu-
late the difference between the estimated matrix H and the true
channel matrix H, which is expressed as:

IH - H|?
NMSE =101 E| ————
S Olog,, { THE (8)
where || - || denotes the matrix norm calculation and E obtains

values of expectation. And 10log,{-} is calculated to obtain
NMSE values in decibels.

4.2 | Implementation Details and Datasets

As shown in reference [9], the dataset is generated using the
MATLAB 5G Toolbox [29], employing the 3GPP Tapped Delay
Line (TDL-A) channel model for realistic channel modelling and
pilot transmission. MATLAB is used only to create the dataset
and was not used elsewhere for the DL-based channel estimation.
Pilot symbols are placed in every fourth subcarrier and every
second OFDM symbol, which can be adjusted to increase the
density of pilots to 24, 16, and 12 pilots per resource block across
the time-frequency grid. The number of resource blocks in our
experiments was 30, but it can be 15, 30, etc. The target is to
estimate the channel from each sparse H' image. The H} €
CCr*MxN ywhere M = 360, N = 14 and C;; = 1. Given the large
size of the tensors, H{ is split into 30 equal parts as Hyg
with size 12 X 14 X 1 for the Channel-CNTK imputation process.
After imputation, each sub-tensor H fssub were stitched together to
form the full estimated channel. For each image of Hfs, the best-
performing configuration of the proposed CNTK model—using
720 training samples and the remaining pixels as test samples, the
baseline deep learning (DL) models and traditional interpolation
methods were also trained using 720 known (training) pixels
and evaluated on the remaining unknown (test) pixels. That is
approximately only 7% of the total pixels available in a 360 X
14 x 1 image. Both ANN and cGAN generator models were
trained with 0.001 learning rate, ADAM optimiser, and mean
squared error (MSE) loss. Deep learning model (cGAN and ANN)
architecture and training parameters are given in references
[30-33]. For the channel models of TDL-A (with short delay
spread) with carrier frequency of 2.1 GHz, a Doppler shift of
approximately 175 Hz, and user equipment (UE) speed of 50
km/h, are considered. For each pilot arrangement (12, 16, and 24),
the dataset contains 100 samples.

x102 N x10% x102 %102 %102 x102

3 3 3 3 3 3

0.8
2] 2] 2 2 2 2! Hos

0.4
1 1 1 1 1 1

0.2
0% 10 % 10 %10 % 10 % 10 % 10

(a) (b) () () () ®)

FIGURE 3 | Estimated channels by different methods: (a) and (b)
show DNN and cGAN estimations, (c) and (d) present fuzzy and degraded
estimates from KNN and linear methods, (e) showcases our Channel-
CNTK estimation and (f) shows the perfect channel estimation from
MATLAB for comparison, not used for estimation.

4.3 | Visual Analysis

The estimated channels by hannel-CNTK and comparison with
other approaches are shown in pseudo-colour images in Figure 3.
The results of the DL models, in Figure 3a (DNN) and 3(b)
(cGAN), struggle to generalise and learn the channel features.
This is because there are few training samples (24) per resource
block that are insufficient to train a DNN or a cGAN. A robust
cGAN with two neural network models - generator (G) and
discriminator (D), having a large number of parameters, trained
on limited features and only 7% of total pixels in each H[,
is not reliable. This leads to poor accuracy and generalisation
performance of the cGAN and ANN models. In Figure 3c,
KNN estimates the reference (groundtruth) channel response
(Figure 3f). Upon closer inspection (zooming), one can clearly
see notable artefacts and fuzzy distortions within the interpolated
areas. Linear interpolation in Figure 3d fails to accurately capture
the channel characteristics due to its inherent linear assumptions
(the non-interpolated region can be seen on the right side of
the image). In contrast, in Figure 3e, the proposed CNTK-
based method shows remarkable performance, very closely
approximating the reference perfect channel response (Figure 3f).
The results confirm that channel-CNTK effectively captures the
spatial features of the channel, outperforming deep learning and
traditional interpolation methods on a limited number of training
data points in an image.

4.4 | Quantitative Analysis and Impact of Pilot
Density

To further validate the results of visual inspection, we compare
the impact of various SNR conditions on channel estimation
accuracy. Figure 4 shows that CNTK consistently outperforms
deep learning models and traditional interpolation methods
across SNRs ranging from —10 dB to —30 dB, with channel
estimation accuracy improving as the number of pilot symbols
increases. The cGAN and DNN models exhibit poor performance
due to the insufficient number of training points in each sample
of HY,, limiting their ability to learn from the channel features.
A similar trend is observed for linear interpolation. KNN and
CNTK-12 also show performance degradation at high SNRs,
attributed to the limited training samples. In contrast, channel-
CNTK consistently achieves the best results across all SNR values,
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TABLE 1 | Comparison of methods in terms of memory usage and speed.

Method Memory usage Training/image Inference/image
DNN 1.2 GB RAM + 320 MB VRAM 40s 1s

cGAN 10 GB RAM + 10 GB VRAM 46 min 1s

Linear 1.2 GBRAM — 1.85%x 107%s
KNN 1.2 GB RAM — 1.846 X 10™%s
Channel-CNTK 1.2 GBRAM — 1.48 x 107*s

20 R

g
~ 0
w
%]
=
=2
5 —20
@©
—
g
< RN
—40 1 ---- Channel-CNTK-12 —+— K
=— Channel-CNTK-16 —— DNN
—%— Channel-CNTK-24  —— cGAN
=== linear
-60

-10 -5 0 5 10 15 20 25 30
SNR (dB)

FIGURE 4 | Performance of different methods with varying SNRs.

even with only 24 pilots per resource block, and demonstrates
robustness at low SNRs compared to other methods.

This can be attributed to the ability of the infinite width network
to extract feature maps from the structure of the data and
provide accurate estimations of the CNTK, therefore mitigating
the influence of noise on kernel regression and proving the
reliability of our CNTK approach.

4.5 | Comparative Analysis of Time Efficiency of
the Algorithms

We examined the efficiency of the Channel-CNTK method in
terms of memory consumption and the time required for infer-
ence. Our analysis shows that the cGAN and DNN approaches
required approximately 46 minute during 500 epochs and 46
seconds during 1000 epochs on one image to train, respectively,
on a machine with 32GB RAM and 32GB GPU memory (Intel core
i7, NVIDIA ADA 3500). Both models required higher memory,
specifically for DNN and cGAN, 320 MB VRAM and 10GB VRAM
for training. In contrast, as shown in Table 1, to train and impute
the channel matrix, channel-CNTK method took only 1.48 X
10~* seconds to impute one complete channel image. The CNTK
computation time was 1.2 X 10~! seconds.

5 | Conclusion
In this letter, we propose a fast channel estimation framework

using an infinitely wide CNN. In contrast to alternative channel
estimate methods, this method remarkably reduces the time

required and computational resources (memory, machine con-
figuration, etc.). Moreover, a large dataset of any groundtruth
channels generated from a simulator is not required for channel-
CNTK, as required for training deep learning models. From only
a few pilots in an image, the proposed CNTK-based method can
estimate the channel response fast with accuracy in under 1.48 x
10~*s. In conclusion, the Channel-CNTK is a solution for channel
estimation, offering a balance between efficiency, computational
resources, and accuracy when no large dataset or groundtruth is
available. channel-CNTK can be extended to uplink, downlink or
massive MIMO channel estimation, with further refinements and
validations planned to enhance its robustness and applicability in
the next work.
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