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A non-local model for heterogeneous material flow
on conveyor belts

Paola Goatin® Simone Gottlich? Fabian Ziegler?

October 7, 2025

Abstract

In this paper, a finite volume approximation scheme is used to solve a non-local macro-
scopic material flow model in two space dimensions, accounting for the presence of bound-
aries in the non-local terms. Based on a previous result for the scalar case, we extend the
setting to a system of heterogeneous material on bounded domains. We prove the conver-
gence of the approximate solutions constructed using the Roe scheme with dimensional
splitting, where the major challenge lies in the treatment of the discontinuity occurring in
the flux function. Numerical tests show a good agreement with microscopic simulations.

Keywords: non-local systems of conservation laws; heterogeneous material flow; Roe scheme;
boundary conditions.
2010 Mathematics Subject Classification: 35165, 656M12

1 Introduction

In this paper, we consider the Cauchy problem for a system of non-local conservation laws in
two space dimensions describing the movement of IV classes of objects of different sizes and
corresponding maximal densities R, > 0, ¢ = 1,..., N, on a domain Q C R%. The initial-
boundary value problem for the particle densities p = (p!,..., p"V) as a function of time ¢ and
position (z,y) € Q is given by

o+ 7 (i (0% e0) + o8 l(0) ) =0, (e TI xR
p°(0,z,y) = pg(z,y), (z,y) €9,

for any T' > 0, where for the weighting factor e, > 0

V(e xr)

c\/1 + HV(UC * r)HZ.
(1.2)

N
r= Z aep”, Ugyn[r] =H(*1 — Tmaz) Le|r] with I.[r] = —¢
c=1
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Above, H denotes the Heaviside function, which becomes active whenever the maximal density
Tmaz > 0 (expressed in terms of the smallest object density, see pce concept in traffic) is
exceeded, while 77,7, are positive, smooth mollifiers depending on the object sizes. The
(weighted ) total density r is defined referring to the PCE concept [15], where we set a, =
Ri/R.. Let us suppose ¢ = 1 is the class of smallest pieces, so that its maximal density
Ry > R, for all ¢ > 1. In this way, rmee = R1.

The scalar version of was introduced in [10], to model the flow of particles on a conveyor
belt. The velocity vector field induced by the conveyor belt is denoted by v**** and is constant
in time and the same for all classes. Below the maximal density 7,,4., parts are transported
with the velocity of the conveyor belt. If the density exceeds 7,4z, the dynamic velocity
vector field 'vgy” becomes active and models the collision of particles via the operator I.[r].
The negative gradient of the convolution 7. *r pushes the mass towards lower density regions.
The particular choice of the collision operator I.(r) was introduced in [5] to describe crowd
dynamics. In particular, the norm appearing in the denominator is the Euclidean norm in
R2, so that the denominator acts as a smooth normalisation factor.

To model boundaries in the form of walls and other obstacles, we follow an approach
introduced in [4] and later developed in [8, 9], by incorporating the information in the convo-
lution kernel. For this, assume Q¢ = R?\ © to be a compact set consisting of a finite number
M € N of connected components )¢ = Qf U --- U €9,. We then replace r in the non-local
operator by the augmented total density rq = (]:V:Jil acpg with a1 = 1 and pf = 0 for
z € Q% c=1,...,N and where p§ : R* — R, is given by

c o ifec=1,...,N,
Pa = M . (1.3)
Y1 Byuixay ife=N+1,

with Ry4; > 0,0 =1,..., M, big enough so that (vsmt(x,y) + v‘ciy"[m](x,y)) ‘n(z,y) <0

for all (z,y) € 99, t > 0, n being the outward normal to Q. Thus, the domain 2 is invariant
and we can rewrite the Cauchy problem (I.1]) on R?:

O+ - (pc (vtat(a,y) + vzyn[mm,y))) —0,  (hy)el0.T] xR,
p(0,z,y) = p5(x,y), (z,y) €R?,

c=1,...,N.

(1.4)
Conservation laws with non-local flux function have been recently introduced in the literature
to describe transport phenomena accounting for non-local interaction effects among agents,
such as road traffic flow [3] or pedestrian dynamics [5]. General well-posedness results have
been provided by [2] in the scalar one-dimensional case, while [I, 9] deal with systems of
non-local conservation laws in multi-space dimensions. Even if the results in [I] apply to our
problem , estimates in [I] where obtained for general flux functions using finite volume
approximate solutions constructed via Lax-Friedrichs scheme. In [14] sharp estimates for
the Roe scheme were derived, which is known to give less diffusive solutions in the case of
non-local problems in multi-D. The aim of the present paper is to extend the results for
the Roe scheme in [14] to the system case, including the presence of obstacles. This mainly
involves some further assumptions on the interaction term and some changes in the estimates
in Appendix[A] We recall that, more recently, an alternative approach to prove well-posedness
of some non-local conservation laws, based on the method of characteristics and on Banach’s



fixed-point theorem, was proposed in [11, [I2]. In particular, no entropy condition is required
to prove uniqueness and stability of solutions, showing that weak solutions are indeed unique.
Nevertheless, these results rely on stronger regularity assumptions on the flux function, and
cannot give information on the convergence of the finite volume numerical schemes studied
in this paper.

We finally remark that, even if the original model proposes the use of the discontinuous
Heaviside function, the stability of the numerical schemes requires a smooth approximation
of it. Together with the introduction of the mollifier 77, the maximal density constraint is not
satisfied. Indeed, the L>°-norm of the derivatives H' and V7 are included in several estimates
(for instance in the CFL condition that guarantees the BV-estimates), which blow up
with it.

The paper is organised as follows: for a better overview, we introduce our main results in
Section [2] and we postpone the proof of convergence of the approximate solutions constructed
by the Roe scheme in Section|3] This includes a proof of the Lipschitz continuous dependence
on the initial data in Section 3.6l Section [4]is devoted to discussion of the numerical tests.

2 Main results

Throughout the paper, we will denote Z(r, s) := [min {r, s} ,max {r, s}|, for any r,s € R. We
require the following assumptions to hold for ¢ € {1,...,N}:

(£2.1) The domain Q C R? is a non-empty open set with smooth boundary 952, so that the
outward normal n(z, y) is uniquely defined for all (z,y) € 9. Moreover, we assume that
Q¢ = R?\ Q is a compact set consisting of a finite number M of connected components.

(2.2) Forall k =1,..., N the vector fields v5?t 4 'vgy” point inward along the boundary 92
of Q, i.e (vt 4 v®W™) . n(z,y) < 0 for all (z,y) € 9N, t > 0.

(v) vt ¢ C2(R?;R?).

(H) The function H is a smooth approximation of the Heaviside function, so that its deriva-
tive H' is bounded. In particular, we denote by Ly the Lipschitz constant of the
function H:

Ly =|H (2.1)

e 2y
(n) e € (C3 N W) (R2;RT) for all c € {1,...,N}.
Recall the definition of solution to the Cauchy problem (1.1)), see also [I} 2, [5].

Definition 2.1. Let p, € L*[R%RY) such that supp py C Q. A map p : [0,T] —
L>®(R2%,RN) is a solution to (1) with initial datum p,, if, for all ¢ € {1,...,N}, p¢ is
a Kruzkov solution to

(2.2)

op¢+ V- (pCVC(t,:c,y)) =0, (t,z,y) €[0,T] x R?,
pc(0’$’y) :Pg(l’,y), (w,y)ERQ,

\4 (770 * TQ)

with VE(t, 2,y) = v (2, y) — e H(7 %7 — Tmax) 5
VIV (e

(z,y).




Above, for the definition of Kruzkov solution we refer to [I3] Definition 1].

Theorem 2.2. Let p, € (L®NBV) (4 RY) for Q € R%. Let assumptions |(v)|, [(H)| and |(n)|
hold. Then, for all T > 0, there exists a unique entropy weak solution p € (L*NBV)([0,T] x
Q;RY) to problem (L). Moreover, the following estimates hold: for all t € [0,T) and all
ce{l,..,N}

Hp(tf)HLl(R?;RN) = HpoHLl(RQ;RN),
0%t e gy < NP5l e oy €
TV (pc(t, )) < TV (pg) 2t KS + K:icc (62”01: . 1) :
1
Hp(t, ) - p<t - T, .>HL1(R2;RN) < 2Ct(t) T, fOT T>0,

where CS, is defined in (3.12), K is defined in (3.16), KC§ is defined in (3.17) and Ci(t) is as
in (3.38).

The proof of existence of solutions is based on the constructions of a converging sequence
of approximate solutions and follows standard guidelines, see e.g. [1, Theorem 2.3]. In the
literature, this usually relies on Lax-Friedrichs type schemes. In this paper, we derive the
necessary compactness estimates for Roe scheme. The bounds presented in Theorem [2.2] are
obtained by passing to the limit in the corresponding discrete bounds. Uniqueness is ensured
by Proposition [3.9, which provides the Lipschitz continuous dependence estimate of solutions
to on the initial data.

3 Existence

We introduce the uniform mesh of width Az along the z-axis and Ay along the y-axis, and
a time step At subject to a CFL condition, specified later on. For k& € Z set

zp = (k—1/2)Awx, yr = (k—1/2)Ay,
Typy1/2 = KAz, Yrt1/2 = KAy,

where (z,,1,y;) and (z;,y;41/2) denote the cells interfaces and (z;,y;) are the cells centers.
2

Set Ny = |T/At| and let t" =n At ,n=0,..., Ny, be the time mesh. Set A\, = At/Azx and
Ay = At/Ay. For the sake of shortness, sometimes we will use also the notation x; ; = (x;,y;).
We approximate the initial datum as follows: for i, j € Z and all c € {1,..., N}

SR L L
i = p(z,y) da dy
b A.T Ay Ti_1/2 Yi—1/2 o ’

and we define a piece-wise constant solution to (1.1)) as

te [ttt n=0,...,Np—1,
,OCA(t,:L',y) = pg’,]ﬂ for (S [xi—1/2axi+1/2[a where L€ Z7 (31)
Y € [Yj—1/2:Yj+1/2]> j € 7.

through a modified Roe-type scheme with dimensional splitting, as in [10]:



Algorithm 3.1.

Vi(z,y,u,w) = v (2, y) u + min{0, vi** (2, y) Hw — u) (3-2)
Fe(u,w, J(t,z,y)) = J(t,z,y)u + min{0, J(¢t, z,y)} (w — u)
Va(z,y, u,w) = v3" (2, y) u + min{0, v3" (2, y)}(w — u) (3.4)
for n=20,...,Npr—1
c,n+1 2 c,n c,n c,n c,n
Pi j - / Pij — Az [Vl( Tit1fjs Py ) >Pl+1 j) Vl(xz‘—l/z,ja Pi—1,51Pij ) (3.5)

+Fc(p§"?? pffl j? Jf7n(xl+1/2,j)) - Fc(pz 1 ]7 pz‘] 7an( l 1/2]))]
1 +1 2 k) k) b k)
piit = it - Ay [V2(1?i,j+1/zapf;, i) = Va(@ij i, Py 1, P55) (3.6)
FF 5 s 5" (@) = P55 5" (1))
end

Above, we set v (pl, . pN) (z,y) = (J7"™(2,y), J5" (2, y)) and the convolution prod-
ucts are computed through the following quadrature formula, for i = 1, 2,

N+1 N+1

Oime * Zacpg (zi,y;) = Az Ay > Zacmhe Oine(wi-nyj—e), (3.7
htcZ \ k=

where 017, = 0,1 and 021, = 9yn. and p¥ is the density of class k. Remark that the choice
of evaluating the numerical flux at ¢t for both fractional steps allows to save computational
time, because the convolution products (3.7) are computed only once per time step.

3.1 Positivity

In the case of positive initial datum, we prove that under a suitable CFL condition the
approximate solution to (|1.1)) constructed via the Algorithm remains positive.

Lemma 3.2. (Positivity) Let p, € L®(Q;RY). Let and hold. Assume that

1 1
Ay <

A < :
’ " 2(emar + o5 )

~ 2emas + [[oi )

(3.8)

where €may = maxce.. Then, for allc € {1,...,N}, t > 0 and (z,y) € R?, the piece-wise
constant approximate solution pi constructed through Algom'thm is such that pX (t,x,y) >
0.

Proof. Fix n between 0 and N7 —1 and assume that pf? > 0 for all 4, j € Z. Consider (3.5)),
with the notation (3.2)) and (3.3)), and observe that:

cn  cn c/ cmn cm c,n

Vl(xi—i—l/Z,j’ Pij 7pi+17j) +F (P@j ' Pit1,5 Jy (xi+1/2,j))
c,n

Loo + €C> Pm ’

Vl(%—1/2,jvpf’_n1,j,PZ’j)+FC(P1 1]»P”>J1 (i 1/2,j))

Uietat

c,n c,n c,n
S vig120; I (Tivry2,5)p5; < <



Ufmt

> vi1pa Py + I (@icap25)05 = - (‘ Lo 80) P
where we used the notation
Vit1/2 = Uftat(mz‘ﬂ/z,j)- (3.9)

Therefore, by (3.5)),

pc,n+1/2 > p;,n o 2)\:0 <‘ ’Ufmt

] J

c,n
Lo T 56) Pij =0,

thanks to the CFL condition (3.8]). Starting from (3.6]), an analogous argument shows that

pZ’?H > 0, concluding the proof. O

3.2 L! bound

The following result on the L' bound follows from the conservation property of the Roe
scheme.

Lemma 3.3. (L! bound) Let p, € LOO(Q;Rf). Let and (3.8)) hold. Then, for all

ce{l,...,N}, t>0 and (z,y) € R?, p& constructed through Algorithm |3.1| satisfies
HpcA(t7'a')HL1(R2) = Hp(C)HLI(RQ)' (3.10)

3.3 L* bound
Lemma 3.4. (L bound) Let p, € L®(R%:RY). Let[(v)] [(n)] and (B-8) hold. Then, for
hm

all c € {0,...,N}, t > 0 and (z,y) € R?, p& constructed through Algorit 1| satisfies
It e < Il )
where
¢z, = oo+ oz, +2e. <2HV2”C . +LHHV776\|LOO> raollp..  (3.12)
Proof. Fix ¢ € {1,...,N}. Setting rq, = S0 1" p’ép and exploiting the notation in-

troduced in (3.9), we observe that (3.5) attains its maximum for v; /o < 0, v;_1/2 > 0,
JU"(w541/2) < 0 and JP"(2;_1/2) > 0. In this case

c,n+1/2 c,n c,n c,n c,n
Pi 5 < P Az (piJrl,j Vit1/2 T J; ($i+1/2,j)Pi+1,j>

+ Az (p;‘:inl,j Vi—1/2 + J?n(xifl/zj) PETLJ) )

where we used the positivity of pfjn and discarded all the terms giving a negative contribution.
Moreover, since v; 11/ < 0 and v;_y/5 > 0,

Az (—Pffl,j Vit1/2 T Pfﬁ,j 0171/2) < A 1P oo (—Ui+1/2 + U171/2>
= Ao [ [0 (—Az) Bzvi"* (2:)



with &; € ]2; 19, Z;11/2[. In a similar way, since J{"(z;11/) < 0 and J7™(z;_1/2) > 0, we
get

Az (—Jf’n(fﬂiﬂ/z) piiy + I (@i1y2) pffl,j)
< Azl e (_chm(xiﬂ/?,j) + Jf’n(xi—l/“»

< Az lp" |l €c A (2 HVZ”C

oo+ il ) [

thanks to (A.2). Therefore,

Lo + LHHVﬁcHLoo) HTQ:OHL1>

stat

n+1/2
Pis 2 < 1| 1+At< U]

Lo + ec <2 HV%C

In a similar way we get

1 .
pzcjn-‘r < ‘ pc,n+1/2HL 14+ At (Hay stat . + e <2HV27]C Loo—i— LHHVT]C||LOQ> HerOHL1>
An iterative argument completes the proof. O

3.4 BYV bound

Proposition 3.5. (BV estimate in space) Let p, € (L™ NBV)(Q;RY). Let. .
and[(n)] hold. Assume that
1 1

Ay < , Ay < .
T > 3(5macc Ly + vatatHLoo) ) 3(5max Ly + vatatHLoo)

(3.13)

where €mqy = maxce.. Then, for all c € {1,...,N}, t > 0, p} constructed through Algo-
rithm satisfies the following estimate: for alln =0,..., N,

S (ufotn, o]+ Ao - iy <o, (3.14)
i,JEL
where
CC QtIC A C 6 o c,0 2IC(2: Qthf_l 315
Z L \Pijr1 ~ Piy Pivrj = Pij|) T e \© , (3.15)
i,JEL 1
with
K¢ =6 (HVvstat L TEC <2 Hwnc . + Ly ||VﬁCHLoo> HTQ,OHU) , (3.16)

K= (160 (e Irnalla + 5 Irmola) + 3 w0

o) I 317
and c§, & are defined in ([A.6)).



Remark 3.6. Observe that the CFL conditions (3.13)) are stricter than (3.8]).

Proof. We follow the idea of [I, Lemma 2.7] as done in [9]. First consider for ¢ € {1,..., N}

the term
> Ay
i,JEL

c,n+1/2 c,n+1/2
Pivij  — Pij '

In particular, fixing ¢,j € Z and omitting the dependencies on y; for the sake of simplicity
and setting rq, = Zivjll Qg pgo, by (3.5)) we get

en+l/2  en+l/2 _ en ooy
i+1 Pi = Pit1 = Pi @

C,M

[Vl(%+3/2a P Piv) + F(pl pils, I (ig32))
- Vl<37i+1/2, Pf’n7 Pfﬁ) - FC(P?’R, Pffp ch7n(xi+1/2))
= Vi(@ig1y2, 05" piy) — FOo7" s pilys U (w41 /2))
+Vi(Ti—1/2, P 00" ) + Fp, o, ch’n(xifl/2))]
£ e | Vi@igsgos 07" pits) + FC(o7™ pil s J7" (Tig3/2)

~Vi(@ig1y2, 07" 05") — FC(pi"y, 057", Jf’n($i+1/2))}
- A B

Z?] ?

where we set

AT == = [Vl-(xz‘+3/2a Piv1s Pito) + F(pits pilo JU" (Tigaya)
= Vi(@ig12, 07" 050) — Foy ™ iyt I1" (ig1/2)
+ Vi(@iv1y2, 0570 07") + FEp7" 07" TU" (@41 /2)
~Vi(@iysya, 07" pitn) — FC(07" s 0y ch’n($i+3/2>)] ;
ijn = Vi(@igsyo, p7" s pis) + Foi" piys JU" (2i43/2))
= Vi(@ig12, 070 05") — FC(07 0, 087" IV (i1/2))
+ Vi(@im1)2, P50 07") + FE(07" 037" T (2321 2))
= Vi(®iy1/2, P pity) — F(pi™, Pffp ch’n(%;ﬂ/z))'
For the sake of shortness, introduce the following notation

Hyy (u,w) = Vi(@n,e, u,w) + F(u,w, J7" (w4,0)), (3.18)

so that, dropping the j dependencies, Af’f reads

cn o cn c,n c,n c,n c,n c,n cn o cn
Ay = Pix1 =P~ A [Hi+3/2(pi+l7pi+2) - Hi+1/2(pi  Pit1)
c,n c,n c,n c,n c,n  cn
TH G (00 0) = Hilg (i ’pz’—&—l)}
c,n c,n c,n c,n c,n c,n
Hi+3/2(pi+17 Pita) — Hi+3/2(pi+l7 Pit1)
c,n c,n
Pit2 — Pit1
c,n c,n c,n c,n cn o cn
Hi s o (Piins pitn) = Hils o (037 pih) (

c,n c,n
Pit1 — P;

= O _ oM _ ) enooen
= Pit1 P x Pito — Pit1

— s o — ng,n>



cn ) cn._cn
H7,+1/2('0' ’pl‘f‘l) HZ+1/2(p ' P ) c,n cn
+ )\ac c,n (pz’—f—l - P )
Pi+1 — Py
HED " 55") — HE ol )
+ Az /2 cn cle_l/Q l Z (p?n - pz?fbl)

pi — Pil1
= 5573 (Pl — pf) 05" (A7 = AT ) (L= 8 =05 (o — A
where

Hf+n1/2( i pi) — Hzil/z(pf ")

_ if
6:,% = x pzc:i-l _ pz 1 p # pl+1’ (319)
0 if P = o
{ Pi = Pit1
.
\ HEL (0" ) = Hz+nl/2(/)§fllvp?n> if pon
19:,71 _ x pf,n — pifl p :01 17 (3.20)
0 if p;" = pi".

\

Exploiting ([3.18), observe that, whenever p;"" # p’ +1,
Ae

6" = - o _ om [Vl( ir1/2: P8 Pn) FFC07" ol U (i 2)
i+1 7

_‘/1( 7,—&-1/27pfn?:0;':7 ) Fc( Cna o Jl n(‘ri+1/2))j|
Az

= - M[min {0, Uftat(xi+1/2)} (Pfﬁ - an) + min {07 Jf’n<mi+l/2)}</’§f1 - pfnﬂ
i+1 i

_ (min {0’ ’Uftat(xi—&-l/Z)} + min {0, Jf’n($i+1/2)}> .

1
5" e |0,= .
e s

In a similar way one can prove that ;" € [0,1/3]. Thus,

Z‘Acn

1,jEL 1,jEZ

By (B-13) we get

Pffl,j — iy (3:21)

We pass now to Bc]" Consider separately the terms involving V; and those involving F°.
Observe that the maps

x +— min {O,vft“t(x)} , z —min {0, J7" (2) }

are Lipschitz continuous, with constant respectively H8 vlt“tHLw and
Ec (2 Hv%kHLoo 4 LHHVUcHLoo) HTQ70HL1' Exploiting (|3.2) we get:

Vi(@igsyo py"s piys) = Vil@izayo, 0700 057") + Vi@izayo, 0770 05") = Vi@iga e, 057" P70



= 0§"(2145/2)p;" + min {0, Uftat($i+3/2)} (P — i)
— 0 (i1 /2007 — min {0,071 (zi1112) | (s — 7™
01 @i 10) T+ min {0, 01 (@1 ) b (05" = T
- Ufmt(%ﬂﬂ)ﬁ’fﬁl — min {0, Ufmt(xiﬂ/Q)} (Pf’n - Pffl)
+ (”ftat(miq/z) - Uismt(%H/Q)) Pf’n

= (Ufmt(ﬂfz‘+3/2) — 20§ (@41 2) + Uftat(lﬁi—lp)) Py
+ (Ufmt(%q/z) - Uftat(ﬂfiﬂﬂ)) (0™ = i)

+ (min {0; Uftat(xi+3/2)} — min {0, ’Uftat(wiﬂ/Q)}) (P —pi")

+ <min {0, Ufmt(xi—uz)} — min {0’ Uftat(%ﬂ/z)}) (pi™ = pi™)
- (

1 i j2) — 201 (i 1j2) + {1 2) = A 0] (E4) — A Dy ()
= Az (§41 — &) 8217)?“((#1/2),
with &§ € |71 /2, Tit1/2[ and (112 €&, 1] Similarly, exploiting we obtain
Fe(p;", P?fp ch’n(xi+3/2)) — F(p, 07", Jf’n($i+1/2))
+ F(pi" o7 IV (i1 2)) — Fpi™, ol I (g1 y2))
= JU"(@43/2)p;" 4 min {0, Jf’n($i+3/2)} (P = pi")
— J7" (iq1/2)p" — min {0> Jf’n(iﬁiﬂ/z)} (Piyy —pi")
+ JU" (@51 2)py ") 4 min {07 ch’n(xifl/z)} (0" = p™)
— J7"(@i41/2) 3", — min {0» Jf’n(xz‘+1/2)} (py" = pi™)
+ (ch’n($i—1/2) - Jf’n(l’iﬂ/z)) pi"
= (Jf’n($i+3/2) — 207" (i41)2) + Jf’n(iﬂz‘—l/Q)) p;"
+ (T @) = T @i ) (7 = )
+ (m {0. 5" (@s132) } = min {0, va"<xl-+1/2>}) (5L = ™)

+ (min {O, Jf’"(:ni_lﬂ)} — min {0, ch’n($i+1/2)}> (py" = pi™)

2e. Az C. |pi"

2 2 . stat stat c,n c,n
< 2(Ax) ‘ Oy V1 0207 P~ Pl

pity o] 42

> . (3.22)

7" + Ac|

LOO

since

IN

(3.23)

)

+e. Az <2 V2nc +2

cono o cn
Pi Pi—1

oo Ll ) Il ([ = 27

10



where we used (A.2) and (A.4), with the notation (A.6]). Collecting together (3.22)) and ({3.23])
we therefore obtain

B < 2(Ax)? <‘ i | L e Cc> "+ Az (‘ |
+5c <2 Hv27]c Loo + LHHvﬁC’LOO) HTQ’OHL1> ( pffl _ pZC/n chm . pZCill ) 7
so that
> B < 24t (] | Fee Cc> Ay |l (3.24)
ijEL L i,jEL
+3At< o <2HV2% . +LH||Vﬁc||Lm> a0 Ll) > et — e
1,JEZ
Therefore, by (3.21) and (3.24)), using also Lemma
+1/2 ;t1/2
1,J€EZ
=5 Ay(\A 7))
7]6
< [1+3At ( ptat L. TEe <2 me . LH||Vﬁc||Loo> Hm,on) (3.25)
Z Ay |pify = “ of' Lo T Ee CC} P55
7]6

Now pass to the term

ZA:/U

1,JEZL
Fix i,7 € Z and exploit (3.5 again to get

cn+1/2 cn+l/2
pz]+1 1,7

cn+1/2 cn+1/2
i,j+1 P
_ en cn c/ en cn cn
= Pijt1 ~ Pij — Az [Vl(xz—&-l/? j+1 Pm+1aﬂz+1 g+ TE 5 P T (Tigay2,541)
c,n c,n c,n
_Vl(xz 1/2,]+17p2 1,]+1apz,]+1) Fe (pz lj—&—l’pi,j-‘rl"]l (xifl/Q»jJFl))
( F(p;

-V xi+1/2,j7pi,}1’pi+1 i)~ ng va+1,37 I (@it1/2,5))
Vi1, 070 0 Py )+ (i g0y U (372'71/24))}

A [Vl(l“z‘+1/2,j+1a Pigs P )+ FC0i s oy s JU (Tig1y2,541))
~Vi(@ic1y211, 00050 P ) — FE0i 4o 07y Jf’”(%q/aﬂl))}

=Dy + X &

11



where we set
Dij = Py~ Pij
~ A [Vl(mi“/?vﬁl’ Pijr Pitrgin) + FP 0 P 1 (igryag41))
N V1(£L"¢+1/27j+1,pf:;b,pffl’j) - FC(PZJ ’101—1—1 g J (@ Tit1/2,j+1))
FVi(@ii1ja 01, 000 0 PG )+ F 0 e 005 IV (i1 2,541))
Vi(@im1j2,4415 P01 s Pign) = FEO o U (®im1/2,541))

and

C,n

gic,}'n = Vl(xi+1/2,j>Pf,’?vpfﬁ,j) + FC(PH s Pi1,j J" ($i+1/2,j))

N Vl(xi“/?vﬂ”rl’pz’;‘l’pffl,j) - Fc(pchnWHlp JU(Ti41/2,541))
+ V1($i71/2,j+17/)§f17j, Pfjn) + F(pi™y j,p” UM (i1 2,541))
—Vi(@imajog i 5 0y ) — FE 07 4oy TV (Bim2,))-

Similarly as before, rearrange Df’j", exploiting the notation (3.18):

c,n cno c,n c,n c,n - c,n  c,n
Dij = Py = Pij — e By (P i) = Hid o 5 (0355 P )
c,n c,n
+ i—1/2, ]+1(p’l* 1,50 pz,] ) Hzfl/z ]+1(plf 1,7+1> pz,jJrl)
£A H+1/23+1(p23 ’pz-i-l ]+1) + A H 1/2;+1(Pz— ]7PU+1)
JR— c7n 7
= Pijr1 T Pij
c,n c,n c,n cn c,n - c,n
A Hi+1/27j+1(pi,j+1’pi+17j+1) - Hi+1/2,j+1(pi,j 7pi+1,j+1) en en
- cno e (Pijr — Pij)
Pijt1~ Pij
c,n c,n - c,n c,n c,n n
A Hil o (P P gen) = Hify o (P35 Pk g) o en
— Ag c,n C,n ( 1+1,j+1 - pl—‘rl,])
Pil1j+1 — Pik1j
c,n cn .
A HH/QJ“(’)" o Piget) ~ Hi—l/z,jﬂ(pi—l,j’ Pii), em en
t A _ on ( ij+1 ~ Pij )
Prij1 = Pij
cn cn c,n c,n
A B2 p2g1 (P70 i) = Bl i (0750 i) o en
t A _on ( i—1,j+1 _pi—l,j)
Pl Pi— 1
o c,n c,n c,n cn
= (L= rij = vy oig = i) + Vi (i g — i) + 65 (080 — P )
where
c,n ( ) c,n ( )
i+1/2,j+1 pw+1’pl+1 J+1 z+1/2,y+1 pz,j 7pz+1,]+1
cn _ ) A # 057,
K, = — lj+l 7,]
ij Pz',j+1 pi,j
0 lfpzj—l—l_pz]a
c,n c,n
A =1/2, ]Jrl(plf ﬁpZ’JJrl) HZ*1/2J+1 (pZ* J’pl,] i) T cn
cn N\ 1pi‘+17épi‘a
V R 7] 7]
(N pi,jJrl pi,j
o cno o cen
: P =Py

12



1
As for 67" (3.19) and 99" (3.20), it is immediate to prove that 5 ug’jﬁ € [O, 3] for all
i, j € 7. Hence,

> [P < X Jeis - o (3.26)
i,jEZ i,jEZ
Pass now to 5 : we can proceed analogously to B, treating separately the terms

1,7
involving V4 and those involving F°. First, by ( .,

cn cen cn en
Vl(ifz‘—&-l/Q,j» Pi j api+1,j) - Vl(xi+1/2,j+17 Pi g 7:0i+17j)
c,n c,n cn cn
+ V1($¢_1/2,j+1, Pi—1,5sPij ) — Vl(xi—l/Q,]ﬁ Pi=1,5sPij )
__ ,.stat c,m : stat c,n c,n
= 07" (@i41/2,5)p;; + min {07 U1 ($i+1/2,j)} (P —Pi)
stat c,n : stat C,m c,n
— ] (in+1/27j+1)pi,j — min {07 vy (xi+1/2,j+1)} (Pz‘+1,j — Py )

stat

c,n .
+ o (@ z‘—1/2,j+1)Pi_1,j+mln {Oav Li—1/2,j+1 } Pw — Pi— 1,])
,n
J

- P: nl,y)

— 0" (21 /2,5) Py ; — min {0’ o (i 1/2’3)} G
+ (vft Hxio1/2,j41) — Ufmt(xi—l/m)) Pij

_ (vftat(xi+1/27j) — 0§ (@41 p241) — VN (@i 2) + Uftat(l‘i_l/zJ—&-l)) Piy
I (Uigmt(xifl/Q,ijl) _ vfmt(xiflﬂ,j)) (pfﬁ’j - chgn)
N <min {O,Uftat($i+1/27j)} — min {O,Uftat(xi+1/2,j+1)}> (P?fl,j - Pf,’?)

+ (miﬂ {0, Uigtat(xifl/Z,j+1)} — min {07 U?“(%’l/g;’)}) (PZ’;‘L - Pf’_nLj)

-

stat stat

c,n c,n
pii Jj Pit1,5 ~ Pij

. CAR ) RCED

since

Uftat( z‘+1/2,j) - Ufmt(f’?z‘+1/2,j+1) - Ufmt(xi—l/zj) + Uftat(fﬂi—l/zjﬂ)
= Az 0 v““t(&,yj) Az 0,07 (&, yj41)

= — Az AZ/ Stat(fz, CJ+1/2)
with &§ € |2, 12, Tiy1/2[ and (170 € Jy;,yj+1[- In a similar way, by (3.3),

Fpis s pit o J1" (migaye)) — FE(05 s iy o I (@igy2,541))
+ F(pi"y ]7,0” I (@i y2,541)) — FC(P,;_LJ';PZ‘J I (@im1)2,5))

= J;"(%iy1/2,5) pi; + min {0= Jf’n(ﬂfi+1/2,j)} (Pffl,j —piy )

cn c,n . cn cn c,n
= 1 (Tig1/2,541) pij — min {07 Jy ($i+1/2,j+1)} <P¢+1,j - /’m')

13



+ IV (@im1/2,5401) P + min {0’ ch’n(q:i—l/zj*l)} ('O’C;L - p?_nl’j)
— JP"M(@im1y2,4) PP — min {0, Jf’”(xi_1/2,j)} (pfjn a pinl’j)
+ (Jf’"(:viq/z,jﬂ) - ch’n(xifl/lj)) Piy
_ (Jf’n(xi+1/2,j) — I (@ig1y201) — Y (@icaya) + ch’n(“fi—l/““)) Pilj
+ (Jf’n(xifl/ZjJrl) - ch’n(xifl/lj)) (pf’_"l’j - pff)

+ <mln {0, ch7n($i+1/2’j)} — min {O, ch’n(xi+1/2,j+1)}) (pchlzj — pZC:]n>

+ <min {07 Jf’n(mi—l/zjﬂ)} — min {0, Jf’n(xi—1/2,j)}> <Pfjn - Pffll,j)
(3.28)

< 2e.AxAyC.
u o).

where we used (A.3)) and (A.5)), with the notation (A.6]). Therefore, collecting together ([3.27))
and (3.28)), we get

c,n
Pij

+ =y (2 |v2n.

oot LVl ) ol [, 5]+ 2

& < Az Ay (’ ngvi’tat . t2e, Cc> pin
+ Ay (H(?yvftat L TEC (2 Hv2nc T LH||Vﬁc|LOO> HTQ,OHU)
<p§f1,j R +me1,j’> ’
so that
Z )\x gZC:]n S 3>\.z‘Ay <H8yq)ftat Loo+50 (2HV2776 Loo+LH||vﬁC”Loo> HTQ7OHL1>
i,jEL
DR R AN (‘ oy ||  +2ec cc> Ay > pit (3.29)

1,j€EZL 1,jEZL

Hence, by (3.26) and (3.29), using also Lemma [3.3] we obtain

cn+1/2 c,n+1/2
> Ax | =y ’
ij€EL
< 3 aw (o] ey
1,JEL
< D Aw|pi - e+ A (\ ot ™|| L +2e 0c> oG- (3:30)
1,J€L
tat 2 ~ cn (1)
+ 3 At (Hc(?yvf “ Lo e <2HV M| o T LH’an||L°°> Hm,oHp) VXE:ZAZ/ Piv1j ~ Pij
1/7.7
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Setting

K{=3 (‘ e+ Ha ot e (4 HV277c ot 2LHHVﬁc||Loo> H’“Qon) )
(3.31)
KQ _ <4€C stat ’ stat oo) HngLl’ (332)

by (3.25)) and (3.30) we conclude
> (v
1,JEL

< (14 AtKf) > (Aw

i,j€L

pZ+1,j

cn+1/2 cn+1/2
‘ +Az Pij+1 1,]

cn+l/2 . c,n+l/2‘)

c,n cno G
Pijar = Pig Pit1,j ~ Piyj

! > + At K.

Analogous computations yield

> (v

c,n+1 cn+1‘ —l—ACE

c,n+1 c,n+1
ng—i—l _ng ‘)

loz—i-l d " Pij
1,J€ZL
< (14 Ar3) 3 (Aol - ™) Ayl - iyt ) + s
1,J€Z
where
stat stat 2 ~
w5 (o], + ot e (4], + 221w ) I )
(3.33)
K¢ = <4ec Ce+2 Hajyugmt . vt oo> 16l - (3.34)
Observe that, using the notation (3.16|) and (3.17)),
Ki, K3 <Kij,  Kj Kj<Ks.
A recursive argument yields the desired result:
Z (Ay pz+1] _pz] ‘ +A:L‘ pzc:jn-‘rl _pi’;l>
1,J€ZL
< 6277,Atl€{|f Z Ax C70 _ C,O + A C,O o C70 + 2IC5 2nAtIC§ _ 1
= Pij+1~ Pij Y|Piv1j ~ Pij e \© -
i,jEL 1
O
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Corollary 3.7. (BV estimate in space and time) Let p, € (L°NBV)(;RY). Let|(v))
(H)), [(n)l (.13) hold. Then, for all c € {1,...,N} and t > 0, p% constructed through
Algorithm [3.1] satisfies the following estimate: for alln =1,..., Np,

n—1 n—1
> Soar(ay i i)+ 30 3 aray

1
pzc;n+ _ng’<c t)

c,m c,m
Pix1,j ~ Pijj ) +Azr

m=01i,j€Z m=01i,j€Z
(3.35)
where
Car(t) =t (C2(t) +2C{ (1)) , (3.36)
with CS as in (3.15) and Cf as in (3.38)).
Proof. By Proposition [3.5| we have
n—1
S3 A <Ay Pirly — pfﬂ + Az |pT — o ) < nALCS(n At). (3.37)
m=04,jEZ
Since
1 1 +1/2 +1 2 ,
v Y v v B v G
we focus first on ;
cm+1 2 c,m
S e Ayl - i)
1,JEL

By the scheme (3.5), we have, using the notation (3.9),

c,m+1/2 cm A [ c,m  c,m
- - Nz

irj ij " (@is1y2g0 P30 Piv1) + F005 P 5 T (i 2,5))

k7 K b b K
—‘/1("171'71/2,]'7 pi_nija Pf]m) - FC(PE_W},J-’ Pi;n, me(xifl/&j))

= Ao [Vir1/; pjj +min {O’ virl/ QJ} (bifsg = #iy')
— Vi_1/2,j Py 1,; — Min {0’ Ui*l/lj} (hi5" = PiZ14)
+ J7" (®ig12,5) P75+ min {0, ch7m($i+1/2,j)} (ot — pij )
— JP™M(@i1/25) Pfﬁ,j — min {0, Jf’m(iviq/zj)} (Pf;m - Pf—nllj)
Toi1)25 05 T Jf’m(xz‘—l/lj)pff]
= -\ [Am@ vt (&, y5) Pis
+ (%’1/2,]' — min {0,%1/27]‘}) (Pf]m - Pfﬁg)
+ min {0, Ui+1/2,j} (Pt = pij )
+ (Jf’m(xm/z,j) - ch’m(xi—l/lj)) Py

+ <Jf’m(l’z'—1/2,j) — min {07 Jf’m(%‘—1/2,j)}) (" =" ;)
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+ min {07 Jf’m($i+1/2,j)} (pgﬁ,j - pi’jm)]
< At( I (2HV2%

re (o], + <) (

where &; € |x;_1/2,7i11/2] and we used (A.1) and (A.2). Therefore,

stat

o D19 ) ol ) 5

stat

c,m c,m
Py = Pl (i — e )

Z ACL‘Ay p:;ﬂ+1/2 pf:;n
1,JEZL
< At P e (2 Vel +LalViele ) |[raollps 1055
Lo Lo L L
+2At <) vitat —f—sc) Z Ay pfﬁd —pz’;n
1,JEZ
< At stat +ec |2 v277c +LHHV770HLO<> HTQ,OH 1 HPEH 1
Lo Lo L L
+2AL <) o )c;(mm)

< AtC(mAL),

where we set

Co(s) =2 (‘
4 (vastat

Analogously, we get

> AzAy

1,JEL

,v.statHLoo +5c> Cg(S) (3.38)

e TG <2HV2% L

e ol

c,m+1 cm+1/2
Pij Pij

< & (Hayv;wt oree (v L;LHuanm) nm,ouu) 5]

o (fug], o) 32 el - i
7J€
< At (Hayvét‘” LtHee (2HV277c LOO+LHHV77c||Loo) HTQ’0HL1>HPCC7HL1
oA <‘ o )c;(mAt)

< AtCS(mAL).
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Hence

n—1
Z Z Ax Ay pf}nﬂ pii'| < 2nAtCi(n At), (3.39)
m=01,j€Z

which, together with (3.37)), completes the proof. O

3.5 Discrete entropy inequalities

Following [1], see also [6, [7], introduce the following notation: for é,j € Z, n=0,...,Np — 1
and k € R,

@ffl/%( v) = Vi(Tiz125,uV K0V E) + FC(uV KoV K, Jf’n(xiﬂ/zj))
—Vi(Zig1/2,5,u NE, VA K) = FE(u A K, v A K, ch’n(:ciﬂ/g,j)),

Fcﬁnﬂ/g( v) = Va(@; jy1/2,uV K, vV K) + F(uV R0V R, J3" (25 41)2))

= Va(@; jy1/2, U AN K, 0 AK) — F(u A K, v A K, ch’n(xi,j+1/2))7

with Vi, Vo and F defined as in (3.2)), (3.4) and (3.3) respectively. We can then apply the
following Lemma to conclude the convergence towards a weak entropy solution

Lemma 3.8. (Discrete entropy condition) Fiz p, € (L NBV)(;RT). Let[(v)} [(H)]
(3.13) hold. Then, the solution p} constructed through Algomthm l satisfies the fol-
lowing discrete entropy inequality: fori,j € Z, form=0,...,Np —1 and k € R,

R R C PR P B PN i 40
+Az Sgn(PfJnH/Q K) (Uft t($i+1/2,j) — vy at(%’—l/zj)) K
e sen(py T2 = 0) (TP @i 0g) =TT @i10g) )
Ay (Pf,’?ﬂ/z( SR ) =Tl R +1/2))
+Ay Sgn(Pf?H k) <U§tat($i,j+1/2) - Ugtat(xi,j—1/2)> K
+2y sgn(Pf]7hL1 K) (ch’n(xi,j+l/2) — Jg’"(a:i,jq/z)) Kk < 0.

The proof is omitted, being entirely analogous to that of [2 Proposition 2.8], see also [I|
Lemma 2.8].

3.6 Lipschitz continuous dependence on initial data

Proposition 3.9. Fiz T > 0. Let|(v), ((H)| and|(n)| hold. Let p,, o, € (L NBV)(;RY).
Call p¢ and o€ the corresponding entropy weak solutions to (L.1)) for ¢ € {1,...,N}. Then
the following estimate holds:

< KE(t

[p°(t) — Uc(t)HLl(Q;R) B)]p5 o HLl(Q R)

where K°(t) as defined in [9, Theorem 2] is given by
,Cc(t) _ efOt Ke(s)ds

where K¢ depends on e, |[VnellLee, || V?ncllLee, L, [Villluee and |[V27|pe.
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Proof. For this proof we rely on a result in [9], where the stability with respect to the initial
data was shown under less restrictive assumptions. To show the Lipschitz estimate with
respect to the initial data it is only necessary to verify the assumptions (v) and (J) of [9}
Theorem 2.4]. In our setting it follows by assumptions |(v)l|(H)|and |(n)| that v3tat 4 U™ €
C?(R%,R?) and ||(v¥*® + v3™)(t,-,-)||c2 is uniformly bounded for all ¢ > 0 and for all
c=1,..,N. Since n. € (C3 N W3»®)(R%R") for all ¢ € {1,..., N} the nonlocal operator
I. : L>®(R% RN+ — C2(R%;R™). Together with Lemma A.1 the assumptions of [J, Theorem
2.4] are met and the Lipschitz continuity with respect to the initial data follows. ([l

4 Numerical results

We follow the test setting given in [14] for two classes of objects with different parameters o,
c € {1,2}, using the Roe scheme detailed in Algorithm

4.1 Test setting

We simulate a setting where particles in the shape of metal cylinders are transported on a
conveyor belt moving with speed |[v%t?t|| = vy = 0.1 m/s and are redirected by a diverter
which is positioned at an angle ¥ = 55 degrees. The static velocity field is given by v5tet =
(0.1 0)7. Figure 1 provides an illustration of the conveyor belt and the obstacle. Setting the
mass of the diverter (Region C) high enough (> pma.) and the velocity field to 0 inside region
C prohibits parts from passing through the diverter, see [4] and [§].

VT

y

Figure 1 — Schematic view of the static field of the conveyor belt.

4.2 Discretisation and solution properties

For the numerical model, we introduce a uniform cartesian grid with Az = Ay on the selected
area of the conveyor belt. Initial conditions for the density at time ¢t = 0 are given by
experimental data, where a total of N = 192 particles were placed on the conveyor belt in the
area o = [0,0.4] x [0,0.6]. For given initial positions of the cargo (x¥);<n, C Qo the initial
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density is calculated by

N

po(x) = 5~ e By =002, g = 2004,
27Tpma:c i—1

following [10]. We then divide the initial mass vertically at z = 1/3 into two separate species
¢ € {1,2}, where we assign each population a different o.. The PCE coefficients «. are set
to a1 = 2 and ag = 1. The mollifier 7., which is used in the operator I.[p] given in (1.2)), is
chosen as follows

ne(z) = gre a7kl =12,
with 01 = 10000 and o9 = 307 = 30000. The mollifier 7, which is used in the Heaviside
function H, see (|1.2)), is defined in the same way:

$67%03H1‘”%7

i) = 2

where we take o3 = 302. In the original model formulation [10], the Heaviside function was
introduced to avoid densities larger than p;,q.. In this work we use the approximation H;
(atan), obtained using the inverse tangent.

Hy(u) = arctan(57(r)(u -1)) 05, (4.1)

Using the inverse tangent approximation corresponds to activating the collision operator I.[p]
very close to pmaz, see [14]. Due to the smoothing of H and the introduction of the mollifier
7], the maximal density constraint is not satisfied. Thus, there is no maximum principle.

We consider two configurations. First we simulate the case where the upstream particle
class is ¢ = 1 and the downstream particles are ¢ = 2. This corresponds to placing the larger
objects behind the smaller ones, so that the smaller particles arrive first at the obstacle. As
it can be seen in the top row of Figure [2] the smaller particles are pushed by the incoming
larger ones to the edge of the obstacle. We can also observe that the particles do not mix in
the outflow, with the smaller particles (blue) staying on the left side. We observe the same
effect in the microscopic simulation in Figure [2 bottom.

In the second case we swap the classes positions. The macroscopic simulation shows that
the incoming smaller particles penetrate the mass of the downstream larger particles until
they reach the diverter, see Figure[3] The different particle classes mix in the outflow with the
smaller particles (blue) overtaking some of the larger ones. This effect can also be seen in the
outflow diagram depicted in Figure The same effect can be observed in the microscopic
simulation, see Figure [3| bottom.

We also analyze the amount of mass that pass the obstacle, i.e. the outflow at the end
of the conveyor belt for each particle class. The normalised time-dependent mass function
describing the outflow to the solution of the conservation law is given by

1
 fope(x,0)dx

where 2 is whole domain of the conveyor belt. The outflow curves for both test cases are
shown in Figure [{a] and Figure [4D] respectively.

Uy (t)

/ p(x,t) dx. (4.2)
Q
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(a) time t=1 (b) time t=2 (c) time t=3

Figure 2 — The smaller particles (blue) start first and are pushed to the edge of the
obstacle by the coming larger particles (red).

5 Conclusion

In this paper, we have proved the well-posedness of a non-local model describing heterogeneous
flow on conveyor belts using the Roe scheme. Based on arguments borrowed from [14], the
results are generalized to the system case. The key challenge lies in the treatment of the
discontinuity occurring in the flux function. This is solved by introducing an additional
convolution in H. The numerical simulations show that the model captures effects for the
mixing of different particle sizes, which can be observed in the physical simulations.
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Appendix A Technical Lemma

Lemma A.1. Letn. € (C3NW3®)(R%R) for allc € {1,...,N}. Then, forn=0,...,Nr,
fori,5 € Z, the following estimates hold:
;" ge forl=1,2, (A1)

< (2HV2nc

IN

e

‘Jf’n(:tiﬂ/z,j) — J7" (@im12,5) Lo T Lu HvﬁcHLoo) e Az |16 |1, (A2)

’Jf’n(fviﬂ/z,j) - Jf’n($i+1/2,j+1)’ < <2HV277c oo TLH ’vﬁ0||L°°> ec Ay [re[pas  (A3)
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(a) time t=100 (b) time t=200 (c) time t=300

| £
12)

Figure 3 — The larger particles (red) start first with the following smaller particles (blue)
creeping through the mass of larger particles.

5" @i g112) = IS (@i 51170) | < <2HV2% L rvmnw) eo A |7 s

and

‘Jf’n(l‘i_;'_g/zd‘) — 2J16’n($i+1/27j) — Jf’n($i_l/27j)‘ < 250 A.’E 2 (ClHT’QHLl + C2H7“QHL1

2
“]2 1]+3/2)_2J2 ( z]+1/2) JQ ( Zij— 1/2)‘ < 2e. Ay 2 ClHrQHLl +62HTQHL1
‘Jl’ (Tig1/2,5) = I " (i1 y2,540) = I (i1 y25) = I (xi—1/2,j+1)‘ < 2e.AzAyC., (A.5)
‘ch’n(iﬁi,jﬂ/z)—Jg’”(fl«“z‘+1,j+1/2)—ch’n(%',j—uQ)—ch’n(xi+1,j—1/2)’ < 2e. Az AyC,

N+1 k,n

where we set vy = > . agpy and
2
Ce = ci[rts o + e5lrl|Ls. (A.6)
¢ = 2| V| .
c 2 2 ~ 2
s = 3||V2ne|_ + 2Lt 9l V20|

Proof. The proof of (A.1)) is immediate.
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Figure 4 — Outflow diagram for both test cases. By penetrating the mass of large
particles, most of the mass of smaller particles leaves the area around the obstacle faster
than the larger particles even if the large particles start first.

Pass now to (A.2). For the sake of simplicity, introduce the following notation:

2

i

D = \/1 + H (Vnc * 7“6) (Tit1/2, yj)‘

2
D¢ = \/1 + H(Vﬁc * ) (xi—l/Qayj)H :

. N+1 k,n
Hence, setting rg , , = > 521 k Pop g

I (@ig1/2,Y5) — ch’n(%—l/zvyj)‘ (A.7)
Ax Ay
= e \Hip1p—p— > e One(@iga ja—k Uit
+ htez
Ax Ay
—Hiip—p— Z 76 1o ONe(Tim1/2—hs Yj—t) (A.8)
~ ez
Ax Ay
<ec Hi—l—l/?‘T > 1 (81770(~Ti+1/2—hvyj—€) - 5177c($i—1/2—h,yj—£)> (A.9)
+ htez
11 ;
tecHipp Ar Ay | oo — > ‘TQ,h,z"3177c($i—1/2_h,yj—z)‘ (A.10)
+ | htez
1 n
+éec (Hi+1/2 _Hi—l/Z) Az Ay De Z ‘TQ,thame(%—I/z—h’yj—é)‘- (A.11)
—| heez
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where we define for p € {i —1/2,i+1/2}

H/L = H | AzAy Z T?Z,h,e ?7](;(1'“,]6, yjfﬁ) — Tmax
hLeZ

Consider (A.9): since D} > 1, H, <1 and

Tit1/2—h
)81n0($i+1/2—hayj—£) - alnc($i—1/2—hayj—f)‘ < / 3%1%(%?/3‘—5) dz,

Ti—1/2—h

we obtain
(D) < oAz |Oime]|_lrfge (A.12)
On the other hand, to estimate (A.10]), compute
1 1 |D$. — De |
DS De|  DiDe

Introduce a.(z) = Ve * ri(x) and b(z) = (1 + ||z]|*)!/?, for z € R2. In particular compute

R £

—— — 3, and observe that |/(2)| < 1. Then
1+ [1=07)Y

D5 = D2 | = [blac(@is1/a)) = blac(zio1/2)| = |P(ac@:)) (@) (zisry = wi-170)

ac(ii)

(1+ ac(#:)?)/?

(0:Vne x 1) (%) Aw

< AergHLl V20, Lo’ (A.13)
Therefore,
1 1
ecHiy1/2 Ax Ay DT e Z ’T?),h,e"alnc(xi—lﬂ—hvyjfé) (A.14)
+ | htez
<eo A ||[V2ne||_[I7 s

Considering (A.11)), by assumption |(H )| and we get

Hii1/9—H;_ 12 < Ly| AzAy Z TG b (ﬁc($i+1/2—hayjf€) — Te(Ti—1/2-n» yjfé))
hteZ,

< LuAz || Vije| oo || r6 || 11

(017 * 7‘6)(%’71/24)

Since e

< 1 we obtain therefore

1
DC

Ee <Hi+l/2 - Hi—1/2> Az Ay

n
Z ‘TQ,}M’ ‘3177c(95i—1/2—ha Yi—e)
hotc
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SECLHAQUHVﬁCHLergHLl (A.15)

Inserting (A.12), (A.14)) and (A.15]) into the estimate of (A.7) yields the desired result.
Consider now (A.4). Introduce the following notation: for u € {—1; 1; 3} set

2
be = \/1 + H(VT]C * rg) (xHu/Q,yj)H )
Thus

TV (@igsy2,5) = 207" (Tigay2,5) + I (X1 /2,5)
- (Hi+3/2(8177c * 7”6)(332'+3/2,j) B Hi+1/2(81776 * 7”6)<33i+1/2,j)

2
D3 Dy

+Hz‘—1/2(81770 *10)(Ti—1/2,5) N Hi3/9(01me * 10)(Ti43/2,5)
De, Dy
in‘—l/z(alUc *10)(Tiz1/25) | Hiy1/2(01m % 18) (Ti43/2,5)

DY + DY
Hiyq/2(01mc * T?z)(fffi—1/2,j)>
+
DC
1

1 1
=—¢cc <D§ - Df) Hi+3/2(3177c * T?z)(xz‘+3/2,j)

1 n
+ (Hi+3/2 — Hi+1/2) fo(@mc *70) (Tig3/2,5)
1 n n
Jrﬁ (Hz‘+1/2(3177c * TQ)($i+3/2,j) - Hz‘+1/2(3177c * TQ)(xi—H/Zj))
1
1 n n
+ﬁ (Hi+1/2(5’177c * TQ)(JUi—l/Q,j) - Hz‘+1/2(3177c * TQ)($i+1/2,j)>
1
=+ (H 12— Hipq 2) i(8177 *10)(Ti—1/2,5)
i—1/ i+1/ Di c Q i—1/2,5

(N .
+ <DC1 - D{) H; 1/5(01me * r$)(Ti-1/2,5)

Consider the terms separately, forgetting for a moment the €. in front of everything. Focus
first on the terms with common denominator Df and H;q/o:

Hi)
Dt

(@rme *r8)@ir32,) — Orme % 78) (2i41/2,)
(0o 78) (i-1/25) = (O * 1) (wi11/2) )

Ax Ay
= Hi+1/27 Z TG b (81nc(xi+3/27hayj—2) — One(Tig1/2-hs Yj—t)
L heez

+81770(33i—1/2—h> Yj—t) — 81770($i+1/2—h7 yj—K))
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Ax Ay . .
= Hi+1/27 Z TOne AT (8%177c($i+17h7yjf£) - a%mc(ﬂfifmyjfe))

L heez
Az Ay Zit1-h
= Hipipp—; > b Ax/ Nine(w,yj—) da
L heez Livh

< 2(Aa)?||0Fme

collrallL (A.16)

with &;_p €%;_1/2_p, Tit1/2-n[ Next, we obtain, since %g <1 and for r, = Eivjll ozk,olé’"
1 n 1 n

<Hi+3/2 - Hz‘+1/2> ﬁ(f)mc * TQ)($i+3/2,j) + (Hi—1/2 - Hi+1/2> ﬁ(amc * TQ)(%-1/2,;‘)

1 1

- - (O1me * r3) (Tigs 2,')
<Ly AxAer?ZM (ﬁc($i+3/2—h,j—e) - Uc($i+1/2—h,j—z)> = %c /2
ht 1

(011 * 7”6)(551'—1/2,3')

+ Ly AJ?AQZ TG,ht (ﬁ0($i—1/2—h,j—€) - ﬁc($i+1/2—h,j—£)>

i Dy
- n (011 * 7“6)(371'+3 2, ) (Oine * ro) (i1 2, )
<Ly AxHVT]CHLOOHTQHLI ( e /2, n . /2,5
1 1
~ n 1 n i+s/2 2
=Ly Az HVUcHLooHTQHLlﬁ AwAyZTQ,h,l/ O11Me(z)dx
1 h,0 Ti—1/2
_ 2
<L 280) Vil | V20|78l (A.17)
We are left with
11 . 11 .
Hiy 30 D e (011 % 1) (wi43/2,5) + Hi—1/2 e Do (O1me * 1) (w51 /2,7)-
(A.18)
Add and subtract to (A.18)
11 .
Hi\3/9 Do, Dt (O1ne % 1) (w515/2,7)-
and
11 .
H; 1/0 DT, Dt (O1ne * 13) (xi13/2.5)-
Hence,
L 2 L + ! H (Orme x1gy) (z ) (A.19)
e — 25t e | Hivsye (O1Me x 1) (Tiy3/2,5 .
DS DS T De +3/ +3/2,]
1 1 n "
tHiip | 5o~ e ((61% #10) (i21/2,5) — (O11me % 18) ($i+3/2,j)> : (A.20)
1 1
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11
* (Hi—1/2 - Hi+3/2> (Dc_1 - D§> (O1me % 78) (it3/2,) (A.21)

Consider first (A.20)): exploiting also (A.13|), we obtain

D — D¢,
Ax Ay

[(A.20)] = Hifl/QW

Z rQ,h,é (31?713(901'—1/2—}“ yjfé) - 3177c(95i+3/2—h7yj4))

ht€Z
Dc Di Ti—1/2—h
= Hi—l/2Wcl Az Ay Z TQM/ anﬁc(ﬂ? Yj—¢) dx
h(€Z Tit+3/2-h
2 (Az)? Hv%c 8l (A.22)

As far as (A.19)) is concerned, focus on the terms in the brackets:

1 1 1 D§{D° —2D§D¢, + D§DS
- JE— _|_ —
DS D¢ De, DS D¢ De
_ D, (Df - D§) — D5(D2, — DY) + D5(Dy — D5)
D3 Di D,
_ (D2, - Dy)(Df - Ds) Dy —2D% + Df (A.23)
DS DS D¢ DsDe, ‘

Inserting the first addend of (A.23]) back into (A.19) yields

(D¢, — D$)(D{ — DY) n
L Do 50 Dcl 3 Hiis/0 (01ne % 13) (wi43/2,) < 2 (A$)2HV277c
3 DT D,

2
LOOHTBHZLn (A.24)

(O1me * 7”8)(%+3/2,j)
bt
second addend of (A.23), focus on its numerator: with the notation introduced before (A.13),
D2y =205 + D5 = b (acl®iysya)) =20 (acl@iaye)) +b (ac(@ 1))
=V (ac(#i1)) ap(Fip1)(@irsjo — Tiv1y2) — U (ae(Ei)) ag (&) (012 — i )2)
= A2 (¥ (ac(@i41)) (1Vne = 1) (@o1) = b (acl:)) (01 Vne 1) (32))
+ Az V' (ac(Z;)) ( 81Vnc *«10) (Tit1)
= A |V (ac(@i1)) = ¥ (ac(@))] (@1me % 7) @i11)
) [ alwc r;"s)( 1) = (01 Ve 75) (&)
= Aa b (ac(@ii1j2) ) aLl@is12) (Fie = 30) D1V * 1) (Fe11)
+ Az ¥V (ac(#;)) Az Ay

Z 6 me (O1VN(Eig1—h, Yj—e) — O1V0e(Eimn, yj—e))
htcZ

= Az b (ac(fi+1/2)) Ae(Tig/2) (Tivr — i) (O1VNe *10) (Tis1)

where we exploit (A.13] m twice and use the fact that

< 1. Concerning the

2)
(
)

+ Azt (ac T;
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Tit1—h )
+ Az V' (ac(#;)) Az Ay Z r&hj/ 011 Vne(z, yj—¢) da
hteZ Tih

where Z; €|z;_1/9,Ti11/9[ and Tj 1/ €%, Tiy1[. Now insert this estimate back into (A.23)
and (A19): since [V'(z)] <1,

|DC_1—2D§+D§

Di e, (011 % 1) (wi43/2,7)

(A.25)
<20 |IorVcle b1 + |

ol
Lastly, we consider ((A.21]). As before, by assumption ((H )| we get

Hiy3/0—H;i_1/2 <Ly (ﬁc($i+3/2j) * 10 — Ne(Ti—1/2,5) * 7’6)
< Ly 2Ax ||V770HL°<> HT?ZHU

and with (A.14)) follows

1 1
(Hi+3/2 - Hi—1/2> <DC1 - Df) (0171 * 1) (xi43/2,7)

< Lt 2080)% | Vel e | 72

. [l (A.26)

Collecting together (A.16]), (A.17), (A.22), (A.24), (A.25) and (A.26]) yields

Jf’n($i+3/2’yj) -2 Jf’n($z‘+1/2,yj) + Jf’n(xi—yz,yj)‘

2
< 26, (Az)? <2 |vn. L8l

AT

Loo HT6HL1 +3 HVQUC

+2 Lt Vil | 9%

The proofs of the other inequalities follow analogously.
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