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Abstract

In graphical models, factor graphs, and more generally energy-based models, the inter-
actions between variables are encoded by a graph, a hypergraph, or, in the most general
case, a partially ordered set (poset). Inference on such probabilistic models cannot be
performed exactly due to cycles in the underlying structures of interaction. Instead, one
resorts to approximate variational inference by optimizing the Bethe free energy. Crit-
ical points of the Bethe free energy correspond to fixed points of the associated Belief
Propagation algorithm. A full characterization of these critical points for general graphs,
hypergraphs, and posets with a finite number of variables is still an open problem. We
show that, for hypergraphs and posets with chains of length at most 1, changing the poset
of interactions of the probabilistic model to one with the same homotopy type induces a
bijection between the critical points of the associated free energy. This result extends and
unifies classical results that assume specific forms of collapsibility to prove uniqueness of
the critical points of the Bethe free energy.

1 Introduction

Graphical models are probabilistic models that account for conditional independence relations
between variables, derived from the connectivity properties of substructures of a graph [10].
The Hammersley-Clifford theorem relates those conditional independence properties to a a way
the joint distribution should factor: it is the product of factor, on per clique of the graphs, each
factor depending only on variables inside a given clique. Factor graphs are a generalization of
graphical models which encode how distribution factor into terms that depend on sub collection
of variables. In applications, some of the variables in a factor graph are called hidden and others
observed; computing the posterior of the joint distribution that factorizes according to the
graph, conditioned on the observed variables, is computationally intractable when done naively.
One instead resorts to an approximate inference method, which corresponds to minimizing
the Bethe Free Energy under linear constraints. The Belief Propagation algorithm is one
algorithm used to find the critical points of the free energy: critical points of the approximate
free energy are in correspondence with the fixed points of the algorithm. Therefore, one way to
study the critical points of the Bethe free energy is to study the fixed points of the respective
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Belief Propagation algorithm. These critical points have been observed to be non-unique, and
characterizing the set of such points is still ongoing [2H8, 1THI3L[16}20L26].

The topology of the graph or hypergraph encoding the dependencies of the variables affects
the possible set of critical points one can obtain. When the graph underlying the graphical
model is acyclic, i.e., possesses no cycles, it is well known that the Bethe free energy has only
one critical point, and that approximate inference in this case is exact. In Section 4.2.1 of [22],
hypertrees or acyclic hypergraphs are introduced.

In [24], the authors study how pruning the poset can keep the free energy unchanged, and
in Section 6.1.1 of [14], a notion of retractable hypergraph is given for which the free energy
has only one critical point. Although the operations studied and conditions imposed are of
a topological nature, they seem to be dispersed results focused on very particular aspects of
the poset. Understanding the impact of the topology of finite factor graphs with cycles on the
critical points of the Bethe free energy remains to be explored in a more systematic manner.
We aim to address this by characterizing the critical points of this energy in terms of the
homotopy type of the hypergraph associated with the factor graph. In this article, we show
more generally that, for a good notion of homotopy on factor graphs, the critical points of the
Bethe Free Energy are isomorphic.

2 The Bethe Free Energy and the General Belief Propagation
algorithms

2.1 Hypergraphs, Factor Graphs, and Posets

Let I be a finite index set of random variables: for each ¢ € I, there is a variable X; taking
values in a finite set F;. A hypergraph denoted as ¢ = (I, A) is a finite collection of vertices
I, and a finite collection A of subsets a C I called hyperedges, i.e. A is a subset of the powerset
2(1).

Let us denote by R (respectively Rs) the set of non-negative (respectively strictly
positive) real numbers.

Definition 1 (Factor graph [9.25]). A factor graph F = (€, E, f) is made of a hypergraph
H = (I,A), a collection of finite sets (Ej;i € I) and a collection of factor fo : [[;c, Ei = Rxo,
one for each a € A. In this document, we will call factor graph a couple F = (A, E, H), where
for each a € o/, Hy : [[;c, Ei — R is a function that is not necessarily positive; to each H,
we associate the factor f, = e Ha which is a strictly positive function. Our convention for
factor graphs is more restrictive as we assume that each factor is a strictly positive function,
however it is a common assumption [25].

The standard way to present factor graphs is to introduce a bipartide graph made of
variable nodes, ¢ € I, and of factor nodes, a € A, where each factor node is labelled with f,.
For all i € I, and a € A, if i € a then one adds a directed edge a — i. A hypergraph is a
particular example of poset 7 (), which elements are I LI A and relation ¢ < a are generated
by i € a with ¢ € I and a € A. And the Hasse diagram of .o/ (%) is the directed bipartite
graph associated to the factor graph with all arrows reversed, i.e. where every arrow a — i is
replaced by i — a.



2.2 Bethe Free Energy

Let I be a finite set, let &/ C (1) be a collection of subsets of I. For each a € <7, consider a
factor function fq : E, — Rxq, where E, = [[;c, Es and Er = [[;c; E;. We denote by P(E,)
the space of probability distributions over E,; that is, P € P(E,) is a collection (P(x);x € E,)
such that ) p P(z) = 1. Similarly let P € P5o(FE,) when P € P(E,) and for all z € F,,
P(z) > 0.

A joint distribution P € P(E7) is said to factor according to the collection {f,}qecor if, for
any x € by,

P(z) = H fa(®a),
acs/

where x, = (x;)icq denotes the restriction of x to the coordinates indexed by a. We denote
the projection from x € E, to x; € Ey, with b C a, as 7j.

The Mobius function of a poset &7 (Proposition 2 in [I7]) is the unique collection p =
(1(a,b) € Z;b,a € o such that b < a) satisfying, for any a,c € & with ¢ < a,

Oa,c = Z p(b,c) = Z p(a,b).

b:c<b<la b:c<b<a

da,c = 1 if a = ¢, and 0 otherwise. We will also use the notation 1{C'(z)] for the indicator
function which equals 1 if the condition C(z) is satisfied and 0 otherwise.

The Generalized Bethe free energy [15,25] associated with the pair (&7, (fy)acr) is defined
for any collection of probability distributions @ = (Qq € P(Ey))acw as

BTyn(Q) =) c(a) (Eq,[Ha] — S(Qu)), (2.1)

acd

where for each a € o7,

C(CL) = Zﬂ(b: CL), Ha(xa) = Z —In fb(xb)'

b>a bCa

We call H, a Hamiltonian, it is simply a function H, : E, — R. We recover the classi-
cal Bethe approximation for graphical models when &/ = &/ (G) for an undirected graph G
(seen as a hypergraph), and for factor graphs when &/ = &/ () for a hypergraph 7 (see
Chapter 4 [22]). The relevant family of distributions (Q, € P(E,))scr) is the one satisfying
marginalization consistency: for all b C a, we require that Q) is the marginal of ),, obtained
by summing over the configurations of the variables Xq\, = (X; | i € a, i ¢ b). This compat-
ibility condition is called in [22] the polyhedral outer bound of the marginal polytope, and is
denoted by (). More precisely,

L(#) =14 Q= (Qa)acws € |[ P(Ea) |Vb<a, Vz € By, Qo) = > Qaly) p. (22)

ac/ yEEa
Yp=2

The marginal polytope corresponds to all the probability distributions (Qg,a € <) that
are the marginals of a global P € P(E). L(«) is called the polyhedral outer bound, as it



is a polytope defined by linear equalities and inequalities that contains strictly the marginal
polytope: there may exist a collection of local distributions (Qg)scr that do not arise from
any global distribution @ € P(E). Let us first remark that L(47) is a compact set, and the
Generalized Bethe free energy is continuous on this set. Therefore, it has at least one global
minimum.

The interior of L(<7), denoted L(<7)°, consists of distributions Q, € Pso(E,), for a € 7,
that are compatible by marginalization. Characterizing the critical points of the Generalized
Bethe free energy within L(%7)° is an important problem in the study of graphical models. In
the next section, we will recall and reprove a known result: there is always at least one critical
point in this set when the poset &7 arises from a factor. The authors found it difficult to present
a full and simple proof of this result; that is why we chose to prove the result in the article.
We do so by characterizing these points as fixed points of the Generalized Belief Propagation
(GBP) algorithm. The proof relies on Brouwer’s fixed-point theorem applied to Generalized
Belief Propagation (GBP), analogous to its application in the max-product version of Belief
Propagation [21]. However, for general posets (of rank, with maximal chains that can be of
length greater than 2), this result does not apply. Although GBP maps the interior of L(<)
into itself, it cannot be continuously extended to the boundary, making BP not a continuous
operator from L(47) to itself.

Hamiltonians (H,).c.s and factors (f,)ec.r are related by the zeta function of the poset o7
H, =), —In fp; this operator has an inverse given by —In fo = >, -, 11(b, a)Hp. Starting
from In f or H is equivalent; in what follows, we consider Hamiltonians instead of factors.

2.3 The General Belief Propagation algorithm, and existence of critical
points of the Bethe Free energy for factor graphs

2.4 The general setting

The General Belief Propagation algorithm is used to find the critical points of the Bethe
Free Energy as it is a well know fact that the critical point of the Bethe Free Energy are
in correspondance with fix points of the General Belief Propagation algorithm [15125]; for a
detail proof of this result see Proposition 3 [I§].

Let I be a finite set that serves as index for variables (X; € E;;i € I), each of which
takes values in a finite set Ej; let &/ C (1) be a collection of subsets of I and denote F
the associated graphical presheaf. Let (H, : E, — R,a € &) be a collection of Hamiltonians.
Let us denote the update rule of the General Belief Propagation algorithm as BP. BP acts
on messages that we will now define. In the classical presentation of the algorithm, there are
two types of messages at each time ¢ € N*. For elements a,b € & such that b C a, we have
top-down messages mq_,p € ng and bottom-up messages ny_,q € ]RE%.

These messages are related as follows:

Va,b€ o/ ,st. bCa, np.,= H mt_,, (2.3)

c:bCe
cZa

Beliefs, which are interpreted as probability distributions up to a multiplicative constant
are defined as follows:



Va € o \Nig € B, bl (x,) o e Ha@a) H ny . (xp) (2.4)

bed:
bCa

where o stands for proportional to. The multiplication of function n,_,, that have different
domains is made possible because there is an the embedding of R into R implicitly implied
in the last equation; indeed, for z € E, and f € R, f: 2+ f(x) defines a function from
FE, to R.

For simplicity, we require that b, be a probability distribution and normalize it accordingly.
The update rule is given by,

ZyEEa:yb:x bz (y)
by (z)
One observes that in the previous Equation 2.5 any normalization of beliefs does not
change the update rule.
The update rule can be rewritten in a more condensed manner, updating only the top-down
messages, for all a,b € &7, such that b < a,

(2.5)

Va,b € of/st.b C a, Ve € By, miTh(z) =ml ,(z)

a—b

ZyEEa:ybzx e_Ha(y) HCE%: Hd:cgd mﬁl_w(yc)

t+1 ¢ cCa  dfa
_ 2.6
mit (z) = mb_,(z) =@ [[ocer: [dsocd My, (@e) (2.6)
cCb dZb

We denote the collection (mq_p;a,b € o7,b < a) as m. We denote BP : Ha,b:bCa REb —
Hmb:bCa RE as the operator underlying the update rule of Equation 2.6l i.e., we define
BP(ml) = mi+t.

Consider the collection (Cy_spma—p;a,b € 7,b < a), where C,_p is a strictly positive

constant, i.e., it does not depend on x € Ej. Then, there is a collection of constants
(C!_, >0;a,b € .4,b< a)such that

BP(CyspMmasp;b < a) = (Cl_, - BP(m)q_p; b < a).

Furthermore, the associated beliefs defined by Equation 2.4l remain unchanged under mul-
tiplication of m,_sp by a constant C,_.; for all a,b € &/ such that b < a.

Therefore, BP is an algorithm that preserves the equivalence classes {C - m}, i.e., it is
defined by the relation m ~ m’ whenever there is a collection of scalars (C,_ # 0;a,b €

o/ ,b < a) such that
Ma_sp = Caspmy,_,, for any a,b € o with b < a.

We shall denote the equivalence class of m as [m]. The action of BP on the equivalence classes
of messages is denoted by [BP] and defined as [BP]([m]) = [BP(m)].
2.5 The special case of factor graphs

The update rule in Equation simplifies in the context of factor graphs, as we will explain
now. Let .# be a factor graph and . = (I, A) the associated hypergraph. We denote by



A (a) the set of vertices i € I such that i € a, and .4'(7) the set of hyperedges a such that
i € a. Note that any m!_,  are kept unchanged over time and do not appear in the update
rule; one can choose them to be equal to 1, or simply omit them. The only message we must
consider are those on arrows a € A — i € I; remark that the part of the numerator of the
update rule can be written as:

IT II mise@a =TI II mbeylay) (2.7)

cceg%{ dc:lcg%d jeN (a) beN (j)\a
= H mb—>z ;) - H H mi—m’(ﬂjj) (2.8)
beA (i)\a JjeN (a)\i beAN (5)\a

Par of the denominator can be rewritten as:

H H mé%c(mc = H mb—>z ;) (2.9)

cE€q/ d:cCd be AN (3
cCi  dZi

Remark that the numerator simplifies as,

a—>z (z4) H mb—>z T;) = H mb—>z ;) (2.10)
beA (i)\a beA (i)
and this previous term only depends on x; and therefore factor through the sum in the numer-
ator. In the end the update rule of BP for factor graphs is simply,

mZﬂZ(IEb) Hz(xl) Z e—Ha(ya) H H mi_)](x]) (211)

Ya:5 (Ya)=Tp jeN (a)\i beA (j)\a

Let us now remark that if all the messages m’_,, > 0 for a € A and i € a, then the
messages miﬂl > 0 are also strictly positive at time ¢+ 1. In particular, the associated beliefs

are given by

Va € A, Vo, € By, bl (x,) x e al@a) H H my (). (2.12)
i€a b:b#a
i€b
and
Va eI, Va; € B, b (z;) oc e Hil@d) (2.13)

are strictly positive, i.e., for all @ € & and z, € E,, we have b,(z,) > 0. For strictly
positive messages, the update rule in Equation 2.I1] can be rewritten using Inm/! _,, denoted
as M,_,;, the associated update rule is,

Méilz( i) = Hi(z;) +1n Z exp | —Ha(Ya) + Z Z le—m'(xj) - (2.14)
Ya:75 (Vo) =i jeN (a)\{i} bet (j)\{a}

We denote the update rule of the previous equation, Equation (2.14)), as log BP, i.e.,
M (2;) = (log BP(M)) . (x:).

a—1
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As discussed previously, BP is defined on messages up to a multiplicative constant for each
message. Similarly, log BP is defined up to an additive constant. We denote the associated
equivalence class by [-]. Let us recall the notation: for any a € A and i € I such that i € a,

Cysi(M) = sup log BP,_;(M).
zr;,€F;

In particular,
log BP(M — C(M)) =log BP(M) + C(M), [log BP(M)] = [log BP(M) — C(M)].
Note that, by definition of C, for any a € A and ¢ € I such that i € a,

sup <log BP(M)q—i — C(M)a—>i> =0.
x;,€EF;

Proposition 1. The Belief propagation algorithm up to multiplicative constants has at least
one fix point such that all messages are strictly positive, i.e. there is a collection (M;—m eRFiacAiel, st i
such that,

[M*] = log BP([M*]) (2.15)

Proof. The proof of the existence of fixed points of the max-product algorithm on graphs [21]
can be adapted into a proof of the existence of fixed points of the Belief Propagation algorithm
on factor graphs.

One remarks that,

r€E, = Y > mily)

jeN (a)\{i} ber (5)\{a}

does not depend on z;. Let us denote this terms as g(x,\;. Therefore, for any two z,z € E;,

log BP(M )q—i(z) = Hy(2)+(H;(z) — Hi(2))+ (2.16)
In Z eXp (_Ha(ya\i7 Z) + (Ha(ya\ia$) - Ha(ya\i7 Z)) + g(xa\i)) .
: (2.17)

Therefore,

log BP(M),—i(x) < log BP(M)a—i(2)+ su[;J |H;(x)—H;(2)|+ SupE |Hy(y)—Hqa(y1)| (2.18)
x,zEL; Y,Y1€Lq

By exchanging x and z, one obtains that

sup |log BP(M)4—i(2) —log BP(M)a—i(2)| < sup |[H;(z)—H;(2)|+ sup |Ha(y)—Ha(y1)]
z,2€F; z,2€E; Y,y1€Eq
(2.19)



Therefore there is A such that

sup  sup |log BP(M),i(z) —log BP(M)asyi(y)| < A. (2.20)
acA, i€l zyeE;
i€a

In particular, one can deduce from Equation 2.20] and the fact that

sup (1og BP(M)qi(2) = C(M)qsi) = 0,
z,€L;

that,

sup sup |log BP(M)q4—i(z) — C’(M)a_n-‘ < A. (2.21)
agA zel;

Denote by K the subset of messages that are bounded by A. In other words,

K:={M | sup sup |Mq(z)] <Ap. (2.22)

a€A z€E;
i€a

And denote by [K] the set of equivalence classes,
[K]:={[M] | M € K}. (2.23)

Then, [log BP] maps [K] into [K]. Moreover, [K] is a convex and compact set. Therefore,
by Brouwer’s fixed-point theorem, [log BP] admits at least one fixed point, denoted by [M*].
O

Corollary 1. Let E = [[,.; E; and let A be a factor graph. Let o/ be the associated poset
of 7. Then the generalized Bethe free energy BTy s admits at least one critical point in the
interior of the polyhedral outer bound of the marginal polytope L(F).

Proof. Let s = (I, A) be a hypergraph with nodes I and hyperedges A. By Proposition [I]
there exists a fixed point [M*] of [log BP]. For any a € A and i € I such that i € a, denote

Mx_
My,_,; X € a=i,

Let b be the associated belief, defiend as,

Va € A, Yz, € E,, bg(xg) e Hal(za) H H mb_>Z x;). (2.24)
i€a beEA
bta, i€b
and
Va eI, Va; € E;,  bl(z;) ox e i@0) (2.25)

Then, for any a € S, b, > 0. Fixed points of the belief propagation algorithm are in
correspondence with critical points of the generalized Bethe free energy [I5,[1825]; therefore,
b is a critical point of BT, .

O



3 Background on the topology of partially ordered sets

3.1 Partially ordered spaces as topological spaces

A poset o is a set with a binary relation, denoted as - < -, that is transitive (b < a and ¢ < b
then ¢ < a), reflexive (a < a), and antisymmetric (a < b and b < a then a = b). A subposet
of o/ is a subset & equipped with the same relation <. An order preserving map (or isotone
map) ¢ : &/ — 9B between two posets &/ and A is a function such that whenever b < a then
o(b) < ¢(a). We will call a function ¢ : &7 — A decreasing when ¢(a) < ¢(b) whenever b < a.
In what follows, when referring to maps between two posets we implicitly mean nondecreasing
ones. A finite poset can be seen as a finite topological space [19], for the topology generated
by neighborhoods U, = {b: b < a} (see Appendix [Bl); the open subsets U C & are the lower-
sets, i.e., sets such that whenever a € U then if b < a then b € U; we denote the associated
topological space as X . In fact, the reverse is true: any finite topological space that is T} is
homeomorphic to a poset [19]. Continuous functions from X, — X, are in correspondence
with order preserving maps from &/ — 4.

There are two standard ways to make a partially ordered set &/ into a topological space,
which we will denote by X, and X .

X is the topological space whose points are the elements of 7, and the topology ¢ on
X is generated by the basis of neighborhoods U, = {b € &/ | b < a} for each a € &/. One
says that a subset U C & is a lower set whenever, for any a € U and any b € & such that
b < a, it follows that b € U. The set of open subsets of X is exactly the collection of lower
sets of <.

3.2 Galois connection

Loosely speaking, a Galois connection is a map between two posets &/ and % that admits a
kind of inverse. There are several ways to present Galois connections, depending on whether
one chooses an order or its opposite, and whether one starts from 7 or from 4. In the
following definition of Galois connection, we adopt a convention that highlights it as a specific
case of an adjunction between two categories (the posets seen as categories). In Appendix [A]
we discuss how to relate our convention to the one in [23], and why they give rise to equivalent
definitions.

Definition 2 (Galois Connection). Let <7, A be two finite posets, and let g : o/ — B and
f: P — o be two order preserving maps such that:

Vae o/, be B, gla)<b < a< f(b). (3.1)

Then we say that f,g form a Galois connection between of and % and denote it as g - f.

Proposition 2 (Theorem 4.1 [23]). Let <7, A be two posets, and let (g: o — B, f: B — )
be a Galois connection between </ and A, i.e., g - f. Then,

Va € B,be o, Z paz(a,b') = Z tor(a',b). (3.2)
b f(b)=b a’:g(a’)=a

Therefore,



co(a) = Z cg(d). (3.3)
a': f(a')=a

Proof. Equation is a restatement of Theorem 4.1 of [23]. To prove equation 3.3 sum on
the left and right hand of Equation by > ecs

> Z u@ab =Y > pgld.b)

aERBY:f(V) ac€RB a’:g(a’)=a

then,

Z > pa(a,t) =) pold,b) = cy(b)

fV)=backh aed

Therefore, Zb’:f(b’):b C@(b ) = Cﬂ(b)

3.3 Homotopic posets and core of a poset

As we have seen in the previous sections, posets can be viewed as topological spaces; hence
one can make precise the claim that they are homotopy equivalent (as topological spaces); this
is what we do in the next definition. We also recall the notion of a deformation retract, since
we use it extensively in the main result of this paper.

Definition 3 (Homotopy of maps and posets). Two order preserving maps f,qg: o — B are
said to be homotopic if there is a continuous map h : X x [0,1] — Xz such that for any
a € o, h(a,0) = f(a) and h(a,1) = g(a); we then denote f ~ g; the topology on [0,1] is the
usual Buclidean one.

Let % be a subposet of &/ and denote i : B — & as the inclusion. % is a deformation
retract of &/ if there is a map r : o — B such that:

e (retraction condition) r oi = id
e (homotopy condition) i or ~ id

A strong deformation retract imposes that the homotopy h : X x [0,1] — X leaves B
invariant, i.e., for allb € X and t € [0,1], h(b,t) =b.

More generally, two posets of , B are said to be homotopic if there is a pair of order pre-
serving maps ¢ : A — B, : B — o such that P o P =~ id and ¢ o) ~ id.

In [19], a classification of posets up to homotopy is given; it requires introducing linear
and colinear points, also known as up-beat and down-beat points (see [I] Section 1.3). The
homotopy type of a poset &/—that is, whether two posets are homotopic or not—is fully
characterized by its core. The core of a poset is a subposet, denoted cos?, that is homotopy
equivalent to &/ and has minimal cardinality. Furthermore, the retractions of linear and
colinear points are the two operations that allow one to reduce a poset to its core through a
sequence of homotopy equivalences.

10



Definition 4 (Linear and colinear points). Let <7 be a finite poset. Then, a € <7 is linear
when there is a T> a, such that

Voed, b>a = b>at. (L)

Dually, a point a is colinear when there exists a | < a such that

Voeo, b<a — b<al. (coL)

Lemma 1. Let &/, % be two finite posets, and let f,qg: o/ — B be two order-preserving maps.
If for all a € <7, we have f(a) < g(a), then f is homotopic to g.

Proof. The posets &7 and % can be viewed as finite topological spaces endowed with the lower
Alexandrov topology (generated by lower sets), Corollary 3 of [19] therefore applies. O

Proposition 3. Let &7 be a finite poset and let a be a linear point. Denote by
rar: o — o \ {a}

the retraction that sends any b # a to itself and sends a to a 1. Then 14 is a deformation
retraction of &/ onto o/ \ {a}.
Similarly, let a be a colinear point of <, and let

rq) : d — o \ {a}

be the retraction that sends b # a to itself and sends a to a |. Then 1, is a deformation
retraction of &/ onto o/ \ {a}.

Furthermore, when a is a linear point, rq4 is left adjoint to the inclusion map i : o/ \{a} —
o, i.e., rgr 1 i. When a is colinear, the inclusion map is right adjoint to the deformation
retraction rq|, .., i 1 7qy.

Proof. In both cases, when a is a linear or colinear point, we have 7,4 04 = id and r, 07 = id.
By definition, i o 744 > id and i o ro < id. Therefore, by Lemmalll i o 744 is homotopic to id,
and 7 o1, is also homotopic to id.

This shows that 744 and r, are both deformation retractions onto 27 \ {a}.

The fact that ro 4 ¢ and @ - 74 is a consequence of Proposition [0 Appendix [Al Let us
explain the proof, following Definition 2] Appendic [Al when a is a linear points, Equation [[]
can be restated as,

Vbe o/ \{a}, 7rar(a) <b <= a < i(b) (3.4)

For b # a, rq1(c) = c and ¢ < b is of course equivalent to ¢ < b. Therefore rq .
When a is a colinear point, Equation [col] can be restated as,

Vbe o/ \{a}, i(b) <a <= b<ry(a) (3.5)
Therefore 7 4 rq). [l

Definition 5 (Core of a poset [19]). The core of a poset <7 is a sub-poset B C o/ such that
A has no linear or colinear points (in B) and such that B is a strong deformation retract of

/. We will denote the core of & as codl .
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Proposition 4. Any finite poset o/ has a core, and a strong deformation retract r : &/ — cod
s obtained through a sequence of up and down retractions. Two posets are homotopic if and
only if their cores are isomorphic.

Proof. Proof of Theorem 2 in [19]. O

4 Minima and Critical Points of the Bethe Free Energy under
Deformation Retractions

In this section we explain how one can, by keeping track of the Hamiltonians, reduce optimiza-
tion of the Bethe free energy over a factor to optimizing it over its core (when regarded as a
poset). We do it iteratively by retracting linear and colinear points.

By a chain in a poset o/, we mean a strictly increasing sequence a1 < ag < -+ - < @y, with
a; € o fori=1,...,n.

Let 7 = (I, A) be a hypergraph on a finite set I. We first remark that any linear point
in a factor graph is a minimal element of o/ (H): the only chains of o/ (H) are constitutes of
vertices i € I and a € A such that i < a (i.e. i € a) or i itself. The colinear points are maximal
elements. All chains have length at most 1. After removing a linear or a colinear point, the
chains of the resulting subposet are still of length at most 1.

After retracting a linear point a € 7 (J¢), it may happen that < \ {a} is no longer
the poset associated to any factor graph. For example, consider the hypergraph 5 = (I =
{i}, A= {{i}}). Then i C {i}, so i is a linear point. After the retraction, the poset contains
only the single element a = {i}, with E, = E;. But by definition there is no factor graph
having I = @ and E; nonempty.

The previous remark is not a major issue: as explained in Section 221 the Bethe free
energy is defined for subcollections &7 of subsets of a finite set I, where for each a € & one
defines Eq = [];c, Ei. After retraction one still associates to each b € o \ {a} the finite set
Ey = [Licp Ei- The poset obtained after retraction, 27 \ {a}, has maximal chains of length at
most 1.

In the next subsection we prove the isomorphism on critical points of the respective Bethe
free energies before and after retraction, for finite posets that are collections of subsets of a
finite set I and whose chains have length at most one.

4.1 Under the retraction of a linear point

Proposition 5. Let I be a finite set, and let o C P(I) be a poset (under inclusion) whose
chains have length at most 1. Let E; for ¢« € I be a collection of finite sets and consider
a collection of Hamiltonians (Hc B, — R)ceﬂ(%ﬂ). Let a € o/ be a linear point, and set
B = o \{a}. Let Ey = [[;cp Ei, let Hy : By — R be a collection of Hamiltonians, one for
each b € o/ . Define i*H = (Hp)pen, where I and (E;);er remain unchanged.

Then the inclusion i : o/ \ {a} — < induces a bijection L(</) — L(ZA), which restricts to
a bijection between the critical points of the Bethe free energy functional BT p : L(27)° — R
and the critical points of the Bethe free energy functional BT g+ : L(%)° — R. A similar
bijection holds for the global minima over L(</) and L(ZA).
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Proof. Let us first show that L(<7) is in (linear) bijection with L(#). Define two maps

o: [[PE) — [[PE), s: [[PE) — []PE),

ced cER cER ced

defined respectively as follows:

Vb = (bC)C€W7 VC S '@7 ¢(b)c = b07

Wb = (b)ees, Ve € B, s(b)e=be, and Vo€ Ea s(b)a(@)= Y ba(y). 1)
yeEaT
Ya=2x

Then one shows that : so¢ =id and ¢ o s =id.

By Proposition 2 as a ¢ imi, then ¢y (a) = 0; and for b € &7, such that b # a,

¢ (b) = cz(b). Denote (Eq,[Hp] — S(Qp)) as 1p(Qs)-

Then, for any @ € [],c, P(Ep),

D car®)(@Q) =Y o (D)l(Qs). (4.2)
bed be#
And so, for any Q € L(),
Z(Q) = ZLz(6(Q)) (4.3)

In particular, since ¢ is a bijection, the global minima of .Z,, are mapped bijectively to
those of Z5. Let us now derive a similar result for critical points in L(%7)° and L(%)°.

We will now differentiate Equation [£3]to obtain the desired property regarding the critical
points of the two functionals.

Let us denote TL(%7) the underlying vector space of the affine space (<) which is the
set,

TL(«) = {u = (Uq)acw € H REe | Ve <b, Va, € E., uc(z.) = Z up(yp),
acd YLy

ge=c (4.4)
Va € o, Z uq(x) = 0}.

ZBEEa

For any u € T£ (), and Q € £ (< )°,

doLwy(u) = dy(@)ZL» ° doo(u) (4.5)

¢ is an isomorphism, so its differential is invertible, and the vanishing of dg.Z is equivalent
to that of dy(g)-Z%, which completes the proof.
O
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4.2 Under retraction of colinear points

Definition 6. Let I be a finite set, and let o7 C P(I) be a poset (under inclusion) whose
chains have length at most 1. Let a be a colinear point of «/. Let (H. : E. — R;c € &)
be a collection of Hamiltonians. Let B = &/ \ {a} and i be the inclusion B — <. Define
Y@ L(B) — (), denoted simply as ¢ when clear from context, as the map defined as
follows: for any Q € L(£A),

Vo #a P(Q)y = Qs (4.6)
Vo € E,, w(Q)a(l‘) = 7T($ | $a¢) Qai(l‘ai)' (47)
where, for any x, € E,,
e_Ha(ma)
7T(.Z'a ’ ‘Tai) = W (4.8)
zeF,
Zal=Tal

Proposition 6. Let I be a finite set, and let o C P(I) be a poset (under inclusion) whose
chains have length at most 1. Let E; for ¢« € I be a collection of finite sets and consider
a collection of Hamiltonians (Hc B, — R)ceﬂ(%p). Let a be a colinear point of <. Let

B = o/ \ {a} and i be the inclusion B — of . Let,

VQ e L(# Z c(b) (Eq,[Hy] — S(Qp)) — Eq,, |In Z o~ Ha(2)+Ho  (Xay)
be 7,
Ral=Xal
(1.9)

Then, 1) induces an isomorphism between the the critical points (respectively, the minima
when they exists) of £ : L(#) — R and the critical points (respectively the minima when they
exist) of BTy g« L(#/) — R.

Proof. Let g : o/ — % and f: % — «f such that g, f for a Galois connection, i.e. f - g. By
Proposition 2]

vQ e [[P(Ea), Y cula)[Bg,[Hd - => Z Cor (@) [Eq, [Ha] — S(Qa)] -

a€d a€d a'€PB acd : g(a)=a’
(4.10)
Let a € &7 be a colinear point, let 8 = o7 \ {a}. Then cy(b) = cx(b) for any b € £ such
that b # a |, and,

cglal)=cylal)+cy(a) (4.11)

Let g = 74y : @ — 2 be the retraction of a on a |. The next step is to apply the chain
rule for entropy to the joint random variables (X,Y"), where for z € E, we set X(x) = x and
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Y(z) = xqy. Let Qq € P(F,), let us denote Qg := Tay«Qa (the marginalisation induced by
the projection onto Fg|: 7121) and let,

T
vxa € anyaL € Eaia Qam(%,y@) = ﬁl[xai = yaL]'
Then the following holds,
VQ, € P(Ea)7 S(Qa) = S(Qai) + EQ@ [S(Qa|a¢)]' (4'12)
where, more explicitly,

S(Qa\tu)(yai) = - Z Qa|a¢($aa yai) In Qa|a¢($aa yai)- (413)

Ta  Tq|=Yal

Therefore, for any Q, € P(E,),

¢ (a) (Eq,[Ha] — S(Qa)) + cor(a ) (Eq,, [Hay] — S(Qay))
= (cw(a) +exlal)) (Eq, [Hayl — S(Qay)) + cr(a) (Eq,[Ha — Hay 0 mq)] — Eq,, [S(Qaja))]) -

(4.14)
First part: proof for global minima.
Let us define, for any P € L(4),
ZL(P) = min BT, P,Q,). 4.15
(P) QueP(E) I Q)P o1 (P, Qa) (4.15)
Then
in BT, = min Z(P 4.16
P&l&) o1 (P) Pg&) (P) ( )
One remarks that,
VP e L(#B), ZL(P)=Y_ cu(b) (Ep[Hy) - S(B))
be#
+ Cy i Eg,[He — Ha S —Eg,. [S(Qua
cola) | min Qul Lomg] —Eq,, [S(Qajay)]
ﬂgi,*(Qa):Pai
(4.17)

In particular as a is maximal in &7 then ¢(a) = 1. The sub-optimization problem to solve
is the following:

min Eq,[Hy — Hyp oyl —Ep, [S(qq/a 4.18
Qu€P(Ea): %, (Qa)=Pay Qul vomgyl —Ep, [S(dajay)] (4.18)

The parametrization of the constraint is given by, for any z, € E,, with x4, = ng(xa),

Qa(zq) = m(xg | Tay)Pay(Tay)-
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In particular, for any z € E, and y € Ey, m(z | ¥) = Qqa(Tas Ta))1[Ta) = y]. Pose
fa(za) = Ho(xg) — Hai(ﬂgi(xa)), in other words fo, = H, — Hy) © ﬂgi, then,

EqQlfa —Ep, [S(Qua)] = Y. Puly) > 7(wly)n :_(fc”(Ly)) (4.19)

yeE, Ta :ﬂgl(xa):y
In Equation 19 for each y € F,, the map

IR SR

X
ma:ﬂgi(ma):y a)

is minimal for,

e_fa(x)
Vee E,, 7'(x]|y) = Az =yl (4.20)
Z —fa(2)
e
2€Eq:zq =Y

Denote by P~ (E, | E,|) the set of kernels y € E,| — 7(- | y) € P(E,) such that:
1) if 24 # y, then 7(x | y) = 0.
2) forall z € E,, m(x | zqy) > 0.

C:mePoo(Ey| Eay) = EQ,lfa] —Ep, [S(Qqley)] is a strictly convex function bounded by
below on Pso(F, | Eq)), therefore it’s minimum is unique and attained. Therefore the global
minimum of C is attained for 7* : E,| — P(E,) defined as, for any « € E, and y € E,|,

“(z]y) Ze_Ha(x) 1] ]
e a a
2€Eq 24 =Y

The associated optimal @} is such that for any « € E,, Q}(z) = 7" (x | xqy) - Pay(zay).

Therefore (P, Q) = ¢(Q).
In particular,

EQa[H —H, O7T ]+EP [ (Qa\ai)] = _EPN In Z e_Ha(z)_l—H“l(X%)
2€FE,: Za$:Xa$

—— Y Pyl Y@L

yEEai z€EFE,: Zal=Y
(4.21)

max
QaEP(E,): ﬂgl’*(Qa):

We have solved the sub-optimization problem and therefore obtained an analytic expression

for &,

vQ € L(% Z c(b) (Eq,[Hy] — S(Qp)) — Eq,, [In Z e Ha(2)+Hay(Xay)
be# z: 2q=Xa|

(4.22)
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Therefore, ¢ induces an isomorphism between the minima of . and BT, g.

Second part: proof for critical points.

Recall that

¥Q € L(/), BPyu(Q) =Y cu(b) (Eq,[Hy] — S(Qy))
be#

+cw(a) (B, [Ha — Hay o m5)] — Eq,, [S(Qaa))]) - (4.23)
The constraint @ € L(«/)° can be rewritten as (Qp)rez € L(£)°, and 75 Qq = Qq. The
second constraint can be reparameterized as
Vo € By, Qu(z) =7(z | 24))Qay(Tay)-

with 7 € Pso(Eq | Eqp). Therefore, L(e7)° = L(£)° x Pso(Eq | Eqy). Both L(%)°
and Pso(E, | Eq)) are open subsets of affine spaces, and the underlying vector space of their
product, i.e. TIL(47), is the product TIL(#) x TP~ (E, | Eq)). For any (v,w) € TL(%/), and

Q = (P,Qa) € L(#)°,

doBT .y r(v,w) = dpBTg g(v)
m(x |y
£ Y ) Y wle [y Y

yeEILL zel,
Tal=Y
m(x |y
+ 3 Puy) Y wzly) <1n e<_ fal(x)) +1> (4.24)
yGEw z€F,
Tal=Y

Therefore dgBTey (v, w) = 0 for all (v,w) € TL(A) x TP~o(E,|E,,) is equivalent to,
for any v, w,

m(z
ApBTon() + Y valy) Y wlaly)n NAD g (1.25)
YEE,, T Ty =y
Z w(z|y) | In m(zly) +1) =0 (4.26)
e_fa(x)
2€Eq 1 Tq =Y

The solution to Equation [4.26] is given by,

« e_fa(x)
Vy € Eq Vo € E,, 7*(zly) = 5 R lzq, = y), (4.27)

T:Ta|=Y

and Equation [4.25] can be rewritten as, for any v € T limL(£),

dp.L(v) =0 (4.28)

Then 1) is an isomorphism between the critical points of BT, i and .Z.
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In the last part of this section, we rewrite £ as BT,  with an appropriate choice of
Hamiltonians H.
Proposition 7. Let I be a finite set, and let o C P(I) be a poset (under inclusion) whose

chains have length at most 1. Let E; for ¢ € I be a collection of finite sets and consider
a collection of Hamiltonians (Hc B, — R)ceﬂ(%p). Let a be a colinear point of <. Let

B = \{a}, and let i : B — o be the inclusion map. There are two possible cases:

1. if b= a | is a linear point of B, then pose for any c € B such that ¢ # b 7T, ]?Ib = H,
and

Vee By, Hyz)=h Y e M@

z€E,: zp=x

Hy = Hyp — Hyorl)! (4.29)

2. if a | is not a linear point of B, then, for any b € B such that b # a |, ﬁb = Hy, and

~ 1 —Hqo(2)+Ha, ()
Ve e E,, H,(r)=H, (x) — In E e ¢ @l . 4.30
i( ) l( ) C%(ai) = ( )
2q)=T

Then, v induces an isomorphism between the minima of BT B0 L(#) — R and the
minima the of BTy g : (/) — R; and also the critical points of BT, 5 : L(#)° — R and
BTy g :L(/)° — R.

Proof. Any element a € 4/ is either be a minimal element or a maximal element (or both).
In particular, if @ is a linear point, then a 1> a, so a is a minimal element; conversely, if a is
a colinear point, then a |< a, so a is a maximal element. Let a € & be a minimal element
but not a linear point, then, there are at least two elements b, b1 such that a < b and a < by;
one shows that, j1(a,a) =1 and for any a < ¢ (¢ is a cover of a, i.e. there is not a < z < ¢)
u(c,a) = —1. Therefore ¢, (a) < —1. Therefore, when a | is not a linear point of %, by
Proposition [6] the critical points and the minima of BT, y are in correspondence with those

of £, where

VP e L(#A Z cx(b pr [Hp] — S(Pb))—Epw In Z e Ha(2)+Hay(Xay)
be# 2€Eq: zq)=Xay
(4.31)
This expression can be rewritten as
VQ € L(# = > cald) (Ba,[H] — S(@n) = BT, 5(Q). (4.32)
be A

Assume now that b = a | is a linear point of 4, then by Proposition 2], c2(b) = 0. b1 is a
maximal element of %, therefore c4(b 1) = 1. Therefore,
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VQeEL(®), ZLQ) = > culd)(Eg,lHd - 5(Qq))

de B:d£bt

+ EQbT [HbT] - EQai In Z e_Ha(ZHHal(XM) - S(Qa)
2€E,: Za$:XaJ,

(4.33)
Pose for all z € E,,
Hy(z)=In > e HeE@Hu@ (4.34)
2€Eq: zq =
One remarks that,
o - b
Equ, [Hit] — Eq,, [Ha)] = Eq,, [HbT(XbT) — Hgy 0 ﬂ.aI(XbT)]
= 3 Qun(@) [Hip(w) = Hoylaa (4.35)

Z‘EEM

Therefore by posing, for ¢ € % such that ¢ # b 1, ];NIC = H. and ]?IbT = Hy — I;T@ o 7721,
then .Z = BT,%”,I?' _

5 The main result: minima and critical points under deforma-
tion retractions of hypergraphs

Theorem 1. Let .F be a factor graph, with sets E; for i € I, hypergraph 5 = (I, A) and
Hamiltonians (H, : E, — R)ceﬂ(%) (associated to the factors). Denote o () as /. Let

co? be the core of &/. Then, there is a a collection of functions (ﬁc : Ee = R)eccowr that

induces an isomorphism between the critical points of BTy g and those of BT, 5.

Proof. By Proposition ], there exists a sequence of up and down retractions, corresponding
respectively to the deletion of linear and colinear points of &7, which, when composed, define
a deformation retraction from .27 onto co<’. Let us denote ay, ...a, the set of points of 2/ that
are successively deleted to reach co«?. Each ay, for k = 1...n, are linear or colinear points in
their respective posets.

If a; is a linear point, one can apply Proposition Denote «/f = o/ \ {a1}, and let
i: 9 — o/ be the inclusion of &7 into 7; let ¢ : L(&/) — L(%) be the induced map. Denote
Hy = 1*H; then ¢ induces an isomorphism between the critical points of BT, g and those of
BT m,. Denote by g4, the restriction of ¢ to the respective sets of critical points.

If a; is a colinear point, then one instead applies Proposition [[l In this case, let H; = H.
Recall that 9?7 (Definition []) induces an isomorphism between the critical points of BT
and those of BT g,; denote by g4, the inverse of @ H restricted to the respective critical
points. The chains of o/ are of length at most 1, so are those of .&7.
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Let us build by recursion the sequences %, Hy, and g,, for 1 < k < n. Repeating the
same argument as for aj, and depending on whether aj is a linear or colinear point, we set
1 = 9 \ {ar}; the chains in @1 are of length at most 1 as are those of &, Hpy is
respectively i* Hy or Hy; and g, ,, is respectively the restriction of ¢ : L(%%) — L(%441) to
the critical points of BTy, g, and BTy, .., or the restriction of Wk to those critical
points.

Then gq, ©...09,, defines a isomorphism between the critical points of BT, i : L(#) — R
and those of BT o 1, : L(cos?) — R.

O
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A Galois Connection and Adjunction

Definition 7 (A poset as a category). Consider a finite poset of ; the associated category,
denoted as A or simply as </, has as objects the elements x € &/ and a unique morphism
x — y whenever x < y.

Definition 8 (Galois Connection). Let <7, A be two finite posets, and let g : of — B and
f: P — o be two mean nondecreasing maps such that:

Vaed,be B, gla)<b <= a< f(b) (A1)

then we say that f,g form a Galois connection between </ and B.

Remark 1. Definition 2 is equivalent to saying that g is left adjoint to f for &/ and % seen as
categories. It is the reason why we denoted it in the body of the article g 4 f when f, g define
a Galois connection. The relation to the Galois connection as defined in [23] is that f, g form
a Galois connection in our sense if and only if f, g form a Galois connection between «7°P and
2 according to the conventions of [23].

Proposition 8. Let o/, B be two finite posets, and let g : & — B and f : B — < form a
Galois connection between of and B, i.e., g 1 f. Then & and % have the same homotopy

type.
Proof. Section 4 [23] O

Proposition 9. A point a is linear if and only if the inclusion map j : < \ {a} admits a left
adjoint, denoted as r. In other words, there exists a unique map r : < \ {a} — & such that
(r,7) is a Galois connection between </ and </ \ {a}.

Similarly, a point a is colinear if and only if the inclusion map j : o \ {a} admits a right
adjoint, i.e., if (j,r) is a Galois connection between </ and </ \ {a}.

Proof. If a is a linear point of <7, then for any b # a, we have jor(b) =band jor(a) =a 1>
a > a; furthermore, r o j = id.

Therefore, if for b € & and ¢ € & \ {a} such that r(b) < ¢, then
b<jor() <je),

and so b < j(c).
Now assume that b < j(c¢), then r(b) < roj(c) = ¢; therefore, r 4 j. Similarly, assume a is
a colinear point of @7, then it is a linear point of &7°P. Applying the previous result, it follows
that
r(a) <op b <= a <, f(b),
which corresponds to

b<pr(a) <= f(b) <ep a,

and so j .

Now, assume that r 4 j, then a 7= r(a) < bif and only if a < b, and so a < b = a 1< b;
therefore, a is a linear point. A similar proof shows that j 4 r implies that a is a colinear
point. [l
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Remark 2. Let a be a linear point. Then, the left adjoint to the inclusion j : & \ {a} — &,

denoted as r®! : of — of \ {a}, sends a to a 1 and is the identity map on the other points.
Similarly, let a be a colinear point. Then, the right adjoint to the inclusion j : & \{a} — &,

denoted as r® : of — o \ {a}, sends a to a | and is the identity map on the other points.

B Partially ordered spaces as topological spaces

There two standard way to make a partially ordered set & into a topological spaces that we
will denote as X, and X“.

X, is the topological space whose points are the elements of 7, and the topology & on
X is generated by the basis of neighborhoods U, = {b € &/ | b < a} for each a € &/. One
says that a subset U C & is a lower set whenever, for any a € U and any b € & such that
b < a, it follows that b € U. The set of open subsets of X is exactly the collection of lower
sets of &7

X is the space @7 equipped with the topology €, generated by the neighborhood bases
{be o | a<b} for each a € o/. The set of open subsets of ¢ is the set of upper sets, that
is, the subsets U such that if a € U and b € & with a < b, then b € U.

The two spaces X, and X 7 are related as follows: X, = X7,
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