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Determining low-energy eigenstates in electronic many-body quantum systems is a key challenge
in computational chemistry and condensed-matter physics. Hybrid quantum-classical approaches,
such as the Variational Quantum Eigensolver and Quantum Subspace Methods, offer practical solu-
tions but face limitations in circuit depth and measurement overhead. In this article, we propose a
variational strategy based on symmetry-preserving cost functions to iteratively construct a reduced
subspace for the extraction of low-lying energy states. We show that, under certain conditions,
our approach leads to a tridiagonal representation similar to that obtained with the Lanczos algo-
rithm. The iterative process allows control over the trade-off between circuit depth, the number of
variational parameters, and the number of measurements required to achieve the desired accuracy,
making it suitable for current quantum hardware. As a proof of concept, we test the proposed
algorithms on H4 chain and ring, targeting both the ground-state energy and the charge gap.

I. INTRODUCTION

The many-body problem poses significant challenges
in determining electronic low-lying eigenenergies using
classical methods. Quantum computing offers a promis-
ing alternative to address the exponential complexity [1–
4]. However, noisy intermediate-scale quantum (NISQ)
devices are limited by short qubit coherence times and
minimal error correction, making algorithms like phase
estimation impractical [5, 6]. Consequently, hybrid ap-
proaches such as the Variational Quantum Eigensolver
(VQE) and Quantum Subspace Methods (QSM) have
emerged as feasible solutions for current quantum hard-
ware [7–11].

On one hand, the VQE algorithm optimizes a vari-
ational trial state encoded in a quantum circuit using
an ansatz, broadly classified as physically-motivated or
hardware-efficient. Physically-motivated ansätze, such as
the unitary coupled-cluster (UCC) ansatz [7, 12–21], are
symmetry-preserving (for example number of electrons
and spin, although the later might still be broken by us-
ing trotterized – also called disentangled – UCC [22])
and size-extensive but require deep circuits, which are
impractical on current hardware [23–25]. The associ-
ated circuit depth can however be reduced using adap-
tive methods like ADAPT-VQE that selects only impact-
ful excitation operators [26–38]. Despite these improve-
ments, estimating ground-state energies for even small
molecules remains challenging due to high gate counts
and measurement overhead [26, 32, 39]. Shallower cir-
cuit can be constructed using Hardware-efficient ansätze
(HEA) that employ layers of parametrized single-qubit
rotations and entangling gates, enabling practical imple-
mentation on NISQ devices [40, 41]. However, HEA faces
scalability challenges due to redundant parameters, lack
of symmetry constraints, and barren plateaus, hinder-
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ing optimization [42–47]. To address the aforementioned
issues, symmetry-preserving ansätze [13, 23, 37, 48–52]
and advanced optimization strategies [53–60] have been
proposed. Additional strategies, such as adding auxil-
iary qubits [61], reducing the number of qubits using the
quantum matrix product states algorithm [62], or using
dissipative quantum algorithms [63] have also been devel-
oped recently to mitigate the barren plateau issue. We
refer the reader to Refs. [45, 64] for recent reviews.

On the other hand, QSMs project the Schrödinger
equation onto a reduced subspace, combining quantum
measurements with classical eigenvalue solvers [9, 65].
The distinction among QSM approaches lies in how the
reduced subspace is constructed. For instance, Quan-
tum Subspace Expansion (QSE) constructs subspace
vectors using excitation operators, inspired by classical
methods like Multi-Reference Configuration Interaction
Singles and Doubles [9, 65–70], but suffers from size-
intensivity for large systems [11]. Alternatives to the
excitation operators include Pauli type operators [71–
73] or the use of the equation-of-motion formalism for
excited states [74, 75]. Quantum Krylov-based meth-
ods extend classical eigenvalue solvers to quantum sys-
tems, employing Hamiltonian powers to construct sub-
spaces [11, 76]. Examples include quantum Lanczos [77–
79], Chebyshev Krylov [80], Gaussian power [81], inverse
power [82], Davidson [83] and Quantum Filter Diago-
nalization [10, 84–92]. Quantum Krylov based methods
require significantly more quantum resources than QSE
approaches, due to the construction of the block-encoded
unitaries or the need of precise time evolution. However,
just like their classical counterpart they excel in approx-
imating precisely dominant eigenvalues with rapid con-
vergence [89, 91]. For such approaches, synergy between
quantum devices and classical solvers remains central,
while challenges like noise and sampling overhead per-
sist [72].

In this contribution, we propose a strategy for design-
ing cost functions that enforce symmetry preservation,
regardless of the ansatz used to define the unitary trans-
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formation. To obtain a low-energy eigenstate, we intro-
duce an iterative procedure that allows control over the
ratio between circuit depth, the number of variational pa-
rameters, and the number of measurements required to
achieve the desired accuracy. In the spirit of QSMs, the
iterative process is employed to construct variationally
a reduced subspace from which low-lying energy states
are extracted. Moreover, we show that the proposed
strategy leads to a tridiagonal form analogous to that
obtained with the Lanczos algorithm. As a proof of con-
cept, we test the proposed algorithms on H4 linear and
square molecules, targeting both the ground-state energy
and the charge gap. Convergence properties in terms of
circuit depth and the number of iterations are also ana-
lyzed.

II. DENSITY-MATRIX BASED VARIATIONALS
PRINCIPLES

Let us consider the electronic Hamiltonian operator H
of a system for which the ground state is not degenerate.
The Hamiltonian is expanded in the many-body Fock-
space basis set {∣Φi⟩},

H = ∑
ij

Hij ∣Φi⟩⟨Φj ∣, (1)

where {∣Φi⟩} denote Slater determinants or configuration
state functions, and we refer to ∣Φ0⟩ as the Hartree–Fock
(HF) state. H can be diagonalized using a unitary trans-

formation matrix, H = P†HP, where Hij = Eiδij and

Ei is the ith eigenvalue sorted in ascending order. The
eigenvectors are obtained as ∣Ψi⟩ = P∣Φi⟩, ∣Ψ0⟩ and E0

thus correspond to the ground-state vector and energy,
respectively. A standard approach to reach the lowest
eigenvalue of H on a quantum computer relies on the
variational principle,

E0 < E(θ∗) =min
θ
⟨Φ0∣P†(θ)HP(θ)∣Φ0⟩, (2)

where the unitary transformation P(θ) depends on pa-
rameters θ to be optimized, and θ∗ denotes the optimal
parameters. At the saddle point, ∣Ψ0(θ∗)⟩ = P(θ∗)∣Φ0⟩,
and if P(θ∗) = P, then ∣Ψ(θ∗)⟩ = ∣Ψ0⟩ and E(θ∗) = E0.
Alternatively, we rewrite the variational principle in

Eq. (2) in terms of the many-body ground-state density

matrices Γ and Γ of which elements are defined as

Γij = ⟨Ψ0∣Ψi⟩⟨Ψj ∣Ψ0⟩, Γij = ⟨Ψ0∣Φi⟩⟨Φj ∣Ψ0⟩. (3)

As depicted in Fig. 1(a), Γij = δi0δj0 for all i and j. In
this framework, the ground-state energy E0 is computed
as the following convolution,

E0 = tr (ΓH) = tr (ΓH) =H00, (4)

and the variational principle in Eq. (2) corresponds to

E0 < E(θ∗) =min
θ
[tr (ΓP†(θ)HP(θ))] , (5)

  

Many-body basis-set Rep.

Eigenstate Rep. Householder Rep.

(a)

Energy 

(b)

FIG. 1: (a) Schematic representation of the

ground-state many-body density matrices Γ, Γ, and Γ̃
in the three different representations, namely the
many-body basis set, eigenvector, and Householder

representation. The unitary transformations P, U, and
R linking the three representations are displayed. (b)

Schematic representation of the two-level decomposition
of the ground state. We propose to optimize the gain
energy EG coming from the interaction between the
good-guess ∣Φ0⟩ and a variational vector ∣Φ̃1(θ)⟩.

where tr denotes the trace.
We introduce a third intermediate representation in

which the first vector ∣Φ0⟩ remains unchanged, and the
density matrix

Γ̃ = [Γ̃
R 0
0 0

] (6)

is block-diagonal. Γ̃R is a 2 × 2 matrix that reads

Γ̃R = [Γ00 Γ̃10

Γ̃01 Γ̃11
] = [ ω2

√
ω2(1 − ω2)√

ω2(1 − ω2) 1 − ω2 ] , (7)

where ω2 = ∣⟨Ψ0∣Φ0⟩∣2 represents the weight of ∣Φ0⟩ in the
ground state. This representation is called the House-
holder representation since, among all unitary transfor-
mations R that provide the form of Γ̃ in Eq. (6),

Γ̃ =RΓR, (8)

with ∣Φ0⟩ = R∣Φ0⟩, the Householder reflection (R = R†)
is uniquely defined from the first column of Γ. Note that
this transformation has been recently used in the context
of embedding methods in electronic structure theory [94–
97]. Using this transformation, the ground-state vector
is decomposed as

∣Ψ0⟩ = ω∣Φ0⟩ + ν
√
1 − ω2R∣Φ1⟩, (9)

where ν = ±1 is a relative phase factor, and the ground-
state energy reads, in this new representation,

E0 = tr (Γ̃H̃) = tr (Γ̃RH̃R) , (10)
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where H̃ =RHR and

H̃R = [H00 H̃10

H̃01 H̃11
] . (11)

It follows that the variational principle in Eq. (5) can be
rewritten in the Householder representation as

E0 < E(θ∗, ω∗) =min
ω,θ
[tr (Γ̃R(ω)H̃R(θ))] , (12)

where θ∗ and ω∗ are the minimizing parameters, and

H̃R(θ) = [ H00 H̃10(θ)
H̃01(θ) H̃11(θ)

] , (13)

with H̃(θ) = R†(θ)HR(θ). By introducing the House-
holder representation, we have split the variational pro-
cess into two sub-processes: 1) the optimization of the

reflection R(θ) to block-diagonalize Γ into Γ̃, and 2) the

optimization of the unitary U(ω) to diagonalize H̃R(θ),
i.e. P = RU, see Fig. (1). Note that since Γ̃ is idempo-
tent, U(ω) is only defined by a single parameter ω. Opti-
mizing R(θ) consists in finding the complementary vec-

tor ∣Φ̃1(θ)⟩ =R(θ)∣Φ1⟩ of ∣Φ0⟩ that composes the ground
state, as shown in Eq. (9).

III. ITERATIVE AND VARIATIONAL
SYMMETRY-PRESERVING QUANTUM

EIGENSOLVER

A. Symmetry-preserving cost functions

Let us make the assumption that ∣Φ0⟩ is a binding state
i.e. H00 = ⟨Φ0∣H∣Φ0⟩ ≤ 0 and additionally that it is a
good-guess, i.e. that ∣Φ0⟩ as an overlap ω2 = ∣⟨Φ0∣Ψ0⟩∣2 ≥
0.5 with the ground state. In that case, instead of us-
ing the energy as a cost function to be minimized, we
consider the gain energy,

EG(θ) =
∆(θ)
2

⎡⎢⎢⎢⎢⎢⎣
1 −

¿
ÁÁÀ1 + 4H̃01(θ)H̃10(θ)

∆(θ)2

⎤⎥⎥⎥⎥⎥⎦
, (14)

where ∆(θ) = H̃11(θ) − H00. EG(θ) is negative if
∆(θ) > 0 and that is computed in the two-level system

composed of ∣Φ̃1(θ)⟩ and ∣Φ0⟩, as shown in Fig. 1(b). It
corresponds to the energy difference between the eigen-
state of the two-level system ∣Ψ0⟩ and ∣Φ0⟩, i.e. EG(θ) =
⟨Ψ0(θ)∣H∣Ψ0(θ)⟩ − ⟨Φ0∣H∣Φ0⟩. If ∣Φ0⟩ is a good guess,
the ground-state energy E0 = ⟨Ψ0∣H∣Ψ0⟩ is related with
the Hartree–Fock energy H00 and the gain energy as

E0(θ∗) =H00 +EG(θ∗), (15)

for the optimal parameter θ∗. From a numerical point
of view, using EG(θ) as a cost function for optimization
may lead to instability when ∆(θ) → 0, i.e., when the

spectrum exhibits degeneracy or when the target state
is not the lowest eigenvalue of the spectrum but the
lowest-eigenvalue of a specific symmetry-restricted sub-
space. Alternatively, the interaction energy

EI(θ) = −
√

H̃01(θ)H̃10(θ) (16)

can be also considered as a relevant cost function. In
particular, for large ∣∆(θ)∣ compared to ∣H̃10(θ)∣, both
cost functions are expected to lead to the same saddle
point as

∂EG(θ)
∂θ

∝ ∂EI(θ)
∂θ

. (17)

Moreover, we show in the following that minimizing
EI(θ) with the condition that ⟨Φ0∣R(θ)Φ0⟩ = 1 corre-
sponds to emptying the first column/row of the Hamil-
tonian up to the diagonal term and the first off-diagonal
element i.e., H̃0j(θ) = ∑klR0k(θ)HklRlj(θ) = 0, ∀j >
1, similarly as one obtains by using the corresponding
Householder Reflection.
Proof: Let us consider the first diagonal element of the
square of the Hamiltonian in the Householder represen-
tation H̃ and in the variational representations H̃(θ),

[H̃2]00 = H2
00 + H̃01H̃10, (18)

[H̃(θ)2]00 = H̃00(θ)2 + H̃01(θ)H̃10(θ)
+∑

j>1
H̃0j(θ)H̃j0(θ). (19)

Because the condition ⟨Φ0∣R(θ)∣Φ0⟩ = 1 imposes that

H̃00 =H00 and [H̃2]00 = [H̃(θ)2]00, it follows that

H̃01H̃10 > H̃01(θ)H̃10(θ), (20)

except if for all j > 1, H̃j0(θ) = 0. In that latter case,

H̃01H̃10 = H̃01(θ)H̃10(θ). Consequently, the saddlepoint
of minimizing EI(θ) corresponds to the case where for

all j > 1, H̃j0(θ∗) = H̃j0 = 0 [93].
A first important remark deals with the fact that cost

functions, C(θ) = EG(θ) or EI(θ), cancel out if ∣Φ̃1(θ)⟩
and ∣Φ0⟩ do not belong to the same symmetry-defined
subspace of the Hamiltonian, i.e., if

H̃01(θ) = ⟨Φ0∣H∣Φ̃1(θ)⟩ = 0.

In this way, the desired symmetries are imposed by con-
struction in the guess vector ∣Φ0⟩. This property is ex-
pected to drastically simplify the energy landscape since
only the states belonging to the same symmetry-subspace
as ∣Φ0⟩ can contribute to C(θ) while states that does not
belong to the targeted symmetry subspace have a zero
contribution. Consequently, it is naturally expected that
for the optimal parameters θ∗ minimizing C, the state
∣Φ̃1(θ∗)⟩ exhibits the same quantum numbers (e.g., ⟨N⟩,
⟨S2⟩, ⟨Sz⟩) as ∣Φ0⟩, regardless of the ansatz used to con-
struct R(θ). The use of symmetry-preserving cost func-
tions C(θ) is therefore highly compatible with HEA.
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A second important remark relates to the fact that,
in contrast to the VQE algorithm which relies on the
minimization of energy, minimizing both C(θ) does not
guarantee to reach the ground state. Indeed, EG(θ) re-
mains negative only for positive ∆(θ). Consequently,
minimizing EG(θ) decreases the energy but constrains
ω(θ) = ∣⟨Φ0∣Ψ0(θ)⟩∣2 to be larger than 0.5 to ensure that
∆(θ) is positive. It follows that if ∣Φ0⟩ is not a good
guess, minimizing EG(θ) does not lead to the ground
state but rather to the lowest-energy state within the
symmetry-subspace where ω(θ) > 0.5. Similarly, us-
ing EI(θ) as a cost function does not guarantee conver-
gence to the ground state but instead promotes maximal
interaction between ∣Φ0⟩ and ∣Φ̃1(θ)⟩ within the same
symmetry-subspace. To overcome this limitation, an it-
erative scheme is proposed in the following.

B. Iterative and variational quantum eigensolver
(IVQE)

The good-guess condition is replaced by the less con-
straining requirement for ∣Φ0⟩ to be a binding state that
has a non-zero overlap with the targeted ground state. To
obtain the ground state, we propose an iterative loop con-
dition compatible with the cost function C(θ). More pre-
cisely, we set up an iterative process such that the ground

state ∣Ψ(n)0 (θ(n)∗)⟩ of the two-level system (see Fig. 1(b))
obtained at the end of an iteration n is used as the guess

vector ∣Φ(n+1)0 ⟩ for the next iteration n+1. The algorithm
is initialized at iteration n = 0 with ∣Ψ(n=0)0 ⟩ = ∣Φ0⟩. The
process for n > 0 can be decomposed into the following
steps:

1. Loop condition and guess vector definition:

∣Ψ(n−1)0 ⟩ → ∣Φ(n)0 ⟩ becomes the new guess vector
for iteration n.

2. Find optimal parameter θ(n)∗ for the unitary
R(θ(n)). We optimize the cost function C(θ(n)).
The classical optimization algorithm requires mul-
tiple evaluations of the cost function.
Inner loop for cost function computation:

(a) Construct a quantum circuit (quantum com-
puter) representing the variational trial state

∣Φ̃(n)1 (θ(n))⟩.
(b) Measure (quantum computer) all the neces-

sary elements of the overlap and Hamiltonian
matrix and the Hamiltonian:

Spn = ⟨Φ̃(p)1 (θ
(p)∗)∣Φ̃(n)1 (θ

(n))⟩, (21)

Hpn = ⟨Φ̃(p)1 (θ
(p)∗)∣H∣Φ̃(n)1 (θ

(n))⟩ (22)

for 0 ≤ p ≤ n and considering ∣Φ̃(0)1 (θ(0))⟩ =
∣Φ0⟩.

(c) Orthogonalize (classical computer) the varia-

tional trial state ∣Φ̃(n)1 ⟩ with respect to the
overlap matrix S. Update all elements of H
in the orthonormalized basis set.

(d) Compute the cost function (classical com-

puter) by constructing the matrix H̃R(θ(n))
from the elements of H in Eq. (22). Then,
use Eq. (14) or Eq. (16) to obtain the cost

function C(θ(n)).

The minimizing parameters are denoted by θ(n)∗.

3. Two-level system ground state. (classical com-

puter) We diagonalize H̃R(θ(n)∗) in the subspace

spanned by ∣Φ(n)0 ⟩(= ∣Ψ
(n−1)
0 ⟩) and ∣Φ̃(n)1 (θ(n)∗)⟩,

obtaining the optimal ω(n)∗ [see Eq. (9)]. This
leads to:

∣Ψ(n)0 ⟩ =ω
(n)∗∣Ψ(n−1)0 ⟩

±
√

1 − (ω(n)∗)2∣Φ̃(n)1 (θ
(n)∗)⟩. (23)

Ground state properties at iteration n such as the
energy can be evaluated by using the diagonal form
of H̃R(θ(n)∗)

E
(n)
0 = ⟨Ψ(n)0 ∣H̃

R(θ(n)∗)∣Ψ(n)0 ⟩.

4. Check convergence. (classical computer) If

(ω(n)∗)2 > 1 − εw and/or the minimized cost func-

tion C(θ(n)∗) > −εe, the process is considered con-
verged. Here, εw and εe are positive convergence
criterion parameters that must be user-defined.
Otherwise, the algorithm restarts at step 1 with
n = n + 1.

This procedure is depicted in Fig. 2. The conver-
gence criteria are based on the fact that if ω(n)∗ ≠ 1
or if the cost function is strictly negative C(θ(n)∗) ≠ 0,

then ∣Ψ(n−1)0 ⟩ is not an eigenstate. On the contrary, if

ω(n)∗ = 1 or C(θ(n)∗) = 0, then ∣Ψ(n−1)0 ⟩ is an eigenstate
in the same symmetry subspace as the initial guess ∣Φ0⟩.
Note that only ∣Φ̃(n)1 (θ(n))⟩ are constructed on the QC,

while ∣Ψ(n)0 ⟩ are never constructed explicitly but retrieved

using H̃R(θ(n)∗).
This algorithm will be referred to as the Iterative Vari-

ational Quantum Eigensolver (IVQE) algorithm. It falls
into the class of VQEs, as each iteration is a new vari-
ational process with an updated guess-vector, for which
the cost function C(θ(n)) is minimized. Both the gain
and interaction energy can be used as the cost function.
The former is expected to speed up the convergence,
while the latter is expected to provide more stable nu-
merical optimization.
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...

...

FIG. 2: Schematic depiction of the iterative algorithm

(top panel). Only the states {∣Φ̃(n)1 (θ(n))⟩} in blue are
optimized on a quantum computer to minimize the cost

function C(θ(n)).

C. Variational quantum subspace method (VQSM)

We can exploit the fact that at each iteration n, the

set of optimal trial states {∣Φ̃(p)∗1 (θ(p)∗)⟩} optimized it-

eratively in 0 ≤ p ≤ n iterations, constitutes a reduced
orthonormal basis in which the Hamiltonian is expanded.
It follows that we can revise steps 2d and 3 of the algo-
rithm presented in the previous section III B in the spirit
of quantum subspace method. More precisely, instead
of using the two-level system Hamiltonian H̃R(n)(θ(n))
at iteration n to compute the cost function and de-
fine the iteration ground state, we could diagonalize the

(n + 1) × (n + 1) Hamiltonian matrix H(n) within the

subspace {∣Φ̃(p)1 (θ(p))⟩} . In parallel, we also need to

adapt the cost functions, Eq. (14) or Eq. (16), to the sub-
space expansion approach. The cost function Eq. (14) is
not changed and consists of the energy gain computed in
the two-level system constituted from the ground state

∣Ψ(n−1)0 ⟩ of H(n−1) of the previous iteration and the vari-

ational trial vector ∣Φ̃(n)1 (θ(n))⟩. It takes the same form

as Eq. (14) but H̃01(θ) = ⟨Φ̃(n)1 (θ(n))∣H∣Ψ
(n−1)
0 ⟩ and

H̃11(θ) = ⟨Φ̃(n)1 (θ(n))∣H∣Φ̃
(n)
1 (θ(n))⟩. In the same line,

Eq. (16) can also be used to maximize the interaction
energy with the ground state of the previous iteration

using H̃01(θ) = ⟨Φ̃(n)1 (θ(n))∣H∣Ψ
(n−1)
0 ⟩.

Interestingly, following property (20), we can define
another type of cost function,

E′I(θ(n)) = −
√
H(n)

n(n−1)(θ)H
(n)
(n−1)n(θ) (24)

which upon minimization provides a tridiagonal form of
H. Ultimately, given a fixed starting vector, it leads
to a tridiagonalization of the Hamiltonian equivalent to
the Householder, Givens, and Lanczos tridiagonalization
methods on classical computers [76, 98–100], since Pick
and Tomasek showed that given a starting vector the
tridiagonal form is unique [101]. Consequently, the con-
vergence performances should also be comparable. Con-
sequently, we can expect from this analysis that the
variational iterative algorithm we propose will converge

rapidly to the dominant eigenvalue, similar to classical
Lanczos/Householder tridiagonalization scheme.

Altogether, it follows that steps 2d and 3 of the IVQE
algorithm can be replaced by:

2. . . .

(d’) Compute the cost function: (classical com-

puter) First diagonalize H(n), then use the
generalization of Eq. (14) or Eq. (16) to ob-

tain the cost function C(θ(n)).

3’. Subspace expansion ground state: (classical com-

puter) Once the parameters θ(n)∗ optimized, we

diagonalizeH(n) expanded in the orthonormal sub-

space spanned by {∣Φ̃(p)1 (θ(p)∗)⟩}, 0 ≤ p ≤ n. The

ground state of H(n) is denoted ∣Ψ(n)0 ⟩. We com-

pute ω(n)∗ = ⟨Ψ(n−1)0 ∣Ψ(n)0 ⟩ as the fidelity of the
obtained ground state with respect to the ground
state obtained at the previous iteration. Also the
ground-state properties at iteration n such as the
energy can be evaluated as

E
(n)
0 = ⟨Ψ(n)0 ∣H

(n)∣Ψ(n)0 ⟩.

This algorithm will be denoted as the Variational
Quantum Subspace Method (VQSM) algorithm. It falls
in the class of quantum subspace methods, as in each
iteration the subspace is enlarged, optimizing gain or in-
teraction energy with the ground state of the previous
iteration. In terms of performance, VQSM is expected to
converge faster to the dominant eigenvalue than IVQE,
at the costs of an additional classical diagonalization of
the subspace Hamiltonian. Regarding the classical com-
putational overhead, we acknowledge that, unlike IVQE,
VQSM requires a matrix diagonalization step at each
iteration. However, this overhead remains moderate in
practice, as the size of the matrix to be diagonalized is
determined by the number of iterations, which typically
remains small due to the geometric convergence behavior
of such methods. Importantly, this subspace dimension
usually grows only polynomially with system size. Thus,
while VQSM introduces more classical post-processing,
it compensates by offering significantly improved accu-
racy and convergence. In this sense, VQSM sits at the
intersection of VQE and quantum subspace methods,
combining the advantages of both approaches: it lever-
ages very shallow quantum circuits enabled by symmetry-
preserving cost functions typical of HEA-based VQE,
while also inheriting the robustness, noise resilience, and
fast convergence associated with QSM. For large-scale
applications, a hybrid strategy combining IVQE in the
early iterations and switching to VQSM in later stages
could effectively balance classical overhead and algorith-
mic accuracy.
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FIG. 3: Schematic representation of the HEA used in
this work. The circuit inside the square brackets
representing one layer l is repeated NL times.

D. Practical implementation and measurements

Construction of the Trial Variational State on the
Quantum Computer. Ideally, the trial state ∣Φ̃1(θ)⟩ is
prepared by applying a reflection R(θ) to an “easy-to-
prepare” initial state, such as the Hartree–Fock (HF)
state – similar to the procedure used in standard House-
holder tridiagonalization. Using EI is expected to miti-
gate optimization difficulties since it is linear in R. In-
deed, since R can be defined up to a phase factor, the
quantity H̃01(R) = ⟨Φ0∣HR∣Φ1⟩, where ∣Φ0⟩ and ∣Φ1⟩
are fixed vectors, can be arbitrarily chosen to be posi-
tive. By contrast, EG is generally non-convex (quadratic
in R), although it tends toward convexity close to the
non-interacting limit, suggesting that severe optimiza-
tion challenges may be avoided in that regime. How-
ever, despite recent progress, implementing a reflec-
tion on a quantum computer remains technically chal-
lenging, as it typically requires multi-controlled NOT
gates [102, 103]. That said, Householder reflections is
unique among many other unitary transformations ca-
pable of block-diagonalizing H while preserving ∣Φ0⟩.
Therefore, rather than constraining the transformation
to be a reflection, we construct the trial state ∣Φ̃1(θ)⟩
using a variational unitary quantum circuit applied to a
simple reference state. Optimally, the variational circuit
would exactly reproduce the effect of the targeted reflec-
tion. While the cost functions EI (EG) introduced above
shows convex properties (or nearly convex properties), re-
spectively, the discrepancy between the actual circuit and
the ideal Householder reflection likely results in a highly
non-convex function, thus complicating the optimization.
As a consequence, replacing the explicit construction of
R(θ) with a variational unitary circuit may introduce the
typical issues encountered in variational methods – such
as barren plateaus and the proliferation of local minima
– well documented in other ansatz-based approaches [45].

Hardware efficient Ansatz. The quantum circuit in
Fig. 3 aims to construct ∣Φ̃1(θ)⟩ = Uqc(θ)∣ΦI⟩ and is
constituted by an initialization, i.e the ‘easy’ construc-
tion of ∣ΦI⟩ followed by the unitary circuit Uqc(θ). For
the initialization step, one might choose an excited Slater
determinant ∣ΦI⟩ that has an overlap with the ground
state, i.e. that belong to the same symmetry subspace
than ∣Φ0⟩. However to remain general, here we just ini-

tialize the circuit with the zero state. To construct the
unitary part Uqc(θ), we exploit the fact that the cost

functions EG(θ) and EI(θ) enforce ∣Φ̃1(θ)⟩ to be in the
same symmetry-subspace as the initial guess vector ∣Φ0⟩.
This allows in principle the use of any ansatz, includ-
ing HEA to reduce circuit depth. As a sake of simplic-
ity and controllability, we construct Uqc(θ) = HEA as a
first layer of Ry(θ) gates on each qubit followed by series
of NL layers, each containing two-qubit entangling gates
and single-qubit rotational gates. Note if the circuit is
initialized with an excited state, the first Ry(θ) layer be-
comes unnecessary. For instance, a simple case depicted
in Fig. 3 consists in the 1D RyCNOT HEA [40] that we
propose to use in the following as a proof of concept. The
ansatz consists in NL layers containing an entangling op-
erator. The entangling operator consists of a linear chain
of Nent = (Nqubit − 1) two-qubit CNOT gates, employing
a linear entanglement strategy. Each layer also includes
a set of Ry(θ) rotation gates applied to all qubits. The
total number of variational parameters is (NL+1)Nqubit,
while the number of CNOT gates is NL(Nqubit−1). Since
qubit connectivity affects the number of entangling gates
per layer, Nent can be adjusted accordingly, becoming
Nent = Nqubit(Nqubit − 1)/2 for a fully connected setup.

Measurement. Using EG(θ), EI(θ), or E′I(θ) as
the objective function requires additional measurements
compared to standard VQE. Specifically, it necessitates
measuring the elements of H and S. The diagonal ele-
ments can be obtained through standard projective mea-
surements. The measurement of off-diagonal matrix el-
ements has received particular attention in the context
of Quantum Subspace Methods [11], as these quantities
are essential for constructing effective Hamiltonians in
a reduced basis. A standard approach to estimating
such matrix elements of the form Oαβ = ⟨v0∣Û †

αÔÛβ ∣v0⟩,
where Ûα, Ûβ are unitary operators and Ô is typically
the Hamiltonian or the identity, is the Hadamard test.
This method requires an ancilla qubit and the imple-
mentation of controlled versions of Ûα and Ûβ , which
significantly increases the circuit depth and the number
of entangling gates. Specifically, each single-qubit gate
in Û must be replaced by its controlled counterpart (re-
quiring two CNOT gates), and each CNOT gate must be
promoted to a Toffoli gate, which typically decomposes
into six single-qubit gates and four or six CNOT gates.
To mitigate these costs, recent alternatives have been de-
veloped that avoid the Hadamard test. Notably, Cortés
and Gray [86] proposed a measurement-based protocol
that reconstructs the off-diagonal matrix element Oαβ

from fidelity measurements, using overlaps between spe-
cially prepared quantum states. Alternatively, simplifi-
cations are possible by exploiting physical symmetries.
For instance, if spin conservation holds, one can avoid
implementing costly controlled time-evolution operators
by instead performing a controlled initialization of the
reference state [92]. Consequently, while the use of the
Hadamard test is expected to significantly increase the
circuit depth and CNOT count, these alternative strate-
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gies allow for substantial resource savings and make the
method more suitable for near-term applications.

Circuit depth. To contextualize the performance of our
approach, we compare the CNOT gate counts required to
achieve chemical accuracy with those reported for state-
of-the-art adaptive methods such as ADAPT-VQE. For
example, the original fermionic ADAPT-VQE requires
approximately 2208 CNOT gates for H4 and 28632 for
H6, while optimized variants reduce these numbers sig-
nificantly to 812 CNOT gates for H6 [26, 28, 38]. In
contrast, our one or two layers HEA cicruit corresponds
to only 108-208 CNOT gates for H4 and 168-324 CNOT
gates for H6, depending on the number of HEA layers,
respectively, and using the Hadamard test to measure of
diagonal elements of H and S.

IV. RESULTS

In this section, we evaluate the performance of IVQE
and VQSM algorithms using different proposed cost func-
tions, with the Hn linear chain as a test case. Note
that for H2, chemical accuracy is achieved after only
one iteration, regardless of the cost function used or the
bond length. We employ the STO-3G basis set and the
Jordan–Wigner transformation, which requires 2n qubits
for Hn, along with an additional ancilla qubit when using
the Hadamard test.

A. Convergence with respect to the HEA circuit
depth

We first propose to focus on the results obtained at
the first iteration, where there are no differences between
the IVQE and VQSM approaches. Indeed, at this stage,
the constructed subspace of VQSM matches the two-level
system of IVQE. This allows us to carefully investigate
the influence of the HEA circuit depth and to demon-
strate that short circuits can be used. In parallel, we
study the influence of choosing EG or EI in particular
by showing that the topology of the energy landscape –
and thus the ease of performing classical optimization –
depends drastically on the choice of cost function.

In Fig. 4 we present the ground-state energy of H4

chains as a function of the interatomic distance dH−H
together with the error ∆E = E(θ∗) − EFCI with re-
spect with the corresponding full configuration interac-
tion (FCI) energy as a function of the number of layers
NL. Results for EG(θ) (panels (a) and (c)) are com-
pared with those of EI(θ) (panels (b) and (d)). The op-
timizations are performed using the COBYLA method,
either until convergence is reached or until the process
is arbitrarily stopped after 150,000 cost function eval-
uations, a setup consistently used for all results pre-
sented throughout the manuscript. It shows that using
the C(θ) = EG(θ), for small interatomic distances (i.e.,
dH−H ≤ 1.9 Å), the energy closely matches the FCI en-

ergy when NL = 5 and that ∆E systematically decreases
when increasing the circuit depth. More precisely, in
that case the chemical accuracy can be achieved using
only a few layers (e.g., six layers for dH−H = 1, as seen
in (b). However, when increasing dH−H beyond 1.9 Å,
the ground-state energy appears to converges faster but
saturates at a value significantly higher than the FCI
energy. As discussed in Sec. III A, this behavior results
from the violation of the good-guess assumption – that is,
the HF weight ω2 in the ground state is lower than 1/2.
As shown in Appendix A, ω2(θ∗) quickly saturates at a
value of 1/2 after only a few layers for dH−H ≥ 2Å. This
drawback is overcome by starting the iterative scheme, as
will be shown later on. When using C(θ) = EI(θ) an ac-
curate description of the ground state is not expected in
the first iteration since it optimizes the interaction energy
with the Hartree–Fock state. It follows that in this case
significant deviation with the FCI energy is expected. In
particular, ∆E is always higher than 10 mHartree, re-
gardless of the interatomic distance (see panel (d)). In-
terestingly, the errors on the energy converge rapidly and
saturate within only a few HEA layers, suggesting that
rather shallow circuits can be used. Note that as ex-
pected, using EG(θ) or EI(θ) leads to the same saddle
point for large dH−H, as suggested by Eq. (17) since at

large dH−H , EG ∼
√

H̃01H̃10/∆∝ EI .

Regarding the convergence of the cost function, we
show in Fig. 5 the difference between the cost function
C(θ∗) (C = EG or EI) obtained withing NL layers of
HEA and its optimal value Cmin obtained classically by
“brut-force” minimization of C(R) where R = 1−2∣v⟩⟨v∣
is a variational reflection with ∣v⟩ a normalized vec-
tor containing the variational parameters, of length 256
for H4. The minimization of C(R) is numerically effi-
cient and converges rapidly for both cost functions, even
though EG(R) is not linear in R, unlike EI(R). How-
ever, When R is replaced by a parametrized HEA quan-
tum circuit, the optimization is more tedious. To an-
alyze more deeply the optimization properties and the
topology of the energy landscape, we conduct a stochas-
tic analysis of the optimization process by running mul-
tiple optimizations with different random initial param-
eters. The results are shown in Fig. 5(b) and (d), where
a box plot illustrates the difference between the opti-
mized cost function C(θ∗) and its exact optimal value
Cmin for dH−H = 2 Å with respect to different number
of layers NL. The whiskers, empty boxes, and filled
boxes highlight the regions containing the 75%, 50%,
and 10% lowest optimized cost function values C(θ∗),
respectively. Overall, the results indicate that the en-
ergy landscape is far from convex, making it challenging
to reach the global minimum – particularly as the circuit
depth increases. This suggests that global optimization
approaches such as Basin-hopping [30] are required to
reach the global minimum, rather than local optimizers
such as gradient-based. Notably, the convergence rate
appears to be significantly accelerated when using EI(θ)
instead of EG(θ). Consequently, the mapping of R into
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FIG. 4: Ground-state energy at the first iteration. Panels (a) and (b): ground-state energy (in Hartree) as a function
of the interatomic distance dH−H (in Angström) for different circuit depths corresponding to NL = 1,3, or 5 layers in
the HEA using EG(θ) and EI(θ) cost functions, respectively. Results are compared with values obtained using the
Hartree–Fock approximation and FCI method. Panels (c) and (d): absolute error ∆E = E(θ∗) −EFCI (in Hartree)
as a function of the number of layers in the HEA for selected interatomic distances of dH−H = 1.0,2.0,3.0, and 4.0Å

using EG(θ) and EI(θ) cost functions, respectively.

a unitary parametrized quantum circuit, especially us-
ing HEA-type circuits, is itself non-convex and exhibits
parameter redundancy. This makes the optimization of
EI(θ) still a complex task, particularly as the number of
layers and variational parameters increase. Since EI(θ)
is expected to be numerically more stable and less prone
to optimization issues than EG(θ), we focus on it for
the remainder of the manuscript. In the following, we
address both the optimization challenges and the noise
inherent in deep HEA circuits by trading circuit depth
for a higher number of iterations. We show that increas-
ing the number of iterations can yield better results even
with shallow circuits composed of only one or two layers.

In summary, while optimization challenges are inher-
ent to variational algorithms, the use of shallow cir-
cuits and a symmetry-preserving cost function is be-
lieved to enhances convergence and stability. Nonethe-
less, we acknowledge the limitations of hardware-efficient
ansätze and anticipate that incorporating more expres-
sive, problem-tailored circuits or adaptive strategies
could further improve optimization performance in future
work. Moreover, the iterative framework is expected to
mitigate their impact by transforming a difficult global
optimization into a sequence of smaller, more manage-
able subproblems.

B. Trading number of layers for number of
iterations

Fig. 6 presents the results of the IVQE and VQSM
algorithms for computing the ground-state properties of
the H4 linear chain as a function of the interatomic dis-
tance dH−H. The study uses a single-layer HEA and com-
pares the results to the HF approximation and FCI so-
lutions. The top panels (a) and (c) shows the ground-
state energy (in Hartree) as a function of interatomic
distance for different iteration numbers (1, 2, 3, 5, 10),
using the EI(θ) cost function. Initially, for small iter-
ation counts, both IVQE and VQSM methods deviate
significantly from the FCI reference, especially near the
dissociation regime. However, as the number of itera-
tions increases, the results get closer to the exact energy.
From a number of iterations n ≥ 10, the curve aligns well
with the FCI solution, demonstrating that both IVQE
and VQSM refine their estimates effectively. Panels (b)
and (d) quantify the error on the energy ∆E of IVQE
and VQSM, respectively, plotting the deviation from the
FCI results. ∆E consistently decreases as the number
of iterations n increases, indicating that both methods
converge monotonically with respect to the number of
iterations. The improvement in accuracy is more signifi-
cant at small and large bond lengths, with errors falling
below chemical accuracy (1.6 mHartree) after a few iter-
ations. This suggests that both methods efficiently cap-
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FIG. 5: Convergence with respect to the circuit depth and optimization issues at first iteration. Panels (a) and (c):
Difference between the cost function C(θ∗) (in Hartree) with the optimal value Cmin, as a function of the number of
layers in the HEA for selected interatomic distances of dH−H = 1.0,2.0,3.0, and 4.0Å, using EG(θ) and EI(θ) cost

functions, respectively. Panels (b) and (d): Difference between the cost function C(θ∗) (in Hartree) with the
optimal value Cmin, as a function of the number of layers in the HEA with box-plot representing 25% (colored box),
50% (empty box) and 75% (whiskers) of optimization outcomes for the cost function when starting with different
random variational parameters. Results are given as a function of the number of layers in the HEA for interatomic

distances of dH−H = 2.0Å, using EG(θ) (b) and EI(θ) (d) cost functions.

ture electronic structure and correlation effects, even at
large distances. However, residual errors larger than the
chemical accuracy is persisting at intermediate regime
dH−H ∼ 2.0 − 3.0 Å using IVQE, even after 15 iterations.
A key difference between IVQE and VQSM emerges in
their convergence behavior and efficiency. Both methods
systematically improve with more iterations, but VQSM
converges faster, especially for larger bond lengths. For
instance, chemical accuracy is reached after n = 6,9,15,
and 5 iterations for dH−H = 1.0,2.0,3.0 and 4.0Å, respec-
tively, for IVQE ; compared to n = 5,7,10, and 3 it-
erations for VQSM. Therefore, the subspace expansion
in VQSM provides a more efficient algorithm, acceler-
ating convergence to the exact solution, at the expense

of larger subspace Hamiltonian H(n) to be diagonalized
classically. Overall VQSM demonstrates superior conver-
gence properties, highlighting its potential as a more effi-
cient variational algorithm for electronic structure calcu-
lations. Accordingly, we focus on VQSM associated with
EI(θ) as a cost function in the rest of the manuscript.

C. Convergence rate of VQSM versus the standard
Lanczos algorithm

In Fig. 7, we analyze the convergence rate of the VQSM
algorithm for the linear H4 molecule and compare it with
the standard (classical) Lanczos algorithm. As previ-
ously discussed in the manuscript, both VQSM using
E′I(θ) and the Lanczos algorithm are expected to pro-
duce the same tridiagonal matrix within the constructed
subspace. Consequently, we also expect a geometric con-
vergence for VQSM characterized by an exponential de-
cay of the error: ε(n) = ε0rn, where ε(n) denotes the error
at iteration n, ε0 is a constant, and r is the convergence
rate. Panel (a) shows the energy error ∆E obtained using
a single-layer HEA as a function of the number of iter-
ations n, for different interatomic distances dH−H. For
small bond lengths (dH−H ≤ 2Å), ∆E decreases almost
linearly (on a logarithmic scale) with the iteration num-
ber exhibiting the expected geometric convergence. The
logarithm of the convergence rate ln(r) can be directly
extracted as the slope of the error vs iteration curve when
plotted on a logarithmic scale. For dH−H ≤ 2Å, we obtain
r ∼ 0.5 using a linear regression, meaning that at each it-
eration, the error is divided by a factor of two. However,
for dH−H > 2 Å, the error initially decreases rapidly in the
first few iterations but then slows significantly, leading to
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FIG. 6: Single layer HEA for linear H4 molecule IVQE vs VQSM. Ground-state energy (a) and corresponding error
∆E (b), in Hartree, as a function of the interatomic distance dH-H (in Ångström), using the cost function EI(θ) and
within the IVQE algorithm. In panel (a), results are shown at iterations n = 1,2,3,5, and 10. In panel (b), results

are shown for n = 1–15, with color shading ranging from dark (early iterations) to light (later iterations), as
illustrated for selected iterations in the legend. Results are compared to the Hartree–Fock approximation and exact
diagonalization (FCI). The horizontal green dot-dashed line in panel (b) indicates the chemical accuracy threshold

(1.6 mHartree). Panels (c) and (d) show the same quantities as (a) and (b), respectively, but for the VQSM
algorithm.

a “plateau-like” behavior.

The efficiency or convergence rate of the VQSM algo-
rithm is expected to depend on several factors. On one
hand, as other Krylov-based algorithm, it is influenced by
physical parameters, such as the first eigengap, i.e. the
energy gap between the ground and first excited states
within the symmetry-constrained Hilbert space. On the
other hand, numerical parameters also play a role, in-
cluding the circuit depth (which determines the ability
to span the Fock space) and optimization success (i.e.,
the ability to reach the global minimum in a complex
energy landscape). To investigate the effect of circuit
depth and optimization issue on VQSM convergence, we
present in Fig. 7(b) and (c) the ground-state energy er-
ror ∆E as a function of the iteration number for HEA
circuits with different layer counts, compared to classi-
cal algorithms. We focus on two representative cases:
dH−H = 1.0 Å (b) and dH−H = 3.0 Å (c). In parallel, Fig. 8
illustrates the convergence of the ground-state fidelity
with respect to the FCI solution. Panels (a) and (b)
show fidelity versus iteration number for different HEA
depths, again for dH−H = 1.0 Å and dH−H = 3.0 Å, re-
spectively. The results in Figs. 7(b), 7(c), 8(a) and 8(b)
are compared with the classical Lanczos algorithm (black
curves). Dark gray curves are obtained by directly mini-
mizing the cost function E′I(R) in Eq. (24) with respect

to a variational reflection R = 1 − 2∣v⟩⟨v∣, where ∣v⟩ is
a normalized variational vector of the size of the many-
body basis set. Similarly, light gray curves correspond
to results obtained by minimizing EI(R). Interestingly,
switching from E′I(θ) to EI(θ) has only a minor impact,
meaning that both cost function can also lead to the same
triangular form of the Hamiltonian in the reduced sub-
space. As expected, minimizing E′I(θ) reproduces quan-
titatively, up to numerical setting, the Lanczos results.
First of all, we remark that the “plateau-like” behavior,
observed in Fig. 7(a) close to dissociation, is also present
when using classical methods such as Lanczos. This sug-
gests that the slower convergence near dissociation has
a physical origin rather than resulting from optimiza-
tion issues. When turning to quantum implementation,
replacing the reflection operator by a parameterized uni-
tary HEA circuit (with NL = 1,2,3 layers) to minimize
EI(θ) reduces the convergence rate, since the resulting
“Krylov vector” is only approximated. For instance, at
dH−H = 1.0 Å, the convergence rate for the energy error
drops from r ∼ 0.50 for a single-layer HEA to r ∼ 0.47
and r ∼ 0.40 for two- and three-layer HEAs, respectively.
Even though the number of layers is increased, it remains
far from the convergence rate of the Lanczos algorithm
in this case, which shows r = 0.07. Note that the conver-
gence trend for fidelity closely follows that of the energy
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FIG. 7: Convergence rate of VQSM for the linear H4

molecule: (a) Energy error ∆E (in Hartree) as a
function of the number of layers n, for various bond

lengths dH-H = 1.0, 2.0, 3.0, and 4.0 Å (see legend), using
the cost function EI(θ) and a single-layer HEA. (b) and
(c): same as (a) for dH-H = 1.0 (b) and dH-H = 3.0 (c). In
(b) and (c), results are shown for HEAs with 1, 2, and 3
layers (colored curves with symbols, see legend) and are
compared with classical methods shown using shade of
gray. In particular, results obtained using the standard
Lanczos algorithm are shown in black, while results
from classical minimization of E′I(R) and EI(R) are

shown in dark gray and light gray, respectively.

error.

Finally, Fig. 8(c) displays the fidelity as a function of
dH−H at various iteration steps n, which can be compared
to powers of the ratio (E1/E0)n in Fig. 8(d), where E0

and E1 are the ground- and first excited-state energies
within the same symmetry subspace. Indeed, for the
power method, r is known to be proportional to the ratio
E1/E0. While the convergence rate of the Lanczos algo-
rithm is more precisely governed by the ratio between the
first eigengap E1 − E0 and the diameter of the remain-

ing spectrum [99], the ratio E1/E0 already provides a
rough estimate of the convergence rate. In both cases,
for nearly degenerate systems where E1/E0 → 1 (i.e.,
E1−E0 → 0), as encountered near dissociation (see the in-
set of Fig. 8(d)), the convergence becomes slow and can
exhibit plateau-like behavior. In contrast, for systems
with a large energy gap (E1/E0 → 0 or E1−E0 ≫ 1), i.e.,
for shorter dH−H, convergence is expected to be fast. This
analysis explains the plateau behavior observed in both
VQSM and Lanczos algorithm in Figs. 7(c) and 8(b), and
confirms that it arises from physical limitations rather
than from optimization artifacts.
Altogether, increasing the number of HEA layers NL

improves the convergence rate, although a significantly
deep circuit would be required to fully match the perfor-
mance of the Lanczos algorithm and probably also associ-
ated with optimization issues. Nonetheless, a good trade-
off can be achieved between (i) the number of iterations,
(ii) the circuit depth, and (iii) the occurrence of optimiza-
tion difficulties to reach a desired level of accuracy. This
balance is especially crucial in near-degenerate regimes,
where improving circuit expressibility becomes necessary
but increasingly costly. In practice, choosing the minimal
depth that ensures sufficient convergence while maintain-
ing feasible optimization and coherence constraints on
quantum hardware is key for the efficient implementa-
tion of VQSM on near-term devices. Finally, as a sake
of completeness we show in Fig. 9 results for Hn chains
3 ≤ n ≤ 6. It shows that as the system size increases,
the convergence rate slows down slightly, consistent with
a decreasing energy gap and the limited ansatz expres-
sivity. However, the geometric convergence is preserved,
demonstrating the robustness of the VQSM as variational
Krylov-based approach across different system sizes.

D. Beyond Ground-State Properties

Beyond the accurate estimation of ground-state ener-
gies, the presented IVQE and VQSM algorithm enables
access to low-lying excited-state properties. In this sec-
tion, we demonstrate the capability of VQSM to com-
pute charge and spin gaps, which are essential descriptors
of electronic excitation spectra and chemical reactivity.
In the following we focus on VQSM using cost function
EI(θ) with a single HEA layer, since this has been shown
to converge rapidly without optimization issues.
Fig. 10 shows the evaluation of the charge gap, defined

as

∆Ec = E(H+4) +E(H−4) − 2E(H4), (25)

as a function of dH−H. From a practical perspective,
the energies of the charged states E(H+4) and E(H−4) are
obtained independently from the ground-state energy of
E(H4) by constructing subspaces initialized from the cor-
responding charged Hartree–Fock states.
At low iteration numbers, the estimated charge gaps

significantly deviate from the exact (FCI) results, espe-
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FIG. 8: Convergence rate of the Fidelity using VQSM for the linear H4 chain with EI(θ) as the cost function.
Panels (a) and (b): Fidelity as a function of the iteration number n at bond lengths dH−H = 1.0Å and 3.0Å,

respectively. The colored lines refer to VQSM results obtained for different HEA circuit depths having NL = 1,2 and
3 layers, distinguished by the different symbols as specified in the legend. They are compared with values obtained
using Lanczos method (black curve) or by brute-fore minimization of E′I(R) (dark gray) and EI(R) (light gray)

with respect to the reflection matrix R. Panel (c): Fidelity as a function of the bond length dH−H (in Å) at different
iterations (n = 1 − 15) with color shading ranging from dark (early iterations) to light (later iterations), as illustrated
for selected iterations in the legend. Panel (d): Powers of the ratio between the ground-state energy E0 and the first
excited energy belonging to the same symmetry subspace E1 as a function of dH−H for several value of the iteration

n. The inset highlights the case for n = 1.
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ansatz and EI(θ) Cost Function, for n = 3 and 5 we
have considered H−n. For a sake of clarity the relative
error is renormalized by the error at the first iteration.

cially in the dissociation regime (dH−H > 2.5 Å), where
electron correlation becomes dominant. This underesti-
mation reflects the limited expressiveness of the Krylov
subspace when only a small number of vectors is used.
However, as the number of iterations increases, the
method systematically improves, and the computed ∆Ec

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Bond length dH H(Å)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Ch
ar

ge
 g

ap
 

E c
 (H

ar
tre

e)

FCI
HF
n = 1
n = 2
n = 3
n = 5
n = 10

FIG. 10: VQSM Band Gap with EI(θ) Cost Function
and a Single Layer HEA. Charge gap

∆Ec = E(H+4) +E(H−4) − 2E(H4) as a function of the
interatomic distance dH−H (in Å) at different iterations
(n = 1,2,3,5, and 10). Results are compared with values
obtained using the Hartree–Fock approximation and

exact diagonalization (FCI).

values converge towards the FCI results. Already at it-
eration n = 5, the method captures the correct qualita-
tive trend with respect to bond length, and by iteration
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FIG. 11: VQSM Singlet-Triplet Gap with EI Cost
Function and a Single Layer HEA. Singlet-Triplet gap

∆EST = ET (H4) +ES(H4) as a function of the
interatomic distance dH−H (in Å) at different iterations
n for the open (a) and closed (b) H4 molecules. Results

are compared with values obtained using the
Hartree–Fock approximation and FCI method.

n = 10, the charge gap is in good quantitative agreement
with the reference data across the entire bond-length
range. In contrast, the Hartree–Fock approximation fails
to capture the correct asymptotic behavior at large dis-
tances, converging to zero in the dissociation limit.

Let us now explore the singlet-triplet gap,

∆EST = ET (H4) −ES(H4), (26)

for both linear-chain and square geometries of the neu-
tral H4 molecule. The gap is plotted in Fig. 11 as a
function of dH−H for various iteration numbers (n = 1, 2,
3, 5, and 10 for the linear case, n = 7, 10, and 15 for the
squareH4 molecule), and is compared with both FCI and
Hartree–Fock results. In the linear geometry Fig. 11(a),
the Hartree–Fock approximation incorrectly predicts a
singlet-triplet gap that increases from negative to pos-
itive values as the bond length increases, suggesting a
ground-state spin crossover. However, FCI data confirm
that the singlet remains the ground state throughout,
with the spin gap decreasing to zero near dissociation
due to diminishing electron-electron repulsion. VQSM
shows rapid convergence with respect to the number of
iteration, capturing the correct trend of ∆EST already at
iteration n = 3, and being nearly indistinguishable from
the FCI reference over the entire bond-length range at
iteration n = 10. For the square geometry Fig. 11(b), the
singlet-triplet gap remains small (on the order of milli-

hartrees), and thus demands high numerical precision.
Here too, VQSM exhibits excellent performance: at iter-
ation n = 10, the method reproduces both the curvature
and the magnitude of the FCI reference. In this case,
a triplet-to-singlet transition occurs near dH−H ∼ 0.8 Å.
In the H4 ring, all hydrogen atoms are closer together,
enhancing the effects of Fock exchange, which stabilizes
ferromagnetic interactions and thus a triplet configura-
tion. The system thus undergoes a subtle competition
between ferromagnetic exchange and electron delocaliza-
tion across the ring, leading to a delicate spin gap highly
sensitive to correlation effects.

V. CONCLUSION

In this manuscript, we have proposed alternative
symmetry-preserving cost functions, EG(θ) and EI(θ),
for the VQE algorithm, aiming to reduce optimization
challenges, particularly when employing HEA. Since the
ground-state energy is not directly minimized, ground-
state properties can still be obtained by activating an
iterative procedure. Two iterative algorithms have thus
been derived: IVQE and VQSM. In both approaches, at

each iteration n, a variational trial vector ∣Φ̃(n)1 (θ)⟩ is op-
timized by minimizing the considered cost function. The
main distinction between the two algorithms lies in the
additional classical numerical tasks required by VQSM,

where the set {∣Φ̃(p)1 (θ)⟩}, for 0 ≤ p ≤ n, forms a reduced

Krylov-like subspace.

Both algorithms, along with the proposed cost func-
tions EG(θ) and EI(θ), have been implemented and
tested on the H4 molecule, and compared against Full
Configuration Interaction and Hartree–Fock reference re-
sults. Regarding the cost functions, both EG(θ) and
EI(θ) perform similarly. However, EI(θ) has been fa-
vored throughout the manuscript due to its expected
greater numerical stability and reduced sensitivity to op-
timization issues, arising from its linear properties. In
particular, it has been shown that using HEA as an er-
satz reflection can lead to a highly non-convex energy
landscape, especially as the number of layers increases.

In terms of algorithmic performance, VQSM outper-
forms IVQE at the cost of modest additional classical
computation, which remains tractable. Furthermore, a
formal connection between VQSM and the classical Lanc-
zos algorithm has been established, as both methods
ideally yield the same tridiagonal representation of the
Hamiltonian in the reduced subspace. Remarkably, even
with a shallow, single-layer ansatz, the VQSM algorithm
exhibits geometric convergence. In practice, a signifi-
cantly deeper circuit would be required to fully match
the performance of the Lanczos algorithm, potentially at
the expense of optimization stability. As VQSM can be
seen as a variational construction of the Krylov subspace,
we expect that a small number of iterations is needed to
achieve a given accuracy. Moreover, the algorithm has
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been shown to converge within a single iteration if the
good-guess condition ω = 0.5 is fulfilled.

Nonetheless, a good trade-off can be achieved between
(i) the number of iterations, (ii) the circuit depth, and
(iii) the complexity of the optimization process, to reach
a desired level of accuracy. This balance is particu-
larly crucial in near-degenerate regimes, where enhanc-
ing circuit expressibility becomes necessary but compu-
tationally costly. In practical applications, choosing the
minimal circuit depth that ensures sufficient convergence
while preserving feasible optimization and coherence con-
straints on quantum hardware is essential for the efficient
deployment of VQSM on near-term quantum devices.

Finally, we have highlighted the strength of the VQSM
approach in accurately and efficiently capturing both
charge and spin excitations using a compact variational
ansatz. The method demonstrates systematic and robust
convergence with iteration number, achieving chemical
accuracy for both neutral and charged states using a lim-
ited number of vectors in the reduced subspace. These
results position VQSM as a versatile variational quantum
algorithm, extending beyond ground-state energy esti-
mation to address spectroscopic features and electronic
correlations in quantum many-body systems.
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Appendix A: Hartree-Fock weight

Fig. 12 shows that ω2(θ∗) saturates to a value of 1/2
after only a few layers for dH−H = 2, 3, and 4 Å. When
ω2 ≤ 1/2, the initial state ∣Φ0⟩ is no longer a good state,
meaning it does not sufficiently overlap with the true
ground state. As a result, the cost function EG(θ) fails
to converge within a single iteration, necessitating the
use of an iterative procedure.
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