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Abstract

We investigate the impact of the weak Allee effect on the total biomass of a single
species inhabiting a two-patch environment connected by asymmetric dispersal. In the
proposed model, the first patch exhibits logistic growth, while the second patch follows a
Nagumo-type growth law incorporating a weak Allee threshold. We establish the global
existence, nonnegativity, and boundedness of solutions, and prove that the system admits
a unique positive equilibrium that is globally asymptotically stable. Analytical results are
derived for the asymptotic regime of high dispersal rates using singular perturbation the-
ory, revealing an emergent weak Allee effect at the metapopulation scale. We conduct a
complete classification of the parameter space to determine when dispersal increases, de-
creases, or has a unimodal effect on total equilibrium biomass, and provide geometric and
monotonicity analyses of the equilibrium. Numerical simulations illustrate the theoreti-
cal trichotomy and highlight the ecological implications of dispersal management in frag-
mented landscapes. Our results generalize previous studies on logistic models to include
the weak Allee effect, offering new insights into the interplay between dispersal intensity,
asymmetry, and population persistence.

Mathematics Subject Classification: 37N25, 92D25, 34D23, 34D15.

Key words and phrases: Population dynamics, Weak Allee effect, Two-patch model,
Asymmetric dispersal, Total biomass, Monotonicity analysis, Singular perturbation theory,
Tikhonov’s theorem.
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1 Introduction

Population dynamics is a broad and active area of applied mathematics, addressing a variety of
problems ranging from the persistence of species to the effects of environmental heterogeneity
and migration. One classical question concerns the role of dispersal in shaping the long-term
behaviour of populations in fragmented habitats. Comprehensive overviews of the mathematical
and ecological aspects of such problems can be found in the works of Levin [22, 23] and Holt
[20].

In many ecological situations, the spatial domain is best represented as a finite set of discrete
habitat patches connected by migration pathways. Examples include archipelagos inhabited by
bird populations and their predators, or networks of lakes connected by streams. Such discrete-
space formulations fall within the framework of insular biogeography. From the mathematical
side, the monograph of Levin, Powell, and Steele [24] provides a thorough account of patch-
dynamics models, while Hanski and Gilpin [19] present a more ecological perspective. In this
setting, the central mathematical question is to determine how dispersal influences global popu-
lation abundance and persistence, and to understand the consequences of habitat fragmentation.

A seminal contribution in this direction is due to Freedman and Waltman [14]], who in 1977
analysed the following two-patch logistic growth model with symmetric dispersal:

dx X
=L =rx (1 - f]) +&(xa —x1),

dt
! (1.1)
i -2 +&(x; —x2)
— = X R — —
dt 242 K2 1 2)

where x;(¢) denotes the population density in patch i, r; > 0 is the intrinsic growth rate, K; > 0 is
the carrying capacity, and € > 0 is the symmetric dispersal rate. They showed that, under certain
conditions, the total equilibrium abundance may exceed the sum of the carrying capacities,
K1 + K;. Holt [20] extended these ideas to source—sink systems. More recently, Arditi et al. [1]]
provided a complete mathematical analysis of (I.1)) for symmetric dispersal.

In a subsequent work, Arditi et al. [2]] generalised (T.1)) to account for asymmetric dispersal
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rates, leading to the model

dx ’ —MHi1xX
1 rixi (] — _11) —I—S(}IZ)CQ 21 1)7 ( )
dt K2 i : ’

where ¥;; > 0 (i # j) are directional migration coefficients, and €y, (resp. £)>1) denotes the
migration rate from patch 2 to patch 1 (resp. from patch 1 to patch 2). They observed that
the positive equilibrium (x](€),x5(€)) is the intersection of an ellipse and a parabola, and used
a graphical method to characterise the regions of parameter space where dispersal is either
beneficial or detrimental to total biomass.

Other variations of the two-patch logistic framework have been considered. Wu et al. [32]
studied the asymmetric source—sink model

dx X
1 = rix (1 _Fl) —I—S(XZ—le),

dr :

(1.3)
@—rx -2 +€(sx; —x2)
dt — A2 K> 1 2)s

where s > 0 controls the dispersal asymmetry. They showed that depending on the magnitude
of s, dispersal can increase, decrease, or even drive to extinction the total population, with clear
thresholds separating these behaviours.

Dispersal effects have also been investigated in the presence of Allee effects, where the
per-capita growth rate is reduced at low population densities. For example, Kang et al. [21]]
considered

dx

d_tl =rix; (x1 —0) (1 —x1) 4+ £(x2 — x1),

) (1.4)
X

d_l2 =rx (r—0) (1 —x) +&(x1 —x2),

where 0 is the Allee threshold. They showed that € and 8 strongly influence the global dynam-
ics. Another model with an additive Allee effect was proposed by Chen et al. [3]:

dxy
—=—n+e(nn — ),
(1.5)
22 (1= - =) v e(rn —1ow)
=X — - -
- ) ) Hta Y1x1 — Y12x2),

where 0,a > 0 are Allee-effect parameters. They distinguished between weak (0 < 0 < a) and
strong (0 > a) Allee effects, and demonstrated how changes in o, a, and dispersal rates Y2, Y1
can alter persistence and total biomass.

A substantial literature now exists on the interaction between dispersal and Allee effects in
discrete-space models; see, for instance, [21} 25, 26, 27, 28], |30] for studies in discrete habitats,
and [4, 5,647,819, 10, 114 12, 13,115, 18] for work on maximising total biomass in multi-patch
environments. The present paper contributes to this line of research by incorporating a weak
Allee effect in a two-patch logistic model with asymmetric dispersal, and by providing a com-
plete analytical classification of how dispersal intensity influences total equilibrium biomass.

The paper is organized as follows. Section [I] introduces the ecological background and
reviews related work. Section[2|presents the single-species dynamics with Allee effects. Section

3
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3| formulates the two-patch model and establishes its basic properties, while Section | analyzes
its equilibria and geometric structure. Section [3] studies the high-dispersal limit, and Section []
classifies the effects of dispersal on total biomass. Section[7|provides a geometric interpretation,
Section [§]illustrates the results with numerical simulations, and Section 9] concludes the paper.

2 Single-Species Dynamics with Allee Effects

We begin by considering a classical model that incorporates the Allee effect:
d
—x:rx<1—i> (x— M), @2.1)

where x(7) denotes the population density at time # > 0, and r > 0, K > 0, and M € R are
given parameters. The parameter r is the intrinsic growth rate, K is the environmental carrying
capacity, and M represents the Allee threshold. We assume throughout that M < K.

The Allee effect describes a phenomenon where the per-capita growth rate is reduced at low
population densities. Model exhibits two qualitatively distinct types of Allee effects:

* A weak Allee effect occurs when M < 0 < K. In this case, the per-capita growth rate
remains positive for all x > 0, and the population can grow from arbitrarily small densities.

* A strong Allee effect occurs when 0 < M < K. In this setting, the population must exceed
the critical threshold M to survive, otherwise it goes extinct.

These two cases are illustrated in Figure[I]

1,59

0,59

-0,54

Figure 1: Population growth rate in model (2.1). The blue curve corresponds to a weak Allee
effect with parameters r = 0.7, K =7, and M = —0.5. The red curve corresponds to a strong
Allee effect withr =0.7, K=7,and M = 1.5.

To understand the qualitative behavior of the system, we study the equilibria of (2.1). The
right-hand side vanishes when x = 0, x = M, or x = K. Hence, the model admits:

* One or two positive equilibria depending on the value of M;

* Always the trivial equilibrium x = 0, representing extinction.
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2.1 Case 1: Weak Allee Effect (M < 0)

In this case, all three equilibria 0 < M < K are ordered such that x = 0 is an equilibrium with
unstable dynamics (since the growth rate is positive near the origin). The unique stable equi-
librium on R is x = K, which is locally asymptotically stable (LAS). The population density
always converges to K for any initial condition x(0) > 0, regardless of the magnitude of the
Allee term.

2.2 Case 2: Strong Allee Effect (0 < M < K)

The dynamics are substantially different. In this case:
* x =01s a locally stable equilibrium (extinction state),
* x = M is an unstable equilibrium (the Allee threshold),
* x = K is a locally asymptotically stable equilibrium (saturation state).

The population converges to extinction if the initial population satisfies x(0) < M, and it
converges to the carrying capacity K if x(0) > M. Therefore, the threshold M delineates the
long-term survival of the species: it must be exceeded to escape extinction.

The qualitative behavior of system (2.1)) can thus be summarized as follows:

* If M <0, the Allee effect is weak, and every positive initial condition leads to persistence:
llm[*)oox(t) — K.

* If M > 0, the Allee effect is strong, and extinction or survival depends on the initial
condition:

tlgg x(t) =

0, ifx(0)<M,
K, ifx(0)>M.

This threshold phenomenon under strong Allee effects has significant implications in conserva-
tion biology and population management, as small populations may face extinction purely due
to insufficient initial density.

3 Mathematical Model and Preliminary Results

We consider a two-patch population model where the two patches are connected via asymmetric
dispersal. The first patch exhibits logistic growth, while the second patch is subject to Allee
effects as described in Equation (2.1]). The resulting system of ordinary differential equations is
given by:

dx 1 X1

_ = 1 —_ 6 - 9
aflt rix i + € (Yi2x2 — Y21x1) o)
% — o (1 1x<_22 (2 — M)+ & (121x1 — Yi2%2)

where x;() denotes the population density in patch i € {1,2} at time > 0. The parameters r; > 0
and K; > 0 represent the intrinsic growth rate and the carrying capacity in patch i, respectively.
The constant M € R is the Allee threshold in patch 2, and we assume M < 0 < K>, which
corresponds to a weak Allee effect.
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The parameter € > 0 denotes the global dispersal rate, while the constants 7y, > 0 and
Y1 > 0 quantify the directional migration rates from patch 2 to patch 1 and from patch 1 to
patch 2, respectively. The migration is said to be symmetric when ;2 = ;.

We now address the basic properties of system (3.1)), in particular the nonnegativity and
boundedness of solutions. We show that the system is well-posed in the positive quadrant and
that all trajectories remain uniformly bounded over time.

Proposition 3.1. Let the initial condition (x1(0),x2(0)) € R3. Then, the solution (x1(t),x2(t))
of system (3.1)) remains nonnegative and uniformly bounded for all t > 0. Moreover, the set

r= {(xl,xz) cRZ

&
xX1+x < 250,
&

where
51* :,umin{rl, FQ(KQ—M)} and 62* =‘LL(I’1K1—|—I”2K2(K2—M)),

is positively invariant and globally attracting.

Proof. Let us define the total population size 7' (t) = x| (¢) + x2(¢). Summing the two equations
in (3.1]), the migration terms cancel, and we obtain:

c;—f(t) = r1x (1) <1 - xl?(f)) + rox(1) < - xz—(t)) (x2(t) — M). (3.2)

We now estimate the right-hand side from above. For any x{,x, > 0, we have:

X X2
X (1 — Fl) < rl(Kl —xl), X2 (1 — —) (XQ—M) < rz(Kz —M)(Kz—xZ),

1 K
which yields:
dT * %
CH0) S —ETW)+&.
This differential inequality is linear and can be integrated explicitly to yield:
52* =& 52*
T(t)<|(T(0)— E e ol 4 =2, forall r > 0. (3.3)
1 1

In particular, this implies:

&
9 51*
which shows that both components x; (), x5 (¢) remain bounded for all time.

Moreover, Equation (3.3)) implies that the set £ C ]Ri is positively invariant and attracts all
trajectories, hence it is a global attractor for the dynamics of system (3. 1J). 0

T(1) §maX{T(O) }, vt >0,

4 Equilibrium Analysis and Geometric Properties of the Two-
Patch Model with Dispersal and Weak Allee Effect

In the absence of migration (i.e., when € = 0), the system (3.1)) admits (K}, K>) as a non-trivial
equilibrium, which is locally asymptotically stable (LAS) in ]R%r. The origin (0,0) and the

6



s boundary equilibria (K7,0) and (0, K>) are always unstable. For € > 0, according to Theorem 6
166 in [11]], the model (3.1)) always has a unique positive equilibrium if M < 0, denoted by E*(¢) :=
w7 (x](€),x5(€)), which is globally asymptotically stable in R% \ {0}.

168 Geometrically, the equilibrium of the system corresponds to the solutions of the fol-
10 lowing algebraic system:

X
O=rix (11— fll +€(Y12%2 — Po1x1),
“4.1)
X
O=rxp(1-— Ezz ()Cz —M) +8(}/21x1 — ’}/12)62).

1o The sum of the two equations in (4.1)) reveals that the equilibrium points lie on a curve ¢, whose
171 equation is given by:

C : CI)(X],XZ) =TrixXi (1—x—1> +1rxy <1—x—2) (xz—M) =0. (4.2)
K K>

12 The curve ¢, illustrated in red in Figure[3] passes through the points (0,0), (K;,0), (0,K>), and
s A := (K, K,) when the Allee threshold parameter M is non-positive (see Figure . Notably, ¢
17 is independent of the migration rate € and the coefficients ¥;;.

175 If M < 0, the function (I)(XI,XQ) = q)l(xl) + @2()62), where P, (Xl) = rix] (1 — 1)2—11) and
s Dy(xp) = raxp (1 — %) (x — M), is concave because both ®; and &, are concave functions.

w7 Another key property of € is that if a point (x,x;) lies on € with x; < Kj (resp. x; > K>), then
s X3 > Kp (resp. x; < K)). In Figure[2] we plot ¢ for various values of M.

0,8
0,61
0,4

0,2

Figure 2: The curves € forry =4,r, =3,K; =2, K, =1, and M = 0 (black curve), M = —0.35
(red curve), M = —1 (blue curve), M = —1.65 (green curve), M = —2.3 (orange curve), and
M = —2.95 (cyan curve).

179 Solving the first equation of (4.1)) for x, yields a parabola &, defined by the equation
180 Xp = Qg (x]), where @ is given by:

1
98 . (Pg(x]) = — <’}’21X1 — ﬂx1 (1 — x—1)> . (4.3)
N2 €
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The parabola & (shown in blue in Figure [3| for various parameter values) depends on the mi-
gration rate €. It always passes through the origin and the point % := <K1, %Kz). Thus, the

equilibrium points correspond to the non-negative intersections between 4 and &7.. Conse-
quently, E*(¢€) is determined by the intersection of 4" and &, (see Fig. |3) and satisfies:

| 0=r1x1‘<e>(1—’@)+m <><1— ue ))<2<e> M),

-054 057

14

/] //_\

_ . (Case a ~ (Caseb)
Figure 3: Possible configurations of the curves ¢ (red) and & (blue, solid and dashed lines),

where r; =5, =3,K; =2,K, =1, € =1, ¥12 = 151 = 2, and the Allee threshold parameter
M is —1 for case (a) and —1.35 for case (b).

We define the total equilibrium population at the positive equilibrium under dispersal rate
€ as:
T*(e) =xj(e) +x5(¢), 4.4)

representing the total asymptotic population abundance. For € = 0, the total equilibrium popu-
lation is:
T*(O) =K +K;. 4.5

The primary objective of this paper is to investigate the influence of the weak Allee effect and
dispersal on the total population size, and to conduct a comprehensive mathematical analysis of
the two-patch model (3.1)) across the full parameter space for M < 0.

5 Asymptotic Behavior of the Model under High Dispersal
Rates

This section analyzes the asymptotic properties of System (3.1)) as the migration rate becomes
unbounded (€ — o).

Theorem 5.1. Let E*(€) denote the positive equilibrium of System (3.1). Then:

lim E*(€) = T (o) (u1, ), (5.1)

E—roo0
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where uy = Y12/ (Y2 + Y1), U2 = Y1/ (V12 + 121), and T* (o) = limg_,o T*(€) with

—r M%Kz —+ l”zu%Kl K> + I’zu%K]M — Zl’zl/t%K] (K] —+ Kz) —+ \/Z
2r2u%K1

T*(0) =K+ K+ (5.2)

2
rw%M) n rzu%(rlul — rpuyM)

. Moreover, under symmetric move-
ment (Y12 = Y21):

—r1Ky + K Ky + rnMK; — K (K] + K) + VA

T*(e0) = K1 + Ky + Kl (5.3)
Proof. The equilibrium E*(¢) satisfies:
rixi(€) (1 - )%f)) + rax3(€) (1 - leg)) (x3(e)—M) =0
*(8)—L *(8)—2 “(¢) 1_x>1k(8) ©H
=, \ P el K ))
As € — oo, System reduces to:
x¥ (o0 x5 (o0
) (1- 557 ) (o) (1= 27 ) (5000 ) =0
1 2 (5.5

% o) — ﬂ * oo
() = P (o)
Solutions to (5.5)) include 0 and E*(e0) = (x](c0),x5(c0)) = T*(e0)(us,u2). Convergence of
E*(€) to E* (o) follows by excluding the origin as a limit point. Specifically, for all € > 0, there
exists i € {1,2} such that x/(¢) > K;, ensuring E*(¢€) is bounded away from 0. If yj,x5(€) <
Y21x](€) for all € > 0, then rx5(€) (1 —x5(€)/Ka) (x5(€) —M) < 0. Since x3(€) > 0and M <0,
we deduce x;(€) > K. Thus E*(€) — E*(e°) as € — co. The symmetric case (5.3) follows
directly from (5.2)) when 12 = ;1. O

Singular perturbation theory elucidates the system’s behavior under perfect mixing (&€ — oo):
Theorem 5.2. Let (x;(t,€),x2(t,€)) solve System (3.1) with nonnegative initial conditions (x?,x9).
As € — oo

x1(t,€)+x2(t,€) =Z(t) +0e(1), uniformly int € [0,00) (5.6)
and for any tg > 0:

uniformly int € [ty, o), (5.7)

where Z(t) satisfies:

dz rzu% 3 rlu% ’ rzu%M )
E:_TZZ + 1 — + ru5 + X Z —|—(r1u1—r2u2M)Z
Z(0) =x9 +x9.

(5.8)
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Proof. Define X (t,€) = x1(t,€) +x(t,€). Rewriting (3.1I) in (X, x; )-coordinates yields:

dX X1 X —x
a“d _ 1-2L X—x)(1- X—x—M
7 rixy ( Kl) +1a( x1) ( X > ( X1 )

dx (5.9)

- = rixy (1 — Ix(_ll) +& (V12X — (N2 + 121)x1) -

As € — oo, (5.9) becomes a slow-fast system with slow variable X and fast variable x;. Rescaling
time via T = &t gives the fast subsystem:

dvi_ 1 =) 40X — (2 +11)
— = —rX - — — X1.
it . 1X1 i N2 Y12 + Y21)Xx1

Taking € — oo yields the fast dynamics:

dx1

E:Y12X—(Y12+Y21)X1- (5.10)

The slow manifold is the set of equilibria of (5.10):

=—" _x_ux. G.11)

N2 + Y1

As x7 is globally asymptotically stable (GAS) for (5.10), Tikhonov’s theorem [29, [31]] implies
that after rapid attraction to the slow manifold, solutions of (5.9) are approximated by the re-
duced system obtained by substituting (5.11]) into the X-dynamics:

X nx (1= 4 ux (112X (X — M)
— =ru —_— ru — | (u
a K 2 K, )\

3 2 2
M
- ——FZZX3 + (__’}(I’]tl + rous + rzlué ) X*+ (rouy —roupM) X
This recovers (5.8). Since admits the GAS equilibrium X* = T*(e0) (given by (5.2))),
Tikhonov’s theorem guarantees approximations (5.6) and (5.7) hold uniformly for ¢ € [0,c0)
and 1 € [ty,0) (fo > 0), respectively. O

Under infinite dispersal, approximation (5.6) reveals that the total population follows a weak
Allee effect (5.8). Consequently, as t,& — oo, the total population x; (¢, €) +x(, €) converges
to T*(c0) (Theorems [5.1]and [5.2). Approximation indicates that after a brief initial layer,
population densities align with the proportions u; and uy. Thus as z,€ — oo, x;(t,€) — u;T* ()
fori=1,2.

Under extreme dispersal rates (€ — o), the system undergoes fundamental ecological reor-
ganization. Rapid movement homogenizes the landscape, effectively merging distinct patches
into a single well-mixed habitat where individuals lose spatial memory. Population densities
stabilize at fixed proportions (#1 and u>) determined by the ratio of dispersal rates ¥;;, reflect-
ing an equilibrium distribution across the landscape. Crucially, the total population exhibits
a weak Allee effect (Eq. - an emergent property arising from coupled local dynamics
through dispersal that depresses per capita growth at intermediate densities. This transition oc-
curs via a rapid redistribution phase where individuals reorganize according to dispersal ratios
before settling into slow demographic trends. Ecologically, high connectivity eliminates patch-
specific population identities, creates system-wide density dependence governed by parameter

10
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averages, and enables rescue effects where productive patches sustain neighboring populations.
Ultimately, intense dispersal transforms locally distinct populations into an integrated meta-
population with collective dynamics governed by landscape-level processes rather than local
conditions.

Let we consider the differential equation (5.8)), We factorize the right-hand side as

dz )
_:Z<—AZ —|-BZ-|—C>,
dt
where ; 5 5
rou ru 5 nuyM
A:?zz>0, B:—?ll—i—rzuz—i— Ki y C:rlul_r‘ZuZM'

Thus, Z = 0 is always an equilibrium. Nonzero equilibria satisfy
f(Z):=AZ*-BZ-C=0,
with discriminant
A= B*+4AC.

If A > 0, there are two real equilibria

B++vV/B?+4AC
7. = I )

The stability of Z = 0 is governed by
f/(()) =C=ru; —nrnuM.

Hence
Z=0 isstableif C <0 (i.e. riu; < roupM),

Z =0 is unstable if C > 0.
For a nonzero equilibrium Z* > 0, we compute
f(z*)=Z*(-2AZ* +B).
Therefore, Z* is stable if

B
Z" > A and unstable otherwise.

o If C > 0, then A > B? and there exists at least one positive root Z, > 0 which may be
stable depending on the inequality Z, > B/(2A).

* If C <0, Z =0 1is stable and positive equilibria may or may not exist depending on A and
the sign of Z, see figure

6 Total equilibrium population

In this section, we analyze the effect of dispersal and weak Allee effect on the total equilibrium
population for the system (3.1) and how the total biomass changes with dispersal rate. As
in [[15], for the two-patch logistic model (1.2)), we present two complete classifications of the
model parameter space, in each classification, we prove that exactly three cases can occur.
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— ; C Z = 0 unstable
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Figure 4: Enlarged bifurcation diagram with parameter C. For C < 0, only the trivial equilibrium
Z = 0 exists and is stable (blue domain). At C = 0, a bifurcation occurs. For C > 0, the trivial
state becomes unstable (red dashed line), and two positive equilibria appear: a stable branch Z
(green) and an unstable branch Z_ (orange).

6.1 Comparative Analysis of Equilibrium Populations at Varying Disper-
sal Rates

Arditi et al. [2] established a trichotomy for System (1.2)) regarding the total equilibrium popu-
lation 7*(€) relative to K; + K»:

1. If T*(e0) > K| + K3, then T*(€) > K| + K, for all € > 0.
2. If %(O) > 0 and T*(e0) < K| + K>, there exists & > 0 such that:

T () >K +K, forO<e<g
T*(S) <Ki+K, fore>¢g
T* (8()) =Ki+Kp

3. 1If 4L-(0) < 0, then T*(€) < K; + K, for all £ > 0.

This implies 7*(¢) = K; + K, holds only at € = 0 and at most one positive value &, which
exists iff %(0) > 0 and T*(e) < K| + K,. Elbetch [6] generalized these results to the two-
patch Richards model:

d u
% = rix {1 — (%) ] +&(Vi2x2 — Yo1x1)

6.1)
d H (
_;tz = 1% {1 — (_IX(ZZ) } +&(P1x1 — Y12X2)

for pu # 1. We refer to [6] for detailed analysis of migration effects in Richards models.
Lemma 6.1. The total equilibrium population satisfies:

Ki K,
rixi(e) rxi(e)(x;(e) —M)

T*(S) =Ki+K,+¢ < ) (’}’]2)6;(8) — ’}’21XT(8)) (6.2)
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Proof. The equilibrium equations are:

xi(e
nxi(e) (1- 1) = e(nare) - pivi )
& o
rax;(e) | 1— & (x3(&) —M) = —&(r1x](€) — 1123 (€))
Dividing the first equation by z-x](¢) and the second by 2x3(¢)(x3(€) — M) yields:
x’f (6) =K+ 8’}/12)62({51) _* 121X (€)
B e
. Y21x1 (&) — N2x3 (€
x5(8) =Ky +e5— .
? B (8)(x3(e) — M)
Summing these equations gives (4.5). N

When y1 K| = 12K, the ideal free distribution (IFD) holds: (x7(€),x5(€)) = (K1,K>) with
T*(e) = K1 + K; for all € > 0. To exclude this trivial case, we assume throughout:

(H1) p1K1 > v12K> (K1 /u1 > Ko /un)

(H2) p1K1 < 712K> (K1 /uy < K> /uo)

where u1 = 712/ (Vi2 +121), w2 = Y1/ (N2 + 121)-
Proposition 6.2. The equilibrium satisfies:

K (e s(€ K
e Under (HI): 2 M > m > =2 and Y21x7(€) > v12x5(€) for all € >0
ui ui un un

K (e (€ K
e Under (H2): 2o m < m <22 and Yo1x7(€) < Y12x5(€) forall € >0
u u uz 12%)

Proof. Continuity and the equilibrium equations imply the sign consistency of y1x7(€) — y12x3 (€).
Suppose equality holds at some & > 0, then (x}(€),x5(€)) = (Ki,K>), contradicting (H1) or
(H2). From (6.3)):

i) (1550 ) = —maste) (1250 ) Gate) -
> (0 under (H1)

= e(p1xi(e) —naxs(e
(21x7(&) — N2x3(€)) {< 0 under (H2)
Thus x’f(s) < Kj and x§(8) > K5 under (H1), with reverse inequalities under (H2). L]
Consequently, sgn(21x7(€) — Y12x5(€)) = sgn(y1 K1 — 712K>) for all € > 0.

Proposition 6.3. The derivative at € =0 is:

dr*
de

1 1
(0) = (72K2 — 1 Ky) (7’_1 - m) (6.4)

Thus %(0) =0iff ri = rn(Ky—M) or 1K1 = y12K>.
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Proof. Differentiating (6.3)) yields:

4 (ﬂ‘) _paxi— o (€5t oax(x — M) V2 (—1) ©5)

de \X; v(x},x3) e ey +onxi ) \ 1 '
where v > 0 and o; = r;/K;. Summing components gives:

dT* (721%] — ¥12%3) » . X+, ¥

Je () = 1#2 Xy — 00Xy (x; —M) — € ;Tx; (Y21x1 — Y12%3) (6.6)
Evaluating at € = 0 with x}(0) = K; yields (6.4). O

Lem*ma 6.4. IfT*(é‘oz < T*(0) for some & > 0, then %(6) < 0 for all € > &. In particular,
if 2L-(0) < 0, then 4= (&) < 0 for all € > 0.

Proof. From (4.5) and Proposition 6.2}

* * _ 8 * _ * * _ * * _
T"(e)-T (0)_a1a2x>{x§(x§—M) (1x7 — Y12%3) (Qx] — 0ox3 (33 — M) (6.7)

If T7*(gp) < T*(0), implies the product in (6.6) is negative. Since X} — Y12x; # 0 by
Proposition we conclude %(80) < 0. N

Theorem 6.5. For System (3.1) with 151Ky # 712K>:
1. If4L-(0) < 0, then T*(€) < T*(0) for all € > 0
2.1 %(O) > 0 and T*(e0) < T*(0), there exists & > 0 such that:

T*(e) > K +Ky Ve<eg
T*(e) < Ki+K, Ve>g
T*(&) =K +K;

3. IfT*(e0) > T*(0), then T*(g) > T*(0) forall e >0

Proof. Cases (1)-(3) follow from Lemma [6.4, continuity of 7*, and its differentiability near
€ =0. When ‘%(O) =0 (i.e., r; = rp(K» — M) by Proposition :

* Under (H1): aqxj — opx3 (x5 —M) <ri—r(Ka—M) =0
* Under (H2): ayx] — opx5 (x5 —M) > ri —r(Ky —M) =0
Thus T*(g) < T*(0) for all € > 0 in both cases, see figure[5] O

These results align with Theorem 4.2 in Gao [17], Theorem 4.5 in Gao and Lou [16], and
Theorem 2.4 in Gao and Lou [15]].

14



[ T*(e0) — T*(0)

Domaine 1

Domaine 3

dT*

Domaine 2

Figure 5: Illustration of the classification in Theorem [6.5] The plane is divided into colored
domains according to the sign of the derivative % (0) (equation ([6.4))) and the relative position
of the asymptotic equilibrium 7*(eo) given by (5.2). Blue domain (Case 1): if %(O) <0, the
total biomass satisfies 7*(g) < T*(0) for all € > 0. Green domain (Case 2): if %(0) > 0 and
T*(e0) < T*(0), there exists & > 0 such that 7*(¢) is above the carrying capacity K + K, for
€ < &), crosses it at € = &), and remains below it for € > &. Orange domain (Case 3): if T*(e0) >
T%(0), then T*(g) > T*(0) for all € > 0. The boundaries between domains are determined by
the parameter combinations in Y2, %1, K1, K3, 11,12, M entering %(0) and T (o).
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6.2 Monotonicity Analysis of the Total Equilibrium Population

Theorem characterizes the position but not the monotonicity of 7*(¢g). To address this gap,
we establish a complete classification analogous to Theorem 4.12 in Gao and Lou [[16] and The-
orem 2.5 in Gao and Lou [15]. The proof hinges on two key insights: 1. Critical points of 7*(¢)
on [0, ) correspond to local maxima 2. For € > 1, sgn <dT (g )) =sgn (121K — Y12K>) T/ (o0)]
when T’ (e0) £ 0

Note that %(oo) = limg 00 dde (¢) = 0, but the asymptotic sign agrees with sgn <dT (8)>
for € > 1. Here T’(c0) is obtained by substituting equilibrium values x} (o) into:

xX;+x
T'(€) := oux} — opx5 (x5 —M) —¢ ; x*z(?’mxl Yi2X5)
2

yielding:
T,(OO) = I’z(uzT* (00) —M) —r+ T*(OO) [20611/!1 — (quz(l + M+ uzT*(OO))] (6.8)
where 7% (o) is given in (#.4) and o; = r;/K;.

Lemma 6.6. Under assumption (HI), if%(é‘) = 0 for some & > 0, then %(E‘) < 0. Thus any
critical point of T*(€) on R4 is a local maximum.

Proof. Differentiate the equilibrium sum equation:

Xt (1—x—1> + ol (1—x—2) (s —M)=0 (6.9)

K K,

with respect to €:

- (1— xl) x1+r2[(1—x—2) (2x§—M)—x—2(x§—M)] 2_0 (610

K de K> K> de
At a critical point &, ds = 0 implies dd—f = de . Substituting into (6.10]) gives either & ds =0
or:
2x7 x5 x5
= (1-21) = 1-22 ) (2 —-M)—2(x5—M 6.11
nimn(1-3) =n|(1-2)es-m-Zw-m| e

Under (H1), x] < K; implies 11 < 0. Differentiate (6.10) again:

(125 P 8 (He)) o (159 e - S )
2

(o 20 - danrs(e)) (G200)) - P2ile)se) -

de

* 2
-2 -m (G2e) =0

Ate = & with &2 = 0, this simplifies to:

A’T*  2r (dxi\* 2r dx;\?
L) K1<d£> +K2(x2 2)<d8>

Since M < 0 and x5 > K> under (H1), the right-hand side is positive. With 1 < 0, we conclude
d°T*
== <0. ]

de?
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Under (H1), Lemma [6.6] implies T*(¢) is either strictly decreasing, strictly increasing, or
unimodal. The monotonicity type is determined by the signs of ‘%(0) and T’ (eo):

Theorem 6.7. Under assumption (HI):
1. If%(O) <0, then T*(g) is strictly decreasing for all € > 0

2. If%(O) > 0 and T’ (e0) < 0, there exists & > 0 such that:

>0 e<¢g
dT*(S) _o B
de = E=&

<0 e>¢

3. If T'(e0) > O, then T* (&) is strictly increasing for all € > 0

These mathematical classifications reveal how dispersal intensity mediates source-sink dy-
namics in metapopulations. When %(O) > 0 (Case 2), moderate dispersal enhances total
biomass by allowing surplus individuals from productive patches to colonize underutilized ar-
eas, creating a net rescue effect. Conversely, when % (0) <0 (Case 1), dispersal becomes detri-
mental as it draws individuals away from high-quality habitats faster than they can be replen-
ished, effectively creating ecological traps. The critical threshold & represents the optimal dis-
persal rate that maximizes biomass before connectivity-induced homogenization reduces spatial
complementarity. These patterns are particularly relevant in fragmented landscapes where dis-
persal management influences population persistence.

The monotonicity patterns characterize how connectivity regulates ecosystem productiv-
ity. Strictly increasing 7*(€) (Case 3) occurs when dispersal consistently improves resource
exploitation across patches, typical of systems with strong source-sink asymmetry. The uni-
modal pattern (Case 2) reflects the connectivity paradox: initial dispersal benefits populations
by enabling recolonization, but excessive movement suppresses local adaptation and creates
synchrony that amplifies extinction risk. The critical threshold & marks the tipping point where
dispersal shifts from beneficial to harmful. Strictly decreasing 7*(€) (Case 1) indicates frag-
ile systems where any dispersal reduces biomass, characteristic of populations near extinction
thresholds where emigration exacerbates decline. These dynamics underscore that conservation
strategies must balance connectivity to maintain optimal dispersal regimes rather than maximize
movement, see figure [6]

6.3 Linking the initial derivative to the infinite-diffusion regime

We now investigate the relation between the derivative of the total equilibrium biomass at € =0
and its limiting value 7% (o) as € — oo.

Recall from that
dT* 1 1
0) = K—vK)|———— | 6.12
r 0) = (12K2— 121 1)(r1 rz(Kz—M)) (6.12)

Since r; > 0, r, > 0 and K, — M > 0, the sign of this derivative is determined by

dT*
sgn< P (0)) = sgn (Y12K2 — 121K ) - sgn (ra(Ka — M) — 1),
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dde (0)=0,
E Case (3)
J S —— T'(e0) =0
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Figure 6: Classification of the monotonicity result in Theorem Blue domain (Case 1):
when %(O) < 0, the total biomass 77(¢) is strictly decreasing for all € > 0. Green domain

(Case 2): if %(O) > 0 and T'(e0) < 0, the function 7*(€) first increases, reaches a unique
maximum at some & > 0, and then decreases. Orange domain (Case 3): if T’(e0) > 0, the total
biomass T*(¢€) is strictly increasing for all € > 0. The dashed lines indicate the boundaries

41" (0) = 0 and T'(c0) = 0.

Hence the sign of the slope at € = 0 reflects both the asymmetry of the dispersal fluxes (via

Y12K> — 1K) and the relative growth potentials of the two patches (via ry(K; — M) —ry).
Y12 P21

From (5.2), after substituting u; = ————— and up = , we obtain
s N2+ %21 Y2+ Y21
N ++V/A
T"(o0) =K1+ K+ 5 —5—, 6.13
(=) : 2 2r2u%K1 ( )
where
N — —r YI22K2(712 + '}/21) + 7'2'}/221K1 (Kz +M)(}’12 + ')/2]) — 21’27231[{] (K] —i—Kz)
(Y2 +71)3 ’
and ,
1 "1 M Y, (ri2 —rnpiM)
- e (e (1))
(Y2+711)* ( K, i K K>

Since the denominator in (6.13)) is positive, the sign of 7*(e0) — (K; + K3 ) is the same as that of

N+ VA.

The expression (6.12)) shows that the derivative at zero depends on the linear form

Y12K> — 1K,

which measures the imbalance between dispersal fluxes weighted by the patch capacities. On
the other hand, the numerator N in (6.13)) contains the higher-order terms

— YK (Y12 +11) + v Ki (Ko +M) (112 4+ 121) — 227, K1 (K) + K2),
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that can be viewed as a quadratic and cubic extension of the same combination.
Therefore, although both ddls (0) and T*(e0) — (K] + K») depend on the dispersal asymmetry
Y12K> — 11K, the relation between their signs is not direct. In particular:

* If N > 0, then necessarily 7*(e0) > K| + K3, so the total biomass in the infinite-diffusion
regime exceeds the purely local carrying capacities. In this case, a positive initial slope in
(6.12) is consistent with the asymptotic increase.

* If N < 0, then the contribution of v/A may compensate for the negative part of N, and the
sign of T*(eo) — (K] + K>) depends on the delicate balance between dispersal rates and
growth parameters. Consequently, the sign of %(0) does not automatically determine
the asymptotic sign.

Corollary 6.8. Assume Ky > M. If

—nmKa (2 + )+ Ki(Ke+M) (N2 + 1) —2n% Ki(K +K2) 20, (6.14)
then the equilibrium biomass under infinite diffusion satisfies
T*(e0) > K| + K>.
Proof. From (6.13]), we have

N++vVA
T*(0) — (K1 +Ky) = ——5—.
( ) ( ! 2) 27‘2143](1
Since 2r2u3K1 > 0, the sign is determined by N + VA. If (6.14)) holds, then N > 0, and because
VA > 0, we obtain N + v/A > 0, which proves the claim. O]

7 Geometric approach to the qualitative behavior of the equi-
librium point E£*(¢)

In this section, we adopt a geometric approach to study the qualitative behavior of the equilib-
rium point E*(g) of system as the migration rate € varies. The analysis is based on the
relative positions of the curve %', which contains all possible equilibria, and certain reference
lines in the phase plane.

Depending on the parameters, the trajectory of E*(g) along & reveals whether the total
equilibrium population is smaller, larger, or equal to the sum of the carrying capacities K| + K,
for different values of €.

We distinguish several cases according to the slope and position of the tangent at A and of
the asymptotic line Y.

We first consider the straight line A with Cartesian equation

x1+x2=Kj + K,

which has slope —1 and passes through the point A = (K}, K>).
The equilibrium point E*(€) always lies on the curve ¢ (see Appendix A). For € =0, we
have E*(0) = A. As € increases, E*(&) moves along an arc of 4 and ends at the point

B := E*(o0),
given by equation (5.2).
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1. Case r; = rp(K, —M). The equation of the tangent line to % at A is given by:

0P 0P
(xl—Kl)a—m(A)ﬂL(xz—Kz)a—m(A)207 (7.1)

where @ is defined in (.2)). Since

Jdd P
A= o

equation ([7.1)) reduces to:

(A) = (M —Kz)rs,

rix] + rz(Kz —M))CZ =nrnkK;+ I’sz(Kz —M). (7.2)

If ry = rp(Ky — M), the tangent line to % at A coincides with A. By concavity of &, all
points of %’ lie below A. Therefore, for all € > 0, we have:

xi(e)+x(e) <K+ K,

as illustrated in Figure
X2

Figure 7: Illustration of item (1). The curve € (red) and the line A (blue) are shown for certain
parameter values. The total equilibrium population is always smaller than K; 4 K> for all €,
since it belongs to €. For € =0, E*(0) = A; as € increases, E*(€) moves along ¢ in one of the
two directions indicated by the arrows.

2. Case r; < rp(K, —M). The line A intersects % at a second point C, which lies below the
line X:xp = ﬁxl (see Figures .
K

As € — oo, the curve &, defined in (@.3)) approaches the oblique line

H1
Py Xy = y—xl.
Y12

The intersections of Z., with € are the origin and E* (o).
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a2 (a) If P lies below L, i.e. 121/712 < K»/Kj, two situations arise:

3 (i) If B lies above A (i.e. X; (o) > K| +K>), then E*(¢€) starts at A when € = 0 and
a14 moves along € to B as € — co. Consequently,

XT(S) —{-X;(S) > K +K,, Ve>0,

as shown in Figure[§]

X2

(0] K X1

Figure 8: Illustration of item (2.a.i). The curve % (red), the lines A (blue), X (cyan) and &,
(green) are shown. The total equilibrium is always greater than K; + K; for all € since B lies

above A.

415
416 (ii) If B lies below A (i.e. T*(e0) < K| 4+ K3), then E*(¢€) starts at A, passes through
a7 C at some &) > 0, and ends at B. Thus:

xj(e)+x5(e) > K1 +Ky, €< &,

xT(S) —I—X;(S) <Ki+K,, &€= &,
a8 as illustrated in Figure 0]
419 (b) If P lies above X, i.e. o1/712 > K> /K], then:

xj(e)+x5(e) <K+ K, Ve,

420 as in Figure
421 (c) If P coincides with £ (i.e. A = B), then E*(¢) = (K,K3) for all € > 0 and the
42 total equilibrium population is constant.

» 8 Numerical Simulations

+ In this subsection, we illustrate Theorems [6.5and [6.7] by computing the total equilibrium pop-
s ulation 7*(¢&) for various parameter sets corresponding to the three monotonicity patterns.

426 The steady state (x](€),x5(€)) is obtained by solving the equilibrium system (6.3) using a
7 Newton—Raphson method for each € > 0. Table [I] lists the baseline parameter values for the
s three examples.

4

N

4

N

4

]

4

N

21



x
A
Y
K, 4
C
P,
B
(0] K X1

Figure 9: Tllustration of item (2.a.ii). The equilibrium point E*(g) passes through C before
ending at B below A.

X2

0] K X1

Figure 10: Illustration of item (2.b). The total equilibrium population remains smaller than
K|+ K, for all €.

Case | ri | n | K1 | K | M| 712 | 21 | Monotonicity
1 1.5/10]50(30]|-1|04|0.6| Decreasing
2 [15]09]50(3.0(-1|04]0.6| Unimodal
3 1.5/20[50|30|-1]04|0.6| Increasing

Table 1: Parameter values used in the simulations.
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Figure [11| displays 7*(¢) for € € [0,5] in the three scenarios. In Case 1, T* decreases
monotonically, confirming Theorem [6.7(1). In Case 2, T* is unimodal, reaching a maximum
at € = g as predicted by Theorem [6.7(2). In Case 3, T* increases monotonically, illustrating

Theorem[6.7)3).

{0

4 1 T T T T

0 1 2 3 4 5

Figure 11: Numerical variation of 7 (&) for the three monotonicity cases in Table|1| with y-axis
starting at 4. The dashed line indicates the baseline 7%(0) = K; + K».

These simulations clearly confirm the theoretical trichotomy:

* Case 1: Any dispersal reduces total biomass.
* Case 2: Moderate dispersal increases biomass up to &y, after which biomass declines.

* Case 3: Dispersal consistently increases total biomass.

9 Conclusion and discussion

In this work, we have investigated the influence of a weak Allee effect on the total biomass of
a single-species population distributed over a patchy environment. Using a reaction—diffusion
framework with patch heterogeneity, we established analytical results describing the qualita-
tive behavior of steady states and quantified the changes in total biomass as a function of
the dispersal rate. Our study shows that, under a weak Allee effect, the total biomass de-
creases monotonically with increasing dispersal, and no positive dispersal rate can yield the
same biomass as in the absence of dispersal. These results extend previous findings obtained in
purely logistic settings, highlighting that the presence of a weak Allee effect does not reverse
the biomass—dispersal relationship.

From an ecological perspective, our findings emphasize that promoting movement between
patches may not enhance, and may even reduce, the overall population size when a weak Allee
effect is present. This has important implications for conservation strategies and habitat man-
agement, particularly in fragmented landscapes where both dispersal and Allee effects play
significant roles.

Future work could address the extension of these results to multi-species interactions, more
general nonlinear dispersal mechanisms, and stochastic perturbations, in order to assess the
robustness of the observed biomass patterns.
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Discussion on the strong Allee effect. When the weak Allee effect is replaced by a strong
Allee effect, the mathematical analysis becomes significantly more challenging. In contrast to
the weak case, where the per capita growth rate remains positive at low densities, the strong
Allee effect introduces a critical threshold below which the population declines to extinction.
This creates multiple equilibria in each patch (extinction, unstable threshold, and carrying ca-
pacity) and leads to the possibility of bistability. From an analytical standpoint, the existence
and uniqueness of positive steady states can no longer be guaranteed by straightforward mono-
tonicity arguments, and the total biomass may exhibit discontinuous changes as dispersal varies.
Moreover, dispersal can have non-intuitive effects: it may either rescue populations from ex-
tinction or, conversely, drive them below the critical threshold in some patches. These phenom-
ena require the use of bifurcation theory, stability switching analysis, and careful treatment of
threshold dynamics, making the derivation of general biomass—dispersal relationships far more
intricate than in the weak Allee effect scenario.
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