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Abstract5

We investigate the impact of the weak Allee effect on the total biomass of a single6

species inhabiting a two-patch environment connected by asymmetric dispersal. In the7

proposed model, the first patch exhibits logistic growth, while the second patch follows a8

Nagumo-type growth law incorporating a weak Allee threshold. We establish the global9

existence, nonnegativity, and boundedness of solutions, and prove that the system admits10

a unique positive equilibrium that is globally asymptotically stable. Analytical results are11

derived for the asymptotic regime of high dispersal rates using singular perturbation the-12

ory, revealing an emergent weak Allee effect at the metapopulation scale. We conduct a13

complete classification of the parameter space to determine when dispersal increases, de-14

creases, or has a unimodal effect on total equilibrium biomass, and provide geometric and15

monotonicity analyses of the equilibrium. Numerical simulations illustrate the theoreti-16

cal trichotomy and highlight the ecological implications of dispersal management in frag-17

mented landscapes. Our results generalize previous studies on logistic models to include18

the weak Allee effect, offering new insights into the interplay between dispersal intensity,19

asymmetry, and population persistence.20

Mathematics Subject Classification: 37N25, 92D25, 34D23, 34D15.21

Key words and phrases: Population dynamics, Weak Allee effect, Two-patch model,22

Asymmetric dispersal, Total biomass, Monotonicity analysis, Singular perturbation theory,23

Tikhonov’s theorem.24
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1 Introduction41

Population dynamics is a broad and active area of applied mathematics, addressing a variety of42

problems ranging from the persistence of species to the effects of environmental heterogeneity43

and migration. One classical question concerns the role of dispersal in shaping the long-term44

behaviour of populations in fragmented habitats. Comprehensive overviews of the mathematical45

and ecological aspects of such problems can be found in the works of Levin [22, 23] and Holt46

[20].47

In many ecological situations, the spatial domain is best represented as a finite set of discrete48

habitat patches connected by migration pathways. Examples include archipelagos inhabited by49

bird populations and their predators, or networks of lakes connected by streams. Such discrete-50

space formulations fall within the framework of insular biogeography. From the mathematical51

side, the monograph of Levin, Powell, and Steele [24] provides a thorough account of patch-52

dynamics models, while Hanski and Gilpin [19] present a more ecological perspective. In this53

setting, the central mathematical question is to determine how dispersal influences global popu-54

lation abundance and persistence, and to understand the consequences of habitat fragmentation.55

A seminal contribution in this direction is due to Freedman and Waltman [14], who in 197756

analysed the following two-patch logistic growth model with symmetric dispersal:57 
dx1

dt
= r1x1

(
1− x1

K1

)
+ ε(x2 − x1),

dx2

dt
= r2x2

(
1− x2

K2

)
+ ε(x1 − x2),

(1.1)

where xi(t) denotes the population density in patch i, ri > 0 is the intrinsic growth rate, Ki > 0 is58

the carrying capacity, and ε ≥ 0 is the symmetric dispersal rate. They showed that, under certain59

conditions, the total equilibrium abundance may exceed the sum of the carrying capacities,60

K1 +K2. Holt [20] extended these ideas to source–sink systems. More recently, Arditi et al. [1]61

provided a complete mathematical analysis of (1.1) for symmetric dispersal.62

In a subsequent work, Arditi et al. [2] generalised (1.1) to account for asymmetric dispersal63
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rates, leading to the model64 
dx1

dt
= r1x1

(
1− x1

K1

)
+ ε(γ12x2 − γ21x1),

dx2

dt
= r2x2

(
1− x2

K2

)
+ ε(γ21x1 − γ12x2),

(1.2)

where γi j > 0 (i ̸= j) are directional migration coefficients, and εγ12 (resp. εγ21) denotes the65

migration rate from patch 2 to patch 1 (resp. from patch 1 to patch 2). They observed that66

the positive equilibrium (x∗1(ε),x
∗
2(ε)) is the intersection of an ellipse and a parabola, and used67

a graphical method to characterise the regions of parameter space where dispersal is either68

beneficial or detrimental to total biomass.69

Other variations of the two-patch logistic framework have been considered. Wu et al. [32]70

studied the asymmetric source–sink model71 
dx1

dt
= r1x1

(
1− x1

K1

)
+ ε(x2 − sx1),

dx2

dt
= r2x2

(
−1− x2

K2

)
+ ε(sx1 − x2),

(1.3)

where s > 0 controls the dispersal asymmetry. They showed that depending on the magnitude72

of s, dispersal can increase, decrease, or even drive to extinction the total population, with clear73

thresholds separating these behaviours.74

Dispersal effects have also been investigated in the presence of Allee effects, where the75

per-capita growth rate is reduced at low population densities. For example, Kang et al. [21]76

considered77 
dx1

dt
= r1x1 (x1 −θ)(1− x1)+ ε(x2 − x1),

dx2

dt
= r2x2 (x2 −θ)(1− x2)+ ε(x1 − x2),

(1.4)

where θ is the Allee threshold. They showed that ε and θ strongly influence the global dynam-78

ics. Another model with an additive Allee effect was proposed by Chen et al. [3]:79 
dx1

dt
=−x1 + ε(γ12x2 − γ21x1),

dx2

dt
= x2

(
1− x2 −

σ

x2 +a

)
+ ε(γ21x1 − γ12x2),

(1.5)

where σ ,a > 0 are Allee-effect parameters. They distinguished between weak (0 < σ < a) and80

strong (σ > a) Allee effects, and demonstrated how changes in σ , a, and dispersal rates γ12,γ2181

can alter persistence and total biomass.82

A substantial literature now exists on the interaction between dispersal and Allee effects in83

discrete-space models; see, for instance, [21, 25, 26, 27, 28, 30] for studies in discrete habitats,84

and [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 18] for work on maximising total biomass in multi-patch85

environments. The present paper contributes to this line of research by incorporating a weak86

Allee effect in a two-patch logistic model with asymmetric dispersal, and by providing a com-87

plete analytical classification of how dispersal intensity influences total equilibrium biomass.88

The paper is organized as follows. Section 1 introduces the ecological background and89

reviews related work. Section 2 presents the single-species dynamics with Allee effects. Section90
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3 formulates the two-patch model and establishes its basic properties, while Section 4 analyzes91

its equilibria and geometric structure. Section 5 studies the high-dispersal limit, and Section 692

classifies the effects of dispersal on total biomass. Section 7 provides a geometric interpretation,93

Section 8 illustrates the results with numerical simulations, and Section 9 concludes the paper.94

2 Single-Species Dynamics with Allee Effects95

We begin by considering a classical model that incorporates the Allee effect:96

dx
dt

= rx
(

1− x
K

)
(x−M), (2.1)

where x(t) denotes the population density at time t ≥ 0, and r > 0, K > 0, and M ∈ R are97

given parameters. The parameter r is the intrinsic growth rate, K is the environmental carrying98

capacity, and M represents the Allee threshold. We assume throughout that M < K.99

The Allee effect describes a phenomenon where the per-capita growth rate is reduced at low100

population densities. Model (2.1) exhibits two qualitatively distinct types of Allee effects:101

• A weak Allee effect occurs when M ≤ 0 < K. In this case, the per-capita growth rate102

remains positive for all x> 0, and the population can grow from arbitrarily small densities.103

• A strong Allee effect occurs when 0 < M < K. In this setting, the population must exceed104

the critical threshold M to survive, otherwise it goes extinct.105

These two cases are illustrated in Figure 1.106

Figure 1: Population growth rate in model (2.1). The blue curve corresponds to a weak Allee
effect with parameters r = 0.7, K = 7, and M = −0.5. The red curve corresponds to a strong
Allee effect with r = 0.7, K = 7, and M = 1.5.

To understand the qualitative behavior of the system, we study the equilibria of (2.1). The107

right-hand side vanishes when x = 0, x = M, or x = K. Hence, the model admits:108

• One or two positive equilibria depending on the value of M;109

• Always the trivial equilibrium x = 0, representing extinction.110
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2.1 Case 1: Weak Allee Effect (M ≤ 0)111

In this case, all three equilibria 0 < M < K are ordered such that x = 0 is an equilibrium with112

unstable dynamics (since the growth rate is positive near the origin). The unique stable equi-113

librium on R+ is x = K, which is locally asymptotically stable (LAS). The population density114

always converges to K for any initial condition x(0) > 0, regardless of the magnitude of the115

Allee term.116

2.2 Case 2: Strong Allee Effect (0 < M < K)117

The dynamics are substantially different. In this case:118

• x = 0 is a locally stable equilibrium (extinction state),119

• x = M is an unstable equilibrium (the Allee threshold),120

• x = K is a locally asymptotically stable equilibrium (saturation state).121

The population converges to extinction if the initial population satisfies x(0) < M, and it122

converges to the carrying capacity K if x(0) > M. Therefore, the threshold M delineates the123

long-term survival of the species: it must be exceeded to escape extinction.124

The qualitative behavior of system (2.1) can thus be summarized as follows:125

• If M < 0, the Allee effect is weak, and every positive initial condition leads to persistence:126

limt→∞ x(t) = K.127

• If M > 0, the Allee effect is strong, and extinction or survival depends on the initial128

condition:129

lim
t→∞

x(t) =

{
0, if x(0)< M,

K, if x(0)> M.

This threshold phenomenon under strong Allee effects has significant implications in conserva-130

tion biology and population management, as small populations may face extinction purely due131

to insufficient initial density.132

3 Mathematical Model and Preliminary Results133

We consider a two-patch population model where the two patches are connected via asymmetric134

dispersal. The first patch exhibits logistic growth, while the second patch is subject to Allee135

effects as described in Equation (2.1). The resulting system of ordinary differential equations is136

given by:137 
dx1

dt
= r1x1

(
1− x1

K1

)
+ ε (γ12x2 − γ21x1) ,

dx2

dt
= r2x2

(
1− x2

K2

)
(x2 −M)+ ε (γ21x1 − γ12x2) ,

(3.1)

where xi(t) denotes the population density in patch i∈{1,2} at time t ≥ 0. The parameters ri > 0138

and Ki > 0 represent the intrinsic growth rate and the carrying capacity in patch i, respectively.139

The constant M ∈ R is the Allee threshold in patch 2, and we assume M ≤ 0 < K2, which140

corresponds to a weak Allee effect.141
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The parameter ε > 0 denotes the global dispersal rate, while the constants γ12 > 0 and142

γ21 > 0 quantify the directional migration rates from patch 2 to patch 1 and from patch 1 to143

patch 2, respectively. The migration is said to be symmetric when γ12 = γ21.144

We now address the basic properties of system (3.1), in particular the nonnegativity and145

boundedness of solutions. We show that the system is well-posed in the positive quadrant and146

that all trajectories remain uniformly bounded over time.147

Proposition 3.1. Let the initial condition (x1(0),x2(0)) ∈ R2
+. Then, the solution (x1(t),x2(t))148

of system (3.1) remains nonnegative and uniformly bounded for all t ≥ 0. Moreover, the set149

Σ =

{
(x1,x2) ∈ R2

+

∣∣∣∣ x1 + x2 ≤
ξ ∗

2
ξ ∗

1

}
,

where150

ξ
∗
1 = µ min{r1, r2(K2 −M)} and ξ

∗
2 = µ (r1K1 + r2K2(K2 −M)) ,

is positively invariant and globally attracting.151

Proof. Let us define the total population size T (t) = x1(t)+ x2(t). Summing the two equations152

in (3.1), the migration terms cancel, and we obtain:153

dT
dt

(t) = r1x1(t)
(

1− x1(t)
K1

)
+ r2x2(t)

(
1− x2(t)

K2

)
(x2(t)−M) . (3.2)

We now estimate the right-hand side from above. For any x1,x2 ≥ 0, we have:154

r1x1

(
1− x1

K1

)
≤ r1(K1 − x1), r2x2

(
1− x2

K2

)
(x2 −M)≤ r2(K2 −M)(K2 − x2),

which yields:155

dT
dt

(t)≤−ξ
∗
1 T (t)+ξ

∗
2 .

This differential inequality is linear and can be integrated explicitly to yield:156

T (t)≤
(

T (0)−
ξ ∗

2
ξ ∗

1

)
e−ξ ∗

1 t +
ξ ∗

2
ξ ∗

1
, for all t ≥ 0. (3.3)

In particular, this implies:157

T (t)≤ max
{

T (0),
ξ ∗

2
ξ ∗

1

}
, ∀t ≥ 0,

which shows that both components x1(t), x2(t) remain bounded for all time.158

Moreover, Equation (3.3) implies that the set Σ ⊂ R2
+ is positively invariant and attracts all159

trajectories, hence it is a global attractor for the dynamics of system (3.1).160

4 Equilibrium Analysis and Geometric Properties of the Two-161

Patch Model with Dispersal and Weak Allee Effect162

In the absence of migration (i.e., when ε = 0), the system (3.1) admits (K1,K2) as a non-trivial163

equilibrium, which is locally asymptotically stable (LAS) in R2
+. The origin (0,0) and the164
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boundary equilibria (K1,0) and (0,K2) are always unstable. For ε > 0, according to Theorem 6165

in [11], the model (3.1) always has a unique positive equilibrium if M ≤ 0, denoted by E∗(ε) :=166

(x∗1(ε),x
∗
2(ε)), which is globally asymptotically stable in R2

+ \{0}.167

Geometrically, the equilibrium of the system (3.1) corresponds to the solutions of the fol-168

lowing algebraic system:169 
0 = r1x1

(
1− x1

K1

)
+ ε(γ12x2 − γ21x1),

0 = r2x2

(
1− x2

K2

)
(x2 −M)+ ε(γ21x1 − γ12x2).

(4.1)

The sum of the two equations in (4.1) reveals that the equilibrium points lie on a curve C , whose170

equation is given by:171

C : Φ(x1,x2) := r1x1

(
1− x1

K1

)
+ r2x2

(
1− x2

K2

)
(x2 −M) = 0. (4.2)

The curve C , illustrated in red in Figure 3, passes through the points (0,0), (K1,0), (0,K2), and172

A := (K1,K2) when the Allee threshold parameter M is non-positive (see Figure 3). Notably, C173

is independent of the migration rate ε and the coefficients γi j.174

If M ≤ 0, the function Φ(x1,x2) = Φ1(x1) +Φ2(x2), where Φ1(x1) = r1x1

(
1− x1

K1

)
and175

Φ2(x2) = r2x2

(
1− x2

K2

)
(x2 −M), is concave because both Φ1 and Φ2 are concave functions.176

Another key property of C is that if a point (x1,x2) lies on C with x1 < K1 (resp. x2 > K2), then177

x2 > K2 (resp. x1 < K1). In Figure 2, we plot C for various values of M.178

Figure 2: The curves C for r1 = 4, r2 = 3, K1 = 2, K2 = 1, and M = 0 (black curve), M =−0.35
(red curve), M = −1 (blue curve), M = −1.65 (green curve), M = −2.3 (orange curve), and
M =−2.95 (cyan curve).

Solving the first equation of (4.1) for x2 yields a parabola Pε , defined by the equation179

x2 = ϕε(x1), where ϕε is given by:180

Pε : ϕε(x1) :=
1

γ12

(
γ21x1 −

r1

ε
x1

(
1− x1

K1

))
. (4.3)
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The parabola Pε (shown in blue in Figure 3 for various parameter values) depends on the mi-181

gration rate ε . It always passes through the origin and the point B :=
(

K1,
γ21
γ12

K2

)
. Thus, the182

equilibrium points correspond to the non-negative intersections between C and Pε . Conse-183

quently, E∗(ε) is determined by the intersection of C and Pε (see Fig. 3) and satisfies:184

C ∩Pε :


0 = r1x∗1(ε)

(
1−

x∗1(ε)
K1

)
+ r2x∗2(ε)

(
1−

x∗2(ε)
K2

)
(x∗2(ε)−M),

x∗2(ε) =
1

γ12

(
γ21x∗1(ε)−

r1

ε
x∗(ε)1

(
1−

x∗1(ε)
K1

))
.

(Case a) (Case b)
Figure 3: Possible configurations of the curves C (red) and Pε (blue, solid and dashed lines),
where r1 = 5, r2 = 3, K1 = 2, K2 = 1, ε = 1, γ12 = γ21 = 2, and the Allee threshold parameter
M is −1 for case (a) and −1.35 for case (b).

We define the total equilibrium population at the positive equilibrium under dispersal rate185

ε as:186

T ∗(ε) = x∗1(ε)+ x∗2(ε), (4.4)

representing the total asymptotic population abundance. For ε = 0, the total equilibrium popu-187

lation is:188

T ∗(0) = K1 +K2. (4.5)

The primary objective of this paper is to investigate the influence of the weak Allee effect and189

dispersal on the total population size, and to conduct a comprehensive mathematical analysis of190

the two-patch model (3.1) across the full parameter space for M ≤ 0.191

5 Asymptotic Behavior of the Model under High Dispersal192

Rates193

This section analyzes the asymptotic properties of System (3.1) as the migration rate becomes194

unbounded (ε → ∞).195

Theorem 5.1. Let E∗(ε) denote the positive equilibrium of System (3.1). Then:196

lim
ε→∞

E∗(ε) = T ∗(∞)(u1,u2), (5.1)
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where u1 = γ12/(γ12 + γ21), u2 = γ21/(γ12 + γ21), and T ∗(∞) = limε→∞ T ∗(ε) with197

T ∗(∞) = K1 +K2 +
−r1u2

1K2 + r2u2
2K1K2 + r2u2

2K1M−2r2u3
2K1(K1 +K2)+

√
∆

2r2u3
2K1

(5.2)

where ∆=

(
−

r1u2
1

K1
+ r2u2

2 +
r2u2

2M
K2

)2

+
r2u3

2(r1u1 − r2u2M)

K2
. Moreover, under symmetric move-198

ment (γ12 = γ21):199

T ∗(∞) = K1 +K2 +
−r1K2 + r2K1K2 + r2MK1 − r2K1(K1 +K2)+

√
∆

r2K1
. (5.3)

Proof. The equilibrium E∗(ε) satisfies:200 
r1x∗1(ε)

(
1−

x∗1(ε)
K1

)
+ r2x∗2(ε)

(
1−

x∗2(ε)
K2

)
(x∗2(ε)−M) = 0

x∗2(ε) =
1

γ12

(
γ21x∗1(ε)−

r1

ε
x∗1(ε)

(
1−

x∗1(ε)
K1

))
.

(5.4)

As ε → ∞, System (5.4) reduces to:201 
r1x∗1(∞)

(
1−

x∗1(∞)

K1

)
+ r2x∗2(∞)

(
1−

x∗2(∞)

K2

)
(x∗2(∞)−M) = 0

x∗2(∞) =
γ21

γ12
x∗1(∞).

(5.5)

Solutions to (5.5) include 0 and E∗(∞) = (x∗1(∞),x∗2(∞)) = T ∗(∞)(u1,u2). Convergence of202

E∗(ε) to E∗(∞) follows by excluding the origin as a limit point. Specifically, for all ε > 0, there203

exists i ∈ {1,2} such that x∗i (ε) > Ki, ensuring E∗(ε) is bounded away from 0. If γ12x∗2(ε) <204

γ21x∗1(ε) for all ε > 0, then r2x∗2(ε)(1−x∗2(ε)/K2)(x∗2(ε)−M)< 0. Since x∗2(ε)> 0 and M ≤ 0,205

we deduce x∗2(ε) > K2. Thus E∗(ε) → E∗(∞) as ε → ∞. The symmetric case (5.3) follows206

directly from (5.2) when γ12 = γ21.207

Singular perturbation theory elucidates the system’s behavior under perfect mixing (ε →∞):208

Theorem 5.2. Let (x1(t,ε),x2(t,ε)) solve System (3.1) with nonnegative initial conditions (x0
1,x

0
2).209

As ε → ∞:210

x1(t,ε)+ x2(t,ε) = Z(t)+oε(1), uniformly in t ∈ [0,∞) (5.6)

and for any t0 > 0:211 {
x1(t,ε) = u1Z(t)+oε(1)
x2(t,ε) = u2Z(t)+oε(1)

uniformly in t ∈ [t0,∞), (5.7)

where Z(t) satisfies:212 
dZ
dt

=−
r2u3

2
K2

Z3 +

(
−

r1u2
1

K1
+ r2u2

2 +
r2u2

2M
K2

)
Z2 +(r1u1 − r2u2M)Z

Z(0) = x0
1 + x0

2.

(5.8)
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Proof. Define X(t,ε) = x1(t,ε)+ x2(t,ε). Rewriting (3.1) in (X ,x1)-coordinates yields:213 
dX
dt

= r1x1

(
1− x1

K1

)
+ r2(X − x1)

(
1− X − x1

K2

)
(X − x1 −M)

dx1

dt
= r1x1

(
1− x1

K1

)
+ ε (γ12X − (γ12 + γ21)x1) .

(5.9)

As ε →∞, (5.9) becomes a slow-fast system with slow variable X and fast variable x1. Rescaling214

time via τ = εt gives the fast subsystem:215

dx1

dτ
=

1
ε

r1x1

(
1− x1

K1

)
+ γ12X − (γ12 + γ21)x1.

Taking ε → ∞ yields the fast dynamics:216

dx1

dτ
= γ12X − (γ12 + γ21)x1. (5.10)

The slow manifold is the set of equilibria of (5.10):217

x∗1 =
γ12

γ12 + γ21
X = u1X . (5.11)

As x∗1 is globally asymptotically stable (GAS) for (5.10), Tikhonov’s theorem [29, 31] implies218

that after rapid attraction to the slow manifold, solutions of (5.9) are approximated by the re-219

duced system obtained by substituting (5.11) into the X-dynamics:220

dX
dt

= r1u1X
(

1− u1X
K1

)
+ r2u2X

(
1− u2X

K2

)
(u2X −M)

=−
r2u3

2
K2

X3 +

(
−

r1u2
1

K1
+ r2u2

2 +
r2u2

2M
K2

)
X2 +(r1u1 − r2u2M)X .

This recovers (5.8). Since (5.8) admits the GAS equilibrium X∗ = T ∗(∞) (given by (5.2)),221

Tikhonov’s theorem guarantees approximations (5.6) and (5.7) hold uniformly for t ∈ [0,∞)222

and t ∈ [t0,∞) (t0 > 0), respectively.223

Under infinite dispersal, approximation (5.6) reveals that the total population follows a weak224

Allee effect (5.8). Consequently, as t,ε → ∞, the total population x1(t,ε)+ x2(t,ε) converges225

to T ∗(∞) (Theorems 5.1 and 5.2). Approximation (5.7) indicates that after a brief initial layer,226

population densities align with the proportions u1 and u2. Thus as t,ε → ∞, xi(t,ε)→ uiT ∗(∞)227

for i = 1,2.228

Under extreme dispersal rates (ε → ∞), the system undergoes fundamental ecological reor-229

ganization. Rapid movement homogenizes the landscape, effectively merging distinct patches230

into a single well-mixed habitat where individuals lose spatial memory. Population densities231

stabilize at fixed proportions (u1 and u2) determined by the ratio of dispersal rates γi j, reflect-232

ing an equilibrium distribution across the landscape. Crucially, the total population exhibits233

a weak Allee effect (Eq. 5.8) - an emergent property arising from coupled local dynamics234

through dispersal that depresses per capita growth at intermediate densities. This transition oc-235

curs via a rapid redistribution phase where individuals reorganize according to dispersal ratios236

before settling into slow demographic trends. Ecologically, high connectivity eliminates patch-237

specific population identities, creates system-wide density dependence governed by parameter238
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averages, and enables rescue effects where productive patches sustain neighboring populations.239

Ultimately, intense dispersal transforms locally distinct populations into an integrated meta-240

population with collective dynamics governed by landscape-level processes rather than local241

conditions.242

Let we consider the differential equation (5.8), We factorize the right-hand side as243

dZ
dt

= Z
(
−AZ2 +BZ +C

)
,

where244

A =
r2u3

2
K2

> 0, B =−
r1u2

1
K1

+ r2u2
2 +

r2u2
2M

K2
, C = r1u1 − r2u2M.

Thus, Z = 0 is always an equilibrium. Nonzero equilibria satisfy245

f (Z) := AZ2 −BZ −C = 0,

with discriminant246

∆ = B2 +4AC.

If ∆ ≥ 0, there are two real equilibria247

Z± =
B±

√
B2 +4AC
2A

.

The stability of Z = 0 is governed by248

f ′(0) =C = r1u1 − r2u2M.

Hence249 Z = 0 is stable if C < 0 (i.e. r1u1 < r2u2M),

Z = 0 is unstable if C > 0.

For a nonzero equilibrium Z∗ > 0, we compute250

f ′(Z∗) = Z∗(−2AZ∗+B).

Therefore, Z∗ is stable if251

Z∗ >
B
2A

, and unstable otherwise.

• If C > 0, then ∆ > B2 and there exists at least one positive root Z+ > 0 which may be252

stable depending on the inequality Z+ > B/(2A).253

• If C < 0, Z = 0 is stable and positive equilibria may or may not exist depending on ∆ and254

the sign of Z±, see figure 4.255

6 Total equilibrium population256

In this section, we analyze the effect of dispersal and weak Allee effect on the total equilibrium257

population for the system (3.1) and how the total biomass changes with dispersal rate. As258

in [15], for the two-patch logistic model (1.2), we present two complete classifications of the259

model parameter space, in each classification, we prove that exactly three cases can occur.260
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C

Z

C < 0 stable Z = 0 C > 0 Z+ > 0 stable

Z = 0 unstable

Z+ stable

Z− unstable

bifurcation

Figure 4: Enlarged bifurcation diagram with parameter C. For C < 0, only the trivial equilibrium
Z = 0 exists and is stable (blue domain). At C = 0, a bifurcation occurs. For C > 0, the trivial
state becomes unstable (red dashed line), and two positive equilibria appear: a stable branch Z+

(green) and an unstable branch Z− (orange).

6.1 Comparative Analysis of Equilibrium Populations at Varying Disper-261

sal Rates262

Arditi et al. [2] established a trichotomy for System (1.2) regarding the total equilibrium popu-263

lation T ∗(ε) relative to K1 +K2:264

1. If T ∗(∞)> K1 +K2, then T ∗(ε)> K1 +K2 for all ε > 0.265

2. If dT ∗

dε
(0)> 0 and T ∗(∞)< K1 +K2, there exists ε0 > 0 such that:266

T ∗(ε)> K1 +K2 for 0 < ε < ε0

T ∗(ε)< K1 +K2 for ε > ε0

T ∗(ε0) = K1 +K2

3. If dT ∗

dε
(0)≤ 0, then T ∗(ε)< K1 +K2 for all ε > 0.267

This implies T ∗(ε) = K1 +K2 holds only at ε = 0 and at most one positive value ε0, which268

exists iff dT ∗

dε
(0) > 0 and T ∗(∞) < K1 +K2. Elbetch [6] generalized these results to the two-269

patch Richards model:270 
dx1

dt
= r1x1

[
1−

(
x1

K1

)µ]
+ ε(γ12x2 − γ21x1)

dx2

dt
= r2x2

[
1−

(
x2

K2

)µ]
+ ε(γ21x1 − γ12x2)

(6.1)

for µ ̸= 1. We refer to [6] for detailed analysis of migration effects in Richards models.271

Lemma 6.1. The total equilibrium population satisfies:272

T ∗(ε) = K1 +K2 + ε

(
K1

r1x∗1(ε)
− K2

r2x∗2(ε)(x
∗
2(ε)−M)

)
(γ12x∗2(ε)− γ21x∗1(ε)) (6.2)
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Proof. The equilibrium equations are:273 
r1x∗1(ε)

(
1−

x∗1(ε)
K1

)
=−ε(γ12x∗2(ε)− γ21x∗1(ε))

r2x∗2(ε)
(

1−
x∗2(ε)

K2

)
(x∗2(ε)−M) =−ε(γ21x∗1(ε)− γ12x∗2(ε))

(6.3)

Dividing the first equation by r1
K1

x∗1(ε) and the second by r2
K2

x∗2(ε)(x
∗
2(ε)−M) yields:274 

x∗1(ε) = K1 + ε
γ12x∗2(ε)− γ21x∗1(ε)

r1
K1

x∗1(ε)

x∗2(ε) = K2 + ε
γ21x∗1(ε)− γ12x∗2(ε)
r2
K2

x∗2(ε)(x
∗
2(ε)−M)

Summing these equations gives (4.5).275

When γ21K1 = γ12K2, the ideal free distribution (IFD) holds: (x∗1(ε),x
∗
2(ε))≡ (K1,K2) with276

T ∗(ε) = K1 +K2 for all ε ≥ 0. To exclude this trivial case, we assume throughout:277

(H1) γ21K1 > γ12K2 (K1/u1 > K2/u2)278

(H2) γ21K1 < γ12K2 (K1/u1 < K2/u2)279

where u1 = γ12/(γ12 + γ21), u2 = γ21/(γ12 + γ21).280

Proposition 6.2. The equilibrium satisfies:281

• Under (H1):
K1

u1
>

x∗1(ε)
u1

>
x∗2(ε)

u2
>

K2

u2
and γ21x∗1(ε)> γ12x∗2(ε) for all ε > 0282

• Under (H2):
K1

u1
<

x∗1(ε)
u1

<
x∗2(ε)

u2
<

K2

u2
and γ21x∗1(ε)< γ12x∗2(ε) for all ε > 0283

Proof. Continuity and the equilibrium equations imply the sign consistency of γ21x∗1(ε)−γ12x∗2(ε).284

Suppose equality holds at some ε̃ > 0, then (x∗1(ε̃),x
∗
2(ε̃)) = (K1,K2), contradicting (H1) or285

(H2). From (6.3):286

r1x∗1(ε)
(

1−
x∗1(ε)

K1

)
=−r2x∗2(ε)

(
1−

x∗2(ε)
K2

)
(x∗2(ε)−M)

= ε(γ21x∗1(ε)− γ12x∗2(ε))

{
> 0 under (H1)
< 0 under (H2)

Thus x∗1(ε)< K1 and x∗2(ε)> K2 under (H1), with reverse inequalities under (H2).287

Consequently, sgn(γ21x∗1(ε)− γ12x∗2(ε)) = sgn(γ21K1 − γ12K2) for all ε ≥ 0.288

Proposition 6.3. The derivative at ε = 0 is:289

dT ∗

dε
(0) = (γ12K2 − γ21K1)

(
1
r1

− 1
r2(K2 −M)

)
(6.4)

Thus dT ∗

dε
(0) = 0 iff r1 = r2(K2 −M) or γ21K1 = γ12K2.290
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Proof. Differentiating (6.3) yields:291

d
dε

(
x∗1
x∗2

)
=

γ21x∗1 − γ12x∗2
ν(x∗1,x

∗
2)

εγ21
x∗1
x∗2
+α2x∗2(x

∗
2 −M) εγ12

εγ21 εγ12
x∗2
x∗1
+α1x∗1

(
−1
1

)
(6.5)

where ν > 0 and αi = ri/Ki. Summing components gives:292

dT ∗

dε
(ε) =

(γ21x∗1 − γ12x∗2)
ν

(
α1x∗1 −α2x∗2(x

∗
2 −M)− ε

x∗1 + x∗2
x∗1x∗2

(γ21x∗1 − γ12x∗2)
)

(6.6)

Evaluating at ε = 0 with x∗i (0) = Ki yields (6.4).293

Lemma 6.4. If T ∗(ε0)≤ T ∗(0) for some ε0 > 0, then dT ∗

dε
(ε)< 0 for all ε ≥ ε0. In particular,294

if dT ∗

dε
(0)< 0, then dT ∗

dε
(ε)< 0 for all ε > 0.295

Proof. From (4.5) and Proposition 6.2:296

T ∗(ε)−T ∗(0) =
ε

α1α2x∗1x∗2(x
∗
2 −M)

(γ21x∗1 − γ12x∗2)(α1x∗1 −α2x∗2(x
∗
2 −M)) (6.7)

If T ∗(ε0) ≤ T ∗(0), (6.7) implies the product in (6.6) is negative. Since γ21x∗1 − γ12x∗2 ̸= 0 by297

Proposition 6.2, we conclude dT ∗

dε
(ε0)< 0.298

Theorem 6.5. For System (3.1) with γ21K1 ̸= γ12K2:299

1. If dT ∗

dε
(0)≤ 0, then T ∗(ε)≤ T ∗(0) for all ε ≥ 0300

2. If dT ∗

dε
(0)> 0 and T ∗(∞)≤ T ∗(0), there exists ε0 > 0 such that:301

T ∗(ε)> K1 +K2 ∀ε < ε0

T ∗(ε)< K1 +K2 ∀ε > ε0

T ∗(ε0) = K1 +K2

3. If T ∗(∞)≥ T ∗(0), then T ∗(ε)≥ T ∗(0) for all ε > 0302

Proof. Cases (1)-(3) follow from Lemma 6.4, continuity of T ∗, and its differentiability near303

ε = 0. When dT ∗

dε
(0) = 0 (i.e., r1 = r2(K2 −M) by Proposition 6.3):304

• Under (H1): α1x∗1 −α2x∗2(x
∗
2 −M)< r1 − r2(K2 −M) = 0305

• Under (H2): α1x∗1 −α2x∗2(x
∗
2 −M)> r1 − r2(K2 −M) = 0306

Thus T ∗(ε)< T ∗(0) for all ε > 0 in both cases, see figure 5.307

These results align with Theorem 4.2 in Gao [17], Theorem 4.5 in Gao and Lou [16], and308

Theorem 2.4 in Gao and Lou [15].309
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Domaine 1

Domaine 2

Domaine 3

0

dT ∗

dε
(0)

T ∗(∞)−T ∗(0)

Figure 5: Illustration of the classification in Theorem 6.5. The plane is divided into colored
domains according to the sign of the derivative dT ∗

dε
(0) (equation (6.4)) and the relative position

of the asymptotic equilibrium T ∗(∞) given by (5.2). Blue domain (Case 1): if dT ∗

dε
(0) ≤ 0, the

total biomass satisfies T ∗(ε)≤ T ∗(0) for all ε ≥ 0. Green domain (Case 2): if dT ∗

dε
(0)> 0 and

T ∗(∞) ≤ T ∗(0), there exists ε0 > 0 such that T ∗(ε) is above the carrying capacity K1 +K2 for
ε < ε0, crosses it at ε = ε0, and remains below it for ε > ε0. Orange domain (Case 3): if T ∗(∞)≥
T ∗(0), then T ∗(ε) ≥ T ∗(0) for all ε > 0. The boundaries between domains are determined by
the parameter combinations in γ12,γ21,K1,K2,r1,r2,M entering dT ∗

dε
(0) and T ∗(∞).
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6.2 Monotonicity Analysis of the Total Equilibrium Population310

Theorem 6.5 characterizes the position but not the monotonicity of T ∗(ε). To address this gap,311

we establish a complete classification analogous to Theorem 4.12 in Gao and Lou [16] and The-312

orem 2.5 in Gao and Lou [15]. The proof hinges on two key insights: 1. Critical points of T ∗(ε)313

on [0,∞) correspond to local maxima 2. For ε ≫ 1, sgn
(

dT ∗

dε
(ε)

)
= sgn [(γ21K1 − γ12K2)T′(∞)]314

when T′(∞) ̸= 0315

Note that dT ∗

dε
(∞) = limε→∞

dT ∗

dε
(ε) = 0, but the asymptotic sign agrees with sgn

(
dT ∗

dε
(ε)

)
316

for ε ≫ 1. Here T′(∞) is obtained by substituting equilibrium values x∗i (∞) into:317

T′(ε) := α1x∗1 −α2x∗2(x
∗
2 −M)− ε

x∗1 + x∗2
x∗1x∗2

(γ21x∗1 − γ12x∗2)

yielding:318

T′(∞) = r2(u2T ∗(∞)−M)− r1 +T ∗(∞) [2α1u1 −α2u2(1+M+u2T ∗(∞))] (6.8)

where T ∗(∞) is given in (4.4) and αi = ri/Ki.319

Lemma 6.6. Under assumption (H1), if dT ∗

dε
(ε̃) = 0 for some ε̃ > 0, then d2T ∗

dε2 (ε̃)< 0. Thus any320

critical point of T ∗(ε) on R+ is a local maximum.321

Proof. Differentiate the equilibrium sum equation:322

r1x∗1

(
1−

x∗1
K1

)
+ r2x∗2

(
1−

x∗2
K2

)
(x∗2 −M) = 0 (6.9)

with respect to ε:323

r1

(
1−

2x∗1
K1

)
dx∗1
dε

+ r2

[(
1−

x∗2
K2

)
(2x∗2 −M)−

x∗2
K2

(x∗2 −M)

]
dx∗2
dε

= 0 (6.10)

At a critical point ε̃ , dT ∗

dε
= 0 implies dx∗1

dε
= −dx∗2

dε
. Substituting into (6.10) gives either dx∗i

dε
= 0324

or:325

η := r1

(
1−

2x∗1
K1

)
= r2

[(
1−

x∗2
K2

)
(2x∗2 −M)−

x∗2
K2

(x∗2 −M)

]
(6.11)

Under (H1), x∗1 < K1 implies η < 0. Differentiate (6.10) again:326

r1

(
1−2

x∗1(ε)
K1

)
d2x∗1
dε2 (ε)−2

r1

K1

(
dx∗1
dε

(ε)

)2

+ r2

(
1−

x∗2(ε)
K2

)
(2x∗2(ε)−M)

d2x∗2
dε2 (ε)

+(2r2 +
r2

K2
M−4α2x∗2(ε))

(
dx∗2
dε

(ε)

)2

− r2

K2
x∗2(ε)(x

∗
2(ε)−M)

d2x∗2
dε2 (ε)

− r2

K2
(2x∗2(ε)−M)

(
dx∗2
dε

(ε)

)2

= 0,

At ε = ε̃ with dx∗i
dε

= 0, this simplifies to:327

η
d2T ∗

dε2 =
2r1

K1

(
dx∗1
dε

)2

+
2r2

K2
(3x∗2 −M−K2)

(
dx∗2
dε

)2

Since M ≤ 0 and x∗2 > K2 under (H1), the right-hand side is positive. With η < 0, we conclude328

d2T ∗

dε2 < 0.329
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Under (H1), Lemma 6.6 implies T ∗(ε) is either strictly decreasing, strictly increasing, or330

unimodal. The monotonicity type is determined by the signs of dT ∗

dε
(0) and T′(∞):331

Theorem 6.7. Under assumption (H1):332

1. If dT ∗

dε
(0)≤ 0, then T ∗(ε) is strictly decreasing for all ε > 0333

2. If dT ∗

dε
(0)> 0 and T′(∞)< 0, there exists ε0 > 0 such that:334

dT ∗

dε
(ε)


> 0 ε < ε0

= 0 ε = ε0

< 0 ε > ε0

3. If T′(∞)> 0, then T ∗(ε) is strictly increasing for all ε > 0335

These mathematical classifications reveal how dispersal intensity mediates source-sink dy-336

namics in metapopulations. When dT ∗

dε
(0) > 0 (Case 2), moderate dispersal enhances total337

biomass by allowing surplus individuals from productive patches to colonize underutilized ar-338

eas, creating a net rescue effect. Conversely, when dT ∗

dε
(0)≤ 0 (Case 1), dispersal becomes detri-339

mental as it draws individuals away from high-quality habitats faster than they can be replen-340

ished, effectively creating ecological traps. The critical threshold ε0 represents the optimal dis-341

persal rate that maximizes biomass before connectivity-induced homogenization reduces spatial342

complementarity. These patterns are particularly relevant in fragmented landscapes where dis-343

persal management influences population persistence.344

The monotonicity patterns characterize how connectivity regulates ecosystem productiv-345

ity. Strictly increasing T ∗(ε) (Case 3) occurs when dispersal consistently improves resource346

exploitation across patches, typical of systems with strong source-sink asymmetry. The uni-347

modal pattern (Case 2) reflects the connectivity paradox: initial dispersal benefits populations348

by enabling recolonization, but excessive movement suppresses local adaptation and creates349

synchrony that amplifies extinction risk. The critical threshold ε0 marks the tipping point where350

dispersal shifts from beneficial to harmful. Strictly decreasing T ∗(ε) (Case 1) indicates frag-351

ile systems where any dispersal reduces biomass, characteristic of populations near extinction352

thresholds where emigration exacerbates decline. These dynamics underscore that conservation353

strategies must balance connectivity to maintain optimal dispersal regimes rather than maximize354

movement, see figure 6.355

6.3 Linking the initial derivative to the infinite-diffusion regime356

We now investigate the relation between the derivative of the total equilibrium biomass at ε = 0357

and its limiting value T ∗(∞) as ε → ∞.358

Recall from (6.4) that359

dT ∗

dε
(0) = (γ12K2 − γ21K1)

(
1
r1

− 1
r2(K2 −M)

)
. (6.12)

Since r1 > 0, r2 > 0 and K2 −M > 0, the sign of this derivative is determined by360

sgn
(

dT ∗

dε
(0)

)
= sgn

(
γ12K2 − γ21K1

)
· sgn

(
r2(K2 −M)− r1

)
.
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dT ∗

dε
(0)

T′(∞)

C
as

e
(1

)

Case (2)

Case (3)

T′(∞) = 0

dT ∗

dε
(0) = 0

Figure 6: Classification of the monotonicity result in Theorem 6.7. Blue domain (Case 1):
when dT ∗

dε
(0) ≤ 0, the total biomass T ∗(ε) is strictly decreasing for all ε > 0. Green domain

(Case 2): if dT ∗

dε
(0) > 0 and T′(∞) < 0, the function T ∗(ε) first increases, reaches a unique

maximum at some ε0 > 0, and then decreases. Orange domain (Case 3): if T′(∞)> 0, the total
biomass T ∗(ε) is strictly increasing for all ε > 0. The dashed lines indicate the boundaries
dT ∗

dε
(0) = 0 and T′(∞) = 0.

Hence the sign of the slope at ε = 0 reflects both the asymmetry of the dispersal fluxes (via361

γ12K2 − γ21K1) and the relative growth potentials of the two patches (via r2(K2 −M)− r1).362

From (5.2), after substituting u1 =
γ12

γ12 + γ21
and u2 =

γ21

γ12 + γ21
, we obtain363

T ∗(∞) = K1 +K2 +
N +

√
∆

2r2u3
2K1

, (6.13)

where364

N =
−r1γ2

12K2(γ12 + γ21)+ r2γ2
21K1(K2 +M)(γ12 + γ21)−2r2γ3

21K1(K1 +K2)

(γ12 + γ21)3 ,

and365

∆ =
1

(γ12 + γ21)4

[(
−

r1γ2
12

K1
+ r2γ

2
21

(
1+ M

K2

))2

+
r2γ3

21(r1γ12 − r2γ21M)

K2

]
.

Since the denominator in (6.13) is positive, the sign of T ∗(∞)− (K1+K2) is the same as that of366

N +
√

∆.367

The expression (6.12) shows that the derivative at zero depends on the linear form368

γ12K2 − γ21K1,

which measures the imbalance between dispersal fluxes weighted by the patch capacities. On369

the other hand, the numerator N in (6.13) contains the higher-order terms370

−r1γ
2
12K2(γ12 + γ21)+ r2γ

2
21K1(K2 +M)(γ12 + γ21)−2r2γ

3
21K1(K1 +K2),
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that can be viewed as a quadratic and cubic extension of the same combination.371

Therefore, although both dT ∗

dε
(0) and T ∗(∞)−(K1+K2) depend on the dispersal asymmetry372

γ12K2 − γ21K1, the relation between their signs is not direct. In particular:373

• If N ≥ 0, then necessarily T ∗(∞)> K1 +K2, so the total biomass in the infinite-diffusion374

regime exceeds the purely local carrying capacities. In this case, a positive initial slope in375

(6.12) is consistent with the asymptotic increase.376

• If N < 0, then the contribution of
√

∆ may compensate for the negative part of N, and the377

sign of T ∗(∞)− (K1 +K2) depends on the delicate balance between dispersal rates and378

growth parameters. Consequently, the sign of dT ∗

dε
(0) does not automatically determine379

the asymptotic sign.380

Corollary 6.8. Assume K2 > M. If381

−r1γ
2
12K2(γ12 + γ21)+ r2γ

2
21K1(K2 +M)(γ12 + γ21)−2r2γ

3
21K1(K1 +K2) ≥ 0, (6.14)

then the equilibrium biomass under infinite diffusion satisfies382

T ∗(∞)> K1 +K2.

Proof. From (6.13), we have383

T ∗(∞)− (K1 +K2) =
N +

√
∆

2r2u3
2K1

.

Since 2r2u3
2K1 > 0, the sign is determined by N +

√
∆. If (6.14) holds, then N ≥ 0, and because384 √

∆ ≥ 0, we obtain N +
√

∆ > 0, which proves the claim.385

7 Geometric approach to the qualitative behavior of the equi-386

librium point E∗(ε)387

In this section, we adopt a geometric approach to study the qualitative behavior of the equilib-388

rium point E∗(ε) of system (3.1) as the migration rate ε varies. The analysis is based on the389

relative positions of the curve C , which contains all possible equilibria, and certain reference390

lines in the phase plane.391

Depending on the parameters, the trajectory of E∗(ε) along C reveals whether the total392

equilibrium population is smaller, larger, or equal to the sum of the carrying capacities K1 +K2393

for different values of ε .394

We distinguish several cases according to the slope and position of the tangent at A and of395

the asymptotic line P∞.396

We first consider the straight line ∆ with Cartesian equation397

x1 + x2 = K1 +K2,

which has slope −1 and passes through the point A = (K1,K2).398

The equilibrium point E∗(ε) always lies on the curve C (see Appendix A). For ε = 0, we399

have E∗(0) = A. As ε increases, E∗(ε) moves along an arc of C and ends at the point400

B := E∗(∞),

given by equation (5.2).401

19



1. Case r1 = r2(K2 −M). The equation of the tangent line to C at A is given by:402

(x1 −K1)
∂Φ

∂x1
(A)+(x2 −K2)

∂Φ

∂x2
(A) = 0, (7.1)

where Φ is defined in (4.2). Since403

∂Φ

∂x1
(A) =−r1,

∂Φ

∂x2
(A) = (M−K2)r2,

equation (7.1) reduces to:404

r1x1 + r2(K2 −M)x2 = r1K1 + r2K2(K2 −M). (7.2)

If r1 = r2(K2 −M), the tangent line to C at A coincides with ∆. By concavity of C , all405

points of C lie below ∆. Therefore, for all ε ≥ 0, we have:406

x∗1(ε)+ x∗2(ε)≤ K1 +K2,

as illustrated in Figure 7.407

O x1K1

K2

x2

A

∆

Figure 7: Illustration of item (1). The curve C (red) and the line ∆ (blue) are shown for certain
parameter values. The total equilibrium population is always smaller than K1 +K2 for all ε ,
since it belongs to C . For ε = 0, E∗(0) = A; as ε increases, E∗(ε) moves along C in one of the
two directions indicated by the arrows.

2. Case r1 < r2(K2 −M). The line ∆ intersects C at a second point C, which lies below the408

line Σ : x2 =
K2
K1

x1 (see Figures 8–10).409

As ε → ∞, the curve Pε defined in (4.3) approaches the oblique line410

P∞ : x2 =
γ21

γ12
x1.

The intersections of P∞ with C are the origin and E∗(∞).411
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(a) If P∞ lies below Σ, i.e. γ21/γ12 < K2/K1, two situations arise:412

(i) If B lies above ∆ (i.e. X∗
T (∞)≥ K1+K2), then E∗(ε) starts at A when ε = 0 and413

moves along C to B as ε → ∞. Consequently,414

x∗1(ε)+ x∗2(ε)≥ K1 +K2, ∀ε ≥ 0,

as shown in Figure 8.

O x1K1

K2

x2

A

∆

Σ

P∞
B

C

Figure 8: Illustration of item (2.a.i). The curve C (red), the lines ∆ (blue), Σ (cyan) and P∞

(green) are shown. The total equilibrium is always greater than K1 +K2 for all ε since B lies
above ∆.

415

(ii) If B lies below ∆ (i.e. T ∗(∞)< K1 +K2), then E∗(ε) starts at A, passes through416

C at some ε0 > 0, and ends at B. Thus:417 {
x∗1(ε)+ x∗2(ε)> K1 +K2, ε < ε0,

x∗1(ε)+ x∗2(ε)< K1 +K2, ε ≥ ε0,

as illustrated in Figure 9.418

(b) If P∞ lies above Σ, i.e. γ21/γ12 > K2/K1, then:419

x∗1(ε)+ x∗2(ε)< K1 +K2, ∀ε,

as in Figure 10.420

(c) If P∞ coincides with Σ (i.e. A ≡ B), then E∗(ε) = (K1,K2) for all ε ≥ 0 and the421

total equilibrium population is constant.422

8 Numerical Simulations423

In this subsection, we illustrate Theorems 6.5 and 6.7 by computing the total equilibrium pop-424

ulation T ∗(ε) for various parameter sets corresponding to the three monotonicity patterns.425

The steady state (x∗1(ε),x
∗
2(ε)) is obtained by solving the equilibrium system (6.3) using a426

Newton–Raphson method for each ε > 0. Table 1 lists the baseline parameter values for the427

three examples.428
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O x1K1

K2

x2

A

∆

Σ

P∞B

C

Figure 9: Illustration of item (2.a.ii). The equilibrium point E∗(ε) passes through C before
ending at B below ∆.

O x1K1

K2

x2

A

∆

Σ

P∞

B

C

Figure 10: Illustration of item (2.b). The total equilibrium population remains smaller than
K1 +K2 for all ε .

Case r1 r2 K1 K2 M γ12 γ21 Monotonicity
1 1.5 1.0 5.0 3.0 -1 0.4 0.6 Decreasing
2 1.5 0.9 5.0 3.0 -1 0.4 0.6 Unimodal
3 1.5 2.0 5.0 3.0 -1 0.4 0.6 Increasing

Table 1: Parameter values used in the simulations.
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Figure 11 displays T ∗(ε) for ε ∈ [0,5] in the three scenarios. In Case 1, T ∗ decreases429

monotonically, confirming Theorem 6.7(1). In Case 2, T ∗ is unimodal, reaching a maximum430

at ε = ε0 as predicted by Theorem 6.7(2). In Case 3, T ∗ increases monotonically, illustrating431

Theorem 6.7(3).432

ε

T ∗(ε)

0 1 2 3 4 5
4

5

6

7

8

9

10

K1 +K2

Figure 11: Numerical variation of T ∗(ε) for the three monotonicity cases in Table 1, with y-axis
starting at 4. The dashed line indicates the baseline T ∗(0) = K1 +K2.

These simulations clearly confirm the theoretical trichotomy:433

• Case 1: Any dispersal reduces total biomass.434

• Case 2: Moderate dispersal increases biomass up to ε0, after which biomass declines.435

• Case 3: Dispersal consistently increases total biomass.436

9 Conclusion and discussion437

In this work, we have investigated the influence of a weak Allee effect on the total biomass of438

a single-species population distributed over a patchy environment. Using a reaction–diffusion439

framework with patch heterogeneity, we established analytical results describing the qualita-440

tive behavior of steady states and quantified the changes in total biomass as a function of441

the dispersal rate. Our study shows that, under a weak Allee effect, the total biomass de-442

creases monotonically with increasing dispersal, and no positive dispersal rate can yield the443

same biomass as in the absence of dispersal. These results extend previous findings obtained in444

purely logistic settings, highlighting that the presence of a weak Allee effect does not reverse445

the biomass–dispersal relationship.446

From an ecological perspective, our findings emphasize that promoting movement between447

patches may not enhance, and may even reduce, the overall population size when a weak Allee448

effect is present. This has important implications for conservation strategies and habitat man-449

agement, particularly in fragmented landscapes where both dispersal and Allee effects play450

significant roles.451

Future work could address the extension of these results to multi-species interactions, more452

general nonlinear dispersal mechanisms, and stochastic perturbations, in order to assess the453

robustness of the observed biomass patterns.454
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Discussion on the strong Allee effect. When the weak Allee effect is replaced by a strong455

Allee effect, the mathematical analysis becomes significantly more challenging. In contrast to456

the weak case, where the per capita growth rate remains positive at low densities, the strong457

Allee effect introduces a critical threshold below which the population declines to extinction.458

This creates multiple equilibria in each patch (extinction, unstable threshold, and carrying ca-459

pacity) and leads to the possibility of bistability. From an analytical standpoint, the existence460

and uniqueness of positive steady states can no longer be guaranteed by straightforward mono-461

tonicity arguments, and the total biomass may exhibit discontinuous changes as dispersal varies.462

Moreover, dispersal can have non-intuitive effects: it may either rescue populations from ex-463

tinction or, conversely, drive them below the critical threshold in some patches. These phenom-464

ena require the use of bifurcation theory, stability switching analysis, and careful treatment of465

threshold dynamics, making the derivation of general biomass–dispersal relationships far more466

intricate than in the weak Allee effect scenario.467
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