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Characterizing the cage state of glassy systems and its sensitivity to
frozen boundaries

Rinske M. Alkemade,* Frank Smallenburg,? and Laura Filion?

l)Soft Condensed Matter, Debye Institute of Nanomaterials Science, Utrecht University, Utrecht,
Netherlands

2 Université Paris-Saclay, CNRS, Laboratoire de Physique des Solides, 91405 Orsay, France

Understanding the role that structure plays in the dynamical arrest observed in glassy systems remains an open chal-
lenge. Over the last decade, machine learning (ML) strategies have emerged as an important tool for probing this
structure-dynamics relationship, particularly for predicting heterogeneous glassy dynamics from local structure. A
recent advancement is the introduction of the cage state, a structural quantity that captures the average positions of par-
ticles while rearrangements are forbidden. During the caging regime, linear models trained on the cage state have been
shown to outperform more complex ML methods trained on initial configurations only. In this paper, we explore the
properties associated with the cage state in more detail to better understand why it serves as such an effective predictor
for the dynamics. Specifically, we examine how the cage state in a binary hard-sphere mixture is influenced by both
packing fraction and boundary conditions. Our results reveal that, as the system approaches the glassy regime, the cage
state becomes increasingly influenced by long-range structural effects. This influence is evident both in its predictive
power for particle dynamics and in the internal structure of the cage state, suggesting that the CS might be associated

with some form of an amorphous growing structural length scale.

I. INTRODUCTION

For decades, the intriguing relation between structure and
dynamics in glassy systems has been the topic of ongo-
ing debate!™. Whereas the structure remains seemingly un-
changed when quenching the system, the dynamics are ob-
served to slow down by orders of magnitude and become
heterogeneous’. Recently, one of the ways forward in prob-
ing this apparent discrepancy has been the use of machine
learning (ML) strategies. Specifically, these ML algorithms
try to predict the dynamical heterogeneity observed in glasses
based on local structure. In recent years, there has been
a rapid expansion in the variety of machine learning algo-
rithms used to predict glassy dynamics®~!%, ranging from sim-
ple linear regression algorithms'* to complex graph neural
networks'®. In parallel, new and physically inspired structural
parameters have been developed that better capture the local
structure!>20-22,

Interestingly, one observation that arose from these ML
studies was that a simple linear regression model can make
highly accurate predictions when the information provided
on the local structure includes data on the so-called cage
state’®?3. The cage state (CS), which was introduced in Ref.
20, is defined as the average positions of particles in their cage
when no major rearrangements of the system are permitted. A
key quantity associated with the CS is the absolute distance
for each particle i, between its position in the initial config-
uration and in the CS Ar{* = [r{*° — ri"|. Including in-
formation on this distance significantly improves the dynami-
cal predictions during the caging regime made by a linear re-
gression model. Notably, during the caging regime the linear
regression model trained on the CS even outperformed other
more complex models that were trained on the initial structure
only?*. In addition, in a recently published paper??, it was
shown that including not only the magnitude of Ar;*¥°, but
also its orientation in the set of structural parameters improved
dynamical predictions made by a graph neural network. These

results raise the question what structural features the CS ex-
actly captures — and why these features are difficult to extract
from the initial configuration alone. The goal of this paper
will therefore be to explore the properties of the CS in more
detail.

To this end, we study how the CS evolves in a binary hard-
sphere mixture as the system becomes more glassy. To an-
alyze the obtained CSs, we study them both in terms of their
correlation with the dynamical evolution of the system, as well
as by considering their intrinsic structural features. In ad-
dition, we examine at what distance particles influence each
other’s cages by measuring the influence of boundary con-
ditions. To this end, we adopt a methodology inspired by
point-to-set correlation measurements?*2% in which particles
outside a spherical cavity are frozen while the cage state is
measured inside the cavity. We find that as the system be-
comes more glassy the CS becomes better defined and cor-
relates stronger with the dynamics, a trend already observed
by Jiang er al?>. Moreover, we find an enhanced influence of
boundary conditions with glassiness, suggesting that the CS
might be associated with some form of an amorphous grow-
ing structural length scale.

Il. METHODS
A. Glass simulations

As the glass-former model we use a binary hard-sphere sys-
tem consisting of particle types A and B with respective par-
ticle diameters o4 and op, where op/c4 = 0.85 and where
the composition is given by Na/(Na + Ng) = 0.3. Note that
this same mixture has been previously studied in several other
works!214.20.26.27 We consider packing fractions in the range
n € [0.53,0.58] for systems of N = N4 + N = 100,000 par-
ticles. Additionally, for n = 0.58 we also consider a smaller
system consisting of N = 2000 particles.
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FIG. 1: Cartoon of the method used to measure the cage state as a function of freezing radius in a two-dimensional system. On
the left, the cage state of the yellow particle is measured while allowing only particles within the red disk with radius R to
move. Particle motion is constrained using the spherical restriction method, meaning that particle i is confined to the sphere

with radius o;/2 centered around its initial position riit

. On the right, the cage state position r

cage. T 5 displayed, along with the

displacement vector, Ar°*% { between the initial position and the cage state.

B. Dynamic propensity

In order to study the relation between the CS and the dy-
namical evolution of the systems, we use the well-known dy-
namical propensity as a measure of the dynamic heterogene-
ity of the system?®2°. This measure, that captures the average
mobility of particles, is obtained by sampling the isoconfig-
urational ensemble. To measure the dynamic propensity, we
track the dynamical evolution of the system multiple times,
each time starting from the same initial configuration, but
with different initial velocities that are drawn randomly from
a Maxwell-Boltzmann distribution at the desired temperature.
Afterwards, we obtain the dynamic propensity Ar;(¢) for parti-
cle i, by averaging the absolute displacement over the different
runs as a function of time

Ari(t) = (Jri(1) = 1i(0) i 1)

where (...);s, indicates that we sample the isoconfigurational
ensemble. Here, we average over 50 independent simulations.

To simulate the system we use event-driven molecular dy-
namic (EDMD) simulations3%3! in the microcanonical ensem-
ble where the energy E, the volume V and the number of par-
ticles N is fixed. To obtain equilibrated initial configurations,
we first place N particles with a reduced size in the box. These
particles are then slowly grown over time, until the desired
packing fraction is obtained. The system is then equilibrated
in the canonical ensemble with fixed N, V and T (tempera-
ture) for at least 10 7y, with 7, the relaxation time of the sys-

tem, where time is measured in units of 7 = 4 /maf /kgT, with

kp Boltzmann’s constant and 7' the temperature (note that for
1 = 0.58 the relaxation time is given by'? 7, ~ 10*1).

C. Cage state

To obtain the CS we follow the procedure outlined in Ref.
20. Given the initial configuration {r} } the cage center of par-
ticle i, (r;"®°) is defined as the following restricted ensemble
average

- fdrNriexp_M(rN)g ({rN}a {IJ(;/})
- fdl'N exp*ﬁd’(rN) g ({I'N}7 {I‘g}) 7

)

2

where —B¢(r") is the potential energy of the system and
where g ({r"},{r)}) is a function that is zero when any par-
ticle moves too far away from its initial position. Note that the
CS is a purely structural quantity, defined by a (constrained)
ensemble average, and hence is not influenced by dynamics.
Intuitively, the CS has some similarities to the inherent state,
which is frequently used in glassy studies to identify an un-
derlying structure independent of thermal fluctuations. The
difference lies in the fact that, by definition, the inherent state
locally minimizes the potential energy of the configurations.
In contrast, the CS takes the average position of particles in-
side their cage and hence takes into account thermal fluctua-
tions. As shown in Ref. 20, the CS outperforms the inherent
state in terms of predicting future glassy dynamics.

Note that there is some freedom in defining the function
g({r"},{r)}) that constrains particles to their cages. Here,
we adopt the same two restriction functions that we used in
Ref. 20. In the first approach, each particle is confined to a
spherical region with a fixed radius r. around its initial posi-
tion r;“it, where here we choose r. to be equal to the particles
radius. In the second approach, particles are restricted to an
approximate definition of a Voronoi cell. For a particle i, this
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FIG. 2: Propensity averaged over 30,000 A particles plotted
over time for a binary hard-sphere mixture at packing
fractions ranging from 1 = 0.53 (yellow) to n = 0.58 (blue).
The figure shows that with increasing packing fraction the
caging regime, which is the regime where particle move
around in a caged formed by their nearest neighbours,
becomes more pronounced.

cell is defined by the set of points R for which

|R_r;nit| < ’Rfrijnit

O; O

vje (i), A3)

where .4(i) denotes the nearest neighbours of particle i,
determined by the solid angle nearest neighbour (SANN)
algorithm?2.

D. Cage state in a partially frozen system

In addition, we investigate the influence of boundary con-
ditions on the CS by performing simulations where part of
the system is held fixed. Inspired by the methodology used
to measure point-to-set (PTS) functions, we freeze all parti-
cles located outside a spherical cavity of radius Ry at their
initial positions?>. In order to determine the CS under this
restriction, we additionally restrict the movement of particles
inside the cavity to their respective cages. To gain insight into
the length scales over which particles influence each other’s
cage center, we focus solely on the effect of the frozen bound-
aries on the particle at the center of the cavity. We therefore
measure the cage center for each particle in an individual sim-
ulation, where the unfrozen cavity is centered on the initial
position of that particle (see Fig. 1). For each packing frac-
tion, we measure the CS in the unfrozen system, as well as
in cavities with a spherical radius in the range Ry/c4 € [2,9].
For each cavity size, the cage centers are measured for a sub-
set of the A-particles, while for the unfrozen system the CS is
measured for the entire system simultaneously. Simulations
are performed using Monte-Carlo simulations where the sys-
tem is equilibrated for 5-10° cycles and measurements are
performed for 10° cycles.

I1l.  RESULTS
A. Correlation between cage state and dynamic propensity

We begin our study by exploring to what extent the struc-
ture of the CS captures information that is relevant for dynam-
ical predictions. To get a feel for the glassiness of the systems
we study in this paper, in Fig. 2 we plot the dynamic propen-
sity as a function of time for all investigated packing fractions.
From this figure we see that the packing fractions we study
range from fluid-like (n ~ 0.53) to glassy (n ~ 0.58) with a
clear plateau indicating caging.

To examine the effect of density and cage restriction on the
CS, in Fig. 3, for six different packing fractions, we show the
Pearson correlation coefficient as a function of time between
the propensity and Ar{*® in an unfrozen system. Recall that
Ar{™¢ is the distance between the initial position and the CS,
given by Ar{"¢ = |r{*®° —rin| In panel a) the cage state is ob-
tained using the spherical restriction definition, while in panel
b) we use the Voronoi cell restriction. These figures clearly
show that as the packing fraction decreases, the correlation
weakens and the peak shifts to the left. Note that this decrease
in correlation as the system becomes less glassy has already
been observed in Ref. 22 for the Kob-Anderson glass-model.
The decrease is expected, since, as shown in Fig. 2, the time
scale over which particles are trapped in their cages becomes
shorter as we move to lower packing fractions. Hence, it is
natural to expect that the CS plays less of a role in the dynam-
ical evolution of the system.

Comparing the two panels in Fig. 3 we also see that with
decreasing packing fractions the difference between the two
cage restriction methods becomes more pronounced. For
n = 0.58, the two methods lead to almost similar correlations,
whereas for lower packing fractions, the Voronoi-restriction
is associated with significantly lower correlations. Appar-
ently, at lower packing fractions the approximate Voronoi-cell
mimics the cage less well than the spherical restriction. Note
that by its definition, the space accessible to a particle under
the Voronoi restriction is always strictly larger than under the
spherical restriction. This difference in size increases with
decreasing packing fraction, which likely explains why the
Voronoi approach is less predictive at low packing fractions.
For the remainder of this paper, we will therefore only show
results obtained with the spherical-restriction method.

Next, we explore the effect of boundary conditions on the
correlation between the cage state and the propensity. To this
end, we measure the correlation between the propensity and
Arfage’f(R ), with Arfage"f(R ¢) the distance between the initial
configuration and the cage state obtained in a system where
all particles outside of a spherical cavity with radius Ry are
frozen. In Fig. 4a) and b), we show the correlations between
the propensity and Ar*%"(R ) for = 0.53 and 1 = 0.58 re-
spectively. In order to reduce computation times, we measure
Arfage’f(R ) for a sample of 2000 A-particles out of a total
system size of N = 10°. In both panels, we also plot the cor-
relation associated with Ar{**® measured for the same 2000

A-particles in a fully unfrozen system as a reference (dashed
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FIG. 3: The Pearson correlation coefficient plotted as a function of time between the propensity and Aricage (which is the
difference between the initial configuration and the cage state) for packing fractions in the range 11 = 0.53 (yellow) to n = 0.58
(blue) in steps of Anp = 0.01 for a) the spherical restriction method and b) the Voronoi restriction method. Correlations are
based on 3 - 10* A-particles.

black line).

For n = 0.53, we observe that increasing Ry > 40, leads
to correlations that are almost indistinguishable from the un-
frozen system. This suggests that the structural characteristics
of the cage state relevant for dynamical predictions are deter-
mined by particles within Ry = 40,. In contrast, when looking
at panel b), we observe that for 7 = 0.58 the obtained correla-
tion very strongly depends on the size of the cavity. Even for

Ry = 70, the correlation between propensity and Ar*2*'(Ry)
is significantly lower than in the unfrozen system. This re-
sult suggests that, as the system becomes more glassy, long-
range boundary conditions have an enhanced influence on the
CS, thereby weakening the correlation between CS and par-
ticle dynamics. This enhanced influence of the boundaries
could potentially explain why ML strategies trained on initial
configurations only have a hard time predicting the dynam-
ics during the caging regime: estimating where a particle on
average will be during the caging regime requires taking into
account the relevant structure of the system over very large
distances. Most existing ML approaches incorporate struc-
tural information through some form of averaging in order
to reduce the parameter space!’!%13. Consequently, relevant
large-scale structural information is almost inevitably lost in
the process. In contrast, our CS computation has the advan-
tage that the influence of particles far away is not averaged,
thus preserving relevant structural information.

To study to what extent the system size influences the ob-
served difference between the unfrozen CS and the CS mea-
sured in a cavity, we consider a much smaller system of 2000
particles at 1 = 0.58. In order to make a fair statistical com-
parison with the previous system size, we again consider a to-
tal of 2000 A-particles, obtained from four independent simu-
lations. In panel c) of Fig. 4 we show the correlation between
Arfage’f(Rf) and the propensity for various freezing radii, as
well as the unfrozen CS for this smaller system. As a ref-

erence, we also show the correlation for 2000 A-particles as
obtained in the large unfrozen system at 1 = 0.58 consist-
ing (dotted-dashed black line). From this figure we observe
that there is no significant difference between the correlations
associated with the small and large unfrozen system during
the caging regime. Apparently, the amount of dynamical in-
formation embodied in the CS does not depend on the system
size. This also means that large-scale density fluctuations, that
could potentially play a role in the larger system, most likely
do not influence the dynamics in the caging regime. Addi-
tionally, we see that, in contrast to the large system, for the
small system the correlation for Ry = 70, is almost indistin-
guishable from the unfrozen system. This is not unexpected
since the smaller system has a box length of approximately
10.960y4. As aresult, cavities with aradius larger Ry ~ 5.480,
lead to a percolated system. Consequently, at Ry = 764 almost
all particles in the system can move. We speculate that the fact
that even below Ry ~ 5.480), the correlations observed in the
smaller system are higher than the corresponding correlations
in the larger system is due to finite-size effects in the dynamic
propensity (which is always measured in an unfrozen system).

B. Structure of the cage state

Next, we examine the extent to which the measured CSs
differ structurally across various cavity sizes. From this point
on, we therefore no longer use the correlation with the dy-
namic propensity to evaluate the CS, but instead focus solely
on its structural properties. When comparing the CS measured
in a cavity to the CS of the unfrozen system, we note that the
observed differences can be attributed to two main factors:
boundary effects associated with the cavity, and thermody-
namic noise arising from undersampling of the cage which
is present in both the frozen and unfrozen systems. Since we
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FIG. 4: The Pearson correlation coefficient between the propensity and Ar

t/T

cage

. - as measured in a spherical cavity with different

radii, plotted as a function of time. Time is expressed in units of T (lower axis) and in units of the relaxation time 7, of the
system (upper axis). Panel a) corresponds to a system at 11 = 0.53 and with N = 10> particles, panel b) to a system at 1 = 0.58
and with N = 10°, and panel c) to a system at 1 = 0.58 and with N = 2000. The freezing radius R r ranges from Ry /o4 =2
(blue) to Ry/o4 =17 (red) in steps of ARy/04 = 1. As areference, the correlation associated with the unfrozen system is plotted
as a black-dashed line. In panel c¢), additionally, the correlation associated with the large unfrozen system is also included
(black dashed-dotted line). Colored dotted lines in panel c) are associated with cavity sizes that percolate the system. Note that
all correlations are computed for 2000 A-particles.

are only interested in the influence of the boundaries, we want
to isolate this last effect. In order to do so, we perform two in-
dependent simulations of the unfrozen system, generating two
separate unfrozen CSs based on the same initial configuration,
denoted by {r®®!}, {222} and compute the difference be-
tween those two CSs, {r<a®! 3221 This difference serves
as a reference for the noise due to undersampling. We can then
define a measure I', which captures the difference between the
cavity CS and the unfrozen CS that can be attributed to bound-

ary effects,

,f ,1
DRy e
Zi Ir;:age,l _ rlgage,Z‘ ’

r

“)

where the sum runs over all particles under consideration.
When T = 0, the difference between the cavity cage cen-
ter and the unfrozen cage centers is mainly due to thermo-
dynamic noise, while a significant deviation from zero indi-
cates boundary-induced differences. Note that we checked
that when Ry — oo, I' is approximately zero. In Fig. 5 we
plot I as a function of freezing radius for six packing frac-
tions. The results show that at Ry = 70,4, boundary conditions
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FIG. 5: The figure displays the ratio I', defined in Eq. (4),
which quantifies the influence of frozen particles on the cage
state. I" is plotted as a function of the freezing radius for six
packing fractions in the range n = 0.53ton = 0.58 for a
system consisting of N = 10°. Averages are computed over
2000 A-particles.
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FIG. 6: Average standard deviation of the non-averaged
displacement vectors connecting particle’s instantaneous
positions to the associated cage center as a function of
freezing radius (see Eq. (5)), plotted for various packing
fractions in the range 1 = 0.53 to 1 = 0.58 for a system
consisting of N = 10°. Averages are computed over 1000
A-particles.

influence the cage center within the cavity even at the lower
packing fractions. However, it is clear that at higher pack-
ing fractions, the range over which the boundary conditions
influence the cage state is significantly higher. Note that this
enhanced sensitivity of the structure to boundary conditions
as the system becomes more glassy has also been observed in
point-to-set functions, see e.g. Ref. 25, where it was attributed
to a growing amorphous structural length scale. Although our
results do not allow for a quantitative conclusion, they too sug-
gest the presence of a growing amorphous structural length
scale associated with the structure observed during the caging

regime.

Finally, we study the positions of particles within their
cages in more detail. Specifically, during the cage state mea-
surements, we track the non-averaged displacement vectors
of individual particles, denoted as 6r°°. These vectors con-
nect particle’s instantaneous positions to the associated cage
centers. For a specific particle, the collection of these vectors
thus captures the fluctuations of the particle around its cage
center. To quantify these fluctuations we compute the average
standard deviation of these vectors

_ 1 cage cage cage
SD_N—mZi:\/@ri S (512 (5)

where the sum runs over N, particles. Note that by definition
(8r{*™) = 0, such that the second term under the square root
vanishes. Fig. 6 shows the standard deviations as a function
of freezing radius for the six packing fractions considered. As
expected, the standard deviation is higher at lower packing
fractions, reflecting the weaker caging of particles. Addition-
ally, we find that the standard deviation increases monotoni-
cally with increasing freezing radius, indicating that the parti-
cles can fluctuate more as the cavity size increases. Notably,
the standard deviation plateaus earlier for lower packing frac-
tions. This suggests that, as the packing fraction increases, the
freezing of particles increasingly affects not only the average
positions of particles within their cages, but also the extent of
their fluctuations.

IV. CONCLUSION

In conclusion, we investigated how the CS evolves in a bi-
nary hard-sphere mixture as the system approaches the glassy
regime, and how it is influenced by boundary conditions. To
examine the latter, we measured the CS within an unfrozen
spherical cavity, while pinning the surrounding particles to
their initial positions. We characterized the CS both by mea-
suring its correlation with dynamic propensity and by analyz-
ing its structural features.

Overall, we found that the correlation between the CS and
the dynamic propensity increases significantly with increas-
ing packing fraction, indicating that the CS becomes better
defined as the system becomes more glassy. In addition, we
observed that with decreasing packing fraction, the choice of
the restriction function for confining particles to their cages
has more influence on the CS. At lower packing fractions,
restricting particles to their approximate Voronoi cell led to
significantly lower correlations with the propensity than the
spherical restriction method. This difference can likely be at-
tributed to the fact that, as the system becomes more liquid,
a particle’s Voronoi cell, which is strictly larger than the re-
stricted spherical volume, mimics the cage less accurately. We
expect this finding to be generalizable to other glass formers,
meaning that the spherical restriction method is preferred also
in those systems.

Furthermore, we found that the correlation between the
propensity and the CS measured in an unfrozen cavity is
strongly affected by the boundary conditions at large distances
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— an effect that becomes more pronounced as the system ap-
proaches the glassy regime. The observed collective nature
of the CS may help explain why machine learning techniques
that are based solely on initial positions struggle to accurately
predict particle dynamics during the caging regime: Our re-
sults suggest that, at high packing fractions, the structural in-
formation relevant to dynamical predictions is influenced by
particles at large distances, implying that ML strategies must
account for these non-local, collective effects in order to make
good dynamical predictions.

In addition, we studied the structure of the CS by analyz-
ing both the cage centers and the spatial spread of the parti-
cle around these centers across different packing fractions and
freezing radii. Both quantities exhibited increasing sensitiv-
ity to the imposed boundary conditions with increasing pack-
ing fraction, which might indicate the presence of a growing
amorphous structural length scale!!?425:33,

These findings further establish the CS as a valuable struc-
tural quantity for capturing the collective nature of the caging
regime and for probing the dynamics that govern particle dy-
namics during those timescales. Note that to date the CS has
been used in ML studies. However, we expect it to be useful
more generally for measuring quantities that depend on either
the initial or inherent state, such as the local potential energy,
local free volume, or Voronoi-based metrics!>34,
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