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Abstract The study presents a numerical investigation of unsteady plane channel flows of an elasto-
viscoplastic material using the Herschel-Bulkley variant of the Saramito elasto-viscoplastic model [1] (SRM-
HB), which incorporates both viscoelastic and viscoplastic behaviour. Yield stress fluids exhibit a dual nature,
behaving as solids below a critical stress threshold and flowing as non-Newtonian fluids above it. This dual-
ity is crucial for numerous industrial applications and remains an area of active research. By examining the
unsteady flow dynamics driven by steady and unsteady pressure gradients in a plane channel, this work eval-
uates the performance of the SRM-HB model against experimental data obtained with Carbopol gels. The
findings highlight the significant role of elasticity in the yielding process and the resulting flow characteristics.
Various flow scenarios, including creep tests, unsteady pressure ramps, and large-amplitude oscillatory flows,
are analyzed to elucidate the complex interplay between elastic and plastic responses. The results demonstrate
that the SRM-HB model effectively captures the transient flow behavior and hysteresis phenomena observed
experimentally, providing insight into the material’s yielding and flow mechanisms.

Keywords Elasto-viscoplastic materials - Saramito model - Unsteady flow - Pipkin space

1 Introduction

Yield stress fluids represent a distinct class of complex fluids that exhibit a dual response when subjected to an
external stress: a solid-like behaviour (characterised by deformation but no macroscopic flow) below a critical
threshold generally referred to as the “yield stress" and a non-Newtonian fluid behavior beyond this threshold.
During the past three decades, the interest in yield stress materials has increased steeply and continuously.
This is most probably due to an increasing number of practical applications relevant to a variety of industrial
sectors (oil field engineering, cosmetics, food industry, polymer processing, pharmaceutical industry etc.) and
to a number of intellectual challenges they still pose. Whereas due to significant recent advances in rheometry
and the substantially improved accuracy of the modern rheometers the long standing debate related to the
existence of a true yield stress behavior initiated by the seminal work of Barnes and Walters [2,3] seems to be
now resolved, there currently remain several discussions on the existence of a simple or “model" yield stress
behavior, [4]. In a nutshell, a simple or “model” yield stress behavior is generally understood as a yielding
behaviour that may be accurately described by the Herschel-Bulkley constitutive law, T = 7, + Ky". Here
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7y stands for the yield stress, K for the consistency, and n for the power law index. Thus, according to this
picture, the solid-fluid transition occurs precisely at the yield point (z = 7) and the deformation states are
fully reversible upon increasing/decreasing stresses. Deviations from this idealized yielding picture mainly
originate from three distinct phenomena: elasticity, thixotropy and shear banding. Depending on the physico-
chemical nature of the yield stress material, the details of its micro-structure, and the kinematics of the flow
one or several of these effects may manifest - often in a coupled manner. Along an experimental line, the
existence of a material that fully fits the bill of a "model" yield stress fluid made the object of systematic
studies, [4,5]. Carbopol gels have been traditionally considered as “model" yield stress fluids, [6,7]. Although
they do not exhibit noticeable thixotropic effects [8], some flows of Carbopol gels exhibit a number of features
that depart from the model behaviour: hysteresis of deformation states in either simple rheometric flows [9,10]
or unsteady pipe flows [11], the ability to develop thermo-convective instabilities [12]. As such Carbopol
gels are structurally stable over extended periods oftimes and, as already stated above, show no significant
thixotropic effects, such behavior can be mostly attributed to the presence of elastic effects that accompany
the viscoplastic response around the yield point, [13].

Based on these experimental facts, it is rather clear that a realistic rheological model able to account for
such flow behavior should include an elastic part of the stress tensor. An early attempt to combine a Herschel-
Bulkley like yielding picture with elastic effects modeled simplistically by a Maxwell like picture was made
by Putz and coworkers, [9, 14]. This model was initially formulated in a scalar form with the initial purpose of
describing the hysteresis observed during controlled stress loading/unloading ramps performed with Carbopol
gels.

In [15] the authors studied numerically the Poiseuille flow of an elastoviscoplastic fluid, focusing on how
different slip conditions at the wall affect flow behaviour. Using the rheological model by Putz and Burghelea
[9], the authors simulate the flow driven by a time-dependent pressure ramp and analyse how various slip laws
influence the average velocity across the pipe. The study focuses on the role that slip at the wall can have in
the transition from solid to fluid states. The slip condition determines how the material transitions between
behaving as a solid under low stress and flowing as a fluid when stress exceeds the yield point. It is found that the
solid-fluid transition is highly sensitive to the slip-law used. Different slip laws shift the solid-fluid transition
region, impacting when and how the material begins to flow. Interestingly, the simulations showed that the
microstructure function remains unchanged for all slip-laws tested. This lead the authors to conclude that the
rheological model predicts that stresses and deformation rates remain the same irrespectively of the boundary
conditions at the wall, i.e., stresses and deformation rates are governed by the bulk rheological constitutive
relation. Therefore, if time-dependent effects are introduced by what happens at the walls, one should think
carefully about how to connect slip-law and constitutive equations.

In the present work, we are mainly interested in the yielding behaviour of an elastoviscoplastic material
in a simple flow configuration. In order to choose the “best” rheological model, we look at the works of
Fraggedakis et al. [16]. In their work, the authors present a comparison of five elasto-visco-plastic (EVP) fluid
models within the framework of rheometric flows and complex flow scenarios, such as a spherical particle
falling under gravity. The study evaluates models based on their ability to predict the behaviour of EVP fluids,
highlighting the differences in predictions and limitations, especially under non-homogeneous and oscillatory
flow conditions. The Saramito [17] (SRM) model and its Herschel-Bulkley variant [1] (SRM-HB) , Park and
Liu [18], (PL) model, and Belblidia et al. [19], (BWW) model are tested, with the SRM outperforming the
other two models.

The SRM model has been employed in numerical simulations of flows of elasto-viscoplastic fluids for a
number of rather sophisticated and technically challenging configurations including sedimentation of solid
bodies [20], buoyancy driven motion of single or multiple bubbles [21,22] and, more recently, porous media
[23]. Each of these numerical results clearly advocates for an important role of elasticity in the dynamics.

Quite surprisingly perhaps, a flow setting that is kinematically much simpler than those exemplified above
such as an unsteady channel flow has received significantly less attention. In spite of its simplicity, this flow
setting is relevant to a number of industrial problems related to oil field engineering (startup of crude oils
in long pipes) and polymer processing. From a more fundamental perspective, studying transient flows of
elasto-viscoplastic fluids driven by steady and unsteady pressure gradients in plane channels offers practical
means of assessing the performance of the SRM-HB model by direct comparison with existing experimental
results obtained with a Carbopol gel, [11].

We feel that a bridge between viscometric flows and the more complex flow problems (sedimentation,
flows in porous media etc.) is a basic pipe flow. As already mentioned, this flow configuration is widely used in
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industry applications. Hence, studying how a constitutive model performs under these conditions is a worthy
validation test.

2 Problem description, numerical method
2.1 Governing equations

We study flows of an elasto-viscoplastic material in a plain channel of length L = 1 and width W = 1. We
conside flows driven by a pressure drop A P which can be either steady (i.e. creep flows) or unsteady (pressure
ramps, oscillatory flows) and monitor the transient flow response. The flow is governed by the continuity and
momentum conservation:

p(%—l;—FV(uw)):—VP—}-V-T (D

V.u=0 )

Here p stands for the density of the fluid, u for its velocity, P for the driving pressure gradient and t for the
stress tensor. Egs. 1 are complemented by non-slip boundary conditions. The stress tensor may be written as a
sum of the solvent contribution 7y and the polymeric contribution z,, T = 75 + 7. The solvent contribution

behaves in a Newtonian manner, Ty = 25, D where 7; is the solvent viscosity and D = % [Vu + VuT] is
the rate of strain tensor. Through the computations reported herein, ny; = 1. The polymeric part of the stress
tensor 7, describes the elasto-viscoplastic effects which emerge from the microstructure of the material. For

viscoelastic liquids the polymer part of the stress tensor is often written 7, = nT” f (A) where A is the polymer

relaxation time, 71, the plastic viscosity and f a function of the conformation tensor A, [24]. We consider
f (A) = A — I and assume a linear relaxation law for the conformation tensor, A = —% (A —1I). Here (.)
stands for the upper convective time derivative. The idea of combining viscoelastic and viscoplastic effects
originates from Saramito [1,17] and consists of introducing a critical stress 7, at which the rheological response
of the material switches from a solid behavior to a liquid one. The Herschel-Bulkley variant of the SRM model
[1] combines a Herschel-Bulkley model and an Oldroyd-B one:

1 v
Erp+S(rp,ry)rp—2D=0 3)
where G is the elastic modulus. The convective derivative of the polymeric stress is defined by
v 8Tp T
r,,:W—I—(ro)tp—(Vu)rp—tp(Vu) 4)

For most of the computations (the exceptions are specifically discussed through the text) the elastic modulus
was fixed, G = 1. The switch function is defined by

d l/n
-7
|P|—y> 5)

S (Tp. 7y) = max (O, K|rg|”

d _
P =

stress and |rl‘f| =,/1 /Zrl‘f . 1:1‘,’. Through all the computations reported herein we have used K = 1,n = 0.5.

In the regions of the flow where |1:1‘f | > 7, the material behaves as a fluid or is yielded while otherwise
behaves as a solid or is unyielded.

The relevant non-dimensional numbers governing the elasto-viscoplastic flow are the Weissenberg number

pU?
Ty +K (%
scale and y is the rate of shear which, according to [25], may be understood as the second invariant of the

rate of strain tensor y = /1/2D : D. As the flows we focus on are pressure driven, we estimate the Bingham

number via the scale of the imposed pressure drop, Bn = %. The maximum value of the Reynolds number

explored was Re™** = 0.3 so the flows are always laminar.

. . . T S .
where K is the consistency, n the power law index, T Ty — %(T”)I the deviatoric part of the polymeric

Wi = %)}, the Bingham number Bn = ;—; and the Reynolds number Re = 7. Here U is a velocity
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Fig. 1 (a) Transverse profiles of the axial velocity computed for three distinct grid levels Ay = 1/2: squares - N = 4, circles -
N =5, pluses - N = 6, triangles - N = 7. The full line is the semi-analytical solution (see appendix A). The dependence of the
plug width on the level of grid refinement is shown in the inset. (b) Example of adaptive mesh

2.2 Numerical method

To solve numerically the flow problem described above, we use the open source code Basilisk-C, [26].

Basilisk contains a well benchmarked implementation of the Oldroyd-B model for solving viscoelastic
flows for a given relaxation time A and polymeric contribution to the viscosity 1, [27]. To accurately resolve
the solid-fluid interfaces and the velocity boundary layer, an adaptive quad-tree mesh refinement based on a
wavelet algorithm was used, Fig. 1(b).

To check for grid convergence and to validate our code, simulations of a steady flow driven by an imposed
pressure drop A P = 10 were performed for four distinct sizes of the base grid 8y = 1/2" with N =4, 5,6, 7.
The transversal profiles of the axial velocity computed at the exit of the flow channel for each level of refinement
of the base grid are presented in Fig. 1(a). Upon a quick visual inspection of the four distinct sets of results no
substantial differences can be noted. Also, the computed velocity profiles overlap fairly well with the semi-
analytical solution derived in the appendix A. The plug width obtained from each run is shown in the main
inset. The average plug size over these four individual tests is W3 = 0.3147 and the standard deviation is

Wstd = 0.00392, accounting for roughly 1.2% of the mean value. The grid independence test discussed above
refpers to a steady state flow case. Additional grid independence results for a unsteady flow case are presented
in the appendix C.

Through the rest of the simulations reported herein, we use an adaptive grid with N = 5 as a level of
refinement of the base grid.

The maximal time step used through the simulations reported herein was DT = 107>. The indepence of
the results on the choice of the maximal time step is discussed in appendix B.
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# APo=3 (Bn=1.33) V AP,=7 (Bn=0.57) AP, =10 (Bn=0.4)
<« APo=4(Bn=1)

1.50
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(b)

Fig. 2 (a) Time series of the centre line velocity U, for various values of the imposed pressure drop A Py indicated in the insert.
(b) Dependence of the maximum centre line speed U}** (squares) and of the steady state speed UZ on imposed pressure drop
A Py. The lines are linear fitting functions (see text for discussion)

3 Results
3.1 Creep tests

One of the simplest, yet very insightful flows that one can investigate is a transient creep flow driven by a
constant imposed pressure drop A Py. Of particular interest in this context would be to understand the combined
role of elastic and plastic behaviors in the transient dynamics of the flow.

The time series of the velocity of the center line U,; obtained for several values of the imposed pressure
drop Py is illustrated in Fig. 2(a). Regardless of the magnitude of the imposed pressure drop, the time series
of the center line velocity exhibits an overshoot behavior corresponding to #,,,, = 0.344. This observation is
qualitatively similar to the overshoot behavior observed during creep tests performed with Carbopol gels in
rheometric geometries, [13]. For pressures imposed smaller than a critical value A P. = 4 which corresponds
to a critical Bingham number Bn. = 1, the center line velocity further decays to zero and no permanent flow
is established. For imposed pressure drops larger than this critical value, a permanent flow with a centerline
speed U} is established. Regardless of the value of the imposed pressure drop, the time series of the center
line velocity exhibit an overshoot prior to reaching a steady state. The overshoot speed Uj** scales linearly
with the inverse Bingham number (the squares and the full line in Fig. 2(b)), UJ** = 0.659Bn~!. Past the
critical pressure AP, = 4 (Bn, = 1), the steady-state center-line speed also scales linearly with the inverse
Bingham number, Uy, = —0.67 + 0.6Bn~!. The emergence of overshoot effect is of a purely elastic nature.
Thus, by gradually diminishing the elastic effects (by increasing G), the magnitude of the overshoot effect
decreases monotonically (data not show here).

More insights into the overshoot behavior may be obtained by analyzing several flow profiles before and
after the overshoot is observed, Fig. 3.
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Fig. 3 (a) Overshoot behavior observed for a constant imposed pressure drop Py = 8. (b) Transverse profiles of the axial velocity
corresponding to the transient states labelled in panel (a). The color (blue/red) codes the yielded/unyielded flow regions

We have chosen for illustration the case A Py = 8 which is larger than the critical yielding pressure A P,
allowing a permanent steady-state flow to be observed and focus on four distinct time instants labeled in Fig.
3(a). Corresponding to each state (time instant) labeled in Fig. 3(a) we plot in Fig. 3(b) the transverse profile
of the axial velocity color-coded to highlight the yielded/unyielded regions in blue/red. Prior to the overshoot,
t < to = 0.34, the material is unyielded over the entire width of the channel, panel (1) in Fig. 3(b). When the
overshoot is observed at r = f(, the material is still fully un-yielded (panel (2)) but starts to gradually yield
near the boundaries right after the overshoot, panel (3). At this early stage of the yielding process the velocity
profile in the central un-yielded part is not flat which is consistent with a elastic deformation of the solid part.
A flat central un-yielded plug forms when a steady state of the axial speed is observed, panel (4). Right after
the overshoot, the material starts to yield gradually from the channel’s boundaries (panel (3)) and a flat central
plug consistent with a Herschel-Bulkley behavior develops when a steady state is reached (panel (3)).

3.2 Unsteady pressure ramps

We focus in the following on the response to linear increasing/decreasing ramps in the imposed pressure drop,
Fig. 4(a), defined as:

N+ YN H — kio) + XN Hktg — 1)
N

Here H stands for the Heaviside step function, 7y is the duration of each step of the ramp A P, = 10 is
the maximal value of the imposed pressure drop and 7, = N ¢ is the total duration of the loading/unloading
branches of the ramp. For all the simulation to be further discussed, we have used N = 20 steps for each branch
of the ramp. Such increasing/decreasing controlled pressure ramp is precisely the same type of unsteady flow

AP([) . APmax (6)
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Fig. 4 (a) Example of the imposed pressure drop ramp. The time per step is #p = 0.2 and the maximal imposed pressured
drop is AP,u = 10 (b) Centre line velocity U, computed during a pressure ramp. The full/empty symbols refer to the
increasing/decreasing branches of the ramp. The time per step was fo = 0.5. The vertical dashed line indicates the critical
Bingham number, Bn, = 1

that has been studied experimentally in Ref. [11]. As the maximal pressure has been chosen A P,,,x > AP, =4
corresponding to the yielding of the material (see Fig. 2) the loading/unloading sequence will first yield then
un-yield the material. The dependence of the absolute value of the center-line velocity |U,;| measured at
the channel exit on the inverse Bingham number is presented in Fig. 4(b). The flow states observed upon
increasing/decreasing pressure drops are reversible only for imposed pressures larger than the critical value
AP. =4 (Bn, = 1). The hysteresis behavior observed in Fig. 4(b) is fully consistent with the experimental
observations performed using a Carbopol gel in a unsteady pipe flow, [11], and with rheological measurements,
[9,13]. Just as observed through the experiments performed with a Carbopol gel, the cusp visible on the
decreasing branch of the controlled pressure drop ramp (the empty symbols in Fig. 4(b)) corresponds to a
reversal of the flow direction (note that |U,| is plotted in Fig. 4(b)).

To understand the relationship between the irreversible flow behaviour depicted in Fig. 4(b) and the rate
at which the material is loaded/unloaded (the time 7y per step used in the controlled stress pressure ramp), we
have studied controlled pressure ramps for various values of fy, Fig. 5. For clarity reasons, in Fig. 5(a) we
present the results obtained for increasing pressures and in Fig. 5(b) those obtained for decreasing pressures.
The data sets are colour coded (see the top color bars) according to the value of time per pressure step .
For both increasing and decreasing pressure drops, a significant dependence on the time per step is observed.
For reference, we added to the increasing pressure branch data presented in Fig. 5(a) the steady-state results
obtained from the creep tests presented in Fig. 2 as open red diamonds.

On the increasing branch of the pressure ramp (Fig. 5(a)) the data points merge with the steady state velocity
values at large imposed pressure drops. The value of the pressure drop where the unsteady data merge, however,
depends systematically on the time per pressure step. For small values of 7 (fast loading), the apparent yielding
pressure is large but, as #( increases, it decreases monotonically towards the steady state value AP, = 4 (or
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Fig. 5 (a) Dependence of the centre line velocity U,; on the inverse Bingham number Bn~! computed on the increasing branch
of pressure ramps for several values of the time per step 7. The empty red diamonds are values computed via creep tests (see Fig.

2)(b) Dependence of the center line velocity |U| on the inverse Bingham number Bn~! computed on the decreasing branch of
pressure ramps for several values of the time per step 7

Bn, = 1). This indicates that the apparent stress at which the material starts to yield near the walls depends
on the characteristic rate at which the material is loaded.

Prior to yielding, the center-line velocities align on a plateau qualitatively similar to the plateau observed
during the increasing/decreasing controlled stress ramps performed in a plate-plate rheometric setup, [9,13].
Through these rheological studies, the plateau value is related to the elastic modulus of the solid phase (see,
for example, Fig. 12 and the discussion in Sec. 3.4 of [13]). For each value of the time per pressure value,
the measurements of |U,;| performed on the unloading branch of the pressure ramp exhibit a cusp related to
an elastic-recoil effect manifested through a reversal of the flow direction, Fig. 5(b). Such flow reversal effect
has been observed experimentally, [11]. Regardless of the value of 7, the flow reversal event is observed at a
pressure drop corresponding to the steady state yielding, AP, &~ 4 (Bn. =~ 1 ). Corresponding to the terminal
stages of the unloading process when the imposed pressures become smaller than A P, the velocity data align
on plateaus. These plateau values decrease monotonically with increasing value of the time per step 79 which
is fully consistent with the experimental observations performed in a plate-plate rheometric setup (see Fig.
12b in Ref. [13]).

Itis interesting to understand the quantitative relationship between the hysteresis of the flow states observed
upon increasing/decreasing pressure drops and the characteristic time per step #y of the loading/unloading
process.

For this purpose we have studied controlled pressure ramdps for various values of the time per step 79 and
computed the area of the hysteresis A = f Uculp dAP,,— f U5 |d A Pgown. The dependence of the hysteresis
area on the time per step is shown in Fig. 6. Prior to reaching a steady state plateau corresponding to large values
of 19, the hysteresis area decays as a power law, A o 7, “ with & & 0.34. This power law scaling is consistent
with the experimental observations performed in a unsteady pipe flow, [11], but the experimental value of
the scaling exponent was found roughly three times smaller, @ =~ 0.1. A possible reason for this discrepancy
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Fig. 6 Dependence of the hysteresis area A on the time per pressure step fo. The solid line is a power law fitting function,
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Fig. 7 Top: Space-time diagram of yielded/unyielded flow regions Bottom: Dependence of the width of the unyielded plug on
the inverse Bingham number. The full/empty symbols refer to the increasing/decreasing branches of the ramp. The solid line is a
guide for the eye, W), o« Bn

may relate to the presence of wall slip during the pipe flow experiments and the three dimensionality of the
experimental flow channel. This result is also consistent with the scaling behavior of the magnitude of the
rheological hysteresis observed during tests performed with Carbopol gels in a plate-plate geometry but the
scaling exponent is once more different, o« ~ 0.64, [9]. For 7o > 1, the hysteresis area seems to approach a
plateau. This particular value of the time per step may be understood as a crude estimate of the polymeric
relaxation time.

The irreversible flow behavior observed upon increasing/decreasing pressure drops equally manifests in
the dynamics of the yielded/uni-yielded regions. To make this point, we present in Fig. 7 (bottom) the depen-
dence of the width of the plug W), on the inverse Bingham number. A space-time diagram of the extent of
yielded/unyielded regions is shown in the top panel.

Upon increasing pressure drops past the critical pressure A P., a gradual decrease of the plug width is
observed (the full symbols in Fig. 7). Within the fully yielded flow regime, AP > A P., the plug width scales
as W, o Bn in agreement with the analytical result for a Herschel-Bulkley fluid, [28]. When the pressure
drop is decreased, a clear hysteresis related to a delayed re-formation of the solid regions is observed, the
empty symbols in Fig. 7. On this branch of the ramp, the plug width no longer follows the power law scaling
observed on the increasing pressure branch. It is interesting to note that, unlike the centerline velocities which
overlap rather well above the yield point A P,, the plug width is systematically smaller during the unloading
branch than during the loading branch. It is instructive to explore the dynamics of the elastic stresses during
the loading/unloading sequence. For this purpose, we illustrate in Fig. 8 calculations of the first normal stress
difference N averaged over the width of the channel and per time step during a loading/unloading process.
On the top panel we present the space-time diagram of Nj.

Upon increasing the pressure drop along the increasing branch of the ramp, the first normal stress difference
starts to increase monotonically past the critical yielding pressure P, the full symbols in Fig. 8. Along the
decreasing branch of the ramp, the normal force difference does not drop back to zero indicating that the elastic
stresses persist during the unloading process. As visible in the space-time diagram, the elastic stresses persist
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Fig. 9 Dependence of the hysteresis area A on the inverse elastic modulus 1/G

in the vicinity of the solid boundaries of the channel. This result corroborates well with the strong hysteresis
of the un-yielded plug and the delayed re-solidification observed during the unloading process illustrated in
Fig. 7 and previously discussed.

To gain even further insights into the emergence of the flow hysteresis, we have studied controlled pressure
drop increasing/decreasing ramps similar to that illustrated in Fig. 4 for a fixed value of the time per step
to = 0.2 and several values of the elastic modulus. The results of these simulations are summarized in Fig. 9.

The magnitude of the flow hysteresis is found to increase linearly with the magnitude of the elastic effects
quantified by the inverse elastic modulus. A non-zero area of the hysteresis persists even in the limit of
vanishingly small elastic effects because, even in the absence of elasticity, the loading/unloading process is
characterized by finite time transient effects. The data presented in Fig. 9 clearly associate the observation of
the flow hysteresis with the elastic effects.

3.3 Large amplitude oscillatory flows

Large amplitude oscillatory shear (LA O S) tests are instrumental in exploring the rich phenomenology of the
dynamic yielding of yield stress materials in rheometric flows, [29-31].

During a LA O S test, a harmonic forcing is imposed onto the material and its dynamic yielding is assessed
by monitoring its response. Here we impose an oscillatory pressure drop AP = P, sin (wt) and, as in the
case of the creep tests discussed in Sec. 3.1, we monitor the center-line axial velocity U. The ratio between the
relaxation time of the material A and the time scale associated to the harmonic forcing 1y = 27w ~! defines
the Deborah number, De = Aw.

A visually convenient way of monitoring the response of the material to the oscillatory forcing is through
the so called Lissajoux-Bowditch figures which are parametric representations of the transient forcing A P (¢)
on one axis and the response U () on the other. The shape of the Lissajoux-Bowditch figure encodes key
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Fig. 10 Results of oscillation tests performed with AP,,,» = 1 and De = 0.3: (a) time series of several relevant quantities (b)
corresponding Lissajoux-Bowditch curve

features of the response of the material forced with an amplitude P,, and a time scale set by the frequency w.
Such features include the degree of nonlinearity of the deformation process and the balance between energy
storage and dissipation during the deformation process.

For LAOS tests performed in rheometric flows, the Lissajoux-Bowditch figures may be represented in
two distinct set of coordinates [32]: (stress, strain) or (stress, strain-rate). The first choice is referred to as the
“elastic representation” while the second as the "viscous representation”.

The choice (AP, U) of coordinates to describe the oscillatory process (which is natural for a pressure
driven channel flow) is phenomenologically similar to the stress - rate of deformation representation or the
viscous representation used to describe oscillatory rheological tests.

We exemplify oscillatory tests performed with P, = 1 and w = 0.3 (De = 0.3) in Fig. 10. As the chosen
pressure amplitude is smaller than the critical pressure drop AP, = 4 corresponding to the yielding, the
response of the material is consistent with a linear elastic-solid behavior, Fig. 10(a). The material remains un-
yielded over the entire channel width (W, = 1) and the subsequent loading/unloading results in an harmonic
variation of the first normal stress difference. The corresponding Lissajoux-Bowditch curve has an elliptical
shape, Fig. 10(b).

A substantially different behavior is observed for a pressure amplitude slightly larger than the critical
yielding pressure P, = 5 and same Deborah number, Fig. 11. The time series of the centre-line velocity now
exhibits strongly nonlinear features and the material partially yields during the forcing cycle, Fig. 11(a).

It is interesting to monitor the evolution of the Lissajoux-Bowditch curves with either increasing pressure
amplitude at constant Deborah number or increasing Deborah number at constant pressure amplitude, Fig. 12.

When the amplitude of the pressure drop is increased past the critical yielding value A P. = 4 at a constant
Deborah number, the Lissajoux-Bowditch figures evolve from an elliptical shape corresponding to an elastic
deformation to a strongly elongated shape, Fig. 12(a). It is interesting to point out the self-intersection of
the Lissajoux-Bowditch figure observed for the largest pressure drop amplitude explored (P, = 20). Such
effect has already been observed during LAOS measurements performed in rheometric flows in a highly
nonlinear regime of deformation when the data are presented in the stress-rate of strain coordinates. This self-
intersection event has been attributed to an elastic overshoot effect when the stress is unloaded more quickly
than the new deformation is accumulated, [33]. We believe that our observation is phenomenologically similar.
At a fixed pressure amplitude P,, = 5 right above the yield point, the eccentricity of the Lissajoux-Bowditch
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Fig. 12 Lissajoux-Bowditch figures obtained at a fixed De = 1 and various amplitudes of the pressure drop P,, indicated in the
insert. Lissajoux-Bowditch figures obtained for a fixed amplitude of the pressure drop P,, = 5 and various values of the Deborah
number De indicated in the insert

curves increases gradually as the Deborah number is progressively increased, Fig. 12(b). The shape of the
Lissajoux-Bowditch curve provides a crude indicator of the dominant deformation regime.

A partial re-construction of the Pipkin space which consists of Lissajoux-Bowditch curves obtained for
several forcing amplitudes P, and Deborah numbers [34] is presented in Fig. 13. For small amplitudes of the
pressure drop, the Lissajoux-Bowditch curves are elliptic which implies an approximately linear viscoelastic
response of the material. As the pressure drop amplitude is gradually increased at a constant Deborah number,
signatures of nonlinear deformation emerge in the form of cusp points and self intersections of the Lissajoux-
Bowditch figures.

The area of a Lissajoux-Bowditch curve #; = ¢ Ud P represents the deformation power stored/dissipated
during one forcing cycle. The dissipated power &?; depends on both the pressure drop amplitude P, and the
Deborah number De, Fig. 14. At a fixed Deborah number the dissipated power &, increases with increasing
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Fig. 13 Partial reconstruction of the Pipkin space. The pressure amplitudes and the Deborah numbers corresponding to each
Lissajoux-Bowditch curve are indicated in the top inserts. For visual clarity, the Lissajoux-Bowditch curves are plotted on
normalized coordinates
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Fig. 14 Dependence of the power dissipated per forcing cycle Z2; on the pressure amplitude P,, for several Deborah numbers
detailed in the figure insert. The vertical dashed line marks the critical yielding pressure Py, = 4

amplitude of the pressure drop. For each Deborah number, the solid fluid transition is clearly visible at P,
AP, = 4, the vertical dashed line in Fig. 14. Bellow the yield point the power is dissipated via plastic and
elastic effects. As Py, is gradually increased past the yield point, the viscous dissipation becomes increasingly
relevant.
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4 Conclusions, discussion, outlook

A systematic numerical investigation of transient behavior of pressure driven flows of a elasto-viscoplastic
material in a plane channel is presented. The response of the material to external stress is modeled by the
Herschel-Bulkley variant of the Saramito constitutive model [17]. This model combines yield stress and
viscoelastic behaviors. Unlike microstructural lumped models that are mostly suitable to describe the elas-
toviscoplastic behavior in rheometric flows (see for example the model proposed by [9] and similar models
referred to therein), the tensorial nature of the SRM model involving the upper convective derivative makes it
an attractive choice for describing non-rheometric flows of elasto-viscoplastic materials.

Through this manuscript we are testing the ability of the SRM-HB model to describe non-stationary
flows of a elasto-viscoplastic material in a plane channel flow configuration. The transient dynamics of the
yielding process are studied for three distinct types of forcing: creep tests performed for constant imposed
pressure drops, Sec. 3.1, unsteady increasing/decreasing pressure drop ramps, 3.2 and, finally, large amplitude
oscillatory (LAOS) tests Sec. 3.3.

During creep flows performed at a constant imposed pressure drop A P a permanent flow can be established
only if the imposed pressure drop exceeds a critical value, AP > AP, Fig. 2. Regardless the value of the
imposed pressure drop an overshoot behavior manifested through the emergence of a local maximum of the
transient axial velocity is observed, Fig. 3(a). Prior to the overshoot, the material is un-yielded over the entire
width of the channel - see panels (1-2) in Fig. 3(b). Yet, unlike in the case of a Herschel-Bulkley material,
the un-yielded velocity profiles are not flat which indicates that the material behaves as an elastic solid in its
un-yielded state. Right after the overshoot is observed, the material starts to gradually yield in the proximity
of the channel walls, panel (3) in Fig. 3(b). At longer time instants, a steady state is reached and a flat central
plug consistent with a Herschel-Bulkley behavior forms - panel (4) in Fig. 3(b).

The flow states observed upon increasing/decreasing linear ramps in the pressure drop Fig. 4(a) are generally
irreversible and a rheological hysteresis is systematically observed, Fig. 4(b). The yielding process observed
during controlled stress ramps is gradual. Corresponding to low imposed pressure drops, the center line velocity
exhibits a plateau indicating an elastic solid behavior along both branches of the ramp. For pressure drops
larger than the yielding value A P. = 4, the two branches of the ramp merge and the reversibility of the flow
states is fully restored.

A first factor that controls the magnitude of the flow irreversibility (or rheological hysteresis) relates to
the characteristic time 7 per step of the controlled pressure drop ramp. Except for the range AP > AP, the
dependence of the center line velocity on the imposed pressure drop depends systematically on the time per
step 7o, Fig. 5. The area of the hysteresis observed during the loading/unloading process scales as a power law,
Aoty 0.34 Fig. 6. This scaling result is in fair agreement with measurements performed with Carbopol gels
unsteadily driven in a circular pipe [11]. Together with the hysteresis of the center-line velocity, one observes
a hysteresis of the plug width upon increasing/decreasing pressure drops, Fig. 7.

As indicated by the large hysteresis of the first normal stress difference observed upon the loading/unloading
sequence Fig. 8, the second factor controlling the magnitude of the hysteresis of flow states relates to the
elasticity. In rheometric settings, the emergence of rheological hysteresis of deformation states of pasty mate-
rials is generally attributed to several factors which often manifest in a coupled manner: elasticity [35,36],
thixotropy/anti-thixotropy [36], shear banding [37]. Unlike through experimental studies where various poten-
tial sources of the hysteresis behavior can not be easily separated, through this numerical study using the
SRM-HB model we deal with only one potential source: the elasticity of the material. Thus, in the present case
the hysteresis of the deformation states appears to solely originate from the elastic effects. This is corroborated
by the observation of a linear increase of the hysteresis area with the inverse elastic modulus, Fig. 9.

A third type of external forcing tested through this study is the oscillatory forcing where the flow is driven
by imposing an oscillatory pressure drop. Such forcing closely mimics the LA O S tests commonly employed
through rheological tests in order to test the dynamic yielding process in a nonlinear regime of deformations.
Such type of forcing is widely employed through rheological tests but, to our best knowledge, very little
explored in non-rheometric settings such as the plane channel flow studied here. The flow response to the
imposed oscillatory pressure drop depends on both the amplitude of the forcing and its frequency (or, the
Deborah number), Figs. 10,11,12. The LAOS tests are instrumental in studying the emergence of nonlinear
effects during the transient yielding process which are manifested by the presence of cusp points and self-
intersections of the Lissajoux-Bowditch curves. A comprehensive panorama of the response to oscillatory
forcing is obtained by the partial reconstruction of the Pipkin space, Fig. 13.
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To conclude, we have shown that the SRM-HB model accurately captures the transient dynamics of flows
of elasto-viscoplastic materials by reproducing several important features observed in experiments performed
with a Carbopol gel as an elasto-viscoplastic material, [11]: elastic overshoot, hysteresis of the flow states
upon loading/unloading. Along a more practical line, this study suggests one may use simple non-rheometric
unsteady flows to infere the key rheological parameters of an elasto-viscoplastic material. The yield stress
may be inferred from both creep tests and linear ramps of the pressure drop by measurements of the critical
yielding pressure drop A P., the consistency and the power law index may be inferred from measurements of
the center-line velocity during pressure ramps (for AP > AP.) and estimates of the relaxation time may be
obtained from measurements of the hysteresis area versus the rate of loading. At this point, however, we believe
that additional theroetical developments are needed in order to quantitatively interpret LAOS measurements
in terms of material properties as it is currently done for LAOS measurements performed in rheometric flows.
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Appendix A Semi-analytical solution for the steady flow

We derive here a semi-analytical solution for the steady plane channel flow driven at a constant imposed
pressure drop A P following the derivation for the Bingham variant of the Saramito model presented in Ref.
[38].

We solve over the domain: y € [—1/2, 1/2], with no-slip boundary conditions. Note that at y = y*, the yield

surface, we have Zl—; = 0. The equations to solve are:

dtyy d*u
—~ =_AP Al
dy +ﬁdy2 (AD)
dTyy
Dy _ (A2)
dy
1/n
d 74| — Bn
Wity (|t =0 (A3)
dy lTpl" ),
d l/n
— Wity — —_ Ty = (1 = B)—
"y g ) dy
74| - Bn\ " . A5
W Tyy = 0. (AS5)
p +
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Here

7d| - Bn\ " 74| - Bn\ "
— | =max|0 | ———
), d]r

From from (A2) and (AJ) it is clear that Ty, = 0.
Integrating (A1) once, we get

du
Txy = —APy — /35

This can be rearranged as
du  —tyy — APy

dy B
Solving first for the yielded region, we can use (A3) and (A5) to get an expression for .,
1
74| - Bn\ " (1 g
————% Ty =1-p8)—.
=g " dy

Substituting (A9) into (A4):

1/n d 1/n
|t4| — Bn |T8| — Bn
—2Wi (”T o+ | — (1 = B)Tex = 0.

dn
4]

Now we can express Ty, in terms of 7y

Substituting into |rl‘,l| we get,

2 Wit4
d, _ 2 Txx _ 2 xy
|Tp|—\/‘6xy+—4 —\/txy—l——(l_ﬁ)z.

Hence, using (A9) in (A8) we have an expression for yy:
1/n
|t| — Bn B—1
- Ty = —— (APYy + 7yy) .
( |Tg |n Xy /3 ( y Xy)

We can use a root-finding method to solve (A13) and obtain 7,y (y) in the yielded regions.
It is not difficult to calculate that the yield surface is located at

172

4Wi2Bn?
1+ (1_p)? —1

2 (AP
2Wi (1—p)

yi==+

Appendix B Time step convergence

(A6)

(A7)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al4)

We focus on the dependence of the hysteresis loop result presented in Fig. 4(b) on the choice of the maximum

time step DT of the simulation.

The dependence of the absolute value of the center line velocity |U;| on the driving pressure drop A P obtained
during an increasing/decreasing ramp (see Fig. 4) obtained for several values of the maximal time per step
DT ranging in between 5 - 107 and 2 - 10™> are shown in Fig. 15. It is rather clear from this figure that the

results obtained with four distinct choices of the maximal time step perfectly overlap.
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Fig. 15 Center line velocity U, computed during a pressure ramp for various choices of the time per step DT indicated in the
insert. All calculations used the same adaptive grid. The full/empty symbols refer to the increasing/decreasing branches of the
ramp. The time per pressure drop step was was 79 = 1

Appendix C Additional grid convergence tests

The grid independence tests discussed in Sec. 2.2 and illustrated in Fig. 1(a) refer to a steady state flow. Yet,
a number of important results obtained through this study refer to unsteady flows. It is therefore important to
prove the grid independence for unsteady flows.

A first unsteady flow case chosen to test the grid independence relates to the creep tests already analyzed in
Sec. 3.1.

In Fig. 16 we illustrated time series of the center line velocity computed during a creep test computed for
several choices of the base grid. Except for a very narrow time interval right after the overshoot is observed
(see the inset in Fig. 16) the different data sets practically overlap which demonstrates the grid independence
of the results.

A second unsteady flow case we chose to test the grid independence refers to the increasing/decreasing
controlled pressure flow ramps discussed in detail in Sec. 3.2. Results of the hysteresis of the flow states
computed during a pressure ramp with several choices of the grid are exemplified in Fig. 17. A quick visual
inspection of these three distinct numerical results plotted on a logarithmic scale indicates that the hysteresis
result is practically independent on the choice of the grid.

00 05 10 15 20 25 30 35 40

Fig. 16 Time series of the centerline speed obtained during a creep test with A Py = 10 for several grid levels Ay = 1/2V with
N € {4,5, 6, 7}. The inset shows a magnified view that highlights minor differences between the tests
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Fig. 17 Center line velocity U, computed during a pressure ramp for several choices of the grid indicated in the insert. The
full/empty symbols refer to the increasing/decreasing branches of the ramp. The time per pressure drop step was 7o = 1 and the
maximal time step during computations is DT = 107>
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