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MUMFORD-TYPE SHIMURA CURVES CONTAINED IN

THE TORELLI LOCUS

THOMAS BOUCHET, JEROEN HANSELMAN, ANDREAS PIEPER,
AND SAM SCHIAVONE

ABSTRACT. In this article we give explicit equations for two Shimura
families of genus 4 curves whose Jacobians are abelian fourfolds of Mum-
ford type. These are the first explicit examples of abelian varieties over
Q with endomorphism algebra Z and additional Hodge tensors.
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1. INTRODUCTION

1.1. Main results. The main goal of this article is to present two explicit
families of abelian varieties of the type constructed by Mumford in [Mum69].
In particular, we give explicit equations for two families of genus 4 curves
parametrized by Shimura curves, such that the Jacobians of these curves are
of Mumford type. This realizes the longstanding goal of providing explicit
examples of Mumford’s construction, as well as answering several questions
of Moonen and Oort [MO13].

Let A, be the coarse moduli space of principally polarized complex abelian
varieties of dimension g, M, the moduli space of curves and j : M, — A,
the Torelli map. The image j(My) = T is called the open Torelli locus
and its Zariski closure T} is called the Torelli locus. A subvariety S of A,
is called a special subvariety if S is an irreducible component of a Shimura
variety.

Coleman conjectured [Col87], as an analogue to the Manin-Mumford con-
jecture (which has been proven by Raynaud [Ray83|), that there are only
finitely many CM points in the open Torelli locus. The André-Oort con-
jecture, which has been proven conditionally on GRH by work of Klin-
gler, Yafaev and Ullmo [UY14] [KY14] and unconditionally by Tsimerman
[Tsi18], says that if S C Ay is an irreducible subvariety, then S is special
if and only if the CM points in S are Zariski dense. Combining this with
Coleman’s conjecture we get the following.

Conjecture 1.1 (Coleman—QOort). For large enough g there are no special
subvarieties S C Agy of positive dimension that are contained in the Torelli
locus Ty and that meet T7.

For g < 7 it is known that special subvarieties in the open Torelli locus ex-
ist. For g < 4 this is trivially true as dim 77 = dim A,. Special subvarieties
with ¢ = 4 and g = 6 have been found by de Jong and Noot [dJNI9I]—
these examples go back to the work of Shimura [Shi64]—and examples of
genus 5 and genus 7 have been found by Rohde [Roh09]. For a summary
of results, see [MO13]. All previously known examples of such families arise
from Galois covers of curves [FGP15, [FPP16] and are of PEL type. Moonen
computed in [Mool0] a list of all possible families that can arise as cyclic
covers of P!,

A natural question to ask is if there are any other kinds of families. Up
until now, no Hodge type special loci were known [MO13, Question 6.3]. In
[Mum69], Mumford gave a construction of compact Shimura curves not of
PEL type parametrizing a family of abelian varieties whose endomorphism
ring is generically isomorphic to Z. These abelian varieties of Mumford type
have been studied from a variety of perspectives. Various researchers have
studied their Galois representations [Noo00], those with CM [Noo01], the
representations of their Mumford—Tate groups [Gal99], and the K3 surfaces
associated to them via the Kuga—Satake construction [Gal00), [Zhul§].



MUMFORD-TYPE SHIMURA CURVES 3

However, in the more than 50 years since the publication of Mumford’s
article, no explicit examples of abelian varieties of Mumford type have been
produced, despite promising strategies towards that goal [Cal21].

In [EMOOQIL, Problem 1], Gross asked if there are abelian fourfolds of
Mumford type that are Jacobians of curves. In this article, we present two
explicit families for genus 4 curves whose Jacobians are abelian fourfolds
of Mumford type. These give us two new special families in T}, answering
affirmatively Gross’s question, as well as several questions of Moonen and
Oort [MO13, Questions 6.2, 6.3, 6.6].

Let H be the complex upper half-plane and for p,q,r € Z>2 let A(p,q,r)
denote the triangle group with these parameters. (See Section below for
a precise definition.)

Theorem 1.2 (Proposition Theorem (4.15)).
i) Consider the family of hyperelliptic curves

27 567 4 189 189
Croiif =t (t—20) 20— 22000 2098 4 (a2 — 220 47
ey << 16)”” i’ T 1 )"

189
—189¢225 — 71%5 + 84321 + 108323 — 287:495) )

(1.1)
Then C7 4 is a Shimura family of Mumford type. The analytification
of the associated Shimura curve X7 is A(2,3,7)\H.
ii) Consider the canonically embedded genus 4 curves in IP)?;(,Y’Z’T given

by
Cos:0=XZ-Y?

0="T%+t({t—1) ((5)(2 Y 6XY +2Y Z 4 3tZ%)3T

1.2
4+ (=2t + 9) X3 + 22t X2Y 4+ 21t X2 Z + (141> + 18) XY Z (1-2)
F X Z2 + 612V 22 + (=385 + 6t2)Z3) .

Then Cq is a Shimura family of Mumford type. The analytification
of the associated Shimura curve Xy is A(2,3,9)\H.

We found these families while performing a large-scale computation of
CM abelian fourfolds contained in the Torelli locus (whose findings will be
published elsewhere). We noticed that, after excluding the fibers belonging
to the de Jong—Noot families |dJNO1], almost all of the remaining curves
appeared to fall into two families. In order to find the equations of these
families we first applied the method of [HPS24] for recovering the equation
of a genus 4 curve from a small period matrix. We then interpolated the
invariants [Bou24b] of these curves, and, using the reconstruction process
of [Bou24al, obtained explicit equations for the families. To prove that these
families are indeed parametrized by Shimura curves, we proceed as follows.
We first introduce the Deligne-Mumford stacks (Definition that serve
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as the putative moduli stacks of the families. We then extend a criterion
of Viehweg—Zuo [VZ04], Proposition 0.3] to the setting of stacky curves. We
verify that the families in Equations and satisfy the hypotheses
of this criterion by computing their semistable reduction (Proposition .
Finally, relying on Moonen’s classification of Shimura curves in A, [Moo024],
we show that our Shimura families are of Mumford type (Theorem .

1.2. Organization of the article. We begin Section [2] by recalling the
definitions of Mumford-type abelian varieties and arithmetic triangle groups.
In Section (3| we explain how we found Equations (1.1)) and (1.2 using a
combination of our work [Bou24bl [Bou24a, [HPS24]. In Sectio we then
prove the main result showing that the two explicit families indeed give
fourfolds of Mumford type. We conclude in Section [p] with directions for
further research, including connections with K3 surfaces and conjectures
relating these families to hypergeometric motives.

1.3. Code. Some calculations in this paper were verified using the Magma
computer algebra system [BCP97]. We have additionally written code that
gives direct access to the two explicit families. Our code depends on the
genus 4 invariants package by Bouchet [Bou23]. All of the code used in this
article can be found in the GitHub repository [BHPS25].

Any step performed using Magma will be clearly indicated as such, and
the corresponding scripts in the repository will be referenced. We used
Magma v2.28-7 for our computations.

1.4. Acknowledgments. The authors would like to thank Shiva Chidambaram,
Edgar Costa, Bjorn Poonen, Jeroen Sijsling, and Andrew Sutherland for
helpful conversations during the writing of this article.

The second named author is supported by MaRDI, funded by the Deutsche
Forschungsgemeinschaft (DFG), project number 460135501, NFDI 29/1.
The last named author was supported by the Simons Collaboration in Arith-
metic Geometry, Number Theory, and Computation via Simons Foundation
grant 550033.

2. BACKGROUND

2.1. Abelian varieties of Mumford type. Let A = C9 /A be a complex
abelian variety of dimension g. Letting Vg := A ®R, the isomorphism C9 —
Vr endows Vg with a complex structure, i.e., a matrix J € GLg(2g, Vi) such
that J2 = —I. The eigenvalues of the matrix J in turn induce a decomposi-
tion of Vg = Hy(A,Z) ®z C into two eigenspaces H 10 @ H%~!, equipping
V with a Z-Hodge structure of type {(—1,0), (0,—1)}. A Hodge structure of
type {(—1,0),(0,—1)} on such a Z-module A can equivalently be described
by a choice of a map

h:C* = GLr(A®R), h(a+bi)rs al +bJ.
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By tensoring H;(A,Z) with Q we switch to considering isogeny classes
of abelian varieties instead of isomorphism classes of abelian varieties. We
can define a Q-Hodge structure on a real vector space Vg := Vg ®g R for
a Q-module Vg using the map h. One can interpret Hermitian symmetric
domains as moduli varieties for polarized Hodge structures. In [Mum69],
Mumford used this to define Shimura curves classifying polarized abelian
varieties with a certain Hodge structure; he referred to these families as
being of Hodge type. The most commonly known Shimura curves are of
PEL type, i.e., they classify abelian varieties equipped with polarization,
endomorphism ring, and level structure. But in the same paper Mumford
gave a construction of a Shimura curve parametrizing a family of abelian
varieties that is of Hodge type, but not of PEL type. These abelian varieties
were characterized by a different property, namely that their Mumford—Tate
groups are “small” in a certain sense.

Definition 2.1. Let A be a complex abelian variety and let h : C* —
GL(VRr) be the homomorphism associated to the Q-Hodge structure on
Vo = Hi1(A,Q). The Mumford-Tate group MT(A) of A is defined to be
the smallest algebraic group G defined over Q such that Gr contains the
image of h in GL(Vg).

Having a “small” Mumford—Tate group has some interesting consequences.
Suppose A is defined over a number field F'. Let py be the Galois represen-
tation given by letting Gal(F/F) act on the f-adic Tate-module T;. The
Mumford-Tate group in some sense “controls” what the image py(Gal(F'/F))
looks like: more precisely, the Mumford—Tate conjecture predicts that

o1 (Gal(F/F)) & MT(A) xg Q,

although the Mumford-Tate conjecture is not known in the case of gen-
eral Mumford-type abelian fourfolds; see [Mool7, Section 2.4.7]. What is
interesting about Mumford’s family of abelian varieties is that they gener-
ically have endomorphism ring isomorphic to Z despite having a “small”
Mumford-Tate group. This contrasts with Serre’s open image theorem
[Ser13] which states that, for every abelian variety A with End(A4) = Z
and whose dimension is either 2, 6 or odd, py is surjective for all sufficiently
large £.

We now recall Mumford’s construction. Let K be a totally real cubic field
with archimedean places vy, vo,v3, and let B be a K-quaternion algebra.
Write 0; : K — Qi = 1,2,3 for the embeddings of K into Q and let
B; = B ®k 4, Q. The Galois group Gal(Q/ Q) naturally permutes the B;.
This induces a natural semilinear action on D = B; Qg By ®g Bs. The

corestriction Corg /q(B) is defined to be the algebra DGal@/ Q) consisting of
all elements fixed by this Galois action.
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For Mumford’s construction, we further assume that

(1) B splits at v1 and is non-split at the other two archimedean places;
and
(2) Corg/g(B) = Matgs(Q).
Consider the algebraic group G’ over Q

G'(Q)={x e B*|zz* =1}
and its central extension G with G, q:
G(Q)=Q* -{z € B |za* =1} C B*.

Define the norm map N : G(Q) — Corg g(B) by v+ 01(7) ®2(7) @a3(7).
Since Corg q(B) = Matg g(Q), this gives us a representation

p:G— GL&Q

defined on a vector space V = Q®. Note that G is a Q-form of the R-algebraic
group
(Gm,r x SL(2,R) x SU(2) x SU(2))/(-1,—1,—1,—1I).

One can show that this induces a unique alternating form preserved up to
scaling by the image of p on V; i.e., the image of p lands inside GSp(8, Q).
Let A be any lattice in V. Using p and the alternating pairing we can define
a polarized Hodge structure of weight 1 on A by taking C* — GL(AR) to be
the composition pg o h where h is defined to be

h:C* — (R* x SL(2,R) x SU(2) x SU(2))/(=1, I, —I, —I) = G(R)

given by e[, CO'S(Q) sin(6) 7).
( ) (’(—sm(@) 008(0)>’ ’ )

Now (G, [h]) is a Shimura datum [Del71, Section 6]. This has the following
consequence: letting H be the connected component of the centralizer of h
in G(R) we get G(R)/H, a disjoint union of bounded symmetric domains
(in our case upper halfplanes) whose points parametrize polarized Hodge
structures. Every arithmetic subgroup I' C G’ such that T'(A) = A gives us
a family of polarized abelian varieties over Y = I'\G(R)/H. By construc-
tion, members of these families will generically have Mumford-Tate group
isomorphic to G.

Note that Y could be disconnected. We will call both Y and the connected
components of Y Shimura curves.

2.2. CM abelian fourfolds of Mumford type. We now recall some re-
sults about the CM points of Shimura curves of Mumford type and the
corresponding CM abelian fourfolds.

Let K be a totally real cubic number field and B be a quaternion algebra
over K satisfying the assumptions of Section Following [NooO1l, §3.4],
let L be a maximal subfield of B, and assume that L is a totally imaginary
extension of K, and also that there does not exist an imaginary quadratic
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field F such that L = FK. Let I~(~and L be the Galois closures of K and
L, respectively, and let H := Gal(K/Q) and G := Gal(L/ Q).

Since L is a quadratic extension of a cubic field, there is an injective
homomorphism ¢ : G — Z /21 S3. Note that Z /2 Ss is isomorphic to
Z ]2 x Sy, which is the automorphism group of a cube. The assumption
that L does not contain an imaginary quadratic field implies that ¢ is an
isomorphism if K/Q is not Galois; see [Dod84, 5.1.2]. Otherwise, K/Q is
a Galois Z /3 extension and the image of ¢ is Z /217 /3 2 Z /2 x A4. This
occurs in our examples, as K = Q(¢7)™ (resp., Q(¢o)™).

In both the Galois and non-Galois case there is a transitive action of G on
the vertices of a cube. We get a subfield £ C L such that the embeddings
E — C are in bijection with the vertices of the cube. Noot [NooOll §3.6]
shows that taking the four embedding corresponding to a face of the cube
defines a CM type ® of E. Furthermore, he proves that there is a CM
abelian variety A of type (F,®) corresponding to a point of the Mumford
type Shimura curve associated to B. Conversely, every simple Mumford type
CM abelian variety arises in this way. (Non-simple CM abelian varieties are
the result of allowing L to contain an imaginary quadratic field F', in which
case End’(A) = L@ F.)

2.3. Triangle groups. The Shimura curves A7 and Xy that parametrize
the families given in Theorem happen to arise as quotients of the upper
half-plane by the action of triangle groups. Let p,q,r € Z>9U{oco} with
p < q <r. The triple (p, q,r) is spherical, Euclidean, or hyperbolic according
to whether the value

p q T

is respectively negative, zero, or positive. These cases correspond to the
triangle T' = T'(p, ¢, ) with angles 7/p, 7/q, and 7 /r naturally living on the
sphere, the Euclidean plane, or two-dimensional hyperbolic space, respec-
tively. Denote by H this natural ambient space of the triangle T

We consider the group of orientation-preserving isometries of H generated
by rotations about the vertices of T'. Let P, (), and R be the vertices of T’
with angles w/p, m/q, and 7 /r, respectively, and let d,,d,, and 0, be the
rotations about P, @), and R by 27/p, 27 /q, and 27 /r. Letting A = A(p, q,r)
be the group generated by the rotations dy, d4, d,, one can show that A has
the presentation

A = (6, 84,0, | 8 = 61 = 67 = 5,846, = 1).

Tesselating H by the translates of the triangle T, one can view A as the
group of orientation-preserving isometries of H that preserve the tesselation.
For more details on triangle groups, see [Mag74, Chapter II].

Remark 2.2. Triangle groups arise as the monodromy groups of the oF}
hypergeometric differential equation. In [DMS86], Deligne and Mostow gen-
eralized these groups to higher dimensions, studying discrete subgroups of
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FIGURE 1. Tesselations with (p,q,7) = (2,3,7), (2,3,9)

the group of isometries of the complex hyperbolic ball and their connection
to the monodromy of higher dimensional hypergeometric functions. Inter-
estingly, several of these ball quotients give rise to special subvarieties of the
Torelli locus. For example, all the special families arising from cyclic covers
of P! have this property [Mool0].

We hope to explore the connection between the families of curves given in
Theorem and hypergeometric functions in future work. For some initial
steps in this direction, see Section

A special feature of the triangle groups A(2,3,7) and A(2,3,9) is the fact
that they are arithmetic. Let B be a quaternion algebra over a totally real
number field K that is split at exactly one real place. Then

B < B®k R = My(R) x H* !

where H denotes the Hamilton quaternions. Let (s denote the projection
onto the first factor. Given an order O C B, let O! be the group of units
of O of reduced norm 1. Then to(O') C SLy(R). Let I'(B,0) be the
projectivization of 15,(O'), i.e., its image under the quotient map SLz(R) —
PSLy(R). A triangle group is arithmetic if it is commensurable to T'(B, O)
for some quaternion algebra B and some order O C B as above.

Takeuchi proved that there are exactly 85 triples (p,q,r) with p < ¢ <
r such that A(p,q,r) is arithmetic [Tak77al, and further organized them
into commensurability classes [Tak77b]. In the case of A(2,3,7) (resp.,
A(2,3,9)), we have K = Q(¢7)* (resp., K = Q(¢o)™).

By global class field theory, given a subset of places of K with even
cardinality there is a unique quaternion algebra over K ramified at exactly
those places. Denoting the infinite (real) places of K by vi,v9,vs, let B
be the quaternion algebra ramified at exactly vy and vs. Note that such a
quaternion algebra satisfies the conditions in Mumford’s construction, as its
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corestriction has trivial Brauer class [Rie70, Theorem 11]. One can show
that the class set of B is trivial, so B has a unique maximal order O up to
conjugation. As shown in [Tak77b, Table (3)], then I'(B, O) is isomorphic
to A(2,3,7) (resp., A(2,3,9)).

To see this explicitly, consider K = Q((,)", n € {7,9} with generator
v = (p + ¢, ' Define the quaternion algebra B, by i = —1, 5% = v2 — 3.
Then the elements

) 1 v, 1. e
Op i= 1, Oq RIS 0= 6,0,

generate a subgroup isomorphic to A(2,3,7) (resp., A(2,3,9)).

Remark 2.3. Note that one can also set n = 11 in these formulas, showing
that the A(2,3,11) triangle group is arithmetic (see also [Tak77al). The
center of B is the field K = Q(¢11)" which has degree 5. Nevertheless,
there is an analogue of Mumford’s construction (see [Moo024, §5]) giving rise
to a Shimura curve X711 in Ajg. Investigating whether X7; is contained in
the Torelli locus would be an interesting test case for the Coleman—Oort
conjecture. Moreover, the families A7, Xy, and Xj; are all related to K3
surfaces (see Section , and thus it would also be worthwhile to study
X171 in that context.

3. DISCOVERY OF THE SPECIAL FAMILIES C7 4, Co

We discovered the families given in Equations and while look-
ing for Jacobians among the principally polarized fourfolds with CM by the
fields in the L-functions and modular forms database (LMFDB) [LME25].
This computation (whose details and results will be published in future
work) unexpectedly produced a large number of hyperelliptic examples. Al-
most all the examples arose from CM fields with Galois closure containing
Q(¢7)T, suggesting that they belonged to a single family parametrized by a
Shimura curve. A similar phenomenon appeared in some non-hyperelliptic
examples, for which the Galois closure of the CM fields contained Q({o)™.
In both situations, the CM fields had Galois group Z /2 x Ay, evoking the
results of Noot [Noo0O1] on CM abelian varieties of Mumford type recalled in
Section [2.2] Taken together, these observations led us to further conjecture
that the Shimura curves in question were of Mumford type.

With a sufficient number of curves from these two hypothesized families
in hand, we attempted to recover equations for each family by interpolating
their invariants [Bou24b]. A rough outline of our strategy is as follows.

(1) Compute many approximate equations of CM curves that are ex-
pected to lie in one of the families, following [HPS24].

(2) For each of these curves, determine their complex invariants us-
ing [Bou24b|. Next, identify algebraic relations between the invari-
ants that heuristically hold for all of the curves, with the ultimate
goal of expressing each invariant as a rational function in terms of
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the minimal number of invariants—in our case, a single invariant.
These expressions have coefficients in Q.

(3) Apply the reconstruction formulas from [Bou24al to derive an exact
expression of the family, consistent with the computed invariants.

More precisely, for certain degree 8 CM fields (listed in Appendix |Al]) with
Galois group Z /2 x A4 and Galois closure containing Q(¢7)* or Q(¢o)™, we
applied the method of [DIS23, IKLL™ 18|, implemented in Magma [DIS22],
working with a precision of 10,000 decimal digits. This produced the small
period matrices of some principally polarized abelian varieties with CM by
the maximal order of one of these fields. Observe that all the discriminants
of these CM fields are fourth powers. This is not true for all degree 8 CM
fields with Galois group Z /2 x A4 and Galois closure containing Q(¢7)™ or
Q(¢o)T; the pattern seems to be a consequence of the maximality of the
order.

Using an implementation of [EK25] in FLINT [Tea25|, we evaluated their
theta constants to the same precision, and the vanishing behavior of the
Schottky—Igusa modular form [Igu81] indicated that all these principally
polarized abelian varieties were Jacobians. We were then able to reconstruct
approximate equations of the corresponding curves, as described in [HPS24,
Theorem 3.11].

A classical strategy for computing examples of curves with CM is as fol-
lows. Starting from an approximate equation of a CM curve with suffi-
ciently high precision, one can heuristically recover an exact equation by
using invariants that classify the curve up to geometric isomorphism [vW99,
KLL™18]. Once properly normalized, these invariants lie in the field of mod-
uli of the curve; by Shimura’s reciprocity law [Del71], this field is a number
field, so the invariants are algebraic numbers. Identifying them then reduces
to applying the LLL algorithm, provided the initial precision is sufficiently
high.

Once the exact invariants are determined, the next step is reconstruc-
tion: given a set of invariants, find a curve realizing them. This problem
was solved by Mestre [Mes91] for generic hyperelliptic curves and, more
recently, for generic hypersurfaces by the first author [Bou24a]. Our aim
was slightly different: rather than reconstructing individual CM curves, we
sought to determine equations for the entire families to which we believed
these curves belong. Assuming that such families can be described by a
small set of parameters, these parameters must appear in the invariants,
thereby increasing the number of relations they satisfy. By studying these
relations, one can hope to retrieve such parameters.

In both cases, we chose a distinguished invariant, which we denote by
t (different for each family), in terms of which every other invariant can
be expressed rationally (and, in the case of the C7; family, even polyno-
mially), suggesting that the CM curves belong to families parametrized
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by the projective line P'. These expressions can be found in the file
Shimura/Shimura models.m in [BHPS24].

All that remained was the reconstruction of the equations. After a pre-
computation step where we expressed the coeflicients of the polynomials ap-
pearing in the reconstruction formulas [Bou24al, Cor. 6.1.7 and Prop. 6.3.1],
in terms of the invariant ¢, we were able to derive expressions of C7; and
Cy, of high degrees in t. After several minimizing steps, following [ES24],
we obtained Equations and . The process of constructing these
equations is described in the file Shimura/construction.m in [BHPS24].

4. PROOFS OF THE MAIN THEOREMS

In this section we prove that the curves given by Equations and
are Shimura families of Mumford type. We do so by first defining Deligne—
Mumford stacks that encapsulate the three elliptic points of A(2,3,7) (resp.,
A(2,3,9)). Then we descend the Jacobian of the families to these stacks and
apply a criterion for universal families over Shimura curves due to Viehweg—
Zuo [VZ04, Proposition 0.3]. To show that the Shimura families are of
Mumford type, we compute the fundamental group of the stack and use the
classification of Shimura curves in A, due to Moonen [Moo24].

4.1. Construction of X; and Xy as DM-stacks. We begin by introduc-
ing the Deligne-Mumford stacks. Since it does not create additional com-
plications, we will treat the general case of triangle groups A(p,q,r). We
are thus looking for a smooth DM-stack X' (p, ¢, r) over Q with the following
properties:

e the coarse space is ]P’(b;

e the generic inertia group is Z/2;

e it has exactly three elliptic points; and

e at the elliptic point of order p, (resp., g, r) the inertia group jumps

to Z/2p (resp., Z/2q, Z./2r).
We now give our definition of X (p,q,r).

Definition 4.1. Let p,q,r be positive integers such that r is odd and
ged(p,q) = 1. We define X(p,q,r) as the 7" root stack of the weighted
projective space P(2¢q,2p) at the point 1.

By construction X (p, ¢, 7) is a proper smooth DM-stack with coarse space
P!, We will denote by t : X(p,q,7) — P! the map to the coarse space
obtained from P(2¢,2p) — P!, (z:y) Z%) The map ¢ is analogous to the
map j: Mg — P! which sends a moduli point to its j-invariant.

Consider the open subset U := P!\ {0,1,00} and & := ¢t~1(U).

Lemma 4.2. One has U = U x BZ/2, where BG denotes the classifying
stack.

Proof. Since we have X (p,q,7) \ {t 1(1)} = P(2q,2p) \ {1}, it suffices to
show that P(2q,2p) \ {0,1,00} = P!\ {0,1,00} x BZ/2. Indeed, consider
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the map G,, — P(2¢,2p) given by s + (5@ : s?) where a,b € Z are chosen
to satisfy ap — bg = 1.

We want to compute the fiber product Gy, Xp(2¢,2p) Gim; note that weighted
projective space is a quotient by G,,. Thus the fiber product is a closed
subscheme of G3,. Choosing coordinates s, s, A on G3, the equations are
given by

_ ay2q _ .a by2p __ b

Gm XP(2q,2p) Gy = {sTA™ = 55, sIAP = 53}
= {s1 =59, A ==£1} (4.1)
= Gy X Z)2.

This gives an explicit isomorphism G,,, x BZ/2 = P(2q,2p) \ {0, cc}. O

4.2. Viehweg—Zuo criterion. In this section we will prove the main result
of the paper, namely Theorem [I.2 The main tool is a criterion of Viehweg—
Zuo [VZ04, Proposition 0.3], slightly generalized to treat the case of DM-
stacks.

Theorem 4.3. Let X/C be a proper smooth Deligne—Mumford curve and
f:+A— X be a non-isotrivial family of g-dimensional principally polarized
semi-abelian varieties. Denote by S C X the subset of bad places for f, i.e.,
U := X\ S is the largest open subset where the fibers are abelian. Assume
that S is finite. The following are equivalent.

i) The Arakelov inequality
2 deg(e*wa,x) < g deg(Q (log S)) (4.2)

holds with equality. Here e : X — A denotes the zero section.

ii) The induced map U — Ay is unramified and its image is a Shimura
curve. We further require that A does not have an isotrivial isogeny
factor.

Proof. Let ¢ : X’ — X be a finite map of smooth Deligne-Mumford curves
étale outside S. Let d € Q be the degree of ¢ as defined in [Vis89, Definition
1.15]. We claim that

deg(e™waryxr) = d - deg(fawa,x)

) , ) (4.3)
deg (2 (log 57)) = d - deg(Q2x (log 5))

where f’ : A’ — X' is the base-change of f, the map ¢ : X’ — A’ is the
zero-section of f/, and S’ = ¢~1(S). In fact, the first equation in is
even true without assumptions on the ramification behavior of ¢ and follows
from the isomorphism e™*w 4, x: = ¢*e*wy, x. The second equation in
is well known for schemes (Riemann—Hurwitz). We are going to provide an
argument that works for all proper smooth DM-curves. Indeed, we have the
short exact sequence

0= ¢*" Uy — Ay = Qxrx — 0.
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Because the ground field is algebraically closed of characteristic 0, we know
that locally around a ramification point € X the map ¢ is of the form

[A'/G'] — [AY/G], t > t©
where e = e, is the ramification index at . Therefore, the stalk Qx//x , is

teﬂt]}c[t]. To see that

deg (¢* (U (log S))) = deg (- (log "))
one can now argue similarly to the case of schemes: on the lefthand side,

the point z contributes ﬁ On the righthand side x contributes (6‘7012#,

isomorphic to

where the (e — 1) comes from comparing Q% with ¢*Q%, and the 1 comes
from log S’. As a consequence we obtain

deg(Q/(log §')) = deg (¢" (2 (log 9))) = d deg(2 (log 5)),

which proves the claim.

Next, we claim that there exists a finite map ¢ : X’ — X, étale outside
S such that X’ is a smooth scheme. First, we observe that U = X \ S is
hyperbolic, that is, the universal cover of U*" is the upper half-plane (one
can argue as in [Bea81l Proposition 1]). (For more discussion on hyperbolic
DM-stacks, see [BNO6].) In particular, [BNOG, Corollary 7.7] implies that
there is a smooth irreducible C-scheme U’ and a finite étale map U’ — U.
Let X' be the smooth projective irreducible curve over C having U’ as an
open dense subset. Now the map U’ — U does not always extend to a map
X' — X. However, because of the properness of X [LMB99, Théoréme 7.3],
the composition X” — X’ --+ X will extend to a regular map provided that
X" — X' is a map sufficiently ramified at the points S’ = X'\ U’. (This
argument is analogous to [Har77, Lemma V.5.1].) Now the hyperbolicity of
U’ implies the existence of a finite Galois map X” — X' étale outside S’
such that the ramification indices are sufficiently divisible to ensure that the
composition X” — X’ --s X is a regular map. Then the map ¢ : X" — X
is étale outside S and X" is a scheme. This proves the claim.

Using Equations and the map ¢ constructed above we can now reduce
to the case where X is a scheme. In this case the theorem is known and the
references to the proofs are as follows. The inequalityis proven in [Del87,
Lemme 3.2]. The implication “i) = ii)” is shown in [VZ04, Proposition 0.3],
applying the case where, in their notation, gy = g. Finally, the implication
“li) = 1)” is shown in [M&l11l Theorem 1.2]. O

Remark 4.4. As pointed out in [Moo24, Remark 5.9] there is a mistake
in Viehweg-Zuo [VZ04, Proposition 0.8]. They incorrectly claim that all
Shimura curves in 4, are obtained from the corestriction in a similar way
as in Mumford’s construction. Moonen provides an explicit counterexample
to this claim.

The proof of [VZ04, Proposition 0.3], which is the only result of Viehweg—
Zuo used in the present paper, is correct as written.
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Our next goal is to construct families of principally polarized abelian
varieties over X'(2,3,7) (resp., X(2,3,9)) that are (up to descent and twist)
the relative Jacobians of the families (resp., |1.2). For this purpose we
have the following lemma.

Lemma 4.5. Let p,q,r be as before. Assume in addition that p is even. Let
A — U be a family of abelian varieties. Assume that:

i) A has potentially good reduction at 0 and good reduction after a
totally ramified extension of degree 2p, say Q[t'/?P]/ Q[t]. Moreover,
we ask that the inertia group of the subextension Q[t'/?P]/ Q[t'/]
acts by [—1];

ii) A has potentially good reduction at 1 and good reduction after a
totally ramified extension of degree r; and

ii1) A has potentially good reduction at co and good reduction after a
totally ramified extension of degree q.

Then there is a family of abelian varieties A — X (p,q,r) extending A.

Proof. By Lemma we have 4l = U x BZ/2. Since every abelian variety
has the automorphism [—1], the family A descends to .

Next, we want to understand when the family can be extended from the
open substack & C X(p,q,r) to the three points t71(0,1,00). Let us first
look at 0. Indeed, the question is local at 0 and therefore we can work with
the stack P(2q,2p). Consider the following commutative diagram, where
a,b € Z are chosen to satisfy ap—bg = 1. For reasons that will become clear
later, we will choose a to be even. (This is possible because ¢ is odd and
a,b can be replaced by a + q,b+ p.)

Gm —22 Gy,
s? | lsﬁ(sa;sb) (4.4)

1
A =@ P(2q, 2p)
Notice that the right vertical map is the same as the map in the proof of
Lemma We claim that diagram (4.4) is cartesian. Indeed, the fiber
product A* Xp(34.25) G 1s a closed subscheme of Al x G,, x G,, with coor-
dinates z, s, A:

AU X Gy X Gy = {xw — 0 A = sb} .

Here the projection maps are (x,s,A) — = and (x,s,\) — s, respectively.
Now, since p is even, the equation ap — bg = 1 implies that b and 2p are
coprime. Consequently, the fiber product A! X p(2¢,2p) Gm 1dentifies with Gy,
and the maps onto the two factors are the ones in diagram [£.4]

Next, we point out that the map A! — P(2¢q,2p) is étale. Thus, to check
whether the family A extends to 0, it suffices to check on A!. For this
purpose, we compute the descent datum along the left vertical map in the
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diagram (4.4). Indeed, G, Xp1 6452 G = Gy, X Z/2 and the natural map
Gm X a1, 5552 Gm = Gm Xp(2g,2p) G = Gy X Z/2

identifies with the map (s — s2P) x idy, /2- Therefore, since descent data are
compatible under pull-backs, we see that the descent datum for the family
A along G, — A', s — s? is a quadratic twist. This shows i).

To show ii) we need to understand when the family A extends to the point
t=1(1). Now, Zariski locally around ¢~!(1) the map X (p,q,7) — P(2q, 2p)
can be identified with

[AY/ (e x Z/2)] — [AY/(Z/2)], @ = 2"
where p, acts on A by multiplication and Z/2 acts trivially. This shows
that A extends to the point ¢t~!(1) provided that A has potentially good
reduction after a totally ramified extension of degree r.
The proof of iii) is similar to i). This time we look at the cartesian diagram

Gm s—s4 Gm
SHSJ’ ly—)(s“:sb) (45)
1
Here we used that a is even. Now it follows that A extends to the point

t~1(c0) on X(p,q,r) if and only if A has potentially good reduction at oo
after a totally ramified extension of degree q. O

We now prove that the families satisfy Lemma and are
Shimura families. In order to do so, we compute the semistable reduction at
the three singular fibers {0, 1, 00} for each family. We chose to include these
calculations, as these semistable fibers are interesting in their own right.
For example, after Theorem is shown, one knows that all these curves
have complex multiplication: Indeed, since they have extra automorphisms
but the generic endomorphism algebra of a Mumford type Shimura curve
is Z, their moduli points must lie in a zero dimensional Shimura subvari-
ety; hence they have CM. More precisely, we have the following corollary to
Proposition and Theorem which are proved later.

Corollary 4.6. The geometric endomorphism algebras End% of the semistable
fibers of Crp, n="T7,9 at tg = 0,1, 00 are given by the following table:

to ‘ n="17 ‘ n=29

0 [ Q()@Q(¢)"(@) | Q) ®Q¢o)™(7)
1 QvV=-1)®Q(¢) | Q)@ Q(C)
% | Q(G3) @ Q(¢7) " (C3) | Q(Cs) © Q(Go)

Proof. Let Ag be the principally polarized abelian variety corresponding to
the point 0 € X'(2,3,7), i.e., the Jacobian of the semistable fiber of C7; at
to = 0. Denote by h : C* — G(R) the group homomorphism corresponding
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to Ap as in section Notice that h is not unique because of the action
of the arithmetic group I'. However, since 0 € X'(2,3,7) is the elliptic point
with an inertia jump of order 2, we can choose h so that it is centralized by
the element §, = i € By (where By is as in Section . Denoting by L the
subfield of B7 generated by ¢, this implies that the image of h is contained
in the torus Ty, := Resy ;g Gm N G. Therefore, Ty, equals the Mumford-
Tate group of Ay. Since X(2,3,7) is a Shimura curve of Mumford type, we
may use the results of Noot [Noo0Oll Section 3.2] (see also Section [2.2)) to
determine the endomorphism algebra of Ag. The other cases are analogous.

O

Remark 4.7. The corollary implies that all these abelian varieties are isoge-
nous to a product of an elliptic curve and a threefold. As we will see below,
for the fibers at 1 this is even a decomposition as a product of principally
polarized abelian varieties because the semistable fiber is reducible.

The two entries in the table for n = 9 and tg = 1, oo are the same because
Q(¢) = Q(¢9)™(¢3). However, the endomorphism algebras are different
orders in End".

Let us now compute the semistable reduction of the fibers at 0, 1, co of the
family C7;. For completeness we present the changes of variables leading
to the semistable reduction, but they are also available in the Magma files
237.m and 239.m, in the GitHub repository [BHPS24].

Recall that the family C7; is given by Equation :

2 1 1
Cry: y2 =t <<t — 12) 210 — %mg — %tmg + <—84t2 - i9t> z’

189
—189t%25 — 71&%5 + 843 2% + 108322 — 28t4a:> .

(4.6)
We will now compute the semistable reduction [Liu02}, [Kun20] of the family
at the three singular fibers {0, 1, co}.
At the same time, we also want to keep track of the contributions to the
lefthand side of the Arakelov inequality. For the latter purpose, we consider
the rational section of e*wc, , /p1

and note that for any integers ¢ and 7, the transformation (x,y) = (t'2’, t/y/)
T g+, o5 . . . .
acts on wo by multiplication by ™2 1=97 With that in mind, we will later

be able to compute the degree of €*w4,x(2,3,7) from the order of zeros and

poles of the rational section wy after showing that the family Jac(C7 ) — P
descends to a family A — X(2,3,7).
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Lemma 4.8. The semistable reduction of C7; at 0, obtained after a totally
ramified extension of degree 4, is

y? = x(2® +16/32° + 32/32% — 256/212% + 256/81).

It can also be realized as the reduction of a quadratic twist of the family
obtained after a totally ramified extension of degree 2.

Moreover, the local contribution to the lefthand side of the Arakelov in-
equality is —6.

Proof. To compute the reduction at 0 we perform the substitution ¢t =

s?, x = sz’, y = s°y’. This transforms the equation into

27 567 189 189

2 3 /10 19 18 2 17
— N, - - _ 4 -

Yy s((s s>;13 641‘ 45:U +(83 4)w

150 (4.7)
— 18952/ — Tx’f’ + 8452’ + 108z — 28x’> ,

which has good reduction after a quadratic twist verifying condition i) of
Lemma[.5] The contribution to the lefthand side of the Arakelov inequality
for that fiber is thus 102411 = 6.

O

Lemma 4.9. The semistable reduction of C7; at 1, obtained after a totally
ramified extension of degree 7, is the union of

(1) the elliptic curve

45 27
2 _ .3 e
Yy ==z 281:+ 58’ and
(2) the genus 3 hyperelliptic curve
y? =27 - 3.

Moreover, the local contribution to the lefthand side of the Arakelov inequal-
a9
iy 15 —x%.
Proof. By setting t = 1, we see that the elliptic curve y? = 23— %l‘—l- % with
j-invariant —3375 is a component of the semistable reduction. To find the
missing component, we first substitute ¢ = ¢’ +1 to reduce to the case where

t' = 0. After the transformation (z,y) = (%,ﬁ), we substitute

t' =57, 2’ = s%2”, and y = sy, and after specializing to s = 0, the genus

3 curve 32 = 27 — 3 appears as the other component. Thus, condition ii) of
Lemma [£.5] is satisfied.
This time, the contribution to the Arakelov inequality is

6-2-3-7 9

7 7
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Lemma 4.10. The semistable reduction of C'7; at oo, obtained after a totally
ramified extension of degree 3, is given by

y? = x(x” — 842° 4 842° — 28).
Moreover, the local contribution to the lefthand side of the Arakelov inequal-
1ty 1s %
Proof. For the fiber at oo, the substitution t = s, z = sz/, y = 5%/ yields
after specialization to s = co the smooth curve

y? = x(2” — 842° + 8423 — 28),

hence verifying condition iii) of Lemma The final contribution to the
Arakelov inequality is
10-1—-4-8 22

3 3
(]

We now consider the family Cg;. Recall that this family is given by the
system of equations [1.2

Cot:0=XZ-Y?
0="T%+1t(t—1) ((5X2 Y 6XY +24YZ + 3t2%)3T
4 (=2t + 9) X3 + 22t X2Y 4 21t X2 Z + (141> + 18) XY Z

(4.8)
F2XZ2 4627 22 + (<313 + 6t2)Z3> .

It suffices to restrict to the affine open given by Z = 1. This allows us to
set X = Y? so we can reduce to looking at a single equation in AZ:

Fy: =365 — 14t*Y3 + t*Y? + 6t*Y + 9t* — 263Y6 + 2263Y° + 214374
+ 326373 — 3V 2 4 66°Y T — 66°Y + 93T — 6t° + 11£°Y°
— 2262V $ 152V AT — 2142V + 1823 T — 1812Y3 — 642V T
— 92T — 9tYS — 15tVAT — 18tY3T + 373,
(4.9)
As with the previous family, we compute the semistable reduction [Liu02,
LLLGR21] of Cy; at the points {0,1, 0o}, while also calculating the contri-
butions to the lefthand side of the Arakelov inequality. This time, we choose
the rational section
dy ~TdY YdY Y?dY
= A A A .
dbyr dFyr dFyr dFyr

wo -

The transformation (Y,T) = (' Y',#/ T') acts on wp by multiplication by
t7+57 | Next, dividing Fy by t* replaces wg by t* wp.
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Lemma 4.11. The semistable reduction of Cg; at 0, obtained after a totally
ramified extension of degree 4, is the hyperelliptic curve

y? = x(x® — 428 + 621 — 44/272% + 1),

Moreover, after a totally ramified extension of degree 2 a quadratic twist
of the Jacobian of Cy; has good reduction. The local contribution to the
Arakelov inequality is —6.

Proof. Once we substitute
t=5Y =sY T =s*(~-T —1/3Y") — 5%
we can divide Fy(s,Y’,T") by s8. We find

1 12 1 1 1 1
Y -T)’ =5 (371/5 - gy“T - 8—151/3 + §Y2T + gYT2 +3Y + gT?’ + T>
+ 5%g(Y,T).

Specializing to s = 0 gives the equation (Y3 — T)? = 0, so this type of
equation can be seen as an analogue of [LLLGR2Il Section 2] in genus 4.
By setting s = s,z = Y,y = Y3STT, we resolve the singularities, and find

that the hyperelliptic curve of genus 4

y? = x(2® — 428 + 62t — 44/2722 + 1)

is the semistable reduction at 0. Thus condition i) of Lemma[4.5]is satisfied.
The contribution to the lefthand side of the Arakelov inequality is

(7-2+5-6—4-16) —4

= —6,
4

where the term —4 can be understood as follows. We have dx = dY, and

Yy = Y3S,_T, therefore comparing wg with df/\%/\ﬁ%/\ﬁ% then introduces

—1

an additional factor of s'~*, arising from the division by s'~! in y. O

Lemma 4.12. The semistable reduction of Cg; at 1, obtained after a totally
ramified extension of degree 7, is the union of an elliptic curve isomorphic
to y?> = 2% — 1 and the Picard curve y3 = x(z3 + 1).

Moreover, the local contribution to the lefthand side of the Arakelov in-
equality is —%9.
Proof. To compute the semistable reduction at 1 we first move 1 to 0 by
replacing Fy by the equation Fy; = Fy(t + 1). Considering the equation
= s3Fy1(s%, Y —1,sT") and reducing modulo s gives us the equation
Y. (Y?-20/7Y"+16/7)+T"3, which is an elliptic curve isomorphic to y? =
2?—1. Now looking at F§/; = v™'2F§ ; (v*,v3Y”, v*T") and reducing modulo
s, we obtain the equation 16Y"4 4 16Y" 437”3, showing that the Picard curve
given by y3 = x(23+1) is another component. This computation shows that
condition ii) of Lemma {4.5|is verified.
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The contribution to the lefthand side of the Arakelov inequality is

7-0+5-1—-4-3 . 3+4-12 . 34+2-4-12
3 + min O,# + min O,*

2- 4—12 . 4—12 2
+ min <0, 3+> + min <0, 33+> = _2

9 9 9
(]

Lemma 4.13. The semistable reduction of Cy; at oo, obtained after a totally
ramified extension of degree 3, is the genus 4 curve with plane model given
by

—2Y5 + 15Y4T — 14Y? + 6YT + 37° — 3 =0.

Moreover, the local contribution to the lefthand side of the Arakelov in-
28

equality is 5.

Proof. To compute the semistable reduction at infinity, we make the substi-
tution (t,Y,T) +— (s3,5Y’,s>T"), and after dividing by s'®, specializing s to
oo gives us the equation

—2YV" + 15V T — 14" + 6Y'T’ + 37" — 3.

Since this equation is the affine equation of a smooth genus 4 curve, we
have shown that Cg; has potentially good reduction after an extension of
ramification degree 3 verifying criterion iii) of Lemma The contribution
of this fiber to the Arakelov inequality is —% = 23—8. O

Having completed all computations we are now ready to show that our
families can be extended to families of abelian varieties over X(2,3,7) and
X(2,3,9) respectively, and that for the extended families the Arakelov in-

equality (4.2)) holds with equality.

Proposition 4.14. The Jacobians of the families C74,Cy (Equations
over P\ {0,1,00} satisfy the criterion of Lemma with (p,q,r) =
(2.3,7) (resp. (2,3,9)).

Furthermore, for the extended families over X (2,3,7) and X(2,3,9), we
have equality in the Arakelov inequality . In particular, the families are
Shimura families.

Proof. We proved that Lemma4.5|is verified for both our families (see Lem-

mata [4.8] [4.9 and [4.10] resp. [4.11] [1.12] and [4.13)).

Let us consider the family C7;. From the contributions of the different
fibers, we compute both sides of the inequality and find

9 22 2
2(—6—7+3>—21,

showing that we have equality in Arakelov’s inequality for X'(2,3,7), and
that Equation (1.1 is a Shimura family.
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Similarly, for the family Cy ¢, we find

29 28\ 2
222122 =2
<6 9+3> 9’

showing once again that equality holds in Arakelov’s inequality for X'(2,3,9),
and that Equation (1.2)) is a Shimura family. O

Henceforth we use the notation X7 := X'(2,3,7), Xy := X(2,3,9). This
agrees with the terminlogy in Theorem

4.3. The Shimura curves are of Mumford type. Now that we know
that X7 and Xy are Shimura curves, we want to show that they are of Mum-
ford type. The strategy will be to use the fundamental group to determine
the quaternion algebra defining the Shimura curve. The fundamental group
is determined by a result of Behrend-Noohi [BNOG, Proposition 5.6]. There
are two surjections.

71(Xr) = (09,03,07 | 05 =03 =0l =1) = A(2,3,7)
m1(Xo) > (09,03,09 | 05 = 03 = 09 = 1) = A(2,3,9).
with kernel Z /2. We are now ready to prove the main result, Theorem [1.2]

Theorem 4.15. The Shimura families constructed in Proposition [{.14) are
of Mumford type.

Proof. Let X,,, n € {7,9} be either X7 or Xy. Then, as was already noted in
the proof of Theorem the existence of a non-isotrivial family of princi-
pally polarized abelian varieties over X,, implies that it is hyperbolic. Fur-
thermore, by [BNOG, Proposition 7.5], X3" = [['\'H] where I" = 71 (&X},) acts
on H through a group homomorphism p : I' — PSLs(R) with kernel Z /2
and image A(2,3,n). The map p is unique up to conjugation. Since A, is a
Shimura curve, there exists a quaternion algebra B over a totally real field
K with the following properties:

e B splits at exactly one real place of K, say v; and
e for some (equivalently, any) maximal order O C B, p(T") is commen-
surable with I'(B, O) (see Section [2.3).

Furthermore, [Tak75l, Proposition 5] shows that B is uniquely determined
from p(I"). Therefore, the quaternion algebra B is the one described in
Section recall that its center K = Q(¢,)" has degree 3.

We now show that A, is of Mumford type using the classification of
Shimura curves in A, due to Moonen [Moo24]. Let Sh C A, be a Shimura
curve and (A, ) be the principally polarized abelian variety over C cor-
responding to a non-CM point of Sh. Assume first that A is simple (for
the general case, see [M0024, Section 6.1]). Then, Moonen describes a di-
chotomy between Shimura curves for which End’(A) = End(A4) ®z Q is of
Albert type IV (i.e., the center is a CM field), and those for which it is not.
The latter are non-PEL when g > 4 and, similar to Mumford’s construction,
are all obtained via the corestriction. Albert type IV Shimura curves can be
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PEL or non-PEL. Their construction is not based on the corestriction and
thus is not a generalization of Mumford’s construction.

Returning to the Shimura curve X, let (A4, \) be the principally polar-
ized abelian variety corresponding to a non-CM point of &),. Suppose, for
contradiction, that A has a simple non-CM factor Ag of Albert type IV. Let
F denote the center of End’(4g). By [Moo24l, Proposition 4.12] there is a
subfield k; # Q of the Galois closure of K such that k; embeds into F. In
our case K is cyclic of degree 3 over Q and thus k; = K. Since K is totally
real and F' is a CM-field, we have [F': Q] > 6. However, since Ay does not
have CM, this implies dim(Ap) > 6, contradicting the fact that dim(A) = 4.

Therefore, A must have at least one simple factor Ay not of Albert type I'V.
Then [Moo24, Proposition 4.8] applies and we are in case (I). Consequently
dim(Ap) = olK:Q-1 — 4 and therefore A ~ Ay. In particular, A is simple
and A&, is a Mumford-type Shimura curve because of the conclusion (2) of
loc. cit. This proves the theorem. ([

Remark 4.16. Theorem disproves the claim of [LTZ25, Theorem 1.2]
asserting the non-existence of Mumford type Shimura curves in the non-
hyperelliptic locus. The proof of [LTZ25, Theorem 1.2] relies on [LTZ25,
Theorem 3.1], which is incorrect. Equation (3.11) in that paper does not
hold, since the intersection number vanishes when the fiber is an irreducible
hyperelliptic curve. This phenomenon occurs in the family given by Equa-

tion (|1.2)).

Remark 4.17. In [MO13| Question 6.2], the authors ask if one can con-
struct a curve C of genus at least 4 such that Aut(C) = {id} and such that
Jac(C') is an abelian variety of CM type. Since Cy; is not hyperelliptic and
Mumford-type abelian varieties have endomorphism algebra Z, the generic
automorphism group of a curve in the family Cy; is trivial. As there are in-
finitely many CM points on the Shimura curve Xy, this gives an affirmative,
although non-explicit, answer to their question.

All the entries of Appendix [A]are heuristic examples of such curves. Since
the equations were found numerically, it is possible—although unlikely, given
the high precision of our computations—that the curves might in fact not
have CM. An invariant theoretic argument confirmed that all these curves
have trivial automorphism group.

5. FURTHER QUESTIONS

In this section we present some related questions and potential directions
for future research.

5.1. Cycles. As before, let A be an abelian fourfold of Mumford type. Let
K be the associated totally real cubic field and B be the K-quaternion alge-
bra. A special feature of abelian varieties of Mumford type is the existence of
exceptional Hodge classes not arising from endomorphisms of A. More pre-
cisely, there are two Hodge classes 1, 62 € H*(A2, Q) that cannot be written
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as linear combinations of products of divisor classes; see [Moo04, (5.9)]. Fur-
thermore, products of d1,d2, and divisor classes generate the Hodge classes
in H*(A?, Q).

As noted by Galluzzi [Gal00], while Kuga [Kug82] proved the Hodge con-
jecture for abelian varieties of Mumford-type, the Hodge conjecture for prod-
ucts of such varieties remains open. (See also [MZ99], where Moonen and
Zarhin prove the Hodge conjecture for abelian varieties of dimension at most
5.) Thus it is unknown whether the Hodge classes mentioned above are al-
gebraic. The explicit equations for the families of Mumford type given in
Theorem invite the possibility of verifying the Hodge conjecture for these
families by attempting to find explicit algebraic cycles realizing these Hodge
classes.

When A is the Jacobian of a curve C', then the exceptional Hodge classes
81, 02 can be realized in H*(C*, Q). Therefore, one possibility for proving the
algebraicity of 41, d9 for a fiber C' of one of the families from Equations
and ([1.2)) is finding explicit surfaces in C* realizing these classes. One might
also hope to find equations that work generically, realizing these classes for
the entire family.

5.2. K3 Surfaces. Another possible strategy to establish the algebraicity
of the Hodge classes 41, 02 uses K3 surfaces and the Kuga—Satake construc-
tion. Central to the connection between K3 surfaces and abelian fourfolds
of Mumford type are Hodge structures of K3 type. Recall that a Hodge
structure of K3 type is a polarized rational Hodge structure W of weight 2
such that dime V?? = 1. Naturally, the second cohomology group H?(S,7Z)
for any any K3 surface S satisfies this property.

Given a polarized Hodge structure of K3 type W, the Kuga—Satake con-
struction produces a polarized Hodge structure of weight 1, i.e., a polarized
abelian variety A with the property that there is an inclusion of polarized
Hodge structures

W — H'(A,Q) ®q HY(A,Q). (5.1)

We write KS(W) for this abelian variety A. The functor KS(-) is essentially
injective.
In [Gal00, Lemma 4.5], Galluzzi shows that with A := HY(A,Z) there is
a sub-Hodge structure W of S?A of K3 type with Hodge numbers (1,7,1).
The associated K3 surface of Picard rank 13 has RM as W has the following
properties:
(1) K C Endg-nus(Wg); [Gal00l, Proposition 4.7]; and
(2) there is a symmetric K-bilinear form b on Wy giving a polarization
on W. The pair (Wg,b) is isomorphic to the reduced trace pairing
of B,ie., ({x € B|trd(x) =0}, (x,y)— trd(z-y))
Galluzzi further shows that KS(W) is isogenous to X32. Applying this
construction to our families A7 and Xy would give us two families of K3
surfaces with RM. It would be interesting to describe these families explicitly.
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Suppose we knew the family of K3-surfaces and the algebraicity of the
Hodge classes giving rise to the RM and the Kuga—Satake construction,
i.e., the inclusion in Equation ; then this would give another way of
establishing the Hodge conjecture for Jac(C)?, where C denotes any fiber of
one of our families.

Examples of families of K3 surfaces with RM are described by van Geemen
and Schiitt in [vGS25]. The families in [vGS25, 5.3] (n =7) (resp. 5.5, n =
9) with RM by Q(¢7)™" (resp. Q(¢g)™) are particularly interesting candidates
for Galluzzi’s construction. The Picard ranks p of the van Geemen—Schiitt
families are p =4 for n = 7, and p = 10 for n = 9. One might hope to find
suitable subfamilies with Picard rank 13 that realize Galuzzi’s construction.
Also note that they describe a family in [vGS25, 5.7] with n = 11 that
might be related to the A1 family of abelian varieties corresponding to the
(2,3,11) triangle group mentioned in Remark

Another possible starting point for finding Galluzzi’s family of K3 surfaces
is a construction of Paranjape [Par88]. He studies K3 surfaces S which are
the desingularization of a double cover of the plane branched along six lines.
The Kuga—Satake variety associated to the second cohomology group of S is
shown to be isogenous to (Prym7)* where 7 : C' — E is a cyclic four-to-one
cover between a genus 5 curve C and an elliptic curve E. Paranjape gives
a recipe to write down the K3 surface when such a cover is given. We can
apply this construction to the fiber at 0 of our families which are
curves with automorphism group isomorphic to Z/4. This is the degenerate
case of Paranjape’s construction, where F degenerates to a rational curve.
It would be interesting to see if Paranjape’s K3 surface can be deformed
explicitly in order to realize Galluzzi’s family.

5.3. Hypergeometric functions. The connection between hypergeomet-
ric functions and triangle groups is classical. As the Shimura curves A7 and
Xy parametrizing the families and are defined using triangle groups,
we expect that the periods of the families can be related to hypergeometric
functions. We begin by recalling the definition of hypergeometric functions.

Let U be the unit ball {¢ € C : |[t| < 1}. The hypergeometric function
F(a,b;c;t) : U — C is given by the hypergeometric series

> (@) (b)), t™
Z()()

n!
~ (n nl

where (m), = [[;_,(m + ). In the case where b and ¢ — b are both non-
negative the hypergeometric function can also be given using the integral
representation

F(a,b;c;t) = F(b)i((cc)_ ) /100 2 — 1) e — 1) e

Assume a, b, and ¢ are rational and write

n n n
1 =c—a=— ugzzl—l—b—c:f, ugzza:—g

1
d 9
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as reduced fractions. Since
27— 1) N e — )T =M (= 1) TH2 (a — t) TS,
then the integral is a period integral of the superelliptic curve given by
yd = 2™ (x — 1)"2(z — ).

There is a classical result of Hermite, Pochhammer, Schléfli, and Schwarz
which has the following modern interpretation [DMS86]: for certain values
of a, b, c the cohomology of this family of supererelliptic curves has a piece
with monodromy A(p, q,r). The corresponding values of u1, pe, u3 can be
found in Deligne-Mostow [DMS86, 14.3.1]. For (p,q,r) = (2,3,7) we get

1 1 1 1 13
pm==|l-—-—=—-4+—-) ==
2 p q T

corresponding to the curve
y84 — xl?)(.r . 1)29(x o t)43 )

For this equation the elliptic points of order p, g, r are at 0, 1, oo, respectively.
However, for our families the elliptic points are ordered 0, 0o, 1, and
hence we consider the curve

Xrg:y® = 2B — 1)B — ).

)

instead. Similarly, setting (p,q,r) = (2,3,9) gives us
j=5/36, jz=13/36, s = 19/36

and the curve
Xoy:y® =22 - 1)¥ (-1

It is natural to expect a connection between the periods of X,,; and C,, ¢
for n = 7,9. Before we formulate such a conjectural relationship, we recall
an important idea of Shimura [Shi70] (see also [Del71l, §6]). Let K and B
be as in Section 2.1} and F' be a CM extension of K splitting B. Shimura
observed that two types of Shimura curves become isomorphic over C: the
Mumford-type Shimura curves associated to B and the PEL Shimura curves
parametrizing polarized 6-dimensional abelian varieties with a certain action
of F. In the language of Deligne [Del71] this is equivalent to saying that the
two Shimura data have the same adjoint Shimura datum.

In Shimura’s construction, there is no unique choice for F. However, in
our setting only one F' will provide the link to hypergeometric functions. We
explain how to find it for the (2,3,7) family; the (2,3,9) case is analogous.
Consider the family

X7y Bt = x13(x - 1)43(95 - t)29 .
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Define the Prym variety Prym(X7;) as the quotient of Jac(X7;) by the
Jacobians of the subcovers of the projection X7; — P, (2,y) — z. Then
Prym(X7;) is a 24-dimensional (non-principally) polarized abelian variety
with an action of Q({g4). Furthermore, Cohen and Wolfart [CW90, p. 100]
proved that Prym(X7;) is isogenous to A%t where A7, is a 6-dimensional
abelian variety having an action of a degree 6 CM-field F; C Q((g4). To find
F7 we inspect the action of Q((g4) on the differential forms of Prym(X7 ;).
The eigenspaces have dimensions where the first row describes a character

¢t 1|5 11131719 23|25|29|31 37|41
difl1(2(211|2|2|2|2|1|2|2]|1

v || 43|47 (1535558961 (65|67 |71|73|79]83
d|1jo0jo0j1,0010(0[1T]0]0]1

Xi : Csa — (i, and the second row gives d; := dim Ho(Prym(X7,), Q1)X:.
Note that the dimensions satisfy dg4—; = 2 — d; due to Hodge duality.

The numbers d; have the property d; = d41; = ds5;. This implies
that F7 is the fixed field of the field automorphisms 1,09 @ Q((g4) —
Q(Csa), 91(Ca) = Cga» 02(Coa) = ¢, and thus Fr = Q(¢r)*(V/—21). Mo-

tivated by the above observation of Shimura, we propose the following con-
jecture:

Conjecture 5.1. Let E; be an elliptic curve with CM by Q(v/—21). Then
for any fiber
X7,t . y84 — x13(x . 1)43(33 . t)29
of the hypergeometric family, the Hodge structure
(H' (X7, Q% @ H'(Er7, Q)**)(2)
has a summand isomorphic to HY(C7 4, Q).

Similar considerations for the (2,3,9) family yield Fy = Q(o)™ (i) and
lead us to the following conjecture.

Conjecture 5.2. Let Eg be an elliptic curve with CM by Q(z). Then for
any fiber
XQ,t . y36 — .CL'B(ZC _ 1)19(56 o t)13
of the hypergeometric family, the Hodge structure
(H'(Xo., Q)% ®g H'(Ey, Q)*?)(2)
has a summand isomorphic to HY(Cy 4, Q).

Assuming these conjectures hold, then there is a non-zero map
H'(Cpt, Q) @g H'(En, @)% = H'(Xp0, Q)%

for n = 7,9. The Hodge conjecture then predicts a correspondence between
Chit X E? and X%t; it would be interesting to find an explicit geometric

construction of this correspondence.
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Remark 5.3. We expect an analogue of Conjectures to hold for the
Shimura curve X7;. In this case the field Fi; turns out to be Q(¢11)™ (v/—33),
and therefore the analogous elliptic curve E1; should have CM by Q(+/—33).

Note that the universal family of polarized abelian varieties A; over X7y
might not be a (relative) Jacobian and consequently H!(Cy,+,Q) should be
replaced with H'(4;,Q).
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APPENDIX A. TABLES

TABLE 1. Putative CM points on X7

CM field K | disc(K) | Field of definition
18.0.7834003547041.1 71,2397 3.3.49.1
8.0.9529871528401.1 74 . 2514 3.3.49.1
8.0.49539201251281.1 74 . 3794 3.3.49.1
8.0.139546236594961.1 744914 3.3.49.1
8.0.214951987660081.3 74 5474 3.3.49.1
8.0.234444145241761.14 74.13%.43% |6.2.31213.1
8.0.1742605033519441.13 | 7*-13*-71* ]6.2.31213.1
8.0.2929564229451601.1 74.1051% 3.3.49.1
8.0.3254452511700481.17 74.13%.83% |6.2.31213.1
8.0.9197356446316801.6 74.13994 9.3.164590951.1
8.0.12515552243039041.2 | 7*-1511% 9.3.177767639.1
8.0.15077030712450721.1 74 . 15834 9.3.186238367.1
8.0.17839408610934001.14 | 7*-13%*.127*|6.2.31213.1
8.0.23195375592678961.2 74 41% - 43% | 6.2.98441.1
8.0.25599104327834401.1 74.13%.139% | 6.2.31213.1
8.0.33382684286885521.1 | 7*-1931* 9.3.227180219.1
8.0.37426880324598961.1 | 7+ - 19874 9.3.233768563.1
8.0.50638501350060001.1 | 74-2143% 9.3.252121807.1
8.0.73350432097456801.1 74 .23514 9.3.276592799.1
8.0.135923763363916801.1 | 74-13%- 2114 |12.2.205567038859.1
8.0.169584057270610801.1 | 7*-13%.223%|6.2.31213.1
8.0.172409416411292641.2 | 7*-41%.71* |12.2.688034764151.1
8.0.200514022193502241.1 | 7* - 3023* 15.3.2581408254768721.1
8.0.291354123972299521.1 | 7+ - 3319* 9.3.390477031.1
8.0.295590648845235121.1 | 7+ - 3331* 9.3.391888819.1
8.0.305655472188046561.1 | 7+ - 3359* 15.3.3187134619912369.1
8.0.321988200130081681.1 | 7*-41%-83* |6.2.98441.1
8.0.512872428109556641.1 | 7* - 38234 9.3.449772127.1
8.0.559455831332775601.1 | 74 - 39074 9.3.459654643.1
8.0.609142738186488961.1 | 7*-13%.307* | 12.2.299095170283.1
8.0.616502043501426481.1 | 74 - 4003* 9.3.470948947.1
8.0.718369427913099361.1 | 74 - 4159* 9.3.489302191.1
8.0.726696250583406481.3 | 7*-43%.97% |12.2.2332363542187.1
8.0.798933157585310881.1 | 74 - 4271% 9.3.502478879.1
8.0.807949948577050321.1 | 7% - 4283* 9.3.503890667.1
8.0.851041543370918641.1 | 7% - 4339* 15.3.5318139197378329.1
8.0.1004843693178804241.1 | 7* - 4523* 9.3.532126427.1
8.0.1135151485651484161.1 | 7* - 4663* 15.3.6142020067423681.1


https://www.lmfdb.org/NumberField/8.0.7834003547041.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.9529871528401.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.49539201251281.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.139546236594961.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.214951987660081.3
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.234444145241761.14
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.1742605033519441.13
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.2929564229451601.1
https://www.lmfdb.org/NumberField/3.3.49.1
https://www.lmfdb.org/NumberField/8.0.3254452511700481.17
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.9197356446316801.6
https://www.lmfdb.org/NumberField/9.3.164590951.1
https://www.lmfdb.org/NumberField/8.0.12515552243039041.2
https://www.lmfdb.org/NumberField/9.3.177767639.1
https://www.lmfdb.org/NumberField/8.0.15077030712450721.1
https://www.lmfdb.org/NumberField/9.3.186238367.1
https://www.lmfdb.org/NumberField/8.0.17839408610934001.14
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.23195375592678961.2
https://www.lmfdb.org/NumberField/6.2.98441.1
https://www.lmfdb.org/NumberField/8.0.25599104327834401.1
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.33382684286885521.1
https://www.lmfdb.org/NumberField/9.3.227180219.1
https://www.lmfdb.org/NumberField/8.0.37426880324598961.1
https://www.lmfdb.org/NumberField/9.3.233768563.1
https://www.lmfdb.org/NumberField/8.0.50638501350060001.1
https://www.lmfdb.org/NumberField/9.3.252121807.1
https://www.lmfdb.org/NumberField/8.0.73350432097456801.1
https://www.lmfdb.org/NumberField/9.3.276592799.1
https://www.lmfdb.org/NumberField/8.0.135923763363916801.1
https://www.lmfdb.org/NumberField/12.2.205567038859.1
https://www.lmfdb.org/NumberField/8.0.169584057270610801.1
https://www.lmfdb.org/NumberField/6.2.31213.1
https://www.lmfdb.org/NumberField/8.0.172409416411292641.2
https://www.lmfdb.org/NumberField/12.2.688034764151.1
https://www.lmfdb.org/NumberField/8.0.200514022193502241.1
https://www.lmfdb.org/NumberField/15.3.2581408254768721.1
https://www.lmfdb.org/NumberField/8.0.291354123972299521.1
https://www.lmfdb.org/NumberField/9.3.390477031.1
https://www.lmfdb.org/NumberField/8.0.295590648845235121.1
https://www.lmfdb.org/NumberField/9.3.391888819.1
https://www.lmfdb.org/NumberField/8.0.305655472188046561.1
https://www.lmfdb.org/NumberField/15.3.3187134619912369.1
https://www.lmfdb.org/NumberField/8.0.321988200130081681.1
https://www.lmfdb.org/NumberField/6.2.98441.1
https://www.lmfdb.org/NumberField/8.0.512872428109556641.1
https://www.lmfdb.org/NumberField/9.3.449772127.1
https://www.lmfdb.org/NumberField/8.0.559455831332775601.1
https://www.lmfdb.org/NumberField/9.3.459654643.1
https://www.lmfdb.org/NumberField/8.0.609142738186488961.1
https://www.lmfdb.org/NumberField/12.2.299095170283.1
https://www.lmfdb.org/NumberField/8.0.616502043501426481.1
https://www.lmfdb.org/NumberField/9.3.470948947.1
https://www.lmfdb.org/NumberField/8.0.718369427913099361.1
https://www.lmfdb.org/NumberField/9.3.489302191.1
https://www.lmfdb.org/NumberField/8.0.726696250583406481.3
https://www.lmfdb.org/NumberField/12.2.2332363542187.1
https://www.lmfdb.org/NumberField/8.0.798933157585310881.1
https://www.lmfdb.org/NumberField/9.3.502478879.1
https://www.lmfdb.org/NumberField/8.0.807949948577050321.1
https://www.lmfdb.org/NumberField/9.3.503890667.1
https://www.lmfdb.org/NumberField/8.0.851041543370918641.1
https://www.lmfdb.org/NumberField/15.3.5318139197378329.1
https://www.lmfdb.org/NumberField/8.0.1004843693178804241.1
https://www.lmfdb.org/NumberField/9.3.532126427.1
https://www.lmfdb.org/NumberField/8.0.1135151485651484161.1
https://www.lmfdb.org/NumberField/15.3.6142020067423681.1
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TABLE 2. Putative CM points on Xy

CM field K

| disc(K)

\ Field of definition

8.0.166726039041.1
8.0.10289217397761.2
8.0.135371386676241.1
8.0.419992928325441.1
8.0.490881644910801.1
8.0.1956806090111601.2
8.0.5832395381554641.2
8.0.45077252005749681.1
8.0.80401691902790241.1
8.0.86770641842707761.1
8.0.147910484188525041.1
8.0.179487701547492321.1
8.0.196377137395449201.1
8.0.235237153286975841.1
8.0.257521466109501441.1
8.0.295692078251129121.1
8.0.348162166355287761.1
8.0.358597178472085281.1
8.0.398115772466433921.1
8.0.428624978678095761.2

38
38.
38.
38.
38.
38.
38.
16194
- 18714
19074
- 21794
- 22874
- 23394
- 24474
- 25034
25914
- 26994
27194
27914
- 28434

714

1994
3794
503*
523%
7394
9714

3.3.81.1

3.3.81.1

3.3.81.1

9.3.267314823.1

3.3.81.1

3.3.81.1

9.3.516029211.1
15.3.9139423287309561.1
15.3.12205980432301041.1
15.3.12680211005112249.1
9.3.1158009939.1
9.3.1215405567.1
15.3.19075922001903321.1
21.3.335194620603462704888703.1
9.3.1330196823.1
21.3.397921468909806398973231.1
15.3.25399833134309001.1
9.3.1444988079.1
9.3.1483251831.1
15.3.28182454451958249.1

[BCP97]

[Bea81]

[BHPS24]

[BHPS25)

[BNO6]

[Bou23]
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