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EXPLORING THE BEHAVIOR OF ASYMPTOTIC PRESERVING SCHEMES FOR A
CLASS OF STOCHASTIC SYSTEMS

CHARLES-EDOUARD BREHIER

ABsTrACT. We consider a class of slow-fast stochastic systems, in the regime governed by the averaging
principle. The fast component is a Brownian motion on a torus. We first consider a system where the slow
component solves an ordinary differential equation: we study a numerical scheme, which is shown to be
asymptotic preserving and to satisfy uniform strong error estimates. Numerical experiments illustrate the
results. We then provide numerical experiments for variants of the systems where the slow evolution is also
driven by a Brownian motion. Finally, we propose and test a candidate higher-order method.

AMS Classification. 60H35, 65C30.
Keywords. Stochastic differential equations. Multiscale systems. Asymptotic preserving schemes.

1. INTRODUCTION

In this article, we consider a class of systems of stochastic differential equations depending on a small

parameter e:
dz(t) = f(z“(t),y (1)) dt, ¢t>0;  2°(0) = o,

are) =T tzo )=
The fast component y€ is a Brownian motion, and is considered as taking values in the one-dimensional torus
T = R/Z. The slow component z€ is solution to an ordinary differential equation, where the vector field f
depends on both components (and is assumed to be periodic in the second variable).

Numerical integration of multi-scale systems of the type above is not straightforward, since the small
parameter € usually imposes stringent and prohibitive conditions on the time-step size At. The literature
contains many works devoted to the construction of efficient multiscale integrators, see for instance [T, 2, @
10, 13|, 14}, 15 [16] 18] . The list of references is not exhaustive.

Often, the construction of efficient integrators is based on first understanding the behavior of the multiscale
system when the parameter ¢ goes to 0. For the class of systems considered in this work, this is governed by
the averaging principle, see for instance the monograph [I7]: the fast component y¢ has an ergodic behavior
and can be eliminated from the slow component x¢. As a result when € goes to 0 the slow component x¢
converges to the solution X to an ordinary differential equation

AX(t) = F(X(t)dt, t>0;  X(0)= xo,

where F'(z) is obtained by averaging f(x,y) with respect to the uniform distribution on the torus for y:

F(x):[rf(w,y)dy, VaeR.

Details are presented in Section [2} This averaging principle inspires the construction of the numerical
integrators using different approaches as described in the references listed above.

In this article, we focus on a particular point of view: we consider asymptotic preserving methods, which
have first been constructed for certain deterministic problems [I1], 12]. For stochastic systems, asymptotic
preserving schemes have been first studied in [§], where two regimes are considered: the averaging and
the diffusion approximation regime. Here we only focus on the first regime. Note that in the averaging
regime asymptotic preserving schemes have been considered for stochastic differential equations driven by a
fractional Brownian motion (in the slow component) in [3] and also for a class of stochastic partial differential
equations in [7]. The two articles [5] and [6] presents further results in the diffusion approximation regime,
in the Smoluchowski-Kramers and the Wong—Zakai regimes respectively.
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The guideline of asymptotic preserving schemes is to construct numerical schemes such that the following
diagram is commutative:

xSy At20, xz¢(T)

leﬁo J/E*)O

Xy 22% x(1),

where the final time T = N At is fixed. Moreover, one may obtain error estimates which are uniform with
respect to € when At goes to 0. Numerical schemes which satisfy such error bounds are referred to as
uniformly accurate.

The main contributions of this article are to show how to construct an asymptotic preserving scheme for
the considered class of systems and how to prove uniform (strong) error estimates. The behavior of the
scheme is explored using numerical experiments and rigorous error bounds are also obtained.

The article is organized as follows. Section [2] presents the problem, the averaging principle, the scheme
and some numerical experiments. Section [3| then presents arguments to explain the behavior observed in
the numerical experiments, in particular to show that the scheme is asymptotic preserving and uniformly
accurate. The proofs are technical and are postponed to the appendix for convenience. Sections [] and [5]
mainly present numerical experiments: first to investigate variants of the systems, second to explore whether
more efficient schemes can be designed.

Notation. The torus is defined as T = R/Z. The projection of a real number z € R onto the torus T is
denoted by z € T.

The systems considered in this article are driven by a Brownian motion (ﬁ (t)) >0 Which is defined on a
probability space (€, F,P). The expectation operator is denoted by E[-]. -

Given a final time T', the time-step size of the numerical schemes is denoted by At = T/N where N € N*
is an arbitrary integer. The associated grid times are denoted by t,, = nAt for 0 < n < N. Moreover, the

Brownian increments are denoted by

(1) (5,8n+1 :B(tn+1)_5(tn>7 Vne {O,...7N}.

The time-scale separation parameter € is assumed without loss of generality to take values in (0, 1).
The initial values o € R and yo € T are supposed to be independent of € for simplicity.
Finally, the vector field appearing in the evolution of the slow component z¢ is denoted by

(2) fi(r,y) eERxTw f(z,y) € R

For well-posedness of the system and for justifying the convergence of numerical schemes, it is assumed that
f is globally Lipschitz continuous. In addition, for simplicity it is assumed that f is bounded. Stronger
regularity conditions may be imposed for some results.

Note that the presentation is made in dimension d = 1 for simplicity, however the arguments could easily
be generalized in arbitrary dimension.

Review of the results from [§]. Before proceeding with the main contributions of this article, let us
briefly review the construction and analysis of asymptotic preserving schemes from [§]. This is interesting
to highlight the novelties of this work.

In [8], the fast component y¢ is an Ornstein—Uhlenbeck process instead of being a Brownian motion on
the torus: one considers

dxe(t) = f(xe(t>7y€(t)) dt, t>0; xe(()) = Zo,

dg(t), t=>0; y“(0) = vo-

The averaging principle states that = converges to the solution X to the ordinary differential equation

AX(t) = F(X(1)dt, t>0.  X(0) = a0,



where F is computed by averaging f(z,y) with respect to a standard Gaussian distribution v = N(0,1) for
-
Fo) = [ fay)dvly), Vack
R
The asymptotic preserving scheme proposed in [8] is given as follows:

Tpyq = oy, + ALf(25,, yn11)

. LA, _2a1
Ypi1 =€ < Yo+ V1I—€ " i1,

where (7”)n>1 is a sequence of independent standard Gaussian random variables.
It is shown that the scheme above is asymptotic preserving, with limiting scheme when ¢ — 0 given by

Xn+1 =X, + Atf(Xna'Yn-i-l)'

The main reason which justifies that the scheme is asymptotic preserving, more precisely that the limiting
scheme is consistent with the limiting equation, is the property on the conditional expectation

Elf (Xn, Ynt1)|Xn] = F(X5).

Finally the main result in [8] are the following uniform weak error estimates

(3) sup [Elp(zfy)] — (@*(T))| < CVAL,

e€(0,1)
for sufficiently smooth functions ¢. The rate of convergence with respect to At is equal to 1/2 when
considered uniformly with respect to ¢, but would be 1 for fixed € (with error constant C, depending on ).
The weak order of convergence 1/2 may be suboptimal. Note that below we will mainly consider strong
error estimates instead of weak error estimates, and this has not been considered previously.

2. DESCRIPTION OF THE PROBLEM

2.1. The system and the scheme. In this article, we consider slow-fast systems of stochastic differential
equations

dzf(t) = f(«°(t),y* (1)) dt, >0,

dB(t)
4 dy“(t) = —==, t>0
(4) ye(t) e t=0
z°(0) = zo, y°(0) = vo.

Since the vector field f given by is globally Lipschitz continuous, for any value of € € (0,1) the system
admits a unique solution.

When € — 0, the behavior of the slow component x€ is governed by the so-called averaging principle. The
fast process y© satisfies

B(t)

() = s Vi>0.
y(t) yo+\/g, >

Owing to Lemma for any positive time ¢ € (0, 00), the random variable y/f(t\) converges in distribution
to the uniform distribution on T when € — 0. This suggests that the fast component y° may be eliminated
when € — 0. When € — 0, an averaging principle holds: one has the convergence of the slow component z¢
to the solution X of the ordinary differential equation

5 dX(t)=F(X(t))dt, t=>0,
where the mapping F' : R — R is defined from the vector field f by averaging with respect to the fast variable
y according to the uniform distribution on T: the averaged coefficient F' is defined by

(6) F(x) = /Tf(x,y) dy, VxeR.

It is straightforward to check that F' is bounded and globally Lipschitz continuous, therefore the ordinary
differential equation admits a unique solution.



For the discretization of the system , the following scheme is proposed: given the time-step size At =
T/N and recalling the definition (1)) of the Brownian increments, for all n € {0,..., N — 1} set

xf’t-‘rl = mf’z =+ Atf(xf.” y;—‘,—l)a

66n+1

(7) e e
yn+1_yn+ \/E )

with the initial values z§ = z¢ and y§ = yo.

2.2. Numerical experiments. Before proceeding with the error analysis, we report the results of numerical
experiments concerning the convergence of the strong error

(Ellagy — 2*(tn)I?])

when At =T/N — 0, depending on the parameter e.
The initial values are g = 0 and yo = 0. The final time is 7" = 1. The vector field f is given by

f(z,y) = cos(4rz) cos® (2m(z + ).

The time-step size At takes values in

N

1 1 1 1 1

257507100" """ 51200’ 102400}'

The strong error is estimated by a Monte Carlo average over 10? independent realizations. The reference
solution is computed using the scheme with time-step size Atyer = 2711.1072.

Figure [I] displays how the strong error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has ¢ € {1071,1072,1073,107*} and on the right one
has € € {8.1073,4.1073,2.1073,1073}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated.

{277.107% —2<j <10} = {

N £=810"
£=4.10"
£=2.10"%
£=110"
- refl3

- refl2

= refl

—— £=10"
£=10"*

& =107

e £=107%

=== ref 1,3 1074

---refl2

=== refl

102

10

10

F1GURE 1. Behavior of the strong error for the scheme applied to as a function of
the time-step size At for different values of e. Left: e € {1071,1072,1073,107*}. Right:
€€ {8.1073,4.1073,2.103,1073}.

It is observed in Figure[I] that
o for any fixed value of ¢, the strong error converges to 0 with a rate 1 with respect to At, for sufficiently

small At,
e the convergence with rate 1 with respect to At is not uniform with respect to e,
e a uniform convergence with respect to e with rate 1/2 is observed.

The behavior is explained by the results described below:

o for fixed ¢, the convergence with rate 1 is given in Proposition with an error constant depending

on e,
e uniform error estimates with rate of convergence 1/3 are given in Theorem (3.8
4



3. ANALYSIS OF THE SCHEME

3.1. Strong error estimates. In this section, we establish strong error estimates which allow to explain
one of the observations associated with Figure for arbitrary fixed €, the rate of convergence is 1 with
respect to At, with an error constant which depends on e. This is obtained in Proposition [3.2]

Precisely, we state and prove two results, with different orders of convergence with respect to At, and
also different rates for the dependence with respect to €. Proposition [3.1| states that the error is at most of
size (At/e)'/?, whereas Proposition states that the error is at most of size At/e. What is observed in
Figure [1]is associated to Proposition

Proposition 3.1. There exists C' € (0,00) such that for all e € (0,1) and all At one has

€ _ it )2])? VAL
) S (Ella —at(t)P])* < O

Proposition 3.2. Assume that the mapping f : R x T — R is of class C?, with bounded first and second
order derivatives.
There exists C € (0,00) such that for all e € (0,1) and all At one has

(9) sup  (Eflaf, — (1)) < 02,
0<n<N €

The proofs of Propositions [3.1] and [3.2] are postponed to Section [A]

Nl=

Remark 3.3. The values of the error constants C' appearing in Propositions[3.1] and[3.3 depend on the final
time T = 1, on the initial values xo and yo, and on the mapping f. To simplify the notation the dependence
is omitted.

Note that improving the rate of convergence in Proposition compared with Proposition [3.1| requires
stronger regularity conditions on the mapping f (Proposition only requires the global Lipschitz continuity
property). The techniques of the proof for Propositions and are similar to the proofs of strong error
estimates for the Euler—-Maruyama scheme for stochastic differential equations driven by additive noise, with
rates 1/2 for globally Lipschitz continuous drift and 1 for drifts of class C2.

3.2. Asymptotic preserving property. In this section, we study the behavior of the numerical scheme
when € — 0 for arbitrary fixed time-step size At > 0. It is proved that, for all n € {0,..., N}, z¢ converges
in distribution to X,, given by the limiting scheme when € — 0, see Lemma [3.5] for a precise statement.
It is then shown that the limiting scheme ([10) is consistent with the averaged equation, see Lemma
Combining the result shows that the scheme is asymptotic preserving.

The proofs of the results stated in this section are postponed to Section

Let us first provide a key technical result which justifies the convergence in distribution as ¢ — 0.

Lemma 3.4. Let v~ N(0,1) be a standard real-valued Gaussian random variable.

For all € > 0, let v° = %

Then 7¢ converges in distribution to the uniform distribution on T.

Let (U")n>1 be a sequence of independent random variables which are uniformly distributed on the torus
T. The result of Lemma [3.4] suggests to introduce the following scheme: for all n € {0,..., N — 1}, set
(10) XnJrl = Xn + Atf(Xny Yn+1);
' Yn+1 - Yn + Un+17

with initial values Xy = zg and Yy = yy. Note that the scheme is constructed by replacing the indepen-
dent random variables ¢3,,+1/1/€ appearing in by the random variables U,y for all n € {0,..., N —1}.
The scheme can be considered as a limiting scheme when € — 0, owing to the following result.

Lemma 3.5. For any N € N* (with associated time-step size At = T /N ), when ¢ — 0, one has the following
convergence in distribution result in (R x T)N+1:

((.T;, y;))OSHSN 6:)0 ((Xn7 Y;L))OSRSN'
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The expression of the limiting scheme is not convenient. Indeed, note that (Xn) is not a

0<n<N
Markov process, since X, 1 is given as a function of X,, and of the hidden state Y, ;. It is possible to
propose an alternative Markov representation for the limiting scheme: for all n € {0,..., N — 1}, set
(11) Xn+1 == Xn + Atf(XT“ Un+1),

with initial value Xo = Xo = zo. ~

Lemma shows that X,, and X,, are equal in distribution at all times n € {0,...,N}.
Lemma 3.6. Let N € N* (with associated time-step size At = T/N ), and let (Xy,)
be defined by and respectively.

For alln € {0,..., N}, one has the equality in distribution

X, = X

The solutions X,, and X,, to limiting schemes and (11) are random variables, whereas the solution
X (t,) to the averaged equation is deterministic. Lemma|3.7|states that X,, converges in the mean-square
sense to X (t,) when At =T/N — 0, meaning that the scheme is asymptotic preserving.
Lemma 3.7. Let (X(t))te[O,T] be given by the averaged ordinary differential equation and let (X")OSnSN
be given by the limiting scheme with time-step size At = T/N. There exists C € (0,00) such that for
all N € N* one has

2 & 21\ 3
(12) sup (E[|Xn — X(tn)| ]) = sup (IEHXn — X(tn)| ])2 < CVAtL.
0<n<N 0<n<N
Note that one can replace X,, by X,, in (12)), since for all n € {0,..., N} the random variables X,, and
X, are equal in distribution owing to Lemma
The results above show that the scheme is asymptotic preserving, meaning that one has a commutative
diagram when the parameter ¢ and the time-step size At = T//N go to 0:

0<n<N and ( n)ogngN

Nl

377\] At—0 € (T)

(13) le—>0 le—>0

Xy 2% x(1),

where for simplicity the property is stated only at the final time T = NAt¢. The convergence refers to
convergence in distribution when considering the convergence of =% to Xy when € — 0.

3.3. Uniform strong error estimates. Propositions and provide upper bounds on the error

(Elll=g, — xE(T)H2])%, one obtains order 1/2 and 1 respectively with respect to At but the error bound
is not uniform with respect to e. This can be observed in Figure [T} which suggests that uniform error esti-
mates with respect to € can be obtained, with order of convergence 1/2 with respect to A¢t. The main result
of this section, Theorem 3.8 provides such uniform error estimates, but with order of convergence 1/3 with
respect to At (in the setting of Proposition . In the setting of Proposition one would obtain order of
convergence 1/4 with respect to At, see Remark

Theorem 3.8. Assume that the mapping f : R x T — R is of class C2, with bounded first and second order
derivatives.
There exists C € (0,00) such that one has

ol=

(14) sup  sup (E[jaf, — xe(tn)\Q])% < CAts.
e€(0,1) 0<n<N

The proof of Theorem is postponed to Section It is inspired by the commutative diagram :
using the triangle inequality, for all € € (0, 1), one has

1
sup  (E[|z;, — 2°(ta)[*]) >
0<n<N

o=

< sup  (Eflzf, = X)) * + sup  (E[|X, — X(£)°])* + sup  (E[[X(tn) — 2(tn)|?])
0<n<N 0<n<N 0<n<N
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The result given in Theorem [3.8]is consistent with the observations drawn from the numerical experiments
in Figure[l] however the observed order of convergence is 1/2 instead of 1/3. Whether the rate of convergence
1/3 obtained in Theorem is optimal or whether it is possible to prove higher order of convergence, is left
for future investigations.

4. STUDY OF STOCHASTIC VARIANTS

In this section, we consider variants of the system and of the scheme , where the slow component
x€ is not solution to an ordinary differential equation but to a stochastic differential equation driven by a
Wiener process (W (t)),,,, which is independent of the Wiener process (6(t)),.-

From the numerical experiments, conjectures that would generalize the results stated in Section [3] are
proposed.

Similar to , the increments of the Wiener process (W(t))

€

i>0 Are denoted by

5Wn+l = W(tn-‘rl) 7W(tn)7 Vne {OaaN}

4.1. Additive noise perturbation. Let us first consider the case where the slow equation is a stochastic
differential equation driven by additive noise:

daf(t) = f(a*(t),y () dt + dW(t), t>0,

dg(t
(15) are) =2, =0
z°(0) =z, ¥(0) = yo.
Let us mention that the averaging principle also holds for the class of systems : when € — 0, the slow
component z¢ converges to the solution X to the stochastic differential equation driven by additive noise

{ dX(t) = F(X(t))dt +dW(t), t>0,

(16) X(0) = 20,

where the drift F is defined by (6).
For the discretization of the system (15]), we propose the following numerical scheme, as a variant of (7):
given the time-step size At = T/N, for all n € {0,..., N — 1} set
miH»l = JI; + Atf(x:u y'fH»l) + 6W’n+17
(17) 8Bns1
yfﬁ-l = y; + #7
with the initial values z§ = zo and y§ = yo.
Adapting the arguments from Section @ one may show that x%; converges in distribution when ¢ — 0
to X given by the limiting scheme
{XnJrl =X, + Atf(Xna Yn+1) + 5Wn+1
Yn+1 =Y, + Un+1

and to X,, given by the alternative Markov representation
Xn-i—l = Xn + Atf(Xn; Un+1) + 6Wn+17

with the initial values Xq = X, = 2o and Yy = Yo, where (Un) is a sequence of independent random

n>1
variables which are uniformly distributed in the torus T. The random variables Xy and Xy are equal in
distribution.

Note that one obtains an asymptotic preserving property for the scheme , i.e. the commutative
diagram is also valid for this variant.

Let us present numerical experiments which illustrate the behavior of the strong error

1
(Eflzy —2(tn)I?)*
when At = T/N — 0, depending on the parameter e.

The parameters of the numerical experiments are the same as in Section [2.2
7



Figure [2] displays how the strong error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has e € {107%,1072,1073,107*} and on the right one
has € € {8.1073,4.103,2.10~3,10~3}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated.

—— =107t —— £=810"7

£=10"% £=410"3

102 @ =107 e & -2107
e e=107" e =110

=== ref 173
=== ref 12
=== refl 1073

=== ref 13
=== ref 12
=== refl

107

107

FIGURE 2. Behavior of the strong error for the scheme applied to as a function
of the time-step size At for different values of €. Left: ¢ € {1071,1072,1073,10~4}. Right:
¢ € {8.1073,4.1073,2.1073, 103},

The observations are the same as the ones from those drawn from Figure [T]in Section 2.2} at fixed € the
order of convergence with respect to At is equal to 1 and one has error estimates which are uniform with
respect to € with order of convergence 1/2 with respect to At. We conjecture that the results stated in
Section [3] can be generalized for systems and the scheme when the slow component is driven by
additive noise.

4.2. Multiplicative noise perturbation. Let us now consider another variant of the system , where
the slow component z€ is solution to a stochastic differential equation (with It6 interpretation of the noise):

dzc(t) = f(a(t), ¥ ()dt + g(z=L(t))dW (), t >0,

(18) dy“(t) = dﬁf(t) 1>,

z°(0) =m0,  ¥°(0) = o

Contrary to the system considered in Section the noise is not additive, it depends on the diffusion
mapping ¢ : R x R. Note that it is important to assume that g(x) only depends on the slow component x
and does not depend on the fast component y. It is assumed that g is bounded and Lipschitz continuous.

The averaging principle also holds for the class of systems : when ¢ — 0, the slow component z¢
converges to the solution X to the stochastic differential equation driven by multiplicative noise

{dX(t) =F(X(t)dt+g(X(t)dW(t), t=>0,

(19) X(0) = a0,

where the drift F' is defined by @ Note that the diffusion coefficient ¢ in is the same as in .

For the discretization of the system , we first propose the following numerical scheme, where the slow
component is approximated using the Euler—Maruyama method: given the time-step size At = T//N, for all
ne{0,...,N —1} set

x5 =, + ALf(x, 1) + 9(25)0 Wi

(20) € € §ﬂn+1
yn+1 =Yn + \ﬁ )

with the initial values z§ = z¢ and y§ = yo.



Adapting the arguments from Section one may show that z$; converges in distribution when ¢ — 0
to Xy given by the limiting scheme

XnJrl = Xn + Atf(XTM Yn+1) + g(Xn)5Wn+1
Yn+1 = Yn + Un-‘,—l

and to X,, given by the alternative Markov representation
XnJrl = Xn + Atf(Xna UnJrl) + g(Xn)(SWnJrlv

with initial values Xy = X, = 2 and Yy = yo, where (Un), ., is a sequence of independent random variables
which are uniformly distributed in the torus T. a
Note that one obtains an asymptotic preserving property for the scheme , i.e. the commutative

diagram ([13) is also valid for this variant.
Let us present numerical experiments which illustrate the behavior of the strong error

N

(Ellafy — 2(tx)I*])

when At = T/N — 0, depending on the parameter e.
The parameters of the numerical experiments are the same as in Section 2.2] and the diffusion coefficient

g is given by
1 1
g(z) = Zcos(?wm) +5

Figure [3] displays how the strong error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has e € {1071,1072,1073,107*} and on the right one
has € € {8.1073,4.1073,2.1073,1073}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated. The behavior observed in Figure [3|is quite

—— £=10"" o | —— £=810"3

=107 ,4” =410
@ =107 10° , o £=2.10"7
e £=107* ’,/ £=110"

ref 1/3
ref 172
ref 1

---reflj3
=== ref 1,2
-== refl 107

tiite

1072

10732

107 107* 1073 1072

FI1GURE 3. Behavior of the strong error for the scheme applied to as a function
of the time-step size At for different values of e. Left: ¢ € {1071,1072,1073,10~*}. Right:
€€ {8.1073,4.1073,2.1073,1073}.

different from what is seen in Figures []]and [2l This is due to the fact that for fixed e the strong order of
convergence is equal to 1/2 instead of 1, i.e. only Proposition could be obtained for the scheme
associated to the system ((18). However, it is still observed in Fig that error estimates which are uniform
with respect to e can be obtained, we thus conjecture that a variant of Theorem [3.8] holds, possibly with
order of convergence 1/4 (see Remark [C.3).

The order of convergence 1/2 with respect to At is due to the application of the Euler-Maruyama scheme
for the discretization of the slow component z¢. It is natural to study whether applying an higher order
scheme would have a substantial impact on the behavior of the error.
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Let us thus consider the following numerical scheme, where the slow component is approximated using
the Milstein method: given the time-step size At = T/N, for all n € {0,..., N — 1} set

1
Thy =Ty + ALf(25, Yn) + 9(2,)0 W + 5(9/9)($;)(5W3+1 - At)

dBn+1
ny+1:yiL+ \2 )

(21)

with the initial values z§ = o and y§ = yo.
Again, one may show that x4, converges in distribution when € — 0 to Xy given by the limiting scheme

1
Xng1 = Xo + Atf( X, Yni1) + 9(Xn)0Wpop1 + i(g/g)(Xn)(éwr%-i-l - At)
Yn+1 = Yn + Un+1

and to X, given by the alternative Markov representation

~ ~ ~ ~ 1 ~
Xn+1 =X, + Atf(Xna Un+1) + g(Xn)6Wn+1 =+ i(g/g)(Xn)(‘Ser-&-l - At)?

with initial values Xy = X, = 2 and Yy = yo, where (Un),,», is a sequence of independent random variables
which are uniformly distributed in the torus T. a

Again one obtains an asymptotic preserving property for the scheme , i.e. the commutative dia-
gram is also valid for this variant.

Figure [4] displays how the strong error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has ¢ € {1071,1072,1073,107*} and on the right one
has € € {8.1073,4.1073,2.1073,1073}.

All the parameters are the same as in the numerical experiment presented above in Figure [3] Three
reference lines with slopes 1/3, 1/2 and 1 are indicated. The sample size for the Monte Carlo experiment is

—— =101 —— =810
107t £=10"* £=4.10"
-& =10 107t & £=210"
—m £=107% == £=1.10"3

=== ref 13

---refl2
=== refl 107*

=== ref 13
-=- refl2
=== refl

102

103

10

FI1GURE 4. Behavior of the strong error for the scheme applied to as a function
of the time-step size At for different values of e. Left: e € {107!,1072,1073,10~*}. Right:
€€ {8.1073,4.1073,2.103,1073}.

not large so the statistical error is visible in Figure [

Comparing Figures [3| and [4] clearly shows that using the Milstein method in the scheme instead of
the Euler-Maruyama method in the scheme leads to improved results, which are comparable to those
in Figures[I]and 2] Therefore the choice of the integrator is important. We conjecture that the results from
Section [3] especially the uniform strong error estimates given by Theorem can be generalized for the
system when the scheme is applied. Proving such results is out of the scope of this contribution
and may be considered in future works.
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4.3. A stochastic system. Finally, we consider another variant of the system, where the slow component
is solution to a stochastic differential equation (with Ito interpretation of the noise) with no drift term and
with diffusion coefficient given by the vector field f:

dat(t) = f(x°(t),y*(1))dW (L), =0,

(22) dy(t) = d?[(:), t>0,

z(0) = zo, ¥°(0) = yo.

Contrary to the situation described in Section [4:2] the diffusion coefficient f depends on both variables
and y.

For the discretization of the system , we propose the following numerical scheme, where the slow
component is approximated using the Euler-Maruyama method (like in the scheme (20))): given the time-
step size At =T/N, for all n € {0,...,N — 1} set

Tyyq = Ty, + g2y, my 1) Wh
6/6n+1
Ve

with the initial values 2§ = z¢ and y§ = yo and with Wiener increments W, 11 = W (tn41) — W (tn).
Let us present numerical experiments which illustrate the behavior of the strong error

(Eflay — 2*(tn)]?])

when At =T/N — 0, depending on the parameter e.

The parameters of the numerical experiments are the same as in Section [2.2]

Figure [f] displays how the strong error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has e € {1071,1072,1072,107*} and on the right one
has € € {8.1073,4.1073,2.1073,1073}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated. The behavior observed in Figure [5|is quite

(23)

€ €
mn+1 - mn +

1w S| —-— e=1070 o | —e— £=8.10"

10t

- £=107¢
0 @ =107°
= £=107%
=== reflj3
=== ref 1,2
=== refl

107

10°

10t

107

Piike

£=410"3
£=2.10"3
£=1.10"3
ref 1/3
ref 1j2
ref 1

FIGURE 5. Behavior of the strong error for the scheme applied to as a function
of the time-step size At for different values of €. Left: ¢ € {1071,1072,1073,10~%}. Right:
¢ € {8.1073,4.10,2.10~%,1073).

different from what has been observed in all the other numerical experiments: one does not observe good
convergence of the scheme when At goes to 0. This result is not due to the choice of the scheme, but to the
fact that the averaging principle does not hold in the strong sense, but only in the weak sense.

The correct version of the averaging principle is the following, see for instance the recent work [4]: with

the mapping o : R — R defined by

o(x) = (/Tf(x,m)zdm)%, VzeR,



x¢ converges in distribution to the solution X to the stochastic differential equation

AX (1) = o(X (1) dW (1), ¥t>0,

This implies that for any bounded and continuous function ¢ : R — R, one has

Efp(a“(T))] =, Elp(X(T))].

However, the convergence is not strong, meaning that E[|x¢(T) — X (T')|?] does not converge to 0 when ¢ — 0.
Since the averaging principle does not hold in the strong sense, it is not suprising to observe that the
scheme is not asymptotic preserving in the strong sense. This justifies the observations following
Figure
The averaging principle holds in the weak sense, i.e. in the sense of convergence in distribution. It is thus
natural to investigate the behavior of the weak error

[Elp(z)] — Elp(z(tn))]]
when At = T/N — 0, depending on the parameter €, where ¢ : R — R is a function of class C*° with
bounded derivatives. In the numerical experiments, we choose

¢(z) = sin® (2rz) — cos(37z).
As in other numerical experiments, the initial values are 2o = 0 and yo = 0. The final time is 7' = 1. The
vector field f is given by
f(z,y) = cos(4rz) cos® (2m(z + ).
For the numerical experiments on the weak error, the time-step size At takes values in
1 1 1 1 1
25750710077 400’ 800}'
The weak error is estimated by a Monte Carlo average over 10* independent realizations. The reference
solution is computed using the scheme with time-step size Atyef = 274.1072.

Figure [6] displays how the weak error depends on the time-step size At as At — 0, for different values of
the time-scale separation parameter €: on the left one has e € {1071,1072,1073,107*} and on the right one
has € € {8.1073,4.1073,2.1073,1073}.

Two reference lines with slopes 1/2 and 1 are indicated.

{277.107% —2<j <3} ={

£=8.10"%
£=4.10"
£=2.10"%
£=110"%
= refl
= ref2

- —— £=10""
f’r’ £=10"7 100
e - ==10"°
== £=107%
=== refl
=== ref2 bl

10°

102

102

102

FI1GURE 6. Behavior of the weak error for the scheme applied to as a function of
the time-step size At for different values of e. Left: e € {1071,1072,1073,107*}. Right:
€€ {8.1073,4.1073,2.103,1073}.

Compared with Figure [5] better convergence properties are observed in Figure [f] for the weak error. It
would be possible to establish that the scheme is asymptotic preserving in the weak sense, i.e. in the sense of
convergence in distribution. In addition, it would be interesting to investigate whether one could prove weak
error estimates which are uniform with respect to e. These questions are out of the scope of this contribution
and may be investigated in future works.
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5. STUDY OF AN HIGHER ORDER METHOD

In this section, we consider the system and we investigate whether one is able to construct higher
order methods. The presentation is heuristic and less rigorous than in Sections [2] and

The averaging principle states that x¢ converges when € goes to 0 to the solution to the ordinary differential
equation . For the scheme , the limiting scheme (10)) (or equivalently ) obtained when € goes to 0
is an order one method for (5): indeed, using the formulation , one has

Xpi1 =X, + AtF,

where F,, = f()zm U,+1) satisfies
Having a higher order method associated to the ordinary differential equation would require to have an

expansion
X1 = X+ AtEYD + APFEP 4+ O(AL?),
where F,(Ll) and F7$2) satisfy
- - - 1 - -
It is possible to construct a method which satisfies these properties using a variant of Heun’s integrator.
However, some care is needed, and the numerical experiments below show that the proposed method seems
to be more efficient than the scheme only in the weak sense, not in the strong sense.

To define the new method, some additional notation is needed. For all n € {0,..., N — 1}, intermediate
grid points are denoted by t,,1/2 = (tn +tny1)/2 = t, + At/2. Associated Brownian increments on the
intervals [t,,t,41/2] and [t,11/2,tnq1] are respectively B(t,y1/2) — B(tn) and B(tni1) — B(tnt1/2). Recall
that these Gaussian random variables are independent due to the properties of Brownian motion.

We propose the following numerical scheme: given the time-step size At = T/N, for alln € {0,...,N—1}
set

At
ffH% =5, + 7f(w;,y;+%),

ye o y€ /B(tn-‘,-%) - B(tn)
nt+s — In T’
ZL’;+1 = x; + Atf(x;gr%ay;—i-l)v

y€ . ye 4 B(tn+1) - B(tn+%>
n+1l — n+% \/g )

(25)

with the initial values z§ = zo and y§ = yo.

Let us briefly justify why the proposed scheme is a good candidate for higher order approximation.
Using the same arguments as in Section [3.2] one may show that zf, converges in distribution to X, given by
the limiting scheme

At
Xn_l,_% = Xn + ?f(XnJYnJ,-%)a
Yn+% :Mn+Un+%
Xn+1 = Xn + Atf(Xn+%, n+1)v
Yn+1 = Mn_l,_% + Un—i—ly

(26)

with the initial values Xg = zg and Yy = yo, where (Un)n>1 and (Un+%)n>0 are two independent sequences
of independent random variables which are uniformly distributed in the torus T. An alternative Markov
representation of the limiting scheme, such that one has the equality in distribution X, = X, for all
n € {0,...,N}, is given by

~ ~ At ~
X1 =Xp+ —f(Xn, U, 1),
(27) n+3 + 5 f( +2)
Xn+1 = Xn +Atf(Xn+%7 n+% + Un+1)7
13



with the initial value X'o = xp.
Given the expression above, under appropriate regularity conditions a Taylor expansion yields the expres-
sion
At? - - 3
It is then possible to check that the requirements mentioned above for having a higher order method are
fulfilled: taking into account the independence of the random variables U,, 41 and U, ;1 and using the tower

Xn-l-l = Xn =+ Atf(X’m Un-i-% + Un-‘rl) +

property of conditional expectation, one obtains for the first order term FT(Ll) = f(Xn, Un+% +Upt1)

and one obtains for the second order term Fy”~ = 30, f(X,, Upsi + Upni1)f(XOAE Untt)

1 - B - -
SEI0 (K Uiy + U)X, U )1X] = SB[ (X Uy + V) f (Ko U ) Ko U ] 5]

Il
|
&=

Let us report first numerical experiments on the behavior of the strong error. The numerical parameters
are the same as in Section 2.2

—— £=8.10"7
£=4.10"3
@ £=210"
e £=1107F
-=- refl3
=== ref 1,2
=== refl

10

10

10

F1GURE 7. Behavior of the strong error for the scheme applied to as a function of
the time-step size At for different values of e. Left: ¢ € {107%,1072,1073,107*}. Right:
€€ {8.1073,4.1073,2.1073,1073}.

The behavior observed in Figuremis the same as for the standard scheme en in Figure in terms of
orders of convergence. Therefore it does not seem that the proposed scheme (25) is a higher order method
in the strong sense.

When one considers weak errors, the schemes @ and have different behaviors. This observation
suggests that one may prove better results for the proposed scheme , this question is left for future
works.

Figure [§| displays how the weak error

Elp(z5)] — Elp(z<(tn))]|
behaves when At = T/N — 0, depending on the parameter e. The function ¢ is given by

o(x) = sin® (27x) — cos(3mx).
14



As in other numerical experiments, the initial values are o = 0 and yo = 0. The final time is T = 1. The
vector field f is given by

f(z,y) = cos(4rz) cos® (2m(z + ).
For the numerical experiments on the weak error, the time-step size At takes values in

1 1 1 1 1
257 507100" """ 400’ 800}'
The paramer ¢ takes values in € € {1071, 1072,1073,1074}.

The weak error is estimated by a Monte Carlo average over 4.10* independent realizations. The reference
solution is computed using the scheme with time-step size Atyef = 274.1072,

Since the behavior of the weak error for the scheme has not been reported earlier, this is presented
in the left part of Figure |8} whereas the right part of Figure [8] presents the results for the scheme (25)).
One conjectures that for the standard scheme (4), one may prove weak error estimates which are uniform
with respect to €, with rate of convergence 1/2 with respect to At. This behavior is consistent with what is
observed for the strong error in Figure [1} For the scheme , at least in some regimes the weak order of
convergence with respect to At seems to be equal to 1. To confirm this, refined numerical experiments and
analysis may be needed.

{279107% —2<j <3} ={

7 —— =107t —— =107
o £=10"2 £=10"2
ne 1073
- @ =10 @ =10
.
107* e g=107* e g=107%

=== refl
=== ref 2

=== refl
=== ref2 10-%

107

107

1072

FIGURE 8. Behavior of the weak error for the scheme (left) and for the scheme (25
(right) applied to (5) as a function of the time-step size At for different values of e.

Remark 5.1. Instead of the scheme , one may propose the simpler version

€ € At € , €
Thy1 = 2 + At (25, Y541)

€ € /g(tn"rl) _ /B(tn)
Yn+1 = YUn + T)

which does not require to introduce the Brownian increments on a refined grid as in . This method would
not lead to higher-order of convergence, indeed one would obtain the limiting scheme

At
Xn+% =X, + Tf(Xm Yoy1)
Xn+1 = Xp + Atf(Xnv Yn-i-l)
YnJrl =Y, + Un,

with its associated alternative Markov representation:

~ At ~
Xn l:Xn_‘_i Xn,Un
(28) i +3 ) 2 f(~ +1)
Xn+1 =X, + Atf(XnJr% y Un+1).
15



Performing a Taylor expansion yields

Kot = Kot A Uni) + 50, (B Vi) (B Vi) + O(AF),
where for the first and second order terms one has
E[f(Xn,Uptt + Uni1) | Xa] = F(X,,)
E[0: f (X, Une1)f (Xn, Uni1) | Xn] # F/(X0) F(Xy).

The choice of decomposing the Brownian increments on the subintervals [tn,t, 1] and [t, 1, tnia] is fun-

damental for the good performance of the scheme . When considering the limit € — 0, this yields two
independent uniform random variables Un+% and Uyy1, and this allows to obtain the correct second order
term.
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APPENDIX A. PROOF OF STRONG ERROR ESTIMATES

The objective of this section is to prove the strong error estimates from Proposmons B and B2
Note that for any parameter € € (0,1) and any time-step size At, the solution of (4)) at time ¢t = t,, = nAt
is given by

t
" B(s)
(29) x(tn) = xo + fla(s),—=)ds
0 Ve
whereas the solution of the scheme at iteration n is given by
n—1
e _ ¢ Bltit1)
(30) xnfffo+Atkz::0f(xkaT)-

A.1. Proof of Proposition[3.1} Combining the identities and (30), the error z°(t,,) —x¢, is decomposed
as follows: for all n € {0,..., N}, one has

) o= S [ 1. 2 — o, 22 0y

k=0 *tx ve ve

n=1 oty B(trit) B(tr+1)

" £la(s), ~ Flat), =) ds

5[ [ 2y st 22
= epy Blrr)y oo o Bltkyr)

+Atk§_%[f(x (te), NG ) = f (a5, e >]

The mapping f : RxT — R is assumed to be globally Lipschitz continuous, therefore applying Minkowski’s
inequality one obtains the following upper bound: there exists C' € (0, 00) such that for all n € {0,..., N}
one has

1

(Elll2(ta) — 25 17]) Z / — B(tesn)?)
+cz/tk“ [l (s) — a())1?]) * ds

+C’Atz Nl (te) — 25 )12]) 2.

Nl

ds

M\»—l

For all k € {0,...,N — 1} and s € [ty,try1], one has
E[|B(s) = Btk+1) "] = (tr4r — 5) < At

owing to the standard properties of Brownian motion. Moreover, recalling that the mapping f is assumed
to be bounded, for all k € {0, .. - 1} and all s € [tg,tr11], one has

() — (80 :\/tk . B < [

Therefore, for all n € {0,..., N} one has
‘ 27 3 VAL S !
(E[lla*(ta) — 23 ]°])* < C ( + AL |+ CAEY (B[ (t) — ) ?

(8 - tk) < CAt.

Ve k=0
Applying the discrete Gronwall inequality, one obtains the following upper bound:
1 VAt
sup (E[|X(t,) — X5|%])? < O~ + CAt.
Lo (X ) - Xg ) < oY

17



Note that for all € € (0, 1), one has the upper bound

At<ﬁ\/ﬂ<\/f\/f?.

This yields the error estimates (8)) and the proof of Proposition [3.1]is thus completed.

A.2. Proof of Proposition 3.2 Combining the identities and (B0), the error z°(t,,) —%, is decomposed
as follows: for all n € {0,..., N}, one has

a(tn) — af, = 05" + 052 + 05°,

with auxiliary error terms 1,62, 63 defined by

n)»'nrvn

S [ e Bs) ey Bls)

§n = 1;)/ _f(ac (5)7 W) - f(ﬂU (tk)7 \ﬁ)] ds,

552 Z/k-H :f(xe(tk)7ﬂ\(/?) x;,ﬂ\(/? }ds,
S e BO) tkm

5:7,73 = f x677 x, ds.
> / (e B2 (e

For the first error term §!, recalling that the mapping f is globally Lipschitz continuous and applying
Minkowski’s inequality, for all n € {0,..., N} one has

[E

(E[wz,l 2 % /k+1 |x —;L' (tk)| ]) ds.

tr

Moreover, as in the proof of Proposition since the mapping f is assumed to be bounded, for all k£ €
{0,...,N — 1} and all s € [tg,tx+1], one has

|[x€(s) — x°(tr)] < C(s — tx) < CAL.

Therefore for all n € {0,..., N} one has
1
(E[lo5" ) * < CAt.

For the second error term 852, recalling that the mapping f is globally Lipschitz continuous and applying

n

Minkowski’s inequality, for all n € {0,..., N} one has

1

2])% Z [l (t) — 25 |2) .

k=0

(Ello52 1)

The treatment of the third term J¢3 requires more attention. Applying Ito’s formula, for all k € {0,..., N—1}
and all s € [t,tr11] one has

f(l‘e @)—f(xe ﬁ(mm):/skﬂayf(xz,ﬁ\(/?)d?[(:)+/Sk+16§f($z,ﬁ\(/2))(21:

18



Integrating with respect to s € [tg, tx11] and applyig stochastic and deterministic versions of Fubini’s theo-
rem, for all k € {0,..., N — 1}, one obtains

/tk+1 |:
123

) — ptat, 5“’;”)} ds

(i,

/tk+l/k+1 Z d Jr/tk+1 /tk+1 82 " ()) d
L L ot [ fana s
-

- 0o, 1 (a5 5\(%))(1?/(; +/tk+1(r7tk)a§f(x 5\([))‘;:

Therefore for all n € {0,..., N}, the error term 653 is decomposed as

.3 13,1 3,2
0% = 0 4 052,

where the auxiliary error terms 553! and 6532 are defined by

L fen B(r), dB(r)
5;’3’1 = r—1t)0y f (2}, —= ,
> [ r-wasen s

n—1 t
€32 _ o plr)\dr
5n32_kz_0/tk (r—t1) 0L f (a5, \/g)ze'

Applying the It6 isometry property and recalling that the first order partial derivative d, f is bounded, for
the error term §531, for all n € {0,..., N — 1}, one has the upper bound

=15 [ 50 < 028

Applying Minkowski’s inequality and recalling that the second order partial derivative 85 f is bounded, for
the error term 5532, for all n € {0,..., N — 1}, one has the upper bound

r - tk)a f(:nk,

( “56322 %_262/k+1 ’I”*tk [|82 ( z B\(/E))FD; Cg

Gathering the upper bounds on the error terms 65! and 0532 above, and using the upper bound ez <et
for all € € (0, 1), for the error term 552, for all n € {0,..., N} one obtains

(EfoP)* < C2L

€
Finally, gathering the estimates for the error terms 65, 052 and 653, and using the upper bound 1 < ¢!
for all € € (0,1), for all n € {0,..., N} one obtains

(Eer(t ) <0Atz |a: tk —x ‘ ]) +Og

Applying the discrete Gronwall inequality, one obtains

sup  (Efle(ta) — a5 ])* < 02

0<n<N €

IN

This yields the error estimate (9) and the proof of Proposition [3.2]is thus completed.
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APPENDIX B. PROOF OF THE ASYMPTOTIC PRESERVING PROPERTY

Proof of Lemma[34] Let v ~ N(0,1) be a standard real-valued Gaussian random variable and U ~ U(T)
be a uniformly distributed random variable on the torus T.
To prove the convergence in distribution v¢ — U when ¢ — 0, it suffices to show that for all n € Z,

E[ei}n—n?] Ejo E[ei27rnU] _ ]ln:O-

Let us consider n € Z \ {0} (the case n = 0 is trivial). One has
; e ; € ™ 2’712
E[eﬂﬂn'ye] — E[e’LQﬂ"n/}’ ] — e—% - 0.
e—0

The proof is completed. O
Proof of Lemma[3.9, Foralln e {1,...,N —1},let 635, = 0Bng1

/e

The scheme can be written recursively as follows: for all n € {0,..., N — 1}, one has

(x:H»la y;+1) = (I)At (x:p y;» 667614,-1)
where the mapping ®a; : R x T? = R x T is defined by
q)At(x» yﬁ) = (‘T‘. + Atf(.’t, y)v Y+ ’/V\)
It is then straightforward to show that for all n € {1,..., N} one has
(xqew y;) = (I)(Ant) (an Yo, 5ﬁfa veey 652)
for some mapping <I>(A"t) :R x T**! — R x T. As a result, one has

((.’II;, y;))OSnSN =Wny (l‘o, Yo, 56%7 EERE) 5/8]6\])7

for some mapping Wa; : R x TV — (R x T)V+1,
The mapping ¥, is continuous. Moreover, the random variables d4f,...,d8% are independent. Owing
to Lemma [3.4] one then obtains the convergence in distribution

((xim y;))OSHSN ejO ((Xrn Yn))OSnSN = \IIAt (LE(), Yo, Ula LR UN)

where Uy, ...,Uy are independent random variables uniformly distributed on T, such that (5/6\; — U, in
distribution when € — 0, for all n € {1,..., N}.
By construction of the mappings ¥a; and @X’t), for all n € {0,..., N — 1}, one obtains
(Xna Yn) = (I)Xlt) (1’0, Yo, U17 B Un)
(Xn+17 Yn+1> = q)At(Xna Yn7 Un+1)7
which finally shows that the limit in distribution ((Xn, Yn))
scheme ([10).

This concludes the proof of Lemma (3.5 O

0<n<N 21_{% ((xiayfl))ogns]\, is given by the

Proof of Lemma[3.6, The objective is to prove that for all n € {0,..., N} the random variables X,, and X,
given by and respectively, are equal in distribution. This is established recursively. When n = 0,
the equality is trivial since XO = Xo = xo.

Let n € {0,...,N — 1} and assume that X,, and X,, are equal in distribution.

Let ¢ : R — R be a bounded continuous function. Then one has

Elp(Xnt1)] = E[@(Xn + Af(Xn, Yn-i-l))]
= E[@(Xn + Atf(Xn; Y, + Un+1))]7
]E[C,O(Xn+1)] = E[@(Xn + Atf(Xn + Un+1))
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The random variables (X,,,Y,,) and U, are independent. Similarly, the random variables Xn and Uy,
are independent. As a result, one obtains

E[@(Xn + Atf(Xp, Yo + Un-H))] = E[p(Xn, Y],
Elp(Xn + Atf( Xy + Upi1)) = E[@(X,,0)],
where the auxiliary function @ is defined by

@(a:,y):/qrcp(erAtf(x,eru)) du:/cp(:c+Atf(x,u)) du.

T
From the above (which is due to translational invariance of the uniform distribution on the torus T), one
has @(z,y) = (z,0) for all y € T. The function (-, 0) is continuous.
As a result, taking into account the assumption that X, and X, are equal in distribution, one obtains

E[@(XnJrl)] = E[i(Xm 0)] = E[i(XmO)] = E[@(Xn+1)]~

Since the identity above holds for arbitrary bounded continuous function ¢, if the random variables X, and
X are equal in distribution, then the random variables X, and Xn+1

The equality in distribution of X,, and X, foralln e {0,..., N} is then obtained by recursion. The proof
of Lemma [3.6]is then completed. 0

Proof of Lemma[3.7 For all n € {0,..., N}, one has

tn n—1 ity
Xt =ao+ [ fCXGE)ds=wo+ Y [ FX(s) ds
0 k=0 */tk
. n—1 B
Xo =0+ At f( Xk, Uppa)-
k=0

Therefore, the error X (t,) — X,, can be decomposed as
X(tn) — X, = 6L + 02 + 63,

with auxiliary error terms §}, 62,52 defined by

=y [ PO - P s,
k=0 "tk

= Atni[F(X(tk)) ~ F(Xy)],

Atz leUkJrl)]

Recalling that f is assumed to be bounded and globally Lipschitz continuous, the mapping F' defined by @
is also bounded and globally Lipschitz continuous. Therefore the solution X to the ordinary differential
equation (5] satisfies the property

|X(s) — X ()| < Cls —tg] < CAt, Vs€ [ty,tpr1], Vke{0,...,N—1}
for some C € (0, 00). By the Lipschitz continuity property of F, one obtains the upper bound
sup |01 < CAt.

0<n<N

For the second error term 62, owing to Minkowski’s inequality, using the Lipschitz continuity property of F,
one has

|
—

n

(E[927))* < CAt S (B[X () — Xil?)*.

=
I
= o



To deal with the third error term 63, one has

163]2 = A2 Z |F(X) — f(Xn, Unyr)|”

n—1 n—1

+2At22 Z F(Xn Uit1)) (F(Xe) — f(Xo, Ups1))
k=0 f—ht1

Since the mappings f and F' are bounded, for the first term in the right-hand side above, one obtains the
upper bound

n—1
]E[(At2 SR — (X, Uk+1)|2>] < CAL.
k=0

For the second error term, note that for all k,¢ € {0,...,n — 1} such that ¢ > k + 1, the random variables
Xk, Uk+1 and Xy are independent of Uyt 1. As a result,

E [ (F(X0) = F(Xe, Uni)) (F(Xe) = F(Xe, Usin)) | = 0.
Therefore, one obtains the upper bound
sup (E[|5Z|2])% < CAt=.
0<n<N
Combining the upper bounds, for all n € {0,..., N}, one has

n—1
~ ~ 1
(E[| X (t,) —Xn|2]) < CAL: + CALY (B[ X (t) — Xil?]) 2.
k=0
Applying the discrete Gronwall inequality, one obtains the inequality

sup (B[ X(t,) — X,[2))7 < CAth
0<n<N

This yields the error estimate and the proof of Lemma is thus completed. O

APPENDIX C. PROOF OF THE UNIFORM STRONG ERROR ESTIMATES

This section is devoted to stating and proving the auxiliary results required in Section to prove
Theorem [B.8
Given the time-step size At = T/N, let us introduce an auxiliary scheme: for all n € {0,..., N — 1}, set

X1 = X+ ALF(X,),

with initial value Xy = x¢. This is the standard (forward) Euler scheme applied to the ordinary differential
equation , and the following error bounds are standard: there exists C' € (0, 00) such that for all N € N*
one has

(31) sup | X, — X(tn)| < CAt.

0<n<N

Lemma [C1]is related to the averaging principle presented in Section 2} and gives an upper bound for the
error between z¢(t) and X (t) = hH(l) x¢(t). The (strong) order of convergence with respect to € is equal to
€E—>

1/2, which is standard in the literature. For completeness a sketch of proof is provided.

Lemma C.1. There ezists C € (0,00) such that for all € € (0,1) one has

(32) ggﬁmww—xmmﬁgcﬁ.



Proof of Lemma[C.1l Let g : R x T — R be defined such that for all z € R the mapping g(z,-) is solution
to the Poisson equation

778§g($7y):f(xay)7F(m)v Vye’]I‘,

The function g is given by

+oo
ﬂ%w:A (Elf ey + A1) - Fx))dt, VzeR VyeT.

By standard arguments, one can show that the mapping ¢ and its partial derivatives satisfies the following
upper bounds:
sup _ (lg(z, y)| +|029(z, y)| + |0yg(z, y)| + |05g(z, y)]) < o0
zeR,yeT
The details are omitted.
For all ¢t € [0,T], one has

/“f )ds—lé F(X(s))ds
= / [f(me(s),ye(s)) — F(xf(s))] ds +/ [F(xe(s)) - F(X(s))] ds.
0 0

Applying the It6 formula to the solution (z¢(t), ye(t))te[o 7 O (@), for all t € [0, T] one obtains

a2 (£), 5°()) — 90, 30) /f (5))Bag(z<(s, y<(s)) ds

€ € 1 ! 2 € €
+ \f/o 9yg(x(s),y"(s)) dB(s) + ﬂ/o 02g(x“(s),y(s)) ds.

Owing to the definition of the mapping g, one then obtains
ALmﬂ$w%D—ﬂf =—f/ J5(s)) ds
= e[g(zo. yo) — g(=*(1), y*(1))]
ﬂ/f (59002005, 5+ VE [ Dyl (5),0(6)) 456).

Due to the bounds on g and its derivatives given above, there exists C' € (0,infty) such that for all ¢ € [0, T
and all € € (0,1) one has

W=

1
2

(Ellg(wo, yo) — g(a(t), y* (1)) +(1E[|/0 F(@(9),y())Dag(a(s,y"(5)) ds|*]) * < C,

and applying the It6 isometry formula one has

I/ Oyg(x () dB(s)])* = (/0 E[|0,g(a(s),y"(5))?] ds) * < C.

As a consequence, there exists C' € (0, 1) such that for all € € (0,1) one has

awp (2] | y¥(s)) — F(a(s))] ds[?])? < CVe.

0<t<T

To conclude the proof, it suffices to note that due to the decomposition of x¢(t) — X (¢) above and taking
into account the Lipschitz continuity property of F', one obtains for all ¢ € [0, T

(Mf@—xwmﬁs0ﬁ+cAOMf@—Xwﬂ>
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Applying Gronwall’s inequality then provides the error estimates and concludes the proof of Lemma
a

A version of Lemma in the discrete time setting, to deal with the behavior of zf, when € — 0, is given
below. Note that Lemma would suggest to consider the error zf, — X,, or zf, — X,,. Instead, the error

€

z¢ — X, is considered. By the triangle inequality, combining the error estimates give

sup  (E[X, — X,[2))? < CVAL

0<n<N
Lemma C.2. There exists C € (1,00) such that for all € € (0,1) and all N € N*, one has
— 1 €
33 sup  (E[jz5, — X,[2])* <C \/At—i—L .
(33) s (Blaf, — X, ) ( o

Proof of Lemma[C-4 For all n € {0,..., N}, one has

= s ﬁ(thrl)

oy, = Xn=At Y (f(af, e ) = F(X%))
k=0
n—1 _
B(tk+1) < Blis1) < Blis1) ~
= At 7 - f(X At X — F(Xy)).
Applying Minkowski’s inequality, one obtains the upper bound
€ % B'd t Y 2 %
(Bl - X7 < oo Z o, — Xul2)F + (] Z X, 2y - pw) Py
To deal with the second term in the right-hand side above, one has almost surely
n—1
B(trs1) = 12 —~  Btr+1) -\ |2
F(Xy))|" = J( Xk, - F(Xy,
!Z by ) T FERI = 3 15K =) - FOO)
~  Bltr+1) +~ ~ Bltes1) +
+20 Y (X, Ve ) = F(X%)) (f(Xy, Ve ) — F(Xy))
0<k<f<n—1
One the one hand, since the mappings f and F are bounded, one has for all n € {0,..., N}
tk;+1) < 2 C
F(X < < —.
Zif ) - F(Xp)[T<Cn< -

On the other hand, using the 1ndependence of increments of Brownian motion and a conditional expectation
argument, for all k,¢ € {0,...,n — 1} such that ¢ > k, one has

1 22 - FCR) (10 20D ()] = Bl e T, 2010
with the auxiliary mapping hs,_, ¢, defined by

B(tes1) — Btes1)
e
= (f(e1,7) — Flan)E[(f(z27 + 2 (“f;’% = F(e))).

The mappings f and F are bounded. Moreover, there exists C' € (1,00) such that for all z,v € R and all
t > 0, one has

Wy, @2,7) = (f(x1,7) = F(21))E[(f (22,7 + ) = F(22))]

[E[f (a7 + B(1))] - F(x)] < Ce¢.
As a result, one obtains the following upper bounds: for all k,¢ € {0,...,n — 1} such that £ > k, one has
Bltr+1)
Ve

(e— k)Ar

|Eihtk+1;tl+17€(yk’ye’ )H <Ce”
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As a result, one has

Bl S (A ) (5 T - rR))| <0 B e
0<k<f<n—1 0<k<t<n—1
n—1 _ At
<oy o
h—o L—e e

Ce ©e
S &,
At(l —e )

Combining the upper bounds obtained above and using the upper bound sup /xe™® < oo, one obtains
x>0

for all n € {0,...,N}

at(a] 3 (76 222 - (X)) < oVBT SR

k=0 Ve 1—e ot
C
< CVAt+ ciﬁm.
1—e e
Therefore, for all n € {0,..., N}, one has
Cye

n—1
— 1 — 1
(Eflzs, — Xal?))® < CAY (E[lzf — Xi[?])* + CVAL + O ——e.
kZ:o V1-e &
Applying the discrete Gronwall inequality then yields the error estimates (33) and concludes the proof of

Lemma
O

Proof of Theorem[3.8 Let a € [0,1] be an auxiliary parameter.
On the one hand, if the parameters At and e satisfy the condition At® < ¢, then applying Proposition
yields the upper bound

1 At Ate
(34) sup  (E[|z, — 2°(t,)|°]) 2 < C— = CAt' " — < CAt' ™.
0<n<N € €
On the other hand, if the parameters At and e satisfy the condition At® > e, applying Minkowski’s inequality,
one has

1
sup  (E[lzs, — 2°(ta)[]) 2
0<n<N

Nl

< sup (Elaf, — Xu2)2 + sup (B[Xn— X(ta)2)7 + sup (E[|X(t) — 2°(ta)[2]) 7.

0<n<N 0<n<N 0<n<N

Owing to the error estimates (from Lemmal[C.2] and (from LemmalC.2)), there exists C' € (1, 00)

such that one has

sup  (E[|z¢, — :z:é(tn)|2])% < CVAL+ 007\& + CAt + Cy/e.

n

0<n<N V1—e et

Under the condition At® > €, one has

At 1 1
1-— exp(—a) >1-— exp(—ﬁ) >1- exp(—a).
As a result, one obtains the upper bound
(35) sup (Bflaf, — (1) ) F < C(VAL+e) < CALE,

0<n<N
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Choosing a = 2/3, one has 1 —a = § =

%, and combining the error estimates and one obtains for
all e € (0,1) and N € N* (with At =T/N)

wl=

sup (E[jzf, — 2°(t,)]?])? < OAtH.
0<n<N

The above estimate does not require any conditions on € € (0,1) and At. This yields the uniform strong
error estimates . The proof of Theorem is completed. O

Remark C.3. If one applies Proposition [3.1] instead of Proposition[3.9 in the first argument of the proof
above (in the case At* < ¢), the inequality is replaced by

1 VAL 1o AtZ 1-o
(36) sup  (E[j2§, —2°(tn)])? < C— =CAt = —— <CAt z .
0<n<N Ve €z

Choosing o = 1/2, one has 1770‘ =95 = i, and combining the error estimates and one obtains
uniform strong error estimates

sup (E[jz5, — xe(tn)|2])% < CAt3

0<n<N

with order of convergence 1/4 instead of 1/3 in Theorem as claimed in Section .
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