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EXPLORING THE BEHAVIOR OF ASYMPTOTIC PRESERVING SCHEMES FOR A

CLASS OF STOCHASTIC SYSTEMS

CHARLES-EDOUARD BRÉHIER

Abstract. We consider a class of slow-fast stochastic systems, in the regime governed by the averaging
principle. The fast component is a Brownian motion on a torus. We �rst consider a system where the slow
component solves an ordinary di�erential equation: we study a numerical scheme, which is shown to be
asymptotic preserving and to satisfy uniform strong error estimates. Numerical experiments illustrate the
results. We then provide numerical experiments for variants of the systems where the slow evolution is also
driven by a Brownian motion. Finally, we propose and test a candidate higher-order method.

AMS Classi�cation. 60H35, 65C30.

Keywords. Stochastic di�erential equations. Multiscale systems. Asymptotic preserving schemes.

1. Introduction

In this article, we consider a class of systems of stochastic di�erential equations depending on a small
parameter ϵ: 

dxϵ(t) = f(xϵ(t), yϵ(t)) dt, t ≥ 0; xϵ(0) = x0,

dyϵ(t) =
dβ(t)√

ϵ
, t ≥ 0; yϵ(0) = y0.

The fast component yϵ is a Brownian motion, and is considered as taking values in the one-dimensional torus
T = R/Z. The slow component xϵ is solution to an ordinary di�erential equation, where the vector �eld f
depends on both components (and is assumed to be periodic in the second variable).

Numerical integration of multi-scale systems of the type above is not straightforward, since the small
parameter ϵ usually imposes stringent and prohibitive conditions on the time-step size ∆t. The literature
contains many works devoted to the construction of e�cient multiscale integrators, see for instance [1, 2, 9,
10, 13, 14, 15, 16, 18] . The list of references is not exhaustive.

Often, the construction of e�cient integrators is based on �rst understanding the behavior of the multiscale
system when the parameter ϵ goes to 0. For the class of systems considered in this work, this is governed by
the averaging principle, see for instance the monograph [17]: the fast component yϵ has an ergodic behavior
and can be eliminated from the slow component xϵ. As a result when ϵ goes to 0 the slow component xϵ

converges to the solution X to an ordinary di�erential equation

dX(t) = F (X(t) dt, t ≥ 0; X(0) = x0,

where F (x) is obtained by averaging f(x, y) with respect to the uniform distribution on the torus for y:

F (x) =

∫
T
f(x, y) dy, ∀ x ∈ R.

Details are presented in Section 2. This averaging principle inspires the construction of the numerical
integrators using di�erent approaches as described in the references listed above.

In this article, we focus on a particular point of view: we consider asymptotic preserving methods, which
have �rst been constructed for certain deterministic problems [11, 12]. For stochastic systems, asymptotic
preserving schemes have been �rst studied in [8], where two regimes are considered: the averaging and
the di�usion approximation regime. Here we only focus on the �rst regime. Note that in the averaging
regime asymptotic preserving schemes have been considered for stochastic di�erential equations driven by a
fractional Brownian motion (in the slow component) in [3] and also for a class of stochastic partial di�erential
equations in [7]. The two articles [5] and [6] presents further results in the di�usion approximation regime,
in the Smoluchowski�Kramers and the Wong�Zakai regimes respectively.
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The guideline of asymptotic preserving schemes is to construct numerical schemes such that the following
diagram is commutative:

xϵ
N

∆t→0−−−−→ xϵ(T )yϵ→0

yϵ→0

XN
∆t→0−−−−→ X(T ),

where the �nal time T = N∆t is �xed. Moreover, one may obtain error estimates which are uniform with
respect to ϵ when ∆t goes to 0. Numerical schemes which satisfy such error bounds are referred to as
uniformly accurate.

The main contributions of this article are to show how to construct an asymptotic preserving scheme for
the considered class of systems and how to prove uniform (strong) error estimates. The behavior of the
scheme is explored using numerical experiments and rigorous error bounds are also obtained.

The article is organized as follows. Section 2 presents the problem, the averaging principle, the scheme
and some numerical experiments. Section 3 then presents arguments to explain the behavior observed in
the numerical experiments, in particular to show that the scheme is asymptotic preserving and uniformly
accurate. The proofs are technical and are postponed to the appendix for convenience. Sections 4 and 5
mainly present numerical experiments: �rst to investigate variants of the systems, second to explore whether
more e�cient schemes can be designed.

Notation. The torus is de�ned as T = R/Z. The projection of a real number z ∈ R onto the torus T is
denoted by ẑ ∈ T.

The systems considered in this article are driven by a Brownian motion
(
β(t)

)
t≥0

, which is de�ned on a

probability space (Ω,F ,P). The expectation operator is denoted by E[·].
Given a �nal time T , the time-step size of the numerical schemes is denoted by ∆t = T/N where N ∈ N⋆

is an arbitrary integer. The associated grid times are denoted by tn = n∆t for 0 ≤ n ≤ N . Moreover, the
Brownian increments are denoted by

(1) δβn+1 = β(tn+1)− β(tn), ∀ n ∈ {0, . . . , N}.

The time-scale separation parameter ϵ is assumed without loss of generality to take values in (0, 1).
The initial values x0 ∈ R and y0 ∈ T are supposed to be independent of ϵ for simplicity.
Finally, the vector �eld appearing in the evolution of the slow component xϵ is denoted by

(2) f : (x, y) ∈ R× T 7→ f(x, y) ∈ R.

For well-posedness of the system and for justifying the convergence of numerical schemes, it is assumed that
f is globally Lipschitz continuous. In addition, for simplicity it is assumed that f is bounded. Stronger
regularity conditions may be imposed for some results.

Note that the presentation is made in dimension d = 1 for simplicity, however the arguments could easily
be generalized in arbitrary dimension.

Review of the results from [8]. Before proceeding with the main contributions of this article, let us
brie�y review the construction and analysis of asymptotic preserving schemes from [8]. This is interesting
to highlight the novelties of this work.

In [8], the fast component yϵ is an Ornstein�Uhlenbeck process instead of being a Brownian motion on
the torus: one considers 

dxϵ(t) = f(xϵ(t), yϵ(t)) dt, t ≥ 0; xϵ(0) = x0,

dyϵ(t) = −yϵ(t)

ϵ
dt+

√
2√
ϵ
dβ(t), t ≥ 0; yϵ(0) = y0.

The averaging principle states that xϵ converges to the solution X to the ordinary di�erential equation

dX(t) = F (X(t)) dt, t ≥ 0; X(0) = x0,
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where F is computed by averaging f(x, y) with respect to a standard Gaussian distribution ν = N (0, 1) for
y:

F (x) =

∫
R
f(x, y) dν(y), ∀ x ∈ R.

The asymptotic preserving scheme proposed in [8] is given as follows:
xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1)

yϵn+1 = e−
∆t
ϵ yϵn +

√
1− e−

2∆t
ϵ γn+1,

where
(
γn
)
n≥1

is a sequence of independent standard Gaussian random variables.

It is shown that the scheme above is asymptotic preserving, with limiting scheme when ϵ → 0 given by

Xn+1 = Xn +∆tf(Xn, γn+1).

The main reason which justi�es that the scheme is asymptotic preserving, more precisely that the limiting
scheme is consistent with the limiting equation, is the property on the conditional expectation

E[f(Xn, γn+1)|Xn] = F (Xn).

Finally the main result in [8] are the following uniform weak error estimates

(3) sup
ϵ∈(0,1)

∣∣E[φ(xϵ
N )]− φ(xϵ(T ))

∣∣ ≤ C
√
∆t,

for su�ciently smooth functions φ. The rate of convergence with respect to ∆t is equal to 1/2 when
considered uniformly with respect to ϵ, but would be 1 for �xed ϵ (with error constant Cϵ depending on ϵ).
The weak order of convergence 1/2 may be suboptimal. Note that below we will mainly consider strong
error estimates instead of weak error estimates, and this has not been considered previously.

2. Description of the problem

2.1. The system and the scheme. In this article, we consider slow-fast systems of stochastic di�erential
equations

(4)


dxϵ(t) = f(xϵ(t), yϵ(t)) dt, t ≥ 0,

dyϵ(t) =
dβ(t)√

ϵ
, t ≥ 0,

xϵ(0) = x0, yϵ(0) = y0.

Since the vector �eld f given by (2) is globally Lipschitz continuous, for any value of ϵ ∈ (0, 1) the system (4)
admits a unique solution.

When ϵ → 0, the behavior of the slow component xϵ is governed by the so-called averaging principle. The
fast process yϵ satis�es

yϵ(t) = y0 +
β(t)√

ϵ
, ∀ t ≥ 0.

Owing to Lemma 3.4, for any positive time t ∈ (0,∞), the random variable ŷϵ(t) converges in distribution
to the uniform distribution on T when ϵ → 0. This suggests that the fast component yϵ may be eliminated
when ϵ → 0. When ϵ → 0, an averaging principle holds: one has the convergence of the slow component xϵ

to the solution X of the ordinary di�erential equation

(5)

{
dX(t) = F (X(t)) dt, t ≥ 0,

X(0) = x0

where the mapping F : R → R is de�ned from the vector �eld f by averaging with respect to the fast variable
y according to the uniform distribution on T: the averaged coe�cient F is de�ned by

(6) F (x) =

∫
T
f(x, y) dy, ∀ x ∈ R.

It is straightforward to check that F is bounded and globally Lipschitz continuous, therefore the ordinary
di�erential equation (5) admits a unique solution.
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For the discretization of the system (4), the following scheme is proposed: given the time-step size ∆t =
T/N and recalling the de�nition (1) of the Brownian increments, for all n ∈ {0, . . . , N − 1} set

(7)


xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1),

yϵn+1 = yϵn +
δβn+1√

ϵ
,

with the initial values xϵ
0 = x0 and yϵ0 = y0.

2.2. Numerical experiments. Before proceeding with the error analysis, we report the results of numerical
experiments concerning the convergence of the strong error(

E[|xϵ
N − xϵ(tN )|2]

) 1
2

when ∆t = T/N → 0, depending on the parameter ϵ.
The initial values are x0 = 0 and y0 = 0. The �nal time is T = 1. The vector �eld f is given by

f(x, y) = cos
(
4πx

)
cos2

(
2π(x+ y)

)
.

The time-step size ∆t takes values in

{2−j .10−2; −2 ≤ j ≤ 10} = { 1

25
,
1

50
,

1

100
, . . . ,

1

51200
,

1

102400
}.

The strong error is estimated by a Monte Carlo average over 102 independent realizations. The reference
solution is computed using the scheme (7) with time-step size ∆tref = 2−11.10−2.

Figure 1 displays how the strong error depends on the time-step size ∆t as ∆t → 0, for di�erent values of
the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated.

Figure 1. Behavior of the strong error for the scheme (7) applied to (5) as a function of
the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

It is observed in Figure 1 that

• for any �xed value of ϵ, the strong error converges to 0 with a rate 1 with respect to∆t, for su�ciently
small ∆t,

• the convergence with rate 1 with respect to ∆t is not uniform with respect to ϵ,
• a uniform convergence with respect to ϵ with rate 1/2 is observed.

The behavior is explained by the results described below:

• for �xed ϵ, the convergence with rate 1 is given in Proposition 3.2, with an error constant depending
on ϵ,

• uniform error estimates with rate of convergence 1/3 are given in Theorem 3.8.
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3. Analysis of the scheme

3.1. Strong error estimates. In this section, we establish strong error estimates which allow to explain
one of the observations associated with Figure 1: for arbitrary �xed ϵ, the rate of convergence is 1 with
respect to ∆t, with an error constant which depends on ϵ. This is obtained in Proposition 3.2.

Precisely, we state and prove two results, with di�erent orders of convergence with respect to ∆t, and
also di�erent rates for the dependence with respect to ϵ. Proposition 3.1 states that the error is at most of
size (∆t/ϵ)1/2, whereas Proposition 3.2 states that the error is at most of size ∆t/ϵ. What is observed in
Figure 1 is associated to Proposition 3.2.

Proposition 3.1. There exists C ∈ (0,∞) such that for all ϵ ∈ (0, 1) and all ∆t one has

(8) sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C

√
∆t√
ϵ
.

Proposition 3.2. Assume that the mapping f : R × T → R is of class C2, with bounded �rst and second
order derivatives.

There exists C ∈ (0,∞) such that for all ϵ ∈ (0, 1) and all ∆t one has

(9) sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C
∆t

ϵ
.

The proofs of Propositions 3.1 and 3.2 are postponed to Section A.

Remark 3.3. The values of the error constants C appearing in Propositions 3.1 and 3.2 depend on the �nal
time T = 1, on the initial values x0 and y0, and on the mapping f . To simplify the notation the dependence
is omitted.

Note that improving the rate of convergence in Proposition 3.2 compared with Proposition 3.1 requires
stronger regularity conditions on the mapping f (Proposition 3.1 only requires the global Lipschitz continuity
property). The techniques of the proof for Propositions 3.1 and 3.2 are similar to the proofs of strong error
estimates for the Euler�Maruyama scheme for stochastic di�erential equations driven by additive noise, with
rates 1/2 for globally Lipschitz continuous drift and 1 for drifts of class C2.

3.2. Asymptotic preserving property. In this section, we study the behavior of the numerical scheme (7)
when ϵ → 0 for arbitrary �xed time-step size ∆t > 0. It is proved that, for all n ∈ {0, . . . , N}, xϵ

n converges
in distribution to Xn given by the limiting scheme (10) when ϵ → 0, see Lemma 3.5 for a precise statement.
It is then shown that the limiting scheme (10) is consistent with the averaged equation, see Lemma 3.7.
Combining the result shows that the scheme (7) is asymptotic preserving.

The proofs of the results stated in this section are postponed to Section B.
Let us �rst provide a key technical result which justi�es the convergence in distribution as ϵ → 0.

Lemma 3.4. Let γ ∼ N (0, 1) be a standard real-valued Gaussian random variable.
For all ϵ > 0, let γϵ = γ√

ϵ
.

Then γ̂ϵ converges in distribution to the uniform distribution on T.

Let
(
Un

)
n≥1

be a sequence of independent random variables which are uniformly distributed on the torus

T. The result of Lemma 3.4 suggests to introduce the following scheme: for all n ∈ {0, . . . , N − 1}, set

(10) .

{
Xn+1 = Xn +∆tf(Xn, Yn+1),

Yn+1 = Yn + Un+1,

with initial values X0 = x0 and Y0 = y0. Note that the scheme (10) is constructed by replacing the indepen-
dent random variables δβn+1/

√
ϵ appearing in (7) by the random variables Un+1 for all n ∈ {0, . . . , N − 1}.

The scheme (10) can be considered as a limiting scheme when ϵ → 0, owing to the following result.

Lemma 3.5. For any N ∈ N⋆ (with associated time-step size ∆t = T/N), when ϵ → 0, one has the following
convergence in distribution result in (R× T)N+1:(

(xϵ
n, y

ϵ
n)
)
0≤n≤N

→
ϵ→0

(
(Xn, Yn)

)
0≤n≤N

.
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The expression of the limiting scheme (10) is not convenient. Indeed, note that
(
Xn

)
0≤n≤N

is not a

Markov process, since Xn+1 is given as a function of Xn and of the hidden state Yn+1. It is possible to
propose an alternative Markov representation for the limiting scheme: for all n ∈ {0, . . . , N − 1}, set
(11) X̃n+1 = X̃n +∆tf(X̃n, Un+1),

with initial value X̃0 = X0 = x0.
Lemma 3.6 shows that Xn and X̃n are equal in distribution at all times n ∈ {0, . . . , N}.

Lemma 3.6. Let N ∈ N⋆ (with associated time-step size ∆t = T/N), and let
(
Xn

)
0≤n≤N

and
(
X̃n

)
0≤n≤N

be de�ned by (10) and (11) respectively.
For all n ∈ {0, . . . , N}, one has the equality in distribution

X̃n = Xn.

The solutions Xn and X̃n to limiting schemes (10) and (11) are random variables, whereas the solution

X(tn) to the averaged equation (5) is deterministic. Lemma 3.7 states that X̃n converges in the mean-square
sense to X(tn) when ∆t = T/N → 0, meaning that the scheme (7) is asymptotic preserving.

Lemma 3.7. Let
(
X(t)

)
t∈[0,T ]

be given by the averaged ordinary di�erential equation (5) and let
(
X̃n

)
0≤n≤N

be given by the limiting scheme (11) with time-step size ∆t = T/N . There exists C ∈ (0,∞) such that for
all N ∈ N⋆ one has

(12) sup
0≤n≤N

(
E[|Xn −X(tn)|2]

) 1
2 = sup

0≤n≤N

(
E[|X̃n −X(tn)|2]

) 1
2 ≤ C

√
∆t.

Note that one can replace X̃n by Xn in (12), since for all n ∈ {0, . . . , N} the random variables Xn and

X̃n are equal in distribution owing to Lemma 3.6.
The results above show that the scheme is asymptotic preserving, meaning that one has a commutative

diagram when the parameter ϵ and the time-step size ∆t = T/N go to 0:

(13)

xϵ
N

∆t→0−−−−→ xϵ(T )yϵ→0

yϵ→0

XN
∆t→0−−−−→ X(T ),

where for simplicity the property is stated only at the �nal time T = N∆t. The convergence refers to
convergence in distribution when considering the convergence of xϵ

N to XN when ϵ → 0.

3.3. Uniform strong error estimates. Propositions 3.1 and 3.2 provide upper bounds on the error(
E[∥xϵ

n − xϵ(T )∥2]
) 1

2 , one obtains order 1/2 and 1 respectively with respect to ∆t but the error bound
is not uniform with respect to ϵ. This can be observed in Figure 1, which suggests that uniform error esti-
mates with respect to ϵ can be obtained, with order of convergence 1/2 with respect to ∆t. The main result
of this section, Theorem 3.8, provides such uniform error estimates, but with order of convergence 1/3 with
respect to ∆t (in the setting of Proposition 3.2). In the setting of Proposition 3.1 one would obtain order of
convergence 1/4 with respect to ∆t, see Remark C.3.

Theorem 3.8. Assume that the mapping f : R× T → R is of class C2, with bounded �rst and second order
derivatives.

There exists C ∈ (0,∞) such that one has

(14) sup
ϵ∈(0,1)

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C∆t
1
3 .

The proof of Theorem 3.8 is postponed to Section C. It is inspired by the commutative diagram (13):
using the triangle inequality, for all ϵ ∈ (0, 1), one has

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2

≤ sup
0≤n≤N

(
E[|xϵ

n −Xn|2|]
) 1

2 + sup
0≤n≤N

(
E[|Xn −X(tn)|2]

) 1
2 + sup

0≤n≤N

(
E[|X(tn)− xϵ(tn)|2]

) 1
2 .
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The result given in Theorem 3.8 is consistent with the observations drawn from the numerical experiments
in Figure 1, however the observed order of convergence is 1/2 instead of 1/3. Whether the rate of convergence
1/3 obtained in Theorem 3.8 is optimal or whether it is possible to prove higher order of convergence, is left
for future investigations.

4. Study of stochastic variants

In this section, we consider variants of the system (4) and of the scheme (7), where the slow component
xϵ is not solution to an ordinary di�erential equation but to a stochastic di�erential equation driven by a
Wiener process

(
W (t)

)
t≥0

, which is independent of the Wiener process
(
β(t)

)
t≥0

.

From the numerical experiments, conjectures that would generalize the results stated in Section 3 are
proposed.

Similar to (1), the increments of the Wiener process
(
W (t)

)
t≥0

are denoted by

δWn+1 = W (tn+1)−W (tn), ∀ n ∈ {0, . . . , N}.

4.1. Additive noise perturbation. Let us �rst consider the case where the slow equation is a stochastic
di�erential equation driven by additive noise:

(15)


dxϵ(t) = f(xϵ(t), yϵ(t)) dt+ dW (t), t ≥ 0,

dyϵ(t) =
dβ(t)√

ϵ
, t ≥ 0,

xϵ(0) = x0, yϵ(0) = y0.

Let us mention that the averaging principle also holds for the class of systems (15): when ϵ → 0, the slow
component xϵ converges to the solution X to the stochastic di�erential equation driven by additive noise

(16)

{
dX(t) = F (X(t)) dt+ dW (t), t ≥ 0,

X(0) = x0,

where the drift F is de�ned by (6).
For the discretization of the system (15), we propose the following numerical scheme, as a variant of (7):

given the time-step size ∆t = T/N , for all n ∈ {0, . . . , N − 1} set

(17)


xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1) + δWn+1,

yϵn+1 = yϵn +
δβn+1√

ϵ
,

with the initial values xϵ
0 = x0 and yϵ0 = y0.

Adapting the arguments from Section 3.2, one may show that xϵ
N converges in distribution when ϵ → 0

to XN given by the limiting scheme{
Xn+1 = Xn +∆tf(Xn, Yn+1) + δWn+1

Yn+1 = Yn + Un+1

and to X̃n given by the alternative Markov representation

X̃n+1 = X̃n +∆tf(X̃n, Un+1) + δWn+1,

with the initial values X0 = X̃0 = x0 and Y0 = y0, where
(
Un

)
n≥1

is a sequence of independent random

variables which are uniformly distributed in the torus T. The random variables XN and X̃N are equal in
distribution.

Note that one obtains an asymptotic preserving property for the scheme (17), i.e. the commutative
diagram (13) is also valid for this variant.

Let us present numerical experiments which illustrate the behavior of the strong error(
E[|xϵ

N − xϵ(tN )|2]
) 1

2

when ∆t = T/N → 0, depending on the parameter ϵ.
The parameters of the numerical experiments are the same as in Section 2.2.
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Figure 2 displays how the strong error depends on the time-step size ∆t as ∆t → 0, for di�erent values of
the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated.

Figure 2. Behavior of the strong error for the scheme (17) applied to (15) as a function
of the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

The observations are the same as the ones from those drawn from Figure 1 in Section 2.2: at �xed ϵ the
order of convergence with respect to ∆t is equal to 1 and one has error estimates which are uniform with
respect to ϵ with order of convergence 1/2 with respect to ∆t. We conjecture that the results stated in
Section 3 can be generalized for systems (15) and the scheme (17) when the slow component is driven by
additive noise.

4.2. Multiplicative noise perturbation. Let us now consider another variant of the system (4), where
the slow component xϵ is solution to a stochastic di�erential equation (with Itô interpretation of the noise):

(18)


dxϵ(t) = f(xϵ(t), yϵ(t))dt+ g(xϵ,∆t(t))dW (t), t ≥ 0,

dyϵ(t) =
dβ(t)√

ϵ
, t ≥ 0,

xϵ(0) = x0, yϵ(0) = y0.

Contrary to the system (15) considered in Section 4.1, the noise is not additive, it depends on the di�usion
mapping g : R × R. Note that it is important to assume that g(x) only depends on the slow component x
and does not depend on the fast component y. It is assumed that g is bounded and Lipschitz continuous.

The averaging principle also holds for the class of systems (18): when ϵ → 0, the slow component xϵ

converges to the solution X to the stochastic di�erential equation driven by multiplicative noise

(19)

{
dX(t) = F (X(t)) dt+ g(X(t)) dW (t), t ≥ 0,

X(0) = x0,

where the drift F is de�ned by (6). Note that the di�usion coe�cient g in (19) is the same as in (18).
For the discretization of the system (18), we �rst propose the following numerical scheme, where the slow

component is approximated using the Euler�Maruyama method: given the time-step size ∆t = T/N , for all
n ∈ {0, . . . , N − 1} set

(20)


xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1) + g(xϵ

n)δWn+1

yϵn+1 = yϵn +
δβn+1√

ϵ
,

with the initial values xϵ
0 = x0 and yϵ0 = y0.
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Adapting the arguments from Section 3.2, one may show that xϵ
N converges in distribution when ϵ → 0

to XN given by the limiting scheme{
Xn+1 = Xn +∆tf(Xn, Yn+1) + g(Xn)δWn+1

Yn+1 = Yn + Un+1

and to X̃n given by the alternative Markov representation

X̃n+1 = X̃n +∆tf(X̃n, Un+1) + g(X̃n)δWn+1,

with initial values X0 = X̃0 = x0 and Y0 = y0, where
(
Un

)
n≥1

is a sequence of independent random variables

which are uniformly distributed in the torus T.
Note that one obtains an asymptotic preserving property for the scheme (17), i.e. the commutative

diagram (13) is also valid for this variant.
Let us present numerical experiments which illustrate the behavior of the strong error(

E[|xϵ
N − xϵ(tN )|2]

) 1
2

when ∆t = T/N → 0, depending on the parameter ϵ.
The parameters of the numerical experiments are the same as in Section 2.2, and the di�usion coe�cient

g is given by

g(x) =
1

4
cos
(
2πx

)
+

1

2
.

Figure 3 displays how the strong error depends on the time-step size ∆t as ∆t → 0, for di�erent values of
the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated. The behavior observed in Figure 3 is quite

Figure 3. Behavior of the strong error for the scheme (20) applied to (18) as a function
of the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

di�erent from what is seen in Figures 1 and 2. This is due to the fact that for �xed ϵ the strong order of
convergence is equal to 1/2 instead of 1, i.e. only Proposition 3.1 could be obtained for the scheme (20)
associated to the system (18). However, it is still observed in Figure 3 that error estimates which are uniform
with respect to ϵ can be obtained, we thus conjecture that a variant of Theorem 3.8 holds, possibly with
order of convergence 1/4 (see Remark C.3).

The order of convergence 1/2 with respect to ∆t is due to the application of the Euler�Maruyama scheme
for the discretization of the slow component xϵ. It is natural to study whether applying an higher order
scheme would have a substantial impact on the behavior of the error.
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Let us thus consider the following numerical scheme, where the slow component is approximated using
the Milstein method: given the time-step size ∆t = T/N , for all n ∈ {0, . . . , N − 1} set

(21)


xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1) + g(xϵ

n)δWn+1 +
1

2
(g′g)(xϵ

n)
(
δW 2

n+1 −∆t
)

yϵn+1 = yϵn +
δβn+1√

ϵ
,

with the initial values xϵ
0 = x0 and yϵ0 = y0.

Again, one may show that xϵ
N converges in distribution when ϵ → 0 to XN given by the limiting schemeXn+1 = Xn +∆tf(Xn, Yn+1) + g(Xn)δWn+1 +

1

2
(g′g)(Xn)

(
δW 2

n+1 −∆t
)

Yn+1 = Yn + Un+1

and to X̃n given by the alternative Markov representation

X̃n+1 = X̃n +∆tf(X̃n, Un+1) + g(X̃n)δWn+1 +
1

2
(g′g)(X̃n)

(
δW 2

n+1 −∆t
)
,

with initial values X0 = X̃0 = x0 and Y0 = y0, where
(
Un

)
n≥1

is a sequence of independent random variables

which are uniformly distributed in the torus T.
Again one obtains an asymptotic preserving property for the scheme (17), i.e. the commutative dia-

gram (13) is also valid for this variant.
Figure 4 displays how the strong error depends on the time-step size ∆t as ∆t → 0, for di�erent values of

the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

All the parameters are the same as in the numerical experiment presented above in Figure 3. Three
reference lines with slopes 1/3, 1/2 and 1 are indicated. The sample size for the Monte Carlo experiment is

Figure 4. Behavior of the strong error for the scheme (21) applied to (18) as a function
of the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

not large so the statistical error is visible in Figure 4.
Comparing Figures 3 and 4 clearly shows that using the Milstein method in the scheme (21) instead of

the Euler�Maruyama method in the scheme (20) leads to improved results, which are comparable to those
in Figures 1 and 2. Therefore the choice of the integrator is important. We conjecture that the results from
Section 3, especially the uniform strong error estimates given by Theorem 3.8, can be generalized for the
system (18) when the scheme (21) is applied. Proving such results is out of the scope of this contribution
and may be considered in future works.
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4.3. A stochastic system. Finally, we consider another variant of the system, where the slow component
is solution to a stochastic di�erential equation (with Itô interpretation of the noise) with no drift term and
with di�usion coe�cient given by the vector �eld f :

(22)


dxϵ(t) = f(xϵ(t), yϵ(t))dW (t), t ≥ 0,

dyϵ(t) =
dβ(t)√

ϵ
, t ≥ 0,

xϵ(0) = x0, yϵ(0) = y0.

Contrary to the situation described in Section 4.2, the di�usion coe�cient f depends on both variables x
and y.

For the discretization of the system (22), we propose the following numerical scheme, where the slow
component is approximated using the Euler�Maruyama method (like in the scheme (20)): given the time-
step size ∆t = T/N , for all n ∈ {0, . . . , N − 1} set

(23)


xϵ
n+1 = xϵ

n + g(xϵ
n,m

ϵ
n+1)δWn+1

mϵ
n+1 = mϵ

n +
δβn+1√

ϵ

with the initial values xϵ
0 = x0 and yϵ0 = y0 and with Wiener increments δWn+1 = W (tn+1)−W (tn).

Let us present numerical experiments which illustrate the behavior of the strong error(
E[|xϵ

N − xϵ(tN )|2]
) 1

2

when ∆t = T/N → 0, depending on the parameter ϵ.
The parameters of the numerical experiments are the same as in Section 2.2.
Figure 5 displays how the strong error depends on the time-step size ∆t as ∆t → 0, for di�erent values of

the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Three reference lines with slopes 1/3, 1/2 and 1 are indicated. The behavior observed in Figure 5 is quite

Figure 5. Behavior of the strong error for the scheme (23) applied to (22) as a function
of the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

di�erent from what has been observed in all the other numerical experiments: one does not observe good
convergence of the scheme when ∆t goes to 0. This result is not due to the choice of the scheme, but to the
fact that the averaging principle does not hold in the strong sense, but only in the weak sense.

The correct version of the averaging principle is the following, see for instance the recent work [4]: with
the mapping σ : R → R de�ned by

σ(x) =
(∫

T
f(x,m)2 dm

) 1
2 , ∀ x ∈ R,

11



xϵ converges in distribution to the solution X to the stochastic di�erential equation

(24)

{
dX(t) = σ(X(t)) dW (t), ∀ t ≥ 0,

X(0) = x0.

This implies that for any bounded and continuous function φ : R → R, one has
E[φ(xϵ(T ))] →

ϵ→0
E[φ(X(T ))].

However, the convergence is not strong, meaning that E[|xϵ(T )−X(T )|2] does not converge to 0 when ϵ → 0.
Since the averaging principle does not hold in the strong sense, it is not suprising to observe that the

scheme (23) is not asymptotic preserving in the strong sense. This justi�es the observations following
Figure 5.

The averaging principle holds in the weak sense, i.e. in the sense of convergence in distribution. It is thus
natural to investigate the behavior of the weak error∣∣E[φ(xϵ

N )]− E[φ(xϵ(tN ))]
∣∣

when ∆t = T/N → 0, depending on the parameter ϵ, where φ : R → R is a function of class C∞ with
bounded derivatives. In the numerical experiments, we choose

φ(x) = sin3
(
2πx

)
− cos

(
3πx

)
.

As in other numerical experiments, the initial values are x0 = 0 and y0 = 0. The �nal time is T = 1. The
vector �eld f is given by

f(x, y) = cos
(
4πx

)
cos2

(
2π(x+ y)

)
.

For the numerical experiments on the weak error, the time-step size ∆t takes values in

{2−j .10−2; −2 ≤ j ≤ 3} = { 1

25
,
1

50
,

1

100
, . . . ,

1

400
,

1

800
}.

The weak error is estimated by a Monte Carlo average over 104 independent realizations. The reference
solution is computed using the scheme (7) with time-step size ∆tref = 2−4.10−2.

Figure 6 displays how the weak error depends on the time-step size ∆t as ∆t → 0, for di�erent values of
the time-scale separation parameter ϵ: on the left one has ϵ ∈ {10−1, 10−2, 10−3, 10−4} and on the right one
has ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Two reference lines with slopes 1/2 and 1 are indicated.

Figure 6. Behavior of the weak error for the scheme (23) applied to (22) as a function of
the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

Compared with Figure 5, better convergence properties are observed in Figure 6 for the weak error. It
would be possible to establish that the scheme is asymptotic preserving in the weak sense, i.e. in the sense of
convergence in distribution. In addition, it would be interesting to investigate whether one could prove weak
error estimates which are uniform with respect to ϵ. These questions are out of the scope of this contribution
and may be investigated in future works.
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5. Study of an higher order method

In this section, we consider the system (4) and we investigate whether one is able to construct higher
order methods. The presentation is heuristic and less rigorous than in Sections 2 and 3.

The averaging principle states that xϵ converges when ϵ goes to 0 to the solution to the ordinary di�erential
equation (5). For the scheme (7), the limiting scheme (10) (or equivalently (11)) obtained when ϵ goes to 0
is an order one method for (5): indeed, using the formulation (11), one has

X̃n+1 = X̃n +∆tFn

where Fn = f(X̃n, Un+1) satis�es

E[Fn|X̃n] = F (X̃n).

Having a higher order method associated to the ordinary di�erential equation (5) would require to have an
expansion

X̃n+1 = X̃n +∆tF (1)
n +∆t2F (2)

n +O(∆t3),

where F
(1)
n and F

(2)
n satisfy

E[F (1)
n |X̃n] = F (X̃n), E[F (2)

n |X̃n] =
1

2
F ′(X̃n)F (X̃n).

It is possible to construct a method which satis�es these properties using a variant of Heun's integrator.
However, some care is needed, and the numerical experiments below show that the proposed method seems
to be more e�cient than the scheme (7) only in the weak sense, not in the strong sense.

To de�ne the new method, some additional notation is needed. For all n ∈ {0, . . . , N − 1}, intermediate
grid points are denoted by tn+1/2 = (tn + tn+1)/2 = tn + ∆t/2. Associated Brownian increments on the
intervals [tn, tn+1/2] and [tn+1/2, tn+1] are respectively β(tn+1/2) − β(tn) and β(tn+1) − β(tn+1/2). Recall
that these Gaussian random variables are independent due to the properties of Brownian motion.

We propose the following numerical scheme: given the time-step size ∆t = T/N , for all n ∈ {0, . . . , N−1}
set

(25)



xϵ
n+ 1

2
= xϵ

n +
∆t

2
f(xϵ

n, y
ϵ
n+ 1

2
),

yϵn+ 1
2
= yϵn +

β(tn+ 1
2
)− β(tn)
√
ϵ

,

xϵ
n+1 = xϵ

n +∆tf(xϵ
n+ 1

2
, yϵn+1),

yϵn+1 = yϵn+ 1
2
+

β(tn+1)− β(tn+ 1
2
)

√
ϵ

,

with the initial values xϵ
0 = x0 and yϵ0 = y0.

Let us brie�y justify why the proposed scheme (25) is a good candidate for higher order approximation.
Using the same arguments as in Section 3.2, one may show that xϵ

n converges in distribution to Xn given by
the limiting scheme

(26)


Xn+ 1

2
= Xn +

∆t

2
f(Xn, Yn+ 1

2
),

Yn+ 1
2
= Mn + Un+ 1

2

Xn+1 = Xn +∆tf(Xn+ 1
2
, Yn+1),

Yn+1 = Mn+ 1
2
+ Un+1,

with the initial values X0 = x0 and Y0 = y0, where
(
Un

)
n≥1

and
(
Un+ 1

2

)
n≥0

are two independent sequences

of independent random variables which are uniformly distributed in the torus T. An alternative Markov
representation of the limiting scheme, such that one has the equality in distribution X̃n = Xn for all
n ∈ {0, . . . , N}, is given by

(27)

X̃n+ 1
2
= X̃n +

∆t

2
f(X̃n, Un+ 1

2
),

X̃n+1 = X̃n +∆tf(X̃n+ 1
2
, Un+ 1

2
+ Un+1),
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with the initial value X̃0 = x0.
Given the expression above, under appropriate regularity conditions a Taylor expansion yields the expres-

sion

X̃n+1 = X̃n +∆tf(X̃n, Un+ 1
2
+ Un+1) +

∆t2

2
∂xf(X̃n, Un+ 1

2
+ Un+1)f(X̃n, Un+ 1

2
) + O(∆t3).

It is then possible to check that the requirements mentioned above for having a higher order method are
ful�lled: taking into account the independence of the random variables Un+ 1

2
and Un+1 and using the tower

property of conditional expectation, one obtains for the �rst order term F
(1)
n = f(X̃n, Un+ 1

2
+ Un+1)

E[f(X̃n, Un+ 1
2
+ Un+1)|X̃n] = E

[
E[f(X̃n, Un+ 1

2
+ Un+1)|X̃n, Un+ 1

2
)]
∣∣X̃n

]
= E[F (X̃n)|X̃n]

= F (X̃n)

and one obtains for the second order term F
(2)
n = 1

2∂xf(X̃n, Un+ 1
2
+ Un+1)f(X̃

0,∆t
n , Un+ 1

2
)

1

2
E[∂xf(X̃n, Un+ 1

2
+ Un+1)f(X̃, Un+ 1

2
)|X̃n] =

1

2
E
[
E[∂xf(X̃n, Un+ 1

2
+ Un+1)f(X̃n, Un+ 1

2
)|X̃n, Un+ 1

2
]
∣∣X̃n

]
=

1

2
E
[
F ′(X̃n)f(X̃n, Un+ 1

2
)
∣∣X̃n

]
=

1

2
F ′(X̃n)F (X̃n).

Let us report �rst numerical experiments on the behavior of the strong error. The numerical parameters
are the same as in Section 2.2.

Figure 7. Behavior of the strong error for the scheme (25) applied to (5) as a function of
the time-step size ∆t for di�erent values of ϵ. Left: ϵ ∈ {10−1, 10−2, 10−3, 10−4}. Right:
ϵ ∈ {8.10−3, 4.10−3, 2.10−3, 10−3}.

The behavior observed in Figure 7 is the same as for the standard scheme (7) seen in Figure 1, in terms of
orders of convergence. Therefore it does not seem that the proposed scheme (25) is a higher order method
in the strong sense.

When one considers weak errors, the schemes (7) and (25) have di�erent behaviors. This observation
suggests that one may prove better results for the proposed scheme (25), this question is left for future
works.

Figure 8 displays how the weak error ∣∣E[φ(xϵ
N )]− E[φ(xϵ(tN ))]

∣∣
behaves when ∆t = T/N → 0, depending on the parameter ϵ. The function φ is given by

φ(x) = sin3
(
2πx

)
− cos

(
3πx

)
.
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As in other numerical experiments, the initial values are x0 = 0 and y0 = 0. The �nal time is T = 1. The
vector �eld f is given by

f(x, y) = cos
(
4πx

)
cos2

(
2π(x+ y)

)
.

For the numerical experiments on the weak error, the time-step size ∆t takes values in

{2−j .10−2; −2 ≤ j ≤ 3} = { 1

25
,
1

50
,

1

100
, . . . ,

1

400
,

1

800
}.

The paramer ϵ takes values in ϵ ∈ {10−1, 10−2, 10−3, 10−4}.
The weak error is estimated by a Monte Carlo average over 4.104 independent realizations. The reference

solution is computed using the scheme (7) with time-step size ∆tref = 2−4.10−2.
Since the behavior of the weak error for the scheme (7) has not been reported earlier, this is presented

in the left part of Figure 8, whereas the right part of Figure 8 presents the results for the scheme (25).
One conjectures that for the standard scheme (4), one may prove weak error estimates which are uniform
with respect to ϵ, with rate of convergence 1/2 with respect to ∆t. This behavior is consistent with what is
observed for the strong error in Figure 1. For the scheme (25), at least in some regimes the weak order of
convergence with respect to ∆t seems to be equal to 1. To con�rm this, re�ned numerical experiments and
analysis may be needed.

Figure 8. Behavior of the weak error for the scheme (7) (left) and for the scheme (25)
(right) applied to (5) as a function of the time-step size ∆t for di�erent values of ϵ.

Remark 5.1. Instead of the scheme (25), one may propose the simpler version
xϵ
n+ 1

2
= xϵ

n +
∆t

2
f(xϵ

n, y
ϵ
n+1)

xϵ
n+1 = xϵ

n +∆tf(xϵ
n, y

ϵ
n+1)

yϵn+1 = yϵn +
β(tn+1)− β(tn)√

ϵ
,

which does not require to introduce the Brownian increments on a re�ned grid as in (25). This method would
not lead to higher-order of convergence, indeed one would obtain the limiting scheme

Xn+ 1
2
= Xn +

∆t

2
f(Xn, Yn+1)

Xn+1 = Xn +∆tf(Xn, Yn+1)

Yn+1 = Yn + Un,

with its associated alternative Markov representation:

(28)

X̃n+ 1
2
= X̃n +

∆t

2
f(X̃n, Un+1)

X̃n+1 = X̃n +∆tf(X̃n+ 1
2
, Un+1).
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Performing a Taylor expansion yields

X̃n+1 = X̃n +∆tf(X̃n, Un+1) +
∆t2

2
∂xf(X̃n, Un+1)f(X̃n, Un+1) + O(∆t3),

where for the �rst and second order terms one has

E[f(X̃n, Un+ 1
2
+ Un+1)|X̃n] = F (X̃n)

E[∂xf(X̃n, Un+1)f(X̃n, Un+1)|X̃n] ̸= F ′(X̃n)F (X̃n).

The choice of decomposing the Brownian increments on the subintervals [tn, tn+ 1
2
] and [tn+ 1

2
, tn+1] is fun-

damental for the good performance of the scheme (25). When considering the limit ϵ → 0, this yields two
independent uniform random variables Un+ 1

2
and Un+1, and this allows to obtain the correct second order

term.
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Appendix A. Proof of strong error estimates

The objective of this section is to prove the strong error estimates from Propositions 3.1 and 3.2.
Note that for any parameter ϵ ∈ (0, 1) and any time-step size ∆t, the solution of (4) at time t = tn = n∆t

is given by

(29) xϵ(tn) = x0 +

∫ tn

0

f(xϵ(s),
β(s)√

ϵ
) ds

whereas the solution of the scheme (7) at iteration n is given by

(30) xϵ
n = x0 +∆t

n−1∑
k=0

f(xϵ
k,

β(tk+1)√
ϵ

).

A.1. Proof of Proposition 3.1. Combining the identities (29) and (30), the error xϵ(tn)−xϵ
n is decomposed

as follows: for all n ∈ {0, . . . , N}, one has

xϵ(tn)− xϵ
n =

n−1∑
k=0

∫ tk+1

tk

[
f
(
xϵ(s),

β(s)√
ϵ

)
− f

(
xϵ(s),

β(tk+1)√
ϵ

)]
ds

+

n−1∑
k=0

∫ tk+1

tk

[
f
(
xϵ(s),

β(tk+1)√
ϵ

)
− f

(
xϵ(tk),

β(tk+1)√
ϵ

)]
ds

+∆t

n−1∑
k=0

[
f
(
xϵ(tk),

β(tk+1)√
ϵ

)
− f

(
xϵ
k,

β(tk+1)√
ϵ

)]
.

The mapping f : R×T → R is assumed to be globally Lipschitz continuous, therefore applying Minkowski's
inequality one obtains the following upper bound: there exists C ∈ (0,∞) such that for all n ∈ {0, . . . , N}
one has (

E[∥xϵ(tn)− xϵ
n∥2]

) 1
2 ≤ C√

ϵ

n−1∑
k=0

∫ tk+1

tk

(
E[|β(s)− β(tk+1)|2]

) 1
2 ds

+ C

n−1∑
k=0

∫ tk+1

tk

(
E[∥xϵ(s)− xϵ(tk)∥2]

) 1
2 ds

+ C∆t

n−1∑
k=0

(
E[∥xϵ(tk)− xϵ

k∥2]
) 1

2 .

For all k ∈ {0, . . . , N − 1} and s ∈ [tk, tk+1], one has

E[|β(s)− β(tk+1)|2] = (tk+1 − s) ≤ ∆t,

owing to the standard properties of Brownian motion. Moreover, recalling that the mapping f is assumed
to be bounded, for all k ∈ {0, . . . , N − 1} and all s ∈ [tk, tk+1], one has

|xϵ(s)− xϵ(tk)| =
∣∣∣ ∫ s

tk

f(xϵ(r),
β(r)√

ϵ
) dr

∣∣∣ ≤ ∫ s

tk

∣∣f(xϵ(r),
β(r)√

ϵ
)
∣∣dr ≤ C(s− tk) ≤ C∆t.

Therefore, for all n ∈ {0, . . . , N} one has

(
E[∥xϵ(tn)− xϵ

n∥2]
) 1

2 ≤ C

(√
∆t√
ϵ

+∆t

)
+ C∆t

n−1∑
k=0

(
E[∥xϵ(tk)− xϵ

k∥2]
) 1

2

Applying the discrete Grönwall inequality, one obtains the following upper bound:

sup
0≤n≤N

(
E[∥Xϵ(tn)−Xϵ

n∥2]
) 1

2 ≤ C

√
∆t√
ϵ

+ C∆t.

17



Note that for all ϵ ∈ (0, 1), one has the upper bound

∆t ≤
√
T

√
∆t ≤

√
T

√
∆t√
ϵ
.

This yields the error estimates (8) and the proof of Proposition 3.1 is thus completed.

A.2. Proof of Proposition 3.2. Combining the identities (29) and (30), the error xϵ(tn)−xϵ
n is decomposed

as follows: for all n ∈ {0, . . . , N}, one has

xϵ(tn)− xϵ
n = δϵ,1n + δϵ,2n + δϵ,3n ,

with auxiliary error terms δ1n, δ
2
n, δ

3
n de�ned by

δϵ,1n =

n−1∑
k=0

∫ tk+1

tk

[
f
(
xϵ(s),

β(s)√
ϵ

)
− f

(
xϵ(tk),

β(s)√
ϵ

)]
ds,

δϵ,2n =

n−1∑
k=0

∫ tk+1

tk

[
f
(
xϵ(tk),

β(s)√
ϵ

)
− f

(
xϵ
k,

β(s)√
ϵ

)]
ds,

δϵ,3n =

n−1∑
k=0

∫ tk+1

tk

[
f
(
xϵ
k,

β(s)√
ϵ

)
− f

(
xϵ
k,

β(tk+1)√
ϵ

)]
ds.

For the �rst error term δ1n, recalling that the mapping f is globally Lipschitz continuous and applying
Minkowski's inequality, for all n ∈ {0, . . . , N} one has

(
E[|δϵ,1n |2]

) 1
2 ≤ C

n−1∑
k=0

∫ tk+1

tk

(
E[|xϵ(s)− xϵ(tk)|2]

) 1
2 ds.

Moreover, as in the proof of Proposition 3.1, since the mapping f is assumed to be bounded, for all k ∈
{0, . . . , N − 1} and all s ∈ [tk, tk+1], one has

|xϵ(s)− xϵ(tk)| ≤ C(s− tk) ≤ C∆t.

Therefore for all n ∈ {0, . . . , N} one has

(
E[|δϵ,1n |2]

) 1
2 ≤ C∆t.

For the second error term δϵ,2n , recalling that the mapping f is globally Lipschitz continuous and applying
Minkowski's inequality, for all n ∈ {0, . . . , N} one has

(
E[|δϵ,2n |2]

) 1
2 ≤ C∆t

n−1∑
k=0

(
E[|xϵ(tk)− xϵ

k|2]
) 1

2 .

The treatment of the third term δϵ,3n requires more attention. Applying Itô's formula, for all k ∈ {0, . . . , N−1}
and all s ∈ [tk, tk+1] one has

f
(
xϵ
k,

β(s)√
ϵ

)
− f

(
xϵ
k,

β(tk+1)√
ϵ

)
=

∫ tk+1

s

∂yf
(
xϵ
k,

β(r)√
ϵ

)dβ(r)√
ϵ

+

∫ tk+1

s

∂2
yf
(
xϵ
k,

β(r)√
ϵ

)dr
2ϵ

.
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Integrating with respect to s ∈ [tk, tk+1] and applyig stochastic and deterministic versions of Fubini's theo-
rem, for all k ∈ {0, . . . , N − 1}, one obtains∫ tk+1

tk

[
f
(
xϵ
k,

β(s)√
ϵ

)
− f

(
xϵ
k,

β(tk+1)√
ϵ

)]
ds

=

∫ tk+1

tk

∫ tk+1

s

∂yf
(
xϵ
k,

β(r)√
ϵ

)dβ(r)√
ϵ

ds+

∫ tk+1

tk

∫ tk+1

s

∂2
yf
(
xϵ
k,

β(r)√
ϵ

)dr
2ϵ

ds

=

∫ tk+1

tk

∫ r

tk

∂yf
(
xϵ
k,

β(r)√
ϵ

)
ds

dβ(r)√
ϵ

+

∫ tk+1

tk

∫ r

tk

∂2
yf
(
xϵ
k,

β(r)√
ϵ

)
ds

dr

2ϵ

=

∫ tk+1

tk

(
r − tk

)
∂yf

(
xϵ
k,

β(r)√
ϵ

)dβ(r)√
ϵ

+

∫ tk+1

tk

(
r − tk

)
∂2
yf
(
xϵ
k,

β(r)√
ϵ

)dr
2ϵ

.

Therefore for all n ∈ {0, . . . , N}, the error term δϵ,3n is decomposed as

δϵ,3n = δϵ,3,1n + δϵ,3,2n ,

where the auxiliary error terms δϵ,3,1n and δϵ,3,2n are de�ned by

δϵ,3,1n =

n−1∑
k=0

∫ tk+1

tk

(
r − tk

)
∂yf

(
xϵ
k,

β(r)√
ϵ

)dβ(r)√
ϵ

,

δϵ,3,2n =

n−1∑
k=0

∫ tk+1

tk

(
r − tk

)
∂2
yf
(
xϵ
k,

β(r)√
ϵ

)dr
2ϵ

.

Applying the Itô isometry property and recalling that the �rst order partial derivative ∂yf is bounded, for
the error term δϵ,3,1n , for all n ∈ {0, . . . , N − 1}, one has the upper bound

E[|δϵ,3,1n |2] = 1

ϵ

n−1∑
k=0

∫ tk+1

tk

∣∣∣(r − tk
)
∂yf

(
xϵ
k,

β(r)√
ϵ

)∣∣∣2 dr ≤ C
∆t2

ϵ
.

Applying Minkowski's inequality and recalling that the second order partial derivative ∂2
yf is bounded, for

the error term δϵ,3,2n , for all n ∈ {0, . . . , N − 1}, one has the upper bound

(
E[|δϵ,3,2n |2]

) 1
2 ≤ 1

2ϵ

n−1∑
k=0

∫ tk+1

tk

(
r − tk

)(
E[|∂2

yf
(
xϵ
k,

β(r)√
ϵ

)
|2]
) 1

2 dr ≤ C
∆t

ϵ
.

Gathering the upper bounds on the error terms δϵ,3,1n and δϵ,3,2n above, and using the upper bound ϵ−
1
2 ≤ ϵ−1

for all ϵ ∈ (0, 1), for the error term δϵ,3n , for all n ∈ {0, . . . , N} one obtains(
E[|δϵ,3n |2]

) 1
2 ≤ C∆t

ϵ
.

Finally, gathering the estimates for the error terms δϵ,1n , δϵ,2n and δϵ,3n , and using the upper bound 1 ≤ ϵ−1

for all ϵ ∈ (0, 1), for all n ∈ {0, . . . , N} one obtains

(
E[|xϵ(tn)− xϵ

n|2]
) 1

2 ≤ C∆t

n−1∑
k=0

(
E[|xϵ(tk)− xϵ

k|2]
) 1

2 + C
∆t

ϵ
.

Applying the discrete Grönwall inequality, one obtains

sup
0≤n≤N

(
E[|xϵ(tn)− xϵ

n|2]
) 1

2 ≤ C
∆t

ϵ

This yields the error estimate (9) and the proof of Proposition 3.2 is thus completed.
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Appendix B. Proof of the asymptotic preserving property

Proof of Lemma 3.4. Let γ ∼ N (0, 1) be a standard real-valued Gaussian random variable and U ∼ U(T)
be a uniformly distributed random variable on the torus T.

To prove the convergence in distribution γ̂ϵ → U when ϵ → 0, it su�ces to show that for all n ∈ Z,

E[ei2πnγ̂ϵ
] →
ϵ→0

E[ei2πnU ] = 1n=0.

Let us consider n ∈ Z \ {0} (the case n = 0 is trivial). One has

E[ei2πnγ̂ϵ
] = E[ei2πnγ

ϵ

] = e−
(2π)2n2

2ϵ →
ϵ→0

0.

The proof is completed. □

Proof of Lemma 3.5. For all n ∈ {1, . . . , N − 1}, let δβϵ
n+1 = δβn+1√

ϵ
.

The scheme (7) can be written recursively as follows: for all n ∈ {0, . . . , N − 1}, one has(
xϵ
n+1, y

ϵ
n+1

)
= Φ∆t

(
xϵ
n, y

ϵ
n, δ̂β

ϵ
n+1

)
where the mapping Φ∆t : R× T2 → R× T is de�ned by

Φ∆t(x, y, γ̂) =
(
x+∆tf(x, y), y + γ̂

)
.

It is then straightforward to show that for all n ∈ {1, . . . , N} one has(
xϵ
n, y

ϵ
n

)
= Φ

(n)
∆t

(
x0, y0, δ̂βϵ

1, . . . , δ̂β
ϵ
n

)
for some mapping Φ

(n)
∆t : R× Tn+1 → R× T. As a result, one has(

(xϵ
n, y

ϵ
n)
)
0≤n≤N

= Ψ∆t

(
x0, y0, δ̂βϵ

1, . . . , δ̂β
ϵ
N

)
,

for some mapping Ψ∆t : R× TN+1 → (R× T)N+1.

The mapping Ψ∆t is continuous. Moreover, the random variables δ̂βϵ
1, . . . , δ̂β

ϵ
N are independent. Owing

to Lemma 3.4, one then obtains the convergence in distribution(
(xϵ

n, y
ϵ
n)
)
0≤n≤N

→
ϵ→0

(
(Xn, Yn)

)
0≤n≤N

= Ψ∆t

(
x0, y0, U1, . . . , UN

)
where U1, . . . , UN are independent random variables uniformly distributed on T, such that δ̂βϵ

n → Un in
distribution when ϵ → 0, for all n ∈ {1, . . . , N}.

By construction of the mappings Ψ∆t and Φ
(n)
∆t , for all n ∈ {0, . . . , N − 1}, one obtains(

Xn, Yn

)
= Φ

(n)
∆t

(
x0, y0, U1, . . . , Un

)
(
Xn+1, Yn+1

)
= Φ∆t(Xn, Yn, Un+1),

which �nally shows that the limit in distribution
(
(Xn, Yn)

)
0≤n≤N

= lim
ϵ→0

(
(xϵ

n, y
ϵ
n)
)
0≤n≤N

is given by the

scheme (10).
This concludes the proof of Lemma 3.5. □

Proof of Lemma 3.6. The objective is to prove that for all n ∈ {0, . . . , N} the random variables Xn and X̃n,
given by (10) and (11) respectively, are equal in distribution. This is established recursively. When n = 0,

the equality is trivial since X̃0 = X0 = x0.
Let n ∈ {0, . . . , N − 1} and assume that Xn and X̃n are equal in distribution.
Let φ : R → R be a bounded continuous function. Then one has

E[φ(Xn+1)] = E[φ
(
Xn +∆f(Xn, Yn+1)

)
]

= E[φ
(
Xn +∆tf(Xn, Yn + Un+1)

)
],

E[φ(X̃n+1)] = E[φ
(
X̃n +∆tf(X̃n + Un+1)

)
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The random variables (Xn, Yn) and Un+1 are independent. Similarly, the random variables X̃n and Un+1

are independent. As a result, one obtains

E[φ
(
Xn +∆tf(Xn, Yn + Un+1)

)
] = E[φ(Xn, Yn)],

E[φ
(
X̃n +∆tf(X̃n + Un+1)

)
= E[φ(X̃n, 0)],

where the auxiliary function φ is de�ned by

φ(x, y) =

∫
T
φ
(
x+∆tf(x, y + u)

)
du =

∫
T
φ
(
x+∆tf(x, u)

)
du.

From the above (which is due to translational invariance of the uniform distribution on the torus T), one
has φ(x, y) = φ(x, 0) for all y ∈ T. The function φ(·, 0) is continuous.

As a result, taking into account the assumption that Xn and X̃n are equal in distribution, one obtains

E[φ(Xn+1)] = E[φ(Xn, 0)] = E[φ(X̃n, 0)] = E[φ(X̃n+1)].

Since the identity above holds for arbitrary bounded continuous function φ, if the random variables Xn and
X̃n are equal in distribution, then the random variables Xn+1 and X̃n+1.

The equality in distribution of Xn and X̃n for all n ∈ {0, . . . , N} is then obtained by recursion. The proof
of Lemma 3.6 is then completed. □

Proof of Lemma 3.7. For all n ∈ {0, . . . , N}, one has

X(tn) = x0 +

∫ tn

0

f(X(s)) ds = x0 +

n−1∑
k=0

∫ tk+1

tk

F (X(s)) ds,

X̃n = x0 +∆t

n−1∑
k=0

f(X̃k, Uk+1).

Therefore, the error X(tn)− X̃n can be decomposed as

X(tn)− X̃n = δ1n + δ2n + δ3n,

with auxiliary error terms δ1n, δ
2
n, δ

3
n de�ned by

δ1n =

n−1∑
k=0

∫ tk+1

tk

[
F (X(s))− F (X(tk))] ds,

δ2n = ∆t

n−1∑
k=0

[
F (X(tk))− F (X̃k)

]
,

δ3n = ∆t

n−1∑
k=0

[
F (X̃k)− f(X̃k, Uk+1)

]
.

Recalling that f is assumed to be bounded and globally Lipschitz continuous, the mapping F de�ned by (6)
is also bounded and globally Lipschitz continuous. Therefore the solution X to the ordinary di�erential
equation (5) satis�es the property

|X(s)−X(tk)| ≤ C|s− tk| ≤ C∆t, ∀ s ∈ [tk, tk+1], ∀ k ∈ {0, . . . , N − 1},

for some C ∈ (0,∞). By the Lipschitz continuity property of F , one obtains the upper bound

sup
0≤n≤N

|δ1n| ≤ C∆t.

For the second error term δ2n, owing to Minkowski's inequality, using the Lipschitz continuity property of F ,
one has (

E[|δ2n|2]
) 1

2 ≤ C∆t

n−1∑
k=0

(
E[|X(tk)− X̃k|2]

) 1
2 .

21



To deal with the third error term δ3n, one has

|δ3n|2 = ∆t2
n−1∑
k=0

∣∣F (X̃k)− f(X̃k, Uk+1)
∣∣2

+ 2∆t2
n−1∑
k=0

n−1∑
ℓ=k+1

(
F (X̃k)− f(X̃k, Uk+1)

)(
F (X̃ℓ)− f(X̃ℓ, Uℓ+1)

)
Since the mappings f and F are bounded, for the �rst term in the right-hand side above, one obtains the
upper bound

E[

(
∆t2

n−1∑
k=0

∣∣F (X̃k)− f(X̃k, Uk+1)
∣∣2)] ≤ C∆t.

For the second error term, note that for all k, ℓ ∈ {0, . . . , n − 1} such that ℓ ≥ k + 1, the random variables

X̃k, Uk+1 and X̃ℓ are independent of Uℓ+1. As a result,

E
[(
F (X̃k)− f(X̃k, Uk+1)

)(
F (X̃ℓ)− f(X̃ℓ, Uℓ+1)

)]
= 0.

Therefore, one obtains the upper bound

sup
0≤n≤N

(
E[|δ3n|2]

) 1
2 ≤ C∆t

1
2 .

Combining the upper bounds, for all n ∈ {0, . . . , N}, one has

(
E[|X(tn)− X̃n|2]

) 1
2 ≤ C∆t

1
2 + C∆t

n−1∑
k=0

(
E[|X(tk)− X̃k|2]

) 1
2 .

Applying the discrete Grönwall inequality, one obtains the inequality

sup
0≤n≤N

(
E[|X(tn)− X̃n|2]

) 1
2 ≤ C∆t

1
2

This yields the error estimate (12) and the proof of Lemma 3.7 is thus completed. □

Appendix C. Proof of the uniform strong error estimates

This section is devoted to stating and proving the auxiliary results required in Section 3.3 to prove
Theorem 3.8.

Given the time-step size ∆t = T/N , let us introduce an auxiliary scheme: for all n ∈ {0, . . . , N − 1}, set

Xn+1 = Xn +∆tF (Xn),

with initial value X0 = x0. This is the standard (forward) Euler scheme applied to the ordinary di�erential
equation (5), and the following error bounds are standard: there exists C ∈ (0,∞) such that for all N ∈ N⋆

one has

(31) sup
0≤n≤N

|Xn −X(tn)| ≤ C∆t.

Lemma C.1 is related to the averaging principle presented in Section 2, and gives an upper bound for the
error between xϵ(t) and X(t) = lim

ϵ→0
xϵ(t). The (strong) order of convergence with respect to ϵ is equal to

1/2, which is standard in the literature. For completeness a sketch of proof is provided.

Lemma C.1. There exists C ∈ (0,∞) such that for all ϵ ∈ (0, 1) one has

(32) sup
t∈[0,T ]

(
E[|xϵ(t)−X(t)|2]

) 1
2 ≤ C

√
ϵ.
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Proof of Lemma C.1. Let g : R × T → R be de�ned such that for all x ∈ R the mapping g(x, ·) is solution
to the Poisson equation 

− 1

2
∂2
yg(x, y) = f(x, y)− F (x), ∀ y ∈ T,∫

T
g(x, y) dy = 0.

The function g is given by

g(x, y) =

∫ +∞

0

(
E[f(x, y + β(t))]− F (x)

)
dt, ∀ x ∈ R, ∀ y ∈ T.

By standard arguments, one can show that the mapping g and its partial derivatives satis�es the following
upper bounds:

sup
x∈R,y∈T

(
|g(x, y)|+ |∂xg(x, y)|+ |∂yg(x, y)|+ |∂2

yg(x, y)|
)
< ∞.

The details are omitted.
For all t ∈ [0, T ], one has

xϵ(t)−X(t) =

∫ t

0

f(xϵ(s), yϵ(s)) ds−
∫ t

0

F (X(s)) ds

=

∫ t

0

[
f(xϵ(s), yϵ(s))− F (xϵ(s))

]
ds+

∫ t

0

[
F (xϵ(s))− F (X(s))

]
ds.

Applying the Itô formula to the solution
(
xϵ(t), yϵ(t)

)
t∈[0,T ]

to (4), for all t ∈ [0, T ] one obtains

g(xϵ(t), yϵ(t))− g(x0, y0) =

∫ t

0

f(xϵ(s), yϵ(s))∂xg(x
ϵ(s, yϵ(s)) ds

+
1√
ϵ

∫ t

0

∂yg(x
ϵ(s), yϵ(s)) dβ(s) +

1

2ϵ

∫ t

0

∂2
yg(x

ϵ(s), yϵ(s)) ds.

Owing to the de�nition of the mapping g, one then obtains∫ t

0

[
f(xϵ(s), yϵ(s))− F (xϵ(s))

]
ds = −1

2

∫ t

0

∂2
yg(x

ϵ(s), yϵ(s)) ds

= ϵ
[
g(x0, y0)− g(xϵ(t), yϵ(t))]

+ ϵ

∫ t

0

f(xϵ(s), yϵ(s))∂xg(x
ϵ(s, yϵ(s)) ds+

√
ϵ

∫ t

0

∂yg(x
ϵ(s), yϵ(s)) dβ(s).

Due to the bounds on g and its derivatives given above, there exists C ∈ (0, infty) such that for all t ∈ [0, T ]
and all ϵ ∈ (0, 1) one has(

E[|g(x0, y0)− g(xϵ(t), yϵ(t))|2]
) 1

2 +
(
E[|
∫ t

0

f(xϵ(s), yϵ(s))∂xg(x
ϵ(s, yϵ(s)) ds|2]

) 1
2 ≤ C,

and applying the Itô isometry formula one has(
E[|
∫ t

0

∂yg(x
ϵ(s), yϵ(s)) dβ(s)|2]

) 1
2 =

( ∫ t

0

E[|∂yg(xϵ(s), yϵ(s))|2] ds
) 1

2 ≤ C.

As a consequence, there exists C ∈ (0, 1) such that for all ϵ ∈ (0, 1) one has

sup
0≤t≤T

(
E[|
∫ t

0

[
f(xϵ(s), yϵ(s))− F (xϵ(s))

]
ds|2]

) 1
2 ≤ C

√
ϵ.

To conclude the proof, it su�ces to note that due to the decomposition of xϵ(t) − X(t) above and taking
into account the Lipschitz continuity property of F , one obtains for all t ∈ [0, T ](

E[|xϵ(t)−X(t)|2]
) 1

2 ≤ C
√
ϵ+ C

∫ t

0

(
E[|xϵ(s)−X(s)|2]

) 1
2 ds.
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Applying Grönwall's inequality then provides the error estimates (32) and concludes the proof of Lemma C.1.
□

A version of Lemma C.1 in the discrete time setting, to deal with the behavior of xϵ
n when ϵ → 0, is given

below. Note that Lemma 3.5 would suggest to consider the error xϵ
n − Xn or xϵ

n − X̃n. Instead, the error
xϵ
n −Xn is considered. By the triangle inequality, combining the error estimates (12) (31) give

sup
0≤n≤N

(
E[|Xn −Xn|2]

) 1
2 ≤ C

√
∆t.

Lemma C.2. There exists C ∈ (1,∞) such that for all ϵ ∈ (0, 1) and all N ∈ N⋆, one has

(33) sup
0≤n≤N

(
E[|xϵ

n −Xn|2]
) 1

2 ≤ C

(
√
∆t+

√
ϵ√

1− e−
∆t
Cϵ

)
.

Proof of Lemma C.2. For all n ∈ {0, . . . , N}, one has

xϵ
n −Xn = ∆t

n−1∑
k=0

(
f(xϵ

k,
β(tk+1)√

ϵ
)− F (Xk)

)
= ∆t

n−1∑
k=0

(
f(xϵ

k,
β(tk+1)√

ϵ
)− f(Xk,

β(tk+1)√
ϵ

)
+∆t

n−1∑
k=0

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
)
.

Applying Minkowski's inequality, one obtains the upper bound(
E[∥xϵ

n −Xn∥2]
) 1

2 ≤ C∆t

n−1∑
k=0

(
E[∥xϵ

k −Xk∥2]
) 1

2 +∆t
(
E[
∣∣ n−1∑
k=0

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
)∣∣2]) 1

2 .

To deal with the second term in the right-hand side above, one has almost surely∣∣ n−1∑
k=0

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
)∣∣2 =

n−1∑
k=0

∣∣f(Xk,
β(tk+1)√

ϵ
)− F (Xk)

∣∣2
+ 2

∑
0≤k<ℓ≤n−1

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
) (

f(Xℓ,
β(tℓ+1)√

ϵ
)− F (Xℓ)

)
.

One the one hand, since the mappings f and F are bounded, one has for all n ∈ {0, . . . , N}

E[
n−1∑
k=0

∣∣f(Xk,
β(tk+1)√

ϵ
)− F (Xk)

∣∣2] ≤ Cn ≤ C

∆t
.

On the other hand, using the independence of increments of Brownian motion and a conditional expectation
argument, for all k, ℓ ∈ {0, . . . , n− 1} such that ℓ > k, one has

E
[(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
) (

f(Xℓ,
β(tℓ+1)√

ϵ
)− F (Xℓ)

)]
= E[htk+1,tℓ+1,ϵ(Xk, Xℓ,

β(tk+1)√
ϵ

)]

with the auxiliary mapping htk+1,tℓ+1,ϵ de�ned by

h(x1, x2, γ) =
(
f(x1, γ)− F (x1)

)
E[
(
f(x2, γ +

β(tℓ+1)− β(tk+1)√
ϵ

)− F (x2)
)
]

=
(
f(x1, γ)− F (x1)

)
E[
(
f(x2, γ +

β(tℓ−k)√
ϵ

)− F (x2)
)
].

The mappings f and F are bounded. Moreover, there exists C ∈ (1,∞) such that for all x, γ ∈ R and all
t ≥ 0, one has ∣∣E[f(x, γ + β(t))]− F (x)

∣∣ ≤ Ce−
t
C .

As a result, one obtains the following upper bounds: for all k, ℓ ∈ {0, . . . , n− 1} such that ℓ > k, one has∣∣E[htk+1,tℓ+1,ϵ(Xk, Xℓ,
β(tk+1)√

ϵ
)]
∣∣ ≤ Ce−

(ℓ−k)∆t
Cϵ .
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As a result, one has∣∣∣E[ ∑
0≤k<ℓ≤n−1

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
) (

f(Xℓ,
β(tℓ+1)√

ϵ
)− F (Xℓ)

)]∣∣∣ ≤ C
∑

0≤k<ℓ≤n−1

e−
(ℓ−k)∆t

Cϵ

≤ C

n−1∑
k=0

e−
∆t
ϵ

1− e−
∆t
Cϵ

≤ Ce−
∆t
Cϵ

∆t(1− e−
∆t
Cϵ )

Combining the upper bounds obtained above and using the upper bound sup
x≥0

√
xe−x < ∞, one obtains

for all n ∈ {0, . . . , N}

∆t
(
E[
∣∣ n−1∑
k=0

(
f(Xk,

β(tk+1)√
ϵ

)− F (Xk)
)∣∣2]) 1

2 ≤ C
√
∆t+ C

C
√
∆te−

∆t
2Cϵ√

1− e−
∆t
Cϵ

≤ C
√
∆t+ C

C
√
ϵ√

1− e−
∆t
Cϵ

.

Therefore, for all n ∈ {0, . . . , N}, one has

(
E[∥xϵ

n −Xn∥2]
) 1

2 ≤ C∆t

n−1∑
k=0

(
E[∥xϵ

k −Xk∥2]
) 1

2 + C
√
∆t+ C

C
√
ϵ√

1− e−
∆t
Cϵ

.

Applying the discrete Grönwall inequality then yields the error estimates (33) and concludes the proof of
Lemma C.2.

□

Proof of Theorem 3.8. Let α ∈ [0, 1] be an auxiliary parameter.
On the one hand, if the parameters ∆t and ϵ satisfy the condition ∆tα ≤ ϵ, then applying Proposition 3.2

yields the upper bound

(34) sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C
∆t

ϵ
= C∆t1−α∆tα

ϵ
≤ C∆t1−α.

On the other hand, if the parameters∆t and ϵ satisfy the condition∆tα ≥ ϵ, applying Minkowski's inequality,
one has

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2

≤ sup
0≤n≤N

(
E[|xϵ

n −Xn|2|]
) 1

2 + sup
0≤n≤N

(
E[|Xn −X(tn)|2]

) 1
2 + sup

0≤n≤N

(
E[|X(tn)− xϵ(tn)|2]

) 1
2 .

Owing to the error estimates (33) (from Lemma C.2, (31) and (32) (from Lemma C.2), there exists C ∈ (1,∞)
such that one has

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C
√
∆t+ C

C
√
ϵ√

1− e−
∆t
Cϵ

+ C∆t+ C
√
ϵ.

Under the condition ∆tα ≥ ϵ, one has

1− exp
(
−∆t

Cϵ

)
≥ 1− exp

(
− 1

Cϵ
1
α−1

)
≥ 1− exp

(
− 1

C

)
.

As a result, one obtains the upper bound

(35) sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C
(√

∆t+
√
ϵ
)
≤ C∆t

α
2 .

25



Choosing α = 2/3, one has 1− α = α
2 = 1

3 , and combining the error estimates (34) and (35) one obtains for
all ϵ ∈ (0, 1) and N ∈ N⋆ (with ∆t = T/N)

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C∆t
1
3 .

The above estimate does not require any conditions on ϵ ∈ (0, 1) and ∆t. This yields the uniform strong
error estimates (14). The proof of Theorem 3.8 is completed. □

Remark C.3. If one applies Proposition 3.1 instead of Proposition 3.2 in the �rst argument of the proof
above (in the case ∆tα ≤ ϵ), the inequality (34) is replaced by

(36) sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C

√
∆t√
ϵ

= C∆t
1−α
2

∆t
α
2

ϵ
1
2

≤ C∆t
1−α
2 .

Choosing α = 1/2, one has 1−α
2 = α

2 = 1
4 , and combining the error estimates (36) and (35) one obtains

uniform strong error estimates

sup
0≤n≤N

(
E[|xϵ

n − xϵ(tn)|2]
) 1

2 ≤ C∆t
1
4

with order of convergence 1/4 instead of 1/3 in Theorem 3.8, as claimed in Section 3.3.
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