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Abstract
An extension of the concept of power domination, which is motivated by the con-

text of the monitoring of electric networks, is introduced. Theoretical properties,
models and algorithms are presented together with computational results.
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1 Introduction

In order to monitor electric power networks, measurement devices called phasor mea-
surement units (PMUs) can be positioned at several locations. Once installed at some
node v, a PMU is able to measure (directly) the voltage at v but also the current
phase for all the edges incident to v. Then, by making use of Ohm’s and Kirchoff’s
laws, it may also be possible to measure (indirectly) the current phase and voltage at
other places of the network. Given the high cost of PMUs, a natural problem consists
in identifying a minimum cost node subset where to install PMUs so as to determine
the measurements w.r.t. all the nodes and edges of the network (no matter whether
this is done “directly” or “indirectly” as mentioned above).



This problem motivated the introduction of the power domination concept by
Haynes et al. (2002) in graph theory, which has since received a lot of attention (see,
e.g, (Dorbec, 2020; Zhao et al., 2006) and the references therein), namely from a com-
plexity and optimization perspective. However, the power domination concept fails to
properly simulate the application of Ohm’s and Kirchoff’s laws from the motivating
application (more details are given in the next section). In this work, we investigate
theoretical properties and methods to solve optimization problems related to an exten-
sion of the power domination concept that we call weak power domination, which
overcomes the flaw mentioned above.

The paper is organized as follows. In Section 2 we provide formal definitions of
the considered domination concepts and problems, together with a statement of our
contributions. Theoretical results are presented in Section 3, before we describe a
solution method in Section 4. Section 5 is dedicated to computational experiments,
before we conclude in Section 6.

2 Preliminaries

Let G = (V, E) denote an undirected simple graph having node set V' and edge set
E. Given any node u € V, let N(u) represent the set of its neighbors (also called
the open neighborhood of the node u): N(u) = {v € V: {u,v} € E} and let N[u] =
{u}UN (u) stand for its closed neighborhood. Given a node subset S, we define N(S) =
{veV\S:Jue S such that v € N(u)}, i.e. the nodes out of S having a neighbor
in S, and N[S] = N(S)US. If N[S] = V, then S is called a dominating set. G[S]
stands for the subgraph of G that is induced by S, i.e. the graph (S, E[S]) with
E[S] = {{i,5}: {i,j} € E,(i,5) € S x S}. The node set of any graph G may also
be denoted by V(G). Given a node v € V, dg(v) stands for its degree in G, i.e.
dg(v) = [N(v)|.

Given a set S C V of nodes that are said to be initially observed, whereas all the
others in V' \ S are not observed, we define the following three propagation rules for
node observation:

> (R1) all the nodes in N[S] become observed.
> (R2) if an unobserved node u is the neighbor of a node v such that all the nodes
in N[v] \ {u} are observed, then the node u becomes observed as well.
> (R3) if an unobserved node u has all its neighbors observed, then the node u
becomes observed.
The rule (R1) is applied first and only once simultaneously to all the nodes in S,
whereas the two rules (R2)-(R3) are repeatedly applied after (R1) until no additional
node can be observed. In what follows, by “a round’ we mean the application of
either (R1) or the two rules (R2)-(R3), the latter ((R2) and (R3)) being applied
simultaneously to all the currently unobserved nodes. The application of these rules
is illustrated in Figure 1-(a) where the number inside each node corresponds to the
iteration number of the round at which the node becomes observed (S corresponds to
the node with the value zero inside).

Let Qup(S) be the set of all the nodes, starting from S, that become observed

by making use of the three rules, (R2) and (R3) being applied iteratively until no



additional node can be observed, whereas (R1) is applied to the nodes of S only once
before the other rules (and defines the first round). Let Qp(S) be defined similarly as
Qup(S) except that the rule (R3) is never used. If Qup(S) =V (2p(S) = V) then S
is called a weak power dominating set (power dominating set), abbreviated as “wpds”
(“pds”) also for its plural form. Figure 1-(b) (similar to the previous figure) illustrates
the application of the rules (R1) and (R2) only, (R1) being applied first and once,
whereas (R2) is repeatedly applied after (R1). Note that, for every graph G, every
pds in G is a wpds in G, but the converse is not true in general (Figure 1-(a) provides
such an example).

(a) Rounds with rules (R1), (R2) and (b) Rounds with rules (R1) and (R2)
(R3) (5] =1) (151=2)

Fig. 1: Illustrations of the propagation rules

Assume that the graph G represents an electric network for which we want to
determine the voltage at each node, making use of measurements provided by some
PMUs, together with Ohm’s and Kirchoff’s laws. For our purposes, we always assume
that the network we consider is composed of zero injection buses only, which means
that there is no generation nor load, so that Ohm’s and Kirchoff’s laws are applicable at
any location. This was the considered framework when the power domination concept
was introduced, and that has been commonly used since.

Note that, while the power domination concept was motivated by the monitoring
of electric networks, the rules (R1) and (R2) alone fail to account for the fact that if
the voltage is unknown at some given node v, while it is known for all its neighbors,
then the voltage at v can also be determined (using both Ohm’s and Kirchhoff’s laws).
This is the basic motivation for the weak power domination concept. To the best of our
knowledge, though the rule (R3) already appears in the literature, it has always been
considered in addition to other technical constraints (see, e.g., Carvalho et al. (2018)
and the references therein) and properties of the weak power domination concept as
defined above have not been investigated yet.

In this paper, we focus on the minimum cost weak power dominating set problem
denoted by CWPDS which we formulate as follows and is motivated by the fact that
the monitoring facilities to be installed in an electric network may be very expensive,
and their costs may depend on many parameters such as location and size of the
neighborhood.



CWPDS: MINIMUM COST WEAK POWER DOMINATING SET PROBLEM

Input: An undirected simple graph G = (V, E), a node-weight function w € RK.
Objective: Find a wpds S C V whose cost (or weight), given by > _qw, is
minimum.

The particular case of the problem CWPDS when w, = 1 for all v € V (i.e. the mini-
mum cardinality wpds problem) is denoted by WPDS. Replacing "wpds” by ”pds” in
the objective of CWPDS we get the minimum cost pds problem CPDS. And if, in addi-
tion, all the node weights are equal to one, we obtain the minimum cardinality pds
problem denoted by PDS. The minimum cardinality pds (resp. wpds, dominating set)
in the graph G is denoted by v (G) (resp. yp(G), ¥(G)). Since any dominating set is
a pds and any pds is also a wpds, for any graph G we have: vp(G) < »(G) < v(G).
Our contributions are as follows.
® We provide theoretical results related to the notion of wpds, pointing out simi-
larities but also significant differences between the concepts of power domination
and weak power domination.
¢ We present integer linear programming (ILP) models and methods to solve CWPDS.
¢ Computational results are reported for WPDS (and also PDS for comparison) on
diverse types of graphs from the literature.

3 Theoretical results

In what follows we always assume that the graph G = (V, E) has order |V| > 3 and is
connected unless otherwise stated.

3.1 Characterization of weak power dominating sets

Given an undirected graph G, a nonempty node subset F' is called a fort (Fast and
Hicks, 2018) if every node out of F' has either no or at least two neighbors in F.
Equivalently, F is a fort if and only if [IN(v) N F| # 1, for allv € V\ F. If F' is a fort
then N[F] is called a fort neighborhood (Smith and Hicks, 2022).

We now introduce an extension of the notion of fort for the concept of weak power
domination. A nonempty node subset set F' is called a strong fort if it is a fort such
that N(v)NF # 0, for all v € F. If F is a strong fort, then N[F] is called a strong fort
neighborhood. (See Figure 2a for an illustration, where three strong fort neighborhoods
are circled with grey lines. For each one of them, the set of its black nodes defines the
corresponding strong fort.)

Proposition 3.1. The following holds.
(i) No node of a strong fort F is observed from an initially observed set of nodes S
unless N[F| contains a node of S, i.e., FN e (S) =0 if SNN[F] = 0.
(i) Let S denote any node subset such that Qup (S) # V. Then V\ Qup (S) is a strong
fort.
(iii) Let S denote any nonempty node subset. Then S\ Qyp (N (S)) = S\ Qup (X) for
any node subset X satisfying N(S) C X CV\ S.



(a) TIllustration of strong forts and (b) Ilustration for the proof of Proposi-
strong fort neighborhoods tion 3.5: the sunlet graph Sg and a fort
neighborhood that is not strong.

Fig. 2: Illustrations of forts and strong fort neighborhoods

(iv) If F is a minimal (inclusionwise) strong fort neighborhood, then G[ﬁ] 18

connected.
Proof. See A.1. O

Let §(G) stand for the set of all the minimal strong fort neighborhoods in G. Given

a node subset S C V, x¥ € {0,1}V represents its incidence vector, i.e. x5 = 1ifv € S

and x> = 0 otherwise. The next proposition gives a simple characterization of wpds.

Proposition 3.2. A node subset S C V is a wpds if and only if x° satisfies the
inequalities

> @y = LYW € §(G). (1)

veW

Proof. Sufficiency comes from Proposition 3.1(i). Necessity follows from the fact that
if Qup (S) # V, then, by Proposition 3.1(ii), V' \ Qup (S) is a strong fort. But the latter
implies (by Proposition 3.1(1)) SN N [V \ Qup (S)] = 0, a contradiction with (1). O

Necessary and sufficient conditions for inequalities (1) to be facet defining appear
in Balas and Ng’s work (Balas and Ng, 1989).

3.2 Connections between the problems PDS and WPDS

Similarly to the concept of power domination (Haynes et al., 2002), there is no for-
bidden subgraph characterization of the graphs G for which v(G) = yp(G). Indeed,
any graph H = (V(H),E(H)) can be shown to be an induced subgraph of a
graph G satisfying v(G) = 4wp(G). To see this, it is sufficient to consider the graph
G = H o K, which is obtained from H by adding, for each node v € V(H) two
nodes vy, v, together with the edges {v,v1}, {v,v2} and {v1,v2}. We can verify that
Y(G) = e (G) = w(G) = [V (H)].

Also, given any connected graph G having at least one node with degree at least
three, similarly to PDS, there exists an optimal solution of WPDS containing only nodes
with degree at least three. In fact, we can prove a stronger property w.r.t. WPDS on
some graph family that we state in the next proposition. A node having degree one

in a graph is also called a leaf. Given any graph G = (V) E), G = (V,E) denotes



the graph obtained from G by removing all the leaves, i.e. G=0G [V\ L], where L
represents all the leaves in G.

Proposition 3.3. For any connected graph G = (V, E) such that G contains at least
one node with degree at least three, there exists an optimal solution of WPDS on G that
is composed only of nodes with degree at least three in G.

Proof. See A.2. O
Proposition 3.4. For any connected graph G with at least three nodes, any pds in G

o

is a wpds in G; thus, yp(G) < (G).
Proof. See A.3. O

Proposition 3.5. There exists a graph family composed of graphs G = (V, E) for

which the ratio xp((%)) and the gap v (G) — vp(G) is Q(|V]).

Proof. We exhibit a graph family for which the statement of the proposition holds.
For some positive integer n > 3, let .S,, denote the sunlet graph of order 2n, i.e., the
graph obtained from an elementary cycle on n nodes by adding a leaf node adjacent to
each node of the cycle. Figure 2b gives an illustration for Sg. On that figure, the black
nodes correspond to a fort whose closed neighborhood is the closed area delimited by
a grey line. One can easily check that vyp(S,) = 1 (any node of the cycle is a wpds).
And since any three consecutive nodes on the cycle together with their neighbors out

of the cycle define a fort neighborhood, we can deduce 4p(Sy,) > [%—‘ = [%W O

3.3 Properties of WPDS in trees

Let K ,, denote a star with m leaves. A graph G is called a starlike tree! (Watanabe
and Schwenk, 1979) if it is homeomorphic to a star Ki,,. If m < 2, G is a path.
And if m > 3, G is a tree with exactly one node having a degree larger than two. We
define a leavy starlike tree as a tree G = (V, E) such that G [V \ L] is a starlike tree,
where L represents the set of all the leaves in G. (See Figure 3a where the white nodes
correspond to the set L.)

Similarly to the case of PDS (Haynes et al., 2002, Theorem 7), we can establish a
simple characterization of the trees for which an optimal solution of WPDS is composed
of a single node.

Proposition 3.6. A tree T satisfies vyp(T) = 1 if and only if it is a leavy starlike tree.

Proof. See A.4. O

Let us recall the following theorem from (Haynes et al., 2002).
Theorem 3.7. (Haynes et al., 2002, Theorem 9) For any tree T of order at least 3,
Ww(T) = v(T) if and only if T has a unique minimum cardinality dominating set S
and every node in S is adjacent to two or more leaves.

1The notion of starlike tree, as defined in (Watanabe and Schwenk, 1979) and used here, coincides with
that of spider as defined in (Haynes et al., 2002). However, the latter conflicts with the usual notion of
spider as defined in (Koebe, 1992). This motivates our use of the expression starlike tree in lieu of spider.
Recall that two graphs are homeomorphic if they can be transformed into each other by a series of edge
subdivisions and edge contractions, see e.g., (Diestel, 2017).



(a) An example of leavy starlike tree (b) A tree T = (Vp, Er) and an exam-
ple of starlike tree covering of Vr \ Q,
where @ corresponds to the white nodes

Fig. 3

By contrast with Theorem 3.7, the next result shows that yyp(T") = (T holds for
a much more restricted class of trees.
Proposition 3.8. A tree T satisfies vp(T) = v(T) if and only if it is a star.

Proof. See A.5. O

We now give a characterization of yyp(T) for any tree T'. Given a graph G = (V, E),
and a node subset F' C V, let S(G, F') denote the set of all the stable sets in G that
are contained in F. Given a tree T' = (Vr, Er), let L denote the set of its leaves. A
set of node subsets {S1,S52,...,S5,} is called a starlike tree covering of W C Vp if
W = U_|S; and T[S;] is a starlike tree, for all ¢ € {1,2,...,p}. We then define the
quantity

sc(T) = QES(TI,H\}TH\N(L)) {p : 3{51,859,...,5,} starlike tree covering of Vr \ Q}.
(2)

Figure 3b gives an example of starlike tree covering (with size p = 3). of Vi \ Q, where
@ corresponds to the white nodes.
Theorem 3.9. For any tree T, ~yyp(T) = sc(T).

Proof. See A.6. O

3.4 Complexity

The decision version of the WPDS problem can be stated as follows.

WPDS_DECISION
Input: An undirected simple graph G = (V, E), a positive integer k.
Question: Does there exist a wpds S with |S| < k?

The decision version of PDS was shown to be NP-complete for bipartite and chordal
graphs by (Haynes et al., 2002). A simpler proof was then given by (Guo et al., 2008),
extending this result for circle graphs (i.e. intersection graphs of chords in a cycle)
and planar graphs. Their work can be extended to get the next two theorems.
Theorem 3.10. WPDS_DECISION is NP-complete for bipartite, chordal, circle and
planar graphs.



Proof. See A.7. O
Theorem 3.11. For any tree T', WPDS can be solved in linear time.
Proof. See A.8. O

It follows from the proof of Theorem 3.10 that the inapproximability and param-
eterized tractability results with respect to the dominating set problem transfer to
WPDS. In particular, WPDS is W[2]-hard with the size of the wpds as parameter.

4 Solution method

In this section we present a simple formulation for CWPDS as an ILP (§4.1). Given that
the latter involves a large number of constraints, an iterative constraint generation
scheme is designed for its solution (§4.2). Two additional ingredients which turn out
to potentially impact significantly the computational performance are then described:
one is a method to generate an initial set of inequalities of the form (1) (§4.3), whereas
the other is a pre-processing procedure (§4.4) that aims to reduce the size of the graph
of the original instance and to strengthen ILP relaxations in some special way.

4.1 Formulation (WF) for CWPDS
Using Proposition 3.2, CWPDS can be reformulated as the ILP

min Wy, : x satisfies (1). WF)
z€{0,1}V Z ( ) (

veV
By replacing in (WF) the set §(G) by the set of all the inclusionwise minimal fort
neighborhoods in G, we obtain the formulation from Smith and Hicks (2022) for PDS,
which we denote by (PF).

Next we introduce a particular solution strategy to deal with the large number of
constraints involved in (WF) (and (PF)).

4.2 Solving (WF) and (PF) with constraint generation

In what follows, we focus our presentation for (WF) as it can be easily ajusted for (PF).
Both formulations (WF) and (PF) are solved by branch-and-cut with lazy constraint
generation.

Finding a violated inequality of the form (1) in that context requires identifying a
strong fort neighborhood that is not intersected by some given integer solution. Two
options are considered for that purpose. One identifies a minimum cardinality strong
fort neighborhood by solving an ILP (§4.2.1), the other is a combinatorial algorithm
determining an inclusionwise minimal strong fort neighborhood (§4.2.2).

4.2.1 Minimum cardinality strong fort neighborhood

An ILP to find a minimum cardinality fort neighborhood is introduced in (Smith and
Hicks, 2022). We describe hereafter an adaptation of the latter to generate violated
inequalities to solve (WF).



Given a graph G = (V, E), let J(G) denote the set of the nodes with degree at least
three in G, and let Pg denote the set of the node subsets of the connected components
in G[V\ J(G)]. A minimum cardinality strong fort neighborhood of the form N[F],
where F is a strong fort not intersecting Qyp(.S) for some given node subset .S, can be
obtained by solving the following ILP.

%}\I/} Z My + Z |P|Fp

veJ(G) PePa
sty My, >1

veJ(G)

Fy, < M, Yu,v € J(G) : {u,v} € E

F, < Fp VP € Pg,Vv € N(P)

Fp < M, VP € Pg,Vv € N(P)

oMy —F,) < > Fu+ > [N@)NP|Fp Vo € J(G)

N rere (MSF)

Fy < M, Yo € J(G)

Fy< > Fu Yo € J(G): N(v) C J(G)
weN (v)

Fp< > Fu VP € Pg: |P|=1
weN(P)

Fy,=0 Yo € J(G) : v € Qup (S)

Fp = VP € Pg: P C Qup(S)

Fe{0,1}7@YPs are (0,139,

In the formulation (MSF) above, the variable F, (Fp) indicates if the node v € J(G)
(the node subset P € Pg) is contained in the strong fort F' defining the strong fort
neighborhood N[F]. The variable M, indicates if the node v € J(G) belongs to the
strong fort neighborhood N[F]. By comparison with the formulation from (Smith
and Hicks, 2022) (for minimum cardinality fort neighborhood), (MSF) contains the
additional constraints

F’USZU}EN(U)FU} V'UGJ(G)N(’U)CJ(G)

They ensure that the node set Z = {v € J(G): Fy =1} U (UPEPG {P: Fj =1})
verifies the property that G[Z] has no isolated node (i.e. each node in Z has at least
one neighbor in G that belongs to Z), where (F*, M*) represents an optimal solution
of (MSF).

4.2.2 Minimal strong fort neighborhood

A simple combinatorial alternative to the previous separation procedure, is the fol-
lowing method which determines an inclusionwise minimal strong fort neighborhood
that is not intersected by the current solution.



Given a node subset S that is not a wpds, we iteratively consider each node
v ¢ S.If SU{v} is not a wpds, then node v is added to S. After all the nodes
have been processed, a minimal (inclusionwise) strong fort neighborhood is given by
N[V Qe ().

In our implementation, we also make use of the observation that if S is not a wpds,
then the same holds for W where W is the set of the nodes whose closed neighborhood
is contained in Qup(S). Formally, W = {v € V': N[v] C Qup(S)}. This may help S grow
faster and reduce the number of calls to compute the set of nodes that are observed.

The approach described above can be easily adapted for (PF) by considering ”pds”
and "p” instead of "wpds” and ”Qyp”, respectively.

4.3 Initialization of the formulations (WF) and (PF)

Though it is possible to initialize the relaxations of (WF) and (PF) with an empty
set of constraints, it turns out that starting with some suitably selected and moderate
number of constraints may greatly affect the computational performance (see Section
5). We describe the method we designed for (WF), followed by a brief description of its
adaptation for (PF).

The procedure works in three steps. The first one consists in computing a wpds
S* by solving an auxiliary LP. Then, an inclusionwise minimal wpds Sy, contained
in S* is determined. Finally, for each node v € Sy, we identify an inequality (1)
violated by Spin \ {v} that we keep for the initial relaxation. We now describe each
step more precisely.

® Step 1: determine a wpds S*. Firstly, a linear relaxation of the minimum weight

dominating set problem is solved.

min Zwvxv : Z Ty >1, veV. (MDS)

S* is initialized with the empty set. Then nodes are processed by decreasing
values according to the optimal solution found for MDS. They are iteratively added
to S* until a wpds is obtained.
® Step 2: determine a minimal wpds Sy, contained in S*. Firstly, we set F' < S*.
Then, for each node v of S* (in an arbitrary order): if F'\ {v} is a wpds in G, then
we set F' < F'\ {v}, and otherwise F is left unchanged. (Note that Qup (F') can
be computed in linear time, similar to Qp(F), see, e.g., (Brimkov et al., 2019).)
The outcome of this procedure is an inclusionwise minimal wpds Sy, in G.
® Step 3: generate inequalities. For each node v € Spin, Smin \{v} is not a wpds and
thus the set of the nodes that cannot be observed by Spin \ {v} defines a strong
fort. For each node v € Sy, a minimal strong fort neighborhood contained in
N[V(G)\ Qup (Smin \ {v})] is computed (using one of the two methods described
in §4.2) . The constraint (1) corresponding to this strong fort neighborhood is
then added to the initial relaxation.
The initialization procedure presented above for (WF) can be adapted for (PF) as fol-
lows. In the first step, we consider addition of nodes to S* (in the same order as
before) until a pds is obtained. In the second step, a minimal pds Sy, contained in

10



S* is determined: for each node v of S* (processed in an arbitrary order), if F'\ {v}
is a pds in G, then we set F' < F \ {v} (and otherwise F is left unchanged). In
the third step: for each node v € Spn a minimal fort neighborhood contained in

N[V(G)\ % (Smin \ {v})] is computed.

4.4 Pre-processing

In this section we describe two pre-processing procedures designed to speedup reso-
lution of CWPDS. The first one (§4.4.1) looks for a potential reduction of the size of
the input graph so as to compute a solution of the original problem working with a
smaller graph. The second one (§4.4.2) aims to strengthen the continuous relaxation
of the ILP formulations presented in §4 with additional inequalities. Adaptations of
these procedures for CPDS are reported in B.

4.4.1 Graph reduction

We describe two procedures denoted by GR1 and GR2 to reduce the size of the original
graph. It can be easily verified that any of these transformations does not change the
optimal objective value of the original instance and that an optimal solution for the
original problem can be inferred from an optimal solution of the reduced one.
GR1.If/q,..., 4, areleaves in G, all neighbors of some node z, then they are replaced
by a single leaf / that is adjacent to z and having for weight w; = min;— ... 4 wy,.
GR2. Assume that P = (v1,v2,...,vp), with p > 4, is an induced path in G such
that dg(ve) = ... = dg(vp—1) = 2, and we may have v; = v, but {v1,...,v,_1} are
pairwise distinct. It is clear that if G = P then P can be replaced by an isolated node
of minimum weight. So assume from now on that G is not a path nor a cycle. Then,
e if one of the endpoints of P, say vy, is a leaf in G, P is replaced by the path
(v1,v2,2), where z is a new node of weight w, = min;—3 __, w,,.
¢ otherwise (i.e. none of the endpoints of P is a leaf), P is replaced by the
path (or cycle in case vi = wvp) (vi,v2,2,0p), where z is a new node with
Wy = mini:S,...,p—l Wy, -

4.4.2 ILP strengthening

We now describe a procedure denoted by ST to add inequalities to the initial relax-
ations. Although it may reduce the set of optimal solutions of the original instance, one
can easily check that there always exists an optimal solution of the original instance
satisfying the added constraints. The basic idea is the following. Let S; and Ss rep-
resent two distinct node subsets in G such that Qup (S2) € Qup (S1), S2 \ S1 # 0
and ) cq, Wy > D, cg Wo. Then there exists an optimal solution S* satisfying
|S* M S2| < [S2| —1. This means that the inequality g, 7o < [S2|—1 can be added
to (WF). Remark that in the particular case of two distinct nodes v and v such that
Qe {u}) € Qe ({v}), and w, > w,, we can set z,, = 0. More specifically, for the
case of unit weights, setting to value zero variables corresponding to nodes of degree
at most two (recall Proposition 3.3) can arise as a byproduct of ST considering sets
S1, S2 having cardinality one.

In order to apply the above idea iteratively without cutting off all optimal solutions
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of the original problem, we consider some node ordering (arbitrary in the case of our
implementation) ensuring that, whenever a constraint of the form ) oz, <|[S] -1
is generated, then, there exists a node subset W C V' \ S which is composed of nodes,
none of which appears in the support of any of the previously generated constraints,
and such that Qup (S) € Qup (W), and > cgwy > >,y wy. The basic algorithmic
scheme we used in our implementation is presented in Algorithm 1.

Algorithm 1 Simple generic ST

Input: an instance of CWPDS, a set S of ordered node subsets: (Si)?:y
Output: a list £ of inequalities to be added to the initial relaxation of (WF)

1: L0 > Empty list of constraints
2 N+ 0 > Nodes in the support of a contraint in £
3: for i from 1 to g step 1 do > iteration over node subsets
4 if S; NN =0 then > No node of S; appears in constraints of £
5 W e {Q €8: N[Q) C (@), QN (S;UN) = 0,5, cows > Ypes, wv}

6: for all W € W do

7 L+ LU {ZveW zy < W[ -1} > Add constraint to £
8: N—NUW > Update N/
9: end for
10: end if
11: end for

12: return £

5 Computational experiments

Including instances beyond classical ones from the literature, our computational study
is designed to evaluate the performance of the diverse approaches and procedures
presented in the previous section and compare the results obtained on both problems
WPDS and PDS.

5.1 Experimental setting and instances

All the experiments have been performed on a laptop with an i5 2.30GHz processor,
and 15.5 GB of RAM. Our code is written in C. LPs and ILPs were solved using Gurobi
9.5.1 Gurobi Optimization, LLC (2022) (with a single-thread and default settings
otherwise). The time limit was set to 1800 seconds. The models (PF) and (WF) are
solved using branch-and-cut and lazy constraint separation (callback function). The
graphs used in our experiments include:
® instances from the IEEE benchmark dataset ? the PEGASE (Pan European Grid
Advanced Simulation and state Estimation) project (Fliscounakis et al., 2013)
and the Network Repository (Rossi and Ahmed, 2015). These instances represent
power systems and their use is thus motivated by the application from which PDS
originates, and the fact that they have been already widely used in the literature.

Zhttp://www.ee.washington.edu/research/pstca/
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® the sunlet graph Sipgg. Though it is a very specific structure it is motivated by
Proposition 3.5 and its proof, and is intended to illustrate further (now compu-
tationally) a case when there is a large gap between the optimal objective values
of PDS and WPDS.

e orid graphs ('GRIDd_xxx’ where d is the dimension and ’xxx’ gives the number of
nodes in each dimension). They correspond to a commonly used basic model in
the context of electical grid monitoring.

¢ randomly generated 3 and 4-regular graphs ("k-reg-n’ where n denotes the order
and k € {3,4}). For such graphs Proposition 3.3 does not allow fixing z, to value
zero for any node v € V. Also, similarly to Watts-Strogatz graphs considered in
the next item, cubic graphs appear to be quite challenging for the zero-forcing
problem (which may be viewed as a domination concept involving the rule (R2)
only) (Brimkov et al., 2019).

e randomly generated connected Watts-Strogatz graphs ('WS_n_k’, where n stands
for the number of nodes and k € {4;10} is the mean degree). The probability of
rewiring edges is set to value 0.3. Graphs in this family have small world network
properties, including small average path length and high clustering (Watts and
Strogatz, 1998).

e randomly generated connected Erdds-Rényi graphs (Erdds and Rényi, 1959)
(’ER_n_p’ where n stands for the order of the graph and p is the probability for
edge creation).

For the graphs that are randomly generated, the results are averaged over five instances
for each class, and each instance was generated using NetworkX 3.

5.2 Computational results

To ease presentation, in this section we only report the detailed results obtained for
the case of unit node weights (i.e. problems WPDS and PDS). Detailed results for the
weighted case (leading to similar comments) are given in C.

Tables 1 and 2 provide information about initialization and pre-processing together
with instances characteristics (number of nodes and edges). With respect to pre-
processing, we indicate in the field 'Post-GR graph’ the number of nodes and edges
of the graph obtained with the procedure GR together with the time needed (in sec-
onds). Value zero for time means less than one millisecond. Also in parentheses and
close to the number of nodes we indicate the number of nodes with degree two in
the reduced graph. Then, with respect to the strengthening procedure ST - which in
our case handles all singletons first and then pairs of nodes - we distinguish between
the part dealing with singletons (’ST1’) and the one dealing with node pairs (’ST2’).
For each, we indicate the number of constraints generated and the time required (in
seconds). The following part of the tables is concerned with the initialization pro-
cedure , considering either the use of an ILP or a combinatorial algorithm (’comb’)
to generate constraints, after pre-processing has been applied. (To ease presentation
we do not detail the results of initialization without pre-processing since they lead
to similar observations.) We report the number of generated constraints ('# cn’) and

3https://networkx.org/documentation /stable/reference/index.html
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Table 1: Pre-processing and initialization for PDS

Input graph [ PDS pre-processing | PDS initialization
i [ Post-GR graph T ST1 T 5T2 (after pre-pro)

[ Name I I P 21 I V] [ TET] [ time | #ocn | time | #on | time | #eon | ILP | comb |
TEEE_14_bus 14 20 13 (6) 19 0 11 0 0 0 0 0 0
IEEE_30.bus 30 41 25 (13) 36 0 18 0 1 0 3 0.014 0.007
TEEE_57_bus 57 78 42 (18) 63 0 27 0 [§ 0 4 0.008 0.003
TEEE.118_bus 118 179 101 (46) 162 0 67 0 11 0.001 10 0.014 0.004
TEEE_300_bus 300 409 274 (119) 383 0.003 166 0 43 0.014 32 0.092 0.011
power-685-bus 685 1282 671 (160) 1268 0.010 329 0.003 357 0.266 50 0.349 0.127
power-eris 1174 8687 976 (375) 8489 0.020 820 0.003 26 0.209 101 1.363 0.122
pegase-1354 1354 1710 1157 (661) 1513 0.049 757 0.005 75 0.776 181 0.659 0.111
bcspwr09 1723 2394 1514 (698) 2185 0.081 877 0.012 257 2.1156 177 1.042 0.255
pegase.2869 2869 3968 2474 (1288) 3573 0.220 1596 0.024 207 7151 318 2.771 0.660
polish_2383 2383 2886 1778 (1002) 2281 0.139 1062 0.013 120 1.250 222 1.287 0.337
us_west_4941 4941 6594 4167 (2108) 5820 0.659 2562 0.069 446 41.788 525 8.074 1.839
pegase.9241 9241 14207 7639 (3839) 12605 2.398 4972 0.232 682 200.144 879 31.191 6.494
pegase.13659 13659 18625 10268 (5772) 15234 41.196 6703 0.377 541 577.946 1711 76.591 9.680
S1000 2000 2000 2000 (1000) 2000 0.025 1000 0.016 333 3.421 334 1.508 0.274
GRID2.10.10 100 180 100 (4) 180 0 8 0 193 0.001 1 0.460 0.007
GRID2.20_20 400 760 400 (4) 760 0.001 8 0.001 514 0.087 8 1800.000 0.142
GRID2.30.30 900 1740 900 (4) 1740 0.006 8 0.007 753 0.849 13 1800.000 0.849
GRID3.4.4.4 64 144 64 (0) 144 0 0 0 59 0.001 1 0.360 0.013
GRID3.5.5.5 125 300 125 (0) 300 0 0 0 51 0.009 7 0.729 0.012
3-reg.50 50 75 50 (0) 75 0 4 0 38.6 0 4.4 0.027 0.005
4-reg 50 50 100 50 (0) 100 0 0.2 0 8.8 0.001 14 0.110 0.006
3-reg.80 80 120 80 (0) 120 0 2.4 0 38 0.001 [§ 0.150 0.013
4-reg_80 80 160 80 (0) 160 0 0.2 0 6.8 0.005 6.4 0.336 0.013
WS_804 80 160 80 (3.6) 160 0 24.8 0 22.4 0.002 5.2 0.177 0.009
WS_80-10 80 400 80 (0) 400 0 2.4 0 12.2 0.008 1.2 0.668 0.014
WS_100.4 100 200 100 (5.4) 200 0 32 0 20 0.003 6.4 0.151 0.012
WS_100_10 100 500 100 (0) 500 0 3.2 0 21 0.013 1.6 1.738 0.019
ER-80.0.1 80 313.4 80 (0.6) 313.4 0 2.2 0 1.8 0.010 1.8 0.875 0.014
ER.80.0.2 80 640 80 (0) 640 0 0.2 0 0.2 0.019 4.6 0.562 0.016
ER-80.0.3 80 947.6 80(0) 047.6 0 0 0 0.4 0.030 3.6 2.606 0.017
ER_80.0.4 80 1265.2 80 (0) 1265.2 0 0 0 3.8 0.034 2.4 1.811 0.016
ER-100.0.1 100 495 100 (0.6) 495 0 0.8 0 1.8 0.019 6.4 1.081 0.020
ER-100.0.2 100 1001.4 100 (0) 1001.4 0 0 0 0 0.040 4.2 17.414 0.023
ER-100-0.3 100 1491.4 100 (0) 1491.4 0 0 0 0 0.066 1 1.113 0.025
ER_100-0.4 100 1986 100 (0) 1086 0 0 0 0 0.094 3 5.316 0.026

the time (in seconds). Remark that when the time reported for one of the two meth-
ods (’ILP’ or ’comb’) reaches the time limit (1800s) then no constraint is generated
by the latter, and the number of constraints generated refers to the method with a
lower computational time. A star (’x’) indicates that a feasible solution was found by
the pre-processing procedure. For the special case of unit weights our implementation
allows for early termination of the overall algorithm if pre-processing identifies a fea-
sible solution with size at most two (which must also be optimal from the way node
subsets are handled).

One first important observation (for both PDS and WPDS) with respect to pre-
processing is that it seems relevant essentially for the instances taken from the
literature (i.e. the first 14 graphs): their special structure may allow for a moderate
reduction of the original graph, the generation of many constraints with ST1 and to a
lesser extent with ST2. The computation times for GR and ST1 are negligible throughout
all instances whereas ST2 may hamper performance for large and specially structured
graphs (such as pegase_9241 or pegase_13659). Except for the largest instances taken
from the literature and largest grid graph, the initialization takes less than one sec-
ond with the combinatorial procedure, whereas the ILP approach cannot handle the
largest grid graphs within our time limit, and takes more time on the overall. For PDS
the average values for the number of constraints stemming from ST1, ST2 and initial-
ization are approximately: 585, 134 and 129 respectively . For WPDS we get 687, 132,
and 53 respectively. So, on average, the number of contraints generated by the pre-
processing and initialization is close for both problems but with more constraints of
type (1) for PDS.
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Table 2: Pre-processing and initialization for WPDS

[ Input graph | PDS pre-processing | PDS initialization ]

| | Post-GR graph | ST1 | ST2 | (after pre-pro) |

| _Name | 1vl | |E| 1] |V | |E| | time | # cn | time | #cn | time | # cn | ILP | comb |
IEEE-14_bus 14 20 14 (7) 20 0 12 0 0 * 0 * * * *
IEEE_30_bus 30 41 29 (17) 40 0 26 0 0 0 3 0.010 0.004
TIEEE_57_bus 57 78 51 (27) 72 0 37 0 19 0 4 0.013 0.004
IEEE-118_bus 118 179 116 (61) 177 0 87 0 11 0.001 8 0.022 0.009
IEEE_300_bus 300 409 279 (126) 388 0.004 222 0.001 28 0.006 17 0.067 0.014
power-685-bus 685 1282 682 (171) 1279 0.015 378 0.003 447 0.228 38 0.408 0.195
power-eris 1174 8687 1170 (569) 8683 0.040 1035 0.003 21 0.222 83 1.915 0.215
pegase._1354 1354 1710 1142 (667) 1498 0.041 893 0.007 70 0.438 73 0.382 0.126
becspur09 1723 2394 1559 (757) 2230 0.079 1122 0.024 260 1.284 79 0.887 0.407
pegase-2869 2869 3968 2531 (1370) 3630 0.197 1910 0.031 230 4.639 145 1.862 0.991
polish.2383 2383 2886 2026 (1269) 2529 0.141 1577 0.019 127 2.768 93 0.940 0.999
us_west_4941 4941 6594 4389 (2396) 6042 0.632 3313 0.088 436 26.926 268 5.670 4.220
pegase-9241 9241 14207 8247 (4482) 13213 2.353 6277 0.315 827 143.479 448 21.930 9.905
pegase.13659 13659 18625 9839 (5707) 14805 3.692 7732 0.422 763 222.727 543 29.104 13.959
51000 2000 2000 2000 (1000) 3000 0.025 * 0.006 * * * * * *
GRID2-10-10 100 180 100(4) 180 0 20 0 154 0.001 4 0.493 0.015
GRID2_20.20 400 760 400(4) 760 0.001 20 0.002 409 0.078 8 1800.000 0.152
GRID2_30_30 900 1740 900(4) 1740 0.008 20 0.007 689 0.954 15 1800.000 1.516
GRID3.4.4.4 64 144 64(0) 144 0 0 0 38 0.001 4 0.513 0.006
GRID3.5.5.5 125 300 125(0) 300 0 0 0 37 0.016 7 0.492 0.021
3-reg_50 50 75 50(0) 75 0 4 0 54.6 0 4.2 0.039 0.043
4-reg-50 50 100 50(0) 100 0 0.2 0 8 0.001 4.4 0.343 0.069
3-reg_80 80 120 80(0) 120 0 2.4 0 45 0.002 5.4 0.167 0.113
4-reg_80 80 160 80(0) 160 0 0.2 0 7.4 0.006 6 0.503 0.486
WS-80-4 80 160 80(3.6) 160 0 24.8 0 27.4 0.001 5 0.162 0.162
WS-80-10 80 400 80(0) 400 0 2.4 0 11.8 0.011 4.2 0.673 0.662
WS_100_4 100 200 100(5.4) 200 0 32.4 0 22.6 0.003 5.8 0.222 0.010
WS-100-10 100 500 100(0) 500 0 3.2 0 21 0.013 4.6 1.366 0.019
ER-80-0.1 80 313.4 80(0.6) 313.4 0 2.6 0 4.8 0.009 4.8 0.707 0.713
ER_80.0.2 80 640 80(0) 640 0 0.2 0 0.2 0.018 4.6 0.480 0.016
ER-80.0.3 80 947.6 80(0) 947.6 0 0 0 0.4 0.031 3.6 3.401 0.018
ER-80-0.4 80 1265.2 80(0) 1265.2 0 0 0.001 3.8 0.037 2.4 2.240 0.016
ER-100.0.1 100 495 100(0.6) 495 0 1 0 2 0.018 6.2 1.452 0.021
ER_100.0.2 100 1001.4 100(0) 1001.4 0 0 0 0 0.041 4.2 14.243 0.023
ER-100-0.3 100 1491.4 100(0) 1491.4 0 0 0.001 0 0.066 4 4.08 0.026
ER_100.0.4 100 1986 100(0) 1986 0 0 0.001 0 0.096 3 6.547 0.023

We now turn our attention to the results obtained for PDS and WPDS by considering
or not the pre-processing and/or initialization, but also the use of either an ILP or
a combinatorial algorithm ("comb’) for separation. Recall that for the special case of
unit weights variables corresponding to nodes with degree at most two can be fixed
to zero (for both problems). This property is used in all the methods. The results
obtained using ILP (’comb’) for separation are reported in Table 3 (Table 4) for PDS
and Table 5 (Table 6) for WPDS. We indicate the optimal objective value ("opt’), and
for each method: the number of violated contraints generated (not including the ones
stemming from pre-processing or initialization when these procedures are used), the
number of nodes explored reported by the solver ("# nd’), the total time in seconds
including pre-processing and initialization when they are used (’time’) and the gap
(in percentage) reported by the solver (’gap’). The notation -’ in any entry of a
table means that the corresponding information is not available (this may concern the
objective value if some instance could not be solved to optimality by any method, or
the gap if the solver could not find a feasible solution). For each instance and in each
table we indicate in bold the best time associated with a zero gap (when applicable).

One first observation we may point out is the difference of the objective values
obtained with the instances taken from the literature for PDS and WPDS, illustrating a
potentially significant impact of the rule (R3): for example we have a factor larger than
three for pegase_13659. Another interesting point is the fact that some instances with
a small order (such as GRID3_.5_5_5 and ER_100.0.2 ) are challenging in comparison
with other much larger graphs taken form the literature. Overall the 'best’ solution
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strategies (i.e. the ones providing the best solution times most often) correspond to
the two options including the initialization procedure (i.e., 'Preprocess+Init’ and
'Init’).

Looking at instances that can be solved to optimality both using ILP and ’comb’
(for PDS or WPDS) we observe that for any fixed strategy the number of contraints gener-
ated tends to be higher with ’comb’. This suggests that inequalities generated with ILP
are stronger than 'comb’. However the computation times per iteration with the for-
mer are higher than with the latter in particular for the largest instances. This feature
permits the combinatorial approach to solve a higher number of instances than with
IPL, in particular among the randomly generated instances. For example, considering
the strategy using both pre-processing and initialization ('Preprocess+Init+(PF)’)
together with combinatorial separation, there are four groups of randomly generated
graphs for which no instance (recall that there are five instances per group) could be
solved to optimality within our time limit. This number increases to ten using ILP
separation. More strikingly, considering the group of instances ER_100_0.4 and the
method including pre-processing and initialization (for both PDS and WPDS): the aver-
age solving time lies under 30s with combinatorial separation whereas no instance
could be solved within our time limit using ILP separation.

6 Conclusion and perspectives

In this paper we investigated an extension of power domination that we named weak
power domination and that is derived from fundamental laws in electric circuit analy-
sis. Theoretical and computational results have been presented, illustrating similarities
but also major contrasts between the two domination concepts. Further research work
may be directed, e.g. towards the development of efficient combinatorial algorithms
for special graph families, and the study of alternative constraint generation schemes.

Acknowledgements. This work was supported by a public grant as part of the
Investissement d’avenir project, reference ANR-11-LABX-0056-LMH, LabEx LMH.
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Appendix A Omitted proofs from Section 3

A.1 Proof of Proposition 3.1
Proof. (i) Let S C V' \ N[F]. Since Qup (S) C Qup (V' \ N[F]), it is sufficient to prove

(iii)

that Que (V \ N[F]) N F = (. Taking V \ N[F] for the set of initially observed
nodes, in the first round, among the nodes of N[F] only nodes contained in N (F)
can be observed (by application of the rule (R1)). This also holds with respect
to the subsequent rounds (during which only the two rules (R2) and (R3) are
applied) given that the definition of strong fort does not allow the observation of
any node in F' with (R2) nor with (R3), even for the case that all the nodes in
N(F) are observed. Thus, we have F'N Qg (V \ N[F]) = 0.
Let W =V \ Qup (5). Since no node of W can be observed with the rule (R2) we
can deduce that any node in N(W) has at least two neighbors in W and thus W
is a fort. Also, since no node of W can be observed with the rule (R3), it follows
that no node z of W can have all its neighbors in N(W). This, together with the
fact that G is assumed to be connected implies that each node of W has at least
one neighbor in W.

So, we deduce that W is a strong fort.
At each round, the observation of any non observed node v only depends on the
set of observed nodes at distance at most two from v. Given that the nodes in
N[N (S)] are observed in the first round (with the rule (R1)) adding further
nodes of the set V'\ S to N(S) for the initially observed nodes has no implication
on the observation of the nodes in S, hence the result.

Assume for a contradiction that G {13 } is not connected, and let C1,Cy,...,C)
denote the node subsets Aof its connected components (p > 2). Let F' denote
a strong fort such that F = N[F] and let j € {1,2,...,p}. Using the result
of the previous item, we have C; \ Qu (V \ N [C}]) = C; \ Qp (V \ ﬁ) Since

C;NF # 0 and FNQp (V \ ﬁ) = () (by the result of the first item) we have
Ci\ Qe (V \ N [C}]) # 0. Using the result of the second item we deduce that V'\
Que (V' \ N [C}]) is a strong fort. Thus, N [C;] contains a strong fort neighborhood,

which contradicts the minimality of F'.
O

A.2 Proof of Proposition 3.3

Proof. Let F* denote an optimal solution of WPDS on G and assume that it contains
at least one node u that is either a leaf in G or has degree at most two in G. Then
replacing u by a closest node w in G that belongs to V and has degree at least three
in é, the set of the observed nodes cannot get smaller. To prove this it is sufficient to
show that replacing node u by w in F*, the node u and all its neighbors get observed.
This follows from the fact that

all the nodes in the path p,,, joining u and w get observed by application of the
rule (R2)
all the leaves adjacent to nodes in p,.,, get observed by application of the rule (R3)
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® if node u has a neighbor z which does not belong to pu. and is not a leaf (i.e. u
has degree two in G), then z can be observed with the rule (R2).
O

A.3 Proof of Theorem 3.4

Proof. Let S denote a pds in G and assume that S is not an fpds in G. Let W denote
the nodes of ¢ that are not observed in @ (using the rules (R1) — (R3), starting with
S). Then, necessarily N[W]NS = 0 (since otherwise at least one node of W could be
observed with the rule (R1)) and N[W] is a fort neighborhood in @ (since otherwise
the rule (R2) could be applied in G to observe a node of W), a contradiction with S
being a pds in G. O

A.4 Proof of Proposition 3.6

Before we give the proof of Proposition 3.6, we state and prove a useful auxiliary result.
Proposition A.7.1 Let G denote an undirected graph with node set V such that
[V| > 2 and G contains a leaf w. Then,

W (G [V A{w}]) <w(G) and e (G [V {w}]) < e (G).

Proof. We do the proof for the second inequality. The proof of the other inequality
can be done similarly and is thus omitted.

First notice that there exists an optimal solution of WPDS not containing w. (If w
belongs to an optimal solution, replacing it by its neighbor node gives another optimal
solution.) Then, let S denote a wpds in G not containing w and let u denote the
neighbor of w. Note that w can be observed by application of the rule (R1) (if u € )

r (R3) (after node u gets observed), and that w is not involved for the observation
of its neighbor u. Also, if the node u is involved in the application of (R2) to observe
anode in N(u) \ {w}, then this remains possible in G [V \ {w}]. So removing w from
G, the set of observed nodes cannot get smaller and we deduce that S is a wpds in

G [V \{w}]. Thus, v (G [V \ {w}]) < e (G). H

Proof of Proposition 3.6.

Proof. [«<] Let T denote a leavy starlike tree with node set V' and set of leaves L such
that |V '\ L| > 3 (since otherwise the result trivially holds). Then, v (T'[V '\ L]) =
because T [V \ L] is a starlike tree (see Haynes et al. (2002)). The result holds by
Theorem 3.4.

[=] Assume for a contradiction that there exists a tree T that is not a leavy starlike
tree and satisfies yyp (1) = 1. Let T denote such a tree having a minimum number
of nodes. Note that 7' necessarily contains two nodes with degree at least 3 (since
otherwise it would be a starlike tree, and thus also a leavy starlike tree), and using
Proposition A.8.1 we have the property that removing any leaf from T we get a leavy
starlike tree (since otherwise T would not be a smallest counterexample). Let w be a
leaf in 7 and let @ denote the tree obtained from T by removing w and its incident
edge. So @ is a leavy starlike tree, and now let (Vi 1, Vg 2) denote the bipartition of
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the nodes of @ such that @ [Vip,1] is a starlike tree and V{ o consists of all the leaves in
(Q satisfying: for each z € Vj o its neighbor node has degree at least three in (). Since
T is not a leavy starlike tree, w cannot be adjacent to a node in Vo,1- Let u denote
the neighbor of w in Vg 2 and z denote the neighbor of v in V1. Let W denote the
nodes in Vg1 that are not leaves in Q. If z is a node of maximum degree in Q[W]
or of degree one in Q[W], then Tisa leavy starlike tree and we get a contradiction.
So z must have degree two in Q[W] and there must exist another node = in W with
degree at least three in Q[W]. Let y denote the neighbor of z on the path joining z
and z in Q. (Possibly, y = z.) In particular, note that, in addition to y, the node z
has at least two other neighbors that are not leaves in T (at least one neighbor in W
different from y, and u). Then, let C; and C5y denote the connected components of T
obtained after removing the edge {z,y}. (See Figure Al for an illustration.)

o—6
\w.— u A 4 7 ],,/
. - 4 ,,x )
| z—y///\
o —¢ / ® O
w Q 4 4
¢ 11
C 2. @O @

Fig. A1: Illustration for the proof of Proposition 3.6

Since each of these components contains at least one strong fort neighborhood,
we must have yyp (T ) > 2, a contradiction. (Consider the component containing the

node z. If it does not contain any node of the wpds, z can only be observed either
with the rule (R1) or (R2) using its neighbor y. But then, the neighbors of z that
are not leaves and different from y -there are at least two such neighbors- cannot be
observed. A similar reasoning can be applied for the component containing x.) O]

A.5 Proof of Proposition 3.8

Proof. [«<] Trivially, if T is a star, then vy (T) = v(T) = 1.
[=] Let T denote a tree satisfying yyp(T) = v(T), and assume for a contradiction that
in addition we have (v(T) =)p(T) > 2. Note that since vyp(T) < 7p(T) < v(T),
we must have yup(T) = % (T) = v(T'), and the Theorem 9 from Haynes et al. (2002)
(recalled above) applies. The latter namely implies T' does not contain a leaf adjacent
to a node with degree two.

Let S denote the unique (by (Haynes et al., 2002, Theorem 9)) minimum cardinality
dominating set in T

Let T denote the tree obtained from T by removing its leaves, and let vy denote a
leaf of T'. Note that, from the properties mentioned above for T, vy must be adjacent
to at least two leaves in T'.
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Since S is a dominating set it must intersect the closed neighborhood of each leaf
in T'. In addition, from (Haynes et al., 2002, Theorem 9), S does not contain any leaf
of T. Thus we must have vy € S.

The unique neighbor v; of vy in 7" cannot belong to S, since otherwise S\ {vo}
is a wpds. Also, v; cannot be adjacent to any leaf, since otherwise S could not be a
dominating set (recall that S does not contain any leaf and it must intersect the closed
neighborhood of each leaf).

From what preceedes we can deduce that S\ {vo} is a dominating set of H =
G[V (T)\ N [vg]]. This implies that if we take S\ {vo} for the set of initially observed
nodes in T', then, by applying the rule (R1) all the nodes in V(T')\ N [vg] are observed.
The application of the rule (R2) (using a neighbor of vy different from vg) then leads
to the observation of v; and of vg. Then the rule (R3) permits the observation of the
leaves adjacent to vg. So, in the end, we just proved that S\ {vg} is in fact a wpds in
T, contradicting the assumption that S is a minimum cardinality wpds in 7'

So we must have the property that the tree T verifies (1) = 1, i.e. T is a star. [

A.6 Proof of Theorem 3.9

Theorem 3.9 directly follows from the next two lemmas.
Lemma A.9.1 For any tree T, sc(T) < vyup(T).

Proof. We do the proof by induction on ¢ = ~yp(T"). Consider firstly the case when
Yp(T) = 1. By Proposition 3.6, T must be a leavy starlike tree, and we can deduce
se(T) =1 (taking for @ all the leaves of T in formula (2)).
Assume now that vyp(T) = ¢ + 1 > 2 and that the proposition holds for any tree
T’ such that yyp (T”) < ¢q. Let S = {v1,v2,...,v441} denote a wpds in T such that all
the nodes in S have degree at least three in T. (Such a set exists by Proposition 3.3).
With no loss of generality assume that 7' = (V(T'), E(T)) is rooted at the node
Vg4+1 and that v; is the node at maximum distance from vg41 in 7. Necessarily v; has
at least two children and each descendant of v; has degree at most two in T.
Let u; be the ancestor of vy that is at minimum distance from v, and with degree
at least three in Jo“; so either vy is a child of u; or all the nodes in the path joining u,
and v; have degree two in T. We then consider two cases.
Case 1. u; €8.
Let wq be the child of u; on the unique path joining w; and vy in T'. Let T} be the
subtree of T rooted at wy and containing all the descendants of wy in T'. So, T is
a leavy starlike tree for which v, is the single node with degree larger than two in
Zo“l. This namely implies that {v1} is a wpds of T7. Now let T5 be the subtree of
T that is induced by the node subset V(T)\ V (11), i.e. To =T [V (T)\ V (T1)].
Note that S\ {v1} is a wpds of Ty, thus vy (T2) < ¢. If we had ~p (T2) < g, then
this would lead to vp(T) < ¢ + 1 (since adding the node {v;} to a minimum
cardinality wpds of T5 results in a wpds of T'), a contradiction. So we deduce that
e (T2) = q. Using the inductive assumption, there exists a stable set B of T and
a starlike tree covering { X1, Xo,..., Xs} of V (I3)\ B. Let L; denote the set of all

the leaves of T7. Then, BU Ly is a stable set in T, and {Xl, Xo, ..., Xq,V (Tl)}
is a starlike tree covering of V (T)\ (B U L1), proving that sc¢(T) < q+1 = vy (T).
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Case 2.

(751 ¢ S.

Let wy,ws,...,w, denote the children of u; in 10", with wy being the child of u;
on the path joining u; and vy in T. For i = 1,2,...,k, let W, stand for all the
descendants of node w; in T', including the node w;. Since u; ¢ S and S is a wpds
in T, all of the sets W1, Ws, ..., W}, except possibly one must contain a vertex in

S.

Assume that Wo NS =), and let Ty = T[W5]. Then, necessarily Tg consists of
a path (possibly composed of a single node), and [W; N S| > 1, for i = 3,... k.
We can then deduce that the subgraph 737 defined as

Ty =T [Wy UWa U {us} U L(uy))]

is a leavy starlike tree, where L(u;) represents all the leaves adjacent to the node
uy. Define then the subgraph T3 as

Ty =T [V (T)\ (U, Wi U {us} U L(w))],

and define T} = TW;] for i = 3,...,k. For i = 1,2,...,k the set S; defined as
S, =S8NV (f) is a wpds of T}, implying up (f) < 18;]. If we had yep (f) <
|S;i|, then, adding to S'\ S; a minimum cardinality wpds of ZA“Z-, we would obtain a
wpds of T with cardinality strictly inferior to |S|, a contradiction. Thus ~yp (’JA’Z) =
|Si] < g, for all i € {1,2,...,k}. Applying the inductive assumption, we deduce
sc (ﬁ) < Yup (ﬁ) =15;|. It follows that, for each i € {1,2,...,k} there exists a

stable set B; of ﬁ, and a starlike tree covering of V' (ﬁ) \ B; with size at most

Ywp (ﬁ) In particular, note that T, is a leavy starlike tree and we can take

for B; the leaves of T\l (note that by construction uq is not a leaf of ﬁ) Then,
the set B = U¥_| B; is a stable set of T. So we can deduce from what preceedes

that there exists a starlike tree covering of V(T') \ B with size Zle sc (ﬁ) <

Zle |Si] = Yup(T), thus leading to sc(T") < yup(T).

Consider now the case when S N W; # 0 for all i € {1,2,...,k}.
Let T1 =T [Wl U {ul} U L(ul)], Tz =T [Wz] for i = 2, ceey k‘, Tk+1 =
T [V(T)\ (U, W; U{w1})] and S; = SNV (T;) for all i € {1,2,...,k + 1}. Sim-
ilarly to the case considered above (i.e. when one of the sets W, ..., Wy does not
intersect S), we can prove that .S; is a minimum cardinality wpds of T;. Then,
using the inductive assumption (which is possible since |S;| = vp (T3) < q) for
eachi € {1,2,...,k} there exists a stable set B; of T}, and a starlike tree covering
of V (T;) \ B; with size at most yyp (T;). In particular, it is possible to take for By
the leaves of T to the exception of u; (for the case u; is not adjacent to a leaf in
T). Then, the set B = UF_| B; is a stable set of T' and we can deduce the existence
of a starlike tree covering of V(T')\ B with size Zle sc(T;) < Zle [Si] = vup(T),
thus leading to sc(T) < yyp(T).

O
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Lemma A.9.2 For any tree T, yp(T) < sc(T).

Proof. We do the proof by induction on ¢ = s¢(T'). Consider firstly the case when
s¢(T) = 1. Then, T is a leavy starlike tree and by Proposition 3.6 we have yyp(T) =
1 =sce(T).

Assume then that all the trees T with sc (T") = ¢ for some integer ¢ > 1 verify
Yup (T") < sc(T"). Let T = (V(T),E(T)) be a tree satisfying sc¢(T) = ¢+ 1 and
consider a starlike tree covering {51, Sa,...,Sg+1} of V(T) \ Q where @ stands for a
stable set in T'. Let Z = {21, 22, ..., 2, } denote the set of the nodes in @ having degree

at least twoin T, i.e. Z=QNV (T) For each i € {1,2,...,q+ 1} let L; denote the

set of all the leaves of T' that are contained in () and adjacent to a node in .S;.

Then let us define nodes subsets Vi, Va,..., V14, as follows: V; = S; for all
ie{1,2,...,q+ 1}, and V14, = {z} for all i € {1,2,...,p}. Let H be the graph
having for node set Uf;l *Py;, and be such that two nodes V; and V; are adjacent if and
only if there exists an edge in 7" having one endpoint in V; and the other in V;. Since
T is a tree, the same holds for H by construction. With no loss of generality (possibly
renaming some subsets) assume that Vj is a leaf of H having V5 for (unique) neighbor.
Let T' be the subtree of T that is induced by the node subset V(T') \ (V1 U Ly). If
sc(T'") < ¢, then by adding V; to a starlike tree covering of V(T) \ (V1 U Ly), we
would obtain a starlike tree convering of V(T') with size strictly less than ¢ + 1, a
contradiction. Thus, sc(T’) > ¢ and given that {Vs,Vs...,V,11} is a starlike tree
covering of V (T")\ Q, we deduce that sc (T”) = q. Applying the inductive assumption,
we know there exists a wpds S’ of T’ such that |S’| < ¢. Let v; denote a node
of maximum degree in T'[V4 U Lq]. Then S’ U {v1} is a wpds of T' and we deduce
Ye(T) < g+ 1= sc(T). O

A.7 Proof of Theorem 3.10

Proof. Deciding whether some given node subset S is a wpds can be decided in
polynomial time. Thus WPDS_DECISION belongs to the class NP. We now prove that
WPDS_DECISION is NP-complete by reduction from the DS_DECISION problem which is
obtained from WPDS_DECISION replacing "wpds” by ”dominating set” in the statement
of the question.

Given an instance of DS DECISION with a graph G = (V| E) and parameter k, we
consider the instance of WPDS_DECISION with the graph G’ = (V' =V U A, E’) and
the same parameter k, where G’ is the graph obtained from G as follows. For each
node v € V, we add two nodes: vy, vy together with the edges {v,v1} and {v1,vs2}.
The set of all the added nodes is denoted by A, and the union of E with all the edges
generated in this way is denoted by E’.

Let Sp be a dominating set in G. Consider then the application of the observation
rules (R1)-(R3) in G', taking Sp for the set of initially observed nodes. The application
of the rule (R1) leads to the observation of all the nodes in N [Sp| (which includes
V). The application of the rule (R2) enables then the observation of the nodes in
A\ N [Sp]. It follows that Sp is a wpds in G’. In particular, Sp is a pds in G’.

Now, let Sf stand for a minimum cardinality wpds in G’ and suppose for nontriv-
iality that G’ has at least one node with degree three (otherwise take for Sp any node
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of G). Then, by Proposition 3.3, we can assume that all the nodes in Sy have degree
at least three in G’. And since all the nodes in A have degree at most two, it follows
that Sp CV/'\A=V.

Note that any node u ¢ S cannot be used to observe any (not observed) neighbor
w € VN N(u) using (R2) because the application of this rule would namely require
that the neighbor v; of w in A is observed. But v; can only be observed with (R2)
(not (R1) because u ¢ Sp, and not (R3) because v; has degree two and its neighbor
vy € A is not observed initially). So, all the nodes in V'\ Sg can only be observed with
the rule (R1), implying that Sg is a dominating set in G. (After all the nodes in V'
get observed by application of the rule (R1), the rule (R2) can be used to observe all
the nodes in A having a neighbor in V' (i.e. the node of degree two in A). Finally, all
the nodes in A with degree one can be observed by application of (R3).)

The property that a graph is bipartite (chordal, circle, planar) is preserved by
the reduction described above. Since DS_DECISION is NP-complete for all these graph
classes, the same holds for WPDS_DECISION. O]

A.8 Proof of Theorem 3.11

Proof. We show that Algorithm 1 given hereafter solves WPDS in trees in linear time.
We firstly prove that the set Sg that is output by Algorithm 1 is indeed a wpds for 7.

Algorithm 2 Combinatorial algorithm for WPDS in trees

Input: a tree T = (V, E) rooted at a non-leaf node r of T
Output: a minimum size wpds Sg of T.

1. Initialize the list £ with the non-leaf nodes of 7' sorted according to a post-order
traversal of T
Sp (Z); B + @;
while £ # {r} do
v 4 the first node in £; £ + L\ {v};
if v has at least two unobserved children not in B then
Sp + Sp U {’U};
Exhaustively apply the two observation rules (R1) and (R2) to T ;
else if v has all its children observed and v is not adjacent to a leaf of T' then
B+ BU{v};
end if
. end while
if r is unobserved then
Sp + Sp U {T};
end if return Sg;

© »® N>R W

e T
Ll - vl

To do so, it is sufficient to prove that all the nodes are observed by Sy, with the rules
(R1)-(R3) in T, but restricting the use of (R3) to nodes that are not adjacent to any
leaf of T'.
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Then, we proceed by induction on the depth Kgepen of the nodes in 10“7 where the
depth of any node v of 7', denoted by depth(v), is defined as the length (i.e. the number
of edges) of the path joining v and r. Firstly, it is clear that the node with kgepin, = 0
(i.e. the root node r) is observed due to instructions 12-14. Assume now that all the
nodes with depth strictly less than k are observed, for some k& > 0, and consider some
node v satisfying depth(v) = k. If v € B (with B as defined in Algorithm 1), then by
definition of B, all the children of v are observed, and using the inductive assumption,
the father of v is also observed. So all the neighbors of v are observed, and by applying
the rule (R3), we get that the node v is observed as well. If the father of v belongs
to Sp then v gets observed with the rule (R1). If v has at least two unobserved
children not in B, then v € Sp and v is trivially observed. So consider now the case
when v has exactly one unobserved child not in B and the father u of v does not
belong to Sp. Since u ¢ Sg it has at most one unobserved child not in B. Using the
inductive assumption, we know that u is observed but also its father. It follows that
the children of u in B are observed (with (R3)) and that this is also the case for the
single unobserved child of u with (R2). So all the children of u are observed (among
which v). This terminates the proof that all the nodes in T are observed by Sg with
(R1), (R2) and the restriction of (R3) to nodes that are not adjacent to any leaf of
T. Thus, we get that all the nodes in T' get observed by S with (R1)-(R3).

To prove that Sp is an optimal solution to WPDS we restrict our attention to the

case when T’ = (V, E) contains at least one node with degree three since otherwise the

result is obvious. We proceed in a similar way to Guo et al. Guo et al. (2008), proving
the next claim. Recall that by Proposition 3.3 there always exists an optimal solution
of WPDS having all its nodes contained in V' and all having degree at least three in T

Claim. Given any tree T' = (V, E) and T= (V, E) rooted at a non-leaf node r,

Algorithm 1 finds a wpds Sg of T such that ’SF N Vu < ’F* N Vu

for any optimal
solution F* of WPDS that is contained in the node set of T, and for any node u of YO“,

where Vu denotes the subtree of 7" rooted at u.
Proof of the claim. Let Tu = (Vu, Eu) be the subtree of 7' rooted at node w.

Let [ := max,_; {depth(v)}. For any node u € V, we define p, := ‘Sp NV,| and

veV
Qu = ’F* N Vu‘ We proceed by induction on the depth of the nodes of j“, starting

with the depth value [ and decreasing to value 0.
Note that the Algorithm 1 adds no leaf of T with depth [ to the set Sp. Thus,
0 = py < gy for any node u € V with depth(u) = .
Assume now that p, < ¢, holds for any node u € V with depth(u) > k for some
k < l. Consider then a node v with depth k. Due to the inductive assumption, we have
Pu < qy for all u € C,,, where C, denotes the set of all v’s children in T. In order to
prove that p, < g, it is sufficient to consider the case when the following items are
all satisfied:
1. veSp,
2. v ¢ F* and
3. Yo, Pu= Duce, du-
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Indeed, in all other cases we have p, < ¢,. This can be proved as follows for the case
v # 1. (The case v = r can be handled similarly.) Using the inductive asumption
together with the third item above, we deduce p, = ¢, for all uw € C,. For the first
item to hold (v € Sg), v must have two unobserved children u; and us not in B. We
then prove that node v must belong to F* for F* to be a wpds. To show this, we
firstly prove the following:

Va € (F*m"/ui) ie{1,2}: 3y € Py,.N Sk (A1)

where P,, , denotes the path joining u; and x in T' (including the nodes u; and z).
With no loss of generality consider the case ¢ = 1 and assume that (A1) is not satisfied
by some node z € F* N f/ul. Since x ¢ Sp we must have p, < ¢,. Using the inductive
assumption, since P,, , contains no node of S, we deduce p, < g, for all the nodes
z € P, ». In particular we get p,, < g, contradicting p,, = qu,. This terminates the
proof of (Al).

From (A1), for each node z € F* NV, (i € {1,2}) there must exist a vertex
y € P,, » that observes u;. This implies that if u; is observed by a node in F* N Vu,
then there is a node y € P,, , that observes u;. But since we have v € Sg, u; and

ug cannot be observed by the nodes in Sg N (Vu1 U Vug) Thus, u; and uy cannot be

observed by the nodes in F™* N (Vu1 U VUQ) Since F* is a solution to WPDS, node v

must belong to F* (since otherwise u; and wus cannot be observed). Thus, we get a
contradiction with the assumption v ¢ F* and this concludes the proof of the claim.

The proof of the (linear) running time complexity is completely similar to (Guo
et al., 2008, Theorem 3) and is thus omitted. O

Appendix B Preprocessing for CPDS

We present hereafter adaptations of the transformations GR1 and GR2 (see §4.4.1) for
the problem CPDS

GR1cpps. If 41,...,¢, are leaves in G, all neighbors of some node z and satisfying
min;—q,... 4 We, > w, then all but two leaves are removed, keeping the original weights
for the remaining leaves.

GR2cpps. Assume that P = (v1,v2,...,vp), with p > 3, is an induced path in G such
that the nodes vy,...,v,_1 are pairwise distinct and dg(ve) = ... = dg(vp—1) = 2.
(Assuming the graph G to be simple we must have p > 4 if v; = v,.) It is clear that if
G is a path or a cycle, then it can be reduced to an isolated node of minimum weight.
So assume from now on that G is not a path nor a cycle. Then,

e if one of the endpoints of P, say v,, is a leaf in G, P is replaced by the edge
{v1, 2}, where z is a node of weight w, = min;—s __, w,,.

e if 1 = v, P is replaced by the cycle (v1,v2, 2,vp) With w, = min;—3 __,—1 Wy,.

® otherwise (i.e. none of the endpoints of P is a leaf and vy # vp), P is replaced by
the path (v1,2z,vp) With w, = min;—s 1 W,,.

The procedure ST can be used for CPDS as described in §4.4.2 replacing Qup by Qp.
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Appendix C Computational experiments with
randomly generated node weights

Similarly to the computational experiments carried out for PDS and WPDS (see §5.2),
we report hereafter results obtained for instances of CWPDS and CPDS with randomly
and uniformly generated node weights in {1,2,...,100}. Tables C1 and C2 provide
information about pre-processing and initialization for CPDS and CWPDS, respectively.
Tables C3 and C4 ( C5 and C6) provide the results obtained for CPDS (CWPDS) with
variants of the proposed solution method using ILP and combinatorial separation,
respectively.
Each row corresponds to averaged results over five instances:
e for the case of graphs from the literature: for each such instance the graph is fixed
and we considered five node-weight functions.
e for the case of randomly generated graphs: all five instances corresponding to
one row differ in the graph and the node-weight function (both are randomly
generated).

Table C1: Pre-processing and initialization for CPDS

Input graph [ PDS pre-processing [ PDS initialization
| Post-GR_graph STT I ST2 | (after pre-pro)

[ Name [ TVI T _TET ] V] [ [E] [ ®me [| #ecn | time | #Fen | ®Wme | #Hen [ ILP | comb
TEEE.14_bus 14 20 13 (6) 19 0 8.2 0 0 0 2 0.005 0.003
TEEE-30.bus 30 41 25 (13) 36 0 10.4 0 2.4 0 3.8 0.007 0.003
TEEE_57_bus 57 78 42 (18) 63 0 16.0 0 5.8 0 5.0 0.010 0.003
TEEE.118_bus 118 179 101 _(46) 162 0 39.8 0 17.4 0.002 11.4 0.020 0.005
TEEE-300-bus 300 409 282.0 (127.0) 391.0 0.002 105.6 0.001 43.2 0.032 35.4 0.078 0.015
power-685-bus 685 1282 671 (160) 1268 0.009 218.8 0.004 161.2 0.392 53.2 0.409 0.146
power-eris 1174 8687 976 (375) 8489 0.022 617.4 0.005 83.4 0.483 102.6 1.468 0.151
pegase_1354 1354 1710 1218.4 (722.4) 1574.4 0.052 447.4 0.011 186.4 1.731 182.8 0.689 0.141
bcspwr09 1723 2394 1540.0 (724.0) 2211.0 0.082 518.6 0.02 186.8 4.475 190.0 1.136 0.289
pegase-2869 2869 3968 2565.8 (1379.8) 3664.8 0.222 975.8 0.048 325.6 15.737 336.2 3.191 0.919
polish 2383 2383 2886 1790.6 (1014.6) 2293.6 0.125 565.6 0.025 208.2 8.193 250.0 1.533 0.515
us_west 4941 4941 6594 4246.4 (2187.4) 5899.4 0.664 1495.8 0.124 590.4 87.103 568.2 9.041 2.482
pegase_ 9241 9241 14207 7766.2 (3966.2) 12732.2 2.416 3115.6 0.426 977.6 409.994 944.2 36.052 9.135
pegase_13659 13659 18625 12010.8 (7514.8) 16976.8 5.193 4550.0 0.992 2027.6 1523.147 1756.8 84.506 13.813
S1000 2000 2000 2000 (1000) 2000 0.025 503.0 0.024 396.0 7.960 445.2 2.273 0.357
GRID2.10-10 100 180 100 (4) 180 0 6.2 0 92.0 0.001 3.6 3.988 0.007
GRID2-20.20 400 760 400 (4) 760 0.001 7.0 0.002 158.0 0.110 7.8 1687.029 0.109
GRID2.30.30 900 1740 900 (4) 1740 0.007 6.6 0.007 225.2 1.290 12.0 1800.000 0.935
GRID3.4.4.4 64 144 64 (0) 144 0 0 0 18.8 0.001 5.4 0.070 0.005
GRID3.5.5.5 125 300 125 (0) 300 0 0 0 16.0 0.011 7.4 0.858 0.01
3-reg 50 50 75 50 (0) 75 0 1 0 14.8 0 44 0.030 0.003
4-reg-50 50 100 50 (0) 100 0 0.2 0 1.8 0.001 4.6 0.133 0.004
3-reg.80 80 120 80 (0) 120 0 2.4 0 16.8 0.001 6.4 0.176 0.005
4-reg.80 80 160 80 (0) 160 0 0.2 0 2 0.004 6.8 0.189 0.006
WS_80.4 80 160 80 (3.6) 160 0 16.8 0 11.8 0.002 5.6 0.130 0.005
WS_80.10 80 400 80 (0) 400 0 1.6 0 5.2 0.008 48 0.916 0.007
WS-100.4 100 200 100 (5.4) 200 0 22.2 0 9.6 0.004 7.0 0.264 0.007
WS_100.10 100 500 100 (0) 500 0 1.6 0 44 0.015 5.6 1.247 0.010
ER_80.0.1 80 313.4 80 (0.6) 313.4 0 1.4 0 1.0 0.008 5.6 0.671 0.007
ER_80.0.2 80 640 80 (0) 640.0 0 0.2 0 0.2 0.021 44 1.456 0.008
ER_800.3 80 947.6 80 (0) 947.6 0 0 0.001 0 0.037 42 0.313 0.010
ER_80.0.4 80 1265.2 80 (0) 1265.2 0 0 0.001 2.4 0.044 3.4 2.296 0.010
ER_100.0.1 100 495 100 (0.6) 495.0 0 0.8 0 0.4 0.018 6.8 2.163 0.012
ER_100.0.2 100 1001.4 100 (0) 1001.4 0 0 0.001 0 0.045 5.0 7.510 0.016
ER-100-0.3 100 1491.4 100 (0) 1491.4 0 0 0.001 0 0.070 4.6 2.719 0.014
ER_100.0.4 100 1986 100 (0) 1986.0 0 0 0.002 0 0.102 3.8 2.940 0.016
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Table C2: Pre-processing and initialization for CWPDS

Input graph [ PDS pre-processing | PDS initialization
: [ Post-GR graph | STT | 5T2 | (after pre-pro)

[ Name L7 N P 21 V] [ 1Bl ] time || #ocu | time | #on | tme | Fon | ILP | comb |
TEEE_14_bus 14 20 14 (7) 20 0 9.2 0 2.4 0 2 0.006 0.003
TEEE_30_bus 30 41 29 (17.0) 40.0 0 18.6 0 1.6 0 3.6 0.009 0.002
TEEE_57_bus 57 78 51.0 (27.0) 72.0 0 27.4 0 15.4 0 4.2 0.011 0.004
TEEE_118_bus 118 179 116.0 (61.0) 177.0 0 62.0 0 24.8 0.002 10.4 0.024 0.006
TEEE_300_bus 300 409 279.0 (126.0) 388.0 0.003 169.0 0.001 58.2 0.015 20.2 0.083 0.022
pover-685-bus 685 1282 682.0 (171.0) 1279.0 0.015 278.6 0.004 277.0 0.321 39.8 0.796 0.255
power-eris 1174 8687 1170.0 (569.0) 8683.0 0.040 857.2 0.008 119.2 0.556 98.2 1.013 0.232
pegase.1354 1354 1710 1142.0 (667.0) 1498.0 0.042 672.2 0.012 185.6 0.982 95.0 0.601 0.355
bespur09 1723 2394 1559.0 (757.0) 2230.0 0.082 826.2 0.029 385.8 2.601 104.4 1.468 0.905
pegase-2869 2869 3968 2531.0 (1370.0) 3630.0 0.198 1413.8 0.057 475.2 10.058 197.0 2.716 1.900
polish_2383 2383 2886 2026.0 (1269.0) 2529.0 0.143 1183.8 0.037 319.4 6.423 142.6 1.978 4.548
us_vest_4941 4941 6594 4389.0 (2396.0) 6042.0 0.634 2459.4 0.157 8234 62.415 346.4 8.617 14.680
pegase.9241 9241 14207 8247.0 (4482.0) 13213.0 2.338 4776 0.574 1515.8 304.456 568.2 29.422 23.483
pegase.13659 13659 18625 0839.0 (5707.0) 14805.0 3.630 5701.4 0.822 1715.6 554.404 787.0 44.529 35.062
S1000 2000 2000 2000.0 (1000.0) 2000.0 0.025 1999.0 0.024 0 0 1.2 0.180 9.670
GRID2-10_10 100 180 100.0 (4.0) 180.0 0 12.8 0 78.4 0.001 3.6 1.009 0.005
GRID2.20_20 400 760 400.0 (4.0) 760.0 0.001 11.2 0.002 282.8 0.115 7.6 1800 0.139
GRID2_30_30 900 1740 900.0 (4.0) 1740.0 0.007 13.4 0.008 540.4 1.363 10.0 1800 0.923
GRID3.4.4.4 64 144 64.0 (0) 144.0 0 0 0 33.0 0.001 5.2 0.108 0.005
GRID3.5.6_6 125 300 125.0 (0) 300.0 0 0 0 37.4 0.012 7.0 1.279 0.011
3-reg 50 50 75 50.0 (0) 75.0 0 4.0 0 28.2 0 3.8 0.039 0.003
4-reg 50 50 100 50.0 (0) 100.0 0 0.2 0 13.2 0.001 14 0.143 0.003
3-reg_80 80 120 80.0 (0) 120.0 0 2.4 0 43.0 0.001 6.0 0.147 0.005
4-reg_80 80 160 80.0 (0) 160.0 0 0.2 0 15.6 0.004 6.2 0.303 0.005
WS_80_4 80 160 80.0 (3.6) 160.0 0 17.0 0 27.6 0.002 5.4 0.144 0.005
WS_80_10 80 400 80.0 (0) 400.0 0 1.6 0 14.8 0.008 1.8 0.799 0.008
WS_100_4 100 200 100.0 (5.4) 200.0 0 22.6 0 31.2 0.003 7.0 0.2047 0.009
WS_100_10 100 500 100.0 (0) 500.0 0 1.6 0 20.0 0.014 5.8 1.174 0.010
ER_80.0.1 80 313.4 80.0 (0.6) 313.4 0 1.6 0 8.4 0.009 5.2 0.569 0.007
ER-80.0.2 80 640 80.0 (0) 640.0 0 0.2 0 1.8 0.020 4.4 1.458 0.007
ER_80.0.3 80 947.6 80.0 (0) 947.6 0 0 0 2.6 0.033 4.2 0.296 0.010
ER_80.0.4 80 1265.2 80.0 (0) 1265.2 0 0 0.001 239.4 0.038 3.4 3.225 0.010
ER-100.0.1 100 495 100.0 (0.6) 495.0 0 1.0 0 5.8 0.021 6.6 2.016 0.013
ER-100.0.2 100 1001.4 100.0 (0) 1001.4 0 0 0.001 0.6 0.045 5.0 7.363 0.014
ER_100.0.3 100 1491.4 100 (0) 1491.4 0 0 0.001 0.2 0.070 14 6.937 0.014
ER-100-0.4 100 1986 100.0 (0) 1986.0 0 0 0.001 0 0.109 3.8 3.240 0.019
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