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Highlights

Sensitivity of the viscoplasticity of polycrystals to porosity and pore-to-crystal size ratio.

Louis Védrine, Pascal Hagenmuller, Lionel Gélébart, Maurine Montagnat, Henning Löwe

• The viscoplastic behaviour of synthetic porous microstruc-
tures is simulated using a crystal plasticity law.

• The stress exponent is sensitive to both solid fraction and
intercrystalline surface area.

• The stress exponent is governed by the geometric frustra-
tion of the crystals caused by their neighbours.

• We clarify the transitions in viscoplastic behaviour with
varying porosity, avoiding the need for additional mecha-
nisms like grain boundary sliding.
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Abstract

Porous polycrystals are composed of pores and sintered crystals. Understanding their viscoplastic behaviour is crucial for predicting
the mechanical performance of manufactured materials or the evolution of geological components. Their viscoplasticity intuitively
depends on the shape of the solid matrix and how it is divided into individual crystals. Previous studies have primarily focused
on limiting cases with low porosities or extreme pore-to-crystal size ratios. In this study, we use numerical full-field simulations
on three-dimensional porous microstructures, combined with a crystal plasticity model, to explore how polycrystal viscoplasticity
is affected by both geometric and crystalline structures. We use ice and its porous form, snow, as model materials. Our findings
demonstrate that the homogenized strain rate ϵ̇ fits a power law of stress σ as ϵ̇ =

(
σ
σ0

)n
s−1 with σ0 the reference stress and n

the stress exponent. Notably, we show that the reference stress is determined solely by the geometric structure, while the stress
exponent is influenced by both the geometric and crystalline structures. Specifically, the stress exponent is governed by the geometric
frustration of the crystals caused by their neighbours, which modulates dislocation creep across different slip systems. By defining
the pore-to-crystal size ratio as the area ratio between the crystal boundary and the free surface, we provide a coherent framework for
understanding these interactions. This study clarifies the transitions in viscoplastic behaviour with varying porosity, avoiding the
need for additional mechanisms and offering valuable insights into porous polycrystal viscoplasticity.

Keywords: Viscoplasticity, Porous Media, Polycrystal, Crystal plasticity, Fast Fourier Transform method

Introduction

This study investigates the viscoplastic behaviour of porous
polycrystals, i.e., materials composed of pores and sintered crys-
tals. Porous polycrystals comprise engineered materials, such as
metallic powders and foams or polycrystalline nuclear fuels, and
natural materials, such as snow. Thanks to the development of
additive and powder-sintering techniques, manufactured porous
polycrystals are increasingly used across various fields [1, 2, 3].
For instance, biomedical engineering, aerospace, automotive,
naval, and defence industries benefit from their low specific
weight and high energy absorption capacity [4, 5, 6]. Con-
versely, the manufacturing process or the industrial use of dense
polycrystalline materials may lead to undesirable pores, nega-
tively affecting their mechanical properties [7]. For instance, the
accumulation of fission gases in nuclear fuels leads to porosity
within the material and, possibly, to lower resistance to com-
pression [8, 9]. Porous polycrystals are also among the natural
materials commonly found on the Earth. In particular, the snow-
ice continuum is an exemplary porous polycrystal characterized
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by sintered ice crystals of various sizes and textures [10], and
a wide range of porosities from 90% for fresh snow, to around
50% for annual snow, to around 0% for dense polycrystalline
ice on glaciers and polar ice sheets [11].

Under slow loading conditions and at temperatures close to
their melting points, these materials exhibit viscoplastic defor-
mations. This type of deformation typically occurs during the
die compaction of metal powders [12, 13, 14, 15] and the nat-
ural settlement of snow [16, 17]. Viscoplasticity encompasses
various deformation mechanisms. Depending on the crystalline
structure of the materials and the nature of the applied loading
(thermal, mechanical, or irradiative), the deformation mecha-
nisms can either be dislocation creep (commonly referred to as
intra-crystalline deformation) [18], grain boundary sliding (com-
monly referred to as intercrystalline deformation)[19], as well
as mixed-induced thermal and irradiation-induced creep [20].
These mechanisms occur at the crystal scale and are highly de-
pendent on the microstructure geometry or the crystal orientation
[21].

Porous polycrystals are characterized by a dual structure com-
prising geometric features, i.e. the shape of the solid matrix,
and crystalline features, i.e., the partition of the solid skeleton
into individual crystals with a given distribution of orientations
(crystallographic texture). Their viscoplastic behaviour is gov-
erned by the intricate interplay between these two structures
[22, 23, 24]. Different studies demonstrated that the pore-to-
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Figure 1: Exemplary microstructures of porous polycrystals with different pore-to-crystal size ratios.

crystal size ratio (lpore/lcrystal) (Fig. 1), plays a critical role in
the polycrystal mechanical response [e.g., 25]. Firstly, in the
case of small pores inside the crystals (lpore/lcrystal ≪ 1, Fig.
1a), porosity mainly affects the mechanical behaviour of sin-
gle crystals independently. Due to the separation of scale, a
multi-scale approach is typically employed to derive the ho-
mogenised macroscopic behaviour. This process involves first
determining the properties of the single crystal (typically Gurson
type approach) and then deriving the overall material response
(typically with FFT-based methods) [26, 27, 28, 29, 9]. Con-
versely, when the pore size is significantly larger than the crystal
size (lpore/lcrystal ≫ 1, Fig. 1c), the solid matrix can be con-
sidered homogeneous due to the separation of scales [30, 31].
In this regime, the steps of the multi-scale modelling approach
are inverted: first, the dense crystalline matrix is homogenised,
and then the interplay between the homogeneous skeleton and
the pores is derived [32]. The intermediate regime, where the
pore and crystal sizes are comparable (lpore/lcrystal ≈ 1, Fig.
1b), presents more complex challenges and scientific results are
seldom [21, 24, 33]. In this case, there is no scale separation be-
tween the pore and the crystal description so that the mechanical
coupling between the two cannot generally be treated sequen-
tially. Védrine et al. [34] demonstrated that high-porosity snow
(e.g., 80% porosity) cannot be considered as a uniform dilution
of pores inside crystals nor a solid matrix of homogenous ice.
Lebensohn et al. [21] showed that for non-textured aggregates
with low porosity in the range 0-15%, the assumption of a ho-
mogeneous matrix remains reasonable. In contrast, they also
showed that for textured aggregates in the same range of porosity
(especially with low strain rate sensitivity), the crystal structure
must be explicitly considered. Portelette et al. [33] analysed
the effect of anisotropy due to the grains surrounding the pores
on the overall viscoplastic behaviour of MOX fuel (stationary
creep) through crystal plasticity. They showed that, at a given
porosity and crystal size, decreasing the pore size softens the
material. The studies of Lebensohn et al. [21], Portelette et al.
[33] focused on porosities up to 15%, which corresponds to the
maximum porosity observed in nuclear fuels, such as Pu-rich
agglomerates [8]. However, metal foams and snow have porosi-
ties of up to 90%. The relationship between microstructural
characteristics and viscoplastic properties in highly porous poly-

crystals thus remains unexplored in the current literature, and
previous approaches based on low and dilute porosities cannot
be extrapolated [34].

This study aims to bridge the gap between the behaviour of
porous and dense polycrystals across different pore-to-crystal
size ratios and to understand the complex interplay between
crystalline microstructure and geometrical microstructure. We
use dense ice and its porous counterpart, snow, as model ma-
terials to explore how this dual microstructure influences the
instantaneous viscoplastic response of porous polycrystals, as-
suming a constant microstructure. Indeed, dense polycrystalline
ice usually serves as an ideal model for validating mechanical
approaches in materials with high viscoplastic anisotropy and
provides a valuable analogue for other polycrystalline materials
[35, 36]. In this study, we generate synthetic microstructures
to mimic the snow-ice continuum with various solid fractions
and pore-to-crystal ratios. These microstructures serve as direct
inputs to a 3D FFT-based solver capable of simulating the crystal
plasticity at the crystal scale. These numerical experiments are
used to quantify the sensitivity of the homogenised viscoplastic
behaviour to the dual microstructure.

1. Material and method

1.1. Generation of synthetic microstructures

We aim to characterised the instantaneous [21, 37] viscoplas-
tic response of polycrystalline porous material. The evolution of
the microstructure under loading is not considered. Therefore,
we generate synthetic microstructures by varying both the poros-
ity and the pore-to-crystal size ratio over representative values
relevant to porous polycrystals.

1.1.1. Varying the porosity
The microstructure of the dense polycrystal is generated by

the Voronoi tessellation of 3375 seeds randomly distributed
within a periodic volume of size 1503 voxels (Fig. 2). Each seed
results in a Voronoi cell composed of 103 voxels on average.
Voronoı̈ cells are simply called cells in the following.

To reduce the ice volume fraction, we follow the method
described by Portelette et al. [33]: a certain number of cells
are randomly selected from the initial dense polycrystal and
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Figure 2: 2D slices of microstructures for different solid fractions Φ and numbers of crystal per Voronoi cell Λ. Pores are shown in white. Other colours are randomly
assigned to individual crystals. It is important to note that the microstructure is three-dimensional, and the matrix is fully interconnected.

replaced with voids. We study a ice volume fraction between
0.25 and 1, with increments of 0.05. The minimum solid fraction
is 0.25 to ensure a fully percolating structure.

1.1.2. Varying the pore-to-crystal size ratio
We aim to investigate the sensitivity of the viscoplasticity

to the pore-to-crystal ratio, with all other parameters constant.
Usually, the sensitivity to the pore-to-crystal ratio or porosity is
explored by analysing real microstructures [38, 23] or by artifi-
cially varying the pore size [33]. However, this approach also
affects the microstructure topology, which was shown to signif-
icantly influence the effective viscoplastic behaviour [37]. We
explored the role of the crystalline structure at constant topology,
as done by Zhao et al. [24] by subdividing each geometric cell
into Λ crystals. The initial problem (Fig. 1) transforms into the
problem illustrated in Figure 2.

The number of crystals per cell is randomly assigned follow-

ing a Poisson distribution with a mean value of Λ crystals. We
generate microstructures ranging from one crystal per cell to 40
crystals per cell. Figure 2 illustrates the diversity of microstruc-
tures generated.

We assume that the c-axis orientations of the crystals (Ice Ih
has a hexagonal crystal structure, with a c/a ratio of 1.628) follow
an isotropic random distribution. Only one random sample is
generated for each microstructure. Indeed, Védrine et al. [34]
have shown that the coefficient of variation of the simulated
viscous behaviour between different samplings of the c-axis
orientations remains small (≤ 1.8%).

1.1.3. Microstructural parameters
The microstructure is characterized by its solid fraction Φ,

its free surface area (SA) (air-matrix interface), and its crys-
tal boundary surface area (CB) (Fig. 3). The solid fraction is
calculated by counting the number of solid voxels in the total
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volume. The interfacial surface areas are computed with the
Crofton approach illustrated by Hagenmuller et al. [39].

Crystal boundary
surface area (CB)Free surface 

area (SA)

Figure 3: Definition of the interfaces.

1.2. Ice Material Properties

Isolated ice crystals deform plastically mainly through the
gliding of basal dislocations [18]. Non-basal dislocations were
introduced in models to accommodate basal glide in dense ice
but their contribution to deformation is poorly characterized
[40]. A single crystal of ice badly oriented for the glide of
basal dislocations will deform at a rate at least three orders of
magnitude lower than a crystal well oriented for basal glide [18].

1.2.1. Constitutive law for ice
Each crystal is modelled with a crystalline elasto-viscoplastic

law. The local strain tensor εe(x) at position x in the solid skele-
ton is decomposed into the sum of an elastic and a viscoplastic
part: ε(x) = εe(x) + εvp(x). The elastic strain εe(x) is related
to the stress tensor σ(x) and the fourth-order stiffness tensor
C(x) as σ(x) = C(x) : εe(x). The local elasticity tensor C(x)
is assumed to be isotropic transverse in the crystal reference
frame (C11 = 13.9 GPa, C33 = 15.0 GPa, C44 = 3.0 GPa,
C12 = 7.1 GPa, C13 = 5.8 GPa) [41].

For the viscoplastic part, a crystal plasticity model is used,
where ice crystals deform through slip on three soft basal sys-
tems, three hard prismatic systems, and six hard pyramidal sys-
tems [36]. At infinitesimal strains, the viscoplastic strain results
from slips on a total of N = 12 different slip systems:

ϵvp(x) =
N∑

k=1

γ(k)(x)µ(k)(x) (1)

where µ(k)(x) = n(k)(x)⊗s b(k)(x) is the Schmid tensor, defined
by the (symmetric) dyadic product (⊗s) of the vector normal to
the glide plane n(k)(x) and the Burgers vector b(k)(x) of the slip
system (k). The slip rate on the k-th system γ̇(k)(x) is related to
the resolved shear stress τ(k)(x) = σ(x) : µ(k)(x) on this system
by a Norton law:

γ̇(k)(x) = γ̇(k)
0

 |τ(k)(x)|

τ(k)
0

n(k)

sgn(τ(k)(x)) (2)

where n(k) is the stress exponent, γ̇(k)
0 is the reference shear

rate, and τ(k)
0 is the critical resolved shear stress (CRSS) of slip

system (k). Note that all slip systems of a given family have the
same coefficients n(k), γ(k)

0 and τ(k)
0 .

1.2.2. Parametrization of the crystal plasticity model
Different parametrizations of the slip rates in ice have been

proposed in the literature. Castelnau et al. [42], Suquet et al. [43]
assumed a basal slip system exponent of 2, the value measured
experimentally [44, 45, 46, 18]. Lebensohn et al. [47], Montag-
nat [48] assumed an exponent of 3. In practice, the exact value
of the basal slip system exponent has very little impact on the
viscoplasticity of dense polycrystalline ice [48]. However, this
observation does not remain true for porous ice such as snow,
where the basal slip system was shown to control the overall
mechanical behaviour [34].

We use the parametrization from Castelnau et al. [42] and
Suquet et al. [43] reported in Table 1. To the best of our knowl-
edge, this is the most complete calibration of the ice crystal
plasticity model in the literature. In particular, it correctly repre-
sents the basal slip, the dominantly active slip system. Its stress
exponent, fixed at 2, agrees with experimental data on single
crystals from the literature [e.g., 44, 45, 46, 18]. As we only
focus on the steady-state response and to simplify comparison,
the critical stresses τ(k)

0 are assumed to be constant with time (no
hardening), and the reference shear rate is set to γ̇(k)

0 = 1 s−1.
We calibrate the values of the Critical Resolved Shear Stresses
(CRSS) to obtain the viscoplastic law of dense polycrystalline
ice proposed by Budd and Jacka [49], Castelnau et al. [50] at
-10◦C (A=7.8 × 10−8 MPa−1 s−3 and npoly = 2.94 the parameters
of the Glen law for polycrystalline ice ϵ̇ = Aσnpoly ). The model
parameters are given in Table 1. To characterise the anisotropy
of the local crystal plasticity law, we introduce two anisotropy
factors Mb−pri =

τ0,pri

τ0,b
= 5.6 and Mb−pyr =

τ0,pyr

τ0,b
= 3.8. Note that

additional crystal plasticity models are explored in Appendix
B.1.

Table 1: Parameters of the crystal plasticity model at −10 ◦C [43].

Family Systems n(k) τ(k)
0 (MPa)

Basal [0001] < 1120 > 3 2 20.6
Prismatic [0110] < 2110 > 3 2.85 114.4
Pyramidal [1122] < 1123 > 6 4 75.2

1.3. Simulation set-up

The simulations are performed with the Fast Fourier Trans-
form (FFT)-based solver AMITEX FFTP [51], using the small
perturbation option. This solver employs a modified Green
operator based on a hexahedral Finite Difference scheme [52]
equivalent to using linear hexahedral finite elements with re-
duced integration [53] and an Anderson convergence accelera-
tion technique [54], enabling the analysis of porosities (infinite
contrast with the solid matrix) up to 75%. This porosity range
is much larger than in previous studies such as Lebensohn et al.
[21], Portelette et al. [33], which used Augmented Lagrangian
schemes adapted from Michel et al. [55].

The inputs of the simulations are the 3D images of the crystal
assembly and the local material law, each crystal having a single
orientation within an isotropic crystallographic texture. The
crystal plasticity model is implemented through the MFront code
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generator [56]. The numerical integration of crystal plasticity is
computationally expensive, but the solver benefits from the MPI
implementation.

Imposed strain-rate <εzz(x)> 

<σxx(x)>=0
<σyy(x)>=0

<σxy(x)>=<σyz(x)>=<σxz(x)>=0

Ice mechanics:
Cristal 

plasticity law

Figure 4: Numerical boundary conditions: uniaxial compression test with im-
posed strain rate.

Uniaxial compression tests at an imposed strain rate, ε̇zz,
are performed to allow an easy comparison with experimental
results reported in the literature. Using an FFT-based solver
involves using periodic boundary conditions with prescribed
stress or strain average components (Fig. 4). Here, we imposed
the average lateral stresses (σxx = σyy = 0) and the average
shear stresses to zero (σxy = σyz = σxz = 0), where ε =
1
|V |

∫
V ε(x) dV =< ε(x) > and σ = 1

|V |

∫
V σ(x) dV =< σ(x) > are

respectively the volume average of the local strain and stress
[57].

2. Results and discussion

The response under uniaxial compression and the identifica-
tion of a homogenised model are first presented (Sect. 2.1). The
sensitivity of the homogenised behaviour to the solid fraction
and the crystalline structure is then quantified (Sect. 2.2 and
2.3) and gathered through a unified model (Sect. 2.4). Finally,
these results are discussed in the general framework of porous
polycrystals (Sect. 2.5) and in the practical case of the settlement
of snow into dense ice (Sect. 2.6).

2.1. Homogenised model

Let us consider the uniaxial compression of an exemplary
microstructure (Φ = 0.5, Λ = 1) under strain rates ranging
from 10−8 s−1 to 10−4 s−1. The permanent viscoplastic regime is
reached after a typical strain of 0.5%. Consequently, we conduct
simulations up to 1% strain to determine σY (for more details
see Appendix A).

To characterize the macroscopic behaviour, we aim to identify
a homogenised model. Since the stress exponents of the slip
systems are different (Table 1), there are no obvious reasons nor
theoretical results showing that the observed behaviour should
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Figure 5: Axial yield stress as a function of the imposed strain rate for a given
microstructure (Φ = 0.5, Λ = 1) shown in Fig. 4.

be homogenisable there is no theoretical guarantee that the ho-
mogenised law can be expressed by an analytical model over a
wide range of applied stresses. The evolution of the yield stress
as a function of strain rate for a given microstructure (Φ = 0.5,
Λ = 1) is shown in Figure 5. For a given solid fraction and in
the absence of hardening, the homogenized stationary behaviour
relates the strain rate ϵ̇zz (average on the unit-cell) to the yield
stress σzz (average on the unit-cell). Since, the slip systems
are parametrized as power laws, a power-law relation is often a
convenient form over a limited stress range to fit the numerical
results:

ϵ̇zz = ϵ̇0

(
σY

σ0

)n

(3)

where ϵ̇0 is the prefactor set to 1 s−1 and σ0 and n represent the
macroscopic reference stress and the stress exponent, respec-
tively. These parameters have been fitted on the simulated data
(σ0 = 37.6 MPa and n = 2.41 for the microstructure shown in
Figure A.9). The homogenised exponent n = 2.41 lies between
the exponents of the soft system (2.0) and those of the hard
systems (2.85 and 4.0). The model perfectly reproduces the
evolution of the yield stress (RMSRE=0.143%) over a broad
strain rate range ([10−8 − 10−4] s−1), encompassing typical duc-
tile loading conditions (Figure 5) [58, 59]. The values of σ0 and
n are identified based on three tests conducted at imposed strain
rates of {10−7, 10−6, 10−5} s−1.

When considering slip systems with different exponents, the
homogenised exponent n may depend on the stress level [13, 14].
Generally, at low stresses, the homogenised stress exponent in-
herits the stress exponent of the system with the lowest CRSS,
and tends toward the highest stress exponent of the systems as
the stress increases [60]. Consequently, the relationship between
strain rate and stress no longer follows a power law. This devia-
tion from a power law is more pronounced when the difference
in exponents among the slip systems increases. Such deviations
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have led to the use of more complex laws, such as the hyper-
bolic sine law proposed by Garofalo et al. [61] and Sellars and
Tegart [62]. However, here, we observe no sensitivity to the
applied stress (Fig. 5). The exponents of the slip systems in
polycrystalline ice are relatively close to each other, and the
anisotropy ratio (defined as the ratio of CRSS) is high [47, 63],
which explains this negligible sensitivity.

2.2. Sensitivity of the homogenised parameters to the solid frac-
tion

For Λ = 1, the reference stress increases with the solid frac-
tion (Fig. 6). In other words, the presence of pores softens
the material. This sensitivity is well-known [e.g., 64, 65, 66].
For large solid fractions (Φ in [0.85, 1.0]), an almost linear re-
lationship between the reference stress and the solid fraction
is observed, consistent with Lebensohn et al. [21], Portelette
et al. [33]. However, when simulating a broader range of solid
fractions (Φ in [0.25, 1.0]), this relationship clearly becomes
non-linear.

More interestingly, the homogenised stress exponent is also
found to be sensitive to the solid fraction (Fig. 6). The stress
exponent is equal to that of the dense polycrystal at high solid
fraction and gradually tends towards the exponent of the basal
slip system when the solid fraction decreases. The sensitivity of
the stress exponent to the solid fraction is related to the activity
of the different slip systems. Figure 6b (background) shows the
contributions of the basal, prismatic, and pyramidal slip systems
to the equivalent plastic deformation peq. The basal slip system
contributes the most to the plastic deformation in both dense
ice (around 75% at Φ = 1) and snow (99% at Φ = 0.25). How-
ever, the entanglement between the slip system contributions
varies with Φ. The simulations indicate that, with decreasing
solid fraction, deformation accommodation between crystals is
facilitated by the pore space, and does not require prismatic and
pyramidal slips anymore, and the macroscopic behaviour inher-
its the exponent of the softest slip system. In contrast, these slips
are a prerequisite for accommodating the deformation between
misoriented crystals in dense ice [36]. The same experiments
are conducted using different crystal plasticity laws and different
exponents of soft slip systems (see Appendix B.1). In these
cases, the homogenised exponent again matches that of a dense
polycrystal at high solid fractions and gradually approaches the
exponent of the softest slip system at low solid fractions.

These numerical results evidence the sensitivity of n to Φ,
when the exponents of the soft and hard systems differ (Fig. 6).
This sensitivity was already experimentally observed for metal
powders during hot forming [67], as well as for snow [68]. In
particular, Geindreau and Auriault [67] conducted compression
tests at different strain rates and reported a sensitivity of the
stress exponent to both applied stress and solid fraction. They
observed that n increased from 7 to 12 with solid fractions from
0.7 to 0.95, at strain rates between 10−5 and 10−3 s−1.

2.3. Sensitivity of the homogenised parameters to the crystalline
structure

Figure 7 illustrates the evolution of the viscoplastic model
as a function of solid fraction, with varying mean numbers of

crystals per “geometric” cell. Interestingly, the reference stress
σ0 remains independent of the number of crystals per cell Λ. In
addition, σ0 does not depend on the choice of the exponents of
the slip systems, if they yield the same dense material behaviour
and are characterized by the same anisotropy ratio of the CRSS
(see Appendix B.1).

In contrast, the stress exponent n varies with Λ at a given
solid fraction. In terms of the stress exponent, a configuration
with 20 crystals per cell and 25% solid fraction is equivalent to
a microstructure where each geometric cell consists of a single
crystal, but with a doubled solid fraction. At low solid fractions,
we expect that the value of n will reach that of polycrystalline
dense ice when the number of crystals per cell increases. How-
ever, the spatial resolution of the simulations does not enable the
segmentation of one geometric cell into a very high number of
crystals. Rather intuitively, when the solid fraction increases, the
effect of Λ on n decreases. The viscoplastic behaviour no longer
depends on Λ for dense materials (Φ = 1). The assumption that
one geometrical cell (one grain) equals one crystal is common
in powder metallurgy and snow science [e.g., 69, 70, 71, 37].
However, several studies have observed multiple crystals per
grain [72, 10, 22]. Here, we show that this assumption may
strongly affect the simulated behaviour.

2.4. A Macroscopic Viscoplastic Model

The presented macroscopic viscoplastic model is a one-
dimensional formulation derived from uniaxial compression
experiments. We observe a weak sensitivity to the loading di-
rection and to the loading type, characterised here by the stress
triaxiality. This observation supports the assumption of mechan-
ical isotropy (for more details, see Appendix B.3 and Appendix
B.4).

2.4.1. Reference stress σ0 as a function of the solid fraction Φ
The number of crystals per cell (Fig. 7) or the local stress

exponents do not influence the reference stress (Fig. B.10). This
observation suggests that σ0 characterizes the morphology and
the impact of pore distribution on stress heterogeneities rather
than the local crystal-plasticity law and the crystalline structure.
We can thus described σ0 as a function of Φ only (Eq. 5). When
the structure is disconnected, the reference stress is expected to
be zero. To account for this percolation threshold Φt [73, 74]
and for the portion of the solid matrix that does not support any
load [75], we introduce the parameter Φres, which represents
a rescaled solid fraction. This parameter is defined such that
Φres = 0 at the percolation threshold Φ = Φt and Φres = 1 at
Φ = 1. It can be expressed as follows:

Φres =
Φ − Φt

1 − Φt
(4)

The percolation threshold depends on the type of microstructure.
For our Voronoi-generated microstructure, we find that Φt = 0.2.
We fitted a power law for the reference stress as a function of
Φres:

σ0 = σ0,Φ=1Φ
m
res. (5)
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Figure 6: Parameters of the homogenised model: (a) reference stress σ0 and (b) stress exponent n as a function of the solid fraction of a porous polycrystal. The
contributions of the different glide systems to the equivalent plastic deformation peq are shown in the background of Figure b (Λ = 1).

where σ0,Φ=1 represents the reference stress of the dense poly-
crystal and m = 2.02 is the solid fraction exponent.

Power laws are commonly used in the literature to describe
the sensitivity of mechanical properties to solid fraction, such
as elastic modulus and failure strength [76, 77, 78]. In general,
the parameter m characterizes the geometrical microstructure
[79] and quantifies the effective structural ’backbone’ of the
system, which bears the majority of the load [78]. A high value
of m indicates that the structure is poorly “optimized” from
a mechanical perspective: the mechanical ”resistance” of the
microstructure will rapidly decline with increasing porosity.

Wautier et al. [32] computed the viscoplastic behaviour of
snow, considering the ice matrix as homogeneous, and tested
different isotropic Norton-Hoff laws for ice with an exponent
between 2 and 4. They also obtained m ≈ 2. This suggests
that the type of local behaviour does not influence the parameter
m. Geindreau et al. [14] obtained m = 1.2 for sintered metallic
powders. This lower exponent indicates that the deformation
heterogeneities are more pronounced in snow than in the tested
metallic powder.

Remark. • The shape of the pores or the crystals is some-
how constant in our study. However, as shown by Portelette
et al. [33], pore shape plays a role in the effective behaviour.
Additionally, Sevostianov and Giraud [80] demonstrated
that the specific surface area of pores influences the elas-
ticity of porous polycrystals. These factors warrant further
investigation in future work.

• The proposed model (Eq. 5) corresponds to the one-
dimensional version of the Norton-Green model [81]. The
extension to three dimensions can be achieved using the for-
malism of the Abouaf model [82], which will be addressed
in future work.

2.4.2. Stress exponent n as a function of frustration
The stress exponent is sensitive to both the solid fraction and

the crystalline structure (Fig. 7). The sensitivity of n to Φ is
the most obvious. Indeed, Φ is the most important descriptor of
porous polycrystals [83, 84]. However, when the crystalline or
topological structure is changed, the solid fraction alone is not
sufficient to describe the mechanical behaviour, and additional
descriptors must be introduced, such as the coordination number
[85, 86, 77].

In the case of viscoplastic behaviour, the stress exponent de-
pends on the geometric frustration [87], or how easily the soft
deformation mechanisms can be accommodated by the crystal
surroundings (neighbours or pores) (see Sect. 2.2). The crystal
frustration likely depends on the intercrystalline surface, where
the basal dislocations are constrained by neighbouring crystals
with different c-axes, and on the free surface (ice-air surface),
where the basal dislocations are free to move. Hence, we intro-
duce the surface area ratio r between the crystal boundaries and
the free interface:

r =
CB
SA

(6)

where CB is the intercrystalline surface area and SA is the free
surface area (Fig. 3). We hereafter call r the surface ratio. A
surface ratio of 0 indicates a high degree of freedom, while a
high value indicates maximum frustration. Note that r is related
to contiguity β via β = r/(1 + r) [88].

The function n(Φ, r) has two limit cases: (i) when the crystals
are fully frustrated ([Φ → 1, r > 0] and [Φ > 0, r → +∞]),
n corresponds to the exponent of the dense polycrystal npoly;
(ii) when the crystals are free to deform ([Φ → 0] and [Φ <
1, r → 0]), n corresponds to the exponent of the soft deformation
mechanism nsoft. The contributions of these two mechanisms
can be reproduced as an additional mixing rule:

7



Figure 7: Parameters of the homogenised model: (a) reference stress σ0 and (b) stress exponent n ) as a function of the solid fraction Φ of a porous polycrystal for
different numbers of crystals per geometric cell Λ.

n(Φ, r) = nso f t + (npoly − nso f t)Φ(rt/r)γ (7)

where rt = 1.95 and γ = 0.44 are two fitted parameters. The
model (Eq. 7) is plotted in Figure 8 and accurately reproduces
the simulation data (RMSRE=1.5%). We extrapolate Eq. 7
over the entire domain of (Φ, β) in Ω = [0, 1] × [0, 1] (Fig. 8).
Our numerical experiments cover a significant portion of the
domain Ω. However, certain domain areas cannot be explored
with our Voronoi-generated microstructures. In particular, Φ
is lower-bounded by the percolation threshold Φt, and low r
values at high solid fractions are limited by the initial cell size.
The percolation threshold inherently restricts our knowledge of
the Φ = 0 limit, which constitutes an abstract and unattainable
bound. Different generation strategies [89, 90] or real material
microstructures might help to explore the whole domain.

The surface ratio r appears to be a reliable indicator for defin-
ing the pore-to-crystal size ratios and for characterising the
observed behaviour across the full pore-to-crystal ratio spectrum
[e.g., 25]. Our results demonstrate that the scenarios shown in
Figure 1 are governed by the stress exponent n and its sensitivity
to r. When r ≫ 1 (Fig. 1c), n corresponds to the exponent of
dense polycrystals, and thus the solid matrix can be considered
homogeneous, as shown by Wojtacki et al. [30], Hure [31]. Con-
versely, when r ≪ 1 (Fig. 1a), n corresponds to the exponent of
the soft slip system, and the material can be seen as an assembly
of free sintered single crystals. Finally, the intermediate case,
r ≈ 1 (Fig. 1b), represents a smooth transition with r between
the two limit cases described above (Eq. 7). In this study, the
pore-to-crystal ratio is modified while maintaining a constant
topology, thereby isolating the different types of mechanical be-
haviour. In real microstructures, however, topological changes
are expected to occur, which will also affect the reference stress.
Additionally, the indicator r is inherently scale-invariant, as our
modelling does not introduce any characteristic length scales.
Nevertheless, free surfaces likely influence dislocation mobility

over a characteristic distance near the surface [91, 92, 93, 24]
or geometrically necessary dislocations (GNDs) captured with
gradient plasticity [94, 95] may introduce a size effect. Conse-
quently, a scale effect homogenized law may be expected and is
left for future work.

2.5. Processes explaining the stress exponent sensitivity

Studies showing that the stress exponent can vary with poros-
ity are rare. Geindreau et al. [14] conducted pioneering work on
this question on sintered lead powder. They fitted a hyperbolic
sine viscoplastic law [61, 62] on experimental data and showed
that the apparent stress exponent depends on both the stress level
and the solid fraction. The sensitivity of the stress exponent to
stress is well known for sinh-type creep laws [96, 97, 98, 60],
but Geindreau et al. [14] also derived a dependence on the solid
fraction based on the generalized Abouaf model [99]. However,
we expect that the sensitivity to porosity observed by Geindreau
et al. [14] was, in practice, also related to the sensitivity to
stress: increasing porosity at a given applied stress increases the
stress supported by the solid skeleton, which behaviour itself is
sensitive to stress.

In contrast, our results reveal an intrinsic sensitivity of the
stress exponent to porosity: we observe a strong sensitivity of
n to Φ but no sensitivity of n to the applied stress (Section 2.1),
and n depends on both Φ and r, whereas the reference stress
σ0 depends solely on Φ. Generally speaking, the stress expo-
nent n depends on the activity of the slip systems, which can
be either modulated by (i) the stress supported by the solid ma-
trix, which is a function of the applied stress and porosity, and
(ii) the frustration of the crystals, which is sensitive to poros-
ity and intercrystalline surface area. The effect (i) is expected
to dominate in the case of large differences among the local
slip system exponents [14]. The effect (ii) is expected to domi-
nate when the stress exponents are close to each other and the
anisotropy ratio is large (this study). This interpretation agrees
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based on the synthetic microstructures. The colours in the white
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with previous results on dense polycrystals (Φ = 1). For dense
polycrystals, Bornert et al. [100] demonstrated that n decreases
towards the exponent of the soft system when the anisotropy
ratio M decreases. Conversely, Gilormini et al. [60] showed that
n increases towards the exponent of the hard systems when the
anisotropy ratio M increases. We expect that the parameters (rt,
γ) of the homogenised stress exponent (Eq. 7) depend on M.
Investigating other materials, particularly those with various slip
system exponents and anisotropy ratios M, would be valuable.
A particularly compelling application would be the porous Zir-
conium (Zr–2.5Nb, nsoft = 1 , nhard = 5 and M = τ0,hard

τ0,soft
= 1.5), a

material utilized in pressure tubes for nuclear reactors [101] and
biomedical implants [102].

2.6. Unravelling the compaction of snow into ice

Our results provide new insights into the mechanical com-
paction of snow into ice, especially in the so-called “change in
the rate of densification” [e.g., 103, 104]. At the top of the snow-
covered ice sheet or glacier, the ice volume fraction increases
with depth in a strongly non-linear manner. Deeper down, the
solid fraction increases almost linearly with depth. The tran-
sition was estimated to occur at a critical ice volume fraction
of Φc = 2/3 [105, 106]. Many authors related Φc to the solid
fraction of a random close packing [107].

The mechanisms involved in this transition remain poorly
understood. On one hand, settlement of light snow (Φ in
[0.06, 0.25]) has been shown to follow a power viscoplastic
law with an exponent close to 2 [68, 108, 109]. On the other
hand, dense ice also follows a power law, called Glen’s law,

with an exponent close to 3, corresponding to intracrystalline
deformations via dislocation creep [110]. In between, mod-
elling attempts based on dislocation creep failed to reproduce
the transition as they assumed, rather intuitively, that ice crystals
in dense ice behave the same as in snow or firn (i.e., constant
n ≈ 3 with Φ) [111, 37, 32]. Therefore, the models applied
to model snow-firn-ice densification were primarily empirical
[112, 113, 114, 115, 104, 116]. They generally divide the densi-
fication process into two stages limited by the “critical density”
[117, 118]. Alley [119] was among the first to propose a theo-
retical explanation for this transition in the stress exponent. He
suggested a change in behaviour from grain-boundary sliding
(GBS) to dislocation creep (DC) at the critical density. Indeed,
a combination of GBS (with an exponent close to 1) and DC
(with an exponent close to 3) enables the modelling of the low
values of the measured stress exponent in snow, specifically
1.5 < n < 2.5 [e.g., 119, 120, 121]. However, experimental
evidence of GBS in field conditions remains scarce and ques-
tionable [122].

We reproduce the transition between the stress exponents of
snow (n ≈ 2) and ice (n ≈ 3), with solely dislocation creep as the
driving microscopic mechanism. Our model requires no addi-
tional mechanism, such as grain boundary sliding. The transition
is solely driven by the geometrical frustration of the ice crystals,
which is sensitive to ice volume fraction and intercrystalline
surface area.

One may argue that our model reproduces the transition of
stress exponents but does not explain why the transition should
be more pronounced around the critical density Φc = 2/3. In-
deed, our model predicts a smooth transition of n with Φ at
a given r without any particular feature near Φc (Fig. 8). We
believe that the transition is not driven by the mechanical model
itself but by the geometrical relationship between r and Φ that
may exist in snow, firn and porous ice. We observe that for
Voronoi-generated microstructures, there is a bijective relation
r(Φ) for a given Λ (Fig. 8). We expect that the relation r(Φ)
depends on the snow type and deviates from our synthetic mi-
crostructures. Consequently, considering solely the solid frac-
tion is a strong assumption, highlighting the need for further
investigation into the r(Φ) relationship in real microstructures.

3. Conclusion

We simulated the viscoplastic behaviour of synthetic porous
polycrystals with various porosity and pore-to-crystal size ratios,
thanks to full-field FFT-based simulations. Our study demon-
strates that the viscoplastic behaviour of porous polycrystals
can be homogenised into a power law over a broad range of
stresses, even when the exponents of the different slip systems
differ. While the reference stress, σ0, depends solely on the
geometric structure (i.e., the solid fraction and morphology),
the stress exponent n is influenced by both the geometric and
crystalline structures.

The homogenised stress exponent varies between the local
stress exponents of the soft and hard deformation mechanisms
and depends on their relative contribution to the total plastic
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deformation. This activity is modulated by the geometric frus-
tration of the crystals, induced by their surrounding neighbours.
The range of the stress exponent has two limiting cases: (i) for
low degrees of frustration (low intercrystalline surface area and
low solid fraction), crystals behave as isolated single crystals,
and the stress exponent corresponds to the exponent of the soft
deformation mechanism; (ii) for high degrees of frustration (high
intercrystalline surface area and high solid fraction), crystals are
highly constrained by their neighbours, inheriting the exponents
of the dense material. All in all, our study provides a physical
explanation for the observed variations in stress exponents with
solid fraction and stress in porous polycrystals (e.g., sintered
powders Geindreau et al. [14], snow [108, 109]).

We quantify the transition between the two limiting (i) and
(ii) cases with a simple model. The reference stress σ0 is simply
a power law of solid fraction. The stress exponent n can be
parametrized by a mixing rule between the two limiting cases (i)
and (ii) with a mixing factor depending both on solid fraction
Φ and surface ratio r. This study sets a new framework for
porous polycrystal viscoplasticity. In particular, the surface area
ratio between the crystal boundaries and the ice-air interface
appears as the relevant indicator of the pore-to-crystal size ratio.
Besides this general framework, this study also paves the way for
improved modelling of the snow-firn-ice continuum [123, 124].
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Appendix A. Identification of the homogenised model

For an uniaxial compression of an exemplary microstructure
(Φ = 0.5, Λ = 1) under strain rates ranging from 10−8 s−1 to
10−4 s−1, we observe three different regimes of stress evolution
with strain during the compression test (Fig. A.9). First, the
vertical stress σzz increases linearly with strain in an elastic
regime. Then, σzz deviates from the elasticity, and the viscoplas-
ticity is progressively activated. After this transient regime, σzz
eventually reaches a constant value, the yield stress σY , where
the microstructure flows perfectly (stationary creep). The yield
stress depends on the ice constitutive law, the microstructure and
the applied strain rate. The permanent viscoplastic regime is
reached after a typical strain of 0.5%. Consequently, we conduct
simulations up to 1% strain to determine σY .

σY

n

Figure A.9: Compression stress as a function of the strain for different strain
rates for a given microstructure (Φ = 0.5, Λ = 1) shown in Fig. 4. Inset: Axial
yield strain rate as a function of the imposed strain rate .

Appendix B. Sensitivity of the homogenised model

Appendix B.1. To the ice crystal plasticity model

To study the effect of the parametrization of the crystalline
plasticity law on the homogenised behaviour, we examine the
effects of different crystalline plasticity laws for ice available in
the literature:

• The parametrization used by Lebensohn et al. [47], where
the exponents of the slip systems are set to 3, name 3,3,3.
This hypothesis is commonly used for dense ice, such as
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Table B.2: Parameters of the crystal plasticity models at −10 ◦C (from of Lebensohn and Cazacu [125] and Suquet et al. [43])

Model Our study Lebensohn n b=3 Lebensohn n b=2
Family Systems n(k) τ(k)(MPa) n(k) τ(k)(MPa) n(k) τ(k)(MPa)
Basal [0001] < 1120 > 3 2 20.6 3 12.6 2 10.7
Prismatic [0110] < 2110 > 3 2.85 114.4 3 252 3 228
Pyramidal [1122] < 1123 > 6 4 75.2 3 252 3 228

Figure B.10: Parameters of the homogenised model: (a) reference stress σ0 and (b) stress exponent n as a function of the solid fraction of a porous polycrystal for
different single-crystal ice models (Table B.2).

in studies investigating the viscoplastic development of
texture [50], modelling the viscoplastic behaviour and het-
erogeneous intracrystalline deformation of columnar ice
polycrystals [47].

• To only observe the effect of the basal slip system’s stress
exponent, we change only this exponent to a value of 2, to
get the model name 2,3,3. The critical resolved shear stress
values are then calibrated to obtain the same response for
a dense polycrystal by keeping the same anisotropy ratio
Mb−pri = Mb−pyr = 20.

These two addition parametrisations are described in Table
B.2.

Figure B.10 illustrates the evolution of the parameters of the
homogenised viscoplastic law with respect to solid fraction for
the two additional models. First, it is noteworthy that the sensitiv-
ity of stress to solid fraction is consistent across all three models.
Interestingly, the two Lebensohn laws with the same anisotropy
factor M and calibrated on a dense polycrystal yield identical
curves, despite differing local exponents. This demonstrates that
the reference stress depends solely on the microstructure and the
anisotropy factor of the crystalline law which is lower for the
Suquet law (Mb−pri = 4.7 and Mb−pyr = 2.8). Second, regard-
less of the chosen parametrization, the macroscopic exponent
approaches that of the basal slip system.

(a)                                       (b)

Figure B.11: ensitivity study to random draw of microstructures (10 different
random samples): (a) Reference stress variability. (b) Stress exponent variability.

Appendix B.2. To the microstructure
To quantify the variability of the macroscopic response due to

microstructural features (both geometrical and crystallographic),
we randomly generated 10 microstructures using Voronoi tes-
sellations, each with a solid fraction of ϕ = 0.5 and λ = 1. The
identified parameters for ten random draws of microstructures
crystalline orientation are shown Figure B.11. We observe that
the dispersion is small compared to the sensitivity to the solid
fraction, the mean values are respectively 35.8 MPa and 2.42, the
standard deviation 2.73 MPa and 0.025 for the reference stress
and the stress exponent. Consequently, only a single realisation
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defined by a specific geometric and crystalline configuration will
be considered in this study.

Appendix B.3. To the loading direction

To assess the assumption of isotropy, uniaxial compression
tests were conducted on the microstructures along the x and y
directions, in addition to the z-axis, for a solid fraction of 0.25,
0.5 and 0.75. As shown in Figure B.12, the identified parameters
exhibit only minor variations with loading direction, suggesting
a weak influence of the sample anisotropy when compared to
the sensitivity of the parameters to the solid fraction.

The relative Euclidean distance from isotropy decreases with
increasing solid fraction, and the reference stress is much more
sensitive to the loading direction than the stress exponent. For
instance, at a solid fraction of 0.5, the directional variation is
0.2% for the stress exponent and 4.9% for the reference stress.
This can be attributed to the strong dependence of the refer-
ence stress on the sample morphology, which exhibits slight
geometric anisotropy—particularly at low solid fractions—since
the same representative elementary volume (REV) size is re-
tained across cases. Nevertheless, these results indicate that the
size of the chosen domain (REV) is sufficient to ensure low mi-
crostructural variability with respect to the investigated loading
directions. This observation supports the use of uniaxial com-
pression tests alone to assess the sensitivity of the viscoplastic
model parameters.

Appendix B.4. To the stress triaxiality

Compression tests are conducted for various triaxiality factors
on a microstructure with a solid fraction of 0.25, 0.5, 0.75 and
λ = 1. A vertical stress of σz = 0.323 MPa (corresponding to
a strain rate of 10−7 s−1), was imposed, while the lateral stress
varied from −σz/2 to σz. In Figure B.13, the activity of the
different slip systems is plotted as a function of the triaxiality
factor. We observe that, for all triaxiality levels, basal slip
contributes to more than 94% of the equivalent plastic strain,
peq, regardless of the loading type. A very slight increase in basal
activity is nevertheless observed with increasing triaxiality, with
a rise of 0.3% between purely deviatoric and purely hydrostatic
loading. Such an increase is minimal and comparable to that
observed when increasing the solid fraction from 0.50 to 0.513.
We can therefore expect the results presented to remain valid
to first order under other loading conditions involving different
levels of spherical stress.
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Figure B.12: Parameters of the homogenised model: (a) reference stress σ0 and (b) stress exponent n as a function of the solid fraction of a porous polycrystal.
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- Grenoble I, November 2001. URL https://theses.hal.science/

tel-00010695.
[49] W. F. Budd and T. H. Jacka. A review of ice rheology for ice

sheet modelling. Cold Regions Science and Technology, 16(2):107–
144, July 1989. ISSN 0165-232X. https://doi.org/10.1016/

0165-232X(89)90014-1. URL https://www.sciencedirect.

com/science/article/pii/0165232X89900141.
[50] Olivier Castelnau, Paul Duval, Ricardo A. Lebensohn, and Gilles R.

Canova. Viscoplastic modeling of texture development in polycrys-
talline ice with a self-consistent approach: Comparison with bound
estimates. Journal of Geophysical Research: Solid Earth, 101(B6):
13851–13868, 1996. https://doi.org/https://doi.org/10.

1029/96JB00412. URL https://agupubs.onlinelibrary.

wiley.com/doi/abs/10.1029/96JB00412. eprint:
https://agupubs.onlinelibrary.wiley.com/doi/pdf/10.1029/96JB00412.

[51] L. Gelebart, J. Derouillat, N. Doucet, F. Ouaki, A. Marano, and J. Du-
verge. Amitex fftp, 2020.

[52] François Willot. Fourier-based schemes for computing the
mechanical response of composites with accurate local fields.
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