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Abstract

The graph coloring game is a famous two-player game (re)introduced by Bodlaender in 1991.
Given a graph G and k € N, Alice and Bob alternately (starting with Alice) color an uncolored
vertex with some color in {1,---,k} such that no two adjacent vertices receive a same color. If
eventually all vertices are colored, then Alice wins and Bob wins otherwise. The game chromatic
number x4(G) is the smallest integer k such that Alice has a winning strategy with & colors in G.
It has been recently (2020) shown that, given a graph G and k € N, deciding whether x4(G) < k
is PSPACE-complete. Surprisingly, this parameter is not well understood even in “simple” graph
classes. Let P,, denote the path with n > 1 vertices. For instance, in the case of Cartesian grids,
it is easy to show that x,(Pn0OP,) < 5 since x4(G) < A + 1 for any graph G with maximum
degree A. However, the exact value is only known for small values of m, namely x4(Pi0P,) = 3,
Xg(P20P,) = 4 and x4(Ps0P,) = 4 for n > 4 [Raspaud, Wu, 2009]. Here, we prove that, for
every n > 18, x4(P,0OP,) = 4.

1 Introduction

Given a graph G = (V,E) and k € N, the k-coloring game involves two players, Alice and Bob,
who alternately (starting with Alice) choose an uncolored vertex v € V and assign to it a color
c(v) € {1,---,k} such that, for every colored neighbor u of v, c¢(u) # c(v) (i.e., at every turn,
the partial coloring must be proper). Alice wins if, eventually, all vertices of G are colored; Bob wins
otherwise, i.e., if at some turn, there exists an uncolored vertex that has, for each 1 < i < k, a neighbor
already colored with color . Let x4(G) be the smallest integer k such that Alice has a winning strategy
in the k-coloring game, i.e., Alice can win whatever be the strategy of Bob. Note that, for any graph
G with maximum degree A(G), x4(G) < A(G) + 1 since, for every vertex v € V, the current player
can always choose a color ¢(v) < A(G) + 1 for v that does not appear in its neighborhood.

The coloring game was introduced by Brams in the context of map coloring and was described
by Gardner in 1981 in his “Mathematical Games” column of Scientific American [7]. It remained
unnoticed until Bodlaender [1] reinvented it in 1991 as the “Coloring Construction Game”. It was
only recently proved that deciding whether x4(G) < k is PSPACE-complete [2]. Thereafter, many
games based on classical variants of the coloring problem were proved PSPACE-complete, such as the
greedy coloring game [9] and the connected coloring game [10].

From the above complexity results, it is natural to investigate the coloring game in more restricted
graph classes. This has been done in trees [3, 4, 5, 6]. In particular, it has been proved that x,(7) < 4
for every tree T' [3] and sufficient conditions for trees T' ensuring that x4(7") = 4 are provided in [4]. In
other graph classes, it was proved that x4(G) < 7 in outerplanar graphs (8], x4(G) < 3k + 2 in partial
k-trees [15] and x4(G) < 5 in cacti [14]. Moreover, x,(G) < 17 [16] in planar graphs, x,(G) < 13 in
planar graphs with girth at least 4 [13] and x4(G) < 5 in planar graphs with girth at least 7 [11].

Finally, tori and grids with at most 3 rows have been studied in [12]. Here, we consider the grids
Ga,,, with four rows and n € N columns and prove that x,(Ga,n) < 4.

*Research supported by the CAPES-Cofecub project Ma 1004/23, by the Inria Associated Team CANOE, by the
research grants ANR P-GASE, ANR DiGraphs and by the French government, through the EUR DS4H Investments in
the Future project managed by the National Research Agency (ANR) with the reference number ANR-17-EURE-0004.



2 Preliminaries

Given two graphs G and H, G’ = GUOH denotes the Cartesian product of G and H, that is the
graph with vertex set V(G) x V(H) and, for every a,b € V(G) and z,y € V(H), there is an edge
{(a,x),(b,y)} in G’ if and only if a = b and {z,y} € E(H) or if x = y and {a,b} € E(G). For any m
and n, the grid of dimension m X n is isomorphic to the Cartesian product of the two paths P, and
P,. In what follows, we will then use the notation P,,[1P, to denote the m x n grid. The same holds
for the cylinder P,,,0C,, which is the Cartesian product of a path P, and a cycle C,,.

Claim 1. x,(Ps0OP,) <5 and x4,(P,0C,) <5

Proof. This is direct since the maximum degree is at most 4: if five colors can be used, then at least
one color is available for any uncolored vertex. O

The notation v; ; is used for the vertex on the row ¢ and column j of a grid. We consider that the
rows are numbered from bottom to top and the columns are numbered from left to right. Moreover,
in this paper we consider only proper colorings with 4 colors {1,2,3,4}. For any vertex v, we denote
the color of the vertex v by ¢(v) € {0,1,2,3,4}, the value ¢(v) = 0 standing for an uncolored vertex.

Claim 2. Let n > 18. Then, x4(P,0P,) > 4 and x,(P,OC,) > 4.

Proof. Let us consider a game with three available colors. Consider the first turn of Bob and let j be
a column such no vertex has been colored yet in columns k € {j —4,---,5 4+ 3,7 + 4} (such j exists
since n > 18). Bob colors vy ; with color 1. W.l.o.g., next move of Alice does not color any vertex
in columns k € {j +1,j+ 2,5+ 3,5 +4}. Then, Bob colors vy ;2 with color ¢ = 2 if Alice has not
colored vy ; nor vs j, and Bob colors v ;o with color ¢ € {2,3} if Alice has colored vy ; or vz ; with
color ¢ # 1. If, during her next turn, Alice does not color v 11, then at least one of vy j41 or vs j+1
can be colored with the color in {2,3} \ {c¢} and, now, v ;41 has three neighbors with distinct colors.
Hence, Alice must have colored vy ;11 with the color ¢ in {2,3}\ {c}. If v1; (resp. wvs ;) is colored
with ¢, then Bob colors vy jyo (resp. v4 j4+1) with color 1 and then vy j41 (resp. vz jy1) cannot be
colored anymore. Otherwise, v; ; and vz ; are not colored and ¢ = 2 and ¢ = 3. Bob colors v ;2
with color 3. If Alice does not color v3 ;42 then Bob colors v3 ;11 or v3 ;43 with 1 and vs ;12 cannot
be colored anymore. Otherwise, Alice colors vs j1o with 1 and Bob colors vy j41 with 2 and vs 41
cannot be colored anymore. O

Let xf (G) be the smallest number of colors ensuring that Alice wins when Bob starts.
Lemma 1. Let n > 9. Then, x5(P,0P,) = x5(P,0C,) = 4

Proof. The lower bound is similar to the previous one (except that we only need n > 9 since Bob
starts). A winning strategy for Alice proceeds as follows. Each time Bob colors a vertex v, ; with
color ¢, Alice colors the (unique) vertex v, ; on column j at distance 2 from v, ; (ie., |a — b = 2)
with the color ¢. It is clear that Alice can always follow this strategy since c¢(vqj—1) = ¢(vbj-1),
¢(vq,j+1) = ¢(vpj4+1) and both neighbors of vy ; in column j have the same color. Hence, whenever
a vertex v is being colored, either its two neighbors on the same column are uncolored, or they are
colored with the same color, or v has at most three neighbors. In all cases, at most four colors are
sufficient. O

Unfortunately, the simple strategy described above does not work when Alice starts. Indeed, let
n > 6 and assume that, after her first move, Alice follows the strategy above. Let i < n be the column
of the first vertex colored by Alice and let j < n, such that i ¢ {j — 1,7,/ + 1}. Bob colors v; j_; and
v j+1 with color 1, vy j_1 and vy j41 with color 2. Then, since Alice has started, Bob can ensure that
she is the first to color some vertex of column j (unless the game has stopped before). W.l.o.g., she
colors the vertex v, ; with color 3, then Bob colors the vertex v, ; such that |a — b| = 2 with color 4.
The common neighbor of v, ; and vy ; will require a fifth color.



3 Graph coloring game in P,[ 1P,

Let us consider a partial proper 4-coloring of the grid G = P,00P,,. The columns of G are the copies
of Py in P,00P,. A column is empty if all its vertices are uncolored. A block is any maximal subgrid
with at least one colored vertex in each of its columns. As an exception', if the last column is empty
and the penultimate column is not, we include the last column in the block of the penultimate column.

Note that a block is a subgrid B of the form P,0OPF,,, with m < n. The right border (resp. left
border) of a block B is its rightmost (resp. leftmost) column. Note that, if the right border (resp. left
border) of a block is the j** column of G, then no vertex of the j 4+ 1** column (resp. of the j — 1*?
column) of G is colored. When a block consists of a single column (except for the first column), we
consider it as a left border. That is, when we mention the right border of a block, this implies that
this block has at least two columns (this will be important in the design of the algorithm and in its
proof). A vertex is inside a block B if it is a vertex of B but not of its borders. A right (resp. left)
border of a block at column 1 < j < n is free if columns j+ 1 and j + 2 (resp. j — 1 and j — 2) are
empty.

Safe and sound vertices. Let us now define some status of the vertices that will be important in
what follows. Intuitively, a vertex v of a block is called safe if whatever be the strategies of Alice and
Bob (with 4 colors) starting from this state (i.e. from the current partial 4-coloring), the vertex v will
eventually be colored at the end of the game. More precisely, a vertex is safe if (a) it is already colored,
or (b) it has at most three neighbors, or (c) at least two of its neighbors are already colored with the
same color, or (d) it has three neighbors colored with distinct colors ¢, ¢/, ¢” and its last neighbor is
uncolored and adjacent to a vertex colored with the fourth color (which makes it always available for
v). In other words, for any uncolored safe vertex, at least one of the four colors is available to color
this vertex at any moment of the game.

An unsafe (not safe) vertex v in a block B is sound if it is associated with two uncolored safe
neighbors x and y in B, called the doctors of v, in such a way that every safe vertex is the doctor of at
most one (unsafe) vertex called its patient. The intuition for soundness is that, if Bob colors a doctor
x or y of a patient v, then, in the next turn, Alice can always use an available color for v and make v
safe.

As an example, consider the configuration of Figure 1, showing the middle of a block. Recall that
the rows are numbered 1 to 4 from bottom to top. Notice that every vertex in column j to j+ 2 is safe
or sound. For this, note that every vertex in columns j to j 4 2 is safe, except vz j+1 and v3 42, which
are sound, since we can associate the doctors v ; and v; j41 to the patient v ;11, and the doctors
V2 j+2 and vy j4o to the patient v ;12. In this case, the safe uncolored vertex vy j42 has two unsafe
neighbors vs j41 and vs 42, but this is not a problem since vy j42 is the doctor of only one patient

(v3,5+2)-

J
010
cd|cl0|0
d10]0|0|c
0]c

Figure 1: Illustration of the notions of safeness and soundness in the middle of a block. Note that
a vertex is depicted by a square. The bold lines figure the surrounding of the block. A 0 in a cell
means that the corresponding vertex is not colored, ¢ and ¢ denote any colors (not 0). It can be
deduced from the figure that ¢’ # ¢ since there are two adjacent vertices colored ¢ and ¢’ respectively
(and the coloring is proper). A white cell indicates that the status of the corresponding vertex is not
constrained (it may be colored or not). The j above denotes the index of the corresponding column.

The intuition for the proof of the main theorem of this section is the following: during the game,
after Alice’s move, every vertex of a block is safe or sound. Actually, this is not completely sufficient
and we will need to consider a few exceptions defined later.

IThis exception is for technical reasons, just to avoid extra cases in the proof below.



Borders’ configurations. Let us describe some particular configurations for the border of a block.
Let j be the index of the border column of the block.

J J J J
0 0 clo c|o 0
clo clo c|0]0 c|0]0 |0
0 ¢ 0 e 0] 0 A0 'o|e
clo 0 clo 0 clo
Config. o Config. Config. v Config. § Config. 7

Figure 2: Tllustration of the different configurations in the case of a right border (column j). The colors
¢, ', # 0 are pairwise distinct. Each configuration has its symmetrical counterpart (according to the
horizontal symmetry axis of the grid). The configurations for the left borders are defined symmetrically
(according to the vertical symmetry axis of the grid).

Configuration a. A right/left border (at column j) is in configuration « if c(vy ;) = ¢(vs ;) # 0 and,
moreover, none of vy ; and v4 ; are doctors, and if they are colored, then c(vs ;) # c(va;) (or,
symmetrically, if c(ve ;) = ¢(va;) # 0 and moreover, if none of vy ; and v3 ; are doctors and if
they are colored, then c(v; ;) # c(vs ;).

Recall that, if a block consists of a single column (except for the first column) in configuration
«, we consider that it is a left border to avoid ambiguity.

Configuration §. A right border (at column j) is in configuration f if c(vs j_1) = c(vs ;) # 0 and
c(va,;) = 0 (or, symmetrically, if ¢(vs j_1) = c(va;) # 0 and ¢(vs ;) = 0). The § configuration
for a left border is defined symmetrically (according to the vertical symmetry axis of the grid).

)

Configuration 7. A right border (at column j) is in configuration v if ¢(v1 ;) = c(va ;) = c(vs j—1) =
¢ # 0, c(va,j—1) = c(vgj) = c(vs;) = 0 and vy ;1 is safe. The symmetric according to the
horizontal axis of the grid is also a configuration . Analogously for a left border.

Observe that vy j_1 being safe implies that either c(ve j_2) = cor ¢(vs j—2) = ¢(v1,;—1). Therefore
vz j—1 is not the doctor of a vertex inside its block, and a block with a border in configuration ~y
contains at least 3 columns.

Configuration . A right border (at column j) is in configuration § if c(vs ;—1) = c(vs;) = ¢ and
¢(va,j) = ¢’ # c. The symmetric according to the horizontal axis of the grid is also a configuration
0, and the configuration ¢ for a left border is defined symmetrically.

Configuration 7. A right border (at column j) is in configuration 7 if ¢(v1 ;) = c(va ;) = ¢, c(vs ;) =
c(va,j12) = ¢, c(va;) = ¢’ and ¢, ¢, ¢’ # 0 are pairwise distinct. The symmetric according to
the horizontal axis of the grid is also a configuration 7, and the configuration 7 for a left border
is defined symmetrically.

The five configurations are depicted in Figure 2 (in the case of a right border). In the proof of the
next theorem, the notation is the same as in Figure 2, assuming the orientation of the configurations
with right border at column j, except when it will be explicitly mentioned that a left border is
considered. In order to avoid ambiguity, if a border is in both configurations o and (3, then we say
that it is in configuration .

Note that all vertices in the border of a block in configuration «, 3, § or 7 are safe. Also note
that every vertex of configuration v shown in Figure 2 is safe, except vz j, which is sound since we can
associate the doctors vy j_1 and vs ; with vy ; (their only patient).

Observation 1. Every vertezx of a border of a block in configuration o, 3, v, § or w is safe or sound.

Moreover, notice that, in configurations 3, 6 and 7, there is no doctor in the border. In configuration
v, there is one doctor and its patient in the border. In configuration «, there may be a doctor in the
border and its possible patient would be inside the block, but, actually, we have added the constraint
that no vertex of a border in configuration a can be a doctor.



Particular configurations. Let us define seven particular configurations: A, A, AL A, A’ As and
A}, five of them depicted in Figure 3. Configurations As and A) are obtained from Configurations A
and A’, respectively, by replacing exactly one 0 (zero) of column j — 2 by a color different from ¢, with
the additional constraint that column j — 3 cannot be empty.

All seven particular configurations have their symmetrical counterpart according to the horizontal
axis. However, only configurations A’ and A/, have their symmetrical counterpart according to the
vertical axis. That is, configurations A, A’, A5 and A} are only defined for column j being their left
border, and, in configuration A, column j 4 2 will always be its right border.

J J J
0|c]oO c|0]0 cl0
cl0({0]0 cl0jc|O c|0]|c
dlclo QJojojo]e bJjoj0]¢
c|0[0f0 c|0]c cl0|c
Configuration A Configuration A’ Configuration A}
J J
clo]d clo]d|c
0]10]c 010 c|Q|sate
clolo|e cl0]0|0
0]0]c 010]c|O
Configuration A Configuration A’

Figure 3: Configurations A, A’) A}, A and A/, where ¢/ # ¢ and ¢’ # ¢/. The vertex marked “safe” in
configurations A’ and A, is not a doctor of some vertex in column j — 2 (indeed, for it being safe, its
neighbor in column j — 2 must be colored). Moreover, the vertex marked “safe” in configuration A’
guarantees that vg j41 is sound (with doctors vq j41 and vs j4+1). Configurations A, A, Ap, A5 and A
have no symmetrical counter-part according to the vertical axis. Recall that column 5 — 3 cannot be
empty in configurations Ag and A}. The red vertices are called the sick vertices.

Note that in configuration A, the vertex vs j+1 is not safe and is not sound either because vs ;o
(belonging to a border in configuration «) cannot be its doctor. Moreover, in configuration A’ of Figure
3, there are three uncolored unsafe vertices which are potential patients: vy ;, v2 j+1, and v3 j42. The
doctors vo j_1 and vz ; are associated to the patient vy ; (which is then sound). However, there is no
way to associate doctors to the patients v ;11 and v3 j42, since there are only three possible doctors
for both of them (notice that vs j+3 can be colored or belong to a border in configuration «). In what
follows, we will associate doctors v1 ;41 and vz j12 to the patient vg ;41 (making it sound) and leave
the vertex vs j1o neither safe nor sound. Similarly, in configuration A%, the vertex v ; is sound (with
doctors vz ; and v j_1), but v j41 is neither safe nor sound. Configurations A, A’, Ay, and Af are
defined to deal with an empty column between two blocks that contains exactly one unsafe vertex that
we cannot make sound.

We say that a vertex is sick if it is either the vertex vs ;11 of configuration A, or the vertex vz ;2
of configuration A’, or the vertex v ;41 of configuration Aj, or the vertex vs ;_1 of configurations
A, A, Ay or A} in Figure 3 (indicated in red) or their symmetrical equivalents considering horizontal
symmetry (for all the seven A and A configurations) or vertical symmetry (only for configurations
A’ and A}). Note that a sick vertex has two uncolored neighbors and so there is always an available
color to be used for it, even after Bob colors one of its neighbors. Also note that the sick vertices of
configurations A, A’, Ay and A} are not inside a block.

Intuition of the algorithm. Roughly, to prove our main theorem, we describe a strategy for Alice
in P40P, such that, after each move of Alice, every border of a block is in configuration «, 3, 7y, § or 7
(or is column 1 or n). Moreover, every vertex of a block will be safe or sound or sick. Then, for every
possible move of Bob, we specify a valid move for Alice that ensures that the invariants still hold.



In what follows, we say that two blocks B and B’ (w.l.o.g., say B is on the left of B’) are merged
if, before Bob’s move, B and B’ are separated by one or two empty columns and, after the next move
of Bob and then of Alice, at least one vertex of each empty column separating B and B’ is colored. In
this case, the right border of B’ (resp. the left border of B) becomes the right (resp. left) border of
the resulting new block.

We are now ready to prove the main result.

Theorem 1. For any n > 1, x4,(P,0OP,) < 4. Moreover, x4(PsOP,) =4 for any n > 18.

Proof. The lower bound when n > 18 comes from Claim 2. Now, let us describe a winning strategy
for Alice with four colors.

First move of Alice. First, Alice colors v3; with color 1. Here, we consider that column 1 is in
configuration S assuming a virtual vertex vs o in column 0 (which actually does not exist) also
colored with 1 (indeed, vertex vg 1 is safe because it has only 3 neighbors).

Now, by induction on the number of Alice’s moves, let us assume that, after Alice’s last move (and
before Bob’s next move), the reached partial proper coloring satisfies the following properties®:

1. Every vertex of a block is safe or sound or sick.

2. Every border of a block is in configuration «, 3, 7, § or 7.
3. No border has its 4 vertices colored with only two colors.
4. No vertex of a border in configuration « is a doctor.
5

. A left border in configuration « has two uncolored vertices, except column j of configurations A,
A, Ay and A} (following the orientation of Figure 3).

The induction hypothesis clearly holds after the first move of Alice. So, let us assume it is Bob’s
turn. Note that Bob can color any uncolored vertex using one of the four colors (it clearly holds for
vertices not belonging to any block since they are safe or have at least two uncolored neighbors, and
it holds for vertices in a block by Property (1)). Hence, if we prove that whatever be the next move
of Bob, Alice can color a vertex in such a way that the induction hypothesis still holds, then this
will describe a winning strategy for Alice (i.e. all vertices will eventually be colored with at most 4
colors). There are many cases depending on which is the next vertex colored by Bob. The cases must
be considered in the order they are described below. That is to say, when the last move of Bob fits
into several cases, the one described first has priority.

In the strategy for Alice as described below, it should be clear that, after each of Alice’s moves,
the properties of the induction hypothesis still hold. The main difficulty is to check that all cases are
considered. We organized Bob’s possible moves in such a way that it should be easy to check that no
case has been forgotten.

Before presenting all cases, we show in Figure 4 an example in P,00P, for n > 10. After Alice
colors v3 1 with 1 in her first move, suppose that Bob colors vy 3, v3 5, v2,7 and v3g¢ with color 1 in
his following four moves. We will see in case 3-new that Alice’s responses are the ones in Figure
4(a), that is, vs s, v1,5, va,7 and vy 9, where Alice’s (resp. Bob’s) moves are represented in red (resp.
blue). Notice that, at this point, there are five blocks, each one with exactly one column. Column 1
is in configuration § (as explained before in the first move of Alice) and columns 3, 5, 7, and 9 are
in configuration o, considered as left borders. From this, suppose that Bob colors vy 7 with 2. Then
according to the strategy as explained in case 2a/6, Alice responds in vz g with color 3 or 4 (say 3),
obtaining a configuration A in columns 5 to 7 and a configuration A in columns 7 to 9 (see Figure 4(b)).
Next, suppose that Bob colors vy 5 with 2. Then, following case 2¢/6 again, Alice responds in v g
with color 3 or 4 (say 3), killing the configuration A of columns 5 to 7, maintaining the configuration
A in columns 7 to 9 and obtaining a new configuration A in columns 3 to 5 (see Figure 4(c)). Finally,
suppose that Bob colors vy 3 with 2. Then, according to the strategy as explained in case 2a’1, Alice
responds in vy 2 with color 1, replacing the configuration A of columns 3 to 5 with a configuration Ag
(see Figure 4(d)).

In the following, we present all possible cases.

2Note that Properties (3) and (4) are redundant since they are included in the definition of configuration a. We
included them here to emphasize them.



123 45 6 789 123 45 6 789
410(0|1{0(0|0]|1]0|0]|O0O 0/{0|1|0]0(0|1]|0]0|O0
3/1(0|0{0(1|/0]|0]j0O|1]0 1/0{0j0|1{0]|0|3]|1]0
2{0(0|1{0(0|0]|1]0|0]|0O 0/{0|1|0]0(0|1]|0]|0|O0
1/0{0(0(0]|1|{0]0|0]|1]O0O 0/{0(0|0}1(0|2]|0|1|0

(a) (b)

1 23 45 6789 1 23 45 6 789
410(0|1{0(2|0]|1]0|0]0 0/{0(1|0}2(0|1]|0]0|0
311(0|0{0(1/0]|0}3|1]0 1/0{0j0|1{0j0|3]|1]0
2/0(0{1{0|0|3]|1]j0|0]0 0/{0|1|0]0|3|1]|0]0|0
1/0|0j0(0]|1|0]2|0]|1]0 0[{1(2|0(1(0|2]|0]1|0

(c) (d)

Figure 4: Example of a sequence of moves in the game from (a) to (d), where Alice’s (resp. Bob’s)
moves are represented in red (resp. blue).

Case 1. When Bob colors a vertex:

in the border of configuration A, or

in column j or j — 1 of configurations {A, Ay, A’; AL}, or

in column j — 2 of configurations {A,A’}, or

in column j — 2 of configurations {Ay, AL} if column j — 3 is not empty, or

inside a block (besides previous cases).

In other words, Bob does not color a vertex of a border — except in configurations A, A and A’ —
nor a vertex in an empty column — except possibly in column n if it is empty and column n — 1
is not3.

Case 1A. When Bob colors a vertex of column j + 1 or j + 2 of a configuration A in Figure 3

(recall that configuration A is only defined for column j + 2 being the right border). If
Bob has colored the sick vertex, then Alice colors any uncolored vertex of column j 4+ 1.
Otherwise, Alice colors the sick vertex with any available color making safe all vertices
of column j 4+ 1. Note that, if Bob has colored a vertex in column j + 2, this remains a
border in configuration a. In all cases, the sick vertex is colored and so this configuration
A disappears.

Case 1A’. When Bob colors a vertex of Configuration A’ or A}. The notations are the same

as in Figure 3, the symmetric case (according to the vertical or horizontal symmetries) can
be dealt with similarly.

First, let us consider the configuration A’. If Bob colors v j_1 or vs j, Alice colors vy 11
with the same color, making ve ; and vy ;11 safe, and vs j1o sound (with doctors va jio
and v4 j42). If Bob colors vy j, Alice colors vq j41 with the same color, making vs ;41 safe
and vs jyo sound. From now on, v ; is always sound (with doctors vp ;1 and vz ;). If
Bob colors vy 1 (resp. v1;41), Alice colors vy 41 (resp. v2 j41) with any available color,
making v3 j4+o sound. If Bob colors w3 j12, Alice colors va j+1 making it safe. If Bob colors
Vs jy2 (resp., va jy1), Alice colors vs ;4o with any color, making vs ;4o safe and vg ;41 sound
(with doctors vy j41 and vs j12). Finally, if Bob colors vg j1o (with ¢ # ¢), Alice colors
vs j4+2 making it safe and obtaining the configuration Aj.

Now let us assume Bob colors a vertex in a configuration A}. If after Bob’s move, Alice can
color vg ; with ¢/, she does it, making all vertices of columns j and j+1 safe. Otherwise, Alice

3This corresponds to the exception in the definition of blocks.



colors vy ;11 with c’. There are two cases: either Bob’s previous move colored V2, j, then all
vertices in columns j and j + 1 are safe, or Bob’s previous move colored z € {vs ;_1,v3}
with color ¢/, in which case all vertices are safe but vy ; which is sound with doctors va 11
and 2" € {vg j_1,v3,;} \ {z}.

Case 1A. When Bob colors a vertex of column j — 2, j — 1 or j of configuration A or As. We
follow the orientation of Figure 3. If Bob colors vy j_1, Alice colors vy j_; with the same
color. If Bob colors vy ;1 (resp. vs j—1), Alice colors vz ;1 (resp. vz j_1) with any available
color. If Bob colors v ;, Alice colors vz ;_1 with the same color if available, otherwise we
are in Configuration Ay (with vz ;_o colored and v j_o uncolored) and then Alice plays the
same color as Bob on vy ;_1, making vs ;1 sound with doctors v ;1 and vy4 ;1.

If Bob colors vy j—1 with color z, Alice colors vs ;1 with « if possible (in which case, all
vertices of column j — 1 are safe), otherwise we are in Configuration Ay with v ;_o colored
xz. If & # ¢”, Alice colors vy ; with & (making vs ;1 sound with doctors v4 j—1 and v j_1).
Otherwise, she colors vy j_1 with ¢”, making vs ;_1 safe and vy ,;_1 sound with doctors
U3,5—1 and V2,5

Finally, assume that Bob colors vy j_3 or v3 j_g. First suppose that column j — 3 is empty.
Then we were in configuration A before this move of Bob and column j — 2 is a left border.
Then Alice’s answer will be treated later in case 2a5vF (if the border is free to the left)
or case 2a’ (otherwise). Just getting ahead, in cases 2a8vF, 2a’1 and 2a/2, Alice answers
in column j — 3, obtaining a configuration As. In cases 2a’3, 2a’4 and 2a/5, Alice merges
two blocks, making the sick vertex safe or sound, and creating a new configuration A or A’.
Case 20’6 cannot occur since c(vq jy2) # ¢. So, suppose that column j — 3 is not empty.
Note that v3 j_o cannot be a doctor since it lies on a border in configuration . Then Alice
colors the sick vertex vz j_1, removing the configuration A or As.

Case 1A’. When Bob colors a vertex of a column in {j — 2,...,j + 1} of configuration A’ or
A5. Notice that v ;41 is safe and v ;41 is sound (with doctors vy ;41 and vs j41). If Bob
colors vy jyq or vs j11 of configuration A’ or Aj, Alice colors vy ;41 with ¢’ # ¢/, obtaining
the configuration A or A,, respectively. If Bob colors vs j11 of configuration A’ or Aj, Alice
colors the sick vertex vs j_1 (merging the two blocks and leaving v, ;1 sound with doctors
v1,j—1 and vg ;). Finally assume that Bob colors vy j_o or v3 j_o. First suppose that column
j — 3 is empty. Then we were in configuration A’ before this Bob’s move and column j — 2
is a left border. Exactly as in case 1A, Alice’s answer will be treated in case 2a8vF or 2¢/,
obtaining a configuration A/, (instead of A) or a new configuration A or A’, and making the
sick vertex safe or sound. So, assume that column j — 3 is not empty. As in case 1A, v3 j_o2
cannot be a doctor since it lies on a border in configuration a. Then Alice colors the sick
vertex vs j_1, removing the configuration A’ or Aj. All other possibilities are considered
similarly as in Case 1A.

Case 1-doc. If Bob colors a doctor of a sound vertex v and v is not in a border in configuration
v, then Alice colors v with any available color, making it safe.

Case 1v-doc. If Bob colors the doctor (not in the border) of the sound vertex v in a border
(column j) in configuration -, then Alice colors the second doctor w of v (w is the uncolored
neighbor of v in the border in configuration ) with the same color, making v safe and
obtaining a border (column j) in configuration g8 (see Figure 5).

Case 1-safe. If Bob colors a safe or sound vertex, then:
e if there is a sick vertex, Alice colors it, removing the configuration A, A’ AL, A, Ao,
A or A}, it belongs to;
e if there is a sound vertex, Alice colors it, making it safe;
e if there is an uncolored safe vertex not in a border, Alice colors it (Note that it cannot
be a doctor since, in that case, there are no sound vertices anymore);
Otherwise, every vertex inside a block is already colored and no configuration A, A’, Ay or
Al exists.

e Case 1§. When there is a border in configuration § (notation of Figure 6, symmetrical
configurations must be dealt with accordingly). If vz ;2 is not colored ¢’ (Case 101),
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Case 1vy-doc: v — 8

Figure 5: Case 1v-doc: Bob just colored the vertex in blue of the penultimate column of a border in
configuration 7. Alice’s answer is in red. The bold line figures the surrounding of the updated block
(before Alice’s move).

Alice colors vg ;1 with ¢’ obtaining a border in configuration 8 or merging two blocks.
Otherwise (Case 102), she colors vg ;41 with ¢/, merging the two blocks and making
v3 ;41 safe and vg j41 sound (with doctors vs j41 and vy j41).

J J
clO cld
clofd|#d clojofe
10 |0
0 0
Case 161: § — B/merge Case 102: § — merge

Figure 6: Case 16: Bob has played a safe or sound vertex and Alice plays in a border in configuration
d, where ¢, ¢ are distinct colors. In case 161, ¢(v3 j42) # ¢’. The notation “6 — S/merge” (in Case
161) means that the former block of column j (before Alice’s move) is extended by one column to the
right and its new right border is in configuration f, or it is merged with the former block of column
Jj+2

e Case 1. If there is a border in configuration 7 (notation of Figure 2), Alice colors
v1 j+1 with color ¢/, making vs ;41 safe and v3 j+1 sound, and merging the two blocks.

e Case 1v. If there is a border in configuration +y, Alice plays in the border (vertex vs ;
in Case 1v of Figure 7) obtaining a border in configuration .

e Case lafF. If there is a free border in configuration a or 3, Alice plays as described

in Figure 7.
J J J
cl0 010 0|0
clo]o cl0]0 cl0|0
sgfe C/ O c 0 C C 0
clo cl|l0]|0 0]0
Case 17: v — 0 Case lapFl: a = f Case 1afF2: 8 — 8

Figure 7: Cases 1lafSF and 1v: Bob has played a safe or sound vertex and Alice plays in a free border
in configuration « or 3, or in a border in configuration ~.

Therefore, we can assume that every vertex inside a block is already colored and that there
are no free borders nor borders in configuration 7,0 or m. Unless all vertices are already
colored, there must be an empty column between two borders: the different possibilities are
described in Figure 8. Recall that, by Property (5), a left border in configuration o must
have exactly two uncolored vertices (this is important for cases law below).

e Case 13: There exists a border in configuration 5. Alice colors v3 j+1 with any available



color ¢ # ¢, making it safe and vs j11 sound (with doctors v, ; and vy j41), and merging
the two blocks.

The only remaining cases occur when the empty column lies between two borders in Con-
figuration a.

e Case lal: If v3 42 is not colored ¢, Alice colors v3 ;11 with color ¢, making it and
Vg, j+1 safe.

e Case la2: Else, if column j + 3 is empty, Alice colors vs ;41 with color ¢’ obtaining
the configuration A.

e Case la3: Finally, if column j 4 3 is not empty, then, by Property (4), va j4+2 is not a
doctor. Alice colors vz ;11 with any available color ¢/, making it safe and vs ;41 sound
(with doctors vy j41 and vg j19).

J J J J # 0
0 cl0 cl0]o0]o0 cl0]0
cld cl#c d1c|o dle
c 0 clO0 cl0]101]0 cl0]0
0 0 0[c|oO 0]c
Case 183 Case lal Case 1a2 Case 1a3
B — merge a+a — merge ata — A a+a — merge

Figure 8: Cases 153, 1y and la: Bob has colored a safe or sound vertex inside a block and there is no
uncolored vertex inside a block. Moreover, there are no free borders nor borders in configuration ~, § or
7. The red cell indicates Alice’s move. All symmetrical configurations according to vertical /horizontal
symmetry axis (column j / line in the middle) are considered similarly.

It can be checked that, in all subcases of Case 1, after Alice’s move, all invariants of the induction
hypothesis still hold.

Case 2. When Bob colors a vertex of a border (not in configuration A, A or A').
Note that Bob cannot color a vertex of a border in configuration 7 since all its vertices are
already colored. Moreover, a border in configuration 7 cannot be free.

e Case 2. Bob colored vy ; or vs; in a border in configuration §. If vs ;4o is not colored
¢’ (Case 241), Alice colors vz ;11 with ¢ obtaining a border in configuration 8 or merging
two blocks. Otherwise (Case 22), she colors vy j+1 with ¢, making vz j11 safe and vg j11
sound (with doctors vs ;41 and vy j41) (see Figure 9).

J J
cl0 cl¢
c|o|d £ clojo|cd
|0 10
0 0
Case 261 Case 262
d — [/merge 4 — merge

Figure 9: Case 26: Bob just colored a vertex (in blue) of a border in configuration ¢.

e Case 2a~F (Free border in Configuration «, 8 or v): Bob colors a vertex v of a free
border of a block B in configuration «, 8 or . Then Alice can extend this block B with a
new border in configuration /5 as described in Figure 10 (in case of a right border). In all
subcases, Bob just colored a vertex of column j: if we need to specify which vertex, it is
depicted in blue, otherwise it is any of the white cells of column j. The answer of Alice is
in red.
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Also recall that, if B is just one column j (in Configuration «), then it is a left border and
therefore, it is free if columns j — 2 and j — 1 are empty. That is, if B is a single column
j and column j — 2 is not empty, it must not be considered in this case (even if column
j+1and j+ 2 are empty) but in the following Case 2« (indeed, applying Rule 2aF “to
the right” in the case of a single column would not guarantee Property (5)).

J J J
00 00 clo]o 00
cl0|0 cl0]0 c|l0]d|0 c|d]10]0
cl0 c c|o w100 safe 10
cl0|0 0 clo]o 00
Case 2aF: a — f3 Case 26F: g — f Case 2yF1: v — f  Case 29F2: v —

Figure 10:

Case 2a8~F: Bob just colored a vertex (in blue) of a free border in configuration a, § or

. Alice’s answer is in red. The bold line figures the surrounding of the updated block (before Alice’s
move). The block increases by one column.

Following the orientation of Figure 10:

— Case 2aF: If Bob colors a vertex of a border in configuration ¢, Alice colors vg j4+1
with ¢, obtaining a border in configuration /.

— Case 20F: If Bob colors a vertex of a border in configuration 8, Alice colors vg j4+1
with ¢, obtaining a border in configuration /.

— Case 2vF'1: If Bob plays ¢’ # ¢ in the vertex vy ; of a border in configuration ~, Alice
colors v ;1 with ¢, obtaining a border in configuration £.

— Case 2vF2: If Bob plays ¢’ # c in the vertex v ; of a border in configuration -y, Alice
colors vy ;41 with ¢, obtaining a border in configuration £.

Case 20 (Non-Free border in Configuration (): Bob colors a vertex v of a non-free
border of a block B in configuration 8. See Figure 11 (the symmetric cases can be dealt with
accordingly). The blue squares are the possible vertices that Bob colored. If Bob colored a
vertex of column j other than vy ; (Case 2/1), Alice colors vs j41 with any available color
¢ and we are done, since vy j11 is sound (with doctors vs ; and vy j41). Thus assume Bob
just colored vy ; with ¢’. If v3 j19 is not colored ¢’ (Case 2(82), Alice colors vs j41 with ¢
making vs j41 and vs j41 safe. Otherwise, if vy ; is not colored ¢’ (Case 233), Alice colors
V4, j+1 With ¢’ making v3 ;41 safe and v ;1 sound (with doctors vy ;11 and vs j41). Finally,
if vy ; is colored ¢’ (Case 2(4), then this is equivalent to the situation in which vy ; and vy ;
were colored ¢’ (configuration «) and Bob just colored v3 ; with ¢, which is treated in the
next case 2a2 regarding the configuration c.

J J J J
0 0 el el c
14 cle 75 c clo|d clo|d
c 0 cl|cd10 c |0 c |0
0 0 0 0
Case 251 Case 232 Case 243 Case 234:
merge merge merge treated as Case 22
Figure 11: Case 2/3: Bob colored a vertex of a non-free border in configuration 3 at column j. Alice
merge the two blocks in her next move.

Case 2y (Non-Free border in Configuration v): Bob colors a vertex v of a non-free
border of a block B in configuration v at column j. See Figure 12 (the symmetric cases
can be dealt with accordingly). Alice plays, merging the two blocks (with all vertices safe
or sound) or obtaining the configuration .
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cl0 0 0
cl0fo c|d]0 cle]o
el €| safe d 7é d sQfe "0
cl0 0 clo
Case 2v1: merge Case 272: merge Case 273: v — 7

Figure 12: Case 2v: Bob colors a vertex of border in configuration ~ at column j.

— Case 2v1: If Bob colors vs ;, then Alice colors vs j+1 with any available color ¢”,
making vs j41 either safe or sound (with doctors vs ; and va jy1).

— Case 2v2: If Bob colors vz ; with ¢ and v j+2 is not colored ¢, Alice colors va j41
with ¢/, making vy ; and vs ;41 safe.

— Case 273: Otherwise, Bob colors vz ; with ¢’ and vy ;42 is colored ¢’. Then Alice colors
v ; with ¢”” such that ¢’ # ¢ and ¢’ # ¢/, obtaining a border in configuration =.

e Case 2o (Non-Free border in Configuration « of a block with at least 2 columns):
Bob colors a vertex v of a non-free border in configuration « of a block B with at least 2
columns. The different possibilities are depicted in Figure 13 (all symmetric cases can be
dealt with accordingly). If we need to specify which vertex Bob colored, it is depicted in
blue. Alice’ answer is in red in some subcases. The bold line figures the surrounding of the
updated block (before Alice’s move). In each case, two blocks are merged into one.

£0 j £0 j £0 j £0 j
0 10 d10 0]0
cl0 cld|# clo]d clo
cl#c 0]l0]c 0lc]c dl10]c
clo clo cl0 0
Case 2al: merge Case 2a2.1: merge Case 20:2.2: merge Case 2a3: merge
£0 £0 £0
d'lel#£ec 1ol e J'lolc
clo clo cld|#£
dl0|c dlo] c Jdlole
0 cld|#£ clo|¢
Case 2a4: merge Case 2a5: merge Case 2a6: merge

Figure 13: Case 2a: Bob colors a vertex of a border in configuration a at column j with a color distinct
from ¢, in a block containing at least two columns. In cases 2a4, 2a5 and 2a6, ¢’ is any color distinct
from ¢ (in particular, ¢’ might be equal to ¢’).

— Case 2al: If vy j42 is not colored ¢, Alice colors vg 41 with ¢ making ve ;11 and vz j4+1
safe.

From now on, let us assume that c(vs jy2) = c.

— Case 202: If Bob colors vy ; with ¢ and v ; is not colored yet, then Alice colors v3 j4+1
with ¢ if available (case 2a2.1), making vs ;41 safe and vy ;41 sound (with doctors vy ;
and vy j41). If ¢ is unavailable (case 2a2.2), meaning that vz ;jyo is colored ¢/, then
Alice can color vy j+1 with color ¢/, making vy j11 and vs ;41 safe.

— Case 2a3: Assume that Bob colored vs ; with color ¢ and v4,; is not colored yet.
If vg ;4o is not colored ¢, Alice colors vs j+1 with ¢/ making ve ;41 and vz ;11 safe.
Otherwise, Alice colors vy j4+1 with ¢/ making vz ;41 safe and vg j 41 sound (with doctors
v1,j+1 and vz j11).

12



In the next three subcases, assume that after Bob’s move, all four vertices of column j are
colored.

— Case 2a4: If vy j42 is not colored ¢, Alice colors vy j41 with ¢, making v3 j41 safe and
V2, 541 sound (Wlth doctors V1,541 and ’U37j+1).

— Case 2ab: If vy jyo is not colored ¢/, Alice colors vy j1+1 with ¢/, making v, ;41 safe and
vz j+1 sound (with doctors v ;41 and va ;j11).

— Case 2a6: By Property (3) of the induction hypothesis, v ;1o is not colored ¢’. Then
Alice colors vg ;41 with ¢/, making vy ;41 and vs j11 safe.

e Case 2o/ (Non-Free border in Configuration a of a 1-column block): Bob colors a
vertex v of a non-free border of a 1-column block B (column j) in configuration «. Again,
B is considered as a left border. Note that, by Property (3), before Bob’s move, column j
has exactly two colored vertices. The different possibilities are depicted in Figure 13 (all
symmetric cases, according to the horizontal symmetry axis of the grid, can be dealt with
accordingly). If we need to specify which vertex Bob colored, it is depicted in blue. Alice’
answer is in red in some subcases. The bold line figures the surrounding of the updated
block (before Alice’s move). So, in all cases except one subcase of 2a’3; two blocks are
merged into one.

J #0 J J J
#clo|d]0 0[]0 0Olclo]|0 Ofclo]d|cl|#c
or#0[0]c]|O 0fclo ofojofc|o 0[0]0(|c]O|sare
clofo]o dlofo Olclojo]cl|#c Ofclofo]o]c
0fclo 0fclo ofojofc|o ofojofcjo

Case 2a’1: merge  Case 2a’2: merge Case 2a/3: A+ 0 Case 2a’4: A'+merge
or A+merge

J # 0 J
0]cl0]c]0 0lclO]c|0]c]O
0j0]J0]c]0]0 0jo0j0O]c]O]0]0
0lc|O]O]c” 0]lclo]O]cd’lc]O
0j0]0]c]O 0j0j0O]c]O]0]0

Case 2a'5: Case 2a/6:
A+merge A+A

Figure 14: Case 2a’: Bob colors a vertex of border in configuration « at column j with a color distinct
from ¢ of a 1-column block.

Regardless of what Bob played on column j, if v2 j_2 is not colored ¢, then Alice can color
v2 j—1 with ¢, merging the two blocks. So, in the next cases, we assume that vs j_» is colored
with color c¢. Moreover, if Bob colors vz ;, Alice can respond similarly as treated in case 2a:3
(but considering the symmetry according to the vertical axis). Therefore, we may consider
that Bob colors vy ; with ¢’

— Case 2a/1: If vy j_o is not colored ¢, Alice colors vg ;1 with ¢ making vs j_; safe and
vg j—1 sound (with doctors vy, j—1 and v3’j,1). So, assume that v, j_o is colored c. If
: /! H /1 / : : / H
v3,j—2 is colored some color ¢ (possibly ¢/ = ¢’), Alice colors vy j—1 with ¢/, making
vg,j—1 and vz j_; safe. Otherwise, vs ;_o is uncolored: the next cases deal with this
situation.

From now on, suppose that v4 j_s is colored ¢ and vz ;_» is uncolored.

— Case 2a/2: If column j — 3 is not empty, then Alice colors v j_1 with ¢/, making v j_1
safe and vz ;1 sound (with doctors vz ;_o and v4 ;_1). Note that after Alice’s move,
Column j — 2 is not a border anymore, so v3 j_s (that was not a doctor before due to
Property (4)) can be used as a doctor.
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So, assume that column j — 3 is empty and consequently, by Property (5), v1 ;—2 is not
colored.

— Case 2a'3: If vy j 19 is not colored ¢, Alice colors v, j1+1 with ¢, obtaining a configuration
A on the left and merging the blocks on the right (or obtaining a border j + 1 in
configuration # if column j + 2 was empty) with ve ;41 and v ;11 safe.

So assume that v j4o is colored c. Note that column j 4 2 cannot be in configuration ~y
and so, v3 j42 must be safe.

— Case 2a/4: If vy j4 is not colored ¢, then Alice colors vy j41 with ¢, making vs ;4 safe
and vg j+1 sound (with doctors vy ;41 and vs j+1), merging the blocks on the right and
also obtaining a configuration A’ on the left.

Finally, assume that v4 j42 is colored c. Since column j + 2 is a left border in configuration
@, then vs j19 is not colored by Property (5).

— Case 2a/5: If column j+3 is not empty, then Alice colors vy ;41 with ¢’ # ¢/, obtaining
a configuration A on the left and merging the blocks on the right, with vy ;11 safe and
v3,j4+1 sound (with doctors vy, j+1 and vs ;12 which was not a doctor before, by Property
(4)).

— Case 20/6: So also assume that column j + 3 is empty and consequently (by Property
(5)) v1,j42 is not colored. Then Alice colors vs ;41 with ¢’ # ¢, obtaining a configu-
ration A on the left and a configuration A on the right. It is important to notice that
while the two configurations A and A share a column, there is no ambiguity on the
response of Alice to further Bob’s move in these columns. If Bob plays on column j —2,
j — 1, or j, his move is considered as Case 1A. On the other hand, if Bob plays on
column j + 1 or j + 2, then Alice answers as described in Case 1A.

Again, in all subcases of Case 2, after Alice’s move, all properties of the induction hypothesis
hold.

Case 3. When Bob colors a vertex of an empty column (not in column j — 1 of a config-
uration A, Az, A’ or A)).

e Case 3-new (New block): Bob colors a vertex v, ; with color ¢ such that no vertices in
columns j — 1, 4,7+ 1 are colored (or j = n and column j — 1 is empty). Then, Alice colors
vp,; (with |a — b = 2) with color ¢. This creates a new block (restricted to column j) with
border in configuration a. Then the induction hypothesis still holds.

e Case 37. Bob colors a vertex in the empty column of configuration 7 (see Figure 2). Notice
that, in the Alice’s responses below, she always plays in a vertex of the column j + 1. If
Bob colors vy ;41 (resp. vs j+1), Alice colors v jy1 (resp. va j+1), and we are done. If Bob
colors vy j41 with ¢ or ¢”, Alice colors v ;41 with any available color, and we are done
(all vertices of column j + 1 are safe) since vy j41 is safe. Thus, suppose that Bob colors
v1,j41 with w ¢ {c,,¢"}. If v3 j19 is not colored w, Alice colors vs ;41 with w, making
v j+1 and vs j41 safe. If v3 ;1o is colored w, Alice colors vz ;1 with ¢, making vs j41 and
vg ;41 safe. Finally, suppose that Bob colors vy j+1. If the color of vy j11 is ¢/, then vs ;41 is
safe and Alice colors vy j+1 with any available color. If the color of vy j41 is w ¢ {c, ¢/, "},
Alice colors vg j4+1 with w, making vs j41 and vs j41 safe. Thus assume that Bob colored
vg 41 with ¢”. If vg j4o is colored ¢”, then v ;41 is safe and Alice colors vs j11 with any
available color. If vz ;1o is colored either ¢ or w, Alice colors vy j41 with the same color,
making v ;11 and w3 ;4 safe. Thus, also assume that vs ;1o is not colored. Then Alice
colors v3 ;41 with w. Since vy ;41 cannot receive the color ¢ during the game and the other
neighbors of vy j11 are colored w, ¢’ and ¢”, then it will always be possible to color vy ;11
in the game. In other words, vq ;41 is safe and the induction hypothesis still holds.

e Case 34: Bob colors in the column adjacent to a border (column j) in configuration § (Bob
plays in column j + 1 in case of a right border). Alice will color a vertex of the column j or
j + 1, obtaining a border in configuration «, 3, v or §, or merging two blocks, maintaining
the induction hypothesis. Note that all vertices of column j are safe by induction.
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Figure 15: Case 39: Bob plays in the empty column adjacent to a border in configuration §, where
x,y are distinct colors. The move of Bob is depicted in blue and the answer of Alice is in red.

— Case 3J1: Suppose that Bob colored vy ;11 with color y. If v3 ;14 is not colored y (Case
36la), she colors vz ;1 with y obtaining a border in configuration o or merging two
blocks. Otherwise (Case 361b), she colors vy j41 with y, merging two blocks, making
V2,541 and V3,541 safe.

— Case 362: Suppose that Bob colored vy j+1 with color ¢ # y. Then Alice can color
v3,j+1 With ¢ or y, obtaining a border in configuration o or /3, or merging two blocks.

— Case 343: Suppose that Bob colored vs 41 with ¢ # y. If column j + 2 is not empty,
Alice colors vs ;41 with any available color, merging the two blocks. So, assume that
column j + 2 is empty. If vs ;43 is not colored ¢ (Case 363a), then Alice colors v 1o
with color ¢, obtaining a border in configuration 8 or merging two blocks. If vs i3 is
colored ¢ (Case 303b), then she colors vy jyo with color ¢, making vs j1o safe, va j1o
sound (with doctors vz ;4o and v1_j+2) and vz ;41 sound (with doctors vs ; and vy j41).

— Case 364: Suppose that Bob colored v3 ;41 with c. If column j + 2 is not empty, Alice
colors vy j41 with any available color, merging two blocks. So, assume that column
j + 2 is empty. Then Alice colors v ;11 with y, obtaining a border in configuration «
(if ¢ = y) or in configuration ¢ (if ¢ # y).

— Case 365: Suppose that Bob colored v4 j4+1 with ¢ # x. If ¢ # y and v3 ;12 is not colored
y (Case 35a), Alice colors v ;41 with color y obtaining a border in configuration 3
or merging two blocks. If ¢ # y and v3 j1 is colored y (Case 305b), Alice colors v3 ;
with ¢, merging two blocks, making vs ;41 safe and vy ;41 sound (with doctors v ;11
and v1_j+1). So, suppose that ¢ = y. If v1 j12 is not colored y (Case 365¢), Alice colors
v1 41 with y, obtaining a border in configuration v or merging two blocks (with v ;11
sound). So, assume that ¢ =y and vy j49 is colored y. If vy j1o is colored ¢’ # 0, Alice
colors v3 j4+1 with ¢, merging two blocks, making v2 j+1 and vz ;11 safe. So also assume
that vy ;12 is not colored. If w3 j4o is colored ¢/, Alice colors vg ;41 with ¢ if ¢/ # y or
any other color otherwise, making v, ;41 and vs ;41 safe. So also assume that vz j42 is
not colored (Case 365d). Then column j + 2 must be a border in configuration v and
v4,j+2 is colored y, a contradiction since Bob just colored vy j41 with y.

From now on, we assume that Bob just played in an empty column adjacent to some border
(column j) but not adjacent to a border in configuration = or §. The next cases first assume

that border at column j is free.

e Case 3aF. Empty column adjacent to a free configuration a. The next case occurs
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if Bob colors a vertex in an empty column (column j+ 1 in the illustrations) that is adjacent
to a free border in configuration «. The different subcases are described in Figure 16.

J J J
0 00 clo
clo]0 clcd |0 cl0]0
0 00 |0
c 0 cld 10 cl0]0
Case 3aF'1: Case 3aF2: Case 3aF'3:
a—p o= a—ald

Figure 16: Case 3a.F: Bob colors a vertex in an empty column adjacent to a free border in configuration
a. The blue cell is Bob’s move and the red one is Alice’s answer. The bold lines figure the surrounding
of the block(s) before Alice’s move.

— Case 3aF'1: If Bob plays on vertex vy j+i1 or v4 j+1, then Alice colors vs ;41 with color
¢, obtaining a new border in configuration .

— Case 3aF2: If Bob colors vz ;11 with ¢’ (note that ¢ # ¢), Alice plays ¢’ on vy j11,
obtaining a new border in configuration a.. Notice that vy ;41 is not a doctor, satisfying
Property (4).

— Case 3a['3: If Bob plays ¢’ on Vg j+1, Alice colors vy j41 with c obtaining a border in
configuration «a (if ¢/ = ¢) or in configuration ¢ (if ¢ # ¢).

e Case 30F. Empty column adjacent to a free configuration 8. The next case occurs
if Bob colors a vertex in an empty column adjacent to a free border in configuration 5. The
different subcases are described in Figure 17.

J J J J
0]0 c|o cl0 10
10 cl0]0 cl0]0 0]0
c 010 c 00 c|l0]d |0 c c|0
|0 c|0 0]0 0]0
Case 38F1: Case 35F2: Case 38F3: Case 35F4:
b=« 8= B — aord B — aorf
J J J
0]0 00 00
|0 cdl0 |0
c 0]0 c 0| |#£Cc clo]o|o|¢
£ 10 d101]0 d10 ¢
Case 38F5: Case 35 F6: Case 38F7
08—« B — [ or merge [ — merge

Figure 17: Case 38F': Bob colors a vertex in an empty column adjacent to a free border in configuration
5. The blue cell is Bob’s move and the red one is Alice’s answer. The bold lines figure the surrounding
of the block(s) before Alice’s move.

First assume that Bob colored vy j4+1 with ¢

— Case 30F1: If ¢ # ¢, Alice plays ¢ on v3 1, obtaining a border in configuration «
(notice that vy ;41 is not a doctor).

— Case 30F2: If ¢ = ¢, Alice colors vy ;41 with ¢, obtaining a border in configuration .

Now assume that Bob colored vy ;11 with ¢/, which may be equal to c.
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— Case 38F3: Alice colors vs ;1 with ¢, obtaining a border in configuration « (if ¢ = ¢)
or in configuration ¢ (if ¢’ # c).

Now assume that Bob colored vy j41 with ¢/, which may be equal to c.

— Case 34F4: Alice plays c on vg j41, obtaining a border in configuration « (if ¢ = ¢)
or B (if ¢ # ¢).
Finally assume that Bob colored vs ;11 with ¢’ # c.

— Case 35F5: If vy ; is not colored ¢, Alice plays ¢’ on vy j11, obtaining a border in
configuration a (notice that v ;41 is not a doctor).

— Case 33F6: So, suppose that vy ; is colored ¢’. If vg 13 is not colored ¢, Alice colors
Vg j+2 With ¢/, obtaining a border in configuration § or merging two blocks.

— Case 38F'T: So, also suppose that vs ;13 is colored ¢’. Then Alice colors vy 12 with ¢,
merging two blocks and making vs ;41 sound (with doctors vg; and vy j11) and vz j19
sound (with doctors vs jyo and vg j12).

e Case 37F. Empty column adjacent to a free configuration -y. The next case occurs
if Bob colors a vertex in an empty column adjacent to a free border in configuration . The
different subcases are described in Figure 18. The move of Bob is in blue and the answer
of Alice is in red.

J J J J

cle|o cl0]0 cl0]0 cl0]0
clojo]o clofc]|0 clcd0]0 cl0]0|c|#c
wte 0] 0 wie| 01010 wate| 0|0 wre 01¢10

cl0]0 clcd|0 00 cl0]0
Case 3vyF1: Case 3vF2: Case 3vF3: Case 3vF4:

Y=« Y y—p v — [ or merge

J J J J

clo]|c cl0]0 cl0]0 cl0]|0
cl0]0j0fc cl|0fc]0 c|0]c|0 c|0fc|O
wte| 0]1¢10 wte| 100 QloJoje]#ec  OJoJojo]ec

cl0]0 cl0]|0 cl0]|0 clo|c
Case 3vF'5: Case 3 F6: Case 3vF'T: Case 37F8:
v — merge v =B v — (3 or merge v— A

Figure 18: Case 3vF: Bob colors a vertex in an empty column adjacent to a free border in configuration
~ at column j.

— Case 3vF1: If Bob colors vy j+1 with ¢/, then Alice colors vy j11 with ¢’ obtaining a
border in configuration .

— Case 37F2: If Bob colors vy j41 with ¢/, then Alice colors v ;41 with ¢ obtaining a

border in configuration a.

Case 3vF'3: If Bob colors vy ;41 with ¢’ # ¢, then Alice colors vs ; with ¢/ obtaining a

border in configuration .

Case 3yF4: If Bob colors vy j+1 with ¢ and ¢(vs j4+3) # ¢, then Alice colors vz ; with

c obtaining a border in configuration S or merging two blocks.

— Case 3vF5: If Bob colors vy ;1 with ¢ and ¢(vs jy3) = ¢ and ¢(v1,j43) 7# ¢ then Alice
colors vy 12 with ¢ making vs ;1o safe, vy ;1o sound (with doctors v3 j+2 and vl,j+2)
and vs ;41 sound (with doctors vs ; and vg j11).

— Case 3vF6: If Bob colors vz ;1 with ¢ # ¢, then Alice colors ve ; with ¢’ obtaining a
border in configuration .

So, assume that Bob colors vs j 41 with c.
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— Case 3vF7: If vg j13 is not colored ¢, then Alice colors va ;42 with c obtaining a border
in configuration 5.

— Case 37F8: So, also assume that vo ;3 is colored with c¢. Then we are in configuration
A’, with all vertices safe or sound, except vg ;y2, which is sick.

In the next, we assume that Bob just played in an empty column separating two borders (not in
configuration § nor 7). First, let us assume that at least one of these borders is in configuration
5.

e Case 3v. Bob colors a vertex in an empty column that is separating two blocks with one

of them in configuration v and the other in configuration «, 8 or . The cases are depicted
in Figure 19 and all of them merge the two blocks.
Let j be the column of the border of the block in configuration v. Up to symmetry, we
consider the column j is the right border of its block, that is, j + 1 is the empty column
before Bob’s move. If Bob colors va j+1 (resp. v3 j11), Alice can color vg ;41 (resp. va j11)
and we are done. So assume that Bob colored either v; j11 or v4 jy1.

J J J
clO clx clx
c|01]0 010 c|01]0
c z|0 c Olz|#£= c I O
clx clO clo0
Case 371 Case 3+2 Case 3~3

Figure 19: Case 37: Bob colors a vertex in an empty column that is separating two blocks with one
of them in configuration v and the other in configuration «, 8 or . In all cases, the two blocks are
merged after Alice’s move.

— Case 3v1: If Bob colors vy j41 with @ # ¢, Alice colors vo ; with x, making vs j41 safe
and vs j41 sound (with doctors v ; and va j11).

So, assume Bob colors vy ;11 with = # c.

— Case 37v2: If vy ;19 is not colored z, Alice colors vy j41 with z, making vs j41 and
v3,j+1 safe.

So, also assume that vy j4o is colored .

— Case 373: Since z # ¢, Alice can color vy ; with z, making vo j41 safe and v3 ;41 sound
(with doctors va j41 and vg ;).

Next, we assume that Bob just played in an empty column separating two borders (not in
configuration § nor 7 nor 7). We further assume that one of these borders is in configuration
5.

e Case 35. Bob colors a vertex in an empty column that is separating two blocks with one

of them in configuration  and the other in configuration « or 5. The cases are depicted in
Figure 20 and all of them merge the two blocks.

Let j be the column of the border of the block in configuration 5. Up to symmetry, we
consider the column j is the right border of its block, that is, j + 1 is the empty column
before Bob’s move. If Bob colors vs j+1 (resp. vs j+1), Alice can color vs jy1 (resp. va j4+1)
and we are done. So assume that Bob colored either vy j41 or vy jy1.

— Case 331: If Bob colors vy ;11 with any color, Alice colors v ;11 with any other color,
making vs ;41 safe and vy ;41 sound (with doctors vy ;11 and vg ;).

So, assume Bob colors vy ;41 with ¢/, which may be c.

— Case 362: If ¢’ # ¢, Alice colors v, j, making vs ;41 safe and v3 j+1 sound (with doctors
v2,j+1 and vg j11).

So, in fact, assume Bob colors vy ;41 with c.
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c 0 cl#c 0lc 0lc olec
c’ cl|o 0 c T 0
c 0 clclo c|0]0 c|0]0]c c 0=z c 10
0 d Cc C c C
Case 351 Case 352 Case 333 Case 354 Case 335 Case 336

Figure 20: Case 33: Bob colors a vertex in an empty column that is separating two blocks with one
of them in configuration § and the other in configuration « or 8. In each case, Alice’s move merges
the two blocks.

— Case 3/33: If vy j12 is not colored ¢, Alice colors vy j+1 with ¢, making vz ;41 safe and
vg j+1 sound (with doctors vy ; and vs j41).

So, also assume vy ;42 is colored c.

— Case 304: If vy j19 is colored ¢ (then vy ;11 is already safe), Alice colors vz j+1 with
any color, making it safe.

— Case 3435: If v 4o is colored © # ¢, Alice colors v ;11 with x, making vs j4+1 and
v3,j+1 safe.

So, also assume vy ;9 is not colored.

— Case 386: If vs j42 is colored x, Alice colors vg j41 with x, making vo j41 and v3 j41
safe.

So, also assume v3 42 is not colored. Then, by induction, column j + 2 must be in config-
uration v, a contradiction since this case considers an empty column between a border in
configuration 8 and a border in configuration « or 3.

Finally, we assume that Bob just played in an empty column separating two borders both in
configuration «, except in configurations A and A’, which are treated in cases 1A and 1A’

e Case 3a. Bob colors a vertex in an empty column that is separating two blocks in config-
uration a. The cases are depicted in Figure 21 and all of them merge the two blocks.
Let j be the column of the right border of the block in the left, that is, 7 + 1 is the empty
column before Bob’s move. If Bob colors va j+1 (resp. vs jy1), Alice can color vz ;41 (resp.
v2,j+1) and we are done. So assume that Bob colored either v j41 or va j41. Also notice
that the border at column j + 2 contains two non-colored vertices from Property (5).

J J J J J J #0
d10]c 0] c Olc xlc xlclO xlc
10 1010 clx|0 cl0]0 clo]xz]0 cl0]o0
dlole e 0lc +xlx|c zl0]cloO z|0o| e
0]0 d101]0 clz]0 cl0fo0 cl0]0]0 clz|o
Case 3al Case 3a2 Case 3a3 Case 3a4 Case 3ab Case 3a6

Figure 21: Case 3a: Bob colors a vertex in an empty column that is separating two blocks in configu-
ration «. In each case, Alice’s move merges the two blocks.

The subcases depend on the symmetry between the two borders in configuration « separated
by the empty column.

— Case 3al: If Bob colors vy 41 or vy 41, Alice colors vg j41 with ¢/, making vs j41 and
V3,541 safe.

— Case 302: If ¢ # ¢, Alice colors vy ;11 with ¢/, making vy ;11 and vs j41 safe, inde-
pendently if Bob colored vy j41 or vy j41.
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So, assume that vy j, v3j, v2 j+2 and vy j+o have the same color c.

— Case 3a3: If Bob colors v; ;11 with z, Alice colors vs ;11 with z, making v, ;41 and
U3,j+1 safe.

So, also assume that Bob colored vy j41 with  # c.

— Case 3a4: If vy ; is not colored x, Alice colors vy ;41 with z, making v ;41 and vs 11
safe.

So, also assume that vy ; is colored w.

— Case 3a5: If column j + 3 is empty, Alice colors vs ;1o with z, making v3 ;4 safe and
V2, j+1 sound (Wlth doctors V1,541 and ’U37j+1).

— Case 3a6: So, assume that column j+ 3 is not empty. Then, by Property (4), vs j+2 is
not a doctor and Alice colors vy j4+1 with z, making vs j41 safe and vz ;41 sound (with
doctors vg j41 and vs j42).

Notice that, in each of the subcases above of the Case 3, Alice’s answer is never in a column that
was a border in configuration « that could be in configuration A. So if the empty column played
by Bob was the column j + 3 of configuration A according to the orientation of Figure 3, then
this configuration disappears and the sick vertex becomes sound, because its empty neighbor in
the border in configuration o can now become its missing doctor. The same for configurations A
and A’ if the empty column played by Bob is the column j — 3 of these configurations according
to the orientation of Figure 3 and if Alice’s answer is not in the column j — 2. If Alice’s answer
is in the column j — 2, then the configurations A and A’ become Ay and A}, respectively.

In every subcase of Case 3, after Alice’s move, the properties of the induction hypothesis still
hold.

This concludes the description of Alice’s algorithm and its correctness and the proof of the theorem.
O

4 Further work

The natural open problem is to decide whether x4(P,,,00P,) < 4 for every grid when m,n > 5. In our
opinion, obtaining such results for m,n > 5 should require the use of an essentially different technique.
Indeed, there can be many more configurations already fitting in a 5 x 5 square that may lead Alice
to be inevitably defeated with only four colors; the question is to know if (and when) Bob can always
force a fifth color by reaching such a configuration.

The question we addressed could also be extended to the cylinder P,0JC,, (and more generally to
P,,0C,): does the absence of a first and last column have an impact on whether or not Alice has a
winning strategy with four colors when she begins?

Finally, it would also be interesting to consider the coloring game in other graph classes. In
particular, the case of trees is not settled yet.
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Visual summary of the configurations to keep in mind

Border configurations

J J J J
0 0 cl0 cl0 0
clo 0 c|0]0 c|0]0 |0
0 c 0 Olofo 10 10|
clo 0 clo 0 c|0
Config. o Config. 8 Config. v Config. 0 Config. 7
Special configurations (sick vertices)
J J J
0jclO c|0]0 cl0
c{0(0]0 cl0jclO cl0]c
dlclo Jlojojofe Qjojol¢
c|0]0]0 cl0]c cl0]|c
Configuration A Configuration A’ Configuration A,
J J
clo]c clO]cd|c
010]c 010 c| O |sate
cl0]0 | cl0f0]0
0]0|c 010]ci|O
Configuration A Configuration A’

Configurations Ay and A} are obtained from Configurations A and A’ respectively, by replacing
exactly one 0 (zero) of column j — 2 by a color different from ¢, with the additional constraint that
column j — 3 cannot be empty.

All configurations have their symmetrical counterpart according to the horizontal axis. However,
configurations A, A’, As and A}, are only defined for column j being their left border, and, in configu-
ration A, column j + 2 will always be its right border.
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