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A note on Apresjan Hierarchies and Linkage-Based
Hierarchical Clustering

Patrice Bertrand! and Jean Diatta?

1Cerernade, Université Paris-Dauphine-PSL, Paris, France
2LIM-EA2525, Université de La Réunion, Sainte Clotilde, France

Abstract

The model of an Apresjan cluster is a formal account of what the intuitive notion of cluster
amounts to. The set of all Apresjan clusters forms a hierarchy, called the Apresjan hierarchy. In
this note, we identify a general class of linkage functions for which the Hierarchical Agglom-
erative Clustering (HAC) algorithm generates hierarchies containing the Apresjan hierarchy.
We deduce that, if the HAC algorithm is applied with a standard linkage function not based
on centroids, then every generated hierarchy contains the Apresjan hierarchy. We also present
preliminary results related to the HAC algorithm and arbitrary linkage functions, e.g. the char-
acterization of all subsets belonging to all hierarchies generated by the HAC algorithm when
this algorithm is applied to a given dataset and used with an arbitrarily chosen linkage function.

Keywords— Apresjan hierarchy, Hierarchical Agglomerative Clustering, Linkage function.

1 Introduction

Given a dissimilarity d defined on a dataset S, an Apresjan cluster of d is a subset of S, in which the degree
of dissimilarity of any two elements is less than the degree of dissimilarity of each of these two elements with
every external element (cf. e.g. [3]). This definition guarantees both homogeneity and isolation of Apresjan
clusters, and as it reflects the intuition behind the cluster concept, several authors pointed out that Apresjan
clusters are natural clusters (e.g. [4, 6, 11]).

Apresjan clusters were defined (often independently) and studied by a number of authors, initially by Parker-
Rhodes and Needham [20] who called them K -clumps, then by Apresjan [3], Jardine [17] and Bandelt and
Dress [5], as strong-clusters, Bock [9] and Gordon [16], as K-groups, Benzecri [6, 7], Bryant and Berry [11]
and Devauchelle et al. [12], as Apresjan clusters, Balcan ef al. [4] as the strict separation property, and by
Ackerman et al. [1] as a nice clustering for the partitioning problem. An attractive property of Apresjan
clusters is that the set of all Apresjan clusters of d forms a hierarchy called the Apresjan hierarchy of d (see,
e.g. [3, 7, 11]). Moreover, it has been proved that the Apresjan hierarchy is contained in the hierarchies
produced by the well-known Hierarchical Agglomerative Clustering (HAC) algorithm when it is used with
the single-linkage, the complete-linkage, and the average-linkage (see [0, 11]).

Recall that the popular HAC method consists of a repeated, step-wise and bottom-up cluster merging which
is achieved on the basis of the values taken by a linkage function D formerly chosen by the user. Apart
from the singletons, which are considered to be at level 0, the level of the cluster C' formed by merging
clusters A and B, is D(A, B). For most datasets, applying the HAC method with different linkage functions
produces different hierarchies. This constitutes the user’s dilemma which has been known for a long time,



see e.g. [14, 21, 13]. Furthermore, apart from the single linkage, repeated runs of the HAC algorithm with
identical initialization conditions can produce different hierarchies if arbitrary choices have to be made to
select the pair of clusters to be aggregated in case of a tie. Together with the user’s dilemma, this raises the
question of the relevance of the formed clusters, in particular when arbitrary aggregation choices have been
made. Then, in this note, as the Apresjan criterion guarantees both homogeneity and isolation of Apresjan
clusters, we aim to determine a general framework that enables to identify those standard and non-standard
dissimilarity-based linkage functions with which each hierarchy produced by the HAC algorithm, contains
all the Apresjan clusters of the underlying dissimilarity function. In addition, we will demonstrate some
preliminary properties defined in a general statement that contributes to increasing knowledge about the HAC
algorithm and linkage functions. We provide a four-fold contribution which can be summarized as follows:

(1) A necessary and sufficient condition for an arbitrary nonempty subset of the dataset S to be formed as
a cluster of each hierarchy generated by the HAC method;

(2) The definition of an Apresjan cluster of an arbitrary linkage function, say D, and the fact that the set
of Apresjan clusters of D, is a hierarchy which is included in every hierarchy generated by the HAC
algorithm when the linkage function D is used.

(3) A general and sufficient condition to ensure the inclusion of the Apresjan hierarchy in each possibly
pruned (i.e. by removing any cluster contained in another one of equal level) hierarchy obtained by
applying the HAC algorithm to the underlying dissimilarity;

(4) The list of standard linkage functions for which each (possibly pruned) hierarchy obtained by the HAC
method, contains the Apresjan hierarchy.

The rest of the paper is organized as follows. Section 2 presents a summary of the HAC algorithm, and the
formal setting of Apresjan clusters. In Section 3, using a general setting, we prove preliminary properties
that concern both the HAC algorithm and arbitrary linkage functions. In particular, this section provides a
necessary and sufficient condition for a nonempty subset of .S to be formed as a cluster by the HAC method.
In Section 4, we propose a general sufficient condition so that all Apresjan clusters of a dissimilarity are not
only formed by the HAC method, but also never pruned by removing clusters formed at the same level as their
supercluster. Section 5 aims to determine those standard dissimilarity-based linkage functions for which the
HAC method always produces hierarchies that contain the Apresjan hierarchy of the underlying dissimilarity.
Moreover, this section presents counter-examples for standard dissimilarity-based linkage functions for which
a produced hierarchy may fail to contain the Apresjan hierarchy of the underlying dissimilarity.

2 Background

In this section, we review the HAC method and set the definition of an Apresjan cluster of a dissimilarity. In
what follows, S will denote the ground set assumed to be nonempty and finite, and endowed with a (proper)
dissimilarity d. Recall that a (proper) dissimilarity d on S isamap d : S x S — R" satisfying

d(z,y) =d(y,z) >d(z,x) =0,

for all distinct elements z,y in S. We first recall the usual terminology of the HAC algorithm. At the
initialization step, the set of clusters is such that every datapoint is, in its own, a cluster. Then, the algorithm
successively merges two clusters that minimize a given linkage function, say D, until all the datapoints are
merged into a single cluster. A linkage function D on S is a symmetric function from 2% x 2° into R*, whose
value D(A, B) = D(B, A) measures a dissimilarity degree between every two disjoint subsets A and B. In
the following, we extend the definition of a linkage D to the diagonal of 2° x 2% and set D({z},{z}) = 0
for all x € S. In this text, we focus on linkage functions D, implicitely or explicitely, defined from the
dissimilarity d, with in addition the following constraint that for all =,y € S

D({z},{y}) = d(z,y).
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We will then say that D is a dissimilarity-based linkage function, more precisely a d-based linkage function.
The HAC algorithm starts at step ¢t = 0 with the collection %) of all the singletons of S. At each step ¢ > 1,
let €7-1 be the set of all maximal (by inclusion) clusters among all clusters created during the first ¢t — 1 steps.
The algorithm merges two clusters, say A and B, that realize the minimum of D among the pairs of clusters
in %;_1. Therefore:

6 =%6-1V{AuB}~{A, B}.

One can notice that %; is a partition of S at each step t > 0. The algorithm stops when %; is reduced to
n-1

{S}, or, equivalently, after n — 1 steps, where n denotes the size of S. The collection ¢ = U %; of clusters
t=0

generated by the HAC algorithm is a hierarchy on S, i.e. a collection of subsets of .S, containing S and its

singletons, and such that any two members are either disjoint or nested. Notice that the hierarchy ¢ depends
not only on the linkage function D, but also on the pairs of clusters merged at all steps where several choices
of merging are possible. Finally, the hierarchy %’ is endowed with the index map fp : € — R* defined by:

fop({z}) =0, forallz € Sand fp(Au B) = D(A, B),

when A U B is the cluster formed by merging clusters A and B. It is said that the pair (%, fp) is an indexed
hierarchy or that the hierarchy € is indexed by fp if:

forall A, Be%: A¢ B = fp(A)< fp(B). (1)
Recall that a pair of clusters (A, B) is called an inversion (also referred to as a reversal (e.g. [18]) if:
Ag Band fp(A) > fp(B).

It may be noticed that there is no inversion if for all A, B € €, fp(A) < fp(B) whenever A ¢ B. Moreover,
at the end of the process of cluster merging, the obtained collection % is pruned by removing from % all
clusters A for which a cluster B exists in € such that

Ag¢ Band fp(A) = fp(B). (2)

After the pruning step, and in case of no inversion, the pair (¢, fp) is clearly an indexed hierarchy in the
sense of (1). An indexed hierarchy (%', fp) is graphically represented by means of a dendrogram: see Figure
2 for an example of two dendrograms. In view of our objective, we now introduce a little more terminology:

o A D-linkage hierarchy will denote any binary hierarchy generated by applying the HAC algorithm
to S endowed with the dissimilarity d, and by using the linkage function D without any pruning.
More generally, a HAC-linkage hierarchy will denote any hierarchy which coincides with a D-linkage
hierarchy for some linkage function D.

o A D-linkage cluster will denote any member of a D-linkage hierarchy.

The next notation is related to the notion of multiset. It will be useful for defining some linkage functions.

Notation 2.1. Let X = {x1,z9,...,2,} be a (finite) multiset of real numbers, i.e. a collection of real
numbers where repeated elements are allowed. For example, {1,1,1,3,4,4} is a multiset. The notations
min X, med X and max X will denote, respectively, the minimum, the median and the maximum of X. If
A, B < S and d is a dissimilarity on S, then the multiset {d(a,b) | a € A,b € B} will be denoted as d(A, B).
Furthermore, given a € S and B € S, d(a, B) = d(B, a) will stand for d({a}, B) = d(B, {a}).

Example 2.2. Consider the dissimilarity di defined on the 8-element set S1 = abcdefgh, represented in
Figure 1, where the label of the edge between two pairs of subsets, say X and Y, denotes the dissimilarity



degree between any element of X and any element of Y. For instance, for X = {a,b} andY = {g,h}, then
dl((l,g) = dl(bvg) = dl(a7h) = dl(b7h) = 9.

Now, define the linkage function D1 by

max d1(X,Y) if |max d1(X,Y)] is odd,

Di(X,Y) =
i ) { max di(X,Y)+1 else,

where | x| denotes the largest integer less than or equal to x. Only two Di-linkage hierarchies can be
obtained when the HAC algorithm is run with the linkage function D1. Both of these D1-linkage hierarchies
are represented in Figure 2.

Figure 1: Dissimilarity function d;

2.0

4.0

3.0 -

2.0

S e Y Y N I

0.0- a b e f c d g h a b e f c d g h

Figure 2: Dendrograms of all the (indexed) D;-linkage hierarchies.

Let us now take a brief look at the notion of Apresjan cluster. A nonempty subset C' of S is an Apresjan
cluster of a dissimilarity d or an d-Apresjan cluster if the mutual dissimilarity degree between two arbitrary



elements of C' is less than the mutual dissimilarity degree between either of these two elements and any
element outside C' [3]. In other words, if

forall z,y € C: d(x,y) < H;lél (min{d(z, 2),d(y,2)}). (3)

Equivalently, C is a d-Apresjan cluster if
forall (z,y,2) e CxCx (S\C): d(z,y) <d(z,z). 4)

Either of the equivalent characterizations (3) and (4) accounts for both the homogeneity and the isolation
of an Apresjan cluster insofar as it shows that each element of the cluster has the following property: its
highest degree of mutual dissimilarity with elements inside the cluster is lower than its lowest degree of
mutual dissimilarity with elements outside. The set of Apresjan clusters of a dissimilarity d forms a hierarchy
hereafter called the Apresjan hierarchy of d (cf. e.g. [3, 7]).

Example 2.3. Consider the dissimilarity d; given in Example 2.2. Figure 3 represents the Apresjan hierarchy
of d;. It may be observed that the Apresjan hierarchy of d; is contained in each of the two D;-linkage
hierarchies displayed in Figure 2. More precisely, here, the Apresjan hierarchy of d; coincides with the
intersection of these two D;-linkage hierarchies.

6.0 1

5.0 1

4.0 1
3.0 1
2.0 1

S

0.0 - a b c d e f g h

Figure 3: The Apresjan hierarchy of d;

The definition of Apresjan clusters makes them interesting in the sense that they are homogeneous and well
isolated. However, several authors (cf. [0, 11]) note that this definition is very restrictive to the point of being
generally satisfied only by very small sized clusters (size around 2), apart from the trivial clusters that are
singletons and the ground set S itself. This often results in Apresjan hierarchies with few nontrivial clusters,
as noticed in [0, | 1]. Nevertheless, it has been proved that if d is ultrametric then the Apresjan hierarchy of
d is equal to the single-linkage hierarchy built from d [8]. Thus, by the argument of continuity the closer
the dissimilarity d is to an ultrametric (even if this is true only for a subset of the dataset, whose size is
significant), the larger the size of nontrivial Apresjan clusters (cf. [8]). As an example, let us consider the
dataset of Example 2.2, for which the percentage of ultrametric triples of d; is approximately 57% (more
precisely, 32 out of the 56 possible triples in S = abcdefgh, are ultrametric): this percentage is unusually high
and then consistent with the fact that abedef, which is of large size relatively to the size of .S, is an Apresjan
cluster of d;. Consequently, this puts in perspective the assessment of the scarcity of the nontrivial Apresjan
clusters. Combined with the quality of its clusters, these characteristics motivate interest in identifying richer
cluster systems that contain the Apresjan hierarchy of a given dissimilarity. There are proofs that the Apresjan
hierarchy is contained in the single-linkage hierarchy [6, 11], in the complete-linkage hierarchy [6] and in the
average-linkage hierarchy [ 1]. In this note, we introduce a unifying framework for identifying those standard
or non standard dissimilarity-based linkage functions for which the HAC algorithm generates hierarchies
containing the Apresjan hierarchy of the underlying dissimilarity.



3 Preliminary results

This section provides preliminary properties that concern, in a general setting, the HAC algorithm and both
standard and arbitrary linkage functions. We first prove a necessary and sufficient condition for a nonempty
subset to belong to a given D-linkage hierarchy, together with a necessary and sufficient condition for a
nonempty subset to belong to each D-linkage hierarchy. Within this aim, we introduce the so-called closed
sets for a given D-linkage hierarchy and D-min-closed sets, the latter turn out to coincide with the subsets
belonging to each D-linkage hierarchy, as proved by Theorem 3.4.

Definition 3.1 (Closed subset for a D-linkage hierarchy). A nonempty subset C of S is said to be closed for
a D-linkage hierarchy € if, we have:
XegC=Y¢cC(,

for all clusters X and Y merged at any step ¢ > 0 of the HAC algorithm that generates %

Definition 3.2 (D-min-closed subset). A nonempty subset C' of S is said to be D-min-closed if for all D-
linkage hierarchy € and for an arbitrary step t > 0 of the HAC algorithm that generates €,

XeC=YcC(C,

forall (X,Y) e argmin D(A, B).
A,Bécgt

Clearly, a subset C' is D-min-closed if and only if it is closed for all D-linkage hierarchies.

Lemma 3.3. Let € be a D-linkage hierarchy. If C' is closed for €, A € € and A ¢ C, then there exists a
sequence of members of €, say A1, ..., Aj, such that

() Ay =Aand Aj =C.
(B) Forallie[l,j—1],A; is merged with (Ajs1 N A;) € 6.

Proof. Let A1 = A. Observe that A € ¥ is such that A ¢ C' ¢ S, so that there exists a step ¢1 at which A is
merged with a member of 4;,, say B;. As C' is closed for ¢, By ¢ C. Let Ay = A; u By. If Ay = C, then
the sequence (A1, A) fulfills conditions («) and (3). Otherwise, as As ¢ C, there exists a step t2 at which
As is merged with a member of 4;,, say Bs. In the same way, we define recursively A;,; and B;,; from
A; ¢ C and B; ¢ C that are two merged to form A;,1, whenever A; U B; ¢ C for all i > 1. Now, the sequence
(A;)i>1 being strictly increasing and bounded by the finite set C' according to set inclusion order, there must
exist j > 1 such that A; = A;_y u Bj_; = C. Therefore, there exists in all cases a sequence (A4;)1<;<; of
members of &, that verifies (o) and (3). ]

Theorem 3.4. Let D be a linkage function, C' a nonempty subset of S and ¢ a D-linkage hierarchy.
(i) C €% if and only if C is closed for €.
(ii) C belongs to each D-linkage hierarchy if and only if C' is D-min-closed.

Proof. (i) Assume that C' € €. If [C| = 1 or C = S, then C is clearly closed for ¢". Suppose now that
1 <|C| <|S|. Let t > 0 be an arbitrary step of the HAC algorithm with linkage function D, when it generates
the hierarchy %. Moreover, denote as (X,Y") the pair which is chosen to be merged at step ¢. Suppose that
X ¢ C. Assume that Y ¢ C does not hold. As X ¢ C, we have that C' intersects X UY. Now C, X UY € ¥,
so that C' ¢ (X uY), for otherwise (X uY') € C would imply Y ¢ C. Consequently, X ¢ C ¢ (X uUY)
which shows that C' intersects Y. Tt results that C' € Y, since Y & C' does not hold and two elements of % are



either disjoint or nested. But this implies that X ¢ C ¢ Y, which contradicts X, Y € %; since the elements of
%;. We conclude that Y ¢ C must hold true. Thus X ¢ C implies that Y ¢ C'. Hence C is closed for €.

Assume now that C' is closed for €. If |C| = 1 (resp. C' = S), then C' is formed at the first (resp. last step).
Suppose that 1 < |C'| < |S|. Letz € C'and A = {x}. Then A€ %y c % and A ¢ C. As C is closed for ¥, it
results that C' € ¥’ by Lemma 3.3.

(i7) Consider the property (P) asserting that C belongs to each D-linkage hierarchy. By (), this amounts to
assert that C is closed for any D-linkage hierarchy. In other words, (P) asserts that at each step ¢ of any run
of HAC algorithm that generates some D-linkage hierarchy, if X and Y are merged, then X ¢ C implies
Y & C. Finally, this is equivalent to assert that at each step ¢ of the HAC algorithm that generates some

D-linkage hierarchy ¢, if (X,Y) € argmin D(A, B) then X ¢ C implies Y ¢ C. In other words, (P) is
A,Be%:
equivalent to assert that C' is D-min closed. U

Example 3.5. Consider the linkage function D; defined in Example 2.2. It is easy to check that A1 = abedef
is Di-min-closed. In contrast, abef and cdef are not Di-min-closed. Indeed, at the step where the four
subsets ab, cd, ef and gh are maximal, ef realizes the minimum of D; with both of ab and cd, so that neither
of abef and cdef is Dy-min-closed, since ab ¢ cdef and cd ¢ abef.

It results from Theorem 3.4-(i¢) that the collection of all D-min-closed subsets of .S forms a hierarchy on .S.
Indeed, this collection coincides with the intersection of all D-hierarchies, which is therefore a hierarchy.

Let us now consider the index fp defined on a D-linkage hierarchy ¢, by fp({z}) = D({z},{z}) =0 and
fp(AuB) = D(A, B) if Au B is a D-linkage cluster formed by merging A and B. Note that it may exist
an inversion, i.e., two D-linkage clusters A and B may exist in % such that A ¢ B and fp(A) > fp(B).

Bruynooghe has introduced the reducibility property in order to significantly reduce the complexity of the
HAC algorithm, and has pointed out that this property ensures the absence of inversion in every D-linkage
hierarchy [10]. A linkage function D is said to satisfy the reducibility property if for all nonempty pairwise
disjoint subsets X, Y, Z of S, we have:

D(X,Y)<min{D(X,Z),D(Y,Z)} = min{D(X,Z),D(Y,Z)} < D(X VY, Z).
Hereafter, we provide a proof of the absence of inversion when the property of reducibility is verified.

Proposition 3.6. Let D be a linkage function. If D satisfies the reducibility property, then each D-linkage
hierarchy is free from inversions.

Proof. Let D be a linkage function that satisfies the reducibility property, and ¢ a D-linkage hierarchy. Let
X,Y € ¢ such that X ¢ Y. Our aim is to prove that fp(X) < fp(Y).

If | X| =1, then fp(X) =0< fp(Y). Assume now that | X| > 1. Then X € % is generated by merging
two disjoint clusters, say A and X \ A. By theorem 3.4, Y is closed for & since Y € €. Moreover,
A ¢ X ¢ Y. Therefore, by Lemma 3.3, there exists a sequence of elements of ¢, say A1, As, ..., Ak, such
that A; = A, A =Y and A; is merged with A} = A;,; N A; foralli e {1,...,k-1}. Given 2 < i < F,
consider A; = A;_; U A]_;. Since D satisfies the reducibility property, the following holds for all subset Z
disjoint from A;: D(A;-1,A;_;) < min{D(A;_1,2Z),D(A}_,,Z)} < D(A;-1 U A]_,,Z). Applying these
inequalities with Z = A} which is disjoint from A;, we deduce that for all 7 € [2, k]:

fp(Ai) = fp(Aisi U A]_1) = D(Ai1, A1) < D(Ai1 U ALy, AY) = D(Ai, A) = fp(Ais)

(3

Therefore fp(X) = fp(A42) <... < fp(Ak) = fp(Y). O

Table 1 below recalls the definitions of most standard dissimilarity-based linkage functions, where A and B
stand for two disjoint subsets of .S. In Table 1 below, it can be noticed that the WPGMC linkage is sometimes
called also median linkage [15, 19], whereas in this text, we define the median linkage of two clusters A and
B as the mediane of the set d( A, B), where d denotes an arbitrary dissimilarity on .S.
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(UPGMA)

Linkage function D D(A, B)
Single linkage mind(A, B)
Complete linkage max d(A, B)
Median linkage med d(A, B)
Average linkage

1
A5 2, 2 1)

Weighted average linkage

[D(Al, B) + D(As, B)]/Q, where

(WPGMA) A=Ay U As is formed by merging A; and Ag
Hausdorff linkage max { max mind(a, B), max mind(b, A)}

Minimax linkage [2]

min maxd(z, Au B)
zeAuB

Ward linkage Dwara(A, B) = %dz(cA,cB), where wx
denotes the weight of X and cx the centroid of X
Centroid linkage Deer (A, B) =d(ca,cp)
(UPGMC)

Weighted centroid linkage
(WPGMC)

ch(Al UAQ,B) =
5 Dwc(A1, B) + 5 Dwe(As, B) — 1 Dwe(Ar, As)

Table 1: d-based standard linkage functions, where d denotes a dissimilarity on .S.

In next Corollary 3.8, we show that standard linkage functions that will be considered in Theorem 5.3 satisfy

the reducibility property.

Proposition 3.7. Let D be one of the following linkage functions: Single linkage, Complete linkage, Median
linkage, Average linkage, Weighted Average linkage, Hausdorff linkage and Minimax linkage. If XY, Z are
arbitrary nonempty subsets of S that are pairwise disjoint, then D(X vY,Z) > min{D(X,Z),D(Y, Z)}.

Proof. Let d be a dissimilarity on S and D a d-based linkage function among those listed in the statement of
the proposition. We consider arbitrary nonempty subsets X, Y, Z ¢ S of .S that are pairwise disjoint. We aim

to prove that D(X v Y, Z) >min{D(X, Z),D(Y, Z)}.

Single linkage. D(X uY,Z)=mind(XuY,Z)=min{D(X,Z2),D(Y,Z)}.

Complete linkage. D(X uY,Z)=maxd(XuY,Z)=max{D(X,Z2),D(Y,Z)}.

Median linkage. The linkage function D is defined by D(X uY,Z) =medd(X uY, Z). Thus

D(X uY,Z)>min{medd(X,Z),medd(Y,Z)}

=min{D(X, Z),D(Y, Z)}.




Average linkage. From the definition of the average linkage, we deduce:

D(XUuY,Z)= m (IX]12|D(X,Z) +|Y||Z| D(Y, Z))
> W min {D(X,Z),D(Y,Z)} =min {D(X, Z),D(Y, Z)}

Weighted average linkage. D(X uY,Z)=3[D(X,Z)+D(Y,Z)]>min{D(X,Z),D(Y,Z)}.
Hausdorff linkage. Let D be the Hausdorff link. We have:
D(XuY,Z) =max [ max mind(u,Z), max mind(z, X UY)],
ueXUY zeZ
D(X,Z) = max [maX mind(z, Z), max mind(z, X)],
reX zeZ
D(Y,Z) = max [max mind(y, Z), max mind(z, Y)]
yeY zeZ

On the one hand,
max{max mind(z, Z),max mind(y,Z)} < max mind(u,Z)< D(XuY,Z),
reX yeyY ueXUY

and, on the other hand,

max{maéi min d(z,X),maéc mind(z,Y)} = max mind(z, X uY)<D(XUuY,Z).

It results that min{ D(X,Z),D(Y,Z)} < D(X UY, 7).
Minimax linkage. In this case, D(X uY,Z)= min maxd(u,X uY uZ). Furthermore,

ue XuYuZ

D(X,Z)= min maxd(u,XUZ)< min maxd(u,XuY uUZ).
ue XuZ ue XuZ

Similarly, we have D(Y, Z) < H%/inz max d(u, X UY U Z), which implies:
uexru
min{D(X,Z),D(Y,Z)} <min{ min maxd(u, X Y UZ), min_maxd(u, XY UZ)}
ue XuZ ueYuZzZ

= min maxd(u,XuYuZ)=D(XuY, 2).
ue XuYuZ

As a direct consequence of Proposition 3.7, we deduce the Corollary 3.8. The standard linkage functions

mentioned in Corollary 3.8, will be considered in Theorem 5.3.

Corollary 3.8. The following linkage functions satisfy the reducibility property: Single linkage, Complete
linkage, Median linkage, Average linkage, Weighted Average linkage, Hausdorff linkage and Minimax linkage.

4 A sufficient condition for the Apresjan hierarchy to be in-

cluded in each hierarchy generated by the HAC method

In this section, given a dissimilarity d on .S, we determine a sufficient general condition for a d-based linkage

function D to ensure that each D-linkage hierarchy contains the Apresjan hierarchy of d.

We now investigate the properties of clusters that are created by using common dissimilarity-based linkage

functions, w.r.t. Apresjan clusters.



Remark 4.1. As a consequence of Theorem 3.4, we deduce that if D is a d-based linkage, then the Apresjan
hierarchy of d is contained in each D-hierarchy if and only if each d-Apresjan cluster is D-min-closed.

By extending characterization (4) to any linkage function D, we obtain the so-called D-Apresjan subsets that
are defined similarly to their analogues for dissimilarities.

Definition 4.2 (D-Apresjan subset). Let D be a linkage function on .S. A nonempty subset A of .S will be
said to be D-Apresjan if the following two conditions are verified:

l. forall X ¢ A,allY c A\ X andall Zc S\ A, wehave D(X,Y) < D(X, Z2),
2. forallze AandallY € S~ A, we have D({z},{z}) < D({z},Y).

Proposition 4.3. Let D be a linkage function based on a proper dissimilarity on S. The set of D-Apresjan
clusters is a hierarchy on S.

Proof. Clearly, S and the singletons of S are D-Apresjan. Assume that subsets A and B are D-Apresjan
and intersect properly. Thus, each of the sets A\ B, An B and B \ A is nonempty. Since A is D-Apresjan,
D(A~B,AnB) < D(AnB,B~A). Since B is D-Apresjan, we have D(AnB, B\ A) < D(AnB, A\ B),
which is contradictory. Therefore, there is no D-Apresjan cluster that properly intersects another one. Thus,
the set of D-Apresjan clusters is a hierarchy on S. O

In what follows, the set of D-Apresjan clusters will then be called the D-Apresjan hierarchy or the Apresjan
hierarchy of D. Beyond the relation mentioned in Remark 4.4, between D-Apresjan subsets and Apresjan
clusters of the dissimilarity underlying a linkage function D, we show in Proposition 4.7 that every D-
Apresjan subset is D-min-closed.

Remark 4.4. If D is a d-based linkage function, then every D-Apresjan subset of S is an Apresjan cluster of
d. The converse is not true, as shown by Counter-example 4.5 below. In other words, the Apresjan hierarchy
of D is included in the Apresjan hierarchy of d, and this inclusion is strict for some particular datasets.

Counter-example 4.5. Consider the dissimilarity d; and the d;-based linkage function D; both defined in
Example 2.2. Subset Ay = abedef is clearly an Apresjan cluster of d;. However, A; is not Di-Apresjan
since, for instance, D1 (ab, gh) = Di(ab,cd) = 5.

As observed earlier, at any step ¢ of the HAC algorithm that generates 4, the collection ; partitions the
ground set S. For any nonempty subset A € S of S, let us denote 7(A,%6;) ={X ¢ 6 : X nA # &},
i.e. the collection of D-linkage clusters that are maximal at step ¢ and intersect A*. The following lemma is
instrumental for the proof of Proposion 4.7.

Lemma 4.6. Let D be a linkage function on S and A a nonempty subset of S. If A is D-Apresjan, then
at each step t of the HAC algorithm, the collection T (A, %) either partitions A or is reduced to a single
member containing A.

Proof. Let A be a D-Apresjan subset of S, and denote as P4(t) the property: “T (A, ;) either partitions A
or is reduced to a single element containing A.” Our aim is to prove that P4(t) is true for all steps ¢ of the
HAC algorithm.

-If A = {a}, then T (A, %;) = {X,} where X, is the unique element of 4; containing a: such an element
X, exists since %; is a partition of .S for all steps ¢ of the HAC algorithm. If A = S, then T (A, %;) = &
which partitions .S = A for all steps ¢.

- Assume now that 1 < |A] < |S|. We proceed by induction on the step ¢ of the HAC-algorithm, with
0<t<n-1.Atstept=0,%0={{z}:xeS}sothat T(A, %) ={{x}: 2 e A} partitions A. Let us suppose

TConsidering the hypergraph H = (S, %;) of vertex set S and hyperedge set %, it may noticed that the set 7 (A4, %;)
is the maximum collection & < 6; of hyperedges of H such that A is a transversal of the partial hypergraph (.S, &).
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that P(t) holds up to some step ¢. If the collection T (A, %;) is reduced to a single member X containing
A, then for all ¢’ > t, T(A,%y) is clearly reduced to a single member Y such that A ¢ X ¢ Y € %y,
so that P4(¢") holds. If the collection 7 (A,%;) is not reduced to a single member containing A, let ¢;
denote the first step for which there exists X7 € T (A, 6y ), which is merged with a member Y7 of % for all
t < t' < t;. One may observe that T(A,%y) = T(A,6;) forall t <t < t;. Moreover, T (A, %;) being a
partition of A, which is not reduced to { A}, there exists Z € T (A, %;) ~ {X1}. Let us assume that Y; does
not intersect 4, i.e. Y7 € S\ A. Then, D(X1,Z) < D(X1,Y7) since A is D-Apresjan, which contradicts
the fact that X7 and Y7 are merged at step ¢1. Therefore, Y; intersects A, and consequently Y7 € T (A, %)
which is a partition of A, distinct from {A}. Thus we have Y; ¢ A and X; uY] € %;,. This implies that
T(AC,) =T(A%6)~{X1,Y1} u{X;1 UY1} is a partition of A, eventually reduced to {A}. Therefore
Py4(ty) is true, with ¢; > ¢. By the argument of induction, we conclude that P4(t) is true for all step ¢ of the
HAC algorithm. O

Proposition 4.7 and Counter-example 4.8 show that the condition defining of a D-Apresjan subset is more
restrictive than the one defining a D-min-closed subset.

Proposition 4.7. For all linkage functions D on S, every D-Apresjan subset of S is D-min-closed.

Proof. Let A be a D-Apresjan subset of S. It is clear that A is D-min-closed if |A| = 1 or A = S. Assume
now that 1 < |A| < |S|. First, observe that there exists a pair { Xg, Yy} € %; that realizes the minimum of D
at step ¢ of the HAC algorithm, with Xy ¢ A. Therefore, X € T (A, %;) which is therefore not reduced to
a single member containing A. Since A is D-Apresjan, by Lemma 4.6, 7 (A, %;) partitions A. Moreover,
again because A is D-Apresjan, we have, D(Xy,Y) < D(Xy,Z) forall Y € T(A,%;) ~ {Xo} and all
Z e 6.~ T (A, %;). It follows that Y, belongs necessarily to 7 (A, ;). Therefore, Y is strictly included in
A, showing that A is D-min-closed. O

Counter-example 4.8. Consider the linkage function D1 defined in Example 2.2. As respectively observed
in Example 3.5 and Counter-example 4.5, the subset A1 = abedef is D1-min-closed but not D1-Apresjan.
This shows that the converse of Proposition 4.7 is not true.

According to Theorem 3.4 and Proposition 4.7, we have the following corollary.

Corollary 4.9. For all linkage functions D on S, every D-Apresjan subset of S belongs to each D-linkage
hierarchy. In other words, the Apresjan hierarchy of D is contained into each D-linkage hierarchy.

Remark that next Proposition 4.10 implies that if the linkage function D satisfies the reducibility property,
then no D-Apresjan subset should be removed by pruning any D-linkage hierarchy.

Proposition 4.10. Let D be a linkage function that satisfies the reducibility property and C be a D-Apresjan
subset of S. For each D-linkage cluster C' such that C ¢ C', we have fp(C) < fp(C"). As a consequence,
the Apresjan hierarchy of D is indexed by fp.

Proof. Let C be a D-Apresjan subset of S and ¢ a D-linkage hierarchy. By Corollary 4.9, C' belongs to €.
If C = S, it obviously satisfies the condition of the proposition. If C' = {z} for some x € S, then, since C'is
D-Apresjan, we have, for all D-linkage cluster Y € S \ {x} merged with {z}:

fo(C) = fp({z}) = D({z},{x}) < D({z},Y) = fp({z} vY). (5)

Let us consider C’ € ¢ such that C = {x} ¢ C"'. Notice that {z} UY is the smallest cluster of ¢ that contains
C = {z}. Since C’ is a D-linkage cluster that contains C, it results that {z} uY < C’. Now, D satisfies
the reducibility property, thus fp({z} UY') < fp(C") by Proposition 3.6. Using the strict inequality (5), it
results that fp(C) < fp(C").

Assume now 1 < |C| < |S]. Let X and Y be the two D-linkage clusters merged to form C. Denote as Z
the D-linkage cluster which is merged to C. As C'is D-Apresjan, and Z € S \ C, we have: D(X,Y) <
min{D(X, Z), D(Y, Z)}, so that, by the reducibility property,

fp(C) =D(X,Y) <min{D(X, Z),D(Y,Z)} < D(X UY, Z) = fp(C U Z). (6)
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Let C’ € ¢ such that C' ¢ C'. Since C' U Z is the smallest cluster of ¢ containing C, and C’ € ¢ contains
C, it results that C U Z ¢ C'. Thus, fp(C U Z) < fp(C"), by Proposition 3.6 as D satisfies the reducibility
property. Using the strict inequality (6), it results that fp(C) < fp(C"). O

Next Theorem 4.11 is a direct consequence of Corollary 4.9 and Proposition 4.10.

Theorem 4.11. Let D a d-based linkage function. If each Apresjan cluster of d is D-Apresjan, then the
Apresjan hierarchy of d is contained in every D-linkage hierarchy. If, in addition, D satisfies the reducibility
property, then the Apresjan hierarchy of d is indexed by fp.

Remark 4.12. According to Remark 4.4, the first part of Theorem 4.11 is equivalent to assert that if the
Apresjan hierarchy of d coincides with the Apresjan hierarchy of D, then the Apresjan hierarchy of d is
contained in every D-linkage hierarchy. Note that this condition is sufficient but not necessary: as observed
in Example 2.3, the subset A; = abcdef is di-Apresjan, but is not Dq-Apresjan (cf. Counter-example 4.5).
However the Apresjan hierarchy of d; is included in each D;-linkage hierarchy (cf. Example 2.3).

5 Standard linkage functions for which the Apresjan hierarchy
is included in each hierarchy generated by the HAC method

In this section, given a dissimilarity d on .S, we provide, on the one hand, a list of standard d-based linkage
functions whose associated HAC-linkage hierarchies contain the Apresjan hierarchy of d, and, on the other
hand, counter-examples that illustrate that for some dissimilarities d and some standard d-based linkage func-
tions D, the obtained D-linkage hierarchies may fail to contain the Apresjan hierarchy of d. The following
two lemmas are instrumental for the proof of Theorem 5.3.

Lemma 5.1. Let P be a partition of a nonempty finite subset U of R. Then we have

min med V < med U < max med V.
VeP VeP
Proof. Recall that either med U € U or med U is the middle of two consecutive elements of U. Assume that
med U < ‘I/ni% med V. Let V be an arbitrary class of P. Then, there would be more elements of V, greater or
€

equal than med V/, than there are elements of V' lower or equal than med V. Thus, the elements of U which

are greater or equal than med U, outnumber the elements of U lower or equal than med U. This contradicts

the definition of med U. Therefore, ‘r/m% med V' < med U. The other inequality proves in a similar way. [
€

The proof of Lemma 5.2 is straightforward.

Lemma 5.2. Let d be a dissimilarity on S and X,Y, Z € S nonempty subsets of S. If d(u,v) < d(u,w) for
all (u,v,w) € X xY x Z, then for all x € X, we have:

1
mind(z,Y) < — 3 d(z,y) <maxd(z,Y) <mind(z, Z).

| |yEY

Theorem 5.3. Let D one of the following d-based linkage functions: Single linkage, Complete linkage,
Median linkage, Average linkage, Weighted Average linkage, Hausdorff linkage and Minimax linkage. Then
the Apresjan hierarchy of d is contained in each D-linkage hierarchy, and is indexed by fp.

Proof. Let D a d-based linkage function among those listed in the statement of the theorem. According to
Theorem 4.11, it is sufficient to show, on the one hand, that each Apresjan cluster of d is D-Apresjan, and,
on the other hand, that D satisfies the reducibility property. By Corollary 3.8, D satisfies the reducibility
property, so that we are left to prove that each Apresjan cluster of d is D-Apresjan. For this, we consider,
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w.l.o.g., an Apresjan cluster of d, say A, such that 1 < |A| < |S|, nonempty subsets X,Y, Z c S of S such that
X, Y¢A XnY =02, 7Zc S\ A, and aim to show the strict inequality D(X,Y) < D(X, Z).

Single linkage. D(X,Y) = mind(X,Y’). The subset A being an Apresjan cluster of d, we deduce from (4)
that d(u,v) < d(u,w) for all (u,v,w) € X xY x Z. We then deduce from Lemma 5.2 that

D(X,Y) = mi}t{lmind(m,Y) < mi)?mind(x, Z)=D(X,Z).

Complete linkage. D(X,Y) = maxd(X,Y"). We similarly deduce from (4) and Lemma 5.2 that
D(X,Y) =maxmaxd(z,Y) < maxmind(z,Z) < maxmaxd(x,Z) = D(X, Z).
reX reX reX

Median linkage. D(X,Y) = medd(X,Y"). We proceed by induction on | Y| > 1. Assume first that | Y | = 1
andletY = {y}. Let X = {x1,...,z,} withn = |X| and d(x1,y) < ... < d(xy,y). Furthermore, we sort all
the elements (u, z) of X x Z in the following way: d(u1,21) < ... < d(Um, 2m )., where m = |d(X, Z)|.

Since A is an Apresjan cluster of d, note that for each integer 1 < i < n we have d(z;,y) < IZIEZH d(x;, 2).

Using the fact that d(z;,y) < d(zis1,y), it results that for all j € {1,...,n},
n
d(zj,y) < minUd(xi,Z). @)
i=j

d +d
Assume first that n = | X| is even. Thus med d(X,y) = (k) + d(@ks1, ) with k = n/2. Taking into

2
account that d(X, Z) is a multiset, we have |d(X,Z)| = > |d(X,z)| = 2k| Z| = 2¢, with £ = k|Z|. Then

zeZ
d d
medd(X, z) = Nuez) 2(““1’2“1). Observe that || d(z;, Z)| = (k +1)|Z] > k|2 = €, so that
ik
min | J d(z;, Z) < d(ug, z¢). From (7), we deduce that d(zg,y) < d(us, 2¢).
ik
Similarly, | U d(xz-,Z)| = k|Z| = ¢, so that min | d(z;,Z) < d(ugs1,2e+1). From (7), we deduce that
i=k+1 i=k+1

d(zge1,y) <7d(W+1, zp+1)- Therefore:
d(zr,y) +d(zpe1,y) _ d(ue 20) + d(uesr, 241)
2 2

Assume that n = |X| is odd. Thus |[d(X,y)| is odd and med d(X,y) = d(xks1,y) with k = (n - 1)/2.
Furthermore, |d(X, Z)| = >_ |d(z,Z)| = (2k + 1)|Z| which is even if | Z| is even, and odd otherwise.

medd(X,y) =

medd(X, Z).

z€Z
d d d(X, 7 VA
If |Z] is even, then med d( X, Z) = (g, 2e) + 2(W+1’ 2+1) with £ = M = k|Z| + |2_|
Z n
Since n = 2k+1, we have’ U d(xi,Z)| = (k+1)|Z| > k:|Z|+% =/{,sothatmin |J d(z;,Z) < d(ue, 2e).
i>k+1 i=k+1

From (7), we deduce that d(zy,1,y) < d(ug, z¢). Moreover, d(ug, z¢) < d(ugy1, z¢+1). Therefore, we deduce
med d(X,y) = d(zs1,y) < [d(ug, z¢) + d(wgs1,2041)]/2 = med d( X, Z).

d(X,Z)| -1 Z)-1
If |Z] is odd, then med d(X, Z) = d(ug+1, 2¢+1) With £ = % =k|Z] + | |2 .
Z|+1
Observe again that| |J d(z;, Z)| = (k +1)|Z|. Now (k+1)\Z]z£+1:k\Z|+| |2+ ,for |Z| > 1.
i>k+1

Thus min | d(z4, Z) < d(ugs1, ze41). By (7), med d(X,y) = d(zg41,y) < d(ugs1, z0+1) = med d(X, Z).
i=k+1
We conclude that, in all cases, D(X,y) = medd(X,y) <medd(X,Z) = D(X, Z).

Assume now |Y| > 1. We assume that D(X, A) = med d(X,A) <med d(X,Z) = D(X,Z) forall A¢Y,
and aim to prove that D(X,Y") < D(X, Z). By applying Lemma 5.1 and the induction hypothesis, it results
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that, for all y € Y, we have:

D(X,Y) =med d(X,Y) < max{med d(X,Y \ {y}), med d(X,{y})} <med d(X,Z) = D(X, Z).

1
——— > > d(z,y). Let 2o be an arbitrary element of X. Then d(zo,y) <
|X| |Y| reX yeY
d(xg, z) forall (y,2) € Y x Z. Therefore

> | Z]d(xo,y) = 3 Y dlxo.y) < 3 Y d(xo,2) = 3 [Y |d(x0, 2),

Average linkage. D(X,Y) =

yeY yeY zeZ zeZ yeY zeZ
which implies — Z d(xo,y) < — Z d(xo, z). Finally,
’Y | yeY | Z ’ zeZ
1
D(X,Y)= (z,y) < d(z,z) = D(X, Z).
|X||Y|erXy%:/ |X||Z|x§(zeZZ

Weighted average linkage. D(X,Y) = %[D(Xl,Y) + D(XQ,Y)] where X = X; u X was formed by
merging X and Xs. The proof is by induction on iteration number ¢ = 0, 1,...,n — 1 of the HAC algorithm.
If t = 0, there is little to prove, since, in this case, X, Y, Z are singletons. Assume then that £ > 1. By the
induction hypothesis, we are left to prove D(X,Y) < D(X, Z) only if (exactly) one of the clusters X,Y or
Z is formed at iteration .

Assume first that at iteration ¢, X = X; u X5 is formed by merging X; and X5. By the induction hypothesis,

1
D(X,Y) = [D(Xl,Y) +D(X,,Y)] < [D(Xl,Z) +D(X,,Z)] = D(X, Z).
Assume now that Y is formed by merging Y7 and Y5 at iteration ¢. Then, by induction,
D(X,Y) = [D(X Y1)+ D(X,Y3)] < [D(X,Z) +D(X,2)]=D(X,2).

Assume finally that Z; and Z5 are the clusters merged to form Z at iteration £. By the induction hypothesis,
D(X,Y)<D(X,Zy)and D(X,Y) < D(X, Z3), so that

D(X,Y) < %[D(X, Z) + D(X, 2Z>)] = D(X, Z).

Therefore in either case, D(X,Y") < D(X, Z), as required.
Hausdorff linkage. D(X,Y’) = max [mz;gc mind(z,Y), max mind(y, X )]. By Lemma 5.2, we have, on the
z€ ye

one hand, mind(z,Y) < mind(z, Z) for all x € X, so that

max mind(z,Y’) < max mind(z, Z). (8)
reX zeX

On the other hand, assume that max mind(y, X) = d(zm, Ym ) for some (2, ym) € X x Y. Then
ye

max mind(y, X) = d(zm, Ym) < mind(z,,, Z) < max mind(z, 7). )
ye e

Therefore, combining (8) and (9), we have:
D(X,Y) = max [max mind(z,Y"), max mind(y, X)] < max mind(z, Z)
reX yeY reX

< max [max mind(x, Z), ,max mind(z,X)] = D(X, Z),

reX
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as required.
Minimax linkage. D(X,Y) = H;(iny maxd(u, X UY). If u € X, then as d(u,z) < d(u, z) forall (z,z) €
ueAXU

X x Z, we have maxd(u, X U Z) = maxd(u, Z) = d(u, z,) for some z, € Z.
If u e Z, then maxd(u, X U Z) > maxd(u, X) = d(u,x,) for some x,, € X.
Thus, for all u € X U Z, we have maxd(u, X U Z) = d(T, Z, ) for some T, € X,Z, € Z. It follows that

D(X,Z)= min maxd(u,X U Z)=d(T,%),
ue XuZ
for some T € X and Z € Z. Therefore,
D(X,Y)< mi)?maxd(x,X uY) <maxd(Z,XuY)<d(Z,2) = D(X, 2).
XTE

O

Remark 5.4. Let d be a dissimilarity on S and D one of the following d-based linkage functions: Ward
linkage, Centroid linkage and Weighted-centroid linkage. Then, a D-linkage hierarchy may fail to contain
the Apresjan hierarchy of d, as shown by counter-examples below.

Counter-example 5.5 (A Ward-linkage hierarchy may not contain the Apresjan hierarchy). The Ward linkage
based on the Euclidean distance d is defined by

WA WR

Dwara(A, B) = d*(ca,cB),

wa +wWp

where wx denotes the weight of X (e.g. the number of objects in X if each object has a unit weight) and
cx the centroid of X. The following example of dataset shows that a Dyy,.q-linkage hierarchy may fail to
contain the Apresjan hierarchy of d. Indeed, let S = X uY u Z where X,Y, Z are the one-dimensional sets
defined by X = {4}, Y = {0.1,0.2} and Z = {8}. Let d be the Euclidean distance on S. It can be easily
observed that C'= X uY is an Apresjan cluster of d since,

d =3.9< min d =4.
B A =39 < iy, A2

However, C' = X UY cannot belong to a Dvy,.q-linkage hierarchy since, for the unit weight,
DWard(X7 Y) ~ 9.8 > DWard(Xa Z) = 8,
which shows that X and Y cannot be merged before X and Z.

Counter-example 5.6 (A centroid-linkage hierarchy may not contain the Apresjan hierarchy). The centroid
linkage based on (Euclidean distance) d is defined by

Dcer (A, B) = d(ca,cB),

where cx denotes the centroid of X. The following example of dataset shows that a D¢,r -linkage hierarchy
may fail to contain the Apresjan hierarchy of d. Indeed, let S = X uY u Z where X,Y, Z are the two-

dimensional sets defined by X = { 2 }, Y = { 115 } and Z = {zl = 2.8 , 29 = 2.8 } Let d be

1 1 0.65 1.35
the Euclidean distance on S. It can be easily observed that C'= X u Y is an Apresjan cluster of d since,

d =0.85 in d ~(.87.
s Aoy =085 i A ?)

However, C' = X UY cannot belong to a D¢y -linkage hierarchy since, on the one hand,
DC@L(zla 22) =0.7< DC@L(X7 Y) =0.85
and, on the other hand, D¢, (X,Y) = 0.85 > D¢ (X, Z) = 0.8, which shows that, when using linkage

function D¢z, X and Y cannot be merged before X and Z.
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Counter-example 5.7 (A weighted-centroid-linkage hierarchy may not contain the Apresjan hierarchy).
The weighted-centroid linkage, also known as median method (in the manner of Appolonius’s theorem) or
weighted pair group method usisng centroids (WPGMC), based on (Euclidean distance) d is defined by

1 1 1
Dwc(A1U Ay, B) = 3 Dwc (A1, B) + > Dwc (A2, B) - 1 Dwc(Ar, Ag),

with, in addition, Dwc(X,Y) = Dwc(Y, X) and Dwc({a}, {b}) = d(a,b). The following example shows
that a Dwc-linkage hierarchy may fail to contain the Apresjan hierarchy of d.

As was defined in the previous example given for the centroid linkage, consider again the set S = X uY u Z
endowed with the Euclidean distance d on S. It was observed that subset C' = X u Y is an Apresjan cluster
of d. However, C' = X UY cannot belong to a Dy c-linkage hierarchy since, on the one hand,

argmin d(a,b) = {(z1,22)}
(a,b)eS2, a+b

and, on the other hand, Dwc(X,Y) = 0.85 > Dwc(X,Z) ~ 0.7, which shows that X and Y cannot be
merged before X and Z.

6 Final remarks

We have investigated both arbitrary dissimilarity-based and standard linkage functions D in view of iden-
tifying those whose D-linkage hierarchies contain the Apresjan hierarchy. First, given an arbitrary linkage
function D, we have provided a necessary and sufficient condition for a given nonempty subset of the ground
set S to be formed as a cluster of each D-linkage hierarchy. Then, for an arbitrary dissimilarity-based link-
age function D, we proposed a sufficient condition for each (possibly pruned) D-linkage hierarchy to con-
tain the Apresjan hierarchy of the underlying dissimilarity. Finally, we have determined the list of standard
dissimilarity-based linkage functions D, for which each (possibly pruned) D-linkage hierarchy contains the
Apresjan hierarchy of the underlying dissimilarity.

We have observed that a Ward-linkage hierarchy, a centroid-linkage hierarchy and a weighted-centroid-
linkage hierarchy may not contain the Apresjan hierarchy for some datasets. Furthermore, notice that Acker-
man et al. [1] have also pointed out that the Ward-linkage has a specific behavior: more precisely, among the
most standard linkage, Ward-linkage is the only one for which the HAC algorithm is weight sensitive for all
data sets being processed. In order to provide an insight on user guidelines, an issue could be to determine the
dataset characteristics which ensure the inclusion of the Apresjan hierarchy in every HAC-linkage hierarchy
produced with a linkage function based on centroids.
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