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Abstract

Multi components materials show triple phase boundary (TPB)
lines at the interface between three components. TPB lines are of
primary importance for the performance of electrochemical devices
like Solid Oxide Fuel Cells (SOFC). We derive theoretical estimates
of the specific length of (TPB) lines Ly, for a broad range of multi-
component random structures. Since analytical results are obtained,
random microstructures with optimal Ly, , can be designed. The
effects of the composition, through volume fractions, and of the mor-
phology, through the choice of primary grains, are separate, so that
"optimal composition" is derived independently on the geometry. Ly;;,
is inversely proportional to the square of a length scale of the mi-
crostructure. Our theoretical approach is validated by comparison of
the predicted Ly, to some published measurements made on 3D im-
ages of materials. Various models designed with the same basic ingre-
dients may show a large range of values for Ly, , depending on their
mode of construction. Much longer Ly, , than experimental measure-
ments in real materials can theoretically be reached, typically over an
order of magnitude. This can be used as a guideline to improve the
electrochemical behavior of fuel cell components.
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1 Introduction

In R? multi-component random sets with more than two components show
triple phase boundary (TPB) lines at the intersection of three components.
These lines at the intersection of pores and of two solid components of de-
vices like Solid Oxide Fuel Cells (SOFC) are of primary importance for their
performance: electrochemical reactions develop in the zone of intersection of
the electron conducting component, the oxygen-ion conducting component,
and the pores for the transport of Hy and Hy0. An illustration of TPB lines
extracted from a 3D micromographic image is shown on Figure 1 [11].

Figure 1: TPB lines in a three-components SOFC material [11]

To measure in materials the length per unit volume of TPB lines between
components ¢, j, k, Ly;ji, some studies were made from 3D microstructure
reconstructions by FIB-SEM serial sections, or by X-ray microtomography
[20], [21], [19], [18], [15].

In another context, triple lines occur at the interface with three different
types of crystals (for instance defined by their orientation) in polycrystals.
Our methodology can be applied as well in this context.

In what follows, we compute theoretical estimates of the mean length of
the triple boundary lines per unit volume Ly;;, of some models of random



media [8] that can be of interest for applications. The results enable us to
compare various types of microstructures from the point of view of Ly;;,. We
show that a wide range of values of Ly;;, can be obtained on microstructures
with similar ingredients, even far beyond the values observed in presently
available real materials, opening the way towards improved physical proper-
ties.

After a reminder of existing random models predicting Ly;;;, we intro-
duce a way to estimate Ly;;, from third order morphological moments. It is
then applied to various types of morphological models of multi-component
random media, for which detailed calculations are provided: mosaic model,
Color Dead Leaves, and 3 components models generated by the superposi-
tion of independent random sets, applied to the Boolean model, the Dead
Leaves model, the Dilution model, and to truncated Gaussian random func-
tions. Finally, a comparison of the performances of different types of random
models is discussed, and some predictions of Ly ;;, are compared to available
measurements made on materials.

2 Estimation of the mean length of the triple
boundary lines

Any random curve with locally finite length in R? intersects a reference plane
with points. If N, is the average number of points of intersection per unit
area, the length of the curve per unit volume Ly, namely specific length, for
stationary isotropic random curves is estimated by the expression [2]:

Ly = 2N, (1)

From equation (1), it comes out that Ly for a 3D structure can be estimated
with planar observations. No information in 3D is required. In the case
of anisotropic structures, measurements in several planar observations with
various orientations have to be averaged.

Consider now a multi-component random set with m components Aj,
Ay, ..., A, with m > 3). For any pair A;, A; we have A; N A; = (). The
specific area of contact between A; and A;, Sy;; can be estimated from the
cross-covariance Cj;(h) = P(x € A;, x + h € A;). In the isotropic case,
Syij = 4C};(0). For any triple A4;, A;, Ay the specific length of the line of
contact between A;, A;, and Ay, Ly,j is estimated from the second order
derivatives of third order moments P,j;(hy, he) = P(x € A;, v + hy € Aj,
x + hy € Ag). To show this point, we consider the estimation of the specific
number of triple points per unit area by the probability P,;j(hq, he) for hy —



0,hy — 0. Using a second order Taylor expansion of P,jj(hq,h2)/(hihs)
around hy = 0, hy = 0, we get for the specific number of triple points Ny, :

N ijk li ijk(hla hQ)/(hlh;z) (M)
hl—“,’l,fo )

h1—0,h2—0 8h18h2
Therefore, in the isotropic case, for any pair of orthogonal vectors {hq, ha} it

comes for the estimator of the mean length of triple boundary lines Lj;,;;:

82P~k<h1 hZ)
C g 9" e\, fr2) 2
Vijk Z ( Oh10hy )hl(),hQO 2

4,70, kF,]

In what follows we will mainly consider the case of three components (m = 3),
and will provide estimates of Ly;;; based on equation (2). In order to con-
sider all configurations of triplet {i, j, k} , we will have to explore the results
obtained by the six permutations of the triplet and to estimate Ly;;, by
summing the results obtained for each permutation. For each configuration
{7, j, k}, triple points are extracted by four rotations of orthogonal vectors
{h1, ho} in the plane and Li,;;, in equation (2) has to be averaged over these
rotations. In the isotropic case, each rotation of the pair {h;, ho} provides
the same result, so that we can restrict the extraction of triple points to the
six configurations for {i,j, k}. When dealing with more than three compo-
nents ((m > 3)), m(m — 1)(m — 2) configurations have to be considered to
estimate the total number of triple points over all components.

We have to point out that the use of configurations to estimate L3, by
equation ((2) is prone to biases, depending on the model of microstructure.
This is detailed for the estimation of the connectivity number in 2D in the
case of the Boolean model in ([8], p. 214). The bias introduced by equation
((2) is estimated in section 6 by comparison to the prediction of unbiased
estimates, and therefore a correction factor of 7 to equation (2) has to be
introduced, which becomes:

62Pijk:(h17 h?))
Vi = SR (3)
Vijk i,jgyﬁ,j ( ah16h2 h1=0,h2=0
3 Previous analytical prediction models of TPB

lines

As far as we know, very few developments are presently available to predict
the length of TPB line from a model of random structure.



The first one is based on random sphere packings ([23]|, among others).
It predicts Ly ;i as a function of the coordination numbers between particles
of pairs of components, and the particle contact angle. It was used in [21].

A more realistic model according to the real morphology of microstruc-
tures encountered in SOFC was proposed in [4], [22], and called "extended
microstructure model". Mimicking the growth of crystals from Poisson germs
as for the construction of the Voronoi tessellation, it generates a three-
component model, A;, Ay, A3 with volume fractions P;, P, and P3;. The
growth being stopped at a finite time, the union A; U Ay = A§ builds a
Boolean model with pores As. Poisson germs with two colors are the seeds
of the growth process with two different growth rates. When the isotropic
growth is stopped, A; and A, are made of spheres with radius R; and
Ry, volumes V7, V5 and surface areas Sy, S3. The growth of two grains with
different colors A), A} stops when they start to overlap, generating a pla-
nar interface between A; and A,. A version of the model is based on a
non isotropic growth, using non spherical convex particles, like for instance
parallelepipeds.

For this model, Ly;; is estimated from classical stereological relation-
ships, providing the expression, given here with our notations:

P, P.
LVijk = %Pl l+ 2})2 Pg (log P3)2 %% (4)

A qualitative comparison of the length of TPB lines given by equation
4) and obtained for other models of random media is provided in subsection
7.1.

More recently, an expression of Ly ;;, was derived in the case of truncated
Gaussian random functions [17], for the model developed in [1]. We will come
back later to this expression.

4 Multi-component mosaic model

The mosaic model (chapter 8 in [8]) starts from a random tessellation of
space into cells C. To each cell is assigned a single set A; with probability
P;, and independently for two separate cells. The m components present some
symmetry, and have similar probabilistic properties, up to volume fraction
P;. Tt is easy to compute the covariance Cj;(h) of each component and the
cross covariances C;;(h) between A; and A;. They are given as a function of
the average geometric covariogram of the cell, from

V(CNCy)

=50



V being the average volume over the realizations of the random cell C. We
have ( [8], p. 271):

Cah) = Por(h) + P2(1 = r(h))
Ciy(h) = PPy (1 — r(h)

The specific surface areas Sy, and specific surface areas of contact Sy;; are
given as a function of the average surface area S(C') of the random cell C,
by:

w:au—m%%% (5)
Sy = PR
7(0)

For the third order moment P;j;(h1, he) we need to know the probability
P3(hq, hy) that points =, x 4+ h; and = + hy belong to three different cells C;.
Following ( [8], p. 263), this probability is given by

Ps(hy, he) =1 — Py(hy, hy) — Pa(hy, he)

where P;(hy, hy) is the probability that points z, x + hy and = + hy belong
to a single cell, and P,(hq, hy) is the probability that points x, = + h; and
x + hs belong to two different cells. Noting hy = hy — hq, we have

V(CNCop, NCop,)

Pl(hh ]’LQ) = S(hl, hQ) = V(C’)

Pg(hl, hg) = T’(hl) + T(hg) + T(hg) - 38(]11, hg)

For any number of components m > 3, P,ji(hy, hy) follows from Ps(hq, h2)
and from the independent affectation of cells to components A;:

Pijk(hla hy) = PinPk(l —7(h1) —7r(ha) — r(h3) + 25(hy, ha)) (6)

Using Equation (3), it comes for the mosaic model

828(h1 h2)> (82r(h3)>
L. =6rPPP, |2 ——— - 7
Vijk J k( ( Oh,0hy h1=0,h2=0 0h10hy h1=0,h2=0 )

For any convex set C',—V (C)r/(0) is equal to the average projected area

of C in the direction h and V (O) (—8288,5?5}:;2))
h1 :0,h2=0

C in the direction hy. Averaging over orientations, or in the isotropic case,

is equal to the width of
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this second order derivative is proportional to the average width b of the
random cell C' and
(825(}11,}12)) . [_)
OhyOhy h1=0,h2=0 _(O>

0 0
a—hlr(h?a) = a_hgr(

We have
hs)

and
827’(h3) 82r(h3)

Oh10hy — 0%hs
82T<h3)) "
= 0
(ahlah? h1=0,ho=0 ' ( )

and finally, equation (7) becomes using the six configurations of the triplet
{i,5, k}

b
Ly = 67 PP, Py (ZW _ r"(())) (8)

For a given random tessellation, and therefore a given random cell C,
the mean length Ly;;, depends only of the volume fractions F;, P;, P;. In
the case of a three components mosaic, we have P, + P, + P; = 1. In these
conditions, it is easy to show, that the maximum of the product PP P; is
obtained when P, = P, = P; = 1/3. We have

P1P2P3 == P1P2<].—P1—P2>

0
aTPleP;; = Pg(l—Pl—Pg)—Pleng(l—QPl—Pg)
1

0

—P PP = P(1—-P —2P

op, 142173 1( 1 2)
_@ P BP. 0 forl1l-—2P P 0

= T — — =
op; 142173 1 2
0
—PPP; = Qforl—P, —2P, =0
oP, 1472173 or 1 2
It comes

P = 1-2PR
P2—|—2—4P2 =1
P, = 1/3,PL=1/3, Py;=1/3

8



For this equirepartition of the components A;, Ay, A3 the length Lyqo3 is
maximized. Examples are provided below. For some of them (Voronoi, De-
launay, Poisson and STIT mosaics given below), the triple lines are made of
chains of segment, since they are obtained by partial intersections of hyper-
planes.

More generally, for any m > 3, the product P, P; P, of any triplet {1, j, k}
is maximized when P, = P; = P, = ... = P, = 1/m.

Another way to estimate Lj,;, from planar images, without needs for
identification of the underlying random tessellation, is obtained from 2D
estimation of the connectivity number N4(A;) of component A;. An estimate
of the connectivity number is provided by ([8], p. 108):

0?Pyii(hy, ho)
Ni(A) = =55
4(4i) ( Oh10hy >h1:0,h2=0

with ([8], p. 268)
Pyi(h1, ha) = s(hy, hg) (P + 2P — 3P7)+(r(hy) + r(hs) + r(hs)) (P?—P})+P?

and therefore

Ni(A;) = (P +2P} - 3P}) % + (P? = P’)r"(0) + P} (9)

The covariance of component A; is given by ([8], p. 268):
Cii(h) = Pir(h) + P2(1 —r(h))

from which
Cii(0) = Pi(1 — P)r"(0)

The derivative 7”(0) can be obtained from C7(0) and then introduced in

equation (9), in order to estimate % from the experimental value of N3 (A;)

measured by image analysis ([8], p. 54). Then Lj,;, is estimated after

introduction of % and of 7”(0) into equation (8). However, one should be

aware of numerical errors in the computation of r”(0) from Cj;(h) without
resorting to a numerical model, and therefore proceeding to identification of
the underlying random tessellation.

Alternatively, on can measure N (A;) for at least two components A;, A,
with quite different volume fractions P;, P;. If necessary, two components
with similar volume fractions can be merged to form a random set on which

N’ can be estimated. Since equation (9) is strongly non linear in B, systems

of linear independent equations are then used to estimate % and 7”(0).



4.1 Voronoi mosaic

The Voronoi mosaic is built from a Voronoi tessellation [2]. Starting from a
Poisson point process {z)} with intensity 6, cells C of the Voronoi tessella-
tion are built as the zones of influence of the points {z;}. For this model,
V(C) =1/6 and ([2], p. 380):

_ 1 /16m5\ 3 1
b = = L(=)01/3 ~ 1.458071/3
5 ( 243 ) <3)

b

— ~ 1.45807%/3
V(C)

For a stationary Voronoi tessellation in R%, we have ([3], [8], p. 238):

P(K) =0 [ exp(~0udF(K.9) dy

with
F(K,y) = Upeg B(z,d(x,y))

Consider for K a pair of points {O, [} with length [. When [ =0, F(O,y) =
B(0,d(0,y)). From now on, we operate in R3, so that pu; = V. We have

PU) =6 [ e (~0V(PU9) dy

By derivation with respect to [,

P) = =0 [ 5 (VP exp (~0V (F (L) dy
and
Pa = 0 [ (GoEa) eo i)
02 [ LV E0)) exp (-0V(F(0) dy

We are looking for the derivative P"(0). Since for any sphere, the second
derivative K”(0) = 0, we have

CL

=0

10



P'(0) = ¢ /R3 (7r7“2)2 exp (—0§7r7“3) dv = 6’3/ (mr*)? exp (—0v) dv
0

3
93 2 4/3
= /0 7 (—v)*? exp (—0v) dv

3 o oo
= 937T2(—)4/3/ v*3 exp (—6v) dv:929_4/37r2(43)4/3/ v exp (—v) dv
0 0

47 us

> 8 T
Vi3 exp (—v) dv = —V/3—~
/ 7 )

and

” 3 8 m
P'(0) = 92/%2(5)4/3?\/5@
3

3 8 T
2/ < 4/3_ -1 4
() 27\/3F B 7403

and
P"(0) = 1.740 36*/*
3 8 T
10) = g2/3x2( 2432 /3T L1 740362/3
r(0) ) Vi (2)
so that

2 (1675\"® _ 1 3 .8 ™
L. = 6 pl.p,p92/3 z T(2) — 72(2)43 2\ /3 10
Vijk ™ Gk 5 243 (3) s (47'['> 27\/_1—‘ (%) )

— 6rP,PP, x 1.17566%*

4.2 Delaunay mosaic

The Delaunay tessellation is the dual of the Voronof tessellation [2]. We have
([2], p- 384)

35
24726
b ~ 1.1180°1/3

and therefore, if we neglect the term r”(0), which is not available,

“1/3 4872

f = 67 PP, P,15.1336%/% (11)

11



4.3 Poisson and STIT mosaics

Starting from a Poisson tessellation of space [13, 8] is generated a Poisson
mosaic (Figure 2), each cell being a Poisson polyhedron. Similarly, from the
construction of iterated tessellations (STIT model [16]), a tessellation with
Poisson polyhedra in a different arrangement is obtained. Noting A = A3 the
intensity of Poisson hyperplanes generating the Poisson tessellation, we have:

— 6
ey = 4N
- 3
b= o
b B )2
viee) 4

For this model,
r(h) = exp(—mAh)
r'(h) = —mlexp(—7Ah)
r(h) = m*M\exp(—7mAh), r"(0) = m2\?

and
Ly = 6P P (21 /4 — 1) = 67 PPy Pn®A*0.57080  (12)

Figure 2: Three-components Poisson mosaic (2 scales)
left (P, = 0.368, P, = 0.328, Py = 0.304)
right (P; = 0.353, P, = 0.35, P3 = 0.297)
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4.4 Dead Leaves mosaic

The construction of the Dead Leaves Tessellation is obtained sequentially,
as detailed in [12, 8]. By implantation of any shape of compact set A’ (like
spheres, ellipsoids, cylinders, Poisson polyhedra, etc.), random tessellations
with cells of complex shapes are obtained. It was shown in that case:

S(hy hy) = VANAL, NAL,) V(A
’ V(A V(A UA, UA,)
_ G, he)
§(h1, ha)

For this model, the normalized geometrical covariogram of a class of the
tessellation p(h) is given as a function of the normalized covariogram of the
grains r(h) by

plh) = 3 i(:fg B
and therefore
o = 2

We have

[\
~—~
[\)
|

=
—~
>
~—
~—

)

ﬂ\
—~
>
SN—

+
[\
ﬁ\
—~
>
| —
[\
~—~
[\)

|

=
—~
>
~—
~—
ﬂ\
—~
>
~—

p'(0) = 2r"(0) +4((0))*

E(ha, ha) gr=C(hay ha) = C(ha, o) =€ (ha, ha)

0
9 (o) = .
( ) (g(hlahQ))

Ohy

and

(is(hl, h2)) = p'(0) = 2'(0) = 7'(0) — <— (1, h2>)

8hl h1=0,h2=0

so that

0 0
(a—hlf(hl, h2))h - (a—h;ml, hz)) — _(0)

h1=0,ho=0

13



The second order derivative of s(hy, hy) is given by (noting &(hq, he) = £ and
C(h1, h2) = ()

92
4—
g 8h18h28(h17h2) (13)
a 0 02 a 0 0? 0 0 0
— 2 _ o _9¢_~ i R
= ¢ (8h2€8h1<+§8h18h2< By oy Cam%f) 2ot <§8h1< C(‘?hlf)
We have
§(h1, ha) = 3 —r(hy) — r(he) — r(hs) + ((h1, ho)
and then o2 o2
Dindhy° ~ Omohy" " )
To evaluate (%s(hl, h2)> Y o, Weuse equation (13) and the fact
10h2 1=0,ho=0
that (%C) = 7'(0). Therefore
o2
% sy, h
(ahlahf( : 2)>h120,h220
b b
— (! 2 — / 2 _ " O 2 !/ O / 0 !/ O
(())+V(A,)+(()) V(A')+T()+ r'(0) ('(0) +(0))

= 4(r'(0))* = +r"(0)
It comes

’ (agli?é}f))m:&@:o —p"(0) = 8(r'(0))* = 2r"(0) + 2r"(0) — 4(r'(0))?

= 4((0)7 =1 (%) - <%)

where S(A’) and V(A’) are the average surface area and the average volume
of the compact set A’. Finally equation (8) becomes for the Dead Leaves
mosaic:

. 1/5(A)\° 3r 54N\
LVijk - 67T]DZPJP]€Z (V(A')) - 7P1]DJP7§ (V(A’) (14)
The term (r/(0))? satisfies
, 1
(r(0))* = =
L



where L is the average intercept of the primary grain A’. Therefore, the
mean length of triple lines is inversely proportional to the square of a size
parameter of the microstructure. Since p'(0) = 217(0), the average intercept
of the grain induced in the Dead Leaves Tessellation is twice the average
intercept of the mosaic built on the same grains [12]. As a result, a factor of
at least the order of 4 is expected for the mean length of triple lines of the
Dead Leaves model wit the same grains. It is interesting to consider some
instructive examples.

Figure 3: Three-components Colors Dead Leaves mosaic with Poisson
primary grains (P; = 0.345, P, = 0.32, P3; = 0.335)

e Using as primary grains Voronoi polyhedra with surface area S =~
5.82107%% [2], it comes Ly = S PP P33, 8846%3, to be compared
to Ly = 6m P PPy X 1.175 66%? in the case of the Voronoi mosaic.
The triple boundary line of the Voronoi Dead Leaves Tessellation is

7.20 times higher.

e Using Poisson polyhedra as primary grains (Figure 3), with surface area

24/(m3\?) [13], we get g((‘zl,)) = 4mA. It comes L}, ;) = 3 x 16 P, P; P\

to be compared to Ly, = 67 P, P; P,m)\*0.5708 for the Poisson or the
STIT mosaic. The triple boundary line of the Poisson Dead Leaves
Tessellation is 7 times higher.

e Using Delaunay polyhedra, with surface area S ~ 2.3890~ %% and V =
35/(247%0) [2], it comes L, = 2 P,P;P;(2.3890"°222)2  to be com-

15



pared to 67 FP; P; P, 15. 1336%3. The triple boundary line of the Delaunay
Dead Leaves Tessellation is 1.75 times higher, but the length of the
triple line of the Delaunay mosaic is largely over estimated.

The Dead Leaves mosaic generates more fragmented grains, providing
much longer triple boundary lines (with a factor of the order of 7 in the
studied examples) starting from the same initial grains.

5 Multi-components Color Dead Leaves

A more general model than the Dead Leaves mosaic is obtained by sequential
implantation of color random grains A’(t) with intensity 0;(¢), generating the
Color Dead Leaves model [6, 7, 8]. For the present purpose, we consider the
time homogeneous case, where the grains A, and the intensities #; do not
depend on time. We presently consider a multi-components model A;, A;,
Ag,...,A,, built from m types of grains A}, ¢ = 1,2, 3, ..., m and intensities 6;,
1 =1,2,3, ... m. The process is stopped at t = +00. A realization of a 2D
section of a 3D model is shown on Figure 4.

[ § , .
Figure 4: Three-components Colors Dead Leaves with spherical primary
grains (P = 0.318, P, = 0.35, P; = 0.332)

During the sequence, new occurring grains cover already present grains
[6]. For the time homogeneous Color Dead Leaves model, the volume fraction

16



P; of the set A; for t — oo is given by

0, K;
P BEO)

j=m
Zl 0;K;(0)
j:

Some third order moments are given in [6, 8], but here we have to derive
probabilities P, (t) of any triplet {4, j, k}. The event

{I € Az(ﬂ,l’ + h; € Aj(t),l'—f— hy € Ak<t>}

can be decomposed into a sequence of incompatible elementary events at
different times 0 < u < t:

i) at some time u, x covered by some grain A%, z+h; and x+ hy uncovered
by A but x4+ hy € A;(u), x4+ hy € Agx(u) with probability Cj;(hs, u).

ii) From time u to ¢, points =,z + hy,x + hy remain outside of grains
appearing during this period, and building a sequential Boolean model, with
probability Q(hy, he, u,t).

The elementary probability P {x € Al(u),x + hy ¢ Al(u),x + hy ¢ Ai(u)}
is given by

Pz € Aj(u),x+ hy & Aj(u),z + hy ¢ Aj(u)}
= Hle(O) (1 - Ti(hl) — Tz‘<h2) + Si(hh hg)) du

Considering similarly the coverage of x + hy by some A’(u) and of z + hy
by some Aj (u), we get after integration with respect to u

Piji(hy, ho,t) =

/t 6:5(0) (1= ri(hn) — r3(ha) + s:(h, ha)) o (s, w)Q(ha hay u, £)

"‘/t QjKj(O) (1 - Tj(hl) - Tj(h3) + Sj(hla h2)) Cik(h27 U)Q(hh ho,u, t)du

+ /t HkKk(O) (1 — Tk(hg) — T'k(hg) + Sk(h,l, hg)) Cij(hla U)Q(hl, h2, u,t)du

with ([8], p. 358)

2 —ri(h1) —r;(h1)
2 — ’I“(hl)
_2 — Ti<h1) — T’j(hl)
1— T(hl)
q(u) = exp(—=0K(0)u)
Q(h,u) = q(u)* ")

Cz‘j(hlau> = PZPJ{ (1= Q(hy,u))

(q(u) = Q(h1,u))

17



where

) = 3 Pr(h)

We have
Q(hy, ha, u,t) = exp (0K (0)(t — u)E(hy, hy)) = q(t — u)sPh)

with
E(h1,ho) =Y P (3 = ri(ln) — ri(ha) — ri(hs) + ¢i(ha, b))
=1
and —
V(ANA, NAL,
Ci(hl,hg): ( i h1 h )

V(4)

: 1 — exp (—0K (0)t&(hy, ha))
/0 Q(h, ha,u, t)du = 0K (0)¢(ha, he)

t ¢
/ Q(h,u)Q(h1, ho,u, t)du = / q(u)z_T(h)q(t _ u)ﬁ(hhhz)du
0 0

= q(t)*" /Ot exp (=0K(0) (2 = r(h) = £(hn, ha)) u) du

_ g(1)Eh2) <1 . Qht) >
0K (0) (2 —r(h) — &(hy, ha)) MOECE)
q(t)é(hhhz) — Q(h,t)

0K (0) (2 = r(h) — &(ha, ha))

g — g()
OK(0) (1 = €(h, ha))

t
/ q(u)Q(hy, ho,u, t)du =
0

As a consequence,

t
/Cij(hlau)Q(hhth,t)dU
0

o {2 () — () <1 —oxp (<OK(0)€(h ha))  q()Eh) — g(t) )
N v 2 — T(hl) eK(O)f(hl,hg) 9K<O) (1 —f(hl,hg))
2= ri(hy) = ri(h) < q(t) ") — g(t) q(t)*"") — Q(hy, 1) )]

1—r(h) 0K (0) (1 —&(hy, ha))  OK(0) (2 = r(hn) — €(ha, ho))

18



When t — o0, ¢(t) — 0 and Q(hq,t) — 0 and therefore,

_ PP (2—ri(h1)—rj(h1))
0K (0)&(hy, hy) 2 —r(hy)

/ Cij(hlau)Q(hlah27u7t)du
0

and

f(hh h?)

15
PF,P, (13

P’ijk(hla h2)

2 — rj(hs) — ri(hs)

= (1 — Ti<h1) — Ti(hg) + Si(hh h2))

2— T(hg)
(1= ryln) = ) + ) E ) el
(1= ) = ra(hs) + s, b)) D)

A particular case is obtained when using the same primary grains for each
component. It corresponds to the Dead Leaves mosaic. In that case,

r(h) = ri(h) = r;(h) = ri(h)
Si(hl, h2) = (hl, hg) = (hl, hg) = S(hl, hg)

so that equation (15) becomes:

P (ha, h2)%
= 2(1—=r(h1) = r(h2) + s(ha, hz)) 2 — :Ezgg
+2(1 = r(hy) — r(hs) + s(ha, h2)) :Ezzi
+2 (1 —r(hg) — r(hs) + s(hi, h2)) ;523
and we can check that the formula given by equation (6) is recovered.

Lengthy computations are simplified when |h;| = |ha| = hg = h, for which it

19



comes for equation (15):

§(h, h)
PPP,

-Pijk(hl) h2)

1—r(h)
2 —r(h)
21— r(h) (k) + s(hn, ha)) 5 EZ;
F2(L = r(08) = r(h) + s(hn, b)) 37
1—r(h)

2 —r(h)

= 2(1—r(h) —r(h) + s(hy, hy))

= 2 (1 — 27”(h) + S(hth)) 3

For the result derived from the Dead Leaves mosaic, we get:

g(hla h2)
PP, P,

= (3=3r(h) + s(hy, hs)) (1

]Dijk(hla h2)

3r(h)
-~ 2—r(h)
1 —2r(h)
PR)
= Q—Lr(h) (s(hi, ho)(1 —2r(h) +2 —1r(h)) +6(1 —r(h))(1 —2r(h))
6(1 —r(h))

- ST (s(h1, ha) + 1 —2r(h))

) +25(hy, ha)

= (3(1—=r(h)) + s(hi,ha))2 ( ) + 25(hq, ho)

providing the same result.

To compute #;}upijk(hl, hy), we start from equation (15) and take into

account that many terms are equal to zero when h; = hy. We get

0
o [(1 = ri(ha) = 7ri(ha) + si(h1, ha))l, —o.n,—0
0
= [(1 = ri(h1) = ri(ha) + si(ha, h2))lp,—0,,, = O
4 1 h h hi,h = (0
oh, (1= 7j(h1) —7j(ha) + 55(h1, ha))l, —opymo = —75(0)

0
o (1 =7j(h1) = 7(h3) + sj(h1, h2))]y —gpymo = O

20



and

0 [(2 —ri(hg) — Tk<h2):| _ 0
8h1 2 — T(hg)
0 {(2 —ri(h2) — Tk(hz)} _ 2= r(he))((ri(he) + i (ho))
Oh 2 —r(hs) (2 —r(h2))?
_r(ha)((2 = ri(he) — ri(h2))
(2 —r(h2))?

0 {(2 —1i(he) — ’I“k<h2):| .

o | = —rl(0) =70

For the last term,

9,
a—hl[(l—ﬁc(hz) — 1(h3) + sk(h1, h2))]y —opp—o = O
e (AU AUSRUNS) )

and

eij@_ZT&i?w”Lloz —(0) —
0 {(2—n(h1)—rj(hl)}
Ohs 2—r(h)

Regrouping all non zero terms, we have

o2 §(hy, ha)
———— | P (hy, hy) 22
Oh10hs [ ik, hz) P, P; Py, :|h1:0,h2=0

= 75(0)(ri(0) + r3,(0)) + r,(0)(;(0) + 75(0))

J

= r4(0)r}(0) + 4 (0)r}(0) + 2r(0)r}(0)

= 0

Applying the second order derivative to the first term of the previous equa-
tion,

82
S P, )€, o)

5? 9 9 9 ¢

= — [P.(hy,h — [ Piir(hy, ho)| == + — |P,ip.(hy, ho)| ==
ahlahz[ ”k( 1, 2)]§+0h1[ zjk‘( 1 2)] ah2 +8h2[ ’L]k?( 1 2)] 8h1
We have
0
a_hl[P’ijk(hl’hQ)]hl:O,hgzo =0
0
%[Bjk(hljhmhl:om:o =0
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and
92
Oh10hs
1 0?
- ]DZ h ah — —
PP Py {ahlahz i 2)]’“—“2—0]
= (ri(0)r5(0) + ri(0)ry,(0) + 27 (0)r}(0))
By permutations of the indices 4, j, k, we obtain two other values for the
second order partial derivatives. Combining them, and summing, we get

f(hb hQ)

Pt ) S
il

:| h1=0,ha=0

L;ijk
21 P, P; Py, (((0) r;(o) +

+ ((rx(0)r(0)) +
—|— (T;(O)T’%O

J

and therefore

- S (50 (7 )+ o) (R = (o)

- g (S0 () o (1 (31« (3

For given primary grains A;, A; and Ay, the optimal composition, maxi-
mizing Ly, is provided by P, = P; = P, = 1/3, as for the mosaic model.

When using the same primary grains for components A;, A; and Ay, the
three-components Color Dead Leaves becomes a Dead Leaves mosaic, and

we obtain: B )
. 3r [ S(A)

This estimate recovers the result obtained from the Dead Leaves mosaic given
by equation (14).

It is interesting to express Ly, in equation (16) as a function of the
volume fractions and of the specific areas of contacts between components

A, Aj, Sy,,. Noting SAD a;, we have ([6, 8], p. 359):

V(A})
Sv, = PiPj(ai+ aj)
Sv.. = PiP(a; + ax)
Svy, = PjPi(a; + ay)

22



We get

(%): (S"ik >2+ ( o )2 = (@i +a;)* + (a; + ar)* + (a; + ax)? (18)

PP, PP, PP,
We have:
i i — L 19
-sz)] -Pzpk a’] Ak ( )
Svy  Sve @ —a
PP PR,
SV’Lk Svjk
— — = a; —a;
PP, PP

Combining equations (18) and (19), we get:
Sviy 2+ SV 2_|_ Svy 2_ Sviy _ SV ’
P P; PP PPy PP, PPy

(S S (S Sy’
BP;  PjB; kPP,  Pib

(a;i +a;)? + (a; + ax)® + (aj + ar)® — (a; — ax)® — (a; — ax)
= 4(a;a; + aar + a; + ax)

2= (a; — ;)

Equation (16) can be rewritten
s SV.. 2 Sv, 2 Sv,k 2
Ly, = —PPDP — —k —= 20
Sv,, O\ (S, Su\? . )
Tppp, (2 - Sva )2V OV ) (v S
8 b P; PP PP, Pib PP, PP

Alternatively, equation (16) can be expressed as a function of specific surface
areas of all components A;. We have ([6, 8], p. 359):

&q:=f%<“—23><§$g)‘%Kin)
= P(1-2P)a;+a)

from which we obtain
Sw - PZ'(I
1-2P

a; =

23



with
i=m —A,
5 = S0l
i=1 Zi:l 0;

SR OF o ZPa
Yl 0K(0) ST 0K(0 =

i=m PZS% i=m .Pi2
- ;1—23_(1;1—23

Therefore,

i=m P2 i=m PSV
1 7 . i
“(+Zl1—za) ;1—219
and finally a is expressed as a function of volume fractions P; and specific
surface areas Sy, by:

. PiS
o Z:,:T 1—2‘]/31- (21)
a= 1 i=m PZ.2
+2iC1 TP

and equation (16) can be rewritten, with given by equation (21):
*Vz'jk; = (22)
m Sv. — CL_PZ' Sv. — (l.Pj
—RPP i J
2" " ’“<( 1-2P, > < 1- 2P
N Sy, —aP; Sy, — aPy N Sy, — aPy Sy, —aPb;
1-2P, 1— 2P, 1— 2P, 1- 2P,

The merit of equations (20) and (22) is that in the framework of this
model, Lj,. is directly estimated from the volume fractions and specific
surfaces areas of contact between {i, j, k} components (equations (20)), or
specific surface areas of all components (equation ((22)). This information
is available from 2D (or even 1D) images of a microstructure by derivatives
of the cross-covariances and covariances for h = 0 , so that there is no needs
to make an identification of the parameters of the underlying Color Dead
Leaves model to provide an estimation of Lj,;;; in that situation. Of course,

a validation of the model to represent a given microstructure should be made,
which is feasible from the use of covariances and cross-covariances.
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6 Three components models based on the su-
perposition of independent random sets

A convenient way to generate muti-component random structures is by means
of a superposition of independent random sets, as initiated in [5, 6]. Con-
sider now the random structure composed of A; = A}, Ay = A, N (A})° =
Ay N (AY)e, and Ag = (A45)° N (A})°. The primary random sets A}, A, are
independent random sets. The probabilistic properties of each component A;
depend only on the probabilistic properties of the primary random sets A
and A}. The TPB lines are obtained from the intersection of the boundaries
of Ajand As, which are given by the intersection of the boundaries of Ajand
Al.

We denote by k7 (z) and k}(z) the indicator functions of the sets A} and
Al. For this construction of three-components random sets, we will have to
compute separately P;j;(h1, ho) for the six combinations of items {1, 2, 3}.

Pias(h1,he) = Pz € Ay, x4+ hy € Ay, + hy € A3)
= E{K(x)ky(z + hi)(1 = K (z 4+ h))(1 — ky(z + ha))(1 — K (z + he))}
= (g3 — Q5(hs)) E{K} (2)(1 = Ky (z + h1))(1 = ky(z + ha))}
= (g5 — @Q3(ha)) (P} — C1(M) — Ci(h2) + P{(h1, h2))

where Q) (hs) is the covariances of the set (A4,)¢, and P!(hy, hy) is the third
order probability of the set A|. We have

(@) = (ot @um)) ==y

and

0 0

a—hl(P{(hh h2))ny=0,ny=0 = s (P1(h1,h2))p,—0 py—0 = (C1(0))’

When hy =hy, =hand h — 0

82
P
(g Pt )

h1=0,hy=0

— () (— (L)) + (Pl h2>>hlo,hzo)
~(y(0)) (— (A0 + 5o (Pl hz>>h1_o7h2_o)

= 0
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Py31(hy, he) P(z € Ay,x 4+ hy € Az, x + hy € Ay)
E {ky(x) (1 — Ky (2))(1 = Ey(2 + he)) (1 — ky(z + ha))kKy (@ + o) }
(75 — Qo(h)) E {ky (2 + h2) (1 — ky(2))(1 — Ky (x + h1))}

(43 — @3(h1)) (P{ = Ci(hs) — Ci(ha) + Pi(h1, ha))

and

82
————Ps31(h1, R
(8h1@h2 2o, 2)>h1:0,h2=0

= (C3(0))" (=(C1(0)) = (C1(0)) + (C1(0)))
(C3(0)) (C1(0))

Pglg(hl,hg) P(ZL‘EAg,fL'—I—hl 6A1,l‘+h2€A2>
E{(1 = HF(2)(1 = ky(z)ki(z + ha)(1 = k(2 + h2)) (1 — k5(2 + ha))}

(g5 — Q5(h2)) (P{ — Ci(h1) — Ci(h3) + P{(hy, h2))

and

82
——Ps5(hy, h
(ah13h2 bz, 2)>h1:0,h2=0

= —(C3(0))" (=(C1(0))" = (C1(0)) + (C1(0)))
= (C5(0)) (C1(0))
Pglg(hl,hg) P($€A2,$+h1 €A17$+h26143)
E{(1 = Ky (2)) k()R (2 + ha) (L = Ky (z + ha))(1 = ky(x + ha))}
(42 — Qs(h2)) ((P] = C1(h1) = C1(h3) + P{(h1, hs)))

and
82
(ahlahg Pans(fu, h2>> R
= —(C5(0)) (=(C1(0)) = (C1(0)) + (C1(0)))
= (C5(0))" (C1(0))

Plgg(hl,hg) P($€A1,$+h1 €A37$+h2€A2)
E{ky(2)(1 = ky(z + b)) (1 = kay(z + ha))(1 — ki (z + he))ky(2 + ha)}

(g5 — Q5(hs)) (P] — C1(h1) — C1(hg) + Pi(h1, hs)))
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and

02
<MP132(h17h2)> =0

h1=0,h2=0

P321<h1,h2> = P($€A3,§U+h1€A2,$+h2€A1>
= E{(1 - ky(2))(1 = ky(2))(1 = ky(z + ha)) ko (2 + ha)ky(z + ha))}
= (g — Q5(M)) ((P] = C(h2) — Ci(h3) + Pi(h1, h2)))

and

82
————Ps3o1(h1, h
(8h1ah2 b 2))h1_0,h2_0

= (C3(0))" (=(C1(0)) = (C1(0))' + (C1(0)))
= (C3(0)) (C1(0))

and finally, noting 57, and S}, the specific surface areas of the random sets
A} and A, we get

* ! / ! / 1 ! !
Lir93 = 8 (C5(0)) (C1(0)) = 55\/15’\/2 (23)

We will now use for comparison a result from Stochastic Geometry giving
Ly123 when A}, A, are independent random sets with specific surface areas
Si, and Si, [14], [2]:

T
Ly123 = ZS{/ls(/Q (24)

The result of equation (24) shows that the value of L},,; given by equation 23
obtained by means of the third order moment P;;x(hq, hy) through equation
(2) is underestimated. This bias is therefore corrected after multiplication of
equation (2) by the factor 7 to provide a correct estimation.

L3155 in equation (24) can also be expressed as a function of the specific
surface areas of the observed sets A; and A, = A, N (A;)°. We have

Ca(h) = C(h)Qx(h)

and therefore:
C5(0) = (1 = P) (C5(0)) — C1(0) A

Py
Sy = (1 - Pl)S{/Q + 1_—PlSV1

and s P
S/ _ V2 B 2 S
V2 1— P (1 _ P1)2 V1
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Equation (24) can be rewritten:

) 25, P,
Ly 193 = 1_—];1 (sz b 5\/1) (25)

L3153 can be directly estimated by equation (25) from the properties of the
observed microstructure (volume fractions P;, P, and specific surface areas
Sy1, and Sys) estimated on 1D or 2D images , without any identification of
a random set model for the two components A; and As. The only condition
for equation (25) to be valid is the assumption of independence of the two
underlying random sets A; and A}, which can be easily tested from the
experimental cross covariances ([8], p. 126). However, experimental sampling
errors on the volume fractions and specific surface areas of components A;
and A, can lead to large errors on Lf,, estimated by equation (25).

The other specific surface areas are derived from the covariances and cross
covariances of this model ([8], p. 125-126) and can be used for further tests
of the assumption of independence:

Sys = (1—P)S, 1fP15 svﬁfig_é?

I Py P
Svi, Sy, = ———Sv1, Sy, =
1 — Pl V1, PVig — 1_— P1 V1 PVog — 1— P1

Svi

Svi, Sy1 — Sy

In what follows, we give examples of applications using the superposition
of Boolean models, two-components mosaics, Color Dead Leaves models, a
Dilution random function and truncated Gaussian random functions. The
choice of a given model for the components A; and A, can be made sepa-
rately among available models, which gives a lot of flexibility for the final
microstructures and the corresponding lengths of TPB lines.

6.1 Superposition of Boolean models

In the case where the random sets A} and A}, are Boolean random sets (Figure
5) with primary grains A} and with volume fraction 1 — ¢;, we have ([8], p.
169):
S(AY)
S g = T = L ilO i
1% V(A7) gi 10g q

()

and therefore

s = S T (- P los(1 = P (1= PYlog(1—F)  (26)
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In a first step, it is interesting to look for volume fractions P; and P, maxi-
mizing Ly 103 for fixed primary grains. We have:

0
3_Pl<1 — P)log(l—P) = —1—-log(l—P)=0

1-P = exp—1,PL=1—exp—1>~0.63212
and then for the variation with respect to P; we get

P, = 1—exp—1
P, = exp—1—exp—2~0.23254

and
P3:1—P1—P226Xp—22013534

We have to notice that the volume fractions P, P, and P; are larger
than the usual percolation threshold of the Boolean model (A;) and of its
complementary set (like Ag). It is therefore expected that the TPB lines
percolate in that case. They differ from the equirepartition maximizing Lj ;5
in the case of the mosaic model.

For volume fractions maximizing Ly23, we have

(1—P)log(l—P) = —exp—1
(1—Py)log(l — P)(1— Py)log(l—Py) = exp—2=0.13534

and equation (26) becomes

Lo, TS S o6 5D S(A)
123max — I7 7 / - I/ I\NY/ /
4V(A7) V(A3) V(A1) V(A3)
S(A7)

i 1T
(4] o L
being the average intercept of the grain A, which is a size parameter. As
a consequence, Ly 193 decreases with L and is expected to increase for lower

size of primary grains and given volume fractions of components.

We can notice that in equation (26), is equal to —4r.(0) =

For applications, it is interesting to collect the ratio é((—‘j,)) for different
types of grains. They are given in table 1 (where P mean Polyhedron).

Poisson fibres with radius r can be constructed as a limiting case of a
Boolean model of cylinders for [ — oo and an intensity 6§ — 0 ([8], p. 224).

For this model, we get:
S , 2nrl 2
— = lim =
Vi iscomr?l 7
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Sphere | Cylinder | Cube | Parallelepiped | Poisson P | Voronoi P | Delaunay P
S |4nr® | 2nr(r41) | 6a® | 2(ab+ be+ ca) | 24/(73\?) | 5.821072/3 | 2.3899~ /3
V| gmrd | ar?l a® abe 6/(m*N\*) | 1/60 35/(24720)
S/v |3/ | A 6/a |22 +14+1) | 4m) 5.8210/° | 2.389¢'/3 24"

Table 1: Ratio Surface area / Volume of various random grains

Similarly, Poisson strata with thickness [ are obtained as a limiting case
of a Boolean model of cylinders for r — oo and an intensity # — 0 ([8], p.
224). For this model, we get:

S 2r+1l) 2
1 i
V i rl [

The size effect on Lj45 is increasing from Poisson strata or fibers, to
spheres and cubes.

Figure 5: Superposition of two-components Boolean models with spherical
primary grains (P, = 0.497, P, = 0.274, P; = 0.229)

6.2 Superposition of two-components mosaics

Consider now as primary random sets two binary mosaics (Figure 6), built on
random tessellations with random cells C'y and C5 and with volume fractions
P/ and Pj. Introducing the specific surface areas given by equation (5) into
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equation (24), we obtain

m E(C’l) E(CQ)
L9 = —Pi(1 — P)Py(1 — Py)= = 27
vizs =y Pi(l = P1)Py( 2>V(CI) 7(Cy) (27)
The volume fractions maximizing Ly 193 are given by
1 1 1 1
P = — Pl = — P = — P = —
1 2) 2 27 2 47 3 4

The same size effect as for the superposition of Boolean models (subsection
6.1) is observed for this three-components model.

L

Figure 6: Superposition of two-components Poisson mosaics (P; = 0.504,
P, =0.281, P; = 0.215)

6.3 Superposition of Color Dead Leaves models

We consider random sets built from two Color Dead Leaves (Figure 7) as
basic random sets A} and Aj. Each one is built from two types of grains
(one for A} and one for A} ¢). We have

2~ ri(h) — ry(h)
2—r(h)

Cus(h) = P.P,

with



In the case of two components Color Dead Leaves ([8], p. 358),

2 — Tl(h) — 7“2(h>
2 —r(h)

Cia(h) = Pi(1 — Py)

and

(2 —r(h))(=ri(h) — ry(h)) + (2 — r1(h) — r2(h))r'(h)
(2—=r(h))?

(C12(0)) = =Py(1 = Py)(r1(0) + 3(0))

Therefore, for the combination of two Color Dead Leaves models, with pri-
mary grains Alllv A/12> A/217 AI22

Cly(h) = (1 - P)

Liy193 (28)

_ T _ S(AY) | S(A1) 11 pr S(Ahy) | S(Ah)
- AR <V<Aal>+V<A32>)P2“ P) (V(Ago*m'm))

It is easy to deduce that the volume fractions maximizing Ly 153 are given
by

1 1 1 1
P==-P=-P=-P==
1 2; 2 27 2 4; 3 A

For these volume fractions, equation (28) becomes
T <§(A/11)

Ly max — p4 \ ™5 +
v 64 \V(A}) ~ V(4,)

§<Aag>> (3t §<A;2>>

V(Ay)  V(A)

The same conclusion as for the superposition of Boolean models can be
derived about the decrease of Ly 123 with the size of primary grains. When
using only two types of primary grains, A}, = A}, = A and A}, = A}, = A,
it comes

L* max: e - * Ewd
v 16V (A}) V(A45) V(A}) V(Ap)

so that the superposition of two Color Dead Leaves random sets provides a
triple boundary line with length about two times more than what is obtained
for the Boolean model with the same grains and optimal volume fractions.
It is also instructive to compare this result to the three Color Dead Leaves,
for which the maximized length is given by:
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which is close to the result obtained for the superposition of two Color Dead
Leaves random sets with optimal volume fraction. Dead Leaves models pro-
vide more fragmented textures than Boolean models with the same primary
grains, providing microstructures with longer triple lines, up to a factor close
to two.

o .

Figure 7: Superposition of two-components Color Dead Leaves with
spherical primary grains

(P, = 0.336, P, = 0.239, Py = 0.425)

6.4 Superposition of random sets generated by dilu-
tion random functions

Consider a random function model given by the random number N(z) of
primary grain A’ covering x, grains being located on points of a Poisson point
process with intensity 6 ([8], p. 542). It is a variant of the Dilution random
function. The set obtained with zero grain is the complementary set of a
Boolean model with primary grain A’ and covariance Q(h) with derivative

Q'(0) = — (exp(=0K(0)(2 = r(h))))p=g = —alog gr'(0)

The random number N of grains hitting x is a Poisson random variable with
intensity a = #K(0), and with probability P,. The set A, where N(z) =n
has for volume fraction:

n n

a
&zmwwwzmq
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We have

an+1

a” a®, a
Po1—P,=q| —— — — ) =q— —1
i q((n—l—l)! n!> qn!<n+1 )

so that P,.1 < P, for a < n + 1. Therefore P, is decreasing with n for n
large enough, and for a given a, P, — 0 when n — oo.
For a given n > 0, a maximal volume fraction can be reached. We have

d anfl a’ anfl a

%Pn = m exp(—a) — W exp(—a) = (n—1)! exp(—a)(1 - g)

and the maximum of P, is given for a = n. We get:

1 2 3 4 )
g=-exp(—n) 0.36783 0.13534 0.0498 0.0183  0.00673
7’; exp(—n) 0.36788 0.27067 0.22404 0.19537 0.17547

S

6 7 8 9 10
0.0025 9x107* 3.35x107* 1.2x107* 4.5x107°
0.16062 0.149 0.13959 0.13176 0.12511

The morphology of the sets A,, is very specific: by construction, A,, is very
fragmented, and there is no contact between sets A, and A, for k > 1,
and between sets A, and A,_, for £k > 1. Contacts occur only between
components A,, A,_1 and A, 1. We will denote by C,,(h) the covariance of
the set A,,.

For illustration, we consider cases with n = 1,2, 3,4, ...n. The covariances
of sets Ay, As, Az, Ay are given by ([8], p. 545-546):

Ci(h) = Q(h)ala(l —r(h))*+r(h))

Cy(h) = Q(h)z(cf(l —r(h))* +4ar(h)(1 — r(h))* + 2r(h)?)
Cs(h) = Q(h)%(cﬁ(l —r(h))® 4+ 9a*r(h)(1 — r(h))* + 18ar(h)*(1 — r(h))? + 6r(h)?)
Cu(h) = Q(h)ﬁ (a*(1 —r(h))® + 16a®r(h)(1 — r(h))®

+72a%r(h)*(1 — r(h))* 4+ 96ar(h)*(1 — r(h))? + 24r(h)*)

where r(h) = % and a = 0K (0) = —logq. The specific surface areas of

sets Ay, A, A3, Ay, are obtained from the derivative of the covariance in
h = 0.
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6.4.1 Random set A;

A realization of a 2D section of a 3D model obtained by superposition of two

random sets A; is shown on Figure 8.

WA PR R pea el
?“t}g’ % ok

Figure 8: Superposition of two-components level sets (N (z)
Dilution RF with spherical primary grains
(P, = 0.376, P, = 0.200, Py = 0.424)

The derivative of the covariance C;(h) is given by:
C1(0) = Q'(0)a+ Q(0)ar'(0) = a(—r'(0)qlog g + ¢r'(0)) = ar’
= —qlogqr'(0)(1 —logq)
and _ —
S(A") 5(4A")

Sy, = ——2qlog q(1 —logq) = —
Vi V(A,)qogq( 0gq) )

= (S0 i v

For a given primary grain, the maximum of Sy, is obtained for

qa(l+ a)

giving

d 1
& (qlogq(1 —logq)) = —quogq + (1 —log ¢)(1 +log q)

= —logg+ (1 —logg)(l+logq)
= —logqg+1—(logq)? =0 forq= e
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1+

=

l+a—d>=0,a=

2
and V5
q= exp(—l—’_T5) = 0.19829
for which
S(A"
Svimax = —e=—20.19829(1 — log0.19829) log(0.198 29
Vi () (1 —log ) log( )
<o
_ W) 83906
V(A
giving
77 54N\ AN\
LY max = — X% 0.83996° (_—) =0.55412 <_—>
’ 1 V(A" V(A"

so that Ly, obtained for that model is about five times the maximal value
obtained for the Boolean model with the same grains (§ exp —2), and about
three times the maximal value of the Color Dead Leaves model with the same
gains.

The maximum of Sy, is obtained for

P, = —0.1982910g 0.198 29 = 0.320 84

6.4.2 Random set A,

A realization of a 2D section of a 3D model obtained by superposition of two
random sets Aj is shown on Figure 9. The derivative of the covariance Cy(h)
is given by:

C3(0) = Q(0) 5 + a7 47'(0)
and S(A") [ a? S(A"
SV2 V(A/) <§qa+qa ) = V(A’)q (5 + 1)
giving B )
w [ S(A a
L*V123 = Z (V((A’))) q2a4(§ + 1)2 (30)
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the maximum of Sy, is obtained for

a

a0 (qa2(§ + 1)) =0

_%qa2$+(—+l)(a2—2a) =0
—g+(g+1)(a—2) — 0
—a+(a+2)(a—2) = 0

a>—a—4 = 0

1+ /1
a2—a—4:O,a:+—7
2
and
1+ /17
= exp(—%) — 7.7185 x 102

Figure 9: Superposition of two-components level sets (N (z) = 2) of
Dilution RF with spherical primary grains
(P, = 0.283, P, = 0.194, Py = 0.523)

for which
S(A") L e, log7.7185 x 1072
Svymax = —V(A,)z 7185 x 1072(log 7. 7185 x 1072)%(1 + 5 )
<q !
_ A 551
V(A)
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giving

e () o (38

providing a triple boundary length about 10 times higher than for the Boolean
model with the same grains. The maximum of Sy, is obtained for

2
1+/17)\ 1 1+ /17
P, = (JFT) —eXp(—+T) = 0.25323

2

6.4.3 Random set A;

A realization of a 2D section of a 3D model obtained by superposition of two
random sets As is shown on Figure 10.

Figure 10: Superposition of two-components level sets (N (x) = 3) of
Dilution RF with spherical primary grains
(P, =0.19, P, = 0.145, P; = 0.665)

The derivative of the covariance C3(h) is given by:

a? a’

G5(0) = Q0)556 +a55;187(0)

313!
= (@ )
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and

a® S(A")
Vs — yqv A/) (a’ + 3)
giving
., 7w (54 (a3 2

the maximum of Sy, is obtained for

7 (¢ (o)) =0

q 6 2 6 6 2
11 a 1

_32 - - 3”7 - — O
a(6a+2)—l— (6+3)

—9—-3a+al24+a) = 0
—9—a+d® = 0

a?—a—9 = 0

a?—a—9=0,a 1 + \/_
and JF
q = exp(— ! +2 37) =2.8973 x 1072
for which
_ 5w, 1+ f +/37
= (A> 1.4029
V(A
giving
! QA 2
Ly e = 71.4029? <S(A)> =1.5458 (&)
e V() V()

providing a triple boundary length about 14 times higher than for the Boolean
model with the same grains. The maximum of Sy, is obtained for

3
1(1+/37 14++/37
P3:6 exp(— 5

=0.21447
5 )
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6.4.4 Random set A,

The derivative of the covariance Cy(h) is given by:

24a* 24a*
Cy(0) = Q/(O)M KT 4r'(0)

4

a7 (ar'(0) +47(0))

24a* |
Taar”

(0)(a +4)

S(A") a*

5(4) 24a” (a+4) == ))Qf(a +4)

% vy Ta

4 () ()

the maximum of Sy, is obtained for

=~
=
=

giving

—0Sy, = Ofor

—qa4$+(a+4)(a4—4a3) =0
ot (e-t)aty) = 0

1
a>—a—-16 = 0,a= V65
2
and /e
1
q = exp(— +2 65) =1.0769 x 1072
for which
S(A) o, 1465, 1465, 1
max — @ = 1. 1 4 R
Sy, v 0769 x 1072( 5 )+ — )24
<o
_ 3 )1.6136
V(A"
giving B , _ )
A A
o =T gse (2} Z g gaag (24
T g V(4) V(&)
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providing a triple boundary length about 19 times higher than for the Boolean
model with the same grains. The maximum of Sy, is obtained for

1 1+ /65
P, = 4|< +2\/_> eXp(——i_T\/_):().18913

6.4.5 Random set A4,

More generally, for any n; Sy, is obtained by induction:

S(A’) a”
V(A’)

(a +n) (33)

Vo =

For a fixed, Sy, decreases with n, for n large enough:

= 5(4) _ @ a+n
Svn+1_S‘/n = V(A’) (( ) (a+n+1) n'< + ))

B ?(A’) at [ a latn

= V(A’) ( +1(a+n+1) (a+ ))

_ E(Al) a_ 1 2 2

S T i@ )

[\

and Sy,,, < Sy, when a® —n? —n <0, or n® +n > a®. Therefore, for fixed

a, Sy, — 0 when n — oco. We have

« T E(AI> ’ o 0% 2
LV123 - Z <V(A,)> q n'n'(a + n) (34)

For n given, Sy, reaches a maximum obtained from

dg, - 5 (Z—n(a O S G it n))

dq V(A) \ n! n! (n—1!
SVW—OfOI“
hl 2 _a=n =0
(a+n) ~—a-n
2
a—+a—g—a—n = 0
n n
1 241
> —a—n? = 0, a= + 2n+



for which

_ vn?2 "
< S(A") 1+vn2+1 <—1+ 2 H) (1+ n2+1Jr )
max — > exXp — n
g vy P 2 ! 2
and
2n
_ 1+vn2+1
. m (S(A) ? 5 ( 2 ) 1++vn?2+1
s max = (V(A’) exp— (14 ViE+T) A 5 "
This maximal value is obtained for the volume fraction
V2l
14++vn?2+1 <+2+>
P, =exp— 5 o

6.5 Superposition of excursion random sets of dilution
random functions

Consider now the excursion random sets of N(z). By definition,
Ay(m) = {z, N(z) > m}

It can be viewed as a Boolean model with primary grain A’, from which are
progressively removed grains, starting from Ay (m)¢. The volume fraction of
Apn(m) is given by
k=m—1 k k=m—1 k
a a
P,=1- Hexp(—a)zl—qz —

k=0 k=0

The set obtained for m = 1 is the Boolean model with primary grain A" and
with covariance

Q1(h) = Q(h) = exp (0K (0)(2 = r(h)))
The covariance of the complementary set of Ax(m) is given by
Qm(h) =P{N(z) <m,N(xz+h)} <m

By construction,
AN(m + 1)0 = AN(m)C U Am
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and

Qu1(h) = Qu(h) + Cr(h) + 2> P{N(z) = m,N(x + h) = k}

k<m

To estimate the specific surface area of the set Ay (m+1), we have to compute
the derivative @/, ,,(0). Since there is no contact between A,, and A,,_;, for
k > 1 it comes

Qi1(0) = Q4 0) + CL(0) + 20 (P (N(@) = m, Nz + h) = m — 1}),.,

The covariances can be useful to fit the parameters of a model. For m =
2,3,4, we have ([8], p. 548):

Q2(h) = Q(h) (a2(1 —r(h))? +a(2—r(h) + 1)

Qs(h) = Q(h) (M +a(1—r(h)* + 2= r(h)”

1 5 +a(2—r(h)) + 1)

Q) = Q) (2 )P+ (2 )P+ (1 )+ a2 ()

6.5.1 Random set Ay(2)

From the definition of Ay (m) we have for m = 2

Q2(h) = Q(h)+Ci(h) +2P{N(x)=0,N(x + h) =1}
= Q(h)+ Ci(h) +2aQ(h)(1 —r(h))

and

Q5(0) = Q'(0) + C1(0) — 2qar’(0) = qar’(0) + gar'(0)(1 + a) — 2qar’(0)
= qar'(0)(1 + (1 +a) — 2) = ga*r'(0)

The specific surface area of Ay (2) is given by

=50,
and
« T E(A/) ’ 2,4
Lviss = 4 (V( A,)) q (35)



Sy (2) is maximal for
a>—2a=0,a=2

S(A ) dexp —2 = 0.541 34&

Vmax(2) = V(A) V(A')
giving
L — 70541 342 (S(A/)) =0.230 <M
Vizgmax = 4 V(A) ' V(A

:

providing a triple boundary length about 2 times higher than for the Boolean
model with the same grains. It is reached for the volume fraction

P=1—(1+2)exp—2=059399
6.5.2 Random set Ay(3)

We have

Qs(h) = Qa(h) +Ca(h) +2P{N(x) =2,N(x + h) =0} + 2P {N(z) =2, N(z + h) =1}
= Q2(h) + Ca(h) + Q(h)a*(L — r(h))(a(L — r(h))* + 2r(h)) + a*Q(h)(1 — r(h))*

4(0) = Q4(0) + C3(0) — 2¢'(0)qa = ga®'(0) + qa*’(0) (5

a3

— / _
so that the specific surface area of Ay (3) is given by
S(A) a®
Sy(3) = = —
v(3) = V(A')q 9
and _ )
. T (SA)Y et
LV123 A\ Ui
4 \V(4) 4
Sy (3) is maximal for
@ _3p 0,a=3
5 ¢ =0a=
the maximal surface area is given by
S(A") 27 S(A")
S 3) == — —3) =0.67213=—-+
o) = T 3 P o

44

+1) —2r'(0)qa
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and

=/ AN 2 =/ AN 2
Ly e max = Z0.67213? (E(A)) :0.3548(§(A))
e V(4) V(4)

providing a triple boundary length about 3 times higher than for the Boolean
model with the same grains. It is reached for the volume fraction

9
P=1-(1+3+3)exp—3=057681

6.5.3 Random set Ax(4)

We have
Q4(0) = Q4(0) + C0) + 257 (P{N(x) =8, N(x + h) = 2}),_y

with

P{N(z) =3 N(z+h) =2}

_ %Q(h) (1 = r(R))a2r(R)* — da?r(h)?® + 6a%r(h)? — da?r(h) + a?

+6ar(h)® — 12ar(h)® + 6ar(h) + 6r(h)?)

and 9
250 (PAN(2) = 3, N(z + h) = 2}),_0 = —qa®r’(0)
Q) = )% + a0 4 L)) — gat(0
= q?“’(())%4

so that the specific surface area of Ay(4) is given by

S(A) a
Sy (4) = —
v = T 7
and )
., S(A") , ad

which is maximal for



the maximal surface area is given by
S(A') 44

A/
i) = S50 o

exp(—4) = 078147

V(A)
L0 max = %0.781 A7 <§((i))>2 = 0.479 64 (g((i)) )2

providing a triple boundary length about 4.5 times higher than for the
Boolean model with the same grains. It is reached for the volume fraction

16 64
P=1-(L+4+ 5 +)exp—4=056653

6.5.4 Random set Ay(m)

More generally it is interesting to consider the random set Ay (m). A realiza-
tion of a 2D section of a 3D model obtained by superposition of two random
sets Ay (5) is shown on Figure 11.

Figure 11: Superposmon of two—components thresholded (> 5) Dilution RF
with spherical primary grains
(P, = 0.456, P, = 0.347, Py = 0.197)

We can infer that the specific surface area of Ay(m) is given by
(A7)~ a”
(A Lm —1)!
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Sv(m) = ;



and

We have

s - - B ()

and Sy (m + 1) > Sy(m) for a > m. When this condition is fulfilled, Sy (m)
grows with m. Sy (m) is maximal for a = m. We have:

(A)  mm

S
S 1) = V(A (m — 1) exp(=m)
SVimax (M) = Svipae (M — 1) = ;((j,)) ((mm_ml)! exp(—m) — % exp(—(m — 1))
_ SWesp(—(m-1) (_wm
V(@A) (m-2)! <<m_1) (m—1) )
_ S(A) exp(=(m — 1)(m — 1) m .
V(A (m —2)! <<m " D(m—1) 1 1)
_ E(A’) exp(—(m — 1)(m — 1)m—1 mm .
V(4 (m —2)! <(m —m 1)

and therefore
Svmax (m) > Svmax (m — 1)

The maximal surface area is growing with m. We have:

2

1 _ 5(4) m exp(—2m
LVlzgmax - 4 (V(A,)) (m_ 1)'(m_ 1)' p( 2 )

6.6 Superposition of random sets generated by two
thresholds of dilution random functions

Consider now the random set Ay (m,n) defined for n > m by
An(m,n) ={zx,m < N(z) <n}

A realization of a 2D section of a 3D model obtained by superposition of two
random sets Ay(10,15) is shown on Figure 12.
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Figure 12: Superposition of two-components thresholded (10 < Z(z) < 15)
Dilution RF with spherical primary grains
(P, = 0.435, P, = 0.264, Py = 0.301)

. ; .&; A \

From the definition of Ay (m,n), we have
An(m,n) = Ax(m) N Ax(n)°

and therefore
An(m,n)¢ = Anx(m)°U Ax(n)

The covariance @, (h) of set Ax(m,n)¢ is given by

Qun(h) = Qu(h) + Covaym)(h) +2C00 4 (n), Ay (m)c(h)

where Cova ) (h) is the covariance of Ay(n) and Covay(n).aym)c(h) the
cross covariance between the two sets Ay(n) and Ax(m)°. Since there is no
contact between these two sets, Sy Ay (n),aym)e = 0, and the specific surface
area of Ay(m,n) is given by

Sy (m,n) = Sy(m) + Sy(n)

and, using equation (38), we get

Sy(m,n) =

=l @l
=
N—
NS
VRS
s}
3
s}
3
~__
~
=

(A7)



When n = m + 1 equation (40) recovers the expression of Sy, given by
equation (33). Since Sy (m) grows with m for m < a and Sy (n) grows with
n when n < a, Sy(m,n) grows with m and n (for a given n—m) when n < a.

We have

=5 () (@)

As before, we can look for a maximum of Sy (m,n) with respect to ¢. From
a derivation of equation (40), we have to satisfy

a” a™ a® —1 g1
o e (e )
RSy T e e

The solution has to satisfy a"~™ > 0 and therefore =" > 0, so that m <
a < n. It is a root of a polynomial of degree n —m + 1.

6.7 Superposition of truncated Gaussian random func-
tions

As far as we know, the use of independent truncated Gaussian RF was first
introduced in [10]. It was then proposed by [1] and compared to the su-
perposition of Boolean models. In [17] an estimation of L}, is derived
by means of equation (42). Many further studies using this model and its
generalizations were published, among others [15]. This model is illustrated
by Figure 13.

For random sets A} and A} obtained by thresholding two Gaussian ran-
dom functions with correlations functions p,(h) and py(h), the specific sur-
face areas in equation (24) are finite when p,(h) are twice differentiable when
h =0. We get

) 2 22
Sv = —4C'(0) = —exp(—7) v —,"(0)
77
This result is obtained as follows: for a truncated Gaussian RF Z(x) > X\ we

get a random set A, with covariance C'(h). We have [9]

p(h) exp (— £
C’(h)—p2:i —( 1+>dz

2m 0 1 — 22
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and

Simulated image

Figure 13: SOFC Anode. Segmented image: pores (black, P = 0.615), LST
strontium titanate (gray, P = 0197), GDC Ceria (white, P = 0.188).
Simulation by superposition of two-components thresholded Gaussian

random functions [1]

When p/(0) # 0, we have C’'(h) = —oo and the specific surface area of A
is infinite. Therefore, we consider the case where p'(0) = 0 and p”(0) # 0.
From a second order Taylor expansion,

p*(0) = p(h) = _%2 (38_’;p2(h)> h=0
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We have

0 /
%pg(h) = 2p(h)p'(h)
82 1/ /
ng(h) = 2p(h)p"(h) +2(p'(h))?
and therefore
p*(0) — p*(h) = —h?p"(0)
and
, 2 N o' (h) 2 A2 y
Sy = —40'(0) = ——exp(—7) flg(th——p”(O) = —exp(=7)v/=p"(0)
It comes for Ly a3 [17]
* m ! /
LV123 = ZSV1SV2
1 PR EDY:
= —exp(==5 )V ri(0)p5(0) (42)

The effect of components volume fractions P| and Pj is obtained through

2
variables A} and Aa: exp(—%) is maximal (and equal to 1) for A\; = 0, which
corresponds to P = Py = % for the thresholded Gaussian random functions.

Therefore, as for the superposition of Color Dead Leaves, the volume fractions
maximizing Ly193 are given by:

1 1 1
P==-P=- P=-
1 9 y 42 4 sy 43 4
As a particular case, we consider Gaussian correlation functions
h2
p(h) = exp(——)
a
with
2h h?
/ JR—
ph) = ——exp(=3)
4h? h? 2 h?
" o
pilh) = —rexp(——) — S exp(——)
2
/!
p"(0) = =
In that case, equation (42) becomes
1 A AL 2
Ly s = —exp(—1+="2)—— 43
Vi T exp( 5 )a1a2 (43)
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For sine cardinal correlation functions ([9], P. 187),

(A
sin()
p(h) = [
15
h 1-—
p(h) 62
i o~ A gy = L
) = =i ) =
In that case, equation (42) becomes
1 A +A3, 1
vizs = exp( 9 31, (44)

Parameters a; of the correlation functions p(h) are some size parameters.
As previously, microstructures with lower scales generate higher values for

Ly193-

Multi scale versions of this model are obtained by linear combinations
of Gaussian random functions Z;(x) with correlation functions p;(h), using
coefficients p; with > p? = 1:

i

Z(x) = ZN@'ZZ'(‘T)
with correlation function p(h):
plh) = > wini(h)
p0) = > uin(0)

This new value of p”(0) is then introduced in equation (42) to estimate

*
LV123'

6.8 Superposition of random sets defined by two thresh-
olds of independent Gaussian RF

Consider the two random sets A; and A, defined by

Ay = {z, A1 < Zi(x) < A}
Ay = {x, A1 < Za(x) < Aga}
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with indicator functions

La, (JZ) = 1Z1(I)<>\12 - 121(I)<)\11

Laa(2) = lz@<rn — 1za@<in

admitting the following expansions with Hermite polynomials H,(z) ([8], p.
116):

Hn—l()\12)g(>\12> - Hn—1()\11)9()\11)

14, (2) = G(Ap) —G(A11)+Z

- Ho(Z1(@))
lAg(fE) _ G(/\Qg)—G /\21 +Z n 1()\22) ()\22) - n 1()\21) ()\21)]{”(22(1’))

where (G is the cumulative Gaussian distribution function. The volume frac-
tions P; are given by:

P = E{ls(7)}=G(A\2) - G(An)

Py = E{laz(z)} = G(Aa2) — G(Aa1)

The centered Covariance C;(h) is given by

Cy(h) = Zl' (Hi-1(M2)g(M2) — Hi-1(A11)g(M1))?

aiplal(h) = kz (kpl_l)! (Hi-1(M2)g(M2) — Hk71()\11)g()\11))2

1

=

L (Hi(212)9(Mz2) — Hi(Mn)g(Ann))?

I
k‘lb

= (>\ 12, A12) + g(A11, A1) — 29( A1, Ai2)

after integration with respect to p

0 - oo 25)

__/ ex ;(A A ex )\11)\12 dr
7 Jy p 2(1_ ) 1 — 12 p 1+ 1—7’2

the last term being the cross-covariance between the sets with indicator func-

tions 1Z1(x)2)\12 and _1Z1(:Jc)</\11'
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To insure a finite specific surface area Sy, we have to assume that p}(0) =
0 and that p{(0) < 0. Therefore,

— 1 A2 A7 .
C1(0) = 5 VAT~ (exp(=202) + exp(= 42 ) — 2lim g0 Al (1)
1 1 A1 A
(h) = ——exp [~ (i1 — Ap)? _Audi
us M) = 5y (= g O =)o (557

;1113% g(Ai1, M2)py(h)

1 A11A12 \ . 1 2
= o p1(0)—exp (— 5 ) lim exp (—m(m — A12) )
= 0

so that the specific area of contact between A; and the sets with indicator
functions 1z, (z)>x,, and —1z (2)<x,, 18 equal to zero, as expected, since they
are separated by the set A;. We provided a detailed calculation of the co-
variance C;(h) for potential use to validate the model from image analysis
measurements.

T 2 2

2 A A
Svi==V/p{(0)— (exp(—ﬁ) + exp(—i)
and finally

Ly123 (45)

1 2 2 2 2
= L (em(-22) 4 exp(- 22 ) (exp(—2) + exp(— 22 ) VAITOIED)
When A2 — —oo and A9y — —o00, the previous result given by equation
(42) is recovered, with the same geometry. For A\j; = A; and Ay = Ay we
obtain a microstructure where the sets 4; has a lower volume fraction but
the length Lj,; is higher. The model of truncated Gaussian RF with two
thresholds gives access to higher specific lengths of TPB lines, as compared
to the previous case with a single threshold. For instance, consider the case
where \11 = —A12 = A1 > 0 and Ay = —Xy; = Ay > 0. We obtain a specific
triple boundary line four times higher than the result given by equation (42)
for the model with a single threshold.
The condition
-\ < Zl(fL') <M\

can be expressed as
(Z1(2))* <M
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and the set A is obtained from a single threshold of a x?(1) random function
with 1 degree of freedom.
In these conditions, we have:

G(—z) = 1-G(n)<1/2
G(—z) = 1—-G(%)<1/2
and the volume fractions of the three components A;, A, and A3 become:
P = G(z)—G(—z)=1-2G(—#=)
Py, = 1-2G(—2)
P, = 2G(—2z) (1 —2G(—2))
Py = 1—P —P,=2G(—2)—2G(—2) (1 —2G(—22)) = 4G(—21)G(—22)

In the case of two thresholds, P, is lower (1 —2G(—z1) instead of 1 — G(—2z1))
and Ps four times higher. Concerning P,

2G(—21) (1 = 2G(—2)) — G(—21) (1 — G(—22))
G(—21) (2—4G(—2) — 1+ G(—29))
= G(—2) (1 —-3G(—2))

so that P, in the case of two thresholds is higher than in the case of a single
threshold when G(—z3) < 1/3.

More general multi-component random sets can be generated by combi-
nations of two independent Gaussian Random Functions Z;(z) and Zs(x),
using a partition of the plane (z1, 2z3) in m domains Dy, Ds,...., D,,. They
provide different distribution of contacts than what is obtained for the com-
bination of two thresholded Gaussian RF, as studied in [9] and applied in
[15]. However in a simulation study, a low impact of this distribution was
observed on L} 55 in the case of an equirepartition of components (P; = %)
[15].

Covariances and order 3 moments corresponding to such partitions can
be formally computed by some integrations of the bivariate and trivariate
Gaussian distributions over the corresponding domains D; [9]. They strongly
depend on the partition of the plane (z, z5), which has to be specified, cases
studied in subsections 6.7 and 6.8 being particular examples. Concerning
the consequences for Ly, , we leave this topic involving other partitions of
the plane (z1, z3) for further studies.

7 Discussion

We will now shortly compare our theoretical results on the length of TPB
lines Ly, for the studied models of various random media. Then, their
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predictive ability is discussed by comparison of predicted Ly;,, to some 3D
measurements provided in the literature. Finally, it is interesting to discuss
on the contribution of 3D information to TPB.

7.1 Potential Texture Optimization with respect to TPB
lines

Our results concerning the estimation of the length of TPB lines for various
models of random media illustrate the fact that a large range of values of
Ly, can be reached, depending on the type of microstructures, even when
using the same ingredients like the type of primary grain. We have to point
out that in our approach the gains are not assumed to be convex, as opposite
to the model proposed in [4] and [22]. For instance, for an equal volume
fraction of the three components (%) and using the same primary grains
in the construction of the model, Ly;,, is increasing when moving from an
"extended microstructure model" [4], [22] (equation (4)), a mosaic model, a
superposition of Boolean models, a Color Dead Leaves model (about 2 times
better than the Boolean models and 7 times higher than the mosaic model).
Using excursion sets of Dilution random functions, much higher length are
obtained: for m = 2 and for m = 5 respectively 2 times and 6 times more than
for the Boolean model model. Level sets A,, of the Dilution random function
obtained by setting N(z) = n generate textures with much higher TPB lines
lengths with comparison to the Boolean model: 5 times for n = 1, 10 times
for n = 2, 14 times for n = 3, and 20 times for n = 4. This wide range of
Ly, values is a consequence of the increasing degree of fragmentation of the
texture, depending on the model, and reveals the potential of our approach
to the design of new materials with improved performances.

7.2 Predictive ability of the models

In order to evaluate the ability of the models to predict experimental values
of Ly,,, we consider some results on Ni-YSZ electrodes ([15], cathode in
[18] and anode in [19]). In these publications, 3D micrographs of electrodes
were analyzed, providing the following measured information: P;, d; (average
component diameter), Sy;, and Ly, . Having no way to fit a morphological
model on these microstructure, we made the following simplified assumption:
each component of the microstructure Ni and YSZ is made of a Boolean model
of spheres with diameter equal to d;, so that

S4) 6

V()
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[19] CFL [18] | Cathode [18] | Cell A [15] Cell B [15]
Pysz | 0.33 0.49 0.317 0.44 0.4955
dysz | 0.55um 0.73um 1.1um 0.6um 0.6um
Svysz | 4.24pm=t | 5.5um=t | 6.01um™t 3.68um ™! 3.42pum~!
Py 0.26 0.282 0.217 0.28 0.24
dni 0.9um 0.83um 1.2um lum 0.8um
Syni | 2.33um™t | 6.54um=t | 5.87um 1 2.30pum ! 2.46pm !
Ly, | 11.2um™? | 4.63um™2 | 3.46pm> active: 4.78um=2 | active: 6.2um =2
L*Vijkl 4.5pum=2 | 4.05um™2 | 1.27um > 1.68um =2 4.5pm =2
Ly |4 63um=2 | 5.75um=2 | 1.45um =2 5.55um 2 6.93m 2

Table 2: Comparison between experimental and theoretical lengths of TPB
lines in Ni-YSZ electrodes

The random microstructure for comparison is then obtained by the super-
position of the two Boolean models. Therefore two constructions are avail-
able, with A; representing either Ni or YSZ (providing the estimates L*Vijkl
and L’{/Z,ij). These assumptions are rather crude: grains are not spherical and
the way to measure d; differ according to papers; since in [15] d; obtained
from a 3D size distribution made by morphological openings provide very low
values as a result of a lot of small details in the microstructure, we replaced
them by the range of covariances (or correlation length) which is approxi-
mately deduced from figures 6 (a,b) in [15]. With these simplifications, we
can provide rough estimates of Ly, to be compared to experimental data.
Data and predictions are collected in table 2. For three cases (column 2, 4,
5), there is a good agreement between predicted and measured Ly, . Con-
cerning Cell A and Cell B, the total length is of course longer than the active
length restricted to the measurement for percolating lines. Moreover, the
authors of [15] could fit the observed microstructure to a model based on
thresholded Gaussian random functions, which differs from the combination
of Boolean models. An underestimation, with a factor of the order of 2.5,
is obtained for the [19] and the cathode [18] specimens. Higher predicted
values could be obtained, using other models like the Color Dead Leaves
model. Therefore, the rough estimations of Ly;, deduced from a somewhat
arbitrary model, and without fitting its parameters to data, are correct in 3
cases out of 5 taken from 3 publications. This result validates our theoretical
approach. Furthermore, since the model used for the validation of our results
does not show the best performances concerning Ly ,, a large improvement

ijk?
of Ly, of real electrodes can be expected for an appropriate choice of their
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microstructure.

7.3 3D versus 2D information for TPB lines

As is clearly seen in this presentation, Ly, can be estimated with planar
observations, by counting on 2D images of the microstructure the 24 con-
figurations of the triple {i,j,k} and of the rotations of the set of testing
points {x,x + hy,x + hs}, applying equation (1). Another approach is based
on the implementation of models of random sets, after identification of their
parameters from morphological measurements like covariances on images, as
done in [1] for SOFC materials.

Alternatively, when 3D images are available, either experimentally or
from 3D simulations of microstructures, triple lines can be extracted to pro-
vide a direct estimation of Ly, , . This approach is rather costly, and requires
to get statistically representative data. The main advantage is that it enables
us to extract percolating components and particularly active TPB lines.

Available data on 3D simulations or from 3D real microstructures recon-
structions of Solid Oxide Fuel Cells show that a significant proportion of total
TPB lines are active: 0.87 in [22], 0.8 in [4], 0.75 and 0.71 in [18], 0.66 in [19],
0.63 in [20], 0.5 in [21]. Therefore, the theoretical prediction of Ly, , is useful
and practical, provided that the components of the model percolate. In addi-
tion, developing random models with analytical results is very fruitful, since
systematic studies of the impact of the choice of a particular model and of
its parameters can be made, avoiding long and clumsy empirical approaches.

8 Conclusion

Theoretical estimates of the specific length of triple phase boundary lines
Ly, were derived for a broad range of multi-component random structures.
Since analytical results are obtained, it is easy to look for so-called optimal
microstructures with respect to this parameter. A noticeable point is that the
effects of the composition, through volume fractions, and of the morphology,
through the choice of primary grains, are separate, so that any "optimal
composition" is derived independently on the geometry.

Since Ly, is inversely proportional to the square of a length scale of
the microstructure, it shows a quadratic growth with the inverse of this
length scale, so that fine microstructures allow to increase Ly, . The impact
of the length scale on Ly, is much more effective than the impact of the
composition through volume fractions.
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Our theoretical approach was validated by comparison of the predicted
Ly, to some measurements made on 3D images of materials.

Models designed with the same basic primary grains may show a large
range of values for Ly, ,, depending on their mode of construction. Much
longer Ly, than what is observed in real materials from 3D observations
can be obtained. This opens up promising avenues for improving the elec-
trochemical behavior of fuel cell components.
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