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Motivated by the fact that electromagnetic forces dominate interactions between atoms, the
macroscopic behavior of velocity-dependent friction forces has been modeled by using the Stein-
metz equivalent circuit, where we have included additional dissipation terms analogous to those
used for including the effect of Foucault’s currents in electrical machines. In this paper, friction is
viewed as an energy conversion process (from mechanical to electrical). It is intended to be used
for simulation, real-time estimation, and motion control design. This model is able to capture the
behavior of dry friction, observed in solid surfaces in contact, and could be useful for explaining or
interpreting the behavior of friction forces. This paper presents the model and includes a discussion
on the conditions of model parameters for verifying the well-known Amontons-Coulomb laws of dry
friction. In addition, the paper highlights three applications where the model is employed to predict
various types of friction. The chosen examples are supported by experimental data and allow us to
illustrate how the model can be used in other contexts.

I. INTRODUCTION

Friction is a ubiquitous phenomenon in mechanical,
physical, and biological systems, playing a critical role in
various aspects of daily life and industrial applications.
Whether it involves braking a vehicle, designing gears, or
studying intermolecular interactions, understanding and
modeling friction is essential for predicting, controlling,
and optimizing system performance. See for instance [1]
and [2]. However, friction is also a complex phenomenon,
influenced by numerous factors such as surface proper-
ties, relative velocities, normal forces, temperature, and
even the microscopic scales of contact, as stated in [3]
and [4], for instance.

Historically, simple models such as Amontons-
Coulomb laws have been used to describe friction in prac-
tical contexts by linking it to dry contact. See [2]. While
effective under limited conditions, these laws fail to cap-
ture the nuances of more complex phenomena, such as
transitions between static and dynamic friction, adhe-
sion effects, and dependencies on temperature and speed.
To address these limitations, advanced models like the
Dahl and LuGre models have been developed to incor-
porate the dynamic behavior of friction. See [5] and [6],
for instance. Simultaneously, atomic-scale simulations
and sophisticated numerical tools, such as finite element
methods and molecular dynamics simulators, enable the
study of friction at scales ranging from macrostructures
to intermolecular interactions [2]. However, explainable,
simple, and physical-based models for real-time estima-
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and control for connected tires and rubber manufacturing pro-
cesses. The laboratory is supported by Michelin, Université de
Poitiers, Univ. Grenoble Alpes, Grenoble INP, and CNRS.

tion and motion control, are still of high interest in many
applications.

The applications of friction models are numerous
and diverse. They span industrial fields such as au-
tomotive (brake system optimization [7]), aerospace
(contact management in composite materials [8],[9]),
and additive manufacturing (control of adhesion forces
[10]). Moreover, tribology—the science of friction, wear,
and lubrication—extends to emerging domains like
nanotechnology and biomechanics. In these contexts,
a precise understanding of friction mechanisms opens
opportunities to reduce energy losses, improve material
durability, and design innovative systems.

In this paper we present a model inspired from
physical laws of induced forces in electrical machines,
very compliant with observations on triboelectricity, and
the results presented in the literature that attempt to
explain the electronic mechanisms of friction, see
for instant the survey presented by J. Krim in [11], and
observations presented in [12-16].

A key feature of the electrical induction machines is
their ability to convert electrical energy into mechani-
cal energy, and viceversa, through electromagnetic inter-
actions between the stator and rotor. A such electro-
mechanical conversion can be modeled by an electrical
circuit, see [17]. In addition, in these machines, see [18]
for instance, the induced electromagnetic torque depends
nonlinearly on the slip velocity, in a similar way than that
observed on tire-road interactions forces, see [4], for in-
stance.

Thus, the macroscopic behavior of friction forces
has been modeled as a Steinmetz equivalent circuit
which includes particular dissipation terms modeling
the Foucault’s currents, as it is illustrated in Figure 1.
Simulated examples and experimental obtained curves
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FIG. 1. An electromagnetic interpretation of induced forces
of friction. The Foucault’s currents (I) are induced within
a conductive sheet (C) by the relative motion of the sheet in
a magnetic field. The magnetic field, acting on the sideways
moving electrons, creates a Lorentz force opposite to the
velocity (V) of the sheet, which acts as a drag force on the
sheet. Figure reprinted from [19], cc0O image licensing, 2014.

are included for illustrating the effectiveness of the
model for capturing well-known behaviors of friction
forces. For instance, the proposed model reproduces
the Stribeck effet, stiction and stick-slip, as well as, at
high relative velocities, the model becomes the Coulomb
model of dry friction. Compared with existing models
(see for instant [6]), this model is very simple, requiring
a small number of parameters to be tuned.

The proposed model concerns a new friction model
which is intended for simulation, estimation and motion
control design. The main features of the proposed model
can be summarized as follows:

e The proposed model is able to capture the behavior
of friction observed in nature, and suggests insights
for respecting well-known Amontons-Coulomb laws
of dry friction. In addition, the model properly fits
experimental data of different types of friction (tire-
road interactions, aerodynamics forces, and parti-
cles moving through matter), as it is presented in
this paper.

e The model is described by a small number of pa-
rameters. Very suitable for solving real-time esti-
mation and control problems. Friction is viewed as
an energy conversion process (mechanical to elec-
trical). Thus, the model parameters have physical
meaning, and they are concerned with energy con-
version, storage, and dissipation. These aspects are
consistent with Persson’s model presented in [12].

e The model can be extended for predicting friction
forces in multidimensional directions. This aspect
can be achieved by exploiting the geometry of the
model, and without increasing the complexity of
the model description.

FIG. 2. An object moving with respect to a given support
at speed v;. The speed vs can be arbitrarily fixed to zero,
because here, only relative velocity (i.e. ¥ := vs — vz) will be
considered as the input causing friction.

e The model is based on physical insights of elec-
tromagnetism, in particular a model used on in-
duction machines. Therefore, the proposed model
could help us move closer to a reconciliation of fric-
tion theories, in different domains and in different
scales.

The paper is organized as follows: Section II presents the
preliminaries aspects concerning this work. In particular
we present the motion dynamics of a system affected by
friction (from a mechanical point of view), and, the pro-
posed equivalent circuit (electrical point of view), that
we will used for modeling friction. In Section III, we
use the model presented in previous Section to derive
the proposed friction model with a particular dissipation
term. In Section IV, we extend the model to obtain a
multidimensional one, by making use of the geometrical
properties of the model. Section V presents illustrative
simulated examples, where the model is used in different
contexts, mainly related to dry friction. After that, in
Section VI the conditions for which the model could be
consistent with Amontons laws of dry friction is presented
and discussed. Finally, in Section VII three examples for
modeling different types of friction are presented. These
examples are supported by experimental data, and al-
low us to illustrate how the model can be used in other
contexts and applications. Conclusions are presented in
Section VIII.

II. PRELIMINARIES

A. Motion dynamics of a system
affected by friction

Consider the Newtonian dynamics of a motion system,
with mass m, moving at speed v, in the longitudinal
direction x with respect to a support (our inertial frame)
moving at vy, as it is illustrated in Figure 2. Without
loss of generality we can fix vs = 0. The motion of the
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system obeys the following dynamical equation:
Mo, = Fp(0y) + Feat (1)

where the friction forces has been denoted F, (), with
U, the relative velocity, defined as:

D=0 — Uy (2)

Remark that, for an initial condition v, = 0, the friction
force appears only in presence of external forces Fi,,
and, for a given surface conditions, the achieved magni-
tudes of a such friction force depend on the relative speed
0. In other words, the friction force does not occur au-
tonomously, it must be induced by other forces of motion
acting on a particle of mass m, for instance.

There are no sensors capable of measuring the friction
force. However we can estimate the magnitudes of fric-
tion forces from measurements of system speed v, and
external forces F.,; and, by using the motion dynam-
ics (1). Predicting the friction force is more challenging
since, models in the literature are complex and very dif-
ficult to tune, in particular in applications requiring real-
time information of friction and its full description of the
behavior for taking control decisions. In addition, the
available friction models vary considerably depending on
the field of application, and although attempts are being
made to reconcile them, no single theory fully covers all
the phenomena observed.

Here, we assume that friction forces are produced by
a physical phenomenon, whose dynamics are faster than
those observed from a mechanical point of view. Such a
phenomenon is considered to be described by an elec-
trical equivalent circuit, with very fast time-constant.
Thus, the friction dynamics can be written, in terms of
an equivalent model in steady-state.

B. Steinmetz equivalent circuit and
induced forces model

In this paper we propose the use of the well-known
behavior of induced forces in electrical machines for
modeling friction. This is motivated by the observed
induction nature of friction (i.e. friction force appears
as a consequence of a relative speed). In addition,
an electromagnetic model of induction machines can
explicitly include the conversion mechanism due to
a relative speed, energy storage terms (inductance
or reactance behavior) and energy dissipation terms
(electrical resistance).

Since matter contains charged particles and the
relative movement of two bodies could induce Foucault’s
currents, as it is illustrated in Figure 1, an electromag-
netic inspired model that includes Foucault’s currents
losses, will being a good candidate for modeling friction.
In this order of ideas, we have to accept that the two
surfaces (body of mass m and support) are in contact

R
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FIG. 3. Steinmetz equivalent circuit of an induction mo-
tor, representing the electromagnetic dynamics of the friction
forces.

by means of an empty space (an air gap) of thickness
e, as it is often accepted in contact mechanics. See for
instance Lennard-Jones potential in [20], which it is
often used for modeling attractive/repulsive forces at
small distances between two bodies. We will show in
this paper, that the electromagnetic induction model
can be used for solving the friction modeling problem,
providing a very simple and explainable model.

Consider the Figure 3. It represents a Steinmetz
equivalent circuit of an induction machine. The volt-
age of the stator (equivalent to our support here), de-
noted F4p, induces a voltage on the moving component
(the rotor, equivalent to our body in motion), which is
proportional to the slip-ratio s. The induced voltage will
be then sFE5, where the slip-ratio is defined as:

Ws — Wy
§i=— 3
- 3)
The speed w, corresponds to the synchronous angular
speed of the stator (the inductor) and w, the angular
speed of the rotor (the induced). This behavior can be
written in terms of the following electrical equation:

sEy = (jsX +R)I (4)

where X stands for the rotor reactance, R the equivalent
electrical resistance, and I the induced electrical current
into the rotor. Remark that at zero slip, the induced
voltage sFy becomes zero (or equivalently, the resistance
R/s becomes bigger and tends towards infinity).

We can show from (4), and by considering the dissi-
pated power on the resistance R (i.e. Joule heating
effect), that the induced force F., perceived by the ro-
tor, can be written as follows, see for instance [18]:

kO ((I)mam)Q (§)>
F,=| —————=~~ s
(7 ?

where kg is a constant that absorbs certain other param-
eters of the machine. Recall that the term X denotes the
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equivalent reactance, function of the rotor inductance,
so the equation (5) would be a steady-state description
of the electrical dynamics which is considered here to be
faster than the mechanical one.

For given electrical parameters, R and X, this equation
can be written in terms of the “pull-out” slip, s;qz, for
which the induced force is maximum:

2 Fmam Smaz
$2 + 52 > 8 (6)

F= () = (

2
where we have : Finop = ko (Prmas)”, and Spmee = 2.

This formula is known into the electrical machines do-
main as the Kloss formula, often written in terms of
motor produced torque.

In addition, we can remark that, the maximum pro-
duced force F),.; is proportional to the square of the
maximum magnetic flux, ®,,,., and the pull out slip will
be function of both R and X. We known for instance,
that reducing the air gap between the stator and rotor
decreases the leakage reactance X, and increases the in-
duced voltage E» and by consequence increases the values
of Fruaz.

Now, by considering that the magnetic flux is produced
by a “constant” magnetomotive force, this magnetic flux
can be written in terms of the magnetic permeance, thus,
for a very small air gap thickness we have (see for instance

21)):

2
Fmax = %ko ((I)nuzz)2 X <M> (7)

(&

where p, is the permeability of vacuum, S is the
cross-sectional area of the air gap in square meters, and
e the air gap thickness in meters.

In the next Section, we will make use of the previously
presented equivalent electrical circuit, in particular equa-
tion (6), for modeling the behavior of the friction forces.

III. PROPOSED FRICTION FORCES MODEL

Consider again the motion dynamics of a mass, de-
scribed by equation (1). In this paper, we propose to use
the model (6) for modeling the behavior of friction forces
F,(9) in (1). In particular, we will write (6) in terms of
relative velocities. That is,

(®)

R0 = (B ) o

02 + 02,00

where the following relationship is used for obtaining (8)
from (6):

<
®

- )

Smaz

Umaz

since slip can be written in terms of relative “tangential”
velocity, denoted v and defined as:

V= vs — Uy (10)

with vs the speed of the stator and v, the tangential
speed of the moving part of the system. Then, here
Umae denotes the relative tangential velocity for which
the maximum force, equal to F,q., is achieved. Recall
that vs could be considered equal to zero, without loss
of generality, since the support speed can be used as our
inertial frame and it is only useful for normalizing slip
velocities, as we do in equation (3) for defining slip-ratio.

For properly modeling the friction behavior, we asso-
ciate to the relative velocity parameter ¥,,q,, the follow-
ing rule:

1
Umaz = (’Dmawo + §C | 0 |> (11)

which allows us to consider that the equivalent dissipa-
tion term (i.e. the equivalent electrical resistance), could
be a function of the relative speed by means of constant
parameters Uyqz.0 and ¢. Thus, equation (11) allows us to
include dissipation terms which model possible presence
of Foucault’s currents.

The proposed friction model will be thus described by
equations (8) and (11). However, Uy,4, could take more
complex forms according to the type of friction.

Remark that the proposed friction force (8), becomes a
viscous one at small relative velocities. This is consistent
with Persson’s model presented in [12], as well as the
increments on the resistance expressed on (11), which
are compliant with observations reported in [13]. For
instance, our model says that there is not friction in
absence of electrical resistivity. The model proposed here
could be considered as the dissipative part of the van der
Waals interaction (since we consider forces dependent
on relative velocity), and probably equivalent to the
one presented in [22], whose hypotheses are very similar.

An interesting aspect concerns the fact that we can
write the parameter U420, from (11), as:

T}mamO = (1 - ;C) )\maz (12)

where A4, will be the relative velocity for which the
maximum friction force is achieved, i.e. Fyp(Amaz) =
Fqax. And by consequence, the model can be written in
terms of the maximum friction Fj,qz, slip at maximum
friction A4, and (. The latter, characterizes the value
of the Coulomb friction, since at high relative speeds v,
we have that the friction force (8) becomes:

¢ )mw (13)

Fouom: T 1o
Coulomb (1+411C2
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Remark that this model only requires to tune three pa-
rameters. It has the additional advantage that parame-
ters have physical interpretations, concerning the storage
and the dissipation of energy during the energy conver-
sion process.

The induction of forces produced into an induction mo-
tor, could be analogous to that produced for molecular
interactions, at the contact interface. In [3] for instance,
it is examined how surface interactions, including Van
der Waals forces, affect rubber friction. Indeed, Van der
Waals forces have been widely studied to explain elec-
trostatic adhesion between surfaces, as it is mentioned in
[2].

Here, the equivalent “induction machine” model could
be seen as a macroscopic model of the wvelocity-
dependent intermolecular interactions forces, produced
by the surfaces in contact. Remark that this model can
be written in terms of the slip-ratio and/or in terms of
the relative speed between surfaces.

Finally, we observe that, parameters Fi,q.; and Az
can be related to the Stribeck effet observed in mech-
anisms affected by friction. These all aspects will be
illustrated in Section V, after presenting the multi-
dimensional version of the proposed model in the next
Section.

IV. MULTI-DIMENSIONAL FRICTION MODEL

In this Section we extend the model for predicting fric-
tion in different directions. Very useful, for instance,
in automotive dynamics for describing tire-road interac-
tions. Here we consider the fact that longitudinal and
lateral forces are components of a single vector force (i.e.
the resultant force observed at the surface contact, for
instance), and by consequence both the longitudinal and
the lateral relative speeds are components of a resultant
speed vector.

Let’s define the magnitude of the resultant speed vec-
tor, as follows (by considering zero vertical speed, i.e.
¥, = 0, for instance):

|0%| = /02 + 02 (14)

where the relative velocities in the directions x, and v,
are denoted v, and v, respectively. Thus, the total force
magnitude can be written as:

|F*| = \/FZ+ F? (15)

If we focus on the z direction for instance, remark
that, geometrically, the following relationship will be re-
spected:

F, Uy
= T (16)
IO
equivalently,
F*
Fo= ||1~;*|| g = K(0%) - T (17)

Remark that (17) has the same structure than the pro-
posed model (8), and it suggests to use this model for
obtaining a more general model which includes combined
motion directions.

Here, we consider the same parameters values Fi,qz,
Umazo and ¢ on all directions, however this can be dif-
ferent in practice and can be incorporated without diffi-
culty to the proposed model by using techniques applied
in materials science for instance, see [23]. This aspect is
detailed in [24].

Now, we can write the model described by (8) and (11),
in a more general form. That is,

~\ 2 Fma?ﬂ (f):nar) . 1~}
F=0) = (@*)2 ¥ <ﬁ:m>2> - W

where,
. _ Lo
G 1= (B + 5 € [1°]) (19)

Considering again equation (17), remark that the func-
tion K(9*) depends on the longitudinal and lateral rel-
ative velocities, v, and vy. Thus, the model can be ex-
plicitly written in terms of relative velocities v, and vy.
That is,

for the longitudinal friction force. By using the same
geometrical arguments, the lateral forces can be written
as:

Fy(ﬁrvﬁy) = K(ﬁmv@y) 'f’y (21)

Equations (20) and (21) are similar to those proposed in
tire dynamics in [25] and [4], for modeling tire-road fric-
tion on combined slip situations. Here however, we have
an explicit expression of K(¥,, ¥,) which facilities the way
to solve the multi-dimensional modeling problem.

V. ILLUSTRATIVE EXAMPLES

To illustrate the quality of the model to describe well
known behaviors of friction forces, we select a number
of scenarios to be simulated. In particular, we illustrate
how the model reproduces the Stribeck effect, stinction
and stick-slip phenomena as well as the property of the
model to converge to the Coulomb friction for high rela-
tive velocities.

A. Stribeck effect and Coulomb friction

Figure 4 depicts the obtained results of simulating the
proposed friction model at different relative velocities.
In this scenario the model has the following parameters:
Friae = 1.0, ¢ = 0.5 and we chose 0,40 = 0.01 in Figure
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FIG. 4. Induced (normalized) friction forces, obtained by
using the proposed model. Here we observe the well-known
behaviors of friction forces : The Stribeck effect, the stick-slip
and Coulomb friction force. Remark that Coulomb friction
force seems to be independent of the relative velocity.

4(a), and Vmazo = 0.0001 in Figure 4(b). Remark that
the model is well defined at zero relative velocity, and
then the curve is, in both cases, a suitable continuous
curve describing friction forces. The Stribeck effect ap-
pears on cases where the parameters ¥,,4,0 is big enough
compared to the relative velocities. The stick-slip or stic-
tion behavior would be simply the behavior of the same
phenomena but with very small values of 0,420 (small
dissipation) compared with high values of F},,,. Finally,
we remark that parameter ¢ determines the magnitude
of the Coulomb friction, as a percentage of F... See
equation (13).

B. Gravity-induced friction forces

Now, we consider a simulated scenario where the pro-
posed model is used to describe the motion of a mass
on an inclined plane. We select a position-based trans-
lational frame, where gravity acts downwards. Gravity
induces a normal force between the mass and the plane.
For this plane inclination, gravity induces positive mo-
tion along the inclined plane. We consider a slope of
6 = 0.0873 (5 degrees), the mass of the object m = 0.3kg,
the initial speed of v(0) = 1 m/s (so, the relative one
is © = —wv). Here the friction model uses Fyq. = 1.0,
Smaz = 0.01 and ¢ = 0.5. The model is used into the
following motion equation:

mo = F,(0) + mgsin(6) (22)

Speed (m/s) and Forces (N)

3 02 04 08 08 1 12 14 16 18 2

Time (s)

FIG. 5. Gravity-induced friction force (red curve), the gravity
force (black curve) and the achieved velocity (blue dashed-line
curve). Initial speed of v(0) =1 m/s (the relative one is 0 =
—v), the mass of the object m = 0.3kg, slope 5 degrees. Here
the friction model uses Finaz = 1.0, Omazo = 0.01 and ¢ = 0.5.
We use the Euler method for simulation with sampling time
of 1ms.

and simulations are performed by using Euler method
with a sampling time of 1ms.

We observe, from Figure 22, how the velocity decreases
along the time (blue dashed-line curve), due to friction
forces induced by gravity (gravity force in black and fric-
tion force in red solid curve). The forces are in equi-
librium once the speed is equal to zero. The friction
forces converge to the Coulomb forces at high speed but,
after producing a Stribeck effect just before the mass
reached zero speed, the friction force converges to a con-
stant value, equal to that produced by gravity but in
opposite direction. This behavior is exactly the same de-
scribed in multiple experiences on friction-affected mo-
tion dynamics.

C. Spring-mass induced friction forces

In this scenario we consider a simulated case where
the proposed model is used to describe the motion of
a mass attached to a spring. We select a position-based
translational frame, where gravity does not affect the mo-
tion behavior. Here, we consider the mass of the object
m = 0.3kg, a spring coefficient ks = 20, the initial speed
of v(0) = 0 m/s (so, the relative one is © = —v) and, the
initial position x(0) = —0.2m (z the current position of
the mass). The proposed friction model uses Fy,,q, = 1.0,
Smaz = 0.01 and ¢ = 0.5. The friction model is used into
the following motion equation:

mo = F,(0) + ksx (23)
T=wv (24)

and simulations are performed by using Euler method
with a sampling time of 1ms.

From Figure 6, we observe how the velocity oscillates
along the time (blue dashed-line curve), due to friction
forces induced by the spring response (spring force in



This is a preprint of an article submitted to Physical Review Applied

Speed (m/s) and Forces (N)

0 05 1 15 2 25 3
Time (s)

FIG. 6. A spring attaches a mass of m = 0.3kg to a sta-
tionary wall. At time = 0 seconds, initial targets for the
spring (spring coefficient equal to 20) put it in a state of com-
pression under a 4 N load. Initial speed of v(0) = 0 m/s,
(the relative one is © = —wv), initial position z(0) = —0.2 m.
Here, we observe the spring-induced friction force (red curve),
the spring force (black curve) and the achieved velocity (blue
dashed-line curve). Here the friction model uses Finaz = 1.0,
Umazo = 0.01 and ¢ = 0.5.We use the Euler method for simu-
lation with sampling time of 1ms.

black and friction force in red solid curve). The forces
are in equilibrium once the speed is equal to zero. The
friction forces cross the Coulomb forces at high speed
but, after producing a Stribeck effect just before or af-
ter the mass reached zero speed. At the equilibrium, the
friction force converges to a constant value, equal to that
produced by the spring but in opposite direction. This
behavior is exactly the same described in multiple ex-
periences on friction-affected spring-mass system motion
dynamics.

D. Static and kinetic regions of friction forces

In this example, we simulate an object of mass m af-
fected by an external force producing a motion which
obeys (1). The external force Fi,; increases linearly with
respect to time. Figure 7 illustrates the obtained in-
duced friction force, predicted by the proposed model,
with respect to the applied external force. We observe
the static region for less than 1N (i.e. with linear incre-
ments of friction), and, the kinetic region, for more than
1N of applied force (where friction seems to be in satura-
tion). The Coulomb friction appears for very big external
forces, in the kinetic region. Remark that Coulomb fric-
tion seems to be independent of relative velocity. The
proposed friction model uses Fqp = 1.0, Omazo0 = 0.01
and ¢ = 0.95, and it behaves as expected in mechanisms
affected by friction.

E. Hysteresis and Pre-sliding displacement

If we use a dynamical version of the proposed model,
it is possible to observe a hysteresis effect, as stated in

08

Magnitude of friction force

o 02 04 08 08 1 14 16 18 2

12
Applied external force (N)

FIG. 7. Induced (normalized) friction forces predicted by the
proposed model with respect to applied external force (in-
creasing on ramp). We observe the static region, for less than
1N and the kinetic region, for more than 1N of applied force.
The Coulomb friction appears for very big external forces, in
the kinetic region. Remark that Coulomb friction seems to be
independent of relative velocity. The proposed friction model
uses Fingz = 1.0, Umazo = 0.01 and ¢ = 0.95.

Friction force (N)

—— Dahl model
—— Proposed model

F
002 0015 001 0005 o 0005 001 0015 002
Relative speed (m/s)

FIG. 8. Hysteresis effect: Dahl model vs. proposed model.

the literature for very small displacements.
The dynamical model can be written, by using Euler
method, as

(25)

2Fma[lf Nmax ~
Ff=aF, +(1-a) <v) -0

where Ff stand for the friction force at the new time
instant, and « a constant which depends on a given sam-
pling time. The parameter o will allow us to add a dy-
namical behavior of friction, as it is made on induction
forces in electrical machines. See for instance [18].
Dahl’s model is widely used to represent hysteretic
friction at micron-scale displacements, which resembles
stress-strain curves for solid materials. Hysteretic fric-
tion refers to the time-history dependence of friction in
the pre-sliding regime which arises due to microscopic
sliping of the surface asperities. This type of friction can
be visualized as the stretching of 'soft springs’ between
surfaces in relative motion; the springs are linearly elas-
tic at small micro-displacements and yield plastically at
larger displacements. Here, the proposed model (25) has
an additional degree of freedom for capturing hysteresis,
since the parameter o can be used for modeling a time
constant of the electrical dynamics and then obtaining
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FIG. 9. Air gap for different contact surfaces. Here, two
blocks of mass M has a contact surface, equal to S; for the
first one (left hand) whereas the second one has a contact
surface equal to Sz = 251 (right hand). The air gap due to
weight will be different and, ex = 2e; if we assume a linear
spring behavior between contact surfaces.

different shapes of those curves. A full electromagnetic
induction forces model, as that used in induction ma-
chines modeling, see for instance [18], could provide more
accurate results during the transient evolution of friction.
However, these detailed models often require more com-
putational resources. So, the dynamical model (25) pro-
vides an interesting trade-off between model complexity
and desired accuracy for describing the friction phenom-
ena, and by consequence it could be very useful for sys-
tem simulation, state estimation and motion control.

VI. CONDITIONS FOR RESPECTING
AMONTONS’ LAWS OF DRY FRICTION

Consider the well known laws of dry friction stated by
Amontons. That is,

1. Friction is proportional to the force that presses
the surfaces together. That is, for a given “normal
load” Fj, we have: F, o« Fy.

2. The second law states that friction force is inde-
pendent of the apparent area of contact.

3. A third law, attributed to French physicist Charles
Augustin Coulomb, is frequently included with
those of Amontons: The friction force is indepen-
dent of velocity for ordinary sliding speeds. That
is,

~hHl FT (17) == FC(mlomb (26)
v—00

for a constant Fouioms-

Consider now the expression (7) for a given (constant)
contact surface S. We remark that the proposed model
can be consistent with the first Amontons law, if the
parameter F,,,, verifies:

Frae < Fiy (27)

That is, the term (1/e)? in (7) will vary “approximately”
linearly with respect to the normal force Fj. This is
true for very small values of air gap e. This proportional
relationship, presented in equation (27), is consistent as
well with models adopted in contact mechanics and tire-
road interaction modeling. So the model is consistent
with the macroscopic response of the system to changes in
load, reported by Bowden and Tabor [26]. However, The
friction analysis of Bowden and Tabor does not reveal
the physical mechanisms that underlie frictional energy
dissipation.

In addition, if friction force is independent of the ap-
parent area of contact (second Amontons law), this
means that in our model (see parameter F,,, in (7)),
for two blocks of mass M in contact with the floor with
different contact surfaces verifying S; < Sz, the following
relationship will be met:

2 2
Flons (”051> - (’LOSQ) (28)
€1 (&)

if the air gaps verify e; < e in the same proportion.

This aspect is illustrated in Figure 9, where we con-
sider that the surfaces are So = 257. So, since the forces
can be considered to be homogeneously distributed in the
surfaces, the air gap ey will be more bigger than e;, and
eo = 2e1. This behavior can also be explained by consid-
ering, in the normal direction, that the two surfaces in
contact obey the Hooke’s law (as we often do in contact
mechanics, see [20]), and then, the second Amontons law
will be respected by the proposed model.

Finally, the third law of dry friction is naturally
respected by the proposed model, since the model con-
verges to a Coulomb friction at high relative velocities,
and its value will be function of parameters F},,, and (,
by means of relation (13). This aspect has been previ-
ously illustrated in Figure 4.

VII. EXAMPLES OF MODELING DIFFERENT
TYPES OF FRICTION BY USING THE SAME
PROPOSED MODEL

Today, we already known that droplet friction found
to be similar to that of solid objects. See [27], for in-
stance. So, the proposed model could be suitable for
predicting friction on different kind of surfaces. Here we
illustrate how the model fits properly to experimental
data in cases where the observed friction is dominated
by visco-elastic/solid interactions, as well as for air/solid
interactions. In addition, we illustrate a possible use of
the model for computing a Bragg curve in radiation ap-
plications, where protons loss kinetic energy during its
travel through matter.
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A. Tire-road interaction friction modeling

In this example we consider the behavior of friction
forces at tire-road contact level. Here we treat the tire
as a body that is in contact with the road and subject
to slip. Here, the symbol s, stands for the tire slip-ratio,
for both traction or braking situations, and defined as:

Sp 1= e — Ve (29)
Vg
where w stands for the angular velocity of the wheel, r,
stands for the effective radius of the corresponding free-
rolling tire. The lateral slip s, will be defined as:

—y

(30)

Sy 1= "
The symbols v, and v, stand for the longitudinal and the
lateral velocities (measured at the center of the contact
patch), respectively.

Since in automotive applications, the slip-ratios are of-
ten used for describing the level of tire-road adherence,
the proposed model (6) is used for deriving the following
model of tire-road interaction friction force. Thus, in the
longitudinal direction, we have:

2 Fmaz Smaa:
R0 - ((grgE) .o
where
1
Smazx = <sma10 + §< | Sx |) (32)

with constant parameters Fi,qz, Smaz0, and (.

The model predicts the contact friction forces with sim-
ilar accuracy than those achieved by the Pacejka Magic
Formula, one of the most used model for tire-road inter-
action in automotive industry, see [4]. Here however, by
using only three parameters, we achieve more than 98.9%
of model FIT (computed as R? in percentage). An ex-
perimental validation of the proposed model for tire-road
interaction modeling, using data from a flat track tire
testing machine, is presented in [24]. For instance, Fig-
ure 10 illustrates the behavior of the pure longitudinal
tire-road friction with respect to the longitudinal slip,
and it is compared to that obtained by using the pro-
posed model. The model parameters have been obtained
by solving a nonlinear optimization problem, achieving
more than 93% of model FIT. In [24], the application
of the model in its multi-dimensional form, is also pre-
sented. The experiences presented in [24], show that the
model is able to capture the complex behavior of tire-
road interactions by including a possible anisotropy of
the model parameters. Thus, the model parameters can
take values according to the slip direction, as we do for
modeling anisotropic properties in materials science for
instance, see [23].
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FIG. 10. Longitudinal normalized friction forces with respect
to longitudinal slip. Here we are fixing the parameters of the
model as Fraz = 1.227, Spmazo = 5.55 and ¢ = 0.46, for a
neglected lateral slip scenario, i.e. sy, ~ 0. Normalized with a
normal force around 3500N. The obtained FIT, with respect
to experimental data, is equal to 93.01%. Figure reprinted
from [24].

Figure 12 illustrates the obtained prediction on longitu-
dinal and lateral forces by using the proposed model with
available slip-ratios s, and s,, presented in Figure 11. We
can observe the behavior of friction forces with respect
to the simultaneous lateral and longitudinal slips. The
proposed model capture this aspect with high accuracy.
Using the multi-dimensional model version, presented in
Section IV, we have computed the longitudinal forces as:

Fo(s3,8y) = K(sz,8y) - Sz (33)
whereas the lateral forces, are computed as:
Fy(sz,8y) = K(sz,8y) - 5y (34)

Remark that the stiffness K(s;,s,), as it is called in
the automotive domain, is shared for both longitudinal
and lateral interactions forces. Keeping the simplicity of
the model for using in combined slip situations.

B. Aerodynamic forces modeling

The lift coefficient in aerodynamics applications are
obtained by normalizing the lift forces by:

1
Fy = 5;;553, (35)

The force Fy can be considered to be the force that
presses the air to the surface of the airfoil. The param-
eter p concerns the air density, S the surface in contact,
and v, the relative velocity of the air with respect to the
airfoil. Here we consider v, = —v, with v the wind speed
magnitude (since we use data from a wind tunnel test se-
ries, where the airfoil speed is zero, and the airflow speed
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FIG. 11. Measurements of longitudinal and lateral slips
(in percentage), during a combined slip situation. Figure
reprinted from [24].
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FIG. 12. Longitudinal and lateral forces, measured and pre-
dicted ones from model with respect to time. Normalized with
a normal force around 4500N. The obtained FIT is more than
92%. Figure reprinted from [24].

v, will be v, = v, for small angles of attack). Data has
been obtained from [28], and it concerns a NACA 0012
airfoil (a symmetrical airfoil) at different angles of attack,
and subject to a wind speed with different Reynolds num-
ber.

The slip ratio, similar to that defined in previous ex-
ample, will be obtained from the angle of attack, denoted
«. Since for small angles of attack, we have:

—v,

o~ tan(a) = (36)

VU

where v, stands for the vertical component of wind speed
vector v (due to angle of attack «). Thus, the proposed
model suggests that the lift force is produced as a reaction
of v,, and then we can write the lift coefficient (or the
lift force) in terms of the angle of attack . That is,

2 Cmax amam
Cr(s) = (042—1—042> o (37)

max

Lift coefficient
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FIG. 13. Lift coefficient with respect to angle of attack for
different Reynolds number. Solid dark lines concerns data
and green dashed lines concerns the proposed model. Here,
data have been obtained from [28].

where a4, obeys the following rule:
1 1 9
Umaz = | Omazo + §C1 ‘ « | +§<2 | « ‘ (38)

We have chosen a such function o, to fit experimental
data. Remark that the model requires an additional pa-
rameter (o multiplying the square of a. This term com-
pensates the absence of data concerning relative speed
on the direction z and can be interpreted as a decrease
on the dissipation term.

Here we obtain for instance, values of model param-
eters equal to Cher = 1.42, Qmazo = 25.38, (7 = 0.50
and (o = —0.135, for a Reynolds number Re = 1000e4.
The latter parameter is negative and we remark that the
value of ay,., remains positive but decreases as « in-
creases. The achieved model FIT in this example was
99.7%, that suggests that the proposed model is consis-
tent with the modeled phenomena and it could be useful
for characterizing the aerodynamics of a given airfoil.

Figure 13 illustrates the achieved lift coefficients
at moderated values of angle of attacks for different
Reynolds number: Re = 1000e4, 500e4, 200e4, 100e4,
70e4, 36e4 and 8e4. . Data is plotted in solid dark lines,
whereas the model is plotted in green dashed lines. The
achieved model FITs is more than 99%, by taking data
from zero to critical angle of attack (when airfoil stalls).
Thus, a simple model of friction can be used for inter-
preting and modeling the behavior of airfoils dynamics.
We imagine that it could be improved if slip velocities
are available in all directions.

C. Modeling a charged particle moving through
matter

Here we consider the behavior of protons moving
through matter. The Bragg peak is a pronounced peak
on the Bragg curve which plots the energy loss of ioniz-
ing radiation during its travel through matter, see [29].
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FIG. 14. A typical Bragg curve, concerning experimental
data of 55 MeV Protons (The LET at the entrance point is
1.162 keV/um in water). Used data is plotted in black dotted
lines. Here we use the proposed model with Fp,.x = 5.291,
Umazo = 0.0115 (m/s) and ¢ = 0.005 for different initial
speeds: v(0) = 12+ 0.1 ¢m/s and normalized particle mass.
The curves concerning the model are plotted in solid red
lines. The peak would be equivalent to peak produced by the
Stribeck effect in dry friction. Different initial speeds produce
a spread out Bragg peak, which is useful in modern radiation
therapy, for instance.

The proposed model could be used for improve radiation
technologies since the break distance could be estimated
from an analytic expression of motion, proposed in this
paper. In this example, the model has been simulated in
a similar way that that presented as an example of sys-
tem motion in Section V C. Particularly, the speed and
the displacement of a given particle have been computed
by using the following motion equations:

mv = F,(0) (39)
T=w (40)
where z, initialized at x(0) = 0, will be the distance

traveled by the particle, whereas v, will be the speed of
a such particle, initialized with the speed at the entrance
point v(0) # 0. Without loss of generality, the mass m of
the particle has been normalized since the force F, (i.e.
the force acting on the charged particle), can absorbs its
value according to the chosen units. For instance, Fy, is
often measured in MeV/cm (i.e. a force, even if, in this
context, this force is also called the Stopping power), but
it could be sometimes associated to energy loss per kilo-
gram of matter (Gray units), for measuring the delivered
dose in radiotherapy, for instance.

Figure 14 illustrates the behavior of Bragg curves for

a 55 MeV protons, where the LET (a unit of force) at
the entrance point is 1.162 keV/um in water. Used ex-
perimental data is plotted in black dotted lines (data ob-
tained from [30]). Here we use the proposed model with
Fraz = 5291, Upazo = 0.0115 (m/s) and ¢ = 0.005 for
different initial speed: v(0) = 12+0.1 ¢m/s and normal-
ized particle mass. The curves concerning the model are
plotted in solid red lines.

We can observe in this Figure, that the proposed
model could be useful for predicting the achieved spread
out Bragg peak (SOBP), due to small variations on the
initial proton speed, which allows, for instance, the treat-
ment of larger tumors, as proposed in [31]. So, future
work in this area, could consider the multi-dimensional
friction model presented in Section IV for improving, for
instance, the achieved trajectories in more dimensions.

VIII. CONCLUSIONS

In this paper, we have proposed a friction model which
is able to describe the macroscopic behavior of friction
forces on motion dynamics. The model reproduces the
Stribeck effet, stiction, stick-slip, and, for high relative
speeds, the model converges to the Coulomb friction
model. Simulated scenarios of friction are presented to
illustrate the performance of the model to capture the be-
havior of friction forces in different contexts. In addition,
we have illustrated the ability of the model to describe
friction in different real situations. Conditions for which
the laws of dry friction can be verified by the model, has
also been presented.

The proposed model concerns a physical-inspired
model, useful for describing friction in different contexts
and in different scales. The friction behavior has been
modeled from an equivalent electrical circuit, used for
modeling induction machines. So, friction is viewed as
an energy conversion process (mechanical to electrical),
where conversion, storage and dissipation terms appear
explicitly in the model formulation.
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