
HAL Id: hal-05269223
https://hal.science/hal-05269223v1

Submitted on 19 Sep 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Dispersion of First Sound in a Weakly Interacting Ultracold
Fermi Liquid

Thomas Repplinger, Songtao Huang, Yunpeng Ji, Nir Navon, Hadrien Kurkjian

To cite this version:
Thomas Repplinger, Songtao Huang, Yunpeng Ji, Nir Navon, Hadrien Kurkjian. Dispersion of First Sound in a
Weakly Interacting Ultracold Fermi Liquid. Annalen der Physik, 2025, pp.e00181. ⟨10.1002/andp.202500181⟩.
⟨hal-05269223⟩

https://hal.science/hal-05269223v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


RESEARCH ARTICLE
www.ann-phys.org

Dispersion of First Sound in a Weakly Interacting Ultracold
Fermi Liquid

Thomas Repplinger, Songtao Huang, Yunpeng Ji, Nir Navon, and Hadrien Kurkjian*

At low temperature, a normal gas of unpaired spin-1/2 fermions is one of the
cleanest realizations of a Fermi liquid. It is described by Landau’s theory, where
no phenomenological parameters are needed as the quasiparticle interaction
function can be computed perturbatively in powers of the scattering length
a, the sole parameter of the short-range interparticle interactions. Obtaining
an accurate solution of the transport equation nevertheless requires
a careful treatment of the collision kernel, as the uncontrolled error made
by the relaxation time approximations increases when the temperature T
drops below the Fermi temperature. Here, sound waves in the hydrodynamic
regime are studied up to second order in the Chapman-Enskog’s expansion.
It is found that the frequency 𝝎q of the sound wave is shifted above its
linear departure as 𝝎q = c1q(1+ 𝜶q2𝝉2) where c1 and q are the speed
and wavenumber of the sound wave and the typical collision time 𝝉 scales
as 1∕a2T2. Besides the shear viscosity, the coefficient 𝜶 is described
by a single second-order collision time, which is computed exactly from an
analytical solution of the transport equation, resulting in a positive dispersion
𝜶 > 0. The results suggest that ultracold atomic Fermi gases are an ideal
experimental system for quantitative tests of second-order hydrodynamics.
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1. Introduction

Landau’s Fermi liquid theory is an ef-
fective theory which, when it is applica-
ble, greatly simplifies the description of
the many-body dynamics of a system of
fermions, breaking it down to a single ki-
netic equation on a distribution of dilute
quasiparticles. It is a very successful the-
ory in describing the phenomenology of a
wide class of fermionic systems, such as
liquid 3He,[1,2] electron gases,[3–5] quan-
tum gases,[6] down to nuclear/neutron
matter.[7,8] Nevertheless, if both the quasi-
particle interaction function and the colli-
sion probability[9] are known, either from
measurements[10,11] or from a micro-
scopic calculation,[12] Fermi liquid theory
provides quantitative predictions on dy-
namical properties, such as the transport
coefficients.[13–15]

In normal 3He, despite decades of re-
search, there is still a discrepancy be-
tween theory and experiment on the

value of the transport coefficients. Consider for instance the
shear viscosity 𝜂, which scales with temperature as T−2: the
theory still underestimates the product 𝜂T2 from the mea-
surement by more than 20%.[1,16–19] This is due to a limited
knowledge of the quasiparticle interaction function and colli-
sion probability,[1] which are not computed from a microscopic
theory, and whose experimental determination is limited to the
lowest spherical harmonics. As a consequence, the exact solu-
tions of the transport equation[13–15] were never validated experi-
mentally, and relaxation time approximations[1,20] remain in use
today.[18]

Ultracold gases of fermionic gases provide exciting opportu-
nities to quantitatively test those transport calculations.[21] These
gases behave as Fermi liquids when the s-wave scattering length
a is negative and sufficiently small to open a regime of temper-
atures Tc ≤ T ≪ TF where Tc is the superfluid critical tempera-
ture and TF the Fermi temperature. A Fermi liquid regime may
also exist when a is positive and small enough to suppress three-
body recombination.[22] The quasiparticle dispersion and interac-
tion function can be computed perturbatively in powers of kF|a|
(with kF the Fermi wavenumber).[12] Experimentally, both the in-
teraction strength and the temperature can be varied such that
the typical collision time 𝜏 can be adjusted over several orders of
magnitude,[23,24] to explore both collisionless and hydrodynamic
regimes.[21] Using flat-bottom potentials,[25,26] sound can be ex-
cited at very low wavevector q in homogeneous samples, and the
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propagation or attenuation of sound waves can be observed in a
very controlled environment.[24]

Theoretically, great efforts were devoted to the calculation of
the viscosity at strong coupling, in particular in the unitary
regime |a| = +∞[27–29] and exact results are available in the high
temperature virial regime.[30–34] At intermediate temperatures
however, a controlled approach has not been found due to the
absence of a separation of timescales between the collisional and
kinetic dynamics.[35] The temperature range of the Fermi liquid
regime shrinks as the quasiparticle cross-section increases with
the interaction strength,[36] and it is eventually hidden by the on-
set of a superfluid phase at a critical temperature Tc ≈ 0.17TF
at unitarity. At temperatures low compared to Tc, sound atten-
uation is dominated by phonon–phonon interactions.[27,29,37] In
the weakly interacting normal phase, the transport coefficients
were computed using relaxation time approximations[6,38–40] (ei-
ther in the “variational”,[38,40] or in the original Abrikosov-
Khalatnikov[6,39] formulation), even though their uncontrolled er-
ror increases toward low temperatures. In this article, we perform
an exact calculation of the transport coefficients[13,14] to lowest or-
der in kF|a|, and show that the error of the relaxation time approx-
imations is significant, up to 25%.
For negative values of a, the quasiparticle interactions are

attractive,[41] which prevents the emergence of a zero sound
mode as in liquid 3He.We thus lack a parameter similar to c0 − c1,
where c0, c1 are the speed of zero and first sound respectively, to
characterize the dispersion of sound, as was done in 3He.[16] In
this work, we derive the leading-order deviation of the frequency
𝜔q from its linear departure c1q. To do so, we solve the transport
equation to the order 𝜏2 of the Chapman-Enskog’s expansion.
This is the so-called second-order hydrodynamics[42–44] often
used in a relativistic context to cure the acausality of the diffusion
equations characteristic of dissipative hydrodynamics.[45] We find
the exact solution of the transport equation by decomposing the
3D quasiparticle distribution function on a basis of orthogonal
polynomials adapted to the low-temperature limit.[46] Remark-
ably, the frequency shift involves only two parameters of the col-
lision kernel: the viscous relaxation time 𝜏𝜂 and a second-order
viscous time t𝜂 , which we both compute exactly. As for the disper-
sion of the sound branch,[37] we find that𝜔q is above its linear de-
parture c1q, the deviation being proportional to q

3𝜏2 with 𝜏 scaling
as 1∕a2T2.

2. Transport Equation at Low Temperature

Landau’s theory postulates that a Fermi liquid is described by a
local quasiparticle distribution n𝜎(p, r, t), which is the number
of quasiparticles of spin 𝜎 having momentum p at position r
and time t. This distribution deviates slightly on average from
its value in the Fermi sea n0

𝜎
= Θ(pF − p) (where pF is the Fermi

momentum and Θ the Heaviside function). The energy of an ar-
bitrary quasiparticle configuration is expanded to second order in
𝛿n0

𝜎
= n𝜎 − n0

𝜎
:

E = E0 +
∑
p,r,𝜎

𝜖0
𝜎
(p)𝛿n0

𝜎
(p, r)

+ 1
2

∑
p,𝜎,p′ ,𝜎′ ,r

f𝜎𝜎′ (p, p
′)𝛿n0

𝜎
(p, r)𝛿n0

𝜎′
(p′, r) (1)

In the general case, the dispersion relation 𝜖0
𝜎
and interac-

tion function f𝜎𝜎′ are phenomenological parameters usually re-
expressed in terms of an effective mass and Landau parameters.
In the case of a weakly interacting gas with contact interactions,
these quantities can be calculated perturbatively in powers of
the coupling constant g = 4𝜋a∕m[12] (we use ℏ = kB = 1 through-
out this work). To first order in perturbation theory, we have:

𝜖0
𝜎
(p) =

p2

2m
+ g𝜌𝜎′ , f↑↓ = g∕V, f𝜎𝜎 = 0 (2)

where V is the volume of the gas and 𝜌𝜎 the density of fermions
of spin 𝜎.
The time evolution of the quasiparticle distribution is de-

scribed by a transport equation:

𝜕n𝜎
𝜕t

+
𝜕𝜖𝜎
𝜕p

⋅
𝜕n𝜎
𝜕r

−
𝜕(𝜖𝜎 +U𝜎)

𝜕r
⋅
𝜕n𝜎
𝜕p

= I𝜎 (3)

where U𝜎 is an external driving field, 𝜖𝜎(p, r) = 𝜖0
𝜎
(p) +∑

p′ ,𝜎′ f𝜎𝜎′ (p, p
′)𝛿n0

𝜎′
(p′, r) is the local energy of the quasiparticles,

and the collision integral is given in this weakly interacting limit
by Fermi’s golden rule

I𝜎(p) =
2𝜋g2

V2

∑
p2 ,p3 ,p4

𝛿p+p2 ,p3+p4𝛿
(
𝜖𝜎(p) + 𝜖𝜎′ (p2) − 𝜖𝜎(p3) − 𝜖𝜎′ (p4)

)
×
[
(1 − n𝜎(p))(1 − n𝜎′ (p2))n𝜎(p3)n𝜎′ (p4)

− n𝜎(p)n𝜎′ (p2)(1 − n𝜎(p3))(1 − n𝜎′ (p4))
]

(4)

In this expression, all the quasiparticle distributions n are evalu-
ated at position r and time t, which reflects the assumption that
collisions are local and instantaneous.
As we seek the eigenmodes of the transport equation, we as-

sume that the drive is weak, slowly varying in both time and
space, and we linearize Equation (3) around the thermal equi-
librium distribution neq(𝜖0) = 1∕(1 + e(𝜖0−𝜇)∕T ). We focus here on
the unpolarized case so 𝜇 is the common chemical potential
of the two spin species and 𝜖0 ≡ 𝜖0↑ = 𝜖0↓ . We also restrict our-
selves to excitations of the total density, and define the total driv-
ing field Utot = U↑ +U↓, that we decompose in Fourier space
Utot(r, t) = Re(U

∑
q e

i(q⋅r−𝜔t)). Restricting to terms of first order in
temperature and drive intensityU, the transport equation obeyed
by 𝛿n = n↑ + n↓ − 2neq(𝜖0(p)) is, in Fourier space:

(
𝜔 −

p ⋅ q
m

)
𝛿n(p, q,𝜔) +

𝜕neq
𝜕𝜖0

p ⋅ q
m

(
g𝛿𝜌(q,𝜔) +U

)
= iIlin (5)

where 𝛿𝜌(q,𝜔) = (1∕V)
∑

p′ 𝛿n(p
′, q,𝜔) is the fluctuation of the

total density about 𝜌eq = 𝜌↑ + 𝜌↓ and the linearized collision in-
tegral Ilin is given in Appendix.
For T ≪ TF, transport occurs in a energy shell of typical depth

T around the Fermi energy 𝜖F.
[1,47] We thus reparametrize the

quasiparticle distribution as
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𝛿n(p) = U
𝜕neq
𝜕𝜖0

|𝜖0=𝜖0(p)𝜈(𝜖, 𝜃)
with 𝜖 =

𝜖0(p) − 𝜇

T
=

p2∕2m − 𝜖F
T

(6)

where 𝜃 is the angle between p and q, and we have used the equa-
tion of state 𝜇 = 𝜖F + g𝜌eq∕2 of the weakly interacting Fermi gas.
At low temperatures the reduced energy 𝜖 varies from −∞ to +∞
as the momentum p varies from 0 to +∞.
Restricting the transport equation to momenta p lying in the

relevant energy shell around the Fermi surface, we obtain, in the
limit T∕TF → 0 at fixed 𝜖 and 𝜖′:

(c − cos 𝜃)𝜈(𝜖, 𝜃) −
kFa
𝜋

cos 𝜃 ∫
+∞

−∞
d𝜖′g(𝜖′)∫

𝜋

0
sin 𝜃′d𝜃′𝜈(𝜖′, 𝜃′)

+ i
𝜔0𝜏

[
Γ(𝜖)𝜈(𝜖, 𝜃) + ∫

+∞

−∞
d𝜖′

× ∫ sin 𝜃′d𝜃′
d𝜙′

2𝜋
od(𝜖, 𝜖

′, u)𝜈(𝜖′, 𝜃′)

]
= − cos 𝜃 (7)

where g(𝜖) = 1∕(4cosh2(𝜖∕2)) is the dimensionless density of
states, 𝜔0 = vFq is a typical excitation frequency (with vF =√
2𝜖F∕m the Fermi velocity), c = 𝜔∕𝜔0 is the dimensionless exci-

tation frequency, and

𝜏 = 𝜋

2ma2T2
(8)

is a typical collision time. For numerical applications, we replace
𝜏 by:

𝜏𝜎 = 𝜋

2m𝜎T2
= 𝜏

4𝜋
(9)

where 𝜎 = 4𝜋a2 is the scattering cross-section. This is because
the center of the hydrodynamic to collisionless crossover occurs
for 𝜔0𝜏𝜎 ≃ 1 rather than 𝜔0𝜏 ≃ 1. The diagonal part of the colli-
sion kernel in Equation (7) is given by

Γ(𝜖) = 𝜋2 + 𝜖2 (10)

This dimensionless function sets the physical quasiparticle life-
time to 𝜏qp(𝜖) = 𝜏∕Γ(𝜖). The off-diagonal part of the kernel reads

od(𝜖, 𝜖
′, u) =

(𝜖,−𝜖′)√
2(1 + u)

− 2
(𝜖, 𝜖′)√
2(1 − u)

with (𝜖, 𝜖′) = 𝜖 − 𝜖′

2

cosh 𝜖

2

cosh 𝜖′

2
sinh 𝜖−𝜖′

2

(11)

where the angular dependence comes through u = cos(p, p′) =
cos 𝜃 cos 𝜃′ + sin 𝜃 sin 𝜃′ cos(𝜙 − 𝜙′).
The conservation of the number of quasiparticle in a collision

provides a relation between Γ and  :

∫
+∞

−∞
d𝜖′(𝜖, 𝜖′) = ∫

+∞

−∞
d𝜖′

g(𝜖′)
g(𝜖)

(𝜖′, 𝜖) = Γ(𝜖)
2

(12)

3. Hydrodynamic Limit

The hydrodynamic limit is the regime of short collision times

𝜔0𝜏 ≪ 1 (13)

In this regime, collisions bring the quasiparticle distribution
back to equilibrium much faster than the typical time 1∕𝜔0 at
which the sound wave evolves. Only the few components of the
distribution that are not affected by collisions (i.e., those that be-
long to the zero-energy space of the collision kernel) remain sig-
nificantly excited. Equation (13) defines a dynamical regime, ac-
cessible from any equilibrium state of the phase diagram (i.e.,
for any value of a and T). Here, we have sent a and T to 0 at
fixed 𝜔0𝜏 and finally expanded the transport equation in pow-
ers of 𝜔0𝜏. To guarantee that the system remains in the hydrody-
namic regime, it is required to set q∕kF = 2(T∕TF)2(kFa)2𝜔0𝜏𝜎 in
such a way that 𝜔0𝜏𝜎 ≪ 1. For a finite-size system (of size L), q is
limited to q = 𝜋∕L which in typical experiments is ≈ 0.01kF .
The usual expansion to order O(𝜔0𝜏)

1 yields the transport
coefficients entering the Fermi-liquid version of the Navier-
Stokes equations. Here, we will push to second-order in the
hydrodynamic expansion, that is O(𝜔0𝜏)

2, and retrieve the
sound dispersion from the quantum analogue of Burnett’s
hydrodynamics.[43,44]

To obtain the exact solution of the transport equation in the
hydrodynamic limit, we expand the distribution 𝜈 over a basis of
orthogonal polynomials

𝜈(𝜖, 𝜃) =
+∞∑
n,l=0

𝜈 lnPl(cos 𝜃)Qn(𝜖) (14)

where Pl are the Legendre polynomials, and Qn are orthogonal
for the scalar product weighted by the density of states:

∫
+∞

−∞
g(𝜖)Qn(𝜖)Qm(𝜖)d𝜖 = ||Qn||2𝛿nm (15)

The polynomials Qn are obtained by the usual recurrence rela-
tion:

𝜖Qn = Qn+1 + 𝜉nQn−1 with 𝜉n ≡ ||Qn||2||Qn−1||2 (16)

We choose Q0 = 1 and Q1 = 𝜖 as the initial condition. Note that
even and odd polynomials are respectively symmetric and anti-
symmetric about the Fermi surface: Qn(−𝜖) = (−1)nQn(𝜖).
By contrast to our exact approach, the relaxation time

approximations[1,20] truncate the expansion in Equation (14) to
n = 0, thereby neglecting the energy dependence of the quasi-
particle distribution. The difference between the Abrikosov-
Khalatnikov[20] and the variational formulation[1,30,38] lies in the
treatment of the remaining 𝜖 dependence of the collision kernel:
Abrikosov and Khalatnikov replaced it by its value in 𝜖 = 0 (in
particular they approximate the quasiparticle lifetime by its value
at the Fermi level Γ(𝜖) ≈ Γ(0)), while the variational formulation
averages it over 𝜖.
Note that polynomials Qn used here differ from the or-

thogonal polynomials of the momentum p used at nonvanish-
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ing temperature.[21,30] The replacement Equation (6) converts
even/odd powers of p2 into even/odd powers of 𝜖.
The matrix elements of the collision kernel in the orthogonal

basis {Qn} are given by

Γnn′ = ∫
+∞

−∞
d𝜖g(𝜖)Γ(𝜖)

Qn(𝜖)||Qn||2Qn′ (𝜖) (17)

and

 l
nn′ = ∫

+∞

−∞
d𝜖′d𝜖g(𝜖)∫

1

−1
duPl(u)

Qn(𝜖)||Qn||2od(𝜖, 𝜖
′, u)Qn′ (𝜖

′)

= 2
2l + 1

nn′
(
(−1)l+n′ − 2

)
(18)

with

nn′ = ∫
+∞

−∞
d𝜖d𝜖′g(𝜖)(𝜖, 𝜖′) Qn(𝜖)||Qn||2Qn′ (𝜖

′) (19)

Note that the subspaces of symmetric and antisymmetric func-
tions of 𝜖 (even and odd n respectively) are decoupled: Γnn′ = l

nn′ = 0 if n + n′ is odd.[48] This property is specific to the low-
temperature limit where both the density of state g(𝜖) and energy
integration domain are symmetric about the Fermi surface. Treat-
ing separately the odd and even orders, Γ and  are tridiagonal
matrices and can be expressed analytically as

Γnn′ =
(
𝜋2 + 𝜉n+1 + 𝜉n

)
𝛿nn′ + 𝛿n−2,n′ + 𝛿n+2,n′𝜉n+2𝜉n+1

nn′ = 2𝜋2 n2 + n − 1
4n2 + 4n − 3

𝛿nn′ +
𝛿n−2,n′

n(n − 1)
+

𝛿n+2,n′𝜉n+2𝜉n+1

(n + 2)(n + 1)

(20)

with 𝜉n =
𝜋2n4

(2n+1)(2n−1)
as can be shown recursively.

The transport equation projected on the orthogonal basis reads
now

c𝜈 ln −
[
l + 1
2l + 3

𝜈 l+1n + l
2l − 1

𝜈 l−1n

]
−
2kFa
𝜋

𝛿l,1𝛿n,0𝜈
0
0

+ i
𝜔0𝜏

∑
n′

l
nn′𝜈

l
n′ = −𝛿l,1𝛿n,0 (21)

where we introduce the complete collision tensor

l
nn′ = Γnn′ + l

nn′ (22)

The conservation of the number of quasiparticles, of the energy,
and momentum in a collision (see Equation (4)) generates zero-
energy eigenfunctions of the collision kernel. In our orthogonal
basis, this translates respectively into 0

0n′ = 0
n0 = 0, 0

1n′ =0
n1 = 0 and 1

0n′ = 1
n0 = 0, for all n, n′. The corresponding

equations of motion on the conserved quantities 𝜈00 , 𝜈
1
0 and 𝜈

0
1 are

c𝜈00 −
𝜈10
3

= 0 (23)

c𝜈10 −
(
1 +

2kFa
𝜋

)
𝜈00 −

2
5
𝜈20 = −1 (24)

Figure 1. Schematic of the order in𝜔0𝜏 of the non conserved components
𝜈ln of the quasiparticle distribution. The red arrows represent the couplings
to the conserved quantities 𝜈10 and 𝜈01 .

c𝜈01 −
𝜈11
3

= 0 (25)

To give a physical interpretation to the three conserved compo-
nents of 𝜈, we relate them to the fluctuations of the density, lon-
gitudinal velocity and energy density of the gas:

𝛿𝜌(q,𝜔) = 1
V

∑
p

𝛿n(p, q,𝜔) (26)

𝜌eqv‖(q,𝜔) = 1
V

∑
p

p ⋅ q
mq

𝛿n(p, q,𝜔) (27)

𝛿e(q,𝜔) = 1
V

∑
p

(
p2

2m
− 𝜇

)
𝛿n(p, q,𝜔) (28)

Remarking that 𝜈 is scaled to the intensity of the drive, one ex-
presses the conserved components in terms of the linear re-
sponse functions of the system: 𝜈00 = −2𝜋2𝜒𝜌∕mkF is proportional
to the density response 𝜒𝜌 = 𝛿𝜌∕U, 𝜈10 = −2kF𝜒v is proportional
to the response of the velocity 𝜒v = v∥∕U, and 𝜈01 = −6𝜒e∕mTkF
is proportional to the response of the energy density 𝜒e = 𝛿e∕U.
In the hydrodynamic limit, only these conserved quantities re-

main of order unity, while all the other components pick up one
or several factors 𝜔0𝜏. To evaluate the power of a given compo-
nent 𝜈 ln in 𝜔0𝜏, one should count the number of projected trans-
port equations needed to reach a conserved quantity using the
couplings appearing in Equation (21), that is, 𝜈 ln → 𝜈 l±1n and, via
the collision kernel, 𝜈 ln → 𝜈 ln′ (with n′ having the same parity as
n). The components 𝜈2n with n even and 𝜈1n with n odd, which are
directly coupled to the conserved quantities 𝜈10 and 𝜈

0
1 respectively,

are of order O(𝜔0𝜏)
1, and the other components are subleading,

as depicted by Figure 1. In particular, the large l components de-
cay exponentially asO(𝜔0𝜏)

l−1 orO(𝜔0𝜏)
l, depending on the parity

of n.

4. First-Sound Waves

The drive on the right-hand-side of Equation (21) is coupled to 𝜈10 .
The perturbation it generates is therefore symmetric in 𝜖, that is,
𝜈 ln = 0 for all n odd. In particular the sound wave does not gener-
ate fluctuations of the energy density: 𝜈01 = 0. To leading order in
𝜔0𝜏 the system of Equations (23)–(24) describes an ideal hydro-
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dynamic behavior, that is, an undamped resonance at 𝜔q = c1q
with the first sound velocity

c1
vF

=

√
1 + 2kFa

𝜋

3
(29)

To study how the resonance deviates from c1, one must compute
the set 𝜈2 = (𝜈2n)n∈ℕ of the non-conserved components in the l = 2
subspace, that we write as an infinite-dimension vector. Keeping
the leading and subleading terms in Equation (21) for l = 2, we
obtain(
c + i

𝜔0𝜏
2

)
𝜈2 = 2

3
𝜈10 u⃗0 +O(𝜔0𝜏)

2 (30)

where we have introduced the matrix 2 = (l=2
nn′ )nn′∈ℕ and

the unit vectors (u⃗n)n′∈ℕ = (𝛿nn′ )n′ . We have neglected in Equa-
tion (30) the vector 𝜈3 and the components of 𝜈1 orthogonal to the
zero eigenvector 𝜈10 u⃗0: both are of order O(𝜔0𝜏)

2 (see Figure 1),
and hence negligible compared to the subleading term c𝜈2 in
Equation (30). As is noted in Ref. [48], the expansion in powers
of 𝜔0𝜏 becomes very tedious as soon as higher Legendre com-
ponents have to be taken into account. Fortunately this is not
the case in our calculation to order O(𝜔0𝜏)

2: the transport equa-
tion can be truncated to l = 2, and only two collision times are
needed to express 𝜈20 from Equation (30):

𝜈20 = −
2i𝜔0

3
𝜈10

[
𝜏𝜂 + i𝜔0ct

2
𝜂

]
+O(𝜔0𝜏)

3 (31)

wherewe introduce the viscous collision time 𝜏𝜂∕𝜏 = u⃗0
1

2
u⃗0 and

the second-order viscous time t𝜂∕𝜏 =
√
u⃗0

1
(2)2

u⃗0. These two pa-

rameters characterize the Burnett hydrodynamic equations on
the density and parallel velocity; a relaxation time approxima-
tion would not distinguish them since it amounts to replacing
2 by a number. In previous exact calculations, 𝜏𝜂 has been
expressed as an infinite serie[13,14] or as continued fraction,[49]

which converge rather slowly when truncated at n = n′ = nmax:
𝜏𝜂 − 𝜏

(nmax)
𝜂 = O(1∕n2max). Numerically, we obtain

𝜏𝜂 ≃ 1.079𝜏 (0)
𝜂

≃ 1.288𝜏𝜎 and t𝜂 ≃ 1.098𝜏 (0)
𝜂

≃ 1.311𝜏𝜎 (32)

where we have introduced the viscous collision time truncated at
n = 0: 𝜏 (0)𝜂 ∕𝜏𝜎 = 4𝜋∕l=2

00 = 15∕4𝜋.
Plugging Equation (31) in Equations (23)–(24), we obtain a

quasi-Lorentzian shape for the density response:

𝜒𝜌 =
mkF
6𝜋2

1

c2 − c̄21 +
4i𝜔0c

15

(
𝜏𝜂 + i𝜔0ct2𝜂

) (33)

The pole z1 of the denominator is located at:

z1 = c̄1 −
2i
15

𝜔0𝜏𝜂 +
2𝜔2

0

225c̄1
(15c̄21t

2
𝜂
− 𝜏2

𝜂
) (34)

where c̄1 = c1∕vF. Going back to the physical units, we write the
resonance frequency𝜔q = Re(z1)𝜔0, themain result of this work,
as

𝜔q = c1q

[
1 + 𝜃(c̄1)𝜖

2
F𝜏

2
𝜎

(
q

mc1

)2

+O(𝜔0𝜏)
3

]
(35)

with 𝜃(c) ≃ 0.917c2 − 0.059. The first deviation from the linear
spectrum c1q is thus proportional to q

3. The dispersion is positive
at weak coupling since 𝜃(c̄1) ≃ 0.247 for c̄1 = 1∕

√
3. The function

𝜃 vanishes and changes sign at cinv ≃ 0.25 such that an inversion
of the sign of the dispersionmay occur in settings where the ratio
c1∕vF is lower than cinv.
The damping rate Γq = −Im(z1)𝜔0 of the sound wave is de-

termined only by the shear viscosity 𝜂 in this low-temperature
regime:

Γq =
2

3m𝜌
𝜂q2 with 𝜂 = 2

5
𝜌𝜖F𝜏𝜂 ≃ 0.5153𝜌𝜖F𝜏𝜎 (36)

Our value coincides with the exact calculations of 𝜂 done in
the context of 3He[15] or neutron matter.[8] This is a factor
𝜏𝜂∕𝜏

(0)
𝜂 ≃ 1.08 above the value in the relaxation time approxima-

tion of Refs. [28, 30, 38] (called the “variational approximation”
therein). We note that the underestimation consecutive to the
approximation is larger than stated before.[28,30] Conversely, in
the Abrikosov-Khalatnikov approximation,[20,39,47] the viscosity is
overestimated by a factor 𝜏 (AK)𝜂 ∕𝜏𝜂 = 4𝜏 (0)𝜂 ∕3𝜏𝜂 ≃ 1.24.

5. Conclusion

Dispersion of sound was extensively studied in classical gases,
where it is very well captured by second-order (Burnett)
hydrodynamics.[50] We have shown here that a gas of fermions
obeys a very similar kind of Burnett hydrodynamics although the
presence of a Fermi sea translates into a 1∕T2 behavior of the col-
lision time, as opposed to 𝜏 ∝

√
T in a classical gas. A quantum

gas is also affected by a quantum Vlasov force on the left-hand
side of the transport equation. To leading order in a, this force is
the gradient of g𝜌 and therefore independent of the quasiparticle
momentum p. This may not be true to higher order in the in-
teraction strength, and the effect on the hydrodynamic transport
equations remains to be investigated.
Experiments on ultracold gases have extensively measured

transport coefficients,[23,51–55] and thus seem mature to inves-
tigate departures from standard Navier-Stokes hydrodynamics.
The dispersion of first sound could be measured by tracking
the variations of the resonance frequency in the density-density
response function with the excitation wavenumber q. Alterna-
tively, this resonance frequency could be compared to the speed
of sound known from the equation of state. Dispersive effects
also affect the real-time dynamics, such as the equilibration after
a quench,[56] or the propagation of shock waves.[42,57,58]
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Appendix A: Collision Kernel

We write the linearized collision integral as

Ilin = Ilin,↑ + Ilin,↓ = −Γ(p)𝛿n(p) − 1
L3

∑
p′

[
E(p′, p) − 2S(p′, p)

]
𝛿n(p′)

(A1)

with the collision kernels E and S (notice the swap of arguments p ↔ p′)

E(p, p′) =
2𝜋g2

L3
∑
p3 ,p4

𝛿
p+p′
p3+p4𝛿

(
𝜖p + 𝜖p′ − 𝜖p3 − 𝜖p4

)
×
[
neq(𝜖p′ )neq(𝜖p3 )neq(𝜖p4 ) + neq(𝜖p′ )neq(𝜖p3 )neq(𝜖p4 )

]
(A2)

S(p, p′) =
2𝜋g2

L3
∑
p2 ,p4

𝛿
p+p2
p′+p4

𝛿
(
𝜖p + 𝜖p2 − 𝜖p′ − 𝜖p4

)
×
[
neq(𝜖p2 )neq(𝜖p′ )neq(𝜖p4 ) + neq(𝜖p2 )neq(𝜖p′ )neq(𝜖p4 )

]
(A3)

with n̄eq = 1 − neq, and the short-hand notation 𝜖p′′ for 𝜖0(p
′′). The quasi-

particule lifetime Γ is related to E and S by Γ(p) =
∑

p′ E(p, p
′)∕L3 =∑

p′ S(p, p
′)∕L3, and the total collision kernel obeys the conservation laws

Γ(p)pk + 1
L3

∑
p′

[
E(p′, p) − 2S(p′, p)

]
p′k = 0, k = 0, 1, 2 (A4)

Using the property of thermal equilibrium

neq(𝜖p1 )neq(𝜖p2 )neq(𝜖p3 )neq(𝜖p4 ) = neq(𝜖p1 )neq(𝜖p2 )neq(𝜖p3 )neq(𝜖p4 ) (A5)

(for four momenta on the energy shell 𝜖1 + 𝜖2 = 𝜖3 + 𝜖4), together with
the change of variable Equation (6), we swap the arguments of E

E(p′, p)
neq(𝜖p′ )n̄eq(𝜖p′ )

neq(𝜖p)n̄eq(𝜖p)
= E(p, p′) (A6)

and similarly for S. We used here

T
𝜕neq
𝜕𝜖0

|𝜖0=𝜖0(p) = −neq(𝜖p)(1 − neq(𝜖p)) (A7)

In terms of the variable 𝜈 the transport equation (5) becomes(
𝜔 −

p ⋅ q
m

)
𝜈(p) +

p ⋅ q
m

(g𝛿𝜌 + U)

= −i
⎛⎜⎜⎝Γ(p)𝜈(p) + 1

L3
∑
p′

[
E(p, p′) − 2S(p, p′)

]
𝜈(p′)

⎞⎟⎟⎠ (A8)

where the fluctuations of the total density are rewritten as 𝛿𝜌 =
(1∕V)

∑
p′ (𝜕neq∕𝜕𝜖0)𝜖0=𝜖0(p′)𝜈(p

′).

In Equations (A2)–(A3), we eliminate p4 using momentum conserva-
tion, and convert the sums into integrals using

1
L3

∑
pi

→
mTpF
(2𝜋)2 ∫

+∞

−∞
d𝜖i ∫

𝜋

0
sin 𝜗id𝜗i ∫

2𝜋

0

d𝜑i

2𝜋
(A9)

where i = 2, 3 for E and S respectively, 𝜖i = (𝜖0(pi) − 𝜇)∕T, 𝜃i is the polar
angle between p3 and p + p′ or p2 and p − p′. Such choices of spherical
frames, together with the isotropic collision probability g2, guarantees that
the integrand is independant of the azimuthal angles 𝜑i. Note that the
conversion Equation (A9) approximates p2i dpi ≃ mTpFd𝜖i, which is valid
up to corrections in O(T). To leading order in T, the energy-conservation
constraints can be replaced by their T = 0 version, namely

𝜖p + 𝜖p′ − 𝜖p3 − 𝜖p4 =
2p2F
m

[
cos 𝛼

2

(
cos 𝜃3 − cos 𝛼

2

)]
(A10)

𝜖p + 𝜖p2 − 𝜖p′ − 𝜖p4 =
2p2F
m

[
sin 𝛼

2

(
cos 𝜃2 − sin 𝛼

2

)]
(A11)

The Dirac functions can thus be used to perform the angular integration
over 𝜃i. There remains to integrate over the reduced energy 𝜖i, using:

∫
∞

−∞
d𝜖3

[
n(𝜖′)

(
1 − n(𝜖3) − n(𝜖 + 𝜖′ − 𝜖3)

)
+ n(𝜖3)n(𝜖 + 𝜖′ − 𝜖3)

]
= (𝜖,−𝜖′) (A12)

∫
∞

−∞
d𝜖2

[
n(𝜖2)

(
1 − n(𝜖′) − n(𝜖 + 𝜖2 − 𝜖′)

)
+ n(𝜖′)n(𝜖 + 𝜖2 − 𝜖′)

]
= (𝜖, 𝜖′) (A13)

The result are collision kernels whose angular and energy dependance are
factorized:

E(p, p′) = m2T
2𝜋pF

g2

2 cos(𝜃∕2)
(𝜖,−𝜖′) (A14)

S(p, p′) = m2T
2𝜋pF

g2

2 sin(𝜃∕2)
(𝜖, 𝜖′) (A15)

This remarkable property is specific to Fermi liquids and distinguishes
them from classical gases. It is a direct consequence of the freezing of
the collisions to the vicinity of the Fermi surface when T → 0.

To derive the transport equation in the low-temperature limit Equa-
tion (7), there remains to divide Equation (5) by 𝜔0(𝜕neq∕𝜕𝜖0)𝜖0=𝜖0(p) and
expand each term in powers of T at fixed 𝜖 and 𝜖′ (which amounts to re-
placing p and p′ by pF outside functions that are peaked about the Fermi
sphere).

Appendix B: Observability of the Spectrum in the
Density Response Function

In this section, we verify that the attenuation and dispersion coefficients
appearing in Equations (35)–(36) can be accurately recovered from the
density response function 𝜒̄𝜌(c) ≡ 𝜈00 (c), which is the main experimental
observable for the propagation of sound.[21,24,59] To do so, we solve Equa-
tion (21) numerically by truncating it to nmax = 100 and lmax ranging from
20 in the hydrodynamic regime to 8500 in the collisionless regime. Exam-
ples of numerically computed spectra are shown in Figure B1; we observe
that the shift 𝜔q − c1q is positive everywhere in the hydrodynamic to colli-
sionless crossover.

On the hydrodynamic side of the crossover (𝜔0𝜏𝜎 ≲ 0.5), and for kFa =
0 (c1 = vF∕

√
3), we fit Im𝜒̄𝜌(c + i0+) to a Lorentzian function:

f fit𝜌 (c) = Z
(c − c̄1 − B𝜔2

0𝜏
2
𝜎)

2 + A2𝜔2
0𝜏

2
𝜎

(B1)

where A, B, and Z are real fitting parameters.
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Figure B1. The transition from hydrodynamic (red curves) to collisionless regime (blue curves) in the density response of a weakly interacting Fermi
gas with kFa = −0.5. The broadening and the positive shift of the resonance frequency from the first sound velocity (vertical dashed line, Equation (29))
is clearly visible at small 𝜔0𝜏𝜎 . The curve are obtained by numerically solving Equation (21) truncated to nmax = 100 and lmax ranging from 20 in the
hydrodynamic regime to 8500 in the collisionless regime.

Figure B2 compares the fitted values at non-vanishing 𝜔0𝜏 to the ex-
pected limit when 𝜔0𝜏 → 0, revealing a very good convergence to

B →
𝜔0𝜏→0

Re(z1 − c̄1)

(𝜔0𝜏𝜎)2
=

2
√
3

225

5t2𝜂 − 𝜏2𝜂

𝜏2𝜎
(B2)

A →
𝜔0𝜏→0

−
Im(z1)
𝜔0𝜏𝜎

= 2
15

𝜏𝜂

𝜏𝜎
(B3)

To estimate the order of magnitude of the second-order hydrodynamical
effects, we use the parameters kFa = −0.67, T∕TF = 0, q∕kF = 0.01 taken
from the experimental Ref. [21] (see Figure 4 therein). This corresponds
to 𝜔0𝜏𝜎 ≃ 0.42 for which a first sound resonance is still clearly visible in
Figure 4a of Ref. [21]. Plugging these experimental parameters in Equa-
tion (34), we estimate the relative frequency shift and damping rate to be

𝜔q

c1q
− 1 ≃ 3% (B4)

Γq
c1q

≃ 13% (B5)

The small value of𝜔q − c1q is challenging tomeasure but it could bewithin
experimental reach in the near future. This would allow to distinguish be-
tween supersonic 𝜔q > c1q and subsonic 𝜔q < c1q dispersion.

Appendix C: Other Transport Coefficients

Equation (25) on the energy density allows us to compute the ther-
mal conductivity of the gas. At low temperature, the energy current

𝜈11 exists only if the quasiparticle distribution has components odd
in n, that is if there is an energy-imbalance across the Fermi sur-
face, which is not the case in a sound wave. We compute this energy
current by writing down the transport equation for n odd and l = 1:

c𝜈1n +
i

𝜔0𝜏

∑
n′

1
nn′𝜈

1
n′ − 𝜈0n −

2
5
𝜈2n = 0 (C1)

To leading order in 𝜔0𝜏, this gives

i
𝜔0𝜏

1𝜈1odd = 𝜈01 u⃗1 +O(𝜔0𝜏) (C2)

where 𝜈1
odd

= (0, 𝜈11 , 0, 𝜈
1
3 , 0,…) is the odd component of 𝜈1, and we recall

that  does not couple the even and odd components. We solve Equa-
tion (C2) for 𝜈11 , which yields

𝜈11 = −i𝜔0𝜏𝜅𝜈
0
1 with

𝜏𝜅
𝜏𝜎

= u⃗1
4𝜋
1

u⃗1 ≃ 0.7478 (C3)

Going back to Equation (25) on the energy density, we obtain the heat
diffusion equation

(
𝜔 + iD𝜅q

2)𝜈01 = 0 with D𝜅 = 1
3
v2F𝜏𝜅 ≃ 0.249v2F𝜏𝜎. (C4)

The thermal conductivity 𝜅 is related to D𝜅 by 𝜅 = cVD𝜅 where cV =
mpFT∕3 is the heat capacity. The relaxation time approximation 𝜏

(0)
𝜅 ∕𝜏𝜎 =

15∕8𝜋 turns out much worse for the thermal conductivity than for the vis-
cosity, with the error reaching 25%. We are thus in neat disagreement with
the claim of Ref. [30] that |𝜅 − 𝜅(0)|∕𝜅 < 2%.
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Figure B2. The sound attenuation and dispersion coefficients 𝛾 and Δc obtained by fitting a Lorentzian function Equation (B1) (green and orange lines
in inset, respectively for 𝜔0𝜏𝜎 = 0.01 and 𝜔0𝜏𝜎 = 0.5) to the density response 𝜒̄𝜌 obtained by numerically solving Equation (21) at non vanishing 𝜔0𝜏𝜎
(symbols in the inset). The horizontal dashed and dotted line show respectively the exact hydrodynamic limits Equations (B2) and (B3), and the relaxation

time approximation (𝜏𝜂 , t𝜂 → 𝜏
(0)
𝜂 ). This figure is drawn in the limit kFa → 0 (c1∕vF = 1∕

√
3).

A Fermi liquid, just like a nearly ideal gas (at arbitrary temperatures) has
no bulk viscosity.[1,47] We attribute this to the effective quadratic behav-
ior of the dispersion relation 𝜖p − 𝜇 ≃ (p2 − p2F)∕2m. After decomposition
onto the Qn polynomials, this properties decouples the components 𝜈0n>0
from the conserved 𝜈10 , thereby removing a dissipative term in the veloc-
ity equation. Finally the spin diffusivity is outside the scope of this article,
which does not consider fluctuations of the polarization 𝛿n↑ − 𝛿n↓.

Acknowledgements
H.K. acknowledged support from the French Agence Nationale de la
Recherche (ANR), under grant ANR-23-ERCS-0005 (project DYFERCO)
and the EUR grant NanoX No. ANR-17-EURE-0009 in the framework of
the “Programme des Investissements d’Avenir”. N.N acknowledged sup-
port by the AFOSR (Grant No. FA9550-23-1-0605), NSF (Grant No. PHY-
1945324), DARPA (Grant No. HR00112320038), and the David and Lucile
Packard Foundation. T.R. and H.K. thank Yale University for its hospitality.

Conflict of Interest
The authors declare no conflict of interest.

Data Availability Statement
Data sharing is not applicable to this article as no new data were created
or analyzed in this study.

Keywords
collective modes, fermi gases, quantum transport, sound waves, ultracold
atoms

Received: April 30, 2025
Revised: July 1, 2025

Published online:

[1] G. Baym, C. Pethick, Landau Fermi-liquid theory, Wiley-VCH, Wein-
heim 1991.

[2] D. Vollhardt, P. Wolfle, The Superfluid Phases of Helium 3, Taylor &
Francis, London, 1990.

[3] B. L. Jones, J. W. McClure, Phys. Rev. 1966, 143, 133.
[4] K. Behnia, Ann. Phys. 2022, 534, 2100588.
[5] D. Belitz, T. R. Kirkpatrick, Phys. Rev. B 2022, 105, 245146.
[6] L. Vichi, J. Low Temp. Phys. 2000, 121, 177.
[7] T. Schäfer, Nucl. Phys. A 2014, 928, 180.
[8] A. Mecca, A. Lovato, O. Benhar, A. Polls, Phys. Rev. C 2016, 93,

035802.
[9] F. Mohling, J. C. Rainwater, J. Low Temp. Phys. 1975, 20, 243.
[10] D. S. Greywall, Phys. Rev. B 1986, 33, 7520.
[11] K. Matsumoto, T. Ikegami, S. Ito, M. Kirigaya, Y. Okuda, J. Low Temp.

Phys. 1996, 102, 227.
[12] E. Lipschitz, L. Pitaevskii, in Landau and Lifshitz Course of Theoretical

Physics, Vol. 9, Pergamon Press, New York, 1981.
[13] H. H. Jensen, H. Smith, J. Wilkins, Phys. Lett. A 1968, 27, 532.
[14] G. A. Brooker, J. Sykes, Phys. Rev. Lett. 1968, 21, 279.
[15] J. C. Rainwater, F. Mohling, J. Low Temp. Phys. 1976, 23, 519.
[16] W. R. Abel, A. C. Anderson, J. C. Wheatley, Phys. Rev. Lett. 1966, 17,

74.
[17] J. M. Parpia, D. J. Sandiford, J. E. Berthold, J. D. Reppy, J. Phys. Collo-

ques 1978, 39, C6.
[18] M. González, W. G. Jiang, P. Zheng, C. S. Barquist, H. B. Chan, Y. Lee,

Phys. Rev. B 2016, 94, 014505.

Ann. Phys. (Berlin) 2025, e00181 e00181 (8 of 9) © 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

 15213889, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/andp.202500181 by C

ochrane France, W
iley O

nline L
ibrary on [19/09/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.ann-phys.org


www.advancedsciencenews.com www.ann-phys.org

[19] R. N. Baten, Y. Tian, E. N. Smith, E. J. Mueller, J. M. Parpia, Nat.
Commun. 2023, 14, 5834.

[20] I. Khalatnikov, A. Abrikosov, Sov. Phys. JETP 1958, 6, 84.
[21] S. Huang, Y. Ji, T. Repplinger, G. G. T. Assumpção, J. Chen, G. L.

Schumacher, F. J. Vivanco, H. Kurkjian, N. Navon, Phys. Rev. X 2025
011074.

[22] Y. Ji, G. L. Schumacher, G. G. T. Assumpção, J. Chen, J. T. Mäkinen,
F. J. Vivanco, N. Navon, Phys. Rev. Lett. 2022, 129, 203402.

[23] S. Riedl, E. R. Sánchez Guajardo, C. Kohstall, A. Altmeyer, M. J.
Wright, J. H. Denschlag, R. Grimm, G. M. Bruun, H. Smith, Phys. Rev.
A 2008, 78, 053609.

[24] P. B. Patel, Z. Yan, B. Mukherjee, R. J. Fletcher, J. Struck, M. W.
Zwierlein, Science 2020, 370, 1222.

[25] A. L. Gaunt, T. F. Schmidutz, I. Gotlibovych, R. P. Smith, Z.
Hadzibabic, Phys. Rev. Lett. 2013, 110, 200406.

[26] N. Navon, R. P. Smith, Z. Hadzibabic, Nat. Phys. 2021, 17, 1334.
[27] G. Rupak, T. Schäfer, Phys. Rev. A 2007, 76, 053607.
[28] G. M. Bruun, H. Smith, Phys. Rev. A 2007, 75, 043612.
[29] T. Enss, R. Haussmann, W. Zwerger, Ann. Phys. 2011, 326, 770.
[30] M. Braby, J. Chao, T. Schäfer, Phys. Rev. A 2010, 82, 033619.
[31] Y. Nishida, Ann. Phys. 2019, 410, 167949.
[32] T. Enss, Phys. Rev. Lett. 2019, 123, 205301.
[33] J. Hofmann, Phys. Rev. A 2020, 101, 013620.
[34] K. Fujii, T. Enss, Ann. Phys. 2023, 453, 169296.
[35] E. Lipschitz, L. Pitaevskii, in Landau and Lifshitz Course of Theoretical

Physics, Vol. 10, (see 16.) Pergamon Press, New York, 1981.
[36] S. Pavaskar, I. Z. Rothstein, Phys. Rev. B 2022, 105, 235107.
[37] H. Kurkjian, Y. Castin, A. Sinatra, Ann. Phys. 2017, 529, 1600352.
[38] P. Massignan, G. M. Bruun, H. Smith, Phys. Rev. A 2005, 71, 033607.
[39] S. Watabe, A. Osawa, T. Nikuni, J. Low Temp. Phys. 2010, 158, 773.

[40] J. Maki, T. Enss, Phys. Rev. A 2023, 107, 023317.
[41] A. Recati, S. Stringari, Phys. Rev. A 2010, 82, 013635.
[42] C. S.W. Chang, G. Uhlenbeck, in Studies in statistical mechanics, Vol. 5,

(Eds: J. D. Boer, G. Uhlenbeck), North-Holland Publishing Company,
Amsterdam, 1970.

[43] L. García-Colín, R. Velasco, F. Uribe, Phys. Rep. 2008, 465, 149.
[44] T. Schäfer, Phys. Rev. A 2014, 90, 043633.
[45] W. Israel, Ann. Phys. 1976, 100, 310.
[46] J. Hofmann, U. Gran, Phys. Rev. B 2023, 108, L121401.
[47] P. Nozières, D. Pines, The theory of quantum liquids, W.A. Benjamin,

New York 1966.
[48] G. Brooker, J. Sykes, Ann. Phys. 1970, 61, 387.
[49] J. Hofmann, S. Das Sarma, Phys. Rev. B 2022, 106, 205412.
[50] J. Foch, G. Ford, in Studies in statistical mechanics, Vol. 5, (Eds: J. D.

Boer, G. Uhlenbeck), North-Holland Publishing Company, Amster-
dam, 1970.

[51] A. Sommer, M. Ku, G. Roati, M. W. Zwierlein, Nature 2011, 472, 201.
[52] C. Cao, E. Elliott, J. Joseph, H.Wu, J. Petricka, T. Schäfer, J. E. Thomas,

Science 2011, 331, 58.
[53] E. Vogt,M. Feld, B. Fröhlich, D. Pertot,M. Koschorreck,M. Köhl, Phys.

Rev. Lett. 2012, 108, 070404.
[54] J. A. Joseph, E. Elliott, J. E. Thomas, Phys. Rev. Lett. 2015, 115, 020401.
[55] X. Li, J. Huang, J. E. Thomas, Phys. Rev. Res. 2024, 6, L042021.
[56] K. Fujii, T. Enss, Phys. Rev. Lett. 2024, 133, 173402.
[57] J. Joseph, B. Clancy, L. Luo, J. Kinast, A. Turlapov, J. E. Thomas, Phys.

Rev. Lett. 2007, 98, 170401.
[58] S. Van Loon, W. Van Alphen, J. Tempere, H. Kurkjian, Phys. Rev. A

2018, 98, 063627.
[59] C. C. N. Kuhn, S. Hoinka, I. Herrera, P. Dyke, J. J. Kinnunen, G. M.

Bruun, C. J. Vale, Phys. Rev. Lett. 2020, 124, 150401.

Ann. Phys. (Berlin) 2025, e00181 e00181 (9 of 9) © 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH

 15213889, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/andp.202500181 by C

ochrane France, W
iley O

nline L
ibrary on [19/09/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.ann-phys.org

