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Formalizing contextuality in sequential scenarios

Kim Vallée®* and Damian Markham
Sorbonne University, CNRS, LIP6, F-75005 Paris, France
(Dated: September 17, 2025)

This paper provides a framework for characterizing sequential scenarios, allowing for the identi-
fication of contextuality given empirical data, and then provides precise operational interpretations
in terms of the possible hidden variable model explanations of that data. Sequential scenarios are
different in essence from non-local scenarios as each measurement instrument is allowed to change
the state as it enters subsequent measurement instruments. Thus, it is necessary to formulate the
possible state update in any hidden variable model description. Here we develop such hidden vari-
able models for sequential scenarios, and we propose the notion of no-disturbance: an instrument
A does not disturb another instrument B if the statistics of B are independent of whether A was
measured or not. We define non-contextuality inequalities for the sequential scenario, and show
that violation implies that the data cannot be explained by a hidden variable model that is both
deterministic and not disturbing in this sense. We further provide a translation from standard con-
textuality frameworks to ours, providing sequential versions which carry over the same inequalities
and measures of contextuality, but now with the sequential interpretations stated.
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I. INTRODUCTION

Quantum theory and quantum information
have many applications, from communication
to computation speed-up. However, developing
these applications requires us to explore more
fundamental features of quantum mechanics such
as non-locality or contextuality. We will focus
on the latter, contextuality, which takes its root
in the Kochen-Specker theorem [1] but has seen
renewed interest in recent years [2-6]. In order
to validate or invalidate contextuality as a true
property of nature, many experiments have been
made [7], some of them actually using sequential
measurements, i.e. measuring the system multi-
ple times in a row without destroying it [8-11].
At the same time, formal frameworks for contex-
tuality have been powerful tools for understand-
ing its role and application across quantum in-
formation, from quantum computation [12, 13],
to quantum metrology [14], quantum communi-
cation complexity [15] and many aspects of quan-
tum cryptography [16, 17]. Extending formal
frameworks, and formalising the interpretations,
to sequential scenarios opens the door to explor-
ing, understanding and demonstrating these non-
classical effects in many more situations.

To this end, there are two issues which we ad-
dress in this work. First, frameworks that relate
contextuality and sequential scenarios are quite
sparse [18, 19]. There have been some progress re-
lating non-local scenarios to prepare and measure
scenarios [20-22], and on prepare and measure
scenario with one transformation [23, 24]|. Here,
we propose a general framework for sequential
scenarios, and their interpretations, which builds
on the ideas of the GPT and OPT formalisms [25—
28| as well as the Sheaf theoretic frawework for
contextuality [3]. This complements the existing
approaches, which either lack a clear hidden vari-
able model, or cannot reproduce all the scenarios
we allow in our framework.

The second issue is related to compatibility, or
more precisely the operational assumptions re-
quired to prove contextuality. In order to ex-
perimentally check some notion of contextuality,
we should work in a framework that is theory
agnostic, and in the particular case of sequen-

tial instruments a common assumption is to have
instrument compatibility. However, instrument
compatibility has many definitions [29], and it is
relatively demanding to check [27, Section 2.8.4]'.
Instead, we propose another notion called instru-
ment no-disturbance inspired from [30], which is
also operational and only requires a tomographi-
cally complete set of preparations to be checked.
We note that no-disturbance, as an idea has, of
course, been studied a lot, and through some for-
mulations in certain frameworks, can be related
to compatability (e.g. in OPT here [28]). Our
proposed formulation is motivated by its simplic-
ity, and as far as we know as not been formalised
before in this way for general models.

We address the two previous points by giv-
ing a formal framework to study contextuality
in sequential scenario with operational assump-
tions, and we go beyond by showing how to re-
late contextuality measurements scenarios [3]| to
the newly sequential scenarios we introduce.

We start by defining what are sequential sce-
narios in Section II, and what is a hidden vari-
able model (HVM) in such sequential scenarios.
We retrieve quantum theory as a special case of
HVMs in our framework for sequential scenarios.
We continue by introducing operational consider-
ations and HVM restrictions in Section III, look-
ing at outcome determinism, no-disturbance and
outcome independence. Then, we introduce the
formal notion of non-contextuality for sequential
scenarios in IV, showing that the non-contextual
set is a convex polytope and that we have a mea-
sure of contextuality, such as the contextual frac-
tion. Here contextuality refers to the property
that statistics of individual ‘contexts’ or, in our
case, measurement sequences, can be understood
as coming form marginals of some global prob-
ability distribution. The main point of our pa-
per is reached in Section V, where we make a
formal link between operational restrictions and
contextuality. We show that contextuality, as for-
mally defined above, is equivalent to there being
an HVM that is both non-disturbing, and out-
come deterministic. We also show that for sce-
narios where sequences are at most of length two
non-contextuality can also be shown to be equiva-
lent to there being an HVM that is non-disturbing

I Checking instrument compatibility would require a to-
mographically complete set of preparations and mea-
surements, in addition to the instruments.



and outcome independent. Finally, we propose a
mapping between measurement scenarios as de-
scribed by the sheaf theoretic framework for con-
textuality [3] and sequential measurement scenar-
ios in Section VI.

II. SEQUENTIAL SCENARIOS

In order to talk about features of a sequen-
tial scenario, it is necessary to give a precise de-
scription by what we consider to be sequential
scenario. We clarify this notion in this section,
following the steps given in the Sheaf theoretic
framework for contextuality [3], more precisely
by introducing the notion of a scenario followed
by empirical behaviours on sequential scenarios.
With these building blocks, we will have the nec-
essary material to talk of hidden variable models
and then of contextuality.

A. Definitions

In sequential scenarios, we are working with
struments:

Definition 1 (Instrument). An instrument
A: ¥4 — Xy x O4 takes as input a system in
state a 04 € X4 and outputs a system in a
state o'y € X!y together with a classical outcome
a € Oy. Where L4 and ¥/, are state spaces and
O is the set of classical outcomes allowed by the
instrument.

Instruments have had some interest in the lit-
erature, either in quantum theory [29, 30] or in
GPT [25] and OPT [28] — therein called tests.

For some instrument As, it might be that its
outcome statistics remain unchanged whether A;
is placed before or not. In that case we say that
A; does not disturb As:

Definition 2 (Instrument no-disturbance). Let
two instruments Ay : X — X X O4, and As :
Y = ¥ X O0a,, we say that Ay does not disturb
Ag if for every outcome ay € O 4, and every state
o € X we have:

pa(azlo) = Y pa,(a1]o)pa, (Glar,0)pa, (as]5)
ay,o’

(I1.1)
where pa, (a;|o) is the probability to have outcome
a; when A; is performed, and the input state is
o. Similarly, pa,(Gla;, o) is the probability for

instrument A; to prepare the state & given the
iput state o and the outcome a;.

An immediate remark about Equation (II.1)
is that one could write pa, (a1|o)pa, (Glar, o) as
pa, (0,a1|0) by using the chain rule. Throughout
this paper we will keep the first notation, with
two terms, in order to dissociate the process of
generating a new state and the process of gener-
ating an output. In order to test instrument no-
disturbance, one requires only a tomographically
complete set of preparation, since it should hold
for all state. It should be contrasted with com-
patibility, which requires at least a tomograph-
ically complete set of measurements and states
according to [27, Section 2.8.4].

Definition 2 deserves some additional com-
ments regarding the existing literature. First, the
term no-disturbance, or the “Gleason property”,
has sometimes been used in the literature [31, 32]
to describe the compatibility of marginals, i.e.:

Zp(aa b) = ZP(G,C) = p(a).
b c

It is not equivalent to our definition, and does not
carry the same insights. However, it is related as
we mention in Section V A. On the other hand,
No Signalling In Time (NSIT) from [33] is simi-
lar to our notion of no-disturbance, but it is ap-
plied differently; NSIT should apply uncondition-
ally to all instruments, whereas no-disturbance is
assumed to hold for only some set of instruments.
Finally, we do not refer here to the notion of state
no-disturbance, as in the “no information with-
out disturbance” principle [34, 35], but rather to
outcome no disturbance — i.e. the fact that the
outcome of a measurement is independent of the
previous measurement.

When one has multiple sequences of instru-
ments, this forms what we call a sequential sce-
nario:

Definition 3 (Sequential scenario). A sequential
scenario is given by a tuple (X, S,0) . where:

seq

e X is the set of instrument labels;

e S the set of sequences, where a sequence
S €S is a set of instrument labels indexed
by their ordering S = {4; | A € X,i € I}
where I C N is an indexed set. The set of
all possible sequences given a set X and an
indezed set I is written &5 ;

e O = (Op)rex 1is the set of classical out-
comes for each instrument. When we con-
sider a sequence of instruments S € &%,



we define Og as the Cartesian product of
the possible outcomes:

Os= ][] O.
seS,xeX
i€l
r; =S8
Where I is an indexed set and S an arbi-
trary sequence.

We point out two implicit assumptions which
are made in sequential scenarios. First, all the
first instruments in a sequence must have the
same input state space, say Y;,, and second
whenever two instruments are made in a sequence
they must have matching state space. As an ex-
ample, let A: ¥4 — ¥, x O4 and B: ¥ —
¥'5 x Op such that S = { A1, By } then one must
have ¥’y = Xp. Moreover, since A; is the first
instrument in the sequence we necessarily have
4=

We give below an example with a sequential
version of the KCBS scenario [36, 37].

Example 1 (Sequential ~KCBS). We
define  the  sequential  KCBS  scenario
<XKCBS,SKCBS,OKCBS>seq where  we  have
five instruments Xkcps = {A'}ico.. 4,
and they all have two possible outcomes
VA" € X: Ogcpsai = {0,1}.  Then we
define the sequences as:
SKeBs = {{A(l)vA%}v {Ai,A%},
{A7, A3}, {A], A3}, (I1.2)

{A1, A3} }

Where the subscript is the order inside a se-
quence, and the superscript defines the instru-
ment.

Note that in Example 1 we could have decided
of different order in the sequences S € Skcgs,
and that would still be a valid scenario. This il-
lustrates that there are multiple possible sequen-
tial scenarios associated to a non-contextuality
scenario. We will give more details on this possi-
bility in Section IV.

When we run an experiment or make a model
from a theory of a given sequential scenario, we
obtain a set of probabilities. We call these prob-
abilities an empirical behaviour, which is defined
on a sequential scenario:

Definition 4 ((Sequential) Empirical be-
haviour). An (sequential) empirical behaviour e

is defined on a sequential scenario (X, S, O)seq a
a family of probability distribution e = (es)ses
where each eg: Og — [0,1] is a probability distri-
bution on classical outcomes for the instruments
M a sequence.

S

We also define the notion of compatibility of
marginals, in the same spirit as [3]:

Definition 5 (Compatibility of marginals). We
say that an empirical behaviour e on a sequential
scenario (X, S, O)Seq respects the compatibility of
marginals if for any instrument A € X, such that
for all sequences S1,S2 € S and all kK’ € N
where A € S1 and Ay € So and A, A € S1N
Sy then

Z p(al, ey a|51||51) = Z p(al, ey a‘52|\52)
a; #ay ajFa

(I1.3)
where the outcomes ay and ag: correspond to the
instruments Ay and Ay respectively.

Notably, the compatibility of marginals
matches the notion of no-signalling in the case
of non-local scenarios, such as Bell scenarios [3].

B. Hidden variable model

Since this paper aims at deriving an opera-
tional way to rule out some theories, it is use-
ful to propose a model which can reproduce the
statistics of any theory. Such a model is called
a Hidden Variable Model (HVM), and it can for
instance reproduce both classical theory but also
quantum theory or any post-quantum theory. Re-
stricting a HVM may result in a specific the-
ory, e.g., to reproduce non-contextual theories the
Kochen-Specker theorem constrains a HVM to be
deterministic and parameter independent [1].

We provide in this subsection all the building
blocks of a HVM for sequential scenarios, which
we then combine?. In the following, we will refer
to an hidden variable A € A where A is the set of
all possible hidden variables. We consider A to be
finite, but eventually arbitrarily large, to simplify
notation without losing generality. In any HVM,

2 In this paper we use the terminology HVM and not
ontological model to match the historical notation in
the sheaf theoretic framework for contextuality [3] but
they should be understood as conceptually the same.



instruments are represented by A: Ay — A’y %
Oa, where Ay C A and Ay C A. For simplicity
of notation we will always write A: A - A x Oy
for any instrument.

The general sequential scenario is represented
in Figure 1, where first a hidden variable X is
prepared following a distribution p, (A) given by
a state preparation p, then measured and trans-
formed multiple times through instruments. Each
time a hidden variable A passes through an instru-
ment it is transformed to another hidden variable
X, and a classical output is produced®. We for-
malize this procedure in this section by prepa-
ration functions, response functions and transfer
functions respectively.

aq an

Figure 1. Example of a sequence, where the hidden
variables are represented in green, and the classical
outcomes in red. First there is a state preparation p
where the hidden variable Ao is sampled with proba-
bility pp(Ao). This hidden variable is then an input
to an instrument A;. It has two results: one a classi-
cal outcome a; given with probability €4, (a1|Xo), and
the second a new hidden variable A\; with probability
T4, (A1|Ao,@1). The new hidden variable produced is
forwarded to the next instrument As, and it produces
a classical outcome a2 as well as a hidden variable \s.

1. Preparation function

A state preparation p samples hidden vari-
ables with an associated probability distribution
tp: A —[0,1] which has the properties:

VA €A py(A) >0

Zﬂp()‘) =1.

AEA

(11.4)
(IL5)

The support of this probability distribution is
written A, = {A|g,(A) > 0}. We call p, the
preparation function of p.

3 One might note that all these notions are special case of
channels [25], but we keep them separated voluntarily
in order to simplify the conditions we impose on them.

2. Response function

Each instrument A responds to a hidden vari-
able by outputting a classical outcome, which we
denote by the lower case letter a, and we model
it by a response function £,(-|\): Oa — [0,1],
which is the probability to have the outcome a
given the hidden variable A when measuring A.
These response functions are normalized — on the
outcomes — and positive such that for all A € A:

D alaln) =1 (IL.6)

Va € Oyt €alalr) > 0. (I1.7)

Notice that each response function is indepen-
dent of the order of the instrument, this informa-
tion may only be accessible through the hidden
variable A. In other words we make the following
assumption:

Ve N:  £a4,(|A) =€a(]N)

3. Transfer function

After a given instrument A;, at step ¢, the pre-
vious hidden variable \;_; is resampled in a new
hidden variable \;, possibly stochastically. The
resampling of the hidden variable is determined
following the function I' 4 (-[Ai—1,a;): A — [0, 1],
which represents the probability to sample );
given the previous hidden variable \;_; and the
classical outcome a;. We naturally assume that
the resampling is normalized, and it behaves as a
probability distribution such that V\;_1 € A and
for all a; € Ogy;:

> T (NilXic1,a) =1

N EA
Ly, (NilAiz1,0:) > 0.

(IL8)
(1L.9)

As one may notice, we have decided to re-
move the dependency in all the past measure-
ments from the transfer function, e.g.,

FAi()\i‘/\i—la ey )\0, Qjy e ,ao) .
However, we do not lose the generality, since this

can be encoded in the state A\;_; as it may have
arbitrarily large dimension.



4. No-backward-in-time signalling

The most general HVM cannot be built only
from the preparation, transfer and response func-
tions, only because one could allow for sig-
nalling backward in time, which is highly counter-
intuitive. Consequently, in the remaining of this
paper, we make the assumption of No-Backwards-
in-Time-Signalling (NBTS), similar to the one de-
scribed in [38]:

Definition 6  (No-Backwards-in-Time-Sig-
nalling). Any outcome or state at time t cannot
depend on any outcome or state that occurs at a
later time t + €, with € > 0.

We have not formally introduced the notion of
time in our framework, but it is implicitly as-
sumed from the ordering of the instruments. For
instance in a sequential scenario (X,S,0),, let
a sequence S € S of length N. Such that the
first instrument is A; and the last is Ay. Take
the outcome that occurs at time 4, then by the
NBTS condition:

7>\N)

3 Qim1, Aoy - - -

pla; |ar,...,an, Ao, ..

= (e o (I1.10)

7Ai—1) .
J

VS eS:Yoe Og: hglo) =

)\0,...,)\‘5|

In the following, we will only make use of Equa-
tion (II.13) to describe any empirical model gen-
erated by a HVM, thus ruling out any form of
backward in time signalling.

4 This can be proven by taking the most general proba-
bility ps(ai,...,ajg;A1,-..,A|g|), applying the chain
rule, and removing any dependency in the terms that
must occur at a later time.

Yom

5.  Hidden variable model

Lastly, we give the definition of a hidden vari-
able model:

Definition 7 (Hidden variable model). A hid-
den wariable model on a sequential scenario
(X,8,0). . is a tuple <A,u, (h)‘)AeA> with:

seq

(i) A is the set of hidden variables;
(ii) p: A — [0,1] is the preparation function;

(iii) for all A\, h* = (h})ses is a family of prob-
ability distributions hy: Og — [0,1].

These give rise to an empirical model:

hi=Y" p(Ah?

AEA

(IL.11)

While definition 7 is the most general definition
for a HVM, we will only be concerned with HVMs
which are NBTS, which means one can rewrite
any h} as’:

S|

ha = HfAi (@il Ai—1)T 4, (NilXiz1, aq)
i=1

(IL.12)

Putting together Equation (IT.11) with Equa-
tion (I1.12) we obtain that any HVM h =
(hs)ses can be written as:

S|
(Mo) H Ea, (@il Xi—1)T 4, (N[ Xiz1, a4)

=1

(I1.13)

C. Quantum theory as a special case

It is important to check that our HVM can at
least recover quantum theory as a special case.
This is possible if one assigns the set of hidden
variables to the set of pure states A = H, where H
is a complex Hilbert space of arbitrary dimension.
This means that the hidden variables are in one
to one correspondence to pure states A — |\).

With this in mind, we can define the response
functions and the transfer functions quantum me-
chanically for any instrument A and outcome
a€ Oy



§alalXo) = Tr[Z3 (|Ao) (Aol)] (IL.14)

_ Z4 (M) (Mol
poi= A RS (IL.15)
La(A1|Xo,a) = Tr[ pa [A1) (Aal] (I1.16)

where 79 here holds for the quantum instrument
of A given outcome a, where we use the defini-
tion of [30] and [39, Chapter 4]. A quantum in-
strument is defined as a set of Completely Pos-
itive Linear Map Z4 = {Z%} and which satisfy
Z3*(1) = Mg for every a € O where T%® is the
dual map and M§ is quantum POVM element.
The above equations can be generalized to mixed
states knowing that the instruments are linear op-
erators.

III. OPERATIONAL CONSIDERATIONS
AND HVM RESTRICTIONS

Unrestricted HVMs can reproduce any the-
ory, however there are some properties that we
observe in experiments or that we believe to
hold true and which constrains the behaviour of
HVMs. The most seminal example is Bell theo-
rem, where local causality [40, 41] is assumed to
hold for any theory, thus it restricts the choice of
HVMs to the ones respecting local causality. We
can also operationally check it by doing the Bell
experiment, and look at the resulting probability
table, if however it is not respected then we can
infer that local causality does not hold.

On the other hand, one can induce HVMs re-
strictions from operational considerations, simi-
larly to what Spekkens proposed for his notion
of contextuality [2]. In this case we assume that
two preparations are equivalent if no measure-
ment can distinguish them. Hence, if one makes
an experiment with a tomographically complete
set of measurements, and observe no difference in
the statistics of two preparations, then we say the
preparations are equivalent. As a result we can
reflect this restriction on the HVM, by requiring
the preparation functions to be the same.

In this section, we introduce three HVM re-
strictions: outcome determinism, no-disturbance
and outcome independence, and we will relate
them to operational considerations when we can.
We relate these to non-contextuality in Sec-
tion IV.

In an HVM, an instrument A will be character-
ized by its response function &4 and its transfer
function I' 4 as defined in section II B.

A. Outcome determinism

We straightforwardly give the definition of out-
come determinism:

Definition 8 (Outcome determinism). In a
HVM, an instrument A is called outcome deter-
ministic if the probabilities of its classical out-
come are always 0 or 1, more formally:

Va € Oyg: VA€ A: E4(alX) € {0,1}. (IIL.1)

The assumption of quantum projectors may
operationally justify outcome determinism [1, 18,

36, 42]. Assuming preparation non-contextuality
can also motivate outcome determinism [2].

B. No-disturbance

An instrument A does not disturb another in-
strument B if placing A right before B does not
change the probability of outcomes of B. As an
example, a fair coin flip is never disturbed by any
previous instrument, because it will always out-
come either head or tails with half probability.
Similarly, a non-invasive instrument will never
disturb any following instrument, because since
the system is not disturbed the following instru-
ment must act on the undisturbed system. Any
repeatable outcome deterministic instrument is
also self non-disturbing. We analyse these ex-
amples after introducing the formal definition of
no-disturbance for a HVM:

Definition 9 (No-disturbance). In « HVM, an
instrument A does not disturb another instru-
ment A', which we write A+ A’, if the following
holds:

YAeA:Vd € Oy

;fA(GP‘)FA(XP‘va)gA’ (@'|X) =& (a’(ﬁ\b)

Meaning that the outcome statistics remain un-
changed for A’ after A has been measured.

Definition 9 is equivalent to definition 2 but
reformulated for HVMs. Furthermore, it should
be noted that Definition 9 is not necessarily sym-
metric, A" might not be disturbed by A, and yet
A can be disturbed by A’.

Verifying Equation (II1.2) requires one to be
able to prepare every hidden variable A € A,
which operationally means that one should have



a tomographically complete set of preparations.
We point out that this assumption is commonly
discussed in operational contextuality [43-45] and
in the more general settings of GPT [46]. When
one is convinced of operational no-disturbance,
through many runs of the experiment for in-
stance, then it is necessary to assume that there
is no fine-tuning so that it also holds at the HVM
level.

1. Example: Fuair coin flip

The fair coin flip instrument Ag is never dis-
turbed by any previous instrument. In order
to prove it let us use Definition 9, where we
have the fair coin flip response function to be
E4,,(0IN) = €4, (1]A) = 0.5 for all hidden vari-
able A € A. Then:

D EalalNT 4 (VX a)éa,, (ases| )

a,\

= 33 €a@AT AN A Q)

a,\
1
2

where this holds for any instrument A and any\ €
A. Thus, the fair coin flip is never disturbed by
any previous instrument, however it might dis-
turb further instruments, depending on the spe-
cific state transformation that it implements.

2. Ezample: Non-invasive instrument

A non-invasive instrument Aynp, is a device
that does not change the hidden variable, i.e.,
Tay (N|A) = 6x,x. In that case, for any follow-
ing instrument A Definition 9 is satisfied:

> Calant N a (VX )4 (alN)

ant, N

- Z gANI (aNI|>\)5>\,>«§A(a\)\’)

ant, N

=&alal)

Thus, it is quite clear that a non-invasive in-
strument is always non-disturbing according to
our definition.

3. Ezample: Projective deterministic instrument

We define a repeatable deterministic instru-
ment A, as a device that has a deterministic
response function and once put in sequence al-
ways output the same classical outcome. Math-
ematically it means that for any hidden variable
A € A and any classical outcome ayep € Oa,,, We
must have these two conditions:

€a,(a;)N) € {0,1} (I11.3)

> éa (@ MTa, (NN, ar)éa, (a = a;|X) =1
’ (I1L.4)

Using equation (II1.4) we see that whenever
&, (ar|A) = 1 it must be that {4, (al # a,|]N) =0
on the support of I'y,. Injecting into equa-
tion (III.2) we obtain:

D Ea (a4 (VX ar)éa, (af|N)

ay A\

= a4 (NN, ar al. = ay |\
(LZ; €a, (a4 (N[, ar)€ 4, ( %H}.S)

= &4, (a:[)
Which holds for all A € A and a] € Oy, .

4. No-disturbance in quantum theory

The notion of no-disturbance is defined for
POVM measurements in quantum theory in [30].
We provide an adapted definition for instruments
below:

Definition 10 ((Quantum) Non-disturbing in-
struments from [30]). Given two instruments A
and B, A can be performed without disturbing B,

if:
Vpe T (H):Vbe Op:

o (S0
Where H is a Hilbert space of arbitrary dimen-

sion and T (H) is the set of positive trace class
operators of trace one.

(I11.6)

T = [z} ()]

We observe that HVMs adapted to quan-
tum theory as shown by Section IIC (equa-
tions (I[.14)—(I1.16)) in fact retrieve equa-
tion (I11.6) when applied to our definition of no-
disturbance (see Definition 9).



C. Outcome independence

We also introduce another potential restriction
called outcome independence (OI). The transfer
function T' is OI if it only depends on the pre-
vious hidden variable A and not on the previous
outcome a. Namely, the new hidden variable )\
after the measurement must be independent of
the outcome a.

Such a typical instrument is an instrument that
samples randomly after the classical outcome pro-
duction, or the opposite, an instrument that de-
terministically produces the same hidden variable
after the classical outcome. We will go more in
depth with these examples, but first we provide
the definition of outcome independence:

Definition 11 ((Transfer functions) Outcome in-
dependence). In a HVM, the transfer function
I'a of an instrument A is outcome independent,
if for all outcome, the probability of obtaining the
state ' does mot change:

YA, N €A:Va,a €04

I11.
Dy ha) =T, ha).

For simplicity, we will drop the dependency in
a to denote a transfer function that is outcome

independent, i.e., T4(N|X) =T (N |\, a).

We would like to highlight the fact that out-
come independence is difficult to operationally
motivate, particularly since quantum mechanics
does have outcome dependence. It is not a re-
quirement to show contextuality, however one can
retrieve a notion of contextuality from this as-
sumption, which we make explicit in Theorem 4.

1. Example : Random resampling

An instrument A, is randomly resampling if
given a set of hidden variables A we have:

Ca, N\ an) = (I11.8)

1
A
Clearly, for such an instrument, the transfer
function does not depend on the classical outcome
-

2.  Ezample : Deterministic reset

Similarly to the random resampling, a deter-
ministic reset instrument A4, is an instrument

that resets the hidden variable A\ after producing
the classical outcome agq;:

L, (VA aar) = Oy, x (I11.9)

where Ay, is a given hidden variable. Thus, the
instrument simply always outputs the same hid-
den variable, whatever the input, and again, this
does not depend on the classical outcome.

3. Programmable instruments and OI

The notion of outcome independence has al-
ready appeared in the work of Buscemi et al. [29],
where they introduced a specific type of pro-
grammable instrument — essentially an instru-
ment with two inputs and outputs, one classical
and one quantum — where the production of the
classical output is detached from the production
of the quantum output, without the possibility
to communicate. It is interesting to notice that
some type of compatibility, termed “classical com-
patibility” [29, Def. 2], is inherently OI.

IV. NON-CONTEXTUALITY FOR
SEQUENTIAL SCENARIOS

We now show how the restrictions introduced
in Section III relate to non-contextuality, specifi-
cally as defined in the sheaf theoretic framework.
We start with the definition of non-contextuality,
and we show that non-contextual empirical mod-
els form a polytope. Not only that, but we dis-
cuss extensively on the contextual fraction, what
it means in sequential scenarios, and we frame
some related open questions.

First, we define the unique set of instruments in
asequence S as S ={A|Ji €N, A4; € S}, thisis
basically the set of all instruments in a sequence
where we removed the indices. As an example,
if § = {Al,BQ,Ag,C4,B5} then we have 5 =
{4, B,C}. We also define a consistent outcome:

Definition 12 (Consistent outcome). An out-
come is said to be consistent, if within a sequence
S € S the outcome of an instrument is the same
regardless of its position in the sequence S. More
precisely, in a scenario (X, S,O)SCq we say that
an outcome o € Og, with S € S, is consistent if
there exists o' € Og such that:

VYA e S:VieN:

A, eSS = 0|Ai:01|A’ (IV.1)



If such an o' exist for o we will denote it by og.
We directly show that og is unique:

Lemma 1 (Uniqueness of og). 0og € Og as in
Definition 12 is unique.

Proof. We prove it by contradiction. Let og, 0’5 €
Og such that og # o’g and they both satisfy Equa-
tion (IV.1). Necessarily we have for all A € S:

og|, = 05|, (Iv.2)

Thus they must be the same, which contradicts
0g # 0. O

We now define non-contextuality for sequential
scenarios, following closely the definitions in [3],
but where we allow for repeating instruments,
i.e., an instrument may appear multiple times in
the same sequence.

Definition 13 (Non-contextuality for sequen-
tial scenarios). We say that an empirical model
e on a sequential scenario (X,S,0). is non-
contextual, if there exist a global probability dis-
tribution on outcomes d: Ox — [0,1], such that
any marginal in the empirical model can be re-
trieved as a marginal of the global probability dis-
tribution d if the outcomes are consistent, i.e., a
repeated instrument in a sequence has the same
outcome. Then for all S € § and for all 0 € Og:
_ [d|s(0g), if o is consistent

es(o) = {O!S otherwise (IV-3)

Remark : For any sequence S € § if there ex-
ists another sequence S’ € S such that S = S
then they must have the same probability dis-
tribution over consistent outcomes. This can be
directly inferred from Equation (IV.3).

A. Convexity of non-contextual empirical
models

One natural question is to wonder whether the
set of non-contextual behaviour is convex, and
whether the convex set can be defined as a poly-
tope or not. We prove that it is in fact a con-
vex polytope which means that a mixture of non-
contextual empirical models must yield a non-
contextual empirical model. We argue that the
extremal point of the non-contextual polytope for
sequential scenarios are also given by the global
deterministic assignments on Ox.
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Theorem 1. The set of mon-contextual be-
haviours form a polytope, where the extremal
points are given by global deterministic assign-
ments.

Proof. By definition, we say that en empirical
model e on a sequential scenario (X,S,0), is
non-contextual if there exist a global distribution
on the outcomes d: Ox — [0,1] and it respects
Equation IV.3. First we can see that such a global
probability distribution can be seen as a mixture

of deterministic global assignments:
d= Z i ddeti
i

where d9°%: Ox — {0,1} is a deterministic as-
signment of outcomes and { ; }, gives a proba-
bility distribution over these deterministic assign-
ments. Each of these d9°% give rise to a determin-
istic empirical model given by, for all S € S:

et (o) = {

(IV.4)

ddeti

s(0g), if o is consistent
0, otherwise

(IV.5)
Then we can rewrite Equation (IV.3) as the fol-
lowing:

_gdet; N e .
es(o) = ZL 1id=e g(Os), if 0 is C_on&stent
0, otherwise

(IV.6)
More concisely, this may be written as:

es(o) = Y pielo)  (V.T)

Thus we have just proven that any non-
contextual model can be written as a convex
mixture of deterministic non-contextual empir-
ical model, which are the vertices of the poly-
tope. O

Because sequential scenarios allow for repeated
instruments inside a context, we can wonder
whether it impacts the shape of the polytope to
add a repeated instrument at the end of a con-
text. For instance, let us consider the following
extended sequential KCBS scenario:

Example 2 (Extended sequential KCBS). Let
the sequential KCBS scenario as per Example 1,
where we take a different sequence S:

SEKCBS = {{A(l)v Aéa Ag}a {A%a A%},
{A2, A3}, {4}, A3},
{41, A3}

(IV.8)



where we have simply added AS at the end of the
first sequence.

By construction, the spaces of empirical mod-
els, or correlations, of Example 1 and Example 2
are different (since more outcomes are involved
in Example 2). However, since the set of in-
struments is the same, by Theorem 1 the non-
contextual polytopes have the same number of
extremal points, that are given by the fixed as-
signments for each instrument.

B. Contextual fraction for sequential
scenarios

Once we have an empirical model e on a given
sequential scenario (X, S,O)Seq, we can require
not only to have a qualitative measure of contex-
tuality but rather a quantitative measure of con-
textuality, i.e., how contextual is a given empiri-
cal model. In the standard sheaf theoretic contex-
tuality scenario, contextuality can be quantified
with the contextual fraction [3], and this can be
implemented as a linear program [47]. Thus, we
naturally extend the definition of the contextual
fraction for sequential scenarios in this section.

In order to define the contextual fraction, we
first start by decomposing any sequential empir-
ical model as a convex sum of empirical models:

e=XeNC 4 (1 -\ (IV.9)

where eNC is a non-contextual model as per Def-
inition 13 and ¢’ is any empirical model. If
one maximizes the weight on A\, which takes the
optimal value A*, then we can define the non-
contextual fraction of e as NCF(e) = \*, and
by definition the contextual fraction is defined as
CF(e) :== 1—NCF(e). The contextual fraction was
originally designed for empirical models on mea-
surement scenarios (See Section VI), but we see
from the definition that it naturally extends to
empirical models on sequential scenarios. It is a
convex measure [47] and it is continuous [48].

In section IV A we questioned whether addition
of repeated measurements changes the NC poly-
tope. Here we extend the question to quantum
behaviour produced by quantum instruments and
states, where we question the difference that may
arise from repeating measurements in sequences
and if it has an impact on the contextual fraction.
More precisely, let a quantum realization of the
sequential scenario given by Example 1, and in
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particular let us take the common quantum re-
alization made by projective measurements, see
references [36, 37] for the exact set, and Liiders
instruments. Then by keeping the same measure-
ments and instruments but using the sequential
scenario of the extended KCBS, i.e. Example 2,
it is not clear how the contextual fraction will
evolve. For that specific example, i.e. sequential
KCBS vs extended sequential KCBS, we have nu-
merically shown that it does not increase.

Open question 1. In the general case, it may
be the case that repeating measurements inside
a sequential scenario give more or less non-
contextuality. Answering this question would lead
to a better understanding of sequential scenarios,
and it is left open for future work.

V. RESTRICTED HVMS AND
NON-CONTEXTUALITY

In the previous section we have introduced
the definition of contextuality, but it is of inter-
est to derive this notion of contextuality from
restricted HVM. In this section we make the
formal link between restricted HVMs and non-
contextual HVMs.

First we define what is a non-disturbing hidden
variable model (ND HVM):

Definition 14 (ND HVM). A HVM
(A p, (BMxea) on  a  sequential — scenario
(X,8,0) . is mon-disturbing, if for any se-
quence S € § and any two instruments in that
sequence A; # A; € S we have:
Where the notation A; = A; means that A; does
not disturb A;. We will refer to any behaviour
of such a hidden variable model as an ND HVM
model.

This can be understood as the property that for
all sequences, any instrument in it is such that it
will not disturb any other instrument later.

We refer to an outcome deterministic HVM
(A, p, (h*)xea) on  a sequential  scenario
(X,S, O)SCq7 whenever every instrument is
outcome deterministic in the sense of Defini-
tion 8:

Definition 15 (OD HVM). A HVM
<A, Iy (h*),\eA> on a sequential  scenario
(X,8,0)., is outcome deterministic if for



any sequence S € S, all instruments in such a
sequence A; € S are OD as in Definition 8.

Finally, we talk of an outcome independent
(OI) HVM:

Definition 16 (OI HVM). A HVM
(A p, (WM)aea) on  a  sequential  scenario
(X, S,O)Seq is outcome independent if for
any sequence S € S, all instruments in such a
sequence A; € S are OI as in Definition 11.

A. No-disturbance and the compatibility of
marginals

In the sheaf theoretic framework for contextu-
ality, if there exists a HVM which respects both
the compatibility of marginals (generalization of
no-signalling) and outcome determinism then it
is equivalent to non-contextuality. In this paper
we have been looking at no-disturbance, which do
imply compatibility of marginals, in the addition
of no-signalling from the future. More formally:

Theorem 2 (ND implies the compatibility of
marginals). Let « ND HVM behaviour h on a se-
quential scenario (X,S,O)Seq, if h respects the
NBTS condition then it also respects the compat-
wbility of marginals.

For the full proof see Appendix A 1, the general
idea is to use ND as one way no signalling, and
causality as the other way no-signalling. With
these assumptions, one ends up by respecting the
compatibility of marginals.

As a reminder, the compatibility of marginals
(see Definition 5) is operational, but it is a math-
ematical property rather than a physical observa-
tion. The notion of no-disturbance is on the other
hand operational and physical, in the same way
that one uses space like separations in Bell exper-
iments to justify the compatibility of marginals.
Thus, these two notions are not the same, but
one implies the other, as Theorem 2 attests.

B. No-disturbance with outcome
determinism is equivalent to
non-contextuality for sequential scenarios

After Theorem 2 shows us that any ND HVM
on a sequential scenario implies the compatibil-
ity of marginals we now turn to OD ND HVM,
and we show that these hidden variables are non-
contextual.
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Theorem 3 (ND and OD HVM are equivalent
to non-contextuality). Let an empirical model e
on a sequential scenario (X,S,O)seq. This em-
pirical model is non-contextual if and only if there
exists a ND OD HVM <A, 14 (h)‘)AeA> respecting
the NBTS condition which realizes it.

The proof is developed in appendix A 2.

We now turn to seminal examples in the lit-
erature for contextuality, the KCBS inequal-
ity [36] for which we gave the shape of the
scenario in Example 1 and the Peres-Mermin
square [49, 50]. We show below that both exam-
ples can still witness contextuality in sequential
scenarios. In both examples below we will make
use of Liiders instruments [51]: given a POVM
E* = {E®Y},c0,. its Liiders instrument is de-

fined for all y € Ope as Tx.(p) = VEYpv E*Y.

The derivation of the inequalities below can be
done following the same reasoning as in standard
contextuality scenarios. We formalize this gen-
eral connection in section VI with Theorem 5.
These examples now allow us to interpret these
inequalities in the sequential scenario versions.

Example 3 (KCBS non-contextuality in sequen-
tial scenarios). We start from Example 1 with the
sequential scenario (XKCBS,SKCBS,OKCBS>Seq.
Suppose that you can operationally justify deter-
minism and non disturbance, i.e., for all i €
{0,...,4} we have A* = A*®1. Then the following
inequality [6, 36] holds by virtue of Theorem 3:

4
Zp (ai = ¢'®! | AéAlﬁl) >1
i=0

(V.2)

Where i @1 is the addition modulo 5. In order to
witness contextuality, one can follow the guide-
line of quantum theory to derive an erperimen-
tal setup. It is important to stress that while the
quantum formalism can be used as a tool to de-
rive an experimental setup, the assumptions are
operational.

Let MAZ“ be a measurement with binary out-
comes M4 = {P]Al}jzod where PJAl is a pro-
Jector that correspond to outcome j. Their asso-
ciated instrument is T4 = {I#"};—0.1 such that
for all i € {0,...,4} and for all j € {0,1} we
have IJAI (p) = P]AlpPJAl, We will take one of the



quantum realization of the KCBS inequality [52]:

1 1 1 [cos (40)
lvo) = N 0 1) = N sin (46)
v cos 0 vVcos
1 [ cos (20) 1 [eos (20)
lvo) = N — sin (26) lvg) = N sin (26)
vV cos cos 0

1 [ cos (460)

lvg) = v sin (46)
vV cos

Where @ = 7/5, N =+/1+ cos6 and:
P = |v;) (vl
PA =T —|u) (v

Where I is the identity for a qutrit.
Since we have pairwise commutation for all i €

{0,...,4):

vj e {0,1}: [PA, P

J

Ai@1

| =0.

Then instrument no-disturbance must hold [30]
(see Definition 10):

Vie{0,...,4}: 74 T

Yet for the state (| = (0,0,1), we observe a vi-
olation of inequality (V.2):

4
Zp (ai =a'® | ABAi@l) =5-2V5
i=0

# 1.

Example 4 (Peres-Mermin non-contextuality in
sequential scenarios). We show that the Peres-
Mermin Square [7, 49, 50] can be encompassed
in this framework if it is done sequentially.
First, we start by ordering the instruments in
the contexts, to give sequences, which is also
done in Ref [53] for example. Thus, the sets in

(XpM, Spm, Opm) g are:

Xew = (Ahr<ico V:5)
Spm = { {A(iy Alfrl?AZ;z } }ie{l 4,7}
i Ai+3 746 7 V-
U { {A()aAl 5A2 } }i€{172a3}
Vo € X: Opy ={0,1} (v:5)
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Where, similarly to the KCBS Example 1, we use
indices for the order and exponents for the in-
strument. Again if one assumes determinism and
no-disturbance the following inequality holds:

Z P (aiajak = (—1)%3%.6%k0 | AéA{Ag) <5.
SeSpm
(V.6)
Where AjA] A5 = S € Spm. The PM square in-
equality can be violated in quantum theory with
the observables O = Pgt — P{* such that the
instruments I are defined in the same way as
Ezxample 3. The set of observables is the follow-
ing:

A
O =0,R0,

A
0% =0, ®o,

OM=0, 01 O0M=1%a0,
OA4:]l®am OAE’:Jm@]l

O =0, 00, O =0,®0, OAQ:Jy®Uy.

Where 04,y . are the Pauli matrices and 1 is the
identity.

Similarly to the previous example, we see that
all measurements are projective and commuting
within a sequence S € S. The associated quantum
instruments must therefore be non-disturbing:

VS € Spa: VAR AL € Sii > i T FTA

Finally, from the quantum example we get the fol-
lowing violation of Inequality (V.6):

Z p (aiaja,k — (_1)61,35]‘,6516‘9 | ASA{Al;) -6
SESPM

£5

C. No-disturbance with outcome
independence is equivalent to
non-contextuality for sequential scenarios

In this section we show that in a sequential
scenario, an empirical model is non-contextual if
there exists a ND OI HVM which realizes it, as
long as we restrict ourselves to sequences S € S of
2 instruments or less. Restricting to sequences of
length less that 2 still covers numerous interest-
ing contextuality scenarios, such as all the n-cycle
scenarios [54]. We formalize it with the following
theorem:

Theorem 4 (ND and OI HVM are equivalent to
non-contextuality). Let an empirical model e on

a sequential scenario (X, S, O)seq such that:

VSeS: |S] <2 (V.7)



This empirical model is non-contextual if and
only if there exists a ND OI HVM <A7 1, (h)‘))\eA>
respecting the NBTS condition which realizes it.

The full proof is given in the Appendix A 3.

VI. MEASUREMENT SCENARIO TO
SEQUENTIAL SCENARIOS

One of the motivations for studying no-
disturbance in sequential scenarios is its opera-
tional significance. In this spirit, it is reasonable
to ask whether any measurement scenario as de-
scribed by the sheaf theoretic framework can be
transposed in a sequential scenario. We answer
by the positive constructively. We moreover show
that, for our construction, the non-contextual
polytope is conserved, thus the non-contextual
inequalities are preserved through what we call
the induced sequential scenario.

Open question 2. The question for the quan-
tum set, i.e., whether it holds in the induced se-
quential scenarios is left open. We strongly be-
lieve that it should not be the same, since we are
allowing any type of instruments, but at this time
we are not able to provide a proof of this claim.

In the following, we first make a quick introduc-
tion to measurement scenarios and empirical sce-
narios in the sheaf theoretic framework for con-
textuality, then we show how one can map any
measurement scenario to a sequential scenario.

A. Measurement scenario a la sheaf
theoretic framework

We restrict ourselves to an informal description
of the sheaf theoretic framework, with enough de-
tails for the reader to follow. A more thorough
description can be found in the original paper [3]
and in subsequent papers [47, 48].

A measurement scenario is characterized by
the tuple (X, M,0O) where (i) X is a set of
measurement labels; (i) M C P(X) is the set
of maximal contexts and forms a cover of X,
(ili) O = (Og)gex and O, is the outcome set
corresponding to measurement r € X.

One can define an empirical model e on a mea-
surement scenario (X, M, O) as a family of prob-
ability distributions e = (ec)cenr, in the same
spirit as an empirical model on a sequential sce-
nario (see Definition 4).
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The compatibility of marginals, referring to the
operational property of no-signalling, parame-
ter independence or “no-disturbance”, is substan-
tially simplified in measurement scenarios. An
empirical model is said to respect the compati-
bility of marginals if for any two contexts C'; and

C5 we have, ecllcmc2 = eCz,Cng where the

notation ec|,, stands for the marginalization of
the probability distribution e to U C C.

Non-contextuality is the fact that an empirical
model e on a measurement scenario (X, M, O)
can be described by a global probability distri-
bution on the outcomes d: Ox — [0,1], i.e., all
context wise probability distributions ec: O¢c —
[0,1] can be seen as the marginal of d, or, math-
ematically, ec = d| o

We follow up with the definition of a hid-
den variable model. A HVM on a measurement
scenario (X, M,0) is a triple <A,,u7 (h/\))\eA>,
where (i) A is a finite set of hidden variables;
(i1) pu: A — [0,1] is the distribution over hidden
variables; (iii) for all A we have h* as an empirical
model on (X, M, O). This gives rise to an over-
all empirical model given as the average over the
various hidden variables h := Y, .\ p(A)h*. Sim-
ilarly to empirical models, we can impose that a
given hidden variable behaviour h* must be pa-
rameter independent, i.e. behaviours which re-
spect the compatibility of marginals, such that for
all Cp,Cy € M we have hél |Clmcz = hé2|clmcg'
Imposing such a constraint on each of the hidden
variable behaviours lead to an empirical model
which respect the compatibility of marginals,
such that for all C7,Cy € M:

DN
VA€ A B o ne,

— hC1

:hé'2|C nC
NGz (yL)

|Cmc2 = he, ‘cmc2

Finally, we can define a deterministic, or sharp,
hidden variable behaviour, such that VYA: VC €
M: hQ(t) = 0 where t,t' € Oc and § is the
Dirac distribution.

We write below the conclusion reached in [3,
Prop. 3.1 and Th. 8.1]:

Proposition 1. An empirical behaviour e is non-
contextual if and only if it is realizable by a pa-
rameter independent deterministic HVM.

B. Mapping measurement scenarios to
sequential scenarios

From the definitions given in the previous sec-
tion, we are able to show that any measurement



scenario can be converted to a sequential sce-
nario, where the non-contextual set is preserved.
This means the notion of no-signalling is replaced
by no-disturbance and measurements are turned
into instruments.

Let an arbitrary measurement sce-
nario (X, M,0), with measurement labels
X = {Ai},c;, without loss of generality

the contexts are assumed to take the form
Cj = { Ak }hexcr € M. We define the number
of contexts to be N = |M]|, such that we can
index them C; with j = 1,...,N. Finally,
each measurement has its own outcome set
(Oz)zex, which for simplicity we will assume
to be the same for each measurement, i.e.,
Vere X: 0, =0.

From such a measurement scenario, we can de-
fine a sequential scenario where each measure-
ment is promoted to an instrument, i.e., they also
output a system. In essence, this does not change
the scenario, because a scenario is only concerned
about the labelling of such measurements (or in-
struments). Then, one decides of an ordering for
the contexts, in other words for each context C;
the instruments inside Af; € Cj acquire a new
exponent ¢ representing the order of the instru-
ment in the sequence. We call this new ordered
context of instruments a sequence, which we write
S;. The choice of the ordering may be made arbi-
trarily, or decided such that the condition of no-
disturbance is respected. With these changes, one
can define a sequential scenario <X5785705>ch>
with X, = X, S = {Si},_, n and the clas-
sical outcomes remain unchanged O; = O. We
call these sequential scenarios induced sequential
SCENATIOS:

Definition 17 (Induced sequential scenario). A
sequential scenario (X, Ss, Os>seq is called an in-
duced sequential scenario if there exist a measure-
ment scenario (X, M, O) such that (i) X; = X;
(ii) for all S € Ss, there exists C € M such
that S =~ C' up to the index of the instruments;
(i) for all S € Ss, there exists C € M such that
O¢ = Og.

For a given measurement scenario, there ex-
ists multiple possible induced sequential scenario,
where the various ordering of the instruments
make the difference. However, there exists only
one measurement scenario for a given induced
scenario, which basically boils down to the fact
that the contexts must be the same as the se-
quential scenario up to the ordering labelling.
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We now prove that such an induced se-
quential scenario preserves the notion of non-
contextuality: if an empirical model is non-
contextual in the measurement scenario then it is
non-contextual in the sequential scenario and vice
versa. This implies that the existence of a deter-
ministic parameter independent hidden variable
model in the measurement scenario is equivalent
to the existence of a deterministic non-disturbing
hidden variable model in the induced sequential
scenario.

C. Non-contextuality holds in induced
sequential scenarios

Given this mapping, it is natural to expect
that the non-contextual sets coincide. This is for-
malised below.

Theorem 5. Let an empirical model e on a mea-
surement scenario (X, M, O) and an induced se-
quential scenario (X, S, O>Seq built from it as de-
scribed in Section VIB. Then if this empirical
model e is NC'in the measurement scenario, then
it is NC in the induced sequential scenario and
vice versa.

Proof. We start by the first implication, that NC
in measurement scenarios implies NC in induced
sequential scenarios. Let a NC empirical model
e on the measurement scenario (X, M, O). Then
there exists a global distribution d: Ox — [0, 1]
such that for each context, the empirical scenario
is retrieved as the marginal of that global proba-
bility distribution ec = d| c

We define an analogous empirical model e
on the sequential scenario (X, Ss, Os>seq as the
same empirical model, i.e. it is the same fam-
ily of probability distributions, ey := e where the
only modification in the contexts is the addition
of a label to the measurements A € C — A, € S.
The following is valid for any labelling, as long as
the label ¢ appears only once in a given sequence,
and ¢ < |C]. In order to show that the empirical
model e satisfies the notion of non-contextuality
described in Definition 13, we first note that ev-
ery sequence S is the same as the set of unordered
measurements: S = S. This holds by definition
of our mapping. Secondly, for any sequence S,
the outcomes o € S are consistent as in Defi-
nition 12, since we have the property S = S°.

5 S = S implies that Og = Og and thus Yo € Og there



Because we have that any o € Og is consistent,
we can rewrite Equation (IV.3) as:

VS eS:Vieg(o) = ds|5,(0§) (VI1.2)

which holds for all S € S and all 0 € Og. One
can see that S = C, such that if we take ds = d
we indeed retrieve Equation (IV.3).

For the other implication, that a NC empirical
model in an induced sequential scenario give rise
to a NC empirical model in a measurement sce-
nario, the proof follows the same structure. Let
a non-contextual empirical model e; in a sequen-
tial scenario (X,S,0),.,. Then there must exist
a global probability distribution on the outcomes
ds: Ox — [0, 1] such that eg(0) = d|§(0§). Note
here that we use the fact previously shown that
all outcomes are consistent and VS € S: § = S.
Thus, setting a global distribution in measure-
ment scenario d := d, we find that the empirical
model in the measurement scenario e := e, is also
NC, i.e., for all S € § and for all 0 € Og:

es(0) = daf 4(og)
= d|C(OC)

=ec(0)

(VL3)

We thus conclude that the empirical model
e on the measurement scenario must be non-
contextual if e4 is non-contextual. O

Although not surprising, this Theorem has im-
portant consequences, as it allows any contextual
scenario in the standard framework to be trans-
lated, along with the associated inequalities, mea-
sures of contextuality (the contextual fraction)
and tools that come with them. In particular, us-
ing [47] one can take experimental data from any
sequential version of a contextual inequality and
check if it is non-contextual via linear program-
ming. Through Theorems 3 and 4 we have oper-
ational interpretations for the possible sequential
HVMs.

VII. DISCUSSION AND CONCLUSION
A. Discussion

We now turn to the discussion of two references
which have common objective with this paper,
and show how they are related.

must exist o’ € Og which is simply defined as o’ = o
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Relation to Ref [18]: The authors of Refer-
ence [18, 53] were looking at sequential measure-
ments and the relation to non-contextuality with
the assumption of both OD and non-invasiveness.
Since this is related to our current work, we inves-
tigate and clarify the relation to this paper. Non-
invasiveness means that the state is not disturbed
by compatible measurements, which is a partic-
ular case of no-disturbance, where the transfer
function is simply a Dirac function I'(XN|A k) =
dx.a- In [18], the authors propose multiple ap-
proaches to relax some notion of compatibility.
We propose in the following to use only the
weaker assumption of no-disturbance instead of
the notion of compatibility they introduced for
simplifying the notation. They relax the assump-
tion of non-invasiveness by introducing the prob-
ability to flip, which they write as:

P"PIAB] =p[(b1 =1 B1) and (b2 = 0| A1 By)]
+p[(b1 =0 | Bl) and (bg =1 | Ale)] .

Where the instrument B has outcome {0,1}. We

have interpreted the “and” as “at the same time”,

which is why they say it is not a measurable quan-
tity. Adapted to our notation this gives:

pPABl = )" u(ho)és(k|ro)

RoAnhE (VIL1)
x Ea(K'[Xo)T% (A1l o, K) '
X 63(1 — k|)\1)

where A F B. If the assumption of ND holds, it
seems OD is never relaxed, then pfiP[AB] would
necessarily be 0. Because OD remains, the re-
laxation necessarily comes from the form of the
transfer function I', thus one can introduce a
noisy version:

T3 (MfXo, k) = (1= e)Ta(A1| Ao, &)

T (s ) (VIL.2)
where I (A1]| Ao, k') is a function that chooses
a A1 such that any non-disturbing measurement
outcome is flipped. The existence of such func-
tion is not assured, however it follows the spirit
of [18], and the notion of flipping. With this we
have pP[AB] = ¢.

However, as they argue, this might not
be directly experimentally testable since both
Ep(k|Ao) and €4(K'|Ao) depend on \g in Equa-
tion (VII.1) which is not possible because one has
to chose which measurement comes first. We can



still follow through the paper with our approach,
by introducing a new quantity p®*[BAB]:

P [BAB] = > u(ho)és(kINo)
A0sA1,A2
k,k'€B

X FB()\1|)\0, k)fA(k‘l|/\1)(VH.3)
X FA()\Q‘)\l,k/)SB(]. — ]{7‘)\2)

where again p"[BAB] = 0 as long as OD and ND
are respected. The following inequality holds:

pUP[AB] < p™"[BAB], (VIL4)
as we have:
P [BAB] — p"P[AB] = (1 - 2¢)e  (VIL5)

and by definition ¢ < 0.5, otherwise it just
amounts to flipping the outcomes of the measure-
ments and take ¢’ = 1 —e. As a conclusion, we
acknowledge that there are more approaches used
in [18] to account for errors. However, we have
decided to restrict ourselves to the first one to
give an example of how one can retrieve existing
results with the framework we have developed in
this paper.

Relation to [19] In arecent work Abramsky et
al. [19] developed a framework for causal scenar-
ios, with sequential measurements closely related
to this work. The major differences are twofold,
first we emphasize on hidden variable models,
with state transformations and operational con-
straints which we develop. Second, we allow for
repeated instruments, i.e. a sequence can have
the same instrument multiple time, at the cost
of getting away of the sheaf mathematical frame-
work. Furthermore, in this paper, we investigate
in more depth the notion of no-disturbance, and
which constraints should one put on the HVMs
in order to witness non-contextuality.

Yet we still believe that both works are likely
complimentary, and it is left as an open avenue
whether they can be unified in a more general
framework.

B. Conclusion

To summarize, we have investigated sequential
scenarios and their relation to non-contextuality.
We first defined sequential scenarios and empiri-
cal behaviours, and subsequently we have looked
at the definition of a HVM for sequential scenar-
ios. We proposed some restrictions on this HVM
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that led to an equivalence with the notion of non-
contextuality. Furthermore, we also proved that
the non-contextual set is a polytope for any se-
quential scenarios, with a well-defined notion of
contextual fraction. Finally, we propose a way
to map any measurement scenario to a sequential
scenario.

Together this represents a powerful framework
for considering non-classical behaviour in sequen-
tial scenarios. On the one hand we have a clear
formal definition of the non-contextual polytope,
which allows many tools to be applied, such as
linear programming to certify the violation of an
inequality given some experimental data [47]. On
the other hand, in Theorems 3 and 4 we have
clear interpretation that violation would imply
the statistics cannot be explained by HVMs that
are both non-disturbing and outcome determin-
istic for Theorem 3, or HVMs that are both non-
disturbing and outcome independent for Theorem
4.

We leave open many avenues for future research
in this work, amongst which, the relaxation de-
terminism and no-disturbance, in the same spirit
as [48]. We believe it is an interesting path since,
as clearly pointed out in [18], the need for noise
robust inequalities in sequential measurements is
required to pursue realistic experiments. The hid-
den variable theory proposed in this work is a
good starting point for such relaxations.

Another line of research follows along the line
of operational contextuality [2], where one could
see sequential measurements as a causal net-
work [55], and see how that relates to operational
contextuality.

Finally, it is not clear to the authors, how the
mapping proposed in Section VI works for the
quantum case, i.e., is any quantum behaviour in
the sequential case mapped to a quantum be-
haviour in the Bell scenario ? This goes along the
lines of compiled XOR games [21, 22|, but here
the sequential scenario is defined differently, in
particular related to what is called the “artificial
constraints”. We strongly believe that the reverse
mapping does not exist since there is a variety of
instruments that are acting non-trivially on the
state, however this is still to be proven, and find-
ing what exact subset it matches is of interest on
its own.
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Appendix A: Proofs
1. Proof of Theorem 2

Proof. Let an arbitrary hidden behaviour h from a ND HVM <A,,u7 (RN AeA> on a NDS scenario

(X, 8,0)eq> any two contexts S, 5" € S, and define N = |S| and N’ = || such that:
S = {Ak}lgng,AkeS (A-l)
S"={At}1cocnr apest s (A.2)

Let us take the case where:
Ik, 0: A €S: A;€ S Ay = A,

We now check that the compatibility of marginal is respected:

plag]Ag, S, M) = Z plar,...,an[A1, ..., AN) (A.3)
Ares
arFaj,
N+1
= Y] €actarde- )T a, kA1, ax) (A.4)
Ay AN41 k=1
ap#ay,
k-1

I
(]

T éan (anlMi-0)T A, el A1, a)

)\1,...,)\N+1 k=1

apF#ay,
x Eag (ag| A )T a; (Mg A1 ap) (A.5)
N+1
< | I €arlanlde—1)Ta, Akl Ak—1, ax)
k=k+1
k—1
= Z HfAk(ak\)\k—l)FAk()\k|>\k—1,ak)
Ay Ap_y | k=1 (A.6)
ak;éafc
X §A,; (alg|>\]~é71)
k—2
= > T éat@l e a, el Ae-1, ax)
Moo, | k=1 (A7)
ak;éaE
X Eap (a5 [N_o)Tay (N1 [Aj_gs ag1)8a; (a1 A5_q)
k—2
= Z HgAk(ak‘)\kfl)FAk(>\k|>\k717ak)
Ay Ap_y | k=1 (A.8)
ak;éa,;

x Ea; (apAi_y)

= €a; (a3 Xo) (A.9)
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where Ay, is the k" measurement of context S. In Equation (A.4), we used NBTS condition. Then we
split the instruments that come before and after A; in Equation (A.5), and because of the summation
we can directly eliminate the second product in Equation (A.6), finally we just iteratively apply ND
in Equation (A.7) and (A.8). We can apply iteratively the ND relation because by definition of a ND
HVM we have:

Vi <m: Ak Ay, (A.10)

We can also apply this procedure for the context S’, and it is quite clear that we obtain the same
result, proving:

plaglAg, S, Ao) = €a; (ag|Ao) (A.11)

= £a;(aglMo) (A.12)

= plagl4z 5", Xo) (A.13)

hence we do have compatibility of marginal. O

2. Proof of Theorem 3

In order to prove Theorem 3, we state the following useful lemma:

Lemma 2. Let two deterministic instruments A and A’ performed in sequence such that A+ A’. Then
the following holds:

VYA€ A: VX € supp {T4(-|\,a)}: Va' € Oar: (A.14)
Ear(a|N) = Ear(a'|N) |

where supp {FA(-\)\, a)} stands for the support of the transfer function I 4, i.e., when I' 4 is non-zero.

Proof. Let us denote by a° the outcome such that £4,(ag|Ao) = 1. The existence and uniqueness
of such an outcome is given by the OD assumption. By using Equation (II1.2) on no-disturbance we
obtain:

V/\()I ‘v’alz ZFAO ()\1|/\0,(Z30)§A1 (a1|/\1) = §A1 (a1|/\0) (A15)
A1

We now proceed by enumeration, since &4, (a1|Ao) € {0,1}. First we assume &4, (a1]|\g) = 0, then
necessarily

V)\l S supp(FAO): €A1 (a1|)\1) =0 (A16)
otherwise we would have
T a,(A1lAo, a3°)€a, (a1|A1) > 0 # &4, (a1]Xo) - (A.17)

We can extend similarly for £4, (a1|Ao) = 1:

VA € supp(FAO): €A1 (a1|)\1) =1 (A18)
Otherwise we have
> T (Ml ag?)ea, (arfAr) < 1 (A.19)
A1
= £a,(a1]Xo) (A.20)

O
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We now turn to the proof of the main theorem:

Proof. Let an empirical model e on a sequential scenario (X, S, O>Seq and let any context S € § with
N =S|. In full generality, we denote the instruments in the context S by A; where 7 is the order of the
instrument, and each instrument is in X. Suppose now that we have an OD ND HVM <A, ty (A ae A>.
Then we write o € Og as 0 = (a;)i<n, and we have:

N

es(0) = > p(o) [[€a,(a;li-1)Ta, (Aj1Nj-1, a)) (A.21)
A0y s ANH1 j=1

where Vj = 1,..., N we have a; to be the outcome of measurement A;. With some rearranging, we

obtain:

N

es(0)= > p(ro)éa,(arlho) [T Ta, s (Nj-1lj—2,a5-1)€a, (a;1X 1) (A.22)
A0y AN j=2

We now use lemma 2, because we have for all j that A7~ A7 we can rewrite the above equation as:

es(0) = Y p(ho)éa,(ar1ro)éa, (az|o)

A0y s AN
N-—-1
< | T Ty NoalNima, a5-1)8a,,, (a541125)

=2

(A.23)

X FAN—I(AN*1|)\N727 aNfl)

By acting iteratively we end up with:

N N—-1
es(0)= Y no) |[]a,(a;lr0) HFAJ()\j\/\j—lvaj) (A.24)

A0y AN j=1

Where the transfer functions I'4; can be eliminated by the sum over the right A;:

N
es(0) = > p(Xo) [[] €a,(ai1M0) (A.25)
Ao j=1

We now show that there exist a global probability distribution on outcomes d: Ox — [0, 1] which
respects the definition of non-contextuality given in Definition 13. First, if o is not consistent, it means
that there exists two instruments A;, A; which are the same A; = A; = A but which have different
outcomes a; # a;. This implies £4(a;|Ao)€a(aj|Ao) = 0 since we have deterministic response functions
one of them must be 0. In terms of the value of eg(0) it implies:

es(0) oc £a,(ailXo)éa; (@i o)

o (A.26)

Thus, necessarily es(o) = 0 for inconsistent outcomes. For consistent outcomes we can rigorously
follow the proof in [3, Theorem 8.1]. Let us define the global distribution on an outcome o € Ox,
which we write as 0 = (a) acx:

d(0) = Z (o) H §alalo) (A.27)

AoEA AeX
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We naturally have that d(o) > 0, and it normalizes to one:

dodlo)= Y > ulh) I €atalo)

0€0x 0€0x AoEA AeX
= > uo) I D ¢alalr)
Xo€A AEX a (A.28)
= Z (o)
AoEA
=1

We finally need to check that it marginalizes to the good value for a given context S € S:
N
es(0) =Y u(ho) [ [] €a,(a;r0) (A.29)
Ao j=1

= > u() [] €atalro) (A.30)
Ao

AeS
where we went from Equation (A.29) to Equation (A.30) by using the fact that £ (al\o) = £a(al)o)
for all A € X, thus ending with non-repeating measurements only.

The proof for the converse statement, i.e., the existence of a hidden variable model given a global
probability distribution, follows naturally from [3, Prop. 3.1], where now for all S € S we set

d|5(0g), if o is consistent
es(0) {0, otherwise (A.32)

Hence, eg(0) is explained by a factorizable hidden variable model. Then any transfer function that
induce no-disturbance, such as Dirac functions. For repeating measurements, one can use the deter-
ministic property that &4(a|\) = [€4(a|\)]" for any n € N*. O

3. Proof of Theorem 4

We start by showing that the notion of ND simplifies with the assumption of OI:

Lemma 3 (ND with the assumption of OI). Let and OI ND HVM <A,u, (h’\))\eA>, then for any
Ay F Ay the following holds:

V)o: Vay:
DT (MalA0)éa, (a2lhr) = Ea, (a2]0) (A.33)
A1
Proof. This comes quite straightforwardly from Definition 9, where the first term &4, (a1|\g) is ruled
out by summing over a; since the transfer function is no more outcome dependent. O

We now turn to the proof of Theorem 4.

Proof. Let an Ol ND HVM <A, 1L (hA)A€A> on a sequential scenario (X,S,O) then we will show

seq’?

that this takes the form of a factorizable HVM. Let S € S and two measurements A;, A; € S, by
definition, we have A; - A5 and:

plar,az| Ay, A2) = ) u(Xo)éa, (a1]A0)Ta; (M|Ao, a1)€a, (a2l A1)

A0, A1

=37 1(h0)€a, (a1]X0)€a, (a2lXo)

Ao

(A.34)



25

Where we went from the first line to the second by using Lemma 3. Because this is a factorizable
HVM, we can follow the same reasoning as applied in the proof of Theorem 3, in Appendix A2. O
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