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ISOPERIMETRIC INEQUALITIES INVOLVING STEKLOV

EIGENVALUES ON SURFACES

ROMAIN PETRIDES, WITH AN APPENDIX BY HENRIK MATTHIESEN AND ROMAIN PETRIDES

Abstract. We give results on optimal constants of isoperimetric inequalities involving
Steklov eigenvalues on surfaces with boundary. We both consider this question on
Riemannian surfaces with a same given topology or more specifically belonging to
the same conformal class. We provide new examples of topological disks that realize
optimal constants. We prove inequalities that relate conformal invariants associated to
combinations of Steklov eigenvalues on a compact Riemannian surface with boundary
and the ones on the disk. In the appendix, we show rigidity of the first conformal Steklov
eigenvalue on annuli and Möbius bands.

Let (Σ, g) be a compact Riemannian surface with a non empty boundary. Let β be a
positive function in ∂Σ. We set

σk(Σ, g, β) = inf
V ∈Gk+1(C∞(Σ))

max
φ∈V \{0}

´
Σ |∇φ|

2
gdAg´

∂Σ φ
2βdLg

,

where dAg is the area measure of Σ with respect to g, dLg is the length measure of ∂Σ
with respect to g and Gk+1(C∞(Σ)) is the set of k + 1-dimensional subspaces of C∞(Σ).
We obtain a sequence of so-called (weighted) Steklov eigenvalues

0 = σ0 ≤ σ1(Σ, g, β) ≤ · · · ≤ σk(Σ, g, β) ≤ · · · → +∞ as k → +∞,

where σ0 is associated to constant functions of Σ and σ1(Σ, g, β) > 0 if Σ is a connected
surface. By conformal invariance of the Dirichlet energy, we have for any smooth extension
β̂ on Σ of β,

(0.1) σk(Σ, g, β) = σk(Σ, ĝ, 1),

where ĝ = β̂2g. Therefore, we say that (Σ, g, β) is Steklov-isometric to (Σ̃, g̃) if there is

a diffeomorphism θ : (Σ, ∂Σ)→ (Σ̃, ∂Σ̃) such that θ?(g̃) = β̂2g for any smooth extension

β̂ on Σ of β. More generally, (Σ, g, β) and (Σ̃, g̃, β̃) are Steklov isometric if there is a

diffeomorphism θ : (Σ, ∂Σ)→ (Σ̃, ∂Σ̃) such that θ?(
ˆ̃
β2g̃) = β̂2g,for any smooth extension

β̂ on Σ of β and
ˆ̃
β on Σ̃ of β̃.

We refer to the surveys [CGGS23, GP17] for recent developments on Steklov eigenvalues.
In the current paper, we would like to set families of isoperimetric inequalities involving
Steklov eigenvalues of Σ, to give optimal constants and to look for metrics that realize
these sharp inequalities. We then set the following scaling invariant functional

σ̄k(Σ, g, β) = σk(Σ, g, β)

ˆ
∂Σ
βdLg
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2 ROMAIN PETRIDES

so-called the renormalized eigenvalue by the perimeter of the boundary of (Σ, g̃), that is
the length of ∂Σ with respect to g̃ = β2g. We denote for k ≥ 1:

(0.2) σk(Σ, [g]) = sup
β∈C∞>0(Σ)

σ̄k(Σ, g, β),

that depends only on the conformal class of g by (0.1) and

(0.3) σk(Σ) = sup
g∈Met(Σ),β∈C∞>0(Σ)

σ̄k(Σ, g, β) = sup
g∈Met(Σ)

σk(Σ, [g]),

where Met(Σ) denotes the set of smooth riemannian metrics of Σ. A result by Hassannezhad
[GP10, Has11] states that σk(Σ, [g]) < +∞ and that σk(Σ) < +∞. These invariants are
well-known on topological disks by [HPS75]:

σk(D) = 2πk.

Notice that by the uniformization theorem for any g ∈ Met(Σ), σk(D) = σk(D, [g]). For
k = 1, it was already computed in [Wei54] and it is realized if and only if (Σ, g, β) is
Steklov-isometric to an Euclidean disk. However, using the main result in [FS15], and
Theorem 0.1, Euclidean disks are the only critical points of σ̄k and σk(D) = 2πk is never
realized for k ≥ 2. The value σk(D) = 2πk is the k-th eigenvalue of the disjoint union
of k isometric Euclidean disks. Actually, we only know that the following surfaces of
higher topologies have maximal metrics for σ̄1: the annulus and Mobius band [FS16] and
orientable surfaces of genus 0 and 1 [KKMS24]. In addition, we have for γ = 0 by [GL21]

lim
b→+∞

σ1(Σ) = 8π,

where 8π corresponds to the maximal value of the renormalized first Laplace eigenvalue on
spheres. This result is extended to any genus of Σ [KS24b].

Despite these recent advances, computations with respect to k and the topology of Σ of
sharp constants σk(Σ) and associated maximizers if they exist are still widely open.

Considering combinations of eigenvalues improves the general picture. Let f : Rm+ →
R ∪ {+∞} be a C1 function that satisfies ∂if(x) ≤ 0 for all x ∈ Rm+ . We set

ESf (Σ, g, β) = f(σ̄1(Σ, g, β), · · · , σ̄m(Σ, g, β))

a Steklov spectral functional. We aim at getting sharp lower bounds on ESf with respect to

the topology and geometry of (Σ, g), and at describing the minimizers if they exist. We set

IS(Σ, f) = inf
g∈Met(Σ),β∈C∞>0(Σ)

ESf (Σ, g, β) = inf
g∈Met(Σ)

ISc (Σ, [g], f),

and

ISc (Σ, [g], f) = inf
β∈C∞>0(Σ)

ESf (Σ, g, β).

Notice again that IS(D, f) = ISc (D, [g], f) for any metric in D.
Let’s give examples of Steklov spectral functionals that where previously studied:

• Minimization of generalized Hersch-Payne functionals [HP68, Pet23] for t ≥ 0:

h+
t (x) =

1

x1
+

t

x2
.
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For t ≤ 1, every minimizer for IS(D, ht) is Steklov-isometric to the Euclidean disk
and we have by [HP68]

(0.4) IS(D, h+
t ) =

1 + t

2π
.

It generalized Weinstock’s result (t = 0) [Wei54] to 0 < t ≤ 1. In [Pet23], we prove
that for t > 1, this functional is attained, but never attained by the Euclidean disk,
and also that there is a minimal positive number t0 such that for all t > t0, it is
attained by a surface associated to a non planar free boundary minimal disk into
an ellipsoid of R3. In Proposition 0.1 below, we prove that t0 ≤ 3. As formulated
in Conjecture 0.2 below, we expect to have t0 = 3.
• Maximization of product of eigenvalues or Hersch-Payne-Schiffer functionals [HPS75]

for m,n ≥ 1:

fm,n(x) = (xmxn)−1 .

By [GP10], we have on an orientable connected surface of genus γ with b boundary
components that

(
IS(Σ, fm,n)

)−1 ≤

{
π2(γ + b)2(m+ n)2 if m+ n is even,

π2(γ + b)2(m+ n− 1)2 if m+ n is odd.

If m = n, γ = 0 and b = 1, this is an equality by [HPS75]. Moreover, if m = n+ 1,
γ = 0 and b = 1, this is also an equality and it is attained if and only if m = 1 and
n = 2. In this case, the Euclidean disk is again a minimizer of IS(D, f1,2). In the
current paper, we prove that the set of minimizers of IS(D, f1,2) is a one parameter
infinite set (see Proposition 1.3)
• Maximization of linear combinations of the two first non zero eigenvalues [Pet23]:

h−t (x) = (x1 + tx2)−1

In [Pet23], we proved that the minimum is always realized, and that for t large
enough, it is attained by a surface associated to a non planar free boundary minimal
disk into an ellipsoid of R3.

Of course, such studies could be asked for general linear combinations of eigenvalues or of
inverse of eigenvalues and other negative combinations of eigenvalues. One important step
to study these problems is the explicit computation of critical points of these functionals.

Theorem 0.1 ([Pet24a, PT24]). Let (Σ, g) be a compact Riemannian surface with boundary.
We assume that (g, β) is a critical point for ESf (Σ, ·, ·). Then there is a map Φ : Σ→ Rn
such that

(1) For 1 ≤ i ≤ n, the coordinate φi is an eigenfunction associated to σi := σi(Σ, g, β).
Denoting σ = diag(σ1, · · · , σm−1, σm, · · · , σm), we write the equation:{

∆gΦ = 0 in Σ

∂νΦ = βσ · Φ on ∂Σ

(2) |Φ|σ = 1 on ∂Σ

(3) dΦ⊗ dΦ =
|∇Φ|2g

2 g
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(4) For all 1 ≤ i ≤ m, denoting Ii = {1 ≤ j ≤ n;σj = σi}, we have∑
j∈Ii

ˆ
∂Σ
φ2
jβdLg =

∑
k∈Ii∩{1,··· ,m} ∂kf(σ̄1, · · · , σ̄m)∑m

k=1 σk∂kf(σ̄1, · · · , σ̄m)

ˆ
∂Σ
βdLg.

where σ̄i = σi
´
∂Σ βdLg. If β is critical for the functional ESf (Σ, g, ·) restricted to the

conformal class of g, then there is a map Φ : Σ→ Rn that satisfies (1), (2) and (4).

Notice that (1) and (2) mean that Φ is a free boundary harmonic map into an ellipsoid
and that (1), (2) and (3) mean that Φ is a (branched) minimal immersion into an ellipsoid.
The latter condition (4) comes from a chain rule in the computation of critical points for
f ◦ (σ̄1, · · · , σ̄m). We proved in [PT24, Theorem 4.5] that any branched free boundary
minimal immersion into an ellipsoid can be seen as a critical point of ESf (Σ, ·, ·) for several

families of functions f that satisfy (4). Generally speaking, a classification of free boundary
minimal surfaces into ellipsoids would provide a great progress to look for optimal constants
associated to isoperimetric inequalities involving Steklov eigenvalues. With the notations
of Theorem 0.1, we say that Φ is associated to the critical point (g, β) or to the critical

metric β̂2g (for some extension β̂ of β in Σ), or that (g, β) and β̂2g are associated to Φ.
In the current paper we give examples of critical points of functionals involving two

Steklov eigenvalues on the disk. In particular, we classify critical points of functionals
involving the two first Steklov eigenvalues on the disk associated to a free boundary minimal
immersion into an ellipse (see Proposition 1.1: the map Φ given by Theorem 0.1 has two
coordinates). From that classification, we deduce

Proposition 0.1. We assume that t > 3. Then IS(D, h+
t ) < (3+t)

√
3

6π and IS(D, h+
t ) has

to be realized by a metric associated to non-planar immersed free boundary minimal disks
into an ellipsoid of R3.

The novelty compared with the main result in [Pet23] is the rank t0 = 3. It appears as a
bifurcation point from planar critical ellipses to non-planar critical free boundary minimal
surfaces into ellipsoids (see the proof of Proposition 1.2). From this observation, we state
the following conjecture:

Conjecture 0.1. Let 1 ≤ t ≤ 3. Then

IS(D, h+
t ) =

√
t

2π

Moreover, it is uniquely attained by the critical ellipse co(Et) = {x2 + ty2 ≤ 1} endowed
with the Euclidean metric ξ and the weight β(x, y) = (x2 + ty2)−1 on the boundary
Et = {x2 + ty2 = 1}.

Together with (0.4) and Proposition 0.1, this conjecture would improve the description of
IS(D, h+

t ) and its minimizers. This conjecture would be related to the following conjecture
that is natural thanks to our new description of the critical ellipses.

Conjecture 0.2. Let q ≥ 1. There is a non planar free boundary minimal immersed disk
into the ellipsoid {x2 + qy2 + qz2 ≤ 1} if and only if q > 3.

This conjecture is already true for q = 1 by [FS16] (see Theorem A.2 below). The ”if”
part of this conjecture would be true if we prove that the non planar disks of Proposition
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0.1 behave continuously with respect to t from the bifurcation point at t = 3. By [HK23],
the ”if” part of this conjecture is true for q ≥ 4.

In a second part of the paper, we provide the following expected result that is not
written elsewhere to our knowledge.

Theorem 0.2. Let (Σ, g) be a Riemannian surface with boundary. Then

(0.5) ISc (Σ, [g], f) ≤ ISc (Σ̃, [g̃], f),

for any
(Σ̃, g̃) = (Σ, g) t (D, ξ) t · · · t (D, ξ)

or
(Σ̃, g̃) = (D, ξ) t · · · t (D, ξ),

where ξ is the Euclidean metric on the copies of disks.

This result is a natural counterpart of [CES03] for Laplace eigenvalues on closed surfaces.
We also refer to [FS20] for related results. Theorem 0.2 was stated in [Pet19] without proof
and is used in [Pet22]. Moreover, in [Pet24a, Pet22], we proved that if the inequality (0.5)

is strict for any (Σ̃, g̃) given by Theorem (0.2), then ISc (Σ, [g], f) is attained. Proving such
strict inequalities is much harder than Theorem 0.2. We provide examples where these
strict inequalities hold in [Pet23, Theorem 0.2]:

IS(D, h±t ) < IS(D t D, h±t ).

As already said, this implies the existence of minimizers for IS(D, h±t ). However, the
simplest strict inequality is still a conjecture:

Conjecture 0.3.
σ1(Σ, [g]) > 2π = σ1(D)

for any compact surface with boundary (Σ, g) that is not diffeomorphic to the disk.

The elaborate techniques of the author from [Pet22, Pet24b] and their extension in
the present paper can be used to prove this conjecture in all the conformal classes of the
annulus and the Möbius band.

Theorem 0.3. Let Σ be an annulus or a Möbius band endowed with a flat metric g then
there is a smooth positive function β : ∂Σ→ R?+ such that

(0.6) σ̄1 (Σ, g, β) > 2π.

As a consequence of the work in [Pet19] and Theorem 0.3 we also obtain

Theorem 0.4. Let Σ be an annulus or a Möbius band endowed with a flat metric g then
there there is a smooth positive function β : ∂Σ→ R?+ such that

(0.7) σ1 (Σ, g, β) = σ1(Σ, [g]).

In particular, there is a free boundary harmonic map Φ: (Σ, g)→ BN by first eigenfunctions.
Here, N ≤ 3 if Σ is an annulus and N ≤ 4 if Σ is a Möbius band.

Notice that in [Pet14], we prove the analagous strict inequality in the context of Laplace
eigenvalues on connected closed surfaces, and as a consequence the existence of maximizers
for the first Laplace eigenvaule (renormalized by the area) in any conformal class (see
also [Pet15] in higher dimension). This fundamental result is also used in [KS24a]. The
technical extension of [Pet22, Pet24b] required to prove Theorem 0.3 is the following.
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Proposition 0.2. Let Σ±l,ε be the compact surfaces with boundary defined by (3.1). Then,

for any l > 0, we have that

(0.8) σ̄k(Σ
±
l,ε, [gε]) > 2π

holds for ε small enough.

Roughly speaking, Proposition 0.2 completes the proof of Conjecture 0.3 close to the
boundary of the moduli space of Annuli and Möbius bands. More generally, we strongly
believe that the techniques of [Pet22, Pet24b] can be used to prove that Conjecture 0.3
holds outside a compact subset of the Teichmuller space of any compact surface with
boundary. That result could be a first step to complete the proof of the conjecture. By
the way, Proposition 0.2 leads to the proof of Theorem 0.3. The method we use is very
specific to annuli and Möbius bands since their moduli spaces are homeomorphic to a line
and critical points of the first Steklov eigenvalues on these surfaces are unique by [FS16]
(see Theorem A.2 below).

The paper is organized as follows: in Section 1, we compute the set of eigenvalues of the
new critical ellipses and give consequences on isoperimetric inequalities involving Steklov
eigenvalues. In Section 2, we prove Theorem 0.2. In Section 3, we prove Proposition 0.2
that is crucial to prove Theorem 0.3. Appendix A is devoted to the proof of Theorem
0.3: it is extracted from the preprint [MP20] and is written in collaboration with Henrik
Matthiesen.

1. Critical ellipses

For q ≥ 1, we denote by co(Eq) = {x2 + qy2 ≤ 1} the convex hull of the ellipse

Eq = {x2 + qy2 = 1}
endowed with the Riemannian metric gq = β2

q (dx2 + dy2) such that

βq = (x2 + q2y2)−
1
2

on Eq. Notice that the parametrization (cos θ, 1√
q sin θ) of the ellipse gives the length

measure associated to the Euclidean metric on the boundary

(1.1) dLEq =

√
sin2 θ +

1

q
cos2 θdθ =

1
√
q
β−1
q dθ.

Then, the total length for gq is

(1.2) LEq(βqdLgq) =

ˆ
Eq

βqdLEq =

ˆ 2π

0

dθ
√
q

=
2π
√
q
.

In the following result, we prove that (co(Eq), gq) is critical for numerous combinations
of Steklov eignvalues. Then, it is a good candidate to extremize sharp isoperimetric
inequalities involving Steklov eigenvalues. If σ is a Steklov eigenvalue of (Σ, g), the index
of σ is the smallest integer k such that σk(Σ, g) = σ.

Theorem 1.1. Let q ≥ 1. The ellipse (co(Eq), gq) has the following set of eigenfunctions
(Re(P qn), Im(P qn)) and associated eigenvalues (σqn, τ

q
n):

σqn = n
√
q

(
√
q + 1)n − (

√
q − 1)n

(
√
q + 1)n + (

√
q − 1)n

and τ qn = n
√
q

(
√
q + 1)n + (

√
q − 1)n

(
√
q + 1)n − (

√
q − 1)n
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and

P qn(z) =
1

2n−1

[n2 ]∑
k=0

(
n

2k

)
zn−2k

(
z2 −

(
1− 1

q

))k
.

Moreover, for q > 1, gq is a critical metric for all functionals g 7→ f(σ̄k1(g), σ̄k2(g)) such
that

∂1f(σ̄k1(gq), σ̄k2(gq))

∂2f(σ̄k1(gq), σ̄k2(gq))
=

´
Eq
Re(P qn)2dLgq´

Eq
Im(P qn)2dLgq

,

where (k1, k2) is the couple of indices of the couple of distinct eigenvalues (σqn, τ
q
n).

Proof. We assume that Pn is a unit polynomial of degree n such that Re(Pn) and Im(Pn)
are Steklov eigenfunctions with eigenvalues σn and τn in Eq. As real and imaginary parts
of complex polynomials, they are harmonic. We compute the equation on the boundary
Eq: we have for z = x+ iy ∈ Eq,

∂νPn(z) = 〈∇Pn(z), ν(z)〉 =

〈(
P ′n(z), iPn(z)

)
,

(x, qy)

(x2 + q2y2)
1
2

〉
=

(x+ iqy)P ′n(z)

(x2 + q2y2)
1
2

so that

(1.3) (x+ iqy)P ′n(z) = σnRe(Pn) + iτnIm(Pn).

We prove that P qn satisfies (1.3). Let (x, y) = (cos t, i sin t√
q ) ∈ Eq. We set

Aqn =
(1 + 1√

q )n + (1− 1√
q )n

2n
and Bq

n =
(1 + 1√

q )n − (1− 1√
q )n

2n
.

By [Nik20, Theorem 1 (with a = 1, b = 1√
q )] we deduce

(1.4) P qn

(
cos t+ i

sin t
√
q

)
= Aqn cosnt+ iBq

n sinnt.

We obtain the derivative with respect to t(
− sin t+ i

cos t
√
q

)
(P qn)′

(
cos t+ i

sin t
√
q

)
= n (−Aqn sinnt+ iBq

n cosnt)

that gives if we set z = x+ iy:

i
√
q

(
cos t+ iq

sin t
√
q

)
(P qn)′(z) = n (−Aqn sinnt+ iBq

n cosnt)

so that
(x+ iqy) (P qn)′(z) =

√
qn (Bq

n cosnt+ iAqn sinnt)

and we deduce from this equality and (1.4) that:

(x+ iqy) (P qn)′(z) =
√
qn
Bq
n

Aqn
Re (P qn(z)) + i

√
qn
Aqn
Bq
n
Im (P qn(z)) .

Moreover, the constant functions and (Re(P qn), Im(P qn)) is the whole sequence of Steklov
eigenfunctions of (co(Eq), gq). Indeed, up to renormalization, it is a Hilbert basis of
L2(Eq, gq) since with (1.4) on Eq, they correspond to harmonic polynomials.

The last part of the proposition comes from

σqnRe(P
q
n)2 + τ qnIm(P qn)2 = cn,q :=

√
qnAn,qBn,q sur Eq.
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It implies that (cqn)−
1
2Pn,q is a free boundary conformal harmonic map into

{σqnx2 + τ qny
2 ≤ 1}.

Therefore, it provides critical metrics of spectral functionals: we apply [PT24, Theorem
4.5] to complete the proof. ♦

For q = 1, P qn = zn correspond to Steklov eigenfunctions on the Euclidean disk : the
homogeneous harmonic polynomials. To our knowledge, these Riemannian surfaces are
new examples of compact simply connected surfaces with boundary that are critical for
spectral functionals. We emphasize that the order of eigenvalues on the disks

1 = σ1
1 = τ1

1 < 2 = σ1
2 = τ1

2 < · · · < n = σn2 = τn2 < · · ·

is not the same anymore as q grows. Indeed, we have

∀q ∈ [1,+∞[, (σqn)n≥1 and (τ qn)n≥1 are increasing

∀n ∈ N∗, (σqn)q≥1 is bounded and τ qn ∼ q as q → +∞.

As examples, let’s focus on spectral functionals on the disk that combine first and second
Steklov eigenvalues. Let f : R2

+ → R ∪ {∞} be such that ∂if ≤ 0 for i = 1, 2 and

ESf (D, g) = F (σ̄1(D, g), σ̄2(D, g)).

In the following proposition, we prove that the only critical points of ESf (D, ·) that are
metrics associated to branched minimal immersions into ellipses have to be Steklov isometric
to (Eq, gq) for q ≥ 1. We denote Eσ = {σ1x

2
1 + σ2x

2
2 = 1}.

Proposition 1.1 ([Pet23, Proposition 1.2]). Let Φ : D→ co (Eσ) ⊂ R2 be a conformal free
boundary harmonic map into an ellipse. We assume that the coordinates of Φ are first or
second Steklov eigenfunctions with respect to the metric

g = e2vΦ?ξ such that ev = (σ2
1(φ1)2 + σ2

2(φ2)2)−
1
2 on S1

where ξ is the Euclidean metric on co (Eσ). Then Φ is a biholomorphism. Then, there is
q > 1 such that (D, g) is Steklov-isometric to (Eq, gq) (up to dilatation).

Proof. Notice that as a conformal harmonic map, Φ is holomorphic. It remains to prove
that Φ is a difféomorphism from the closed disk to the closed ellipse.

Step 1: ev does not vanish by application of the maximum principle and Hopf lemma (see
[Pet23, Claim 1.1]): by conformality, Φ|S1 : S1 → Eσ is an immersion.

Step 2: One coordinate, for instance φ1 is a first Steklov eigenfunction. φ1 has only two
nodal domains. Then, the nodal line of φ1 is a connected line that ends at the boundary
S1. Then, the degree of Φ|S1 : S1 → Eσ is 1.

Step 3: A holomorphic map Φ between two simply connected domains such that the
restriction to the boundary has degree 1 has to be a biholomorphism. ♦

Remark 1.1. To complete the classification, it would be interesting to know if any
conformal free boundary harmonic map from a disk into an ellipse has to be associated to a
metric g such that (D, g) is Steklov isometric to (Eq, gq) (up to dilatation).
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We apply these results to functions f = hs,t of [Pet23] for s > 0 and t ≥ 0.

hs,t(x1, x2) =
(
x−s1 + tx−s2

) 1
s

We obtain the following property:

Proposition 1.2. Assume that for q > 1, (Eq, gq) is critical for ESf (D, ·). Then:

(1.5) q ≤ 3 and
∂1f( 2π√

q , 2π
√
q)

∂2f( 2π√
q , 2π

√
q)

= q.

In particular, let gs,t be a minimizer of EShs,t(D, ·). We assume that

s > 0 and t > 3s or s < 0 and t ≥ (2−s − 1)−1.

Then, every free boundary minimal immersion by first and second eigenfunctions associated
to the metric gs,t is non planar.

Proof. We prove (1.5). Notice that on (Eq, gq),

(1.6) σ̄1(gq) = σq1 = 1 and τ q1 = q.

Then, a necessary condition to make the ellipse (Eq, gq) of Theorem 1.1 critical for ESF is
σ2(Eq, gq) = q. It is true if and only if 1 ≤ q ≤ 3. Indeed, q = 3 corresponds to the first
bifurcation point σq2 = τ q1 .

We now compute the necessary condition (4) of Theorem 0.1. We recall that the length
measure associated to gq is given by βqdLEq where dLEq is computed in (1.1). Then, the
masses of the coordinates areˆ

Eq

x2dLgq =

ˆ 2π

0
cos2(θ)

dθ
√
q

=
π
√
q

and

ˆ
Eq

y2dLgq =

ˆ 2π

0

1

q
cos2(θ)

dθ
√
q

=
π

q
√
q
.

Then, using (1.2) and (1.6) for 1 ≤ q ≤ 3, we have

σ̄1(Eq, gq) =
2π
√
q

and σ̄2(Eq, gq) = 2π
√
q.

We then deduce the condition (1.5) from Theorem 0.1.
We deduce from (1.5) computed for hs,t :

t = qs.

For t > 3s, we deduce that there is not any ellipse (Eq, gq) for q > 1 that is critical for
Eshs,t. Moreover, we have

Eshs,t(Et
1
s
, g
t
1
s
) = hs,t

(
2π

t
1
2s

, 2πt
1
2s

)
= (2π)−1

(
2
√
t
) 1
s

Eshs,t(D) = hs,t (2π, 2π) = (2π)−1 (1 + t)
1
s

Then, the Euclidean disk is not a minimiser for s > 0, and (Eq, gq) is not a minimizer.
Finally, for s < 0, we have by [Pet23, Theorem 0.2] that

Ishs,t(D) < Ishs,t(D t D) = hs,t (0, 4π) = (4π)−1t
1
s .

However,

(2π)−1(1 + t)
1
s < (4π)−1t

1
s ⇔ t < (2−s − 1)−1.
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We completed the proof of the proposition. ♦

Finally, we notice that for any n and q, the quantity

σqnτ
q
nLgq(Eq)

2 = 4π2n2

is independent of q. Then, we immediately obtain new minimizers of the Hersch-Payne-
Schiffer functional f1,2(x) = (x1x2)−1:

Proposition 1.3. For 1 ≤ t ≤ 3 critical ellipses co(Et) = {x2 + ty2 ≤ 1} endowed
with the Euclidean metric ξ and the weight βt(x, y) = (x2 + ty2)−1 on the boundary
Et = {x2 + ty2 = 1} are minimizers of ESf1,2(D, ·). Moreover, they are the only minimizers

of ESf1,2(D, ·) associated to a free boundary minimal immersion into an ellipse.

Notice that by Theorem 1.1, computations given in the proof of Proposition 1.2 show
that (co(Eq), ξ, βq) are still critical points of ESf1,k(D, ·), where k is the index of τ q1 .

2. Inequalities on conformal invariants

We aim at proving Theorem 0.2. We apply the following proposition:

Proposition 2.1. Let β0 : Σ→ R+ be a function. We assume that β0 = 0 or that β0 is
a positive function. Let βi : D→ R+ for i ∈ {1, · · · , k} be positive functions. There is a
sequence βε : Σ→ R+ of weights on (Σ, g) that satisfy for any m ∈ N∗,

σ̄m(Σ, g, βε)→ σ̄m(Σ̃, g̃, β̃)

as ε→ 0, where (Σ̃, g̃, β̃) = (Σ, g, β0) t (D, ξ, β1) t · · · t (D, ξ, βk)

Proof of Theorem 0.2 with Proposition 2.1. Let δ > 0. Let β0 : Σ → R+ a non-negative
smooth function and βi : D → R+ for i = {1, · · · , k} be non-zero non-negative smooth
functions such that

ESf (Σ̃, g̃, β̃) ≤ ISc (Σ̃, [g̃], f) + δ

where if β0 6= 0,
(Σ̃, g̃, β̃) = (Σ, g, β0) t (D, ξ, β1) t · · · t (D, ξ, βk)

and if β0 = 0,
(Σ̃, g̃, β̃) = (D, ξ, β1) t · · · t (D, ξ, βk).

From Proposition 2.1, we obtain a weight βε such that

f(σ̄1(Σ, g, βε), · · · , σ̄m(Σ, g, βε))→ f(σ̄1(Σ̃, g̃, β̃), · · · , σ̄m(Σ̃, g̃, β̃))

as ε→ 0. Testing βε in the variational characterization of ISc (Σ, [g], f), we obtain

ISc (Σ, [g], f) ≤ lim inf
ε→0

ESf (Σ, g, βε) ≤ ESf (Σ̃, g̃, β̃) ≤ ISc (Σ̃, [g̃], f) + δ.

Letting δ → 0 ends the proof of the theorem. ♦

Therefore, the section is now devoted to the proof of Proposition 2.1. We let x1, · · · , xk ∈
Σ be distinct points and Ω1, · · · ,Ωk be pairwise disjoint open neighborhoods of x1, · · · , xk
such that there are diffeomorphisms θi : Ωi → D+

δ that satisfy

θi(Ωi ∩ ∂Σ) = [−δ, δ]× {0}
θ?i (e

2uiξ) = g

θi(xi) = 0.
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We now let ζ : D→ R2
+ be the biholomorphism defined by ζ(1) = 0, ζ(−1) =∞, ζ(0) = i.

If x ∈ Ωi, we denote zi = θi(x).

βε(x) = β0(x) +
k∑
i=1

η(zi)e−ui(z
i)βi

(
ζ−1

(
zi

ε

))
2ε

(ε+ zi2)2 +
(
zi1
)2 ,

where η ∈ C∞c (Dδ) satisfies 0 ≤ η ≤ 1 and η = 1 in D δ
2
.

We first prove the following

Claim 2.1.

σ̄m(Σ, g, βε) ≤ σ̄m(Σ̃, g̃, β̃) +O

(
1

ln ε

)
as ε→ 0.

Proof. Let (ϕ0, · · · , ϕm) be a L2(∂Σ̃, β̃dLg̃)-orthonormal family of m+1 first eigenfunctions

associated to (Σ̃, g̃, β̃). From these functions, we construct test functions for σ̄m(Σ, g, βε).
We set the cut-off functions with disjoint support

χε0(x) = 1−
k∑
i=1

η
ε
1
8
(zi) and χεi (x) = η

ε
1
4
(zi),

where ηr ∈ C∞c (Dr) is such that 0 ≤ ηr ≤ 1, ηr = 1 in Dr2 andˆ
Dr
|∇ηr|2ξdAξ ≤

C

ln 1
r

and we obtain the following test functions for 1 ≤ j ≤ m:

ϕjε(x) = χε0(x) (ϕj)|Σ (x) +
k∑
i=1

χεi (x) (ϕj)|Di

(
ζ−1

(
zi

ε

))
.

We then have the existence of a = (a0, · · · , am) ∈ Sm such that

(2.1) σm(Σ, g, βε) ≤
´

Σ |∇ψε|
2
g dAg´

∂Σ ψ
2
εβεdLg

where ψε =
m∑
j=0

ajεϕ
j
ε.

Now we set Tε : Σ̃→ R the function defined by:

Tε =
m∑
j=0

aεj (ϕj) .

that is cutted in evry connected part as ψε0 : Σ→ R :

ψε0 = χε0(Tε)|Σ

and as ψεi : D→ R for 1 ≤ i ≤ k and z ∈ D,

ψεi (z) = χ̃εi (Tε)|Di

where we set χ̃εi (z) = η
ε
1
4

(εζ(z)) All functions χεi have disjoint support. We then have that

ˆ
Σ
|∇ψε|2g dAg =

ˆ
Σ
|∇ψε0|

2
g dAg +

k∑
i=1

ˆ
D
|∇ψεi |

2
ξ dAξ
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and that

ˆ
∂Σ

(ψε)
2βεdLg =

ˆ
Σ

(ψε0)2βεdLg +

k∑
i=1

ˆ
R×{0}

ψεi (ζ
−1(s))2βε(θ

−1
i (εs))εds.

Knowing that |∇(Tε)|Σ|2g is uniformly bounded, we compute

ˆ
Σ
|∇ψε0|

2
g dAg =

ˆ
Σ
|∇(Tε)|Σ|2gdAg +

ˆ
Σ

((χε0)2 − 1)|∇(Tε)|Σ|2gdAg

+ 2

ˆ
Σ
χε0(Tε)|Σ〈∇χε0,∇(Tε)|Σ〉gdAg +

ˆ
Σ
|∇χε0|2g

(
(Tε)|Σ

)2
dAg

=

ˆ
Σ
|∇(Tε)|Σ|2gdAg +O(ε

1
4 ) +O

(
ε

1
8

(
ln

1

ε

)− 1
2

)
+O

((
ln

1

ε

)−1
)

as ε→ 0 and knowing that |∇(Tε)|Di |2ξ is uniformly bounded,

ˆ
D
|∇ψεi |

2
ξ dAξ =

ˆ
D
|∇(Tε)|Di |

2
ξdAξ +

ˆ
D

((χ̃εi )
2 − 1)|∇(Tε)|Di |

2
ξdAξ

+ 2

ˆ
D
χ̃εi (Tε)|Di〈∇χ

ε
i ,∇(Tε)|Di〉ξdAξ +

ˆ
D
|∇χ̃εi |2ξ

(
(Tε)|Di

)2
dAξ

=

ˆ
D
|∇(Tε)|Di |

2
ξdAξ +O(ε

1
2 ) +O

(
ε

1
4

(
ln

1

ε

)− 1
2

)
+O

((
ln

1

ε

)−1
)

as ε→ 0. The previous equalities lead to

(2.2)

ˆ
Σ
|∇ψε|2g dAg =

ˆ
Σ
|∇(Tε)|Σ|2gdAg +

k∑
i=1

ˆ
D
|∇(Tε)|Di |

2
ξdAξ +O

((
ln

1

ε

)−1
)

as ε→ 0. We also compute
ˆ
∂Σ

(ψε0)2βεdLg =

ˆ
∂Σ

(Tε)
2
|Σ β0dLg +

ˆ
∂Σ

(Tε)
2
|Σ ((χε0)2βε − β0)dLg,

where by definition of βε,

|(χε0)2βε − β0| =

∣∣∣∣∣((χε0)2 − 1
)
β0 + (χε0)2

k∑
i=1

η(zi)e−ui(z
i)βi

(
ζ−1

(
zi

ε

))
2ε

(ε+ zi2)2 +
(
zi1
)2
∣∣∣∣∣

≤C

(∑
i

1
{|zi|≤ε

1
8 }

+ ε
1
2

)

implies that ˆ
∂Σ

(ψε0)2βεdLg =

ˆ
∂Σ

(Tε)
2
|Σ β0dLg +O(ε

1
8 )
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as ε→ 0. We finally compute for 1 ≤ i ≤ k,ˆ
R×{0}

ψεi (ζ
−1(s))2βε(θ

−1
i (εs))εds =

ˆ
S1

(Tε)
2
|Di βidLξ

+

ˆ
R×{0}

(
(Tε)|Di

(
ζ−1(s)

))2
(
η
ε
1
4

(εs)βε(θ
−1
i (εs))ε− βi(ζ−1(s))

2

1 + s2
1

)
ds

where by definition of βε,∣∣∣∣ηε 14 (εs)βε(θ
−1
i (εs))ε− βi(ζ−1(s))

2

1 + s2
1

∣∣∣∣
≤
∣∣∣∣(ηε 14 (εs)− 1)βi(ζ

−1(s))
2

1 + s2
1

∣∣∣∣+
∣∣∣η
ε
1
4

(εs)β0(θ−1
i (εs))eui(εs)ε

∣∣∣
≤C

(
1
|s|≥ε−

1
2

1 + s2
1

+ ε1
|s|≤ε−

3
4

)
implies that ˆ

R×{0}
ψεi (ζ

−1(s))2βε(θ
−1
i (εs))εds =

ˆ
S1

(Tε)
2
|Di βidLξ +O(ε

1
4 )

as ε→ 0. The previous estimates lead to

(2.3)

ˆ
∂Σ
ψ2
εβεdLg =

ˆ
∂Σ

(Tε)
2
|Σ β0dLg +

k∑
i=1

ˆ
S1

(Tε)
2
|Di βidLξ +O

(
ε

1
8

)
as ε→ 0. Now, gathering (2.1) (2.2) and (2.3), we obtain

(2.4) σm(Σ, g, βε) ≤

´
Σ̃ |∇Tε|

2
g̃ dAg̃ +O

((
ln 1

ε

)−1
)

´
∂Σ̃ T

2
ε β̃dLg̃ +O(ε

1
8 )

where

´
Σ̃ |∇Tε|

2
g̃ dAg̃´

∂Σ̃ T
2
ε β̃dLg̃

=

∑m
j=0

(
aεj

)2 ´
Σ̃ |∇ϕj |

2
gdAg∑m

j=0

(
aεj

)2 ´
∂Σ̃ (ϕj)

2 β̃dLg̃

=

m∑
j=0

(
aεj
)2
σj(Σ̃, g̃, β̃) ≤ σm(Σ̃, g̃, β̃).

Finally, using (2.4), the previous inequality and thatˆ
Σ
βεdLg =

ˆ
Σ̃
β̃dLg̃ +O(ε

1
8 )

as ε→ 0, we obtain the Claim. ♦

We now denote for j ∈ N∗, σεj = σj(Σ, g, βε) and ϕεj functions such that

(2.5)

{
∆gϕ

ε
j = 0 in Σ

∂νϕ
ε
j = σεjβεϕ

ε
j on ∂Σ,

and we assume for j, j′ ∈ N∗ that

(2.6)

ˆ
∂Σ
ϕεjϕ

ε
j′βεdLg = δj,j′ .
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For 1 ≤ i ≤ k, and s ∈ R2
+ and ε small enough, we denote by(

ϕεj
)
i
(s) = ϕεj

(
θ−1
i (εs)

)
and for s ∈ R× {0},

(βε)i (s) =
2βi(ζ

−1(s))

1 + s2
1

+ β0

(
θ−1
i (εs)

)
eui(εs)ε

and we obtain the equations for any R > 0 and ε small enough:

(2.7)

∆
(
ϕεj

)
i

= 0 in D+
R

∂r

(
ϕεj

)
i

= σεj (βε)i

(
ϕεj

)
i

on [−R,R]× {0}.

Notice that for any R > 0, (βε)i is uniformly bounded and uniformly lower bounded in
[−R,R]× {0} as ε→ 0 because

(2.8) (βε)i →
2βi ◦ ζ−1

1 + s2
1

in C2([−R,R]× {0})

as ε→ 0. In particular,ˆ
[−R,R]×{0}

((ϕεj)i)
2ds ≤ C

ˆ
[−R,R]×{0}

((ϕεj)i)
2(βε)ids ≤

ˆ
∂Σ

(ϕεj)
2βεdLg = 1.

Using this inequality, that (σjε) is bounded as ε → 0 (see Claim 2.1) and that (βε)i is
uniformly bounded in [−R,R] × {0} as ε → 0, standard elliptic theory on the equation
(2.7) implies up to the extraction of a subsequence, the existence of (ϕj)i : R2

+ → R such
that for any R > 0

(2.9) (ϕεj)i → (ϕj)i in C2(D+
R)

as ε→ 0. Passing to the limit as ε→ 0 in the equation (2.7) implies

(2.10)

{
∆ξ (ϕj)i = 0 in R2

+

−∂s2 (ϕj)i = σj
2βi◦ζ−1

1+s21
(ϕj)i on R× {0},

where up to the extraction of a subsequence, we let σεj → σj as ε → 0. Notice that by

Claim 2.1, σj ≤ σj(Σ̃, g̃, β̃). Applying the biholomorphism ζ, we obtain from (2.10) an
equation on (ϕj)i ◦ ζ that holds in D \ {−1}. However, knowing that φij = (ϕj)i ◦ ζ is

bounded in H1(D), the equation can be extended in D and we obtain:

(2.11)

{
∆ξφ

i
j = 0 in D

∂rφ
i
j = σjβiφ

i
j on S1,

so that φij is an eigenfunction for (D, ξ, βi).
Similarly, setting

ΣR = Σ \
k⊔
i=1

θ−1
i (D+

R−1) and IR = ∂Σ \
k⊔
i=1

θ−1
i ([−R−1, R−1]× {0}),

we have that for any R > 0, (βε) is uniformly bounded in IR as ε→ 0 because

(2.12) βε → β0 in C2 (IR)



15

as ε→ 0. In particular, if β0 6= 0,ˆ
IR

(ϕεj)
2ds ≤ C

ˆ
IR

(ϕεj)
2βεdLg ≤

ˆ
∂Σ

(ϕεj)
2βεdLg = 1.

Assuming that β0 6= 0, using this inequality, that (σjε) is bounded as ε→ 0 (see Claim 2.1)
and that (βε) is uniformly bounded in IR as ε→ 0, standard elliptic theory on the equation
(2.5) implies up to the extraction of a subsequence, the existence of ϕj : Σ\{x1, · · · , xk} → R
such that for any R > 0

(2.13) ϕεj → ϕj in C2(ΣR)

as ε→ 0. Passing to the limit as ε→ 0 in the equation (2.5) implies

(2.14)

{
∆gϕj = 0 in Σ \ {x1, · · · , xk}
∂νϕj = σjβ0ϕj on ∂Σ \ {x1, · · · , xk}.

Again, since ϕj is bounded in H1(Σ), we can extend the equation (2.14) to Σ and we
obtain a function φ0

j = ϕj

(2.15)

{
∆gφ

0
j = 0 in Σ

∂νφ
0
j = σjβ0φ

0
j on ∂Σ.

We prove now that (2.6) passes to the limit as ε→ 0:

Claim 2.2. We have for j, j′ ∈ N:

ˆ
∂Σ
φ0
jφ

0
j′β0dLg +

k∑
i=1

ˆ
S1
φijφ

i
j′βidθ = δj,j′ ,

where by convention the first term is 0 if β0 = 0.

Proof. We first show that it suffices to prove that no mass accumulates in the neck part:

(2.16) lim
R→+∞

lim sup
ε→0

ˆ
NR,ε

(ϕεj)
2βεdLg = 0.

where we denote

NR,ε =
k⊔
i=1

N i
R,ε and N i

R,ε = θ−1
i (
(
[−R−1, R−1] \ [−Rε−1, Rε−1]

)
× {0}).

and in addition, we have that for any R > 0,

(2.17) β0 = 0⇒ lim sup
ε→0

ˆ
IR

(ϕεj)
2βεdLg → 0

as ε→ 0. Indeed, we have by (2.12) and (2.13) that

β0 6= 0⇒
ˆ
IR

ϕεjϕ
ε
j′βεdLg →

ˆ
IR

φ0
jφ

0
j′β0dLg
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as ε→ 0 and by (2.8) and (2.9) that

ˆ
∂Σ\IεR−1

ϕεjϕ
ε
j′βεdLg =

k∑
i=1

ˆ
[−R,R]×{0}

(
ϕεj
)
i

(
ϕεj′
)
i
(βε)i dθ

→
k∑
i=1

ˆ
[−R,R]×{0}

(ϕj)i
(
ϕj′
)
i

2βi ◦ ζ−1

1 + s2
1

ds =

ˆ
ζ−1([−R,R]×{0})

φijφ
i
j′βidθ

as ε→ 0. Therefore, if (2.16) and (2.17) hold, using all the previous convergences, using
(2.6), and passing to the limit as R→ +∞ leads to∣∣∣∣∣

ˆ
∂Σ
φ0
jφ

0
j′β0dLg +

k∑
i=1

ˆ
S1
φijφ

i
j′βidθ − δj,j′

∣∣∣∣∣ ≤ lim
R→+∞

lim sup
ε→0

ˆ
NR,ε

(ϕεj)
2βεdLg = 0

if β0 6= 0 and∣∣∣∣∣
k∑
i=1

ˆ
S1
φijφ

i
j′βidθ − δj,j′

∣∣∣∣∣ ≤ lim
R→+∞

lim sup
ε→0

ˆ
NR,ε∪IR

(ϕεj)
2βεdLg = 0

if β0 = 0.
It remains to prove (2.16) and (2.17). We will need several steps:

Step 1: There is a constant C > 0 such that

(2.18) ∀z ∈ D+
δ
ε

, |(ϕεj)i(z)| ≤ C
√

ln (2 + |z|).

Moreover, we have that

(2.19) ∀x ∈ Σ, |ϕjε(x)| ≤ C
√

ln
1

ε
.

Proof of Step 1: We first prove (2.18). We denote fε = (ϕεj)i. Let 1 ≤ Rε ≤ δε−1. The

following computation on mean values f̄ε(r) = 1
π

´ π
0 fε(re

iθ)dθ leads to

f̄ε(Rε)− f̄ε(1) =
1

π

ˆ Rε

1

ˆ π

0
∂rfε(re

iθ)dθ =
1

π

ˆ Rε

1

ˆ π

0
∂r(ln r)∂rfε(re

iθ)rdrdθ

=
1

π

ˆ
D+
Rε
\D+

〈∇ ln |x|∇fε〉ξdAξ ≤
1√
π

(ˆ Rε

1

dr

r

) 1
2
(ˆ

Σ
|∇ϕεj |2gdAg

) 1
2

≤
√

lnRε√
π

√
σεj .

Now, for 1 ≤ r ≤ δ
4ε
−1, we set f̃ε(x) = fε(rx)− f̄ε(r) and it satisfies the system of equation:

(2.20)

{
∆f̃ε = 0 in E4

−∂2f̃ε(s) = σjεVε(s)f̃ε(s) + σjεVε(s)f̄ε(r) for s ∈ E4 ∩ R2 × {0}.

where

Eρ =

{
Dρ \ D 1

ρ
if r ≥ 2

Dρ if r ≤ 2,

and

Vε(s) = r(βε)i(rs) =
2r

1 + r2s2
1

+ εrβ0(θ−1
i (εrs))eui(εrs)
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is uniformly bounded by a positive constant independent of ε and r. By standard elliptic
theory, we obtain that

‖f̃ε‖L∞(E2) ≤ Cσjε f̄ε(r).
By (2.9), f̄ε(1) is uniformly bounded. Then, gathering all the previous estimates, we obtain
(2.18).

Now, we prove (2.19). From (2.18), we deduce that (2.19) holds true in Σ \ Σ2δ−1 . It is
also clear from (2.13) that if β0 6= 0, (2.19) holds true in Σ4δ−1 . It remains to prove (2.19)
in Σ4δ−1 if β0 = 0. Now, we use the equation{

∆ϕjε = 0

∂νϕ
j
ε = σεjβεϕ

j
ε

where we know that
‖βε‖L∞(Σ4δ−1 ) ≤ O(ε)

as ε→ 0. Then, by standard elliptic theory, knowing that |ϕjε| ≤ O(
√

ln 1
ε ) as ε→ 0, in

Σ4δ−1 \ Σ2δ−1 , we obtain that

‖ϕjε‖L∞(Σ4δ−1 ) ≤ C
√

ln
1

ε
+Cσεj‖βε‖L∞(Σ4δ−1 )‖ϕjε‖L∞(Σ4δ−1 ) ≤ C

√
ln

1

ε
+Cε‖ϕjε‖L∞(Σ4δ−1 )

and substracting the last term completes the proof ot (2.19).

Step 2: If β0 6= 0, then there is a constant C > 0 such that for any R > 2
δ ,

(2.21) ∀x ∈ N i
R,ε, |ϕjε(x)| ≤ C| ln |zi||.

Proof of Step 2: We proceed exactly as in the proof of (2.18). We denote hε = ϕjε ◦ θ−1
i ,

and h̄ε = 1
π

´ π
0 hε(re

iθ)dθ. We obtain for 0 < rε ≤ δ that

h̄ε(1)− h̄ε(rε) =
1

π

ˆ δ

rε

ˆ π

0
∂rhε(re

iθ)dθ =
1

π

ˆ δ

rε

ˆ π

0
∂r(ln r)∂rfε(re

iθ)rdrdθ

=
1

π

ˆ
D+
δ \D

+
rε

〈∇ ln |x|∇fε〉ξdAξ ≤
1√
π

(ˆ δ

rε

dr

r

) 1
2
(ˆ

Σ
|∇ϕεj |2gdAg

) 1
2

≤

√
ln 1

rε√
π

√
σεj .

We notice that fε(x) = hε(εx), we use again (2.20) to obtain

‖f̃ε‖L∞(E2) ≤ Cσjε f̄ε(r)

and by (2.13), h̄ε(δ) is uniformly bounded. Then, gathering all the previous estimates, we
obtain (2.21).

Step 3: We prove (2.16) if β0 6= 0. We set

ÑR,ε =
(
[−(Rε)−1, (Rε)−1] \ [−R,R]

)
× {0}ˆ

N i
R,ε

(ϕεj)
2βεdLg =

ˆ
ÑR,ε

((ϕεj)i)
2βi(ζ

−1(s))
2

1 + s2
1

ds+

ˆ
N i
R,ε

(ϕεj)
2β0dLg

and we have from (2.18) that

lim sup
ε→0

ˆ
ÑR,ε

((ϕεj)i)
2 2

1 + s2
1

ds ≤ lim sup
ε→0

C

ˆ (Rε)−1

R

ln(2 + |u|)
1 + u2

= C

ˆ +∞

R

ln(2 + |u|)
1 + u2

.
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and from(2.21) that

lim sup
ε→0

ˆ
N i
R,ε

(ϕεj)
2β0dLg ≤ lim sup

ε→0

ˆ R−1

εR
| ln (|u|) |du =

ˆ R−1

0
| ln(|u|)|du.

Letting R→ +∞ in all the previous inequalities completes the proof of Step 3.

Step 4: We assume now that β0 = 0 and we prove (2.16) and (2.17). As previously, with
β0 = 0, we easily check fromˆ

N i
R,ε

(ϕεj)
2βεdLg =

ˆ
ÑR,ε

((ϕεj)i)
2 2

1 + s2
1

ds

that Step 1 leads to:

lim
R→+∞

lim sup
ε→0

ˆ
ÑR,ε

((ϕεj)i)
2 2

1 + s2
1

ds = 0,

and we proved (2.16). Now, let’s prove (2.17). By definition of βε and by (2.19),∣∣∣∣ˆ
IR

(ϕεj)
2βεdLg

∣∣∣∣ ≤ C k∑
i=1

ˆ δ

1
R

(
ln

1

ε

)
2ε

ε2 + s2
ds→ 0

as ε→ 0. Letting R→ +∞ completes the proof of (2.17).
♦

Now we recall that σj is (up to the extraction of a subsequence) the limit of σεj =

σj(Σ, g, βε) as ε→ 0 and that by Claim 2.1, we have that σj ≤ σj(Σ̃, g̃, β̃). It remains to

prove the converse inequality to obtain Proposition 2.1. We let φj : Σ̃→ R be the function

defined as (φj)|Σ = φ0
j in Σ (if Σ appears in the disjoint union of connected surfaces of Σ̃)

and (φj)|Di = φij for 1 ≤ i ≤ k. Testing φ0, · · · , φm in the variational characterization of

σm(Σ̃, g̃, β̃) yields

σm(Σ̃, g̃, β̃) ≤ max
a∈Sm

´
Σ̃ |∇

∑
j ajφj |2g̃dAg̃´

∂Σ̃

(∑
j ajφj

)2
β̃dLg̃

≤
∑
j

a2
jσj ≤ σm,

where we used (2.11), (2.15) and Claim 2.2. The proof of Proposition 2.1 is now complete.

3. Proof of Proposition 0.2

The proof of Proposition 0.2 is based on techniques used in [Pet22, Pet24b]. We will
refer to Propositions and lemmas of these papers all along the proof. Let’s first define the
family of surfaces Σ±l,ε we work with. We denote the rectangle

Rl,ε =

[
−εl

2
,
εl

2

]
×
[
−ε

2
,
ε

2

]
and its boundary components

Il,ε =

[
−εl

2
,
εl

2

]
×
{
−ε

2
,
ε

2

}
and Jl,ε = J+

l,ε ∪ J
−
l,ε where Jl,ε =

{
± lε

2

}
×
[
−ε

2
,
ε

2

]
.
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We glue Rl,ε to a disk D via the attaching map

θ± : (η
lε

2
, t) ∈ Jl,ε 7→ ηe±iηt

and we denote by

(3.1) Σ±l,ε = (D tRl,ε)/ ∼θ±
the resulting surface endowed with the metric gε that equals to the flat metric in Rl,ε and
the flat metric in D. Notice that

∂Σ±l,ε = (S1 \ Jl,ε) ∪ Il,ε

and that Σ±l,ε is homeomorphic to an annulus if θ± = θ+ and a Möbius band if θ± = θ−.

Proof of Proposition 0.2. We argue by contradiction. We assume that there is l > 0 such
that up to the extraction of a subsequence of ε → 0, σ1(Σ±l,ε, [gε]) = 2π. Notice that all

along the proof, the subsequences of ε→ 0 that are extracted are not written explicitely.
For instance ”as ε→ 0” means ”as the subsequence of ε→ 0 we consider goes to 0”.

By [Pet24b, Claim 3.2],

(3.2) σ̄k(Σ
±
l,ε, gε) ≥ σ̄k(D)− (δε,l)

2

where σ̄k(D) = 2πk and δε,l = clε
1
2

(
ln 1

ε

) 1
4 for some constant cl > 0. Notice in particular

that for a given ε > 0,

(3.3) σ̄1(Σ±l,ε, gε) ≥ σ1(Σ±l,ε, [gε])− (δε,l)
2

and we aim at appling Ekeland’s variational principle to this estimate. We set

Aε = {β ∈ X;β(1, 1) ≥ 2π},

where X is the closure of the set{
(φ, ψ) 7→

ˆ
∂Σ±l,ε

φψeudLgε ;u ∈ C∞(∂Σ)

}
in the Banach space of continuous bilinear forms on H1(Σ±l,ε) denoted by B(Σ±l,ε). We

endow Aε with the distance dgε induced by the norm

‖β‖gε = sup
φ,ψ∈H1(Σ±l,ε)

β(φ, ψ)

‖φ‖H1,gε‖ψ‖H1,gε

on B(Σ±l,ε), where

‖φ‖2H1,gε
=

ˆ
Σ±l,ε

|∇φ|2gεdAgε +

ˆ
∂Σ±l,ε

|∇φ|2gεdLgε .

Knowing (3.3), and upper semi-ontinuity of eigenvalues (see [Pet22, Proposition 1.1]),
Ekeland’s variational principle on (Aε, dgε) gives βε ∈ Aε such that

(3.4)


σ̄1(Σ±l,ε, gε, βε) ≥ σ̄1(Σ±l,ε, gε),

dgε(βε, dLgε) ≤ δε,l,
∀β ∈ X, σ̄1(Σ±l,ε, gε, βε)− σ̄1(Σ±l,ε, gε, β) ≥ −δε,ldgε(βε, β).
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Notice that
|βε(1, 1)− Lgε(∂Σ±l,ε)| ≤ δl,ε

so that

(3.5) βε(1, 1) = 2π +O(δε,l)

as ε→ 0. Another consequence coming from [Pet24b, Proposition 1.1] is that for any k,

(3.6) |σk(Σ±l,ε, gε, βε)− σk(Σ
±
l,ε, gε)| ≤ O(δε,l)

as ε→ 0.
From [Pet22, Proposition 1.5], we obtain the existence of Φε : Σ±l,ε → Rnε such that

denoting σε = σ1(Σ±l,ε, gε, βε),

(3.7)


∆gεΦε = σεβε(Φε, ·)
βε(Φε,Φε) = βε(1, 1)

|Φε|2 ≥ 1− θ2
ε on ∂Σ±l,ε where ∆gεθε = 0 and ‖θε‖2H1,gε

≤ δl,ε.

We deduce from (3.6) that

σε = σ1(Σ±l,ε, gε, βε) = σ2(Σ±l,ε, gε, βε)→ 1

as ε→ 0 and more generally that

σk(Σ
±
l,ε, gε, βε)→ k

as ε→ 0. In particular, since the coordinates of Φε are first eigenfunctions, we obtain that
nε = 2 for ε small enough. We let ωε be the harmonic extension in Σ±l,ε of

ωε =
√
θ2
ε + |Φε|2 on ∂Σ±l,ε

and we define Ψε : (Σ±l,ε, ∂Σ±l,ε)→ (B3, S2) as

Ψε =
(Φε, θε)

ωε
= (Φ̃ε, θ̃ε).

That Ψε maps into B3 is a consequence of the maximum principle, since it maps in S2 on
∂Σ±l,ε and Φε, θε and ωε are harmonic functions. Indeed, we can use the elliptic equation

−divgε
(
ω2
ε∇Ψε

)
= ωε∆gε(Φε, θε)− (Φε, θε)∆gεωε = 0

to deduce that for any X ∈ S2,

−divgε
(
ω2
ε∇〈Ψε, X〉

)
= 0.

and 〈Ψε, X〉 cannot realize its maximum in the interior of Σ±l,ε for any X ∈ S2.

Now, we have by [Pet22, Claim 3.1] that
(3.8)

βε(ωε, ωε)−βε(1, 1)+

ˆ
Σ±l,ε

(
|∇ωε|2gε + |∇

(
Φ̃ε − Φε

)
|2gε + (ω2

ε − 1)|∇Φ̃ε|2gε
)
dAgε ≤ O(δε,l)

as ε→ 0. From now on, the proof is self-contained but widely inspired from [Pet24b].

Step 1: We set

B(ψ,ψ) =

2∑
i=1

ˆ
D
|∇ψi|2ξdAξ −

ˆ
S1

(
ψi −

(
1

2π

ˆ
S1
ψidθ

))2

dθ.
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and we prove

(3.9)
1

2π

∣∣∣∣ˆ
S1

Φ̃εdθ

∣∣∣∣ ≤ O(δε,l)

as ε→ 0 and

(3.10) B
(

Φ̃ε, Φ̃ε

)
+

ˆ
R±l,ε

|∇Φ̃ε|2ξdAξ ≤ O(δε,l)

as ε→ 0.

Proof of the Step 1: We first prove (3.9). Using that |Φ̃ε| ≤ 1, we have that∣∣∣∣ˆ
S1

Φ̃εdθ

∣∣∣∣ ≤
∣∣∣∣∣
ˆ
Il,ε

Φ̃εdLξ

∣∣∣∣∣+

∣∣∣∣∣
ˆ
Jl,ε

Φ̃εdLξ

∣∣∣∣∣+

∣∣∣∣∣βε(Φ̃ε, 1)−
ˆ
∂Σl,ε

Φ̃εdLgε

∣∣∣∣∣+ |βε(Φ̃ε − Φε, 1)|

≤ εl + 2ε+ dgε(βε, dLgε)‖gε‖Φ̃ε‖H1,gεLgε(∂Σl,ε) + βε(ωε − 1, 1).

Now, using (3.8), we have

(3.11) ‖Φ̃ε‖2H1,gε
=

ˆ
∂Σ±l,ε

|Φ̃ε|2dLgε +

ˆ
Σ±l,ε

|∇Φ̃ε|2gεdAgε ≤ Lgε(Σ
±
l,ε) + σε +O(δl,ε)

as ε→ 0. Together with the second line in (3.4), and another use of (3.8) with

βε(ωε − 1, 1) ≤ βε(ωε, ωε)− βε(1, 1),

we obtain (3.9). We now prove (3.10):

B
(

Φ̃ε, Φ̃ε

)
+

ˆ
R±l,ε

|∇Φ̃ε|2ξdAξ ≤
ˆ

Σ±l,ε

(
|∇Φ̃ε|2gε − |∇Φε|2gε

)
dAgε + (σεβε(1, 1)− 2π)

+ (2π − βε(1, 1)) +
(
βε(Φε,Φε)− βε

(
Φ̃ε, Φ̃ε

))
+

(
βε

(
Φ̃ε, Φ̃ε

)
−
ˆ
∂Σ±l,ε

∣∣∣Φ̃ε

∣∣∣2 dLgε
)

+

ˆ
Il,ε

∣∣∣Φ̃ε

∣∣∣2 dLξ +
1

2π

∣∣∣∣ˆ
S1

Φ̃εdθ

∣∣∣∣2 = I + II + III + IV + V + V I + V II.

In order to estimate I we will use (3.8) together with the computation:

|∇Φε|2gε = ω2
ε |∇Φ̃ε|2gε + |Φ̃ε|2|∇ωε|2gε + ωε〈∇ωε∇|Φ̃ε|2〉gε

that implies using θ̃2
ε = −|Φ̃ε|2 and ωε ≥ 1:

|∇Φ̃ε|2gε − |∇Φε|2gε = (1− ω2
ε)|∇Φ̃ε|2gε − |Φ̃ε|2|∇ωε|2gε + 2θε〈∇ωε∇

θε
ωε
〉gε ≤ 2

θε
ωε
〈∇ωε∇θε〉gε

to obtain

I ≤ 2

(ˆ
Σ±l,ε

|∇ωε|2gεdAgε

) 1
2
(ˆ

Σ±l,ε

|∇θε|2gεdAgε

) 1
2

= O(δl,ε)

as ε → 0. The assumption σεβε(1, 1) ≤ 2π and that βε(1, 1) ≥ 2π since βε ∈ A give
II + III ≤ 0. Notice now that βε acts as a linear from on squares of H1 functions, we

have from |Φ̃ε| ≤ 1, ω2
ε ≥ 1 and (3.8), that

IV ≤ βε(ωε, ωε)− βε(1, 1) ≤ O(δl,ε)



22 ROMAIN PETRIDES

as ε→ 0. The second line in (3.4), and (3.11) imply

V ≤ O(δl,ε)

as ε→ 0. That |Φ̃ε| ≤ 1 implies V I ≤ 2lε and the use of (3.9) to estimate V II completes
the proof of (3.10).

Step 2: We now set on S1

Φ̃ε = Fε +

ˆ
S1

Φ̃ε
dθ

2π
+Rε

where Fε is the orthonormal projection of Φ̃ε on Span{cos θ, sin θ} with respect to the L2

norm of S1 and we still denote Rε its harmonic extension in D. Then:

(3.12) ‖Rε‖2H1(D) ≤ O(δε,l)

as ε→ 0 and

(3.13)

∣∣∣∣∣1ε
ˆ
J+
l,ε

Rε

∣∣∣∣∣+

∣∣∣∣∣1ε
ˆ
J−l,ε

Rε

∣∣∣∣∣ ≤ O
(√

ln
1

ε
‖Rε‖H1(D)

)
as ε→ 0.

Proof of Step 2: We first prove (3.12).

B(Rε, Rε) = B(Rε, Φ̃ε) ≤
√
B(Φ̃ε, Φ̃ε)B(Rε, Rε).

We deduce from (3.10) that
B(Rε, Rε) ≤ O(δl,ε)

as ε → 0. We denote by Eσ(D, ξ) the set of Steklov eigenfunctions associated to the
eigenvalue σ. Using the latter estimate and that Rε ∈

⊕
σ≥2Eσ(D, ξ).ˆ

D
|∇Rε|2ξdAξ = B(Rε, Rε) +

ˆ
S1
R2
εdθ ≤ B(Rε, Rε) +

1

2

ˆ
D
|∇Rε|2ξdAξ

so that substracting the right-hand term, we estimate the square of the H1 norm of Rε:ˆ
S1
R2
εdθ +

ˆ
D
|∇Rε|2ξdAξ ≤

3

2

ˆ
D
|∇Rε|2ξdAξ ≤ 3B(Rε, Rε) ≤ O(δl,ε)

as ε→ 0 and this leads to (3.12).

Now, we prove (3.13). We denote by R̃ε : R2 → R the extension of Rε : D→ R on R2

via the inversion i(x) = x
|x|2 : R̃ε(x) = Rε(i(x)) if x ∈ R2 \ D. Then, denoting

f±ε (r) =
1

2πr

ˆ 2π

0
R̃ε(±1 + reiθ)dθ,

we have

f±ε (1)− f±ε (ε) =
1

2π

ˆ 1

ε

ˆ 2π

0
∂r(ln r)∂rR̃ε(±1 + reiθ)rdrdθ

=
1

2π

ˆ
D(±1)\Dε(±1)

〈∇ ln |x|∇R̃ε〉ξdAξ

≤ 1√
2π

(ˆ 1

ε

dr

r

) 1
2
(ˆ

R2

|∇R̃ε|2ξdAξ
) 1

2

≤

√
ln 1

ε‖Rε‖H1(D)
√
π

.
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By standard trace Poincaré inequalities and definition of R̃ε, we have that

|f±ε (1)| ≤ C‖R̃ε‖H1(D2) ≤ C ′‖Rε‖H1(D)

By standard trace Sobolev inequalities again,∣∣∣∣∣1ε
ˆ
J±l,ε

Rε

∣∣∣∣∣ ≤ C
f±ε (ε) +

(ˆ
D2ε(±1)

|∇R̃ε|2ξdAξ

) 1
2


and all the previous inequalities lead to (3.13).

Step 3: Final argument

Since Fε lies in a finite dimensional set, up to the extraction of a subsequence, it converges

in C2 to F : D → S1. By (3.9) and (3.12), the weak limit of Φ̃ε in H1
loc(D \ {−1, 1}) has

to be equal to F . Moreover, for any compact subset I of S1 \ {−1, 1}, we have that

|Φ̃ε|2 = 1− |θ̃ε|2 in S1 and
´
I |θ̃ε|

2dθ = O(δε,l) as ε→ 0 because of the third line in (3.7).

Then, |F |2 = 1 in S1. We recall that the coordinates of F belong to Span(cos θ, sin θ). We
obtain that there is α ∈ R such that for θ ∈ R,

(3.14) F (eiθ) = (cos(θ + α), sin(θ + α)).

Now, we compute∣∣∣∣∣1ε
ˆ
J+
l,ε

Φ̃εdθ −
1

ε

ˆ
J−l,ε

Φ̃εdθ

∣∣∣∣∣ =
1

2ε

∣∣∣∣∣
ˆ
Cl,ε

∂yΦ̃ε

∣∣∣∣∣ ≤ (lε2)
1
2

ε

(ˆ
Cl,ε

|∇Φ̃ε|2ξdAξ

) 1
2

≤ O((lδε,l)
1
2 )

as ε→ 0, where the latter inequality comes from (3.10). We deduce from the definition of
Fε and (3.9) that∣∣∣∣∣1ε

ˆ
J+
l,ε

Fεdθ −
1

ε

ˆ
J−l,ε

Fεdθ

∣∣∣∣∣ ≤ O((lδε,l)
1
2 ) +

∣∣∣∣∣1ε
ˆ
J+
l,ε

Rε

∣∣∣∣∣+

∣∣∣∣∣1ε
ˆ
J−l,ε

Rε

∣∣∣∣∣
as ε→ 0. Now, from (3.13), we deduce that∣∣∣∣∣1ε

ˆ
J+
l,ε

Fεdθ −
1

ε

ˆ
J−l,ε

Fεdθ

∣∣∣∣∣ ≤ O
(

(lδε,l)
1
2 +

√
ln

1

ε
‖Rε‖H1(D)

)
.

Using (3.12) and passing to the limit as ε→ 0, we obtain that

F (−1) = F (1).

It contradicts (3.14).
♦

Remark 3.1. The proof of Proposition 0.2 would be simpler if we directly have maximizers
in conformal classes (Σ, [g]) that satisfy σ1(Σ, [g]) = 2π. However, Theorem A.1 is not
appliable in that case. We use here Ekeland’s variational principle because we do not a
priori know if there are maximizers.
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Appendix A. Rigidity result on annuli and Möbius bands
by Henrik Matthiesen and Romain Petrides

Before giving a proof of Theorem 0.3, we recall several results

Theorem A.1 ([Pet19, Theorem 2]). Let (Σ, g) be a compact surface with non-empty
boundary such that

σ1(Σ, [g]) > 2π,

then there is a smooth positive function β : Σ→ R?+ such that

(A.1) σ̄1(Σ, g, β) = σ1(Σ, [g])

Moreover, for any sequence (gk)k∈N of metrics with

(A.2) lim inf
k→∞

σ1(Σ, [gk]) > 2π,

the sequence (βk)k∈N as in (A.1) is smoothly precompact.

We remark that the last item is not explicitly stated in [Pet19, Theorem 2]. Instead
it easily follows from the characterization of these maximizing metrics in terms of free
boundary harmonic maps. Along a sequence enjoying (A.2) there can not be any bubbling
of these harmonic maps. This is handled in [Pet19] even under much weaker assumptions.

Next, we state the rigidity results by Fraser–Schoen.

Theorem A.2 ([FS16, Theorem 1.2 and Theorem 1.4]). Let Φ: Σ→ BN be a minimal,
free boundary immersion by first Steklov eigenfunctions. If Σ is an annulus, then Σ is
homothetic to the critical catenoid. If Σ is a Möbius band, then Σ is homothetic to the
criticial Möbius band.

We also have the following comparison result for Steklov eigenvalues.

Theorem A.3 ([Dit04], see also [GP17, Example 4.2.5.]). For ε > 0 sufficiently small, we
have

σ̄1(D \ Dε, ξ) > 2π.

We need the analogous result for Möbius bands. Let Mε the Möbius band obtained as
follows. We glue together two copies A1 and A2 of B1 \Bε along ∂Bε and identify points
by the involution given by ι(x1) = −x2, where x1 ∈ A1 and x2 denotes the point with the
same coordinates as x1 but in A2. Note that the metric on Mε is only Lipschitz, but it
can easily be approximated by a sequence of smooth metrics such that the length of the
boundary and the first Steklov eigenvalue converge.

Proposition A.1. We have that

σ̄1(Mε, ξ) > 2π

for ε > 0 sufficiently small.

The argument is analogous to (and in fact easier than) the proof of Theorem A.3. We
record it below for the convenience of the reader.

Proof. Note that there is a second isometric involution on A1 ∪ A2 given by τ(x1) = x2

in the notation above. Since τ is an isometric involution it acts on any eigenspace of the
Dirichlet-to-Neumann operator and splits these into ±1-eigenspaces. Note that the +1
eigenspace corresponds to eigenfunctions on Aε = B1 \ Bε of the Steklov problem with
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Neumann boundary conditions along ∂Bε. Analogously the −1 eigenspace corresponds to
eigenfunctions of the Steklov problem on Aε with Dirichlet boundary conditions along ∂Bε.
These eigenvalues can be computed explicitly as follows. Write uk = (Akr

k+A−kr
−k)T (kθ)

for T either cos or sin. Then it easily checked that for uk to be a Dirichlet eigenfunction

we need to have that Ak = −A−kε−2k which leads to σ = k ε
−2k+1
ε−2k−1

> k. Additionally,

there is an eigenfunction given by log(r/ε), which is not ι invariant. Analogously, uk is
a Neumann eigenfunction if and only if Ak = A−kε

−2k. The corresponding eigenvalue

is given by k ε
−2k−1
ε−2k+1

→ k as ε → 0. However, for k = 1 none of these eigenfunctions is ι

invariant. ♦

We also need that a similar results holds near the other end of the moduli space. This
result is much more subtly proved thanks to Proposition 0.2.

Proposition A.2. There is rk → 1 such that

(A.3) σ̄1(D \ Drk , ξ) > 2π

as k → +∞ and there is r′k → 1 such that

(A.4) σ̄1(Mr′k
, ξ) > 2π

as k → +∞

This proposition will be a direct consequence of Proposition 0.2 and the following lemma:

Lemma A.1. Let φ : [0, r]× [0, 1]→ [0, R]× [0, 1] be conformal embedding, smooth in the
interior, such that φ([0, r]× {i}) ⊂ [0, R]× {i}, for i = 0, 1. Then we have that r ≤ R.

Proof. Since φ is conformal, we have that

φ?(dx2 + dy2) = e2ω(dx2 + dy2)

for a function ω that is smooth in the interior. By assumption, we have that

1 ≤ (L(φ({x} × [0, 1])))2 =

(ˆ 1

0
eω(x,y)dy

)2

≤
ˆ 1

0
e2ω(x,y)dy,

where we have used Jensen’s inequality and note that this remains valid also if φ({x}×[0, 1])
is not a rectifiable curve. This implies that

r =

ˆ r

0
dx ≤

ˆ r

0

ˆ 1

0
e2ω(x,y)dydx = Area(φ) ≤ R

♦

Lemma A.2. We recall that Σ+
l,ε is an annulus and let Φ: B1 \Br → Σ+

l,ε be a conformal

homeomorphism, which is smooth in the interior. Then we have that r ≥ exp(−2π
l ).

Proof. We conformally parametrize the universal covering Σ̃+
l,ε of Σ+

l,ε by (−∞,∞)× [0, 1]

with deck transformations generated by (x, y) 7→ (x + R, y) for R > 0, which uniquely
determines R. We have a conformal embedding

φ : [0, l]× [0, 1]→ Σ+
l,ε

given explicitly by

φ(x, y) =

(
εx− lε

2
, εy − ε

2

)
∈ Rl,ε ⊆ Σ+

l,ε.
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We then lift φ to a map

φ̃ : [0, l]× [0, 1]→ [0, R]× [0, 1] ⊂ Σ̃+
l,ε

with φ̃([0, l]× {i}) ⊂ [0, R]× {i}. Lemma A.1 applied to φ̃ gives that

l ≤ R,
from which the claim easily follows recalling that R = 2π

log(1/r) . ♦

Remark A.1. Notice that in the proof of Theorem 0.3 we just need a sequence rk → 1
such that σ̄1(D \ Drk) > 2π (and the same for möbius band). It is likely that we should
directly deduce from Proposition 0.2 that σ̄1(D \ Dr) > 2π for any r close to 1.

Proof of Theorem 0.3. We give the proof for Σ an annulus, the case of Möbius bands is
completely analogous. We write Ar = B1 \Br ⊂ R2 and note that any compact annulus is
conformal to some Ar for a unique r ∈ (0, 1).

Consider the functional σ̃1 : (0, 1)→ (0,∞) given by

σ̃1(r) = σ1(Ar, [ξ]),

where ξ denotes the canonical flat metric on Ar. We want to show that σ̃1(r) > 2π for any
r ∈ (0, 1). From Theorem 0.2, we know that

σ̃1(r) ≥ 2π.

Moreover, we also know that

(A.5) lim
r→0

σ̃1(r) = lim
r→1

σ̃1(r) = 2π,

see [FS16, Proposition 4.4].
Let r? ∈ (0, 1) be chosen such that Ar? is conformal to the critical catenoid. Suppose

now towards a contradiction that there is some s ∈ (0, 1) such that σ1(s) ≤ 2π. We assume
that s > r?. The argument for the other case is identical because of (A.5) and we use
Theorem A.3 instead of (A.3). Then, by (A.3), supr∈[s,1) σ̃1(r) > 2π. We now claim that

there is t ∈ (s, 1) such that

σ̃1(t) = max
r∈[s,1)

σ1(r) > 2π.

Indeed, we set Σ = A 1
2

and we let θr : Σ→ Ar be the family of diffeomorphisms

θr(x) =
|x|+ 1− 2r

2(1− r)
x

|x|
.

We can maximize the functional (r, β) 7→ σ1(Σ, θ?r(ξ), β) on the set{
r ∈ [s, 1);σ1(Ar, [ξ]) ≥

supr∈[s,1) σ̃1(r) + 2π

2

}
× C∞>0(∂Σ).

Indeed, for a maximizing sequence (rk, βk)k∈N, we have that for k large enough rk ≤ 1− c
for a positive constant c because of (A.5). Then up to the extraction of a subsequence,
rk → r as k → +∞ and βk → β as k → +∞ thanks to Theorem A.1.

It then follows that (Ar, ξ, β ◦ θ−1
r ) is a local maximum of the normalized first Steklov

eigenvalue and hence induced by a branched, free-boundary minimal immersion into BN by
first eigenfunctions thanks to Theorem 0.1. But by the uniqueness of the critical catenoid,
see Theorem A.2 above, this is impossible for t 6= r?. ♦
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