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ISOPERIMETRIC INEQUALITIES INVOLVING STEKLOV
EIGENVALUES ON SURFACES

ROMAIN PETRIDES, WITH AN APPENDIX BY HENRIK MATTHIESEN AND ROMAIN PETRIDES

ABSTRACT. We give results on optimal constants of isoperimetric inequalities involving
Steklov eigenvalues on surfaces with boundary. We both consider this question on
Riemannian surfaces with a same given topology or more specifically belonging to
the same conformal class. We provide new examples of topological disks that realize
optimal constants. We prove inequalities that relate conformal invariants associated to
combinations of Steklov eigenvalues on a compact Riemannian surface with boundary
and the ones on the disk. In the appendix, we show rigidity of the first conformal Steklov
eigenvalue on annuli and Md&bius bands.

Let (X, g) be a compact Riemannian surface with a non empty boundary. Let 5 be a
positive function in 0%X. We set

Js 1V elgdA,

op(2,q,8) = inf max “F——o——,
k( g ﬁ) VeGr11(C> (%)) peV\{0} faz ¢25dLg

where dA, is the area measure of ¥ with respect to g, dL, is the length measure of 0%
with respect to g and Gi41(C*°(X)) is the set of k + 1-dimensional subspaces of C*(X).
We obtain a sequence of so-called (weighted) Steklov eigenvalues

OZUO §01<2797/8) < Sak(zhgaﬂ) <-.--— 400 as k—>+OO,

where oy is associated to constant functions of ¥ and 01(%, g,3) > 0 if ¥ is a connected
surface. By conformal invariance of the Dirichlet energy, we have for any smooth extension
£ on X of 3,

(01) ak(E,g,ﬁ):ak(E,Q,l),

where § = 2g. Therefore, we say that (X, g, 8) is Steklov-isometric to (3, §) if there is
a diffeomorphism 6 : (X,0%) — (%, 0%) such that 6*(§) = 3%g for any smooth extension
B on ¥ of 5. More generally, (X,g,3) and (X, g,5) are Steklov isometric if there is a
diffeomorphism 6 : (£, 8%) — (2, 0%) such that §*(52§) = 32g,for any smooth extension
BonEofﬁandBoniofB.

We refer to the surveys [CGGS23| [GP17] for recent developments on Steklov eigenvalues.
In the current paper, we would like to set families of isoperimetric inequalities involving
Steklov eigenvalues of X, to give optimal constants and to look for metrics that realize
these sharp inequalities. We then set the following scaling invariant functional

k(2. 9, 8) = ox(2, 9, 8) /aE BdLg
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2 ROMAIN PETRIDES

so-called the renormalized eigenvalue by the perimeter of the boundary of (X, g), that is
the length of 93 with respect to § = 3%g. We denote for k > 1:

(0.2) or(3,[g]) = sup ox(X,g,8),
BeECS(X)
that depends only on the conformal class of g by (0.1)) and
(0.3) op(X) = sup or(X,9,8) = sup or(%,lg]),
gEMet(%),eCTH(X) geEMet(X)

where Met(X) denotes the set of smooth riemannian metrics of ¥. A result by Hassannezhad
[GP10, Has11] states that oy(3, [g]) < +o00 and that 04(¥) < +00. These invariants are
well-known on topological disks by [HPS75|:

or(D) = 27k.

Notice that by the uniformization theorem for any g € Met(X), oi(D) = ox(D, [g]). For
k = 1, it was already computed in [Wei54] and it is realized if and only if (3,¢,/) is
Steklov-isometric to an Euclidean disk. However, using the main result in [FS15], and
Theorem Euclidean disks are the only critical points of 7 and o (D) = 27k is never
realized for k& > 2. The value o1 (D) = 27k is the k-th eigenvalue of the disjoint union
of k isometric Euclidean disks. Actually, we only know that the following surfaces of
higher topologies have maximal metrics for 1: the annulus and Mobius band [FS16] and
orientable surfaces of genus 0 and 1 [KKMS24]. In addition, we have for v = 0 by |[GL21]
lim o1(X) = 8,
b—+o00

where 87 corresponds to the maximal value of the renormalized first Laplace eigenvalue on
spheres. This result is extended to any genus of ¥ [KS24b].

Despite these recent advances, computations with respect to k£ and the topology of ¥ of
sharp constants o (X) and associated maximizers if they exist are still widely open.

Considering combinations of eigenvalues improves the general picture. Let f : R"" —
R U {400} be a C! function that satisfies 9;f(z) < 0 for all z € R7". We set

E?(Evg76) = f(51(27976)> T 75m(27976))

a Steklov spectral functional. We aim at getting sharp lower bounds on E]*? with respect to
the topology and geometry of (X, g), and at describing the minimizers if they exist. We set

I°(%, f) = inf ES (D = inf I°(%
( 7f) geMet(Z%)r}ﬁGC;QO(E) f( 7gvﬁ) gEZ\l/[net(E) c( 7[9]7f)7

and

I5(2, (g, f) = inf E?(Z,g,0).
(2, [g], f) ped 5 7 (2, 9,8)

Notice again that I°(D, f) = I7 (DD, [g], f) for any metric in D.
Let’s give examples of Steklov spectral functionals that where previously studied:
e Minimization of generalized Hersch-Payne functionals [HP68| Pet23] for ¢ > 0:
1 t
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For t < 1, every minimizer for I°(ID, h;) is Steklov-isometric to the Euclidean disk
and we have by [HPGS)]

1+t
o

It generalized Weinstock’s result (¢t = 0) [Weib4] to 0 < ¢ < 1. In [Pet23], we prove
that for ¢ > 1, this functional is attained, but never attained by the Euclidean disk,
and also that there is a minimal positive number ¢y such that for all ¢ > g, it is
attained by a surface associated to a non planar free boundary minimal disk into
an ellipsoid of R3. In Proposition below, we prove that ty < 3. As formulated
in Conjecture below, we expect to have ty = 3.

Maximization of product of eigenvalues or Hersch-Payne-Schiffer functionals [HPS75]
for m,n > 1:

I°(D, hf) =

fm,n(x) = (mmxn)_l .

By [GP10], we have on an orientable connected surface of genus v with b boundary
components that

(I5(, fum)) " < {

72(y + b)2(m +n)? if m + n is even,
72(y + b)2(m +n — 1)% if m + n is odd.

If m=n,vy=0and b =1, this is an equality by [HPS75]. Moreover, if m =n + 1,
v =0 and b = 1, this is also an equality and it is attained if and only if m = 1 and
n = 2. In this case, the Euclidean disk is again a minimizer of I°(D, f12). In the
current paper, we prove that the set of minimizers of I°(DD, f1,2) is a one parameter
infinite set (see Proposition

Maximization of linear combinations of the two first non zero eigenvalues [Pet23]:

hy (z) = (x1 + txg)_l

In [Pet23], we proved that the minimum is always realized, and that for ¢ large
enough, it is attained by a surface associated to a non planar free boundary minimal
disk into an ellipsoid of R3.

Of course, such studies could be asked for general linear combinations of eigenvalues or of
inverse of eigenvalues and other negative combinations of eigenvalues. One important step
to study these problems is the explicit computation of critical points of these functionals.

Theorem 0.1 ([Pet24al [PT24]). Let (3, g) be a compact Riemannian surface with boundary.
We assume that (g, ) is a critical point for E?(Z, -,+). Then there is a map ® : ¥ — R"
such that

(1) For 1 <i < mn, the coordinate ¢; is an eigenfunction associated to o; := 0;(2, g, ).

Denoting o = diag(o1,- -+ ,0m—1,0m, - ,0m), we write the equation:
Ag® =0 in X
0, = po-P on 0%

(2) |®|s =1 on 0%

(3) do ® dd =

[Ve[2
79
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(4) For all1 < i <m, denoting I; = {1 < j <n;o; = 0;}, we have

Z/aqujzﬂdl’gz > kern {1, my Okf (01 m) sar,

jel; 227«:1 O-kak;f(a-l? e 75m) o2

where G; = 0; faz BdLy. If B is critical for the functional E}?(E,g, -) restricted to the
conformal class of g, then there is a map ® : ¥ — R"™ that satisfies (1), (2) and (4).

Notice that (1) and (2) mean that ® is a free boundary harmonic map into an ellipsoid
and that (1), (2) and (3) mean that ® is a (branched) minimal immersion into an ellipsoid.
The latter condition (4) comes from a chain rule in the computation of critical points for
fo(o1,-,0m). We proved in [PT24, Theorem 4.5] that any branched free boundary
minimal immersion into an ellipsoid can be seen as a critical point of Ef (3, -, ) for several
families of functions f that satisfy (4). Generally speaking, a classification of free boundary
minimal surfaces into ellipsoids would provide a great progress to look for optimal constants
associated to isoperimetric inequalities involving Steklov eigenvalues. With the notations
of Theorem we say that & is associated to the critical point (g, 3) or to the critical
metric 52g (for some extension B of B in Y)), or that (g, 3) and 29 are associated to ®.

In the current paper we give examples of critical points of functionals involving two
Steklov eigenvalues on the disk. In particular, we classify critical points of functionals
involving the two first Steklov eigenvalues on the disk associated to a free boundary minimal
immersion into an ellipse (see Proposition the map ® given by Theorem has two
coordinates). From that classification, we deduce
Proposition 0.1. We assume that t > 3. Then I°(D,h/) < (3?772\/3 and I°(D, hf) has
to be realized by a metric associated to non-planar immersed free boundary minimal disks
into an ellipsoid of R3.

The novelty compared with the main result in [Pet23] is the rank ¢y = 3. It appears as a
bifurcation point from planar critical ellipses to non-planar critical free boundary minimal
surfaces into ellipsoids (see the proof of Proposition . From this observation, we state
the following conjecture:

Conjecture 0.1. Let 1 <t < 3. Then

Vit
(D, h) = =
( [ 7 ) 27[_
Moreover, it is uniquely attained by the critical ellipse co(E;) = {2? + ty* < 1} endowed
with the Buclidean metric & and the weight B(x,y) = (22 + ty?>)™' on the boundary

By = {22 +ty? = 1}.

Together with (0.4) and Proposition this conjecture would improve the description of
I° (D, h;r ) and its minimizers. This conjecture would be related to the following conjecture
that is natural thanks to our new description of the critical ellipses.

Conjecture 0.2. Let g > 1. There is a non planar free boundary minimal immersed disk
into the ellipsoid {x® + qy? + qz> < 1} if and only if ¢ > 3.

This conjecture is already true for ¢ = 1 by [FS16] (see Theorem below). The ”if”
part of this conjecture would be true if we prove that the non planar disks of Proposition
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behave continuously with respect to ¢ from the bifurcation point at t = 3. By [HK23],
the ”if” part of this conjecture is true for ¢ > 4.

In a second part of the paper, we provide the following expected result that is not
written elsewhere to our knowledge.

Theorem 0.2. Let (3, g) be a Riemannian surface with boundary. Then
(0.5) I3(2,[g). f) < I2(2, (3], ),

for any B
(2,9) = (&g ud,u---u(D,¢E)
or .
(2,9) =D, 5 u---U(D,g),
where £ is the Fuclidean metric on the copies of disks.

This result is a natural counterpart of [CES03] for Laplace eigenvalues on closed surfaces.
We also refer to [F'S20] for related results. Theorem [0.2| was stated in [Pet19] without proof
and is used in [Pet22]. Moreover, in [Pet24al [Pet22], we proved that if the inequality
is strict for any (%, §) given by Theorem (0:2), then I7(, [g], f) is attained. Proving such
strict inequalities is much harder than Theorem We provide examples where these
strict inequalities hold in [Pet23, Theorem 0.2]:

I°(D, hf) < I°(DUD, hE).
As already said, this implies the existence of minimizers for I° (]D),hfc). However, the
simplest strict inequality is still a conjecture:
Conjecture 0.3.
o1(X,[g]) > 27 = 01(D)
for any compact surface with boundary (X, g) that is not diffeomorphic to the disk.
The elaborate techniques of the author from [Pet22] [Pet24b] and their extension in

the present paper can be used to prove this conjecture in all the conformal classes of the
annulus and the Mobius band.

Theorem 0.3. Let X be an annulus or a Mébius band endowed with a flat metric g then
there is a smooth positive function : 0¥ — R such that

(0.6) 71 (2, 9,8) > 2m.
As a consequence of the work in [Pet19] and Theorem we also obtain

Theorem 0.4. Let X be an annulus or a Mobius band endowed with a flat metric g then
there there is a smooth positive function 3 : 0¥ — R* such that

(0.7) o1 (5, 9,8) = a1(%, [g])-

In particular, there is a free boundary harmonic map ®: (X, g) — BY by first eigenfunctions.
Here, N <3 if ¥ is an annulus and N < 4 if ¥ is a Mobius band.

Notice that in [Petl4], we prove the analagous strict inequality in the context of Laplace
eigenvalues on connected closed surfaces, and as a consequence the existence of maximizers
for the first Laplace eigenvaule (renormalized by the area) in any conformal class (see
also [Pet15] in higher dimension). This fundamental result is also used in [KS24a]. The
technical extension of [Pet22) [Pet24b] required to prove Theorem [0.3|is the following.
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Proposition 0.2. Let Elis be the compact surfaces with boundary defined by (3.1). Then,
for any 1 > 0, we have that

(0.8) ar(XE

la’

[ge]) > 271
holds for e small enough.

Roughly speaking, Proposition [0.2] completes the proof of Conjecture [0.3] close to the
boundary of the moduli space of Annuli and M&bius bands. More generally, we strongly
believe that the techniques of [Pet22] [Pet24b] can be used to prove that Conjecture
holds outside a compact subset of the Teichmuller space of any compact surface with
boundary. That result could be a first step to complete the proof of the conjecture. By
the way, Proposition leads to the proof of Theorem [0.3] The method we use is very
specific to annuli and Mobius bands since their moduli spaces are homeomorphic to a line
and critical points of the first Steklov eigenvalues on these surfaces are unique by [FS16]
(see Theorem below).

The paper is organized as follows: in Section [ we compute the set of eigenvalues of the
new critical ellipses and give consequences on isoperimetric inequalities involving Steklov
eigenvalues. In Section |2, we prove Theorem In Section [3, we prove Proposition
that is crucial to prove Theorem [0.3] Appendix [A]is devoted to the proof of Theorem
it is extracted from the preprint [MP20] and is written in collaboration with Henrik
Matthiesen.

1. CRITICAL ELLIPSES
For ¢ > 1, we denote by co(E,) = {z% + qy? < 1} the convex hull of the ellipse
E,={2* +q* =1}

endowed with the Riemannian metric g, = 7 (dz* 4 dy?) such that
1
By = (2 +¢°y*) 72
on E,. Notice that the parametrization (cos6, ﬁsin 0) of the ellipse gives the length
measure associated to the Euclidean metric on the boundary

1 1
1.1 dLp = \/sin2 0+ = cos20dh = —;1d6.
( ) q q \/q q
Then, the total length for g, is

2T do 21
1.2 Lg,(BqdLy, / BqedL — =
( ) Eq I I Fa ™ 0 \/6 \/5

In the following result, we prove that (co(Ej), gq) is critical for numerous combinations
of Steklov eignvalues. Then, it is a good candidate to extremize sharp isoperimetric
inequalities involving Steklov eigenvalues. If o is a Steklov eigenvalue of (X, g), the index
of o is the smallest integer k such that o (%, g) = 0.

Theorem 1.1. Let ¢ > 1. The ellipse (co(Ey), gq) has the following set of eigenfunctions
(Re(Pl), Im(P})) and associated eigenvalues (o7, 1)

0, WA - (va-y" . (Va+1D)"+(/g-1)"
In = f(fﬂ) +(va—1)" ! f(fﬂ) - (vVa-1"




and

5]
PIE) = gy 2 (;Z) - ('22 } (1 ) D)k

Moreover, for q > 1, g4 is a critical metric for all functionals g — f(ok,(9), Ok, (g9)) such
that
_ _ 72
O (k, (90), 51 (9)) [, Be(Pi) dLyg,

02/ Gk, (94), 012 (9)) [, Im(Pr)2dLy,’

where (ki, ko) is the couple of indices of the couple of distinct eigenvalues (o, Ty.).

Proof. We assume that P, is a unit polynomial of degree n such that Re(P,) and Im(FP,)
are Steklov eigenfunctions with eigenvalues o, and 7, in E;. As real and imaginary parts
of complex polynomials, they are harmonic. We compute the equation on the boundary
E,: we have for z = x + 1y € E,

5) = 2) u(z)) = () P (» (z,qy) _ (x +1iqy) Pl (2)
O = VI <(Pn( Pl ))7(x2+q2y2)§> (22 + ¢2y2)3

so that
(1.3) (x +iqy) Pl (2) = opRe(P,) + it Im(P,).
We prove that P? satisfies (1.3)). Let (z,y) = (cos t,z's\i%) € E,. We set
1 1 1 1
_(1+ﬁ)n+(1—ﬁ)n q_(l‘i‘ﬁ)n—(l—ﬁ)n
4= and B! = .
AL AL

By [Nik20, Theorem 1 (witha =1, b= ﬁ)} we deduce
sint
\/g
We obtain the derivative with respect to ¢

(1.4) P <cost +1 ) = AY cosnt + 1Bl sinnt.

t int
(— sint + iCOS> (P2) <cost + Zsm) = n (—A%sinnt + iB{ cosnt)
V4 V4

that gives if we set z = = + 1y:
] sint

— | cost + Z'q> P9 (2) = n(—A% sinnt + iBI cos nt

= ) Bate) = )
so that

(z +iqy) (P1)'(2) = v/qn (BI cos nt + i A sin nt)
and we deduce from this equality and (1.4) that:
B AR
(¢ +iay) (P3)'(2) = an e Re (PA(2)) + iy/an o T (PA(2)).

Moreover, the constant functions and (Re(P?), Im(P})) is the whole sequence of Steklov
eigenfunctions of (co(Ey),gs). Indeed, up to renormalization, it is a Hilbert basis of
L*(E,, g,) since with on E,, they correspond to harmonic polynomials.

The last part of the proposition comes from

0l Re(P1)? + 14Im(PJ1)? = ¢, 4 = \/qnAngBng sur E,.
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It implies that (c%)_% g 18 a free boundary conformal harmonic map into
{of2® + 7y < 1}.

Therefore, it provides critical metrics of spectral functionals: we apply [PT24, Theorem
4.5] to complete the proof. &

For ¢ = 1, P = 2" correspond to Steklov eigenfunctions on the Euclidean disk : the
homogeneous harmonic polynomials. To our knowledge, these Riemannian surfaces are
new examples of compact simply connected surfaces with boundary that are critical for
spectral functionals. We emphasize that the order of eigenvalues on the disks

l=0oi=1l<2=0dl=m <. <n=o =73 <--
is not the same anymore as ¢ grows. Indeed, we have
Vg € [1,+o0], (62),>1 and (77),>1 are increasing
Vn € N*, (of)g>1 is bounded and 7,/ ~ ¢ as ¢ — +o0.

As examples, let’s focus on spectral functionals on the disk that combine first and second
Steklov eigenvalues. Let f:R2 — R U {oo} be such that 9;f <0 for i = 1,2 and

E]‘?(]D),g) - F(a'l(Dag%a-Q(D’g))'

In the following proposition, we prove that the only critical points of E}? (D, -) that are
metrics associated to branched minimal immersions into ellipses have to be Steklov isometric
to (Eq, gq) for ¢ > 1. We denote &, = {012} + 0223 = 1}.

Proposition 1.1 ([Pet23, Proposition 1.2]). Let ® : D — co (€,) C R? be a conformal free
boundary harmonic map into an ellipse. We assume that the coordinates of ® are first or
second Steklov eigenfunctions with respect to the metric

g = e*'®*¢ such that e’ = (o3 (¢1)* + 05(@252)2)*% on S

where & is the Fuclidean metric on co(E,;). Then ® is a biholomorphism. Then, there is
q > 1 such that (D, g) is Steklov-isometric to (Eq, g4) (up to dilatation).

Proof. Notice that as a conformal harmonic map, ® is holomorphic. It remains to prove
that @ is a difféomorphism from the closed disk to the closed ellipse.

Step 1: e” does not vanish by application of the maximum principle and Hopf lemma (see
[Pet23, Claim 1.1]): by conformality, ®s: : S! — &, is an immersion.

Step 2: One coordinate, for instance ¢, is a first Steklov eigenfunction. ¢; has only two
nodal domains. Then, the nodal line of ¢ is a connected line that ends at the boundary
S'. Then, the degree of Pt : S! = &, is 1.

Step 3: A holomorphic map ® between two simply connected domains such that the
restriction to the boundary has degree 1 has to be a biholomorphism. &

Remark 1.1. To complete the classification, it would be interesting to know if any
conformal free boundary harmonic map from a disk into an ellipse has to be associated to a
metric g such that (D, g) is Steklov isometric to (Eq, gq) (up to dilatation).



We apply these results to functions f = hg+ of [Pet23] for s > 0 and ¢ > 0.
hoi(w1,22) = (27°+ tmz_s)%
We obtain the following property:
Proposition 1.2. Assume that for ¢ > 1, (Eq, g4) is critical for E]‘?(ID), -). Then:
of ( ,2m\/q)
0o f (2%, 2m\/q )

In particular, let gs; be a minimizer of Ehs t(}D), -). We assume that

(1.5) g <3 and

s>0andt>3° 0rs<0andt2(2_5—1)_1.

Then, every free boundary minimal immersion by first and second eigenfunctions associated
to the metric gs s is non planar.

Proof. We prove ([1.5)). Notice that on (Eq, g4),
(1.6) 71(gq) =0il=1and 7! =¢q.

Then, a necessary condition to make the ellipse (£, g4) of Theorem critical for E}? is
02(Eq, g¢4) = q. It is true if and only if 1 < ¢ < 3. Indeed, ¢ = 3 corresponds to the first
bifurcation point ¢4 = 77.

We now compute the necessary condition (4) of Theorem We recall that the length
measure associated to g, is given by B,dLg, where dLg, is computed in (L.1)). Then, the

masses of the coordinates are
2 2
do 1 db T
2 2 2 2
x°dL :/ cos”(0 — and / dL / —cos’(0)— = —.
/Eq o Jo ( ) N B Jooa ( )\/6 0/q
Then, using ((1.2)) and (1.6 for 1 < g S 3, we have

27
01(Fy,94) = — and 02(F,, g5) = 274/q.
(Eq, 9q) NG (Eq: 9q) Va
We then deduce the condition (1.5 from Theorem
We deduce from ([1.5) computed for hg; :
t=¢q°.

For t > 3°, we deduce that there is not any ellipse (Ey, gq) for ¢ > 1 that is critical for
E},, - Moreover, we have

2 :
Ep (E1,91)=hg ( i 27Tt2s) = (2n)~! (2\/1?)
s,t ts ts ’ t25
E;, (D) = hyy (2m,27) = (2m) 7 (1 + 1)

Then, the Euclidean disk is not a minimiser for s > 0, and (Ey, g;) is not a minimizer.
Finally, for s < 0, we have by [Pet23| Theorem 0.2] that

I;, (D) < I (DUD) = hyy (0,47) = (47) 1t

However,
1 1
) Y1 +1)s < (dn) s ot < (275 -1)71
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We completed the proof of the proposition. &

Finally, we notice that for any n and ¢, the quantity
0ltdLy (Ey)? = 4n°n®
is independent of q. Then, we immediately obtain new minimizers of the Hersch-Payne-
Schiffer functional fi2(z) = (z122) 7!

Proposition 1.3. For 1 < t < 3 critical ellipses co(E;) = {x? + ty?> < 1} endowed
with the Euclidean metric & and the weight Bi(z,y) = (2% + ty?)~! on the boundary
Ey = {2? + ty? = 1} are minimizers of E}gl ,(D,+). Moreover, they are the only minimizers

of E}ql 2(]D>7 -) associated to a free boundary minimal immersion into an ellipse.

Notice that by Theorem [I.I] computations glven in the proof of Proposition [1.2] show
that (co(E,), &, B,) are still critical points of E7 7 (D, ), where k is the index of .

2. INEQUALITIES ON CONFORMAL INVARIANTS
We aim at proving Theorem We apply the following proposition:

Proposition 2.1. Let Gy : X — R4 be a function. We assume that Bo = 0 or that By is
a positive function. Let 3; : D — Ry fori € {1,---  k} be positive functions. There is a
sequence B : ¥ — Ry of weights on (X, g) that satisfy for any m € N*,

Tm(2, g, 8:) = 5m(2, G, 5)
as e — 0, where (X, §,8) = (£,9, 60) U (D, & B1) U--- U (D, &, Br)

Proof of Theorem [0.3 with Proposition[2.1. Let § > 0. Let Sy : ¥ — Ry a non-negative
smooth function and §; : D — Ry for i = {1,--- ,k} be non-zero non-negative smooth
functions such that o B
E{(3,9,8) <I7(.13). ) + 0

where if By # 0, o
(3,9,8) = (2,9, 60) U (D, Br) U -+ - L(D, &, Br)
and if By = 0, o

(ngwg) = (]D)vgmgl) .- U (]D)7€, 5k>
From Proposition we obtain a weight 3. such that

f(a-l(zmgaﬂé‘)a”' 76m(2797ﬂ6))_>f(&1(27§7/3>7 ( N))
as € — 0. Testing f; in the variational characterization of I S(2 (= [ |, f), we obtain
I3 (S, 1g), f) < liminf BF(5, g, 6.) < BF (5,5.5) < 17(5,[3), /) +
Letting § — 0 ends the proof of the theorem. &

Therefore, the section is now devoted to the proof of Proposition 2.1 We let z1,--- ,x) €
3} be distinct points and €24, - -+, Q be pairwise disjoint open neighborhoods of x1,- -, xg
such that there are diffeomorphisms 6; : €; — ID)(JSr that satisfy

0,(: NOX) = [-4,6] x {0}

07 (e*i€) = g
(9@(.%'1) =0.
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We now let ¢ : D — R2 be the biholomorphism defined by ¢(1) =0, {(—1) = oo, ((0) = 1.
If x € Q;, we denote z° = 9(3:)

B(x +Z” DT, << (i>)(e+z5‘>2;+ e

where n € C2° (Ds) satisfies 0 <n<landn=1inD;.
2
We first prove the following

Claim 2.1.
Um(zv.%ﬁs) < Om (S B) <1>

Ine
as € — 0.

Proof. Let (¢o,- -, cpm) be a L2(9%, BdLg)-orthonormal family of m+1 first eigenfunctions
associated to (X, g, 3). From these functions, we construct test functions for a,, (3, g, 82).
We set the cut-off functions with disjoint support

_1_277 1 a‘nd Xz( ) ngi(’zz%
where 7, € C2°(D,) is such that 0 <7, < 1,7, =1 in D,2 and

| onfdac< o

and we obtain the following test functions for 1 < 7 < m:

PA) = X3 () (o +Zx, e, (<7 (2))-

We then have the existence of a = (ao, - - - ,am) € S™ such that
Js [Vey dA, LN
2.1 om(2,9,8:) < Z——2 = where . = alol.
( ) ( 5) f82¢€2/85dLg € ; eYe

Now we set T. : ¥ — R the function defined by:

m
T = Z a; ((pj) :
§=0
that is cutted in evry connected part as ¢ : ¥ — R :

vo = xo(To)s
and as ¥ : D — R for 1 <7 <k and z €D,

¥ (2) = Xi (T2) b,
where we set x;(2) = (e (e¢(2)) All functions x; have disjoint support. We then have that

k
/E V|2 dA, = /E VR dA, + /D Ve dAg
=1
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and that

k
/8 (2Bl = / W0y + 3 [ w0 s

Rx{0}
Knowing that |V (7. g)‘zg is uniformly bounded, we compute

/E Vs dA, = /2 V(L) 5 2d A, + /E ((6)? - 1)|V(T2) s 24,

2 /2 X6 (T2) (V) V(T2 ) gl Ay + /E Ve[ (T2)5)

:/2 V(T2)52dA, + O(e4) + O <gé <1ni)5> +0 <<ln i)1>

as ¢ — 0 and knowing that |V (7%) p, ]g is uniformly bounded,

dA,

/D Ve dAe = /D V(T2 p, 2dAe + /D (%)% — V|V (T2, [2dA¢

+2/D>~C§(TE)|D1-<VX§7V(T€)Di>§dA§+/DV)Zﬂg (T2)p,)” dAg

_1 -1
1\ 2 1
o4 () ) o))
€ €
as ¢ = 0. The previous equalities lead to

k 1 -1
@) [ el = [ A(OEIEDY / |V<T€>|Di|§dAg+O<(lng) )

as € = 0. We also compute

[
—
=

:/D V(1) p,[2dAe + O

/ (66)28.dL, — / (T2)% BodL, + / (To)2, ((0)*B- — fo)dLy,
ox o )

where by definition of S,

k .
22 _ N2 e\2 iy e—ui(#) (¢ z 2e
=i 0 S (0 (2)) e

1
= (Z Loty T 52)
T
implies that

/ (15)2Bed L, = / (To)is BodLy + O(e¥)
ox ox




as € — 0. We finally compute for 1 < i < k,

/ (N (5))2B0(07 (e8))eds = / (T.)2, BidLe
Rx {0} st

2

+ /Rx{o} ((Ts)\Di (C—l(S)))2 < 1y (es) Be(0; Yes))e — Bi(¢™ (S))l =

where by definition of f.,

.y (25) Bo(67 (69)z — Bil¢M(s)) —

1+s%

+ ‘7781 (es) Bo(6; 1(68))61”(55)8‘

1+ s?

implies that

[ i )06 s = [ (T, fudLe + OEH)
Rx{0} St

as € — 0. The previous estimates lead to

(2.3) /82 V2B-dL, =/ (T2)s PodLy +Z/ Lip, BidLe +O< %)

as € — 0. Now, gathering ({2.1] and ( -, we obtain
fi VT.[2d45+0 ((n1)™)

2.4 m(%,9,0:) < — T
24 om(%,g, ) Jos T2BdLy + O(c%)

where
2
JsIVT2dA; Z;%( ) J5 IVeilgdA,
- T283dL-
Jos T20dLg ZTO( ) Jos (¢5) 5dL~ j=0
Finally, using (2.4)), the previous inequality and that

/BEdL /ﬁdL +O(e3)

as € — 0, we obtain the Claim.

We now denote for j € N*, 05 = 0(%, g, B) and 5 functions such that

(2.5) Agp; =0in X
Ovps = 05 B on 0%,

and we assume for j, 7 € N* that

(2.6) / @55 BedLy = dj jr.
ox

2
1

) as

=" (a5)%04(2,5.5) < owm(S,3.5).

13
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For 1 <i<k,and s € Ri and ¢ small enough, we denote by

(15); (5) = &5 (67 '(e9))
and for s € R x {0},

(1 s
(Be); (s) = w + Bo (07 (e5)) e"i=9)e

and we obtain the equations for any R > 0 and € small enough:
A(gp?)‘ :()in]D)E
Or (gpj)z = 05(B:) (gpj)l on [—R, R] x {0}.

Notice that for any R > 0, (5.); is uniformly bounded and uniformly lower bounded in
[—R, R] x {0} as € — 0 because

2.7)

N
23 (o) = 2 n (=R, x (0))

as € — 0. In particular,

£))2 204 o _
/[_RR}X{O}((%)Z) ds < C/[_R,R]X{o}((%)l) (B:)ids < /82(%) B.dL, = 1.

Using this inequality, that (¢Z) is bounded as ¢ — 0 (see Claim and that (5;); is
uniformly bounded in [-R, R] x {0} as ¢ — 0, standard elliptic theory on the equation
(2.7) implies up to the extraction of a subsequence, the existence of (¢;); : Ri — R such
that for any R >0
(2.9) (¢5)i = ()i in C*(D)
as € — 0. Passing to the limit as € — 0 in the equation (2.7)) implies
A¢ (pj); =0 in R
o¢—1
_632 ((P])z =0y 2%_._% ((PJ)Z on R x {0}7

where up to the extraction of a subsequence, we let o; — o0j as € = 0. Notice that by

Claim oj < aj(f),g, 3). Applying the biholomorphism ¢, we obtain from (2.10) an
equation on (¢;), o ¢ that holds in D\ {—1}. However, knowing that ¢3 = (pj); 0C is
bounded in H'(D), the equation can be extended in D and we obtain:

Agdh =0 in D
Ol = 0 B¢ on St

so that qb; is an eigenfunction for (D, ¢, 3;).
Similarly, setting

(2.10)

(2.11)

k k
Sr=3\| |6 @}) and Iz = 0%\ | |6 (-R™, R7'] x {0}),
i=1 =1

we have that for any R > 0, (f;) is uniformly bounded in I as € — 0 because
(2.12) B: — Bo in C* (Ig)
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as € — 0. In particular, if 8y # 0,
| @ris<c [ wiras, < [ 5z, =1,
Ir Ir ox

Assuming that 3y # 0, using this inequality, that (o) is bounded as e — 0 (see Claim
and that (/;) is uniformly bounded in Iy as ¢ — 0, standard elliptic theory on the equation
implies up to the extraction of a subsequence, the existence of ¢; : ¥\{z1,--- 21} = R
such that for any R > 0

(2.13) @5 — pj in C*(ZR)

as € — 0. Passing to the limit as ¢ — 0 in the equation (2.5]) implies

Agpj =0in B\ {z1, -, zp}
(2.14)
aytp]‘ = ajﬁogoj on 82 \ {xl, s ,:Ek}.

Again, since ¢; is bounded in H'(X), we can extend the equation (2.14) to ¥ and we
obtain a function qﬁg = j

0 _ .
(2.15) {Ag¢j —Om

augzﬁ? = O’jﬂ()d)? on 0.
We prove now that (2.6 passes to the limit as e — 0:

Claim 2.2. We have for j,j" € N:

k
/a . $96%,BodLy + Y /S G505 Bidl = 8,
=1

where by convention the first term is 0 if By = 0.

Proof. We first show that it suffices to prove that no mass accumulates in the neck part:

R—+00 -0

(2.16) lim limsup/ ((pj)2,85dLg =0.
NR,E

where we denote
k
Nge=| | Nk, and Nj = 67" (R, R\ [-Re" ', Re"']) x {0}).
i=1

and in addition, we have that for any R > 0,

(2.17) By = 0 = lim sup/ (5)BdLy — 0

e—0 Ir

as ¢ — 0. Indeed, we have by (2.12)) and (2.13]) that
b A0 [ wigidL, — | Sebs,
Ir Ir
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as € — 0 and by (2.8) and (| @ ) that

BodL, — / <) (8.), b
/32\1 #ieyPedly Z RR]><{O} 5); (#5); (Be)

2B;0¢ 7t / o
. i S P, ¢Z¢Z/Bzd9
Z/ )i (i) = Ty CU-rEx(0)

RRx{O}

as € — 0. Therefore, if (2.16) and (2.17) hold, using all the previous convergences, using
(2.6), and passing to the limit as R — 400 leads to

k
| vetsar,+ Y [ oioiman s,y
=1

if By # 0 and

k
3 /S Gk — b
=1

—+00 0

< hm hmsup/ (@?)QBEdLg =0
NR,E

R—+o00  ¢—0

< lim hmsup/ (¢§)2B€dLg =0
Ng,cUIR

if 8o = 0.
It remains to prove ([2.16) and (2.17). We will need several steps:

Step 1: There is a constant C' > 0 such that
(2.18) vzem, (£5)i(2)] < Cyv/In (2 + |z])

Moreover, we have that

, 1
(2.19) Ve e X, |pl(x)] < Cy/In -

Proof of Step 1: We first prove We denote f. = ( 5)i- Let 1 <R, < de~1. The
following computation on mean Values f6 =1 fo fe(ret )d0 leads to

F(R.) — F. /R/ 0, /. (ré /R/ 0, (In )0, f. (reYrdrdd

! L ([fdr : VR
7T/D;E\H)JVIHlevfadeg_ NG </1 ) (/ |V<p]]gdA> <

Now, for 1 <r < %5_1, we set fo(x) = fo(rz)— f.(r) and it satisfies the system of equation:

(2.20) {Afs =0 in By | )
—0af:(s) = 2Vi(s) fo(s) + 0LVi(s) f=(r) for s € E4NR? x {0}.
where
B, - {ID)va)}J ifr>2
D, if r <2,
and

2r

ERer: + erfo(6; H(ers))eiEre)

Va(s) = r(Be)i(rs) =
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is uniformly bounded by a positive constant independent of € and r. By standard elliptic
theory, we obtain that

”fEHLOO(EQ) < ngﬁe(r)'
By (2.9)), f-(1) is uniformly bounded. Then, gathering all the previous estimates, we obtain

R.18).

Now, we prove (2.19). From (2.18)), we deduce that (2.19) holds true in ¥\ Bg5-1. It is
also clear from (2.13)) that if 5y # 0, (2.19) holds true in ¥ 5-1. It remains to prove (2.19)

in ¥y5-1 if By = 0. Now, we use the equation

Apl=0
Oyt = o5 Bl

1Bell oo (2,,-1) < O€)

as € — 0. Then, by standard elliptic theory, knowing that \90é| < O(y/In %) ase — 0, in
Ys-1 \ Ygs-1, we obtain that

. 1 . 1 :
lolllzoo(s,, 1) < Cy/ lnE+CJ§”5€“LN(E45_1)H‘PgHLOO(EM_ﬂ < C\/ lng+08"(pg“Lm(E45—l)
and substracting the last term completes the proof ot (2.19).

Step 2: If By # 0, then there is a constant C' > 0 such that for any R > %,

(2.21) Vo € Ni, |pd(@)] < Ol 2]

where we know that

Proof of Step 2: We proceed exactly as in the proof of (2.18). We denote h. = gpg 00, L
and h. = %foﬂ he(re?)df. We obtain for 0 < r. < § that

6 pm 6 pm
he(1) — he(re) = 71T/ /0 Orhe(re?)do = 711_/ /0 Or(In 1), f- (re’Yrdrdd

1 1 1

1 1 ([ [Pdr\? 2 g
S < = 12dA < = /oc.
W/D;\D:fw“’g”'vf”fd“‘ﬁ—ﬁ</rg F) (Lmetian) < Yo

We notice that f.(z) = ho(ex), we use again (2.20) to obtain
HfEHLOO(EQ) < Cagfe(r)

and by (2.13)), h-(6) is uniformly bounded. Then, gathering all the previous estimates, we
obtain (2.21]).

Step 3: We prove if By # 0. We set
Nge = ([=(Re)™", (Re) "]\ [-R, R]) x {0}

[, @roaty= [ (s o) gt [ (65

NR,E Sl

yE

and we have from ([2.18]) that

yE

2 (R5)71 In(2 +oo In(2
fimsup [ () ds < limsupC bt _ g [* ol2e )
e—0 Ng.e 1+ s7 e—0 R 1+u R I+u
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and from(2.21)) that
R—l R—l
limsup/ (g0§)2ﬁodLg < limsup/ |1In (Jul) |[du = / | In(|u|)|du.
Ii%,s e—0 I3 0

e—0 R
Letting R — +o0 in all the previous inequalities completes the proof of Step 3.

Step 4: We assume now that Sy = 0 and we prove (2.16|) and (2.17). As previously, with
Bo = 0, we easily check from

2
£\2 £\ .\2
< dL, = i) ——=d
[, @rsar,= [ (@0
that Step 1 leads to:
2

lim 1 £)i)? d =0,
e [ (G0 g

and we proved (2.16]). Now, let’s prove (2.17). By definition of . and by (2.19),

’/IR(go;)QBEdL < CZ/ <ln >ds—>0

as € — 0. Letting R — 400 completes the proof of (2.17)).

<

Now we recall that o; is (up to the extraction of a subsequence) the limit of o5 =
0j(X,9,8:) as € — 0 and that by Claim [2.1, we have that o; < 0; (Z G, 3). Tt remains to
prove the converse inequality to obtain Proposition n We let ¢; : ¥ — R be the function
defined as (¢])|2 = qSO in ¥ (if ¥ appears in the disjoint union of connected surfaces of 3)

and (¢])|D = gb for 1 < i < k. Testing ¢g, - - - , ¢, in the variational characterization of
0 (5,5, B) yields
- - V> . aii|2dA;
om(%,3,8) < o 21V 2505041504 <3 doj < om,

2 _
fdz (;ai05) Bazg
where we used (2.11)), (2.15) and Claim The proof of Proposition [2.1|is now complete.

3. PROOF OF PROPOSITION [0.2]

The proof of Proposition is based on techniques used in [Pet22] [Pet24b]. We will
refer to Propositions and lemmas of these papers all along the proof. Let’s first define the
family of surfaces Elig we work with. We denote the rectangle

el €l € €
=|—=, = x|—=, =
Bie [ 2’2} [ 2’2}
and its boundary components

el &l € € _ le € €
Il,E = |:—27 2:| X {_57 5} and Jl’g = Jl—j_E U Jl,?’f Where Jl,E = {iQ} X |:_§7 §i| :
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We glue R; . to a disk D via the attaching map

le .
Ox: (05 o1) € Jie nem

and we denote by
(3.1) S =MDUR)/ ~p,

the resulting surface endowed with the metric g. that equals to the flat metric in R;. and
the flat metric in D. Notice that

oL, = (S'\ Jie) UL
and that E;; is homeomorphic to an annulus if .+ = 6, and a Mdbius band if 1 = 6_.

Proof of Proposition[0.3. We argue by contradiction. We assume that there is [ > 0 such
that up to the extraction of a subsequence of ¢ — 0, Ul(EliE, [ge]) = 2m. Notice that all
along the proof, the subsequences of € — 0 that are extracted are not written explicitely.

For instance ”as ¢ — 0” means ”as the subsequence of € — 0 we consider goes to 0”.
By [Pet24bl Claim 3.2],

(3.2) k(5 g2) > Gr(D) — (821)

1
where G (D) = 27k and 0. = clsé (ln %) 4 for some constant ¢; > 0. Notice in particular
that for a given € > 0,

(3.3) 51(2]%5’95) > 0-1(2[:7&8’ [96]) - (56,l)2
and we aim at appling Ekeland’s variational principle to this estimate. We set
A-={B € X;5(1,1) > 2n},

where X is the closure of the set
(¢,0) — / petdLg ;u € C(0%)
azﬁs

in the Banach space of continuous bilinear forms on H'! (Zlia) denoted by B (Zlia). We
endow A, with the distance d,. induced by the norm

1Blp. = sup b¢.¢)

pyem(si) [Pl g 1Vl .

on B(Elis), where

6l g, = [, VOB Ay + [ (V0L L.

l,e l,e

Knowing (3.3), and upper semi-ontinuity of eigenvalues (see [Pet22, Proposition 1.1]),
Ekeland’s variational principle on (A, d,, ) gives 3. € A. such that

51(S5, g, Be) = 51(35, 9e),
(34) dga (ﬁidLga) S 66,l7
\V/ﬁ S Xu 61(22:57.98718&\) - 61(2?7:5798716) 2 _5€,ldga (1887 ﬂ)
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Notice that
Ws(la 1) - Lge(azli )| < 51,6

,€

so that

(3.5) B(1,1) = 2 + 0(.0)

as € — 0. Another consequence coming from [Pet24b, Proposition 1.1] is that for any k,
(3.6) ok (ZE, 0o, B.) — o(SE g.)| < O(3.)

ase — 0.

From [Pet22, Proposition 1.5], we obtain the existence of ®. : Zzi,g — R"™ such that

denoting o, = 01(2?7:8, e, Be)s

Ay Oc = 0.5:(Pe, ")
(3.7) Be(®c, ®c) = B=(1,1)

|®:|2 >1—62 on 62;; where Ay 6. =0 and ||9€H§{17gs < e
We deduce from that

oe = 01(22[5795,55) = 02(22[5795755) — 1
as € — 0 and more generally that
ak(Ei,gE,ﬁa) — k

as € — 0. In particular, since the coordinates of ®. are first eigenfunctions, we obtain that
ne = 2 for € small enough. We let w. be the harmonic extension in Elig of

we = /02 + |®.|2 on 95
82?;) — (B?,S?) as

R COLO NS A

We

and we define U, : (2

l,e’

That ¥, maps into B? is a consequence of the maximum principle, since it maps in S? on
62?[5 and ®., 0. and w. are harmonic functions. Indeed, we can use the elliptic equation

—divg, (wSQV\I’E) =weAy (Pe,0:) — (Pe,0-)Ag.we =0
to deduce that for any X € S?,
—divg, (W2V(¥., X)) = 0.
and (., X) cannot realize its maximum in the interior of EZES for any X € S2.

Now, we have by [Pet22, Claim 3.1] that
(3.8)

B (we, we) — B-(1, 1)+/i (IVwel2, + 1 (B = @) [2 + (2 = 1) V8|2, ) dAy, < O(,)
Y

le

as € — 0. From now on, the proof is self-contained but widely inspired from [Pet24b].
Step 1: We set

2 1 2
_ 12 _ P )
B, ) = Zilj/mvagdAg /S1 <¢1 <27T /Sl Ww)) df.
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and we prove

1 ~
. — d.di| <
(3.9) 5 /S1 ‘ < O(6e1)
as ¢ — 0 and
(3.10) B (65, cf>s> + /i VO, |2dA¢s < O(6.,)

l,e

as e — 0.
Proof of the Step 1: We first prove (3.9). Using that |®.| < 1, we have that

/ ésde‘g / d.dLe / d.dLe
St I Ji

le ,E

< el +2e 4 dg. (Pe, dLgs)”gs||‘$a||H1,gnge(8zl,6) + fe(we — 1,1).
Now, using (3.8]), we have

(811) ()2, = / 1B Ly, + / | IV dA, < Lo (SE) + 0c + 0(31)
()M

lie El,a

as € = 0. Together with the second line in (3.4), and another use of (3.8]) with

/Ba(wa -1, 1) < /Ba(wmwa) - ﬂ&(lv 1))
we obtain (3.9). We now prove (3.10)):

I T X (2 X (2 2
B (3..5.) +/Rli V. 244, g/zli (V&2 — [Ve.[2 ) dAy. + (0-8:(1.1) — 27)

+ + + [B(®B. — ., 1))

B-(®.,1) — / &.dL,,
0% ¢

~ ~ ~ ~ 2
+ (27 = Bo(1,1)) + (8o, @2) - 6. (3., 82) ) + (/35 (@..8:) - /8 .- 1% dLge>
2 1 _ 2
+/ ’cba dL5+2/<I>€d6 — I+ I+ IIT+IV+V +VI+VII
Iie T |Jst

In order to estimate I we will use (3.8) together with the computation:
V|2, = W2|VO|2 + D 2| Vew: 2, + we (Vw:V|Be )y,
that implies using 2 = —|®.|? and w. > 1:

~ ~ ~ 9 0
IVO2 — Vo2 = (1 —w?)|VO[2 — [ Vwe|2, + 29€<v%vwi>gg < in%veg%

£

to obtain
1 1

2 2
2 2 _
fs2</2 . |wa|gadAga> (/E ) |vea|gEdAg€> — 0(61.)

le le

as ¢ — 0. The assumption o.8:(1,1) < 27 and that 5.(1,1) > 27 since . € A give
IT + 111 < 0. Notice now that 5. acts as a linear from on squares of H I functions, we
have from |®.| < 1, w? > 1 and (3.8), that

IV < Be(ws,we) — B(1,1) < O(dy,¢)
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as € — 0. The second line in , and (3.11)) imply
V< 0(5175)
as € = 0. That \<AI;€| < 1 implies VI < 2le and the use of (3.9)) to estimate VII completes

the proof of (3.10]).

Step 2: We now set on S!
~ dé
&, =F. + / . — —|— R,
Sl

where F; is the orthonormal projection of ®. on Spcm{cos 6,sin§} with respect to the L2
norm of S! and we still denote R, its harmonic extension in . Then:

(3.12) | Re HHl < O(0zy)

as € — 0 and
1 1 1
/ R, / R, SO( lnHREHHl(D)>
e Ju, e Ju. €

as ¢ — 0.

Proof of Step 2: We first prove
B(R., R.) = B(R.,®.) < \/ B(3.,8.)B(R., R.).

We deduce from (3.10)) that

(3.13) +

B(R£7 Ra) < 0(51,6)
as ¢ — 0. We denote by E,(D,¢) the set of Steklov eigenfunctions associated to the
eigenvalue 0. Using the latter estimate and that R. € B, >, Ex(D,§).

/ IVR.|?dA¢ = B(R., R.) + / R2df < B(R., R.) / |VR.|7dA¢
D st
so that substracting the right-hand term, we estimate the square of the H' norm of R.:
3
/ R2df +/ IVR.|ZdA¢ < 2/ IVR.|?dA¢ < 3B(R., R:) < O(6,)
St D D

as € — 0 and this leads to (3.12)).
Now, we prove (3.13). We denote by R. : R> — R the extension of R, : D — R on R?

via the inversion i(x) = FiLk R.(x) = R.(i(x)) if # € R2\ D. Then, denoting

1 2 ;
fa ( ) Tm” 0 Rs(il +re G)da’
we have
1 1 2 . )
fEQ) = fE(e) = 27T/ Or(In )0, Re(£1 + e )rdrdo
€ 0
1

= (Vin|z|VR.)edAg
27 Jp(+1)\De (£1)

1 1 1
1 Lar\ 2 ~ 2 In 2| Re | 11 ()
< - VR.|?d4:) <
T Vor </e r > </IR?| ole 5) - VT
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By standard trace Poincaré inequalities and definition of EE, we have that
2] < CllRell 1 y) < C'l|Rell v

By standard trace Sobolev inequalities again,

1 ~
- / R <C| @)+ / |VR:|¢dA¢
€ Jjt Doe (£1)

le
and all the previous inequalities lead to (3.13]).

1
2

Step 3: Final argument

Since F lies in a finite dimensional set, up to the extraction of a subsequence, it converges
inC?to F:D — S!. By and (3.12), the weak limit of ®. in H. (D\ {~1,1}) has
to be equal to F. Moreover, for any compact subset I of S'\ {—1,1}, we have that
.2 =1—16. in S and I; 16-]2d6 = O(3.;) as e — 0 because of the third line in (3.7).
Then, |F|? = 1 in S'. We recall that the coordinates of F' belong to Span(cos6,sin ). We
obtain that there is a € R such that for § € R,

(3.14) F(e?) = (cos(f + ), sin(f + a)).
Now, we compute

1 ~ 1 ~ ~
- / b.df — = / d.db / 0,%.
€ JZTE € Jlja Clvf

as € — 0, where the latter inequality comes from (3.10). We deduce from the definition of
F. and (3.9) that

1 1

A A

€ JlJ,rE € Jljs

1 1
/ F.do — / F.db
€ Jlts € Jljs

as € = 0. Now, from (3.13)), we deduce that

1 1
/ ngﬁ—/ F.db
€ ‘]l-t—s € JZTE

Using (3.12)) and passing to the limit as € — 0, we obtain that

=
N|=

2e

SU*??Q < / yv@a\gdA5> < O((10-1)7)

le

NI

< O((l6e1)2) +

_l’_

1 1
<0 <(l5a,l)2 + IHEHREHHI(]D))) -

It contradicts (3.14)).
¢

Remark 3.1. The proof of Proposition[0.4 would be simpler if we directly have mazimizers
in conformal classes (X, [g]) that satisfy o1(2,[g]) = 2w. However, Theorem is not
appliable in that case. We use here Ekeland’s variational principle because we do not a
priori know if there are maximizers.
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APPENDIX A. RIGIDITY RESULT ON ANNULI AND MOBIUS BANDS
BY HENRIK MATTHIESEN AND ROMAIN PETRIDES

Before giving a proof of Theorem we recall several results

Theorem A.1 ([Petl9, Theorem 2]). Let (X,g) be a compact surface with non-empty
boundary such that

o1(3, [g]) > 2,
then there is a smooth positive function B : % — R% such that
(Al) 51(2797/8) :0-1(27[9})

Moreover, for any sequence (gi)ren of metrics with

(A.2) liminf (X, [gx]) > 27,
k—ro0

the sequence (Bk)gen as in (A.1]) is smoothly precompact.

We remark that the last item is not explicitly stated in [Pet19, Theorem 2]. Instead
it easily follows from the characterization of these maximizing metrics in terms of free
boundary harmonic maps. Along a sequence enjoying there can not be any bubbling
of these harmonic maps. This is handled in [Pet19] even under much weaker assumptions.

Next, we state the rigidity results by Fraser—Schoen.

Theorem A.2 ([FSI6, Theorem 1.2 and Theorem 1.4]). Let ®: ¥ — BY be a minimal,
free boundary immersion by first Steklov eigenfunctions. If ¥ is an annulus, then X is
homothetic to the critical catenoid. If 3 is a Mdbius band, then X is homothetic to the
criticial Mébius band.

We also have the following comparison result for Steklov eigenvalues.

Theorem A.3 ([Dit04], see also |[GP17, Example 4.2.5.]). For € > 0 sufficiently small, we
have
6-1(]]) \ D87 g) > 2m.

We need the analogous result for Mobius bands. Let M. the M&bius band obtained as
follows. We glue together two copies A; and Ay of By \ B: along 0B, and identify points
by the involution given by ¢(x1) = —x9, where 21 € A; and 2 denotes the point with the
same coordinates as x1 but in As. Note that the metric on M, is only Lipschitz, but it
can eagily be approximated by a sequence of smooth metrics such that the length of the
boundary and the first Steklov eigenvalue converge.

Proposition A.1. We have that
5—1(M67 5) > 27
for € > 0 sufficiently small.

The argument is analogous to (and in fact easier than) the proof of Theorem We
record it below for the convenience of the reader.

Proof. Note that there is a second isometric involution on A; U Ag given by 7(z1) = x2
in the notation above. Since 7 is an isometric involution it acts on any eigenspace of the
Dirichlet-to-Neumann operator and splits these into +1-eigenspaces. Note that the +1
eigenspace corresponds to eigenfunctions on A, = Bj \ B of the Steklov problem with
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Neumann boundary conditions along dB.. Analogously the —1 eigenspace corresponds to
eigenfunctions of the Steklov problem on A, with Dirichlet boundary conditions along 0B..
These eigenvalues can be computed explicitly as follows. Write ug, = (Apr* +A_pr=")T(k6)
for T either cos or sin. Then it easily checked that for uy to be a Dirichlet eigenfunction
we need to have that Ay = —A_,e~2* which leads to ¢ = kajiﬂ > k. Additionally,
there is an eigenfunction given by log(r/e), which is not ¢ invariant. Analogously, uj is
a Neumann eigenfunction if and only if Ay, = A_pe~2*. The corresponding eigenvalue
—2k -1 . . .
is given by k: g k as € — 0. However, for kK = 1 none of these eigenfunctions is ¢
invariant. &

We also need that a similar results holds near the other end of the moduli space. This
result is much more subtly proved thanks to Proposition

Proposition A.2. There is v, — 1 such that

(A.3) a1(D\Dy,, &) > 27
as k — 400 and there is v, — 1 such that

(A4) 61(M,,;€,£) > 27
as k — +oo

This proposition will be a direct consequence of Proposition and the following lemma:

Lemma A.1l. Let ¢: [0,7] x [0,1] — [0, R] x [0, 1] be conformal embedding, smooth in the
interior, such that ¢([0,7] x {i}) C [0, R] x {i}, for i =0,1. Then we have that r < R.

Proof. Since ¢ is conformal, we have that
¢*(dz? + dy?) = e* (dz? + dy?)

for a function w that is smooth in the interior. By assumption, we have that

1< (Dot} < D) = ([ 1 ew@y)dy)Q < [y,

where we have used Jensen’s inequality and note that this remains valid also if ¢({z} x [0, 1])
is not a rectifiable curve. This implies that

T_/dy<//‘ @) dyde = Area(d) < R
%

Lemma A.2. We recall that Eﬁ is an annulus and let ®: B, \ B, — E;; be a conformal
homeomorphism, which is smooth in the interior. Then we have that r > exp(%%).

Proof. We conformally parametrize the universal covering E+ of E+ by (—o00,00) x [0, 1]
with deck transformations generated by (z,y) — (x + R y) for R > 0, which uniquely
determines R. We have a conformal embedding

¢: [0,7] x [0,1] — %"
given explicitly by
le €
¢(z,y) = (Eﬂ: ey 2) € R €3/
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We then lift ¢ to a map
¢: [0,1] x [0,1] = [0, R] x [0,1] € 5,

with ¢([0,1] x {i}) C [0, R] x {i}. Lemma [A.1] applied to ¢ gives that
<R,

from which the claim easily follows recalling that R = log%f/r). &
Remark A.1. Notice that in the proof of Theorem we just need a sequence ri — 1
such that g1(D \ Dy, ) > 27 (and the same for mdébius band). It is likely that we should

directly deduce from Proposition that 51 (D \ D) > 27 for any r close to 1.

Proof of Theorem[0.3 We give the proof for ¥ an annulus, the case of Mobius bands is
completely analogous. We write A, = By \ B, C R? and note that any compact annulus is
conformal to some A, for a unique r € (0,1).

Consider the functional &1 : (0,1) — (0, 00) given by

a1(r) = o1(4r, [€)),

where £ denotes the canonical flat metric on A,. We want to show that 1(r) > 27 for any
r € (0,1). From Theorem (0.2, we know that

6’1(7’) Z 2.
Moreover, we also know that
(A.5) lim 1 (r) = lim & (r) = 2m,
r—0 r—1

see [ES16], Proposition 4.4].

Let r, € (0,1) be chosen such that A,, is conformal to the critical catenoid. Suppose
now towards a contradiction that there is some s € (0, 1) such that 71(s) < 27. We assume
that s > r,. The argument for the other case is identical because of and we use
Theorem instead of (A.3). Then, by (A.3), SUp,¢s,1) 01(r) > 2. We now claim that
there is ¢ € (s,1) such that

a1(t) = rlél?)f) o1(r) > 2m.

Indeed, we set > = A1 and we let 6, : ¥ — A, be the family of diffeomorphisms
2

|| +1—2r x
g, ()= 12T
() 20—1) 7]

We can maximize the functional (7, 8) — 71(X, 85(£), 5) on the set

{r € [s,1);01(A, [€]) > } x C$5(0%).

Indeed, for a maximizing sequence (rg, Ok )ren, we have that for k large enough 7, <1 —¢
for a positive constant ¢ because of . Then up to the extraction of a subsequence,
r, — 1 as k — 400 and B — f as k — +oo thanks to Theorem [AT]]

It then follows that (A,,&, 306, 1) is a local maximum of the normalized first Steklov
eigenvalue and hence induced by a branched, free-boundary minimal immersion into BY by
first eigenfunctions thanks to Theorem But by the uniqueness of the critical catenoid,
see Theorem above, this is impossible for ¢ # r. &

Supre[s,l) o1 (T) + 2m
2
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