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Goal-Oriented 1-Bit Quantization With Uncertain
Distortion Measures

Malcolm Egan

Abstract—Tailoring low resolution quantization to specific
tasks is an important aspect of goal-oriented communications,
with applications ranging from feedback for multiple-input
multiple-output (MIMO) systems to compression of neural net-
work weights. However, target distortion functions associated
with a task may either be imperfectly known or intractable to
compute, leading to uncertainty in the distortion function. In this
paper, we propose new criteria based on risk measures to design
1-bit quantizers with uncertainty in the distortion function. While
information-theoretic limits of compression with risk measure
constraints have recently been established, quantizers based on
risk measure criteria have not yet been developed. We introduce
an algorithm for quantizer design with our risk measure criteria
based on the cross-entropy method, and apply our approach to
an environmental monitoring dataset.

I. INTRODUCTION

Low resolution quantization plays an important role in
communications and learning. For example, channel feedback
for MIMO at mmWave frequencies requires quantizers with
only a small number of a bits, or even a single bit [1].
In compression of large deep neural networks for network
functions on memory-constrained devices, neuron weights
may also be compressed with a low resolution quantizer [2].

The choice of a quantizer depends on the probability distri-
bution of the data, and a measure of distortion between the data
samples and their quantizations. For real-valued data, a stan-
dard choice of the distortion measure is the mean-square error
[3]. However, the choice of the mean-square error is largely
due to its simplicity and the fact that many distortion measures
are Lipschitz continuous and therefore can be bounded in
terms of the Euclidean norm. Indeed, application-dependent
measures of distortion can yield improved performance in
what is often known as goal- or task-oriented compression [4],
[5]. For example, in speech compression the mean distortion
measures based on the p-norm, weighted square error amongst
others are common alternatives to the mean-square error [6].
In [7], the mean optimality loss has been considered for re-
source allocation problems, and in [2] mean p-norm distortion
functions have been applied for compression of neural network
weights.

Goal-oriented quantization can outperform quantizers based
on the mean-square error, but only when the distortion measure
is appropriately tailored to a target application. In speech
and vision applications, a target distortion measure often is
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based on human visual or aural perception experiments [8],
[9]. Measurements in these experiments are often imperfect,
resulting in uncertainty in the quality of the distortion measure.
In the context of resource allocation problems, the mean
optimality loss may be an appropriate distortion measure [7].
However, it can be extremely costly to evaluate the optimality
loss for a large number of samples. As such, approximations
of the optimality loss may be required to construct quantizers
by, for example, Lloyd-type algorithms [6]. As for speech and
vision applications, there is uncertainty in the quality of the
distortion measure.

In this paper, we propose a method to select a quantizer
when there is uncertainty in the distortion measure with a
focus on the important case of 1-bit quantization [10]. We first
investigate the impact of uncertainty in the distortion measure
in the case of symmetric 1-bit quantization with Gaussian
data. For two families of mean distortion measures, one of
which can also model uncertainty in the data distribution, we
numerically study dependence of performance on the choice
of quantization level. We observe that uncertainty in the mean
distortion measure can lead to significant variations in the
choice of quantization level.

We then introduce our proposed method. The core idea
is that uncertainty in the mean distortion measure can be
accounted for by increasing the cost associated to large values
of the distortion function. We show that this modification leads
to a risk measure rather than the standard mean distortion
measure [11]. Recently, we have established information-
theoretic limits for fixed-length compression with risk measure
constraints [12]; however, the design of quantizers with risk
measure criteria has not been investigated.

While our method can be viewed as a form of robust
quantization, it can be applied when the data has an unbounded
support where worst-case distortion criteria [3] cannot be
utilized. Our approach also contrasts with perception-distortion
criteria [13], which incorporate the Kullback-Leibler diver-
gence in addition to the mean distortion.

Quantizer optimization for mean distortion measures is
typically solved via Lloyd-type algorithms [3]. However, these
algorithms cannot be directly applied for risk measure criteria.
Alternative algorithms based on global search are required. As
such, we utilize the cross-entropy method [14] to optimize
the quantizer. Using real temperature data from the Twin
House Experimentl, we show that our risk measure criteria
can improve quantization of extremes, which is important for
classification of extreme events based on quantized data.

Uhttps://tinyurl.com/32djySnf



II. UNCERTAIN MEAN DISTORTION MEASURES
A. 1-Bit Quantization

Scalar- and vector-valued data arises naturally from data
sets containing images, time series for speech, or channel
coefficients in multiple-antenna communication systems. We
therefore consider a data source Px with data X € R? with
d > 1. The data source is assumed to be known, either
from a physical generative model (e.g., ray-tracing models
in wireless communications [15]), or approximated by the
empirical distribution obtained from a historical data set.

A 1-bit quantizer of data X consists of a reproduction set
Y = {y1,y2} C R% and a quantization function Q : R? — ).
The quantization function @ maps the data X to the quanti-
zation X € ). The quality of a 1-bit quantizer is typically
characterized by the mean distortion, depending on a distortion
function D : RY x R? — R, ; e.g., the square error distortion
function Dsg(x,%X) = ||[x—%||3. In particular, the performance
of a 1-bit quantizer has the form

£ =E[D(X,X)]. (1)

As the choice of a 1-bit quantizer depends on the data
distribution Px and the distortion function D, an uncertainty
in either can lead to poor performance.

In the sequel, we introduce new criteria for 1-bit quantizer
design that form alternatives to mean distortion criteria and
mitigates the impact of uncertainty in Px and D. Before
introducing our criteria, we first highlight that uncertainty in
Px can be viewed as uncertainty in D, and illustrate the
performance degradation due to uncertainty in D.

B. Distortion Function Uncertainty

Suppose that the data source Px admits a density px. In
this case,

E[D(X,X)] = , D%, Q(x))px (x)dx. @)
R
When there is uncertainty in px, and only an approximate
density px with the same support as px is known, we then
have

BDX, K] = [ D Q) 2 i (x)x

Rd px(x)
= E’XNﬁX [K(X)D(X7 X)]a (3)
where K(x) = Zig; In other words, the impact of the

uncertainty is a Weighting of the original distortion function
of the form K (X)D(X,X). An important family of distortion
functions are therefore given by

Dk(X,X) = K(X)D(X, X), )
where K : R? — R,

Another popular family of distortion functions are based on
the p-norm [2], [6]. In particular, the distortion function is
given by

d
Dp(X,X) = |a; — &7, (5)
i=1
where p > 0. By increasing p, the cost of large distortions is
also increased.
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Fig. 1. Impact of distortion functions for X ~ N(0,1), p = 5, and

Dy (z,%) = exp(|z|)(xz — £)2 for the data-weighted scenario.

C. Impact of Distortion Uncertainty for Symmetric Quantizers

To illustrate the impact of uncertainty in the data-weighted
and p-error distortion functions, we consider the case of
symmetric quantizers for scalar data where Y = {—B, B}
for B € Ry. The quantization point is chosen via

: ~\2
Q(z) = arg ie{rlngr{B}(fv £)°. (6)

Fig. 1 plots the impact on the true distortion metric for a
Gaussian source X ~ N(0,1) for three scenarios: Dgg; D,
in (5) with p = 5; and the weighted distortion function in (4)
with Dy (z,%) = exp(|z|)(z — £)?. Observe that the optimal
quantization point magnitude, B, differs significantly in each
of the three scenarios. As such, a quantizer based on Dgsg
leads to performance reduction with a mismatched distortion
function. On the other hand, if the target distortion function
is known, it can be utilized to construct a tailored quantizer.

III. RISK-AVERSE 1-BIT QUANTIZATION

Fig. 1 highlights that design of a quantizer based on an
approximation mean distortion criterion can lead to a signifi-
cant performance reduction. In this section, we develop a new
design strategy for 1-bit quantization to account for uncertainty
in the distortion function.

A. Proposed Criteria

Consider a family D = {D,, : n € N} of distortion
functions D,, : R? x R? — R, index by n € N. Elements
in the index set N can correspond to different weighting
functions K for the weighted distortion function in (4), or
values of p in the case of p-norm distortion function (5).

Suppose there is a prior distribution Py on the index set
N; i.e., prior information about the target distortion function.
In this case, it is natural to construct a quantizer via

IniIlEI\Lx[DN(X,Q(X))]. (7)



The problem (7) corresponds to Bayesian robust quantizer
design [16]. However, (7) is intractable in general and also
requires reliable knowledge of the prior distribution Py. As
such, it is necessary to consider tractable approximations.

The simplest, but widely utilized, approximation is to ignore
knowledge of Py and simply choose a reference distortion
function D,¢ € D; e.g., Dyof = Dsg. An alternative approach
is to observe that

Enx[Dn (X, Q(X))]

—Ey UOOO P(Dn (X, Q(X)) > u|N)du

_ /0 T ENP(DN(X, QX)) > ulN)du,  ®)

which follows from the fact that the expectation of a positive-
valued random variable Z satisfies E[Z] = [[* P(Z > u)du.
Let h : [0,1] — [0, 1] be a concave non-decreasing function
satisfying h(0) = 0 and h(1) = 1, which implies that h(w) >
w, w € [0,1] (see [11], [12]). It follows that
En[P(Dn (X, Q(X)) > ulN)]
< Ex [h ((Dy (X, Q(X)) > ulN))] ©)
for all w € [0,00). A conservative
Enx[Dn(X,Q(X))] is then given by
En x[Dn (X, Q(X))]

</ By [h (B(DN (X, Q(X)) > ulN))] du

estimate of

(10)

To remove dependence on the prior Py, we make the approx-
imation

Ey [h(P(Dn (X, Q(X)) > u|N))]

~ h(P(Dref(XaQ(X)) > u)) (11)

This approximation corresponds to the standard approach for
mean distortion criteria in the case h(w) = w, w € [0,1].
Nevertheless, unlike the standard approximation, the approx-
imation in (11) can be made arbitrarily accurate by setting
h(w) = 1 for all w € [0, 1].

The quantity

pDu(X.QX)) = [ HEDLa(X, QX)) > w)du
0
(12)
is a type of risk measure [11]. The impact of choosing h(w) >

w is a higher cost associated to large values of D¢t (X, Q(X)).
Quantizers corresponding to the solution of

151131'}1 p(Dref(X7 Q(X))>

)

13)

are therefore risk averse.

We propose to utilize the criterion in (13) to design 1-
bit quantizers in the presence of uncertainty in the distor-
tion function (or the data distribution Px, as discussed in
Sec. II-B). In contrast to standard goal-oriented compression
schemes, instead of assuming that the distortion function D¢
is perfectly adapted to a task, we incorporate robustness to
uncertainty in the distortion function via h. In the sequel, we
design optimal 1-bit quantizers with risk measure criteria by
solving (13).

B. Optimal 1-Bit Quantization

To obtain an optimal 1-bit quantizer, it is necessary to
select both the reproduction set J = {yi,y2} C R% and
the quantization function Q : R — ). We first consider the
quantization function Q).

Let Y = {y1,y2} be fixed and Q : R? — ) be arbitrary.
Observe that

/000 h (P(Dyet(X, Q(X)) > u)) du

> / h (P ( min Dref(X,fc) > u)) du (14)
0 x€{y1,y2}

since for each u > 0,

_ min
x€{y1,y2}

P(Dret (X, Q(X)) > u) > P ( Dret(X. %) > u) ,

5)

and h is a concave non-decreasing function. As such, the
optimal quantization function is given by

Q" (x) =

min

R Dret(X, X).
*€{y1,y2

(16)

Note that the optimal quantization function is the same as for

the mean distortion criterion corresponding to h(w) = w.
The optimal reproduction set ) is therefore given by

(o)
min / h (P( min  Dyee(X, X) > u)) du. (17)
y1,y2€R? Jo *e€{y1,y2}
Unlike for mean distortion criteria, a solution to (17) cannot
be obtained via a Lloyd-type algorithm [6] due to the non-
linearity introduced by h. To obtain a solution we exploit a
global optimization method. In particular, we utilize the cross-
entropy method with a Gaussian sampling [14]. Pseudocode
for the algorithm? is given in Alg. 1.

Algorithm 1 Quantizer Optimization Algorithm

1: Input: Maximum number of iterations 7Ti,.x, samples
{x; }le from Px, samples for CEM N, reference dis-
tortion function D¢, risk measure parameter function h
in (13), initial search parameters @ € R2, o € R,.

2: Initialize ¢t = 0, Vpest, and phest = 00.

3: for t < T.x do

4 t+t+1.

s:  Sample quantizers V; ~ N (p,02I), i =1,...,N.

6:  Estimate risk measure p; in (13) from data {x; }le for

eachY;,, i=1,...,N.

7. fori=1,...,N do

8: if p; < ppest then

9: Pbest < Pi» ybest — yz

10: end if

11: Update p, o via [14, Algorithm 4.1 Eq. (19-21)].
12:  end for

13: end for

14: Output: Vpest-

2Code to implement the algorithm along with parameters for the cross-
entropy method are available at https:/github.com/malcolmalexegan/risk_
averse_quantization/tree/master.



IV. NUMERICAL RESULTS

In rare-event estimation with scalar measurements, such
as extreme temperature events, it is desirable to reduce the
distortion associated to samples with large values. This can
be modeled via a distortion function K (X)|X — X|? with K
monotonically increasing. In this case, misspecification of K,
such as the choice Dye(X, X) =X - X|2, can lead to poor
performance.

We investigate our 1-bit quantization strategy using temper-
ature data from the Twin House Experiment®. In this setting,
1-bit quantization reduces the communication requirements
of low-power sensors, relevant for classification of extreme
temperature events condition monitoring applications. We in-
vestigate the design of quantizers based on the criteria

0o = /OOO (IP’(DSE(X,X) > u))adu, ae(0,1. (18)

When a = 1, p = E[Dsg(X, X)], while for small values
of «, the quantizer attempts to reduce the distortion for
lower probability events. This has the byproduct of reducing
quantization errors for extreme temperature events. Fig. 2
shows the temperature time series and corresponding quantized
data obtained from the optimized quantizer with o = 0.1.

Table I shows the optimized quantizer using Alg. 1, decision
boundary, and corresponding values of risk measures with
varying «. Here, p, denotes the value of the risk measure in
(18) with parameter c. Observe that quantization levels yy, Y2
in ) and the decision boundary for the optimized quantizer
increase as « decreases. In other words, increasing the cost
associated with low probability events associated with extreme
events leads to quantization levels that approach the values
of the extreme events, reducing their distortion. For example,
the square-error distortion associated with a temperature of 40
degrees Celsius is 20.1 with = 0.1. In contrast, the square
error is 68.2 for the standard E[Dgg (X, X)] criterion. As such,
the quantizer has a lower distortion for the extreme values of
the temperature.

TABLE I
RISK-AWARE QUANTIZATION
o Y1 Y2 Booaiony | E[Dse(X, X)] | pos £0.1
1 24.44 | 31.74 28.09 5.44 15.17 52.57
0.5 | 24.77 | 33.43 29.1 7.04 12.60 | 34.72
0.1 | 25.42 | 35.51 30.46 12.14 16.88 | 23.15

V. CONCLUSION

Goal-oriented compression relies on knowledge of an
application-dependent distortion function. In practice, there
may be uncertainty in the choice of this distortion function.
In this paper, we have proposed a new approach to robust
quantization to cope with both uncertainty in the data distri-
bution and the distortion function. We establish a connection
between robust quantization and risk measures, which leads
to new criteria. To optimize the quantizer based on risk
measure criteria, we apply the cross-entropy method. Our

3https://tinyurl.com/32djy5nf
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Fig. 2. Temperature time series from the Twin House Experiment (sensor in
the living room at a height of 10cm) and corresponding quantization based
on pg.1, corresponding to o = 0.1 in (18).

approach is illustrated for environmental monitoring data from
the Twin House Experiment, which shows improved distortion
for temperature extremes.
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