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ABSTRACT

Causally-induced asymmetry reflects the principle that an event qualifies as a cause only if its absence would prevent the occur-
rence of the effect. Thus, uncovering causal effects becomes a matter of comparing a well-defined score in both directions. Moti-
vated by studying causal effects at extreme levels of a multivariate random vector, we propose to construct a model-agnostic causal
score relying solely on the assumption of the existence of a max-domain of attraction. Based on a representation of a generalised

Pareto random vector, we construct the causal score as the Wasserstein distance between the margins and a well-specified random

variable. The proposed methodology is illustrated on a simulated dataset of different characteristics of catchments in Switzerland:

discharge, precipitation, snowmelt, temperature, and evapotranspiration.

1 | Introduction

The primary emphasis of causality has been on causal effects
pertaining to averaged outcomes. Moving from averages towards
extremal quantiles can be a necessary shift for various risk anal-
ysis. For example, studying possible causes of exceptional floods,
record heatwaves and their associated high societal costs can
be paramount for hydrologists, climatologists, and re-insurance
companies. Retrieving causal information from observational
data, but at extreme levels poses a fundamental challenge across
various scientific disciplines (see, e.g., Chavez-Demoulin and
Mhalla 2024, for a recent review). For instance, in climatology,
the discipline of extreme events attribution investigates causal
connections from climate forcings such as greenhouse gases
increases to observed responses on extreme phenomena like

heatwaves or heavy rainfall (see, e.g., Naveau et al. 2020, for a
review). In this area, causal generating mechanisms often exhibit
distinct behaviours in the distribution bulk compared to its upper
and lower tails. For example, moderate rainfall are influenced
by factors such as prevailing wind patterns and orography. In
the tails of the distribution, other atmospheric phenomena like
atmospheric rivers (Dettinger 2011) can be added to the poten-
tial drivers of extreme heavy precipitation. Hence, there is a clear
need, at least within the climate and hydrological communities,
to develop simple and efficient causal tools for extremes. Besides
a few recent theoretical advances (Engelke and Hitz 2020; Gis-
sibl and Kliippelberg 2018), very few studies deal, in an accessible
manner to practitioners, with the multivariate aspect of extremal
causality. The goal of this study is to fill this gap. To motivate
our particular setup, the hydrological cycle of Switzerland will be
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the pedagogical thread. The reason for such a choice is that this
country has been well studied in terms of its hydrological cycle
(Fatichi et al. 2015), while the complex orography of Switzer-
land represents a challenging test bed to discover how causal
extreme links may vary spatially. In particular, snow plays a cru-
cial role in Switzerland’s water cycle. Over 30% of its total precip-
itation falls as snow, and around 40% of Swiss river runoff comes
from snowmelt. Seasonal snow acts as a temporary reservoir for
precipitation, releasing it in a condensed manner over a rela-
tively short time, leading to variable seasonal runoff (Schirmer
and Jonas 2023). The complex atmospheric links between the
hydrological variables are dynamic both spatially and tempo-
rally (Brunner et al. 2019) and are tightly connected to meteo-
rological variables such as temperature and hydrometeorologi-
cal variables such as evapotranspiration. Therefore, temperature
and evapotranspiration will be incorporated into the analysis to
investigate potential causal relationships among precipitation,
discharge, snowmelt, temperature, and evapotranspiration, par-
ticularly under conditions where at least one variable is subject
to extreme events.

To address this issue, we first need to recall two statistical mod-
els that have been particularly highlighted in the recent causal
literature dealing with extremes: heavy-tailed linear structural
causal models (LSCM) studied by Gnecco et al. (2021) and recur-
sive max-linear models (RMLM) introduced by Gissibl and Kliip-
pelberg (2018). Under the LSCM setting, a causal framework
among multiple variables, say Y = (Y, ..., Y,)T, is delineated by
a directed acyclic graph (DAG), denoted G, where the node set
V :={1,...,d} denotes random variable indices and the set of
directed edges represents direct causal effects. The following rela-
tion

Y= ) BYi+e, JEV ¢9)
kepa(j)

where pa(j) C V is the set of parents of j, f; € R\ {0} is the
causal weight of node k on node j, and ¢, ...,¢, are jointly
independent heavy-tailed noise variables, defines a heavy-tailed
linear structural causal model (LSCM) with associated directed
acyclic graph G, in which the directed edge (i, j) € V' X V belongs
to the set of vertices if and only if i € pa(j). An extreme node
observation Y, is the result of an extreme noise ¢ > Or of a sum
of weighted observations from the parents of j in G. In contrast
to the additive structure of a LSCM, a RMLM is based on the
max-operator, that is, maxima over weighted parent nodes are
considered. The main idea is to propagate extremes throughout
the max-linear equation defined as

Y; = max max(c;Yy,c;€;), jEV 2)

7 kepag) o

with strictly positive weights ¢,; for all j€V and ke
pa(j)uj. The independent non-negative random variables
£=(g,....£,)" €RY represent the vector of innovations. An
extreme node observation Y; results from either an extreme
innovation ¢; or from a large maximum of some weighted
observations from Y;’s parents in G. A particular feature of
the model (2) is that the resulting joint distribution is discrete
which may be inconvenient for some applications. Both models
(1) and (2) can be expressed with a DAG. In addition, causal
inference methods based on the LSCM (1) and RMLM (2) rely

on the assumption of exogeneity, where predictor variables are
assumed to be independent of the error term. This assumption
is challenged by the presence of cycles that complexify the
task of identifying causal directions and that are frequently
encountered in the highly coupled Earth system. To handle
possible presence of feedback loops within a causal study, we
propose a novel definition of causality at extreme levels. The
proposed definition moves away from the concept of structural
equations models (SEM) and relies on a model-agnostic causal
metric that is solely based on the assumption of the presence of
a maximum domain of attraction (Ferreira and de Haan 2014).
More precisely, leveraging a representation of a multivariate
generalised Pareto random vector (see, e.g., Rootzén et al. 2018),
we formulate the causal metric as the Wasserstein distance
between marginal distributions and a well-defined random
variable.

The paper is structured as follows. In Section 2, we review the
basics of multivariate generalised Pareto models and recall some
parametric examples that will be used in the simulation study. In
Section 3, we propose a new definition of extremal causality in
the bivariate setting. We assess our new causal methodology in
Section 4 and apply our method to the Swiss hydrological system
in Section 5. The paper ends by a conclusion in Section 6. In terms
of notations, the multivariate sample (Y;, ...,Y,)" of size n cor-
responds to independent and identically distributed real-valued

copies of the d-dimensional random vector Y = (Y;, ..., Y,)"
with associated realisationy = (y,, ..., yd)T.
2 | Multivariate Generalised Pareto Model

A fundamental aspect of univariate extreme-value analysis
involves fitting a generalised Pareto (GP) survival distribution to
a set of exceedances beyond a high threshold. This survival GP
distribution can be characterized by a positive scale parameter o
and a shape parameter ¢ and is equal to

-1/¢
ﬁ(z;a,§)=<1+§) , z>0
o

+

where ¢ >0, £ €R, and a, = max(a,0). This two-parameter
expression allows for relatively straightforward statistical infer-
ence (Davison and Smith 1990). In the multivariate extremes
context, the situation becomes complex as there is not a unique
way to define a multivariate extreme event. In addition, the fam-
ily of distributions suggested by asymptotic theory no longer
remains parametric (Ferreira and de Haan 2014). Following
Rootzén and Tajvidi (2006), we define multivariate extremes
whenever, at least, one component of Y exceeds a large value.
Such an extreme event is denoted! by [Y —u|Y £ u], with u =
(ug, ...,u,)" a vector of large thresholds, and has support on
the L-shaped region {x € R : |[x||,, > 0}. We also assume that
Y belongs to the domain of attraction of a max-stable distribu-
tion, that is, if Y;, ...,Y, are independent copies of Y, there
exist sequences a, € (0,00)? and b, € R? such that the distri-
bution of the correctly re-normalized componentwise maxima
defined by

._IPaX (Yi - bn)/an
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has a non-degenerate distribution as n gets large. It has been
shown by Rootzén et al. (2018) and Ferreira and de Haan (2014)
that the conditional vector Y —u|Y £ u can then be approxi-
mated, as u gets large, by a random vector Z with a multi-
variate generalised Pareto (MGP) distribution (see Naveau and
Segers 2024, for a recent review on multivariate exteme value the-
ory). Any conditional margin of the multivariate GP distributed
Z has a univariate GP distribution in the sense that, for any j =
1,...,d,
Pr(Z; > z|Z; > 0) = H(z;0,,&))

where ¢; > 0 and &; € R correspond to the marginal scale and
shape parameters, respectively. Any MGP vector Z with marginal
parameters € = (¢, ...,¢,)" and 6 = (64, ...,0,)" can be rewrit-
ten in standardized version in the following way

d X1

Z
T

3

with
X = E + U — max(U) @

where E represents a univariate unit exponential random vari-
able and U any multivariate random vector, independent of E and
max(U) = max, .;., U;. The multivariate vector X is called a stan-
dard Pareto vector with unit scale o = 1 and zero shape parame-
ters € = 0 and, by construction, its support is {x € RY : x £ 0}.
As there is no constraint on the choice of U, the dependence
structure in the vector X is basically free and non-parametric
by nature. In particular, if the random vector U has density fy
defined on (—o0, 00)?, then the density of X can be expressed as

hy(x;1;0)

]1 oo
_ {max(x)>0} -1
= 0 /0 Sux+logntdt
Another construction of standard MGP pdfs is due to Rootzén
etal. (2018). Suppose a d-dimensional random vector T with den-
sity fy that satisfies E[e”/| < oo, forall j =1, ....d, then a den-
sity of a multivariate GP distribution can be extracted as

max(z)>0}
max(T)]

hy(z;1;0) = / fr(z + logt)dt (5)

This representation has the convenient property that any subvec-
tor T with at least one component above 0 of a GP random vector
Z with density A is GP with same density A adjusted to the
dimension of T’. Kiriliouk et al. (2018) provides a review of con-
structions of GP vectors. From this work, we list below three para-
metric models for the random vector T that lead to well-known
parametric multivariate extreme value distributions.

Example 2.1 (Logistic max-stable distribution). LetW e
R? be a random vector with independent Gumbel components
with equal positive scale « and defined by

P(W, < w) = exp{exp(~aw)}

IfT 2 W but with the restriction E[e”/] < o0, then (5) leads to
the multivariare GP density with support {z € RY : z £ 0} and
associated logistic max-stable distribution. Note that in a simi-
lar way, the reverse Gumbel independent components lead to the

multivariate GP distribution associated to the negative logistic
max-stable distribution.

Example 2.2 (Dirichlet max-stable distribution). Same
construction as in Example 2.1 but with W following the pdf

f;(w) = exp(a;w) exp{—exp(w)} /T'(a;)
for @; > 0 and w € (—co, o0).

Example 2.3 (Hiisler-Reiss max-stable model). Same
construction as in Example 2.1 but with W following the pdf

SwW) = Q) P2 exp(~(w — )T (W~ )/2)
where B €RY is the mean vector and X € RY¢ is the
positive-definite covariance matrix.

In the following section, we connect representation (4) to our new
definition of causality for extremes.

3 | Defining Extremal Causality Through MGP
Models

We consider the bivariate setting of a random vector (Y;,Y,)"
which represents two nodes of a graph. We suppose that the lim-
iting tail behaviour of (Y;,Y,)T is described by the MGP vector Z
defined by (3) and its related standard Pareto vector X. To under-
stand the dependence strength between each component of X =
(X1, X,)T, we introduce the difference V = X; — X, = U, - U,
and we remark that Equation (4) can be written as

{xl = E+V —max(0, V), ©

X, = E—max(0,V)

where V' and E are independent. From this system, we deduce
that a absolute value of V' close to zero corresponds to a strong
dependence between X, and X,, while alarge value of | V| reflects
almost independence. In other terms, the strength of dependence
in X = (X,, X,)7 is fully described by the random scalar V' and
a strong (weak) departure from zero reflects a weak (strong)
dependence within X. Through the key role of max(0, V) in (6),
the (a)symmetry of V' will play a central role in our definition
of extremal causality. If the distribution of V' is strongly asym-
metrical, say predominantly taking negative values, then X; =
E +V and X, = E will occur more frequently than the alterna-
tive X; = Eand X, = E — V. On the other hand if the probability
of V being positive is higher than that of being negative, than X,
would be more often equal to the unit exponential E. Here, we
argue that this asymmetrical feature in the extremal dependence
structure can be exploited to detect extremal causality. Intuitively,
if the extremal causal structure in (¥;, ¥,)" is monotonic, then we
would expect that an extreme event in ¥; would always cause an
extreme event in Y, (assuming Y; to be the parent of Y, in the
L-shaped region), while the opposite does not necessarily hold.
Thus, we expect V' to be more often negative than positive and X,
to be closer to a unit exponential than X,. Therefore, we propose
to define the causally-induced asymmetry in the tails of (Y}, Y,)"
by comparing a distance with respect to the unit-exponential E.
Different distances exist to measure the proximity to a target pdf.
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In our case, the Wasserstein distance leads to direct computations
with a simple interpretation in terms of the means of X; and X,.
The Wasserstein distance (Monge 1781; Villani 2008) is a met-
ric between probability measures where one is interested in the
“minimal effort” of moving one (probability) measure to another.
Itis a particularly interesting proper metric when one of the prob-
ability measures is derived from the other with a small random
perturbation. The Wasserstein distance between two univariate
random variables A and B is defined as

1/p

1
W, (A, B) = {/ (IF () - G‘1<q>|)”dq}
0

with F(x) = P(A < x)and G(x) = P(B < x). The special case p =
1 is equivalent to

Wi(4, B)=/IF(I)—G(I)|dt (7
R

The following proposition (see proof in the Appendix A) is the
stepping stone for our proposed definition of extremal causality.

Proposition 1. Let X be a standard bivariate generalised
Pareto vector expressed as in (6). Then, the following equivalence
holds

Wi(Xy, E) > Wi(X,, E) & E(X,) <E(X,)

Therefore, a comparison of the Wasserstein distances between
the scaled tail margins and the unit exponential distribution is
informative about the asymmetry in the tail dependence through
the sign of E(X; — X,). This is convenient as we have previously
highlighted that the asymmetry in the difference X; — X, was
key in the structure of (6). Proposition 1 tells us that a simple
difference in means is enough to capture asymmetries in the
Wasserstein distances to the unit-exponential. We can now intro-
duce a novel notion of extremal causality in the d-dimensional
setting.

Definition 3.1. Let Y=(Y;,...,Y,)" be a d-dimensional
vector with a joint distribution that is in the max-domain of
attraction of a multivariate max-stable distribution. Denote by X
its limiting standard generalised Pareto vector, and let

_ WX, B) - WX, E) ®

-----

We refer to s,_,; as the causal score from the component i to the
component j. If s, . is finite and strictly positive, then we say that

i—j

the component i is the extremal cause of the component j.

The score (8) captures causally-induced asymmetries in the tail
of Y regardless of the strength of extremal dependence. With-
out the standardisation term in (8), the score would be iden-
tical wherever both X, and X, are equally close to E or far
from E. In general, low scores indicate that causality is weak.
In the case of strong tail dependence, for example, where all
distances are comparable, the causal score can be low even
when tail causality is present. The latter scenario aligns with
a non-identifiable case according to our definition. This can be
analogized to non-extreme causal discovery methods that utilize

restricted additive noise models, wherein identifiability hinges on
the presence of either a non-linear causal effect or non-Gaussian
noise. This effect is illustrated on SEM relations in Figure 3, when
p is large. We should note that although the definition relies
on a bivariate score, extremal causal discovery in the multivari-
ate setting is equivalent to finding the topological order of the
graph. For instance, the classical notion of conditional indepen-
dence implies unconditional independence in max-stable vectors
(Papastathopoulos and Strokorb 2016). Hence, the causal graph
associated to the standard Pareto vector X in (4) is fully con-
nected. Relying on our proposed definition of extremal causality,
a topological order is directly retrieved by ordering the Wasser-
stein distances W, (X, E).

Figure 1 displays 10* bivariate samples of (X;, X,)T derived from
various distributions of ¥ = X, — X, highlighting the impact of
its asymmetry around zero and the irrelevance of its range, and
hence of the strength of tail dependence, on the causal score.
The color of each point indicates the value of V. For example,
the two upper panels showcase symmetrical V, either follow-
ing a zero-mean Gaussian (upper left) or defined as the differ-
ence between two independent Gumbel distributed random vari-
ables (upper right). The distributional symmetry is aligned with
the absence of causal connection regardless of whether the tail
dependence is strong (small values of V') or weak (large values of
V). In contrast, the two lower panels correspond to asymmetrical
V', especially in the lower left corner.

Definition 3.1 of extremal causality is broad. For instance, the
structural equation models (SEM) defined by the LSCM (1) and
the RMLM (2) with Pareto noise fall within this definition.
That is, if two vertices are causally related in the heavy-tailed
SEM, then the SEM-associated parent is the extremal cause of
the SEM-associated child. Following our definition of extremal
cause, then V is asymmetric with more negative values on the
child axis. Figure 2 illustrates this situation where Y; is the par-
ent of Y, in the LSCM (1) (top panels) and RMLM (2) (bottom
panels) with § = 1.2 (left) and f = 0.2 (right) and Pareto noise ¢,
j =1,2, with shape parameter £ = 0.1 in all these heavy-tailed
cases. The asymmetry of V' is more pronounced for large values
of f as all extremes generated by Y; (or equivalently by ¢,) are
also extremes of Y, but Y, also generates its extremes through
€, as f is close to 1. Consequently, the score (8) is higher for
larger values of . Causal links encoded in a heavy-tailed LSCM
or RMLM remain valid at extremal levels and according to our
definition, higher (absolute) values of (8) reflect stronger causal
links, though the relation between the two is mediated by the
tail index of the noise, as assessed by a simulation study in the
next section.

To summarize, our definition of extremal causality stems from
the strength and asymmetry of the extremal dependence struc-
ture. Specifically, when extremal dependence exhibits both
strength and asymmetry, it indicates a potent extremal causal
connection, even in the absence of structural causal relation-
ships between variables. On the other hand, when extremal
dependence is asymmetric but weak, it suggests a less influen-
tial extremal causal link. In cases where extremal dependence is
either strong or weak but symmetrical, it signifies the absence of
an extremal causal connection altogether.
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FIGURE1 | MGPD samples(n = 10*) from (6) with different distributions for the random variable V’ reflecting different tail behaviours: symmetric
with strong dependence (top left panel), symmetric with weak dependence (top right panel), asymmetric with strong dependence (bottom left), and

asymmetric with moderate dependence (bottom right panel).

4 | Simulation Study

We run different simulation studies to assess our extreme causal-
ity method in various contexts. In the sequel, marginal trans-
formation of the data to the standard Pareto scale is performed
empirically, that is, using a rank-based transformation. The
empirical transformation led to nearly identical results compared
to a semi-parametric modelling of the margins where marginal
distributions are inferred by the empirical distribution below a
high threshold and the limiting Generalised Pareto distribution
above that threshold.

4.1 | Bivariate Setups

The first simulation study is based on the SEM relations LSCM (1)
and RMLM (2). The heavy-tailed LSCM and RMLM from which
we simulate » = 10* data and assume a MGPD above a marginal
threshold at the 95% quantile are respectively

Y, = ¢,
LSCM:
Y, =pY+¢,

and

Y, = e
RMLM:
Y, = max(fY},¢€,)

both with ¢; ~ Pareto with shape parameter = 0.1 and £ = 0.3
and with p varying from 0.1 to 3. The boxplots of the resulting
causal scores (8), represented in Figure 3, lay all on the strictly
positive side for all values of . For low values of f, causality
exhibits reduced strength in both SEM relations, consequently
yielding smaller scores. At the uppermost values of g, for a small
shape parameter &, the SEM relations lean towards perfect depen-
dence, rendering causal discovery more challenging, especially
for RMLM, but still achievable. We finally run a sensitivity anal-
ysis of the causal score to a setup where the cause and the effect
have different tail indices, namely &, for ¢, and &, for €,. The box-
plots of the resulting causal scores (8) are represented in Figure 4
and confirm the findings of Gnecco et al. (2021) that causal dis-
covery becomes challenging when the ancestor has heavier tails
than the descendant. For instance, when the cause has a heav-
ier tail than the effect, causal discovery is achievable only for
small values of g, after which the causal score exponentially
decreases to zero without crossing it. However, when the effect is
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FIGURE3 | Score (8)s,_, based on simulated data from LSCM (1) (left) and RMLM (2) (right). Results rely on 500 bootstrap replicates.

heavier-tailed than the cause, the causal score behaves similarly Cypo.p, (U, 0)
to Figure 3 when & = 0.3. I
¢ = exp [~{(=p; log)"/* + (=p,log0)"/*}" + (1 - ) logu
We now run logistic model-based simulations. They are based on + (1= p,)logv]

simulating n = 10* data from a logistic or an asymmetric logistic

extreme value copula. The bivariate asymmetric logistic copula  with g, §, € [0,1], the asymmetry parameters. The case f; =
introduced by Tawn (1990) is , =1 defines the (symmetric) logistic copula. The parameter
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a € (0,1] specifies the strength of dependence with values close
to zero corresponding to strong dependence and values close
to one, to independence. For both the logistic and asymmet-
ric logistic cases, we apply our extremal causality method on
the MGPD distributed data above their marginal 95%-quantile.
Figure 5 shows the resulting scores for the logistic data (left panel)
and for the asymmetric logistic data with stronger asymmetry
parameter (f; = 0.8) for the first component than for the second
(B, = 0.2) (right panel) against different values of the tail depen-
dence parameter a.

As expected, the score is close to zero in case of the symmetric
logistic model and positive for the asymmetric model. The posi-
tiveness adequately suggests that the first component is the cause
of the second. Again, the higher is the tail dependence (or equiv-
alently the smaller is the value «), the stronger is the evidence for
extremal causality. Our causal score can be related to the asym-
metric tail Kendall’s 7 introduced by Deidda et al. (2023) where it
is shown how it can be used to inform the direction of causality
between the extreme observations that present asymmetric tail

dependence structures. The findings from their simulated asym-
metric copula and from ours for this model are aligned.

4.2 | Presence of Confounding

Building on the LSCM structure, we now consider two settings
with a confounder variable ¥; and the absence or presence of a
direct causal link between the variables of interest Y, and Y;. Pre-

cisely, the former is

and the latter is

Y, = ¢,
Y, = pY| + &5,
Y; = pY, +yY, + &5
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where y is a random coefficient drawn between 0.1 and 3. The
boxplots of the resulting causal scores (8) are represented in
Figure 6. When Y, and Y; are not causally related, the presence of
the confounder Y; has no impact on the causal score s,_,; which
is centered around zero. The causal scores s,_,, and s,_ ; behave
similarly to the LSCM setting in Figure 3 (left panel), as expected.
In the presence of a direct causal link between Y, and Y3, s;_,5 is
on average higher than s,_, due to the presence of two causal
pathways between the variables Y; and Y;. As the causal coef-
ficient y is randomly chosen, the causal score s,_,; seems to be
pivoted by the coefficient g and is strictly positive for small values
of # and decreases rapidly to zero with increasing /.

4.3 | Higher-Dimensional Setups

We assess the performance of our method in estimating a causal
order of a graph induced by the LSCM (1) or the RMLM (2) struc-
ture. In both structural models, the heavy-tailed noise variables
are assumed to have a Pareto distribution with different values
for the shape parameter &. We consider random coefficients of
the structural models that are uniformly selected between 0.1 and
4 and different combinations of the sample size n, the number
of variables p, and the shape parameter ¢ of the noise variables.
For each setting, we simulate 100 random structural models, over
which we compute the mean of a given performance metric. Simi-
larly to Gnecco et al. (2021), we choose the structural intervention
distance (SID) of Peters and Biithlmann (2015) to evaluate the
performance of our method in estimating a causal order. As the
range of values taken by the SID depends on the number of ver-
tices of the DAG, we normalise the distances between the true
DAG and the inferred one, to lie between 0 and 1. We compare
our method to the EASE algorithm of Gnecco et al. (2021) where
the number of exceedances is set at |n%*], as recommended by
the authors. In the sequel, we transform the data empirically to
standard Pareto marginals and then to the standard MGP scale by
setting the marginal thresholds at the 95% quantile of the Pareto
distribution.

Figure 7 displays the results of the simulations with different tail
heaviness of the noise variables of the structural models.

We observe that our proposed method for recovering a causal
order performs better than the EASE algorithm of Gnecco
et al. (2021) in all considered settings. We report better perfor-
mances in heavier-tailed settings, that is, larger values of &, sim-
ilarly to our findings in the bivariate setting. In addition to its
competitive performances under different settings, our proposed
methodology enjoys a computational advantage over EASE as it
only requires ordering the estimated Wasserstein distances rather
than a greedy search of root nodes; see Gnecco et al. (2021) for
details about the EASE algorithm.

5 | Extremal Analysis of Swiss Hydrological
Catchments

During the spring season, in particular, extreme precipitation
events can directly lead to increased surface runoff and contribute
to higher water levels in rivers and streams. These events can
also result in saturation of soils, leading to increased infiltra-
tion and groundwater recharge, which can contribute to higher
baseflow in rivers over time. In Switzerland, mountain regions
have significant snowpack, and extreme snowmelt can occur
due to rapid warming or rain-on-snow events in spring. Rapid
snowmelt can in turn lead to increased surface runoff and con-
tribute to higher river discharges, particularly in spring when
snowpacks are melting. Extreme discharges in rivers and streams
are therefore often the result of a combination of factors, includ-
ing extreme precipitation, warm conditions resulting in rapid
snowmelt, and high evapotranspiration. In the Plateau, atmo-
spheric processes and topographical features can lead, under con-
ditions such as condensation, to situations where precipitations
are due to snowmelt.

We consider data simulated using the hydrological modelling
system PREVAH (PREecipitation-Runoff-EVApotranspiration
Hydrotope model) (Viviroli et al. 2009). The dataset consists
of 307 catchments in Switzerland for which discharge, precip-
itation, snowmelt, temperature, and actual evapotranspiration
values were simulated at a daily-resolution from 1981 to 2016
(Zappa and Brunner 2019). The catchments’ flood events are
mainly driven either by snowmelt (Alps) or rainfall (Jura,
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Plateau, and Southern Alps) or by their mixture (Pre-Alps),
see Froidevaux et al. (2015). The system of the hydrological and
(hydro)meteorological variables is spatially dynamic and the goal
is to assess the extremal causal mechanisms over all catchments
during spring (March-April-May).

Understanding the causal dynamics among the five variables
(precipitation, discharges, snowmelt, temperature, and evapo-
transpiration) at their extreme levels is crucial for effective water
resources management, flood risk assessment, climate change
adaptation efforts, and for accurately predicting and mitigating
the impacts of extreme hydrological events. As illustrated in
Figure 8, Switzerland is a relief country where overall, altitude
influences the spatial distribution of precipitation, the duration
and timing of snow accumulation and melt, and the character-
istics of river basins, all of which play critical roles in shap-
ing the causal dynamics among extreme precipitation, extreme
snowmelt, and extreme discharges in mountainous regions.

The objective of our study is the evaluation of extreme causal
mechanisms between the five variables when at least one of
them is extreme, that is higher than its 90% empirical marginal
quantile, a situation that we will call “under extreme condi-
tion”. To remove the time lag effects and temporally align the
variables without imposing a (time) directional bias on their
causal dynamics, we pre-process the data such that marginal

events that might result in flooding are contemporaneous. For
instance, we consider moving windows of three days? over which
accumulated precipitation, accumulated snowmelt, accumulated
(actual) evapotranspiration, mean temperatures, and discharge
levels at the central point are computed. This results in a dataset
of 3204 observations. While the pre-processing aims at align-
ing potential isolated or compound extreme events, we need
to ensure that catchments experienced snowmelt over the con-
sidered time frame, that is, simulated values for this variable
can be non-zero. This was not, for instance, the case for three
out of the 307 catchments, where all simulated snowmelt val-
ues during the March-April-May period were zero. For these
catchments that have small areas, though not the smallest in
the dataset, we exclude snowmelt from the causal discovery in
extreme events. For the rest of the catchments where non-zero
values of snowmelt are present, we remove instances where no
snowmelt was observed and perform causal discovery for the
remaining variables. This way, we avoid biasing our results with
observations under an extreme condition but with a complete
absence of snowmelt. Figure 9 displays the pairs of variables on
the standard Pareto vector scale and at a high altitude catchment
in the Southern Alps.

For each of the 307 catchments over Switzerland, we consider
events under extreme condition and apply our causal discovery
method. That is, we empirically transform the data to the MGP
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scale using the probability integral transform and the marginal
empirical distribution, compute the causal score (8) for each pair
of variables considered, and retain significant scores only when
zero is not in the 95% confidence interval obtained from boot-
strapping the data 500 times. The panels of Figure 10 show the
resulting values of the score over the different regions of Switzer-
land in spring (March-April-May). In all panels, grey areas rep-
resent catchments where the causal score is not significantly dif-
ferent from zero. Panels displaying the causal score for a pair
of variables including evapotranspiration contain yellow catch-
ments that should be excluded as the causal score had a high
significant absolute value with the opposite sign than neighbour-
ing low-altitude catchments.

The top two rows display the spatial behaviour of the causal score
in pairs including the discharge variable. All panels highlight

the causal effect of precipitation, snowmelt, temperature, and
evapotranspiration on discharge values when the catchment is
under extreme condition. The expected effects of precipitation
and snowmelt on discharge is highlighted by higher scores at alti-
tude. Indeed in mountainous regions, the interaction between
extreme precipitation and extreme discharge in spring can be
enhanced by extreme snowmelt situations in areas where snow-
pack accumulation can reach significant depths. Panels in the
middle row identify a contrasting behaviour between low and
high altitude catchments when it comes to the extremal causal
links between precipitation and temperature as well as precipita-
tion and snowmelt. For instance, the causal effect of precipitation
on snowmelt under extreme condition is only present at very high
altitude. During spring, warm fronts may bring rain to higher
elevations where the snowpack exists. This rain falling onto
the snowpack can accelerate the melting process. Rain-on-snow
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events are particularly significant because rainwater has a higher
density than snow, so it can infiltrate the snowpack more easily
and increase the rate of melt. The red areas highlight situations
where snowmelt and temperature cause precipitation. This hap-
pens at low elevations in the Plateau in Switzerland (negative
scores) and is primarily due to atmospheric processes and topo-
graphical features. When warm, moist air masses move across the
region, they are forced to rise as they encounter mountain ranges.
This process is known as orographic lifting. This phenomenon is
an example of how atmospheric and geographical factors inter-
act spatially under extreme condition. Interestingly, the two bot-
tom rows suggest that springtime evapotranspiration in Switzer-
land is primarily influenced by internal land -atmosphere inter-
actions, rather than by precipitation, snowmelt, or temperature
anomalies.

By ordering the Wasserstein distance (7) among the five vari-
ables, we can discover the source node over Switzerland under
extreme condition. Contrarily to Gnecco et al. (2021) where the
EASE algorithm requires a sequential source node discovering,
our method recovers the causal ordering in one step. Our trans-
formed variables are all on the same scale and comparable as the
term max(U;, ..., U,) of (4) appears in the expression of all trans-
formed margins. Figure 11 shows the dominating source nodes
over the catchments. To assess uncertainty of our methodology,
data are bootstrapped 500 times and we retain a variable as a
source node only when this is the case at least 95% of the time.
In accordance with findings in Figure 10, the contrast between
high-relief and low ones underscores how orography flips the
dominant source node between precipitation in the mountains
and evapotranspiration on the Plateau. In the Alps and Pre-Alps,
extreme events are primarily initiated by precipitation surges,
whereas on the Plateau and Jura they usually stem from evap-
otranspiration losses. Again, few small basins with anomalous
evapotranspiration patterns were excluded, likely reflecting local
model artifacts or unique land-cover effects.

6 | Discussion

The Earth system is composed of many intricate linkages that
make causal discovery a challenging task. This work addresses
discovery of causal links at extreme levels between hydrological
and (hydro)meteorological variables in different catchments in
Switzerland. Relying on the multivariate extreme value theory,
we propose a unifying definition of causality at extreme levels.
This definition does not rely on interventionist notions and is
unifying in the sense that it encompasses tail causality induced
by the restricted model class of structural equations models for
extremes, that is, with heavy-tailed errors, as well as tail causality
induced by asymmetric strong tail dependencies. One advantage
of our approach is the use of the asymptotically-motivated mul-
tivariate Generalised Pareto distribution to properly rescale the
random vector of interest. This rescaling, in conjunction with the
asymmetric nature of tail causality, whereby extreme events in
the cause lead to extreme events in the effect, but not necessarily
vice versa, facilitates the identification of the direction of causal-
ity when possible.

When applied to simulated variables in a network of catch-
ments in Switzerland, our methodology unveiled tail causal
relationships between precipitation, discharge, and snowmelt
in high-elevation catchments, as well as a notable interaction
between these hydrological variables and evapotranspiration in
the Plateau. While the ground truth under extreme conditions
remains somewhat unclear, our findings are partially aligned
with the expected outcomes derived from physical laws. This
emphasizes the need for expert knowledge when it comes to
causal notions. For instance, while identifiable outcomes from
causal discovery should be examined by domain experts or val-
idated by laws of nature, unidentifiable outcomes might point
towards data-related issues. Although not its primary use, our
methodology can thus be used to detect limitations in meteoro-
logical simulations where the ground truth is dictated by physi-
cal laws.
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The asymptotic independence (AI) case was not treated in this
work and an extension of the score defined by (8) to this case will
be valuable. A conceptual roadblock to extend Proposition 1 is the
current lack of additive MGPD representations like (6) for the AI
case. Further research is needed to define such models and then
propose and study associated Al causal scores.
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Endnotes

! Throughout, operations involving vectors are to be interpreted
componentwise.

2 Results presented in this analysis were not sensitive to this choice of the
length.
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Appendix A
Proof of Proposition 1
Proof. Based on the definition of the Wasserstein distance, one can find

an optimal coupling z* = (E’, X/, z) such that

Wi(X,,E)=E,|E' - X]|

d d .
where E' = E and X; = X;. We now rely on the representation (4) and
the fact that E stochastically dominates X, that is, F. x, () = Fg(n),V1 € R
to show that

t=F {Fy, (0} 2 FH{Fp(D}

and hence that X/ = F;l {Fz(E")} < E’. Thus, we have showed that the
optimal coupling z* satisfies the following property

X = Fy! (Fp(E)} < E'
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