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Abstract Previous works have demonstrated that an
elastic membrane can be coupled to an acoustic system
and act as a nonlinear energy sink (NES). In this work
we study a new design of a bistable vibroacoustic non-
linear absorber. We use NES membranes and change
the characteristics of the membranes from monostable
to bistable by changing their linear stiffness. We eval-
uate the efficiency of the bistable membrane using a
numerical approach that allows us to compare the atten-
uation efficiency of the bistable and monostable NES
membranes, and find the optimum stiffness. Then we
validate it experimentally. We also present analytical
tools and we use them to explain the behavior of the
membrane and the specific effects of the bistability
property. The numerical approach is applied to dif-
ferent membrane configurations with the same results:
bistability can improve the efficiency of a vibroacoustic
nonlinear absorber.

Keywords VibroAcoustic nonlinear energy sink -
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1 Introduction

This work concerns VibroAcoustics Nonlinear Energy
Sink (VA NES) absorbers. They are one class of NES
among several [1]. VA NES are used for passive noise
control in the low-frequency range. These absorbers are
characterized by the phenomenon of Energy Pumping
(EP), which involves the unidirectional and irreversible
transfer of vibratory energy from the structure to be
controlled to the nonlinear absorber. This phenomenon
is also known as Targeted Energy Transfer (TET).

In the field of Acoustics, the initial experimental
demonstration of the EP phenomenon was proposed
by Cochelin et al. [2]. In this seminal paper, a non-
linear vibroacoustic passive absorber made of a thin
circular viscoelastic membrane was developed. The
proposed experimental set-up enabled the control of
an acoustic field in the vicinity of the first acoustic
mode of a tube open at both ends. The tube was cou-
pled to the NES via a coupling box and excited by a
loudspeaker. An improved version of this experimen-
tal set-up was developed in Bellet’s thesis [3], where
the energetic transfer of sound energy from the acous-
tic medium to the membrane was studied experimen-
tally and numerically. A detailed explanation of the
main phenomena observed in the free and harmonic
regimes was published in [4]. A simplified two-degree-
of-freedom (2-dof) model was developed and validated
by comparing numerical calculations with experimen-
tal results. In [5], the authors demonstrated that the
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use of different membranes mounted in parallel on the
coupling box made extended the zone of effectiveness
of the EP phenomenon. A second experimental device
for acoustic EP was developed by Mariani et al. [6].
This device comprised a membrane from a loudspeaker,
which could be precisely adjusted in mass and cou-
pled with the primary acoustic medium to be controlled
(in this case, the first acoustic mode of an open tube)
through a coupling box. In the aforementioned papers,
the NES was coupled to the primary system (PS) by
a linear stiffness, whose stiffness could be adjusted by
controlling the volume of the coupling box. Shao et al.
[7] conducted an analysis of the EP for a configuration
in which the NES is directly coupled to the PS. In this
configuration, the PS was a parallelepipedic acoustic
cavity excited on one of its modes, while the NES was
always a mounted membrane on one of the surfaces of
this cavity. To extend the finding of Shao et al. [7], Shao
[8] studied a system where several acoustic modes of
the parallelepipedic cavity were modeled. The experi-
mental setup described in [9] was employed to demon-
strate the EP between the cavity and the membrane.
These non-linear absorbers are typically characterized
by a cubic nonlinear stiffness term and offer effective
attenuation terms over a wide range of frequencies.
However, they exhibit both activation and deactivation
thresholds for EP, beyond which no effective one-way
energy transfer is observed. This defines the limitation
of these absorbers, which have a limited range of effec-
tiveness, set at high excitation levels.

In the mechanical field, it has been demonstrated that
bistable NES has a superior performance to cubic NES
as evidenced by the papers [10-14]. In [10] the per-
formance of a traditional cubic NES was enhanced by
modifying its monostable property towards a bistable
one through the introduction of negative linear and
nonlinear stiffness components thereby inducing bista-
bility. It was demonstrated that the modified bistable
NES exhibited superior vibration absorption capabili-
ties compared to the traditional cubic NES under tran-
sient excitation. The two papers [11] and [12] present
a comprehensive numerical and analytical study of the
transient dynamics of a linear oscillator coupled to a
bistable NES that incorporate negative linear stiffness
and positive nonlinear cubic stiffness terms. This work
shows significant advantages over other types of NES
in terms of EP efficiency and overall energy dissipa-
tion rate. In the analytical part, the multiscale method
and the concept of limiting phase trajectories were
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employed. The presence of a 1:3 super-harmonic res-
onance capture regime in parallel with the main 1:1
resonance capture regime has been shown to result in a
strong energy exchange between the PS and the bistable
NES. A comprehensive numerical investigation of this
system, as presented in reference [12], corroborates
the analytical findings. The Hamiltonian and damped
dynamics of a bistable NES coupled to a linear oscil-
lator have been studied in [13] using the frequency-
energy diagram obtained analytically by the averag-
ing complexification method and numerically by the
numerical continuation technique. The wavelet trans-
form was superimposed on this diagram for a com-
parison between the cubic NES and the bistable NES.
It was shown that the bistable NES outperforms the
cubic NES due to its ability to immediately diffuse the
input energy through multiple resonance captures. In
[14], the dynamics under harmonic excitation of a lin-
ear oscillator coupled to a bistable NES was studied
analytically and verified numerically. The thresholds of
these different response regimes have been determined
using the asymptotic study and the Melnikov method.
The efficiency of the different response regimes of the
bistable NES was studied by calculating the dissipated
energies and compared with a cubic NES, which has a
lower efficiency. An optimum configuration was pro-
posed based on the optimal point between the strongly
modulated response and the stable periodic response,
where the bistable NES has the highest efficiency.

From an experimental point of view, the bistable
NES has been implemented in various fields. In [15],
the effectiveness of a bistable device was explored ana-
lytically by the harmonic equilibrium method and then
experimentally with the aim of providing an opposing
force to suppress the vibration of a host structure under
harmonic excitation. In [16], a linear system formed of
two Euler linear beams coupled to a bistable NES was
studied experimentally and numerically. It has been
shown that this bistable NES is able to significantly
reduce the amplitude of multimodal PS. In [17], a simi-
lar mechanical bistable NES based on a deformed beam
was used for electromechanical energy harvesting. In
[18], the authors proposed an improvement in finite
structures based on locally resonant metamaterials by
using bistable parts. Yao et al. [19] developed a bistable
NES with a buckled beam to suppress the vibrations of
an unbalanced rotor system.

Several works have been done on bistable magnetic
NESs that are based on magnets’ attraction and repul-
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sion forces [20-23]. A NES of this type was proposed
and tested for structural seismic control in [22,23].

To the best of our knowledge, only one bistable
NES solution for noise attenuation in vibroacoustics
has been proposed so far by Iurasov et al. [24]. The
bistable NES developed and applied in vibroacoustics
was presented in [16] in order to improve the acoustic
insulation of double partitions.

NES optimization is a constant concern [25,26].
The nonlinear nature of the NES implies caution in
optimization results. They are highly dependent on the
actual excitation source.

The present article is organized as follows. In the
second part, the system under study is described:
we present the experimental setup, the corresponding
monostable adimensional model and we establish the
model for a bistable membrane and the procedure for
installing the bistable membrane in the experiment. The
third part describes the numerical evaluation approach.
The effectiveness of the bistable membrane is demon-
strated by presenting the variation of the area under
the normalized ridge curve as a function of the linear
stiffness. Next, the experimental study is presented to
validate this result. Then, we determine the characteris-
tic curves of the tube and the membrane, as well as the
conditions of interaction between these two degrees of
freedom of the system, which are then used to explain
the main results of the study, particularly in the monos-
table and bistable behavior zones of the membrane. In
the seventh part, the numerical evaluation approach is
applied to different membrane configurations. The last
part concludes this paper.

2 Description of the system under study

The device used in this work was inspired by the work
of Cochelin et al. [2] and Bellet et al. [4] (see Fig. 1).
The nonlinear vibroacoustic absorber proposed in these
references consists of a thin circular viscoelastic mem-
brane with radius R, and thickness #,,. This mem-
brane is fixed to a support that allows the radius to be
changed and an independently adjustable pre-stress to
be imposed on the membrane. This absorber makes it
possible to control the acoustic field around the first
acoustic mode of a tube open at both ends. The two
oscillators are coupled by a coupling box. The primary
system (tube) is excited by a sinusoidal acoustic field
supplied by a loudspeaker.

Fig. 1 Experimental setup

The coupled tube-membrane system’s dimensioned
model is derived from Bellet’s work [4]:

" /! Q
u' +u+ru+pu—q)=Fcos|—1
Wy

vq" + kg + kng® + cpoo <2q2 + 1) q'
+B(g —u) =0 (D

where u and ¢ are the normalized displacements of
the air at the end of the tube and at the center of the
membrane, A and ¢, w, the linear damping coefficients,
2¢y,w; the nonlinear damping coefficient, w, the reso-
nance pulsation of the tube, F the forcing amplitude,
2 the excitation pulsation, 8 the coupling term, y the
dynamic mass, k; and k;,; the linear and cubic stiffnesses
of the membrane.

The analytical expressions for the various param-
eters of this model are presented in [3]. To determine
their numerical values, we carry out static and dynamic
measurements. Static measurements are used to deter-
mine the dimensions of the tube, membrane, and cou-
pling box. This measurement enables us to calculate
the stiffness and mass terms. Using a dynamic mea-
surement with a voltage generator and an oscilloscope,
we determine the frequencies of maximum amplitude
of the pressure in the tube and the displacement of the
membrane, as well as the frequency bands at —3 dB of
these maximum amplitudes. This dynamic measure-
ment, in which the behavior of the system is purely
linear, enables us to determine the dissipation terms of
the tube and membrane.

In previous works [2,4-9], the NES membrane is
a monostable cubic NES. In this paper, we study a
bistable NES membrane. The idea behind a bistable
membrane is to buckle the membrane, i.e. impose a
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1. Bouzid et al.

buckling pre-stress to obtain a negative linear stiffness.
Bistability is achieved by combining cubic stiffness
with negative linear stiffness. Subsequently, the model
describing the bistable membrane is the same model
that describes the monostable membrane, where the
linear stiffness value k; of the membrane is negative.

2.1 Bistability condition for the coupled system

The potential energy of the coupled system is expressed
as:
Ey= sk’ + fhug' + 3w - + 3 @)
By canceling the derivatives of the potential energy
with respect to u and g, we can determine the static
equilibrium positions of the coupled system, which

are defined by: po = (0,0), p12 = =£ (4., ge) Where

Ge =/ % and u, = %qe. From the second

derivative of potential energy, we can deduce that the
two equilibrium positions pj and p; are stable, while
the equilibrium position py is unstable.

The linear stiffness is the determining factor for
bistability of the system, as determined by the expres-
sion of g, where — — k; (8 + 1) must be greater than
zero. So for this coupled system to have a bistable
behavior, the linear stiffness k; must be less than a crit-
ical value k;. = —%. This critical stiffness value is
not zero. This is due to the presence of the coupling
term B, which adds additional stiffness to the linear
stiffness of the membrane. It should also be noted that
with the presence of this coupling term, the bistability
of the membrane influences the behavior of the tube, so
that it also exhibits a bistable behavior with two stable
equilibrium positions defined by =£u,.

To sum up, the model Eq. (1) describes the behavior

of the monostable system when k;. > —% and the

behavior of the bistable system when k;. < — ﬁiﬂ

2.2 Mounting the NES membrane

To build the bistable NES, we used the same circular
viscoelastic membrane as that used to build the monos-
table NES, but we mounted it differently on its sup-
port. In Fig. 2a and b, we have shown the schematic
diagram for mounting the monostable membrane and
the bistable membrane on the support, respectively. To

@ Springer

Acoustic Medium

Exterior

Tension/

adiustment

\ Membrane
tightening

Vibrating part of
the membrane

(a) Monostable membrane (Diagram taken from [3]).

Acoustic Medium

Exterior K

Buckled
membrane

\Membrane
tightening

(b) Bistable membrane.

Fig. 2 Schematic diagram of how the monostable and bistable
membranes are mounted on their supports. Dark grey: upper sup-
port. Light grey: lower support. Dark green: upper jaw. Light
green: lower jaw. Dark blue: upper ring. Light blue: lower ring

obtain the monostable NES, the membrane is mounted
between the top and bottom rings. Then, by tightening
the preload adjustment screws, the assembly of the two
rings moved relative to the lower support to stretch the
membrane, thus applying a tensile preload to it. In this
configuration, the stretching of the membrane ensured
that there was a single stable equilibrium position, rel-
ative to which the membrane vibrated (g, = 0).

To create a bistable membrane, the idea is to buckle
the membrane instead of stretching it. To do this, we
start by loosening the preload adjustment screws until
the lower ring is at the same level as the lower jaw.
Then, we place the membrane between the two rings
and position a small mass at the center of the mem-
brane to obtain a slight buckling deflection. Next, we
secure the membrane between the two rings using fix-
ing screws. During this step, it is important to be careful
when tightening these screws to ensure the buckling of
the membrane while avoiding the formation of wrin-
kles. By keeping the mass at the center of the membrane
to ensure the presence of buckling, we assemble the
lower assembly with the upper assembly. Finally, we
remove the mass, thus obtaining a buckled membrane
with a deflection §,, which constitutes our vibroacous-
tic nonlinear bistable absorber. The buckling deflection
depends on the weight of the mass placed at the center
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3 Impact of membrane linear stiffness variations
on NES performance

3.1 Performance criterion definition

In order to know if bistability can improve the absorp-
tion efficiency of a membrane NES, we used a numeri-
cal approach. This approach is based on the analysis of
the ridge curves of the frequency response of the pri-
mary system as a function of the linear stiffness of the
membrane. Figure 3a shows the response of the primary
system coupled to the membrane (air displacement at
the end of the tube) as a function of excitation ampli-
tude and frequency. In red, we present the maximum
response as a function of the excitation amplitude. The
projection of these data onto the (response amplitude,
source amplitude) plane shows the tube ridge curves
presented in Fig. 3b. This curve is a key tool for under-
standing the behavior and performance of our system. It
explores the behavior over a relatively wide frequency
range defined around the tube resonance. Activation
and deactivation thresholds of energy pumping are eas-
ily identified on this curve. They bound the amplitude
range of efficiency of our NES.

The criterion of efficiency used in this study aims at
summing up in one number the system behavior over
a wide range of source amplitudes and frequencies.
We choose here the area below the normalized ridge
curve, defined as U‘I‘;a" where Unax presents the max-
imum vibration amplitude of the tube. Figure4 shows
the superposition of two tube ridge curves correspond-
ing to different values of linear stiffness k1 (blue) and k>
(orange). This figure shows that the damping efficiency
of the membrane with linear stiffness k is larger. This
clearly reflects the fact that the ridge curve’s area of k;
is smaller than that of k5.

Fig. 3 Ridge curve
definition. Left: response of
the primary system coupled
with a membrane as a
function of the excitation
amplitude and frequency.
Right: ridge curve, the
projection of the left figure
on the (response amplitude,
source amplitude) plane

U100

80
f(Hz) 85

@ U(F.f)

The range of linear stiffness chosen k; € [—0.45, 0.3]
(i.e. from —383 to 255 Nm™!) includes positive and
negative values which make it possible to present the
attenuation efficiency of the two types of NES (monos-
table and bistable) on the same figure, and therefore to
compare them easily.

For each value of linear membrane stiffness, the
ridge curve is determined numerically. A range of exci-
tation amplitude and frequency is chosen for the calcu-
lation. The dimensioned excitation force F varies from
0.01 to 7.5 with 110 steps. The excitation frequency
varies around the tube resonance frequency from 70 Hz
to 92 Hz with 110 frequency steps. For each excita-
tion amplitude-frequency pair, the time response of air
displacement at the end of the tube was determined
using the "NDSolve” differential equation numerical
solution function defined in Mathematica®. The fre-
quency response was then calculated using the root-
mean-square value over the last two seconds of the time
signal. For each excitation force, the ridge (maximum)
amplitude was determined and normalized (divided) by
the excitation amplitude. For each linear stiffness value,
the normalized ridge curve is constructed and the area
under the ridge curve is calculated.

3.2 NES performance assessment

Figure 5 shows the variation of the area under the nor-
malized ridge curves as a function of the linear stiff-
ness of the membrane for a membrane of thickness
By = 0.22-1073 m and radius R,, = 5- 1072 m. The
blue points correspond to monostable behavior, and
those in red are related to the bistable system. The bro-
ken red line corresponds to the critical value of linear

Umax
150+
/ctivation threshold
100l of EP
50 -
Deactivation threshold
of EP
n n n n n n n F1
1 2 3 4 5 6 7
(b) Ridge curve
@ Springer
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Umax

140t
120t
100¢
80¢
60

20¢

Fig. 4 Ridge curves for two linear stiffnesses of the membrane.
Blue: k1. Orange: kjp. The hatched areas highlight their differ-
ences

"
. Bistable ! Monostable
o « 1130
. . 1120
B S
~— 1110
AAAlAAAAlAAAAlAAAAlAAExA Axxxlxxxxlxxxxlk,
-0.4 -0.3 -0.2 -0.1 0.1 0.2 0.3

Fig. 5 Area below normalized ridge curves as a function of the
linear stiffness of the membrane. Membrane thickness: h,, =
0.22 - 1073 m, radius: R,, =5-102m

stiffness k;. which separates these two different types
of behaviors.

The variation of the area as a function of k; clearly
shows that the attenuation is significantly greater with
the use of a bistable membrane, since it has smaller area
values. In addition, either in the monostable or bistable
region, the curve shows an extended minimum plateau
over a wide range of linear stiffness. The robustness
of this nonlinear absorber (bistable or monostable) is
shown by the fact that the minimum is not very pro-
nounced. The membrane parameters are in realistic
ranges, which enables experimental checks.
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4 Experimental validation

In this section we measure the response of the system
with different settings of the membrane stiffness, in
monostable and bistable state.

As far as the experimental validation is concerned,
we follow the same approach as that used in the
numerical approach. We explore the overall behav-
ior of the system. The amplitude-frequency excitation
range of the voltage sent to the loudspeaker is set at
V € 10.01,1.5] Vand f € [70,92] Hz. With 60 fre-
quency steps and 60 amplitude steps, 36 h are required
to record the 3600 measurement. Sound pressure mea-
surements are taken in the middle of the tube using a
microphone, where it is nearly proportional to the air
displacement at the end of the tube [5]. A laser displace-
ment sensor records the displacement of the center of
the membrane.

In order to study the effect of the variation of the
linear stiffness on the behavior of our coupled tube-
membrane system, we choose, in this part, to vary only
the pre-stress (buckling or tensile) applied to the mem-
brane, while keeping the diameter and thickness of the
membrane constant (4,,, = 0.24 mm and R,, = 4 cm).
Seven different configurations of bistable membranes
are realized, with buckling varying between 1.9 and
7.2 mm. For comparison, two other monostable mem-
brane configurations are set, with coupled eigenvalues
of fin,coupt = 64.8 Hz and f coupl = 17.5 Hz.

For bistable membranes, the value of linear stiffness
k; is determined from the equality between the mea-
sured buckling §,, and the expression of the static equi-
librium position g,: k; = —S%knl - % For monos-
table membranes, the value of the coupled eigenfre-
quency of the membrane f;,,. is measured at very low
excitation amplitude, where the nonlinear terms are not
effective. The value of the linear stiffness &; is identified
by solving the equation f;, = f1 where f; presents the
expression of the coupled eigenfrequency (later defined
in the Eq. (6)).

Table 1 summarizes the buckling, dimensioned lin-
ear stiffness and dimensioned linear stiffness for the
different bistable membrane configurations:

In Table 2, we present, for the different configura-
tions of monostable membrane, the coupled eigenfre-
quency of the membrane (since §,, = 0), the linear
stiffness and the dimensioned one.

The second configuration of the monostable mem-
brane in Table 2 has a negative linear stiffness of
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Table 1 The different configurations of bistable membranes

8y (m) 0.0019 0.004 0.0045 0.0046 0.0059 0.0075 0.0082
ki —0.077 —0.15 —0.17 —0.18 —-0.25 —0.38 —0.44
¢ (N.m~1) —26.8 —52.2 —59.2 —62.7 —87.1 —132.4 —153.3

Table 2 The different configurations of monostable membranes

Jm (Hz) 64.8 17.5
ki 0.14 —0.042
c(N.am™!) 48.8 —14.6
A
,.1441 .
) Bistable Monostable
‘ YT
140L
. RETE
: . 136L
n n 1 n n PR 1 n n n - n n n n 1 n A: n n n PR n 1 n n k,
-0.4 -0.3 -0.2 -0.1 [ 0.1

Fig. 6 The variation of the area under the ridge curves as a func-
tion of the linear stiffness of the membrane, determined experi-
mentally

k; = —0.042. This stiffness value is greater than the
critical buckling value, which is —0.056.

From the experimental recordings we get the fre-
quency responses of the air displacement at the end of
the tube and then the normalized ridge curves and their
areas. Figure 6 shows the variation in area determined
experimentally. Comparison of this curve with the
numerically determined curve shows that we observe
similar trends.

So far, we have demonstrated that a bistable mem-
brane improves the performance of a vibroacoustic
NES. We have proven this result experimentally. In the
following, we want to find the reason of this enhanced
performance. To do this, we use theoretical tools for a
deeper analysis of the model.

5 Tools for theoretical analysis

This part presents the theoretical tools used later for the
analysis of the system behavior. Although presented
comprehensively, they are very simple because based
on the uncoupled elements of the system or on linear
analysis. Nevertheless, they give the key information
about the various behaviors of the system.

5.1 Characteristic curves

We determine here the characteristic curve of the
monostable and bistable membranes and the tube.
These curves show the variation of the natural fre-
quency as a function of vibration amplitude. These
curves show the characteristics of each oscillator alone.
The coupling between the two oscillators is not taken
into account.

To approximate the effective system, we assume that
the stiffness term B acts as an additional linear stiff-
ness added to the membrane stiffness k;. The equation
governing the free vibrational motion of the uncoupled
membrane is defined by y¢” + (k; + B) ¢ +kng> = 0.
We introduce the expression ¢(r) = Acoswrt into
this equation, where A represents the vibration ampli-
tude of the membrane. The harmonic balance method is
applied and the higher order harmonics are suppressed.
The following equation is obtained: —yw? +k; + 8 +
3/ 4k,; A% = 0. Therefore, the square of the resonance

Lo ki+B+ 3k A2
pulsation is defined as w? = Wt ht 3k ATl Bor the

monostable membrane, where k; > 0, this pulsation is

3 2
defined by w = / w. For the bistable mem-

brane, where k; < 0, the pulsation depends on the
amplitude of vibration A. More precisely, it is equal

—ki—B— 3k A —kj—p
%knl

Y
3 2
\/@ if A > ‘fj:ﬁ - Similarly, for the tube,
4 Knl

by introducing the expression #(t) = B cos wt into the

if A <

tow = ,and to w =

-
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1. Bouzid et al.

equation describing its behavior u” + u + fu = 0 and
applying the harmonic balance method, the expression
for the scaled pulsation is determined. The pulsation is
equal to /T + B whatever the value of the amplitude
B.

Figures 7a and b show respectively the superposi-
tion of the characteristic curves of a monostable and
bistable membrane with that of the tube. The charac-
teristic curve for the tube, shown in red, is linear, and
the resonance frequency is independent of the vibra-
tion amplitude. In the case of the monostable mem-
brane, the resonance frequency increases as the vibra-
tion amplitude increases. In this case, the characteris-
tic curve shows a stiffening behavior. For the bistable
membrane, the characteristic curve shows two types
of behavior. A softening behavior is observed at low
vibration amplitude, in which the resonance frequency
decreases with increasing amplitude. When this fre-
quency becomes equal to zero, the behavior becomes
stiffening (the frequency increases). These curves pro-
vide an indication of the presence of resonance cap-
ture between the two oscillators, easily identifiable by
the intersection between the characteristic curves of
the tube and the membrane. As energy is injected into
the system, the resonance frequency of the membrane
will follow this characteristic curve until it reaches the
resonance frequency of the tube, leading to resonance
capture where the energy pumping phenomenon takes
place.

InFig. 8aand b, the characteristic curves of a monos-
table and bistable membrane are superimposed on those
of the tube, respectively, when the natural frequency
(observed at low vibration amplitude) of the mem-
brane is higher than that of the tube when the natural
frequency of the membrane is lower than that of the
tube. For the monostable membrane, the characteristic
curves show no common point. In this case, there is no
resonance capture between the two oscillators. On the
other hand, for the bistable membrane, when its natu-
ral frequency becomes higher than that of the tube, the
characteristic curves show two points of intersection.
In this case, there are two resonance captures.

5.2 Linearized coupled system
Analysis of the characteristic curves highlights the

fundamental difference in the behavior of the system
observed in the two cases when the natural frequency of

@ Springer

70t
60F
50F
40¢
30 — Tube
20¢
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— Monostable membrane
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(a) Monostable membrane.

100+
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— Bisable membrane

—— Tube

L f(Hz)
20 40 60 80 100 120

(b) Bistable membrane.

Fig. 7 Characteristic curves (amplitude versus natural fre-
quency) of the monostable (a) and bistable (b) membrane with
that of the tube when the natural frequency of the membrane is
lower than that of the tube

A
70¢
60F
50F
40t
30F
20¢
10¢

— Monostable membrane

— Tube

- - - - - ' f(Hz)
80 90 100 110 120 130
(a) Monostable membrane.

/

— Bisable membrane

1001

— Tube

- - - \ - f(Hz)
20 40 60 80 100
(b) Bistable membrane.
Fig. 8 Characteristic curves of the monostable (a) and bistable

(b) membrane with that of the tube when the natural frequency
of the membrane is higher than that of the tube
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Towards a bistable vibroacoustic nonlinear absorber...

the membrane is higher or lower than that of the tube. In
this section, we take the coupling into account. The cou-
pling is small, so the coordinates of the degrees of free-
dom of the system remain close to the tube and mem-
brane displacements. The coordinates of the degrees of
freedom of the system are given by the eigenvectors of
the modal analysis of the linearized model. We study
the variation of the natural frequencies of the coupled
system as a function of the linear stiffness of the mem-
brane in order to determine the monostable and bistable
situations, and to attribute the proper degree of freedom
to the eigenfrequencies.

For the bistable system, the position pg corresponds
to the point of unstable equilibrium. To capture the
dynamics of the small-amplitude system, it is more con-
venient to rewrite the equations in terms of x = u — u,
andx =u —u,and y = g — ¢, so that (x, y) = (0, 0)
corresponds to a stable equilibrium position. The sys-
tem Eq. (1) is rewritten as follows.

y , TQ
x"4+x+Arx'+B(x—y)=Fcos| —
Wy

Yy + cpox (26182 +4g.y +2y* + 1) y

+y (kz + 3kn1q3) + 3kniqey* + kny?
+B(y—x)=0 3)

To determine the expressions of the natural frequen-
cies of this bistable system, it must be reduced to an
undamped free linear system. By eliminating the non-
linear, forcing and damping terms, the resulting system
of equations is rewritten in this matrix form

— 1
fa

1 1 1 1 1 1 1 kl
-04 -03 -0.2 -01 01 02 03

Fig.9 Coupled system eigenvalues f] and f as a function of the
membrane stiffness. The discontinuous red line corresponds to
the critical linear stiftness value k;. that separates the monostable
and bistable zones

culating the eigenvalues of the linear system Eq.(4).
They have the following expressions:

g\/fa — JIZ A8y B+ Bk + k)

fr= 2 2y
" 2438 ki +k
h:¥¢f+/&+yw+ﬁr%0 )
T 2y

where f, = ;%21 + B(y —2)+y —2k;. These frequen-
cies are valid for the bistable system when k; is less
than the critical value k;.. When k; becomes greater
than k;., the behavior becomes monostable. The same
calculation steps carried out previously are applied to
the monostable system model to determine these natu-
ral frequencies:

fi=

ﬂ\/ﬁy+ﬂ+y+k1—\/(ﬂ)/+ﬁ+y+k1)2—4y(ﬂ+ﬂkz+kz)

2 2y
f2=ﬂ\/’sy+ﬂ+“"l+\/(ﬂy+ﬂ+y+kz>2—4y(ﬂ+ﬂkz+k1>
2 2y

(6)

MX"+KX=0

10 p+1 —B
M‘(Oy)’K‘< B ;Lﬁ—zmkz)’
X
= 4
X (y) (4)

M and K are the mass and linear stiffness matrices.
The coupled eigenfrequencies are determined by cal-

Figure 9 shows the variation of these two frequen-
cies as a function of linear stiffness for the membrane
with i, = 0.22 mm and R,, = 50 cm. The selected
dimensioned linear stiffness varies between —0.45 and
0.3. Is shows natural frequencies of the coupled tube-
membrane system in monostable and bistable mode.
The dashed red line shows the linear stiffness value ;..
which separates the monostable zone from the bistable
zone.
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1. Bouzid et al.

Each of the natural frequencies f; and f> corre-
sponds to one of the two degrees of freedom of this
system. For example, for the monostable behavior at
ki, the frequency f] is equal to zero. It corresponds to
the natural frequency of the membrane and f corre-
sponds to the natural frequency of the tube. With the
increase of the value of linear stiffness, the natural fre-
quency of the membrane increases, while that of the
tube follows the horizontal asymptote f = 82 Hz. At
linear stiffness k;1, the natural frequency of the mem-
brane becomes higher than that of the tube. The fre-
quency f> corresponds to the membrane and f] to the
tube. This frequency exchange is also observed dur-
ing bistable behavior when the linear stiffness reaches
a certain value kjp. The frequency exchange is visi-
ble through the parallel straight lines normal to the
curves representing the functions fj and f>. The equa-
tion of the straight line normal to the curve repre-
senting f; at the point with abscissa k; is defined by:
Ni(Kp. k) = 75 (KL= k) + fi (k) (0= 1:2),
The linear stiffness K represents the axis of abscissa
which defines the domain of definition of the function
N;, while the corresponding stiffness K; is the point
from which we determine the equation of the normal
line. In order for two regular lines to be parallel, the dis-
tance between them must be equal. So, to determine the
values of linear stiffness k71 and k;» for which the nat-
ural frequency of the membrane becomes greater than
that of the tube, it is necessary to solve the equations
N1(0, ki) — N2(0, kj1) = N1(0.1, ki) — N2(0.1, kpp)

and N1 (0, k;2)—N2(0, ki2)=N1(0.1, k;2)—N2(0.1, kj2).

The choice of the values K; = 0 and K; = 0.1 used
for the resolution is random; any values can be chosen.

Figure 10 shows in blue the natural frequency of the
tube (in red) ad of the membrane (in blue) as a function
of the linear stiffness. The discontinuity points of these
two curves are at the linear stiffnesses k;; and k. The
normals to the curves representing the functions f; and
/> at the abscissa points k;; and k;jp are shown by the
parallel lines in green. The discontinuous red line is the
critical linear stiffness value k;.

6 Analysis of the system behavior
We analyze here the behavior of the system in the dif-

ferent zones of the normalized ridge curve area versus
stiffness curve.

@ Springer

f(Hz)

-04 -03 -0.2 -01 01 02 03

Fig. 10 Coupled natural frequencies of the tube f; (blue) and
membrane f, (red) as a function of the linear stiffness of the
membrane. The discontinuous red line corresponding to the crit-
ical linear stiffness value k. that separates the monostable and
bistable zones. The green parallel lines, present the normals to
the representative curves of functions f] and f>, from which the
natural frequency of the membrane becomes higher than that of
the tube

When the value of the linear stiffness is increased
further, the frequency of the coupled membrane becomes
higher than that of the tube. Resonance capture between
the two oscillators is no longer possible (there is no
point of intersection in the characteristic curves). The
membrane becomes inactive, the behavior of the system
becomes linear (see Fig. 15) and the ridge curves show
a straight line. In this zone, there is no more energy

pumping.

6.1 Monostable behavior

The monostable behavior is analyzed in three distinct
zones: optimal behavior zone, non-optimal behavior
zone where f,, < f;, and beyond optimal behavior
zone where f,, > f;. Figuresll, 13 and 14 show
respectively, for each of these zones, the tools used
to explain the behavior of the system.

e Figure (a), top left, shows the area as a function
of linear stiffness is shown by circling the relevant
zone. The dashed red line corresponds to the critical
linear stiffness value k;.. The green dashed lines
delimit the zone where the natural frequency of the
tube is greater than that of the membrane.

e Figure (b), top right, shows the superposition of the
different ridge curves.

e Figure (c), bottom, the various characteristic curves
of the monostable membrane are superimposed on
those of the tube.
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Fig. 11 Behavior and state
of the system in the optimal
monostable zone

Fig. 12 Numerical
simulation result for

k; = 0.024. a Response of
the primary system as a
function of excitation
amplitude and frequency. b
Excerpt of the steady state
time response of the system
for the red point in (a)

In these figures, a different shade of color is used for
each zone (optimal behavior: green, beyond optimal
behavior where f;,, > f;: orange and when f;, > f;:

discontinuous red).

First, we look at the zone of optimum behavior for
the monostable system. This zone is observed when
the natural frequency of the tube is higher than that of
the membrane. In this zone, the characteristic curves
always show a resonance capture between the tube and
the membrane, the amplitude of intersection of which
increases as the linear stiffness value decreases. Energy
pumping is therefore always observed, and it appears
at increasingly higher amplitudes. This can be seen in
the ridge curves. In this zone, we can see that as the
linear stiffness value decreases, the energy pumping

—— -0.054
— -0.036
— -0.006
— 0.024
— 0.054
— 0.144

A
. leor :
e, S 11| S Unax
. "ﬁ 9' 150}
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1. 20f :
! :
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(a) Minimum area in monostable state
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(c) Characteristic curves: membrane (green),
tube (red).
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13900
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T

(b) Time response for F =2.34 and f = 81.9 Hz.

activation threshold becomes higher and the plateau
deeper. In this zone, we have the same value of the area,
even though the activation threshold and the width of

the EP plateau are not similar for the different linear
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stiffness values. In this case, there is a compromise
between the level of appearance and the depth of the
energy pumping plateau.

Figure 12 shows the result of the numerical simu-
lation. The response of the primary system as a func-
tion of excitation amplitude and frequency is shown in
Fig. 12a. This 3D figure shows the different regimes of
behavior of the usual nonlinear system, a linear behav-
ior at low excitation level with a straight resonance
ridge corresponding to the tube natural frequency, then
we observe the clipping of the tube resonance peak,
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Fig. 13 Behavior and state
of the system beyond

optimal behavior, with :
Jm < fi :
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Fig. 14 System behavior
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which corresponds to the energy pumping zone. The
time response of the system corresponding to the red
point in this zone is shown in the sub-figure Fig. 12b.
It shows the strongly modulated response that char-
acterizes energy pumping. If the excitation amplitude
is increased further, a new resonance ridge appears,
shifted slightly towards the low frequencies.
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50 100
(c) Characteristic curves

As the linear stiffness value increases, the optimum
behavior zone is left. Resonance capture is still possible
with smaller amplitudes. The ridge curves show that the
activation threshold becomes weaker, but the plateau
becomes very narrow. In this zone, the low activation
level of energy pumping cannot compensate for the
small extension of the pumping plateau, so the system
leaves the optimum zone.
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Fig. 15 The numerical simulation result for k;, = 0.144:
response of the primary system as a function of excitation ampli-
tude and frequency

6.2 Bistable behavior

For linear stiffness values below the critical value
kic, the apparent linear stiffness of the membrane
becomes negative, and the system’s behavior becomes
bistable. In this section, we study the system’s behavior
in three zones: when the natural frequency of the mem-
brane is lower than that of the tube, when the natural
frequency of the membrane becomes higher than that
of the tube in the optimal behavior zone, and beyond

respond to these three zones, respectively. In these fig-
ures, we present, as in the previous section, the area
in the concerned zone, as well as the ridge curves and
characteristic curves.

First, let’s focus on the bistable behavior zone when
the natural frequency of the membrane is lower than
that of the tube. For the initial stiffness values that
are below k;., our system exhibits a transitional zone
for the shift from monostable to bistable behavior. A
“purely” bistable behavior is observed from the lin-
ear stiffness value k; = —0.12. In subfigure Fig. 16b,
we have shown the superposition of several ridge
curves for different linear stiffness values, ranging from
[—0.042, —0.12]. The two green ridge curves corre-
spond to linear stiffness values greater than k., thus
corresponding to monostable behavior. The other ridge
curves correspond to an apparent linear stiffness less
than zero. For the initial linear stiffness values that
are lower than the critical value k;., the continuous
black ridge curves (k; = —0.066 and k; = —0.072)
show a continuity of behavior. The behavior observed
for the bistable system follows the variation of the
monostable system. With the decrease in linear stiff-
ness, it was noticed that the variation of the ridge curves
presented in gray shows the presence of an energy
pumping plateau at the same level as that observed
for k; = —0.12, followed by an increase in vibration
amplitude that follows the variation of the monostable

the optimal behavior zone. Figures 16, 18, and 20 cor- ridge curves. At the linear stiffness k; = —0.12, the
Fig. 16 System behavior A
and state in the bistable . 160f ,
zone whith f,, < fi o :
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Fig. 17 Numerical
simulation result for

k; = —0.12. a Response of
the primary system as a
function of excitation
amplitude and frequency. b
Time response of the system 1
corresponding to the red LN, — <
point in (a) [ T —u
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Fig. 18 Behavior and state A
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system stabilizes on the bistable behavior. To transition ki = —0.066 and k; = —0.072. With the decrease

from monostable behavior (green curves) to bistable
behavior (discontinuous black curve), we pass through
atransitional zone where the system exhibits both types
of behavior. We have a gradual transition.

Figure 16c presents the superposition of three differ-
ent characteristic curves of a bistable membrane (with
linear stiffnesses k1, kp, and k3 where k3 < ky < k)
with the characteristic curve of the tube (red) and the
characteristic curve of a purely cubic membrane (dis-
continuous red). For the black curve, the linear stiffness
k1 is very close to the value k;.. The softening effect
of the bistable membrane is neglected in this case. The
characteristic curve overlaps with the discontinuous red
curve of the purely cubic membrane. This explains why
the system follows monostable behavior for the values

@ Springer

in the linear stiffness value (k2), we move away from
the critical value k;.. The characteristic curve of the
bistable membrane moves away from the discontinuous
red curve. The system is influenced by both bistable and
monostable behaviors. As the stiffness decreases fur-
ther (k3), the characteristic curve of the bistable mem-
brane moves further away from the discontinuous red
curve. In this case, the system stays on bistable behav-
ior.

In Fig. 17, we present numerical simulation results
for the linear stiffness value k; = —0.12. On the left,
we present the displacement variation of the tube as a
function of amplitude and excitation frequency. On the
right, we present the temporal response of the system
in the energy pumping zone (for F = 2.68 and f =
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Fig. 19 Numerical
simulation result for

k; = —0.156. a Response of
the primary system as a
function of excitation
amplitude and frequency. b
Time response of the system
corresponding to the red
point in this figure (a, b). ¢
Time response of the system
corresponding to the green
point in (a)

@ U(f.F)
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(b) System dynamics for F = 0.97 and f =
73.8 Hz.

13800

14000 14100

T

13900

(c) System dynamics for F = 3.38 and f =
81.9 HHz.

81.7 Hz ). This response corresponds to the strongly
modulated chaotic regime, which is often observed for
bistable systems [14,24].

As the linear stiffness value increases further, the
natural frequency of the membrane becomes higher
than that of the tube. The zone of optimal behavior
is observed. In this zone, the ridge curves exhibit two
attenuation plateaus. A narrow plateau is observed at
low excitation amplitudes, and the other, broader one is
observed at a higher excitation level. The overlap of the
characteristic curve of the tube and the bistable mem-
brane shows the presence of two intersection points
where both oscillators enter resonance capture, and
energy pumping is activated.

In Fig. 19, we present numerical simulation results
for the linear stiffness value k; = —0.156. In Fig. 19a,
we present the response of the tube as a function of exci-
tation frequency and amplitude. The encircled zones
on this figure represent two different energy pumping
zones. The time response of the system correspond-
ing to the red (f = 73.8 Hz and F = 0.97) and
green (f = 81.9 Hz and F = 3.38) points presented
in these energy pumping zones is shown respectively
Fig. 19b and c. The energy pumping zone observed at
low excitation amplitude is characterized by the pres-

ence of strongly modulated intrawell response. The sec-
ond zone is characterized by the presence of strongly
modulated chaotic interwell response.

When the natural frequency of the membrane becomes
greater than that of the tube, the characteristic curve
shows the presence of two resonance captures. The
first is observed at low vibration amplitudes, related
to the softening behavior of the membrane. This soft-
ening resonance capture leads to the presence of energy
pumping phenomenon at low excitation amplitudes,
characterized by the presence of strongly modulated
intrawell response. The second resonance capture,
observed at higher amplitudes, is related to the intersec-
tion with the stiffening behavior of the membrane. This
explains the presence of the second energy pumping
zone, characterized by the presence of strongly modu-
lated chaotic interwell response.

As the linear stiffness value is decreased further, we
leave the optimal bistable behavior zone (see Fig. 20a).
In this range of linear stiffnesses, the ridge curves show
the presence of a single high-amplitude energy pump-
ing plateau. We notice the absence of the small pumping
plateau that was observed at low vibration levels in the
optimal behavior zone.
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Fig. 20 Behavior and state A
of the bistable system 160t
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Fig. 21 Numerical
simulation result for

k; = —0.276. (a) Response
of the primary system as a
function of excitation
amplitude and frequency.
(b) Time response of the
system corresponding to the
red point in this figure (a, b)

(@) U(f,F)

In Fig. 21, the results of the temporal simulation for
a linear stiffness value belonging to this zone are pre-
sented (k; = —0.276). The tube response as a function
of amplitude and excitation frequency shows the pres-
ence of a single energy pumping zone. The temporal
response of the system corresponding to the red point
indicated in the energy pumping zone (for f = 80.2 Hz
and F' = 4.4) is presented in Fig. 21b. This response is
different from what we observed before. In Fig. 22a and
b, we present respectively for the tube and the mem-
brane the time response (top) and the corresponding
wavelet transform (bottom). In these figures, the solid
red line corresponds to the natural frequency of the tube
and the dashed red line corresponds to the natural fre-
quency of the membrane. The membrane displacement
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(b) Time response for f =80.2 Hz and F = 4.4.

13800 13900

response clearly shows the presence of three different
operating regimes:
e Chaotic regime: the system oscillates randomly
between the two equilibrium positions.
o Intrawell regime: the system oscillates around one
of the equilibrium positions.
e Strongly modulated “interwell” regime: there is
resonance capture between the tube and the mem-
brane, resulting in vibrations at the same frequency.

InFig. 20c, we present the superposition of three differ-
ent characteristic curves of a bistable membrane (with
linear stiffnesses k{, k5, and k where &} < k} < k}),
along with the characteristic curve of the tube (in red),
in the case where the natural frequency of the mem-
brane is higher than that of the tube. With the signifi-
cant decrease in the linear stiffness of the membrane,
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Fig. 22 Time response of

the tube u(t) and 100¢
membrane ¢ (7) and wavelet 50t
transform for k; = —0.276
at frequency f = 80.2 Hz > 0
and excitation amplitude
F = 44 —50 [
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(a) Wavelet transform of u(7). (b) Wavelet transform of ¢(7).
the characteristic curves show that the distance between Unax
the two intersection points becomes very small. At the 1501
.. . — -0.168
limit, these two points merge, and the effects of soft- 0.054
ening and stiffening nonlinearity combine. This can 100t o _0'036
explain the presence in the time response of simul- — -0.006
taneous strongly modulated interwell and intrawell 50l 0024
regimes. — 0.054
In this zone, with the decrease in the linear stiff-
Fi

ness value, an increase in the area is observed. Indeed,
with this decrease, the natural frequency of the mem-
brane becomes increasingly higher, leading to a cor-
responding amplitude of resonance capture becoming
increasingly significant. Consequently, the activation
threshold of energy pumping also becomes increas-
ingly higher.

For the lowest values of linear stiffness, the area
curve shows a constant variation. In this zone, the acti-
vation threshold of energy pumping becomes very high,
and the range of the fixed excitation force for the calcu-
lation does not cover the energy pumping zone. Only
the linear behavior zone observed before the energy
pumping zone is detected.

6.3 Effectiveness of Bistable NES

Figure 23 shows the superposition of a ridge curve for
a bistable membrane (red) with several ridge curves

12 3 4 5 6 7
Fig. 23 Ridge curve of a bistable membrane (red) and ridge

curves of monostable membranes for the monostable minimum
areas (green)

belonging to the monostable minimum plateau. This
figure demonstrates that the use of a bistable membrane
can significantly improve the system’s behavior. The
attenuation provided by a bistable membrane is greater
than that obtained with the different optimal monos-
table membranes. Additionally, it is worth noting that
the frequency range of energy pumping is wider when
using the bistable NES, as clearly observed by compar-
ing the frequency response surface for two linear stiff-
ness values: k; = —0.276 (Fig. 12a) and k;, = —0.12
(Fig. 17a).
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7 Different membrane configurations

In this section, we present the results of our numeri-
cal optimization method for other membrane config-
urations. Figures 24 and 25 show the superposition of
several curves representing the variation of the area
given by the ridge curves as a function of the linear
stiffness of the membrane for different membrane con-
figurations. In Fig.24, the membranes have the same
thickness h,, = 0.22 - 1073 m and three different
rays R, = 4 - 1072 m, R,, = 5- 1072 m and
R, = 6 - 1072 m. Whereas in Fig. 25, the membranes
have the same radius R,; = 5 - 1072 m and different
thicknesses A, = 0.22- 1073 m, i, = 0.3-107° m
and A, = 0.3- 1073 m. The dashed red line represents
the boundary separating the monostable and bistable
zones. In these figures, each area curve is associated
with two vertical lines of the same color, representing
the linear stiffness values at which the coupled natural
frequency of the membrane becomes higher than that
of the tube.

These two figures show that the variation of the area
under the normalized ridge curve as a function of the
membrane’s linear stiffness exhibits the same pattern
when using different membrane configurations. These
results validate that the bistable minimum plateau is
observed when the coupled natural frequency of the
membrane becomes higher than that of the tube, and
the monostable minimum plateau is observed when this
frequency is lower than that of the tube.

The different curves show minimization plateaus at
different area levels, widening unevenly over different
linear stiffness ranges. In fact, as the radius of the mem-
brane decreases, the minimization plateaus become
wider, but corresponds to larger area values. So, for
more effective attenuation with a membrane thickness
of h,, = 0.22 - 1073 m, it’s better to use a membrane
of radius R,, = 6 - 1072 m with a pre-stress adjust-
ment that corresponds, for the bistable membrane, to
a linear stiffness value around k; = —0.14 (which
means buckling of 1.3 - 102 m), and for the monos-
table membrane to a value in the range [—0.056, 0.01]
(where the membrane’s coupled natural frequency can
reach 82 Hz). Figure 25 shows that decreasing the mem-
brane thickness improves the system attenuation in the
zone of optimal behavior. As the membrane thickness
decreases, the minimization plateaus narrow, while the
area values become less important. So, for a membrane
with radius R, = 5 - 102 m, the optimum thickness
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Fig. 24 Normalized ridge curve area for different membrane
radii as a function of linear stiffness. Membrane thickness 4,, =
022103 m
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Fig. 25 Normalized ridge curve area for different membrane
thicknesses as a function of linear stiffness. Membrane radius
Rp=5-10"2m

among the three is 4, = 0.22-1073 m with a pre-stress
setting that corresponds, for the bistable membrane, to a
linear stiffness value in the range [—0.16, 0.22] (corre-
sponding to abuckling range from 0.8-10~2 to 1072 m),
and for the monostable membrane to a value in the
range [—0.056, 0.06] (where the membrane’s coupled
natural frequency can reach 64.8 Hz).

8 Conclusion

In this article, we demonstrate through a numerical
approach that a solution based on a bistable membrane
significantly improves the attenuation efficiency of
NES membranes. We experimentally verify this result,
despite the extremely simplified model describing the
membrane. This method not only allows for comparing
the performance of a bistable membrane with a monos-
table one but also for finding the optimal behavior for
each type. This optimal behavior extends over a wide
range of linear stiffnesses. This study shows the robust-
ness of NES membranes, which, in the monostable or
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bistable behavior zones, exhibit a wide range of optimal
linear stiffnesses.

We describe a condition for getting the optimal
behavior of the bistable NES: the natural frequency
of the membrane must exceed that of the tube. In this
case, the system presents two energy pumping zones in
the excitation amplitude range. The pumping zone due
to bistability is observed at low excitation amplitude,
and characterized by a strongly modulated intrawell
response. It is related to the softening nonlinearity of
the bistable NES membrane which, when the natural
frequency of the membrane is higher than that of the
tube, induces a second resonance capture between the
tube and the membrane.

By applying this numerical approach to six other
membrane configurations, we confirm these results and
show that increasing the radius of the membrane and
decreasing its thickness can improve attenuation effi-
ciency in the optimal linear stiffness range.
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