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FOREWORD

Since their introduction nearly 60 years ago, Petri nets have proven to be an invaluable
tool in the realm of computer science, system engineering, and various other disciplines.
Their versatility and unambiguous semantics have led to widespread application across
diverse domains, including the modelling and optimisation of manufacturing systems, the
formal verification of network protocols, the modelling of business process management
or biological systems, ... The enduring relevance and adaptability of Petri nets underscore
their significance in both academic research and practical applications.

While there is a large literature dedicated to the theory of Petri nets, and their
application in the study of discrete event systems, there are relatively fewer introductory
resources tailored to engineering students. This book aims to fill this void by providing
an accessible introduction, designed for those beginning their journey in this field, or
interested in finding out more about this subject of limitless exploration.

Although Petri nets represent the authors’ primary research domain, this book is
specifically designed as a teaching resource. The design and the content selection may
be better understood by looking at the long and rich history of this book. Indeed, the
current text is to a large extent an improved and extended version of a course that has
been taught in several engineering schools and universities in Toulouse for the last 30
years. The original Portuguese version of this book, published in 1997, was primarily
based on handouts written by Robert Valette for his lectures at INSA and ENSEEIHT
during the 1990s. Widely used in graduate courses in Brazil, the first edition quickly sold
out. In response to high demand, the authors made a free PDF version available online,
which was subsequently redistributed by numerous websites. Since then, parts of this
material have been used in graduate and undergraduate courses at Toulouse Capitole
University and at ISAE-SUPAERQO, in the form of lecture slides, available in both French
and English.

Through clear and concise presentations, this book introduces the core concepts
underlying Petri nets and their use in modeling and formal verification. It also prepares
readers for more advanced topics and practical applications, reflecting the evolution and
maturation of Petri nets as a fundamental concept in modeling and analyzing concurrent
systems.

This new English edition provides additional examples and is updated to reflect years
of teaching experience. In the following chapters, you will explore the basic concepts
and formalisms of Petri nets, delve into advanced topics such as reachability analysis
and performance evaluation, and examine real-world case studies that demonstrate the
practical application of Petri nets. The book also includes numerous examples, exercises,
and illustrations to enhance your learning experience and deepen your understanding of
the material.
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Compared to previous editions, several new sections have been added, covering topics
such as:

e How to start designing a Petri net;
e How to simulate a Petri net and study its behavior;
e Discussion about validation and verification techniques using Petri nets;

e Methods for modeling large systems using a modular, compositional approach.

In addition, three new appendices, exploring more specialized subjects, have been
added:

e Appendix C presents a comprehensive application example that illustrates the
concepts introduced in Part 1, including modeling from scratch, formal verification,
and modular modeling.

e Appendix D provides detailed guidance on performing synchronous and asynchronous
composition of Petri net models.

e Appendix E introduces TINA, a freely available toolbox that includes a Petri net
editor and several analysis tools.

I hope that this book will inspire you to appreciate the elegance and power of Petri
nets and motivate you to apply them in your own projects and research.
Happy learning!

Silvano dal Zilio

Toulouse
Septembre 2024
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History

The Petri net is a graphical and mathematical tool that is well-suited to a wide range
of applications where notions of events and simultaneous evolutions are important.

This theory is quite young, originating from the thesis titled Communication with
Automata, defended by Carl Adam Petri in 1962 at the University of Darmstadt, Ger-
many. Carl Adam Petri, born in 1926 in Leipzig, is a professor at the University of
Bonn. Anatol W. Holt was captivated by this work, and under his influence, a group of
researchers at the Massachusetts Institute of Technology-MIT, in the United States, laid
the foundations between 1968 and 1976 of what became known as Petri nets. Among
these pioneers were F. Commoner and M. Hack.

Applications of Petri nets include performance evaluation, formal analysis, and verifi-
cation in discrete systems, communication protocols, manufacturing workshop control,
real-time and/or distributed software design, information systems (such as organizational
management), transportation systems, logistics, database management, human-machine
interfaces, and multimedia.

Regarding the control of automated manufacturing systems, the application of Petri
nets initially took place in France, in a slightly modified form known as the Grafcet
standard for programming industrial programmable logic controllers (PLCs). This stan-
dard was first proposed by a commission of the Afcet (Association francaise des sciences
et technologie de I'information et des systemes) in 1977 and became an industrial standard
(C03.190-UTE) in France in 1980, later becoming a European standard through the
central office of the IEC under reference IEC 848.

The complexity of discrete event systems, particularly in the case of automated
manufacturing systems, leads to a hierarchical decomposition with multiple control levels.
Typically, five levels are used: planning, scheduling, global coordination, subsystem
coordination, and direct control (PLCs directly connected to sensors and actuators).
Considering the use of Petri nets at the coordination level, the most active countries are
Germany (PSI Society in Berlin) and Japan (Hitachi Society). In France, IXI Society
(Toulouse) is a notable example.

Advantages

The advantages of using Petri nets can be summarized as follows:

e [t is possible to describe a partial order between various events, which allows for
flexibility;
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Both states and events are explicitly represented;

A single family of tools is used throughout the specification, modeling, analysis,
performance evaluation, and implementation processes;

A single family of tools is used across the different levels of the hierarchical control
structure, facilitating the integration of these levels;

e A precise and formal description of synchronizations becomes possible, which is
essential for achieving the necessary operational safety.

Book Organization

This book corresponds to the lecture notes used, since 1991, in the course Real-Time
Systems I for the Graduate Program in Electrical Engineering at the Federal University
of Santa Catarina.

The book is organized into two parts. The first part covers the basic model, also
known as the ordinary Petri net. Chapter 1 provides an introduction, beginning with
the definition of discrete event systems, informally situating the model, its importance,
and areas of application.

In Chapter 2, the basic aspects of the Petri net model are presented: definitions
and properties. How to perform analysis is described in Chapter 3. It is helpful to
complement the study of this chapter with the *ARP* software for Petri net analysis,
developed at LCMI (Laboratory of Control and Microinformatics) of the Department of
Electrical Engineering at UFSC (already distributed to some universities, including in
France, Belgium, and England).

The second part of this book deals with the interaction between the Petri net and
data, time, and the external environment. Chapter 4 introduces interpreted Petri
nets, which allow for the representation of interaction with the external environment.
Chapter 5 presents high-level nets, which allow for individual token representation,
enabling the token to carry information, thereby increasing the abstraction level of the
model. Different ways to incorporate time are addressed in Chapter 6.

Chapter 7 discusses the implementation methods for systems represented by Petri
nets.

Chapter 8 addresses more recent applications of the model. It covers the joint use of
Petri nets with other theories, such as fuzzy logic and linear logic. The former allows
for modeling imprecise markings, representing real situations where information about
the system is incomplete. The latter allows for expressing the notion of resources, which
classical logic cannot handle. This chapter also discusses the use of Petri nets in hybrid
systems, such as batch systems, which contain both continuous parts and parts driven
by discrete events.

Throughout the book, applications of Petri nets and their extensions in modeling and
implementation will be presented, with a focus on the field of manufacturing automation.

This book can also be used for a one-semester undergraduate course on Petri nets,
covering Chapters 1 to 4 and part of Chapters 6 and 7.
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Part 1

BAsic MODEL



Chapter 1

VOCABULARY AND CONCEPTS

The Petri net model was proposed by Carl Petri to model communication between
automata PETRI (1966).

To guide the reader through this area of activity, the characterization of such systems
and the basic concepts used in their modeling are presented first. The finite state
machine, which is widely used to represent such systems, is discussed, along with its
limitations.

Before detailing the formal definition of the Petri net in Chapter 2, this chapter
presents an informal introduction. The aim is to familiarize the reader with the concepts,
allowing to model simple systems easily. Through this introduction, the power of
this modeling tool will be highlighted. Even without detailing the analysis techniques
presented in Chapter 3, it will be observed how, modeling by means of Petri nets, aids
in detecting specification errors.

Before presenting Petri nets, let us present the different types of existing systems and
in particular, the discrete event systems (DES).

1.1 Systems and Modeling

Scientists and engineers are concerned with the development of techniques for designing,
controlling, and performance evaluation of systems. In order to do this it is necessary to
have a model of this system to describe and understand it. We are interested in dynamic
systems, whose behaviour depends on time.

1.1.1 Types of variables
A mathematical model of a system is characterized by:
e the nature of the independent variable representing the time,
e the nature of its state variables.
We generally classify variables into two categories:
e Continuous variables are variables that take their values on the domain of reals R.

o Discrete variables are variables that take their values on a countable set as the set
of natural numbers N, or on sets whose number of elements is finite.
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From this classification, dynamic systems can be put in various categories. Let us quickly
review them.

1.1.2 Types of systems

Continuous systems: A continuous system includes only continuous variables. Fur-
thermore, time is also a continuous variable. When time is represented by a continuous
variable, we say that it is a dense time. This represents a large domain of systems
modeled by algebraic-differential equations. An example of a continuous system with a
single state variable is shown in FIG. 1.1.

Sampled systems: These are systems where time is represented discretely while the
state variables remain continuous. The time represented as an infinite series of instants
identified by natural numbers
0o, 01, ..., 0n_1, O, Opiq, ...
It is generally assumed that these instants are equally distributed. The value of a state
variable at a given time (z(#), for example) is a real number. An example of a sampled
system with a single state variable is shown in FIG. 1.2, with the dotted line representing
an underlying continuous model.

This modeling technique can be used in two cases:

e The system being modeled (the underlying continuous model) actually includes a
sampler that the mathematical model faithfully represents.

e The system being modeled does not include a sampler and is a continuous system,
but a coarser representation is chosen by only considering the values of the variables
at predetermined times to avoid a precise representation by a complex algebraic-
differential system.

The second case corresponds to a qualitative vision achieved by discretizing time.

Discrete systems: These systems have a discrete representation of the state associated
with continuous (dense) time. This is suitable when the state is naturally discrete. For
example, a lamp can be on or off, or a piece of equipment can be functional or faulty. It
can also be used for a qualitative view of a system. For example, in an elevator, we may
not detail the acceleration and deceleration phases, so the state of the cabin is coded by
a finite set of values: { “stopped at the ground floor”, “moving between the ground floor
and the first floor”, “stopped at the first floor”, “moving between the first and second
floor”, ..., “stopped at the last floor”}. An example of a discrete system with a single
state variable is represented in FIG. 1.3.

With a qualitative vision, the main difference compared to the previous case is that
the state variables are discretized, but time remains dense. We are interested in the
position of the elevator at all the instant of dense time, even if the position is approximate
(between two floors). In sampled systems, we are interested in the exact position of the
elevator at every 6; second.
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state A —
state A variable .
variable 4
[ ] L) [ ] :
» time
0 time 0 8 8 6; 6
Figure 1.1: Continuous system. Figure 1.2: Sampled system

Discrete event systems: These systems are represented solely by a series of discrete
events. Time is coded by this sequence of events and is thus discretized. The events
are discrete because they correspond to state changes between discrete states of the
system. Time and states are both discretized. Unlike sampled systems, the events are
not equally distributed over time. They correspond to transitions from one qualitative
state to another. The time (viewed continuously) between two successive events depends
on the dynamics of the system.

If we return to the example of the elevator, the events can be, for example, the arrival
of the elevator at each floor. Following calls and stops, these events will not be equally
distributed over time. An example of a discrete event system with a single state variable
is shown in FIG. 1.4.

Considering the elevator again, we know that starting from the ground floor, it will
reach the second floor only after passing through the first floor. However, the time
required to reach this floor is not specified.

state state variable
L — ] _
variable et3 —res
: ety .—.62
ety e
et} & mm—— et rIe/l’
_ . .
0 time 0 0y 0, 03 time
Figure 1.3: Discrete system Figure 1.4: Discrete event system

Hybrid systems: Hybrid systems include both continuous state variables and discrete
state variables. Dense time, coded by real numbers, and discrete time, in the form of a
set of events, can both be used. This class of systems encompasses the previous four.

Discrete systems are typically contrasted with continuous systems. This classification
depends on the observer’s perspective and the desired level of abstraction. For example,
consider a milling machine in a manufacturing system. From the perspective of milling
operation, the system should be modeled as a continuous model. From the perspective
of coordinating the manufacturing system, considering events such as start of milling
and end of milling, the system should be modeled by a discrete event model.
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1.2 Basic Notions

The Petri net is, originally, a tool for modeling discrete event systems. Let us detail the
main concepts which are used.

1.2.1 Concepts Used in Modeling

The basic concepts used in modeling a system based on a discrete event approach are as
follows:

Events: Events are the instants of observation and state change of the system.

Activities: Activities are black boxes used to encapsulate and hide the evolution of
the physical system between two events. Therefore, events generally correspond to the
start and end of an activity.

Processes: Processes are sequences of interdependent events and activities. For
example, an event triggers an activity, which leads to an end-of-activity event, which in
turn may trigger another activity, and so forth.

1.2.2 Parallelism, Cooperation, Competition

The evolution of processes in a system can occur simultaneously or not. If it occurs
simultaneously, processes can be completely independent or relatively independent.

This relative independence means that certain activities are entirely independent of
each other, while others require points of synchronization, that is, common events to
several evolutions. There are different forms of interaction between processes:

Cooperation: Processes cooperate towards a common goal; the aim is to describe
independence among processes before a synchronization point.

Competition: Processes must have access to a given resource to carry out their
task. If there were a sufficient number of resources, the processes would be completely
independent. Therefore, it involves resource sharing typically resolved by mutual exclu-
sions. The aim is to describe exclusion between two processes from a synchronization
point.

Pseudo-parallelism: Pseudo-parallelism occurs when parallelism is only apparent,
and even though events are independent, they will never be simultaneous. They will be
ordered by a common clock. This situation arises when multiple computing tasks are
carried out on a single processor, which can only execute one instruction at a time.

True Parallelism: Events can occur simultaneously. This means that there is no
sufficiently precise common time scale to determine which event preceded the other. It
occurs when multiple computing tasks are executed on a parallel computer, with one
processor allocated for each independent task.

1.3 Finite State Machine

1.3.1 Unique Sequential Process

The classic representation of a discrete-event system, where the number of states is finite,
involves listing all possible states, and for each state, all the events that can occur and
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which is the next state from this current state.

The mathematical model M = (S, A,0,Sy) is called a finite state machine. It consists
of a finite set of states S with an initial state Sy, an input alphabet A, and a state
transition function # : S x A — S, which associates each state-input pair with the next
state. A graph is associated with the model, where the set of nodes is the set of states
S, and the arc leading from a state S; to a state .S; is labeled by the event a € A, such
that G(SZ, CL) = Sj.

This mathematical model effectively expresses the notion of an event and partially
that of an activity (a state between two events); however, it does not express the notion
of a process (simultaneous evolution of several parallel processes). A finite state machine,
in fact, only describes a single sequential process.

Consider a simple sorting system on a moving conveyor belt (. Heavy objects need
to be removed by an operator. A sensor P indicates the presence of a heavy object;
when this happens, the conveyor belt must stop so the operator can remove the object.
Once the object is removed, the conveyor belt resumes moving (FIG. 1.5.a).

Figure 1.5: a) Sorting system; b) State Machine.

FIG. 1.5.b shows the state machine of this system: S = {M, H} is the set of states.
The initial state M represents the conveyor belt in motion, and the state H represents
the conveyor belt halted. The alphabet A = {P, P} consists of the possible events that
can occur in the system. The event P indicates the presence of a heavy object, and the
event P indicates its absence. If the current state of the system is M, the occurrence of
the event P leads the system to the state H. This behavior is represented by the state
transition (M, P) = H. The remaining state transitions are given by: 0(H, P) = M,
O(H,P)=H,0(M,P)= M.

1.3.2 Multiple Sequential Processes

When it is necessary to describe multiple sequential processes, the simplest solution is to
represent the system by a set of finite state machines. If these machines are independent,
there is no problem. However, when there is cooperation between various processes, the
machines are not independent and must synchronize with each other.

Combinatorial Explosion of States

If there are shared information or signal exchange between the machines, it is necessary
to analyze the global behavior of the system. This analysis can only be done by
recalculating a state machine that describes the global system. In this case, the inevitable
combinatorial explosion of the number of states occurs. Indeed, the composition of k
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Figure 1.6: Combinatorial explosion of the number of states.

machines, in the particular case where each one has n states, produces a machine with
k
n" states.
In FIG. 1.6, both machines M; and M, have two states (n = 2) and the composed
machine Mg has four states. Note in Table 1.1 that as n and & increase, the combinatorial
explosion occurs:

n (2223|344 4 ]6]| 6 |10 6 6
k|2 3141213 4 |2 3 3 4 )
n* 418162781 ]16]64]256|36|216 | 103 | 1296 | 7776

w
W

Table 1.1: Combinatorial explosion n¥.

Non-independence of Submachines, Deadlock

Now, the analysis of the global behavior of the system is indispensable, as a number
of serious problems can arise in parallel systems. The most well-known is deadlock.
In certain configurations, no state machine can evolve because each machine awaits a
particular evolution of another machine. All the machines are in waiting states. This
phenomenon will be illustrated through an example in the following section.

1.3.3 Modeling Requirements

There are techniques in the theory of finite state machines that allow avoiding deadlock.
However, an important point is that the structure of the system is completely lost.
Two arcs (transitions) leaving the same state can represent a decision between two
different options or two independent events. It should be emphasized that the main
purpose of a clear specification of a discrete event system is to explicitly describe the
interactions between the process states and the decision-making system that will control
it. Another important point is that the introduction of even small modifications implies
the construction of a new state machine.

The Petri net model that we will introduce next offers, in addition to behavioral
knowledge about the system, also structural knowledge as will be seen throughout this
book.
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1.4 Informal Presentation of a Petri Net

1.4.1 Basic Elements

A Petri net is a directed graph having two types of nodes: places, represented by circles
and transitions, represented by rectangles or just a line. The arcs of the graph can only
connect places to transitions, or transitions to places (never between places or between
transitions).

A Petri net describes a dynamic discrete event system. Places allow the description
of the states (which are therefore discrete) and transitions allow the description of events
(state changes). In general, every place has a predicate associated with. Consider the
Petri net in FIG. 1.7: transition t; is associated with the event start operation while
places p; to ps are labeled to indicate the associated predicate.

freeMachine partWaiting freeMachine partWaiting

Figure 1.7: A Petri net model. Figure 1.8: After t; firing.

A Petri net is a graph with an operational semantics, that is to say that a behaviour
is associated with the graph, which makes it possible to describe the dynamics of the
represented system. For this, a third element is added to places and transitions: the
token, represented by a dot inside a place.

A distribution of tokens over the places at a given time is called a marking of the
Petri net. A marking gives the state of the system. The number of tokens contained in a
place is a natural number (non-negative integer). The Petri net in FIG. 1.7 depicts the
state where there is one free machine (one token in p;) and one part waiting (one token
in py). As there is no token in place ps, the predicate is false, indicating that there no
machine operating. If there were three tokens in place py, this would indicate that there
are three parts waiting.

The first observation to make is that interpretations of places and tokens are quite
varied. They can be used to describe abstract entities such as conditions or states,
but also physical entities such as parts or machines. One can also achive a complete
simplification, at the descriptive level, between the parts, tools, and, in general, between
all the resources used in the factory. It is this great simplification that allows for a
synthetic view of the system to be modeled and permit certain analysis procedures.

1.4.2 Dynamic behaviour

The system’s state is given by the distribution of tokens in the places of the Petri net,
with each place representing a partial state of the system. Each event that occurs in
the system is associated with a transition in the Petri net model. The occurrence of an



1.5 Modeling Interactions Between Processes 25

event in the system (which causes it to move from the current state to the next state) is
represented in the model by the firing of the transition to which it is associated.
The firing of a transition consists of two steps:

e Remove a token in each of its input places, indicating that this condition is no
longer true after the event occurrence, and

e Add a token to each of its output places', indicating that these activities will, after
the event occurrence, be performed.

A transition can fire only if it is enabled. A transition is enabled if each of its
input places contains at least one token?. The set of all the transitions enabled by a
given marking defines the set of possible state changes for the system from the state
corresponding to this marking. It is a way to define the set of events to which this
system is receptive in this state.

Consider again the Petri net in FIG. 1.7: transition ¢; is enabled and can be fired,
leading to the marking represented in FIG. 1.8.

For example, the occurrence of the event start operation, associated with the transition
t; (FIG.1.7), can only happen if there is (at least) one token in the place freeMachine
and (at least) one token in the place partWaiting. The occurrence of the event start
operation in the system is equivalent to the firing of the transition ¢; in the Petri net: a
token is removed from places freeMachine and partWaiting, and a token is placed in the
place operating (FI1G.1.8).

The firing of a transition ¢ corresponds to the occurrence of an event e in the real
system, which causes it to move from its current state S; to the next state S;;; (see
Section 1.3). The state S; is represented in the net by the distribution of tokens in
the places, called marking M;. Just as the system will only reach state S;,; after the
occurrence of event e if it is in state S;, the transition ¢ will only be fired if the marking
is M; (a marking in which, in particular, the input places of ¢ are marked). The marking
M, 1, corresponding to state S;.1, will be reached after the firing of transition ¢.

The removal of tokens in the input places of ¢ indicates that the conditions or
predicates associated with those places are no longer true, and the addition of tokens in
the output places indicates that the predicates associated with these places become true.
Thus, the dynamic behavior of the system is translated by the behavior of the Petri net.

1.5 Modeling Interactions Between Processes

As seen in Section 1.2.1, processes can evolve in cooperation, competition, and in parallel.
Depending on the level of detail in the modeling, a process can be represented by only
one place or activity. Processes can also evolve sequentially, repeatedly, etc. In the
following sections, it will be shown how to model, using Petri nets, the different ways
processes interact in discrete event systems.

IThe weights associated with the arcs allow you to remove or add several tokens to a given place.
2We will see during the formal definition that weights can be associated with the arcs which imposes
then the presence of several tokens in a given place.
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1.5.1 Sequence
Consider the Petri net in FIG. 1.9. This same model can represent:

e Sequence of a manufacturing process. Places P;, P, and P represent the different
phases of the operation on the part, which must be performed in sequence. Transi-
tions tq, to, and t3 describe the events of passing from one phase to another, and
the tokens correspond to the parts. A part is being machined at P; (phase Ji),
while another part is currently in phase Js, having already passed through phase
Ji (places P, and P,).

P t P ts Ps ts
OO~
U/ U o U

J1 Jo2

Figure 1.9: Sequence of processes.

e A section of the itinerary of a transportation system. This system is based on
vehicles that follow pre-drawn circuits on the ground. In this case, places describe
the sections; transitions correspond to the passage of the vehicle from one section to
another (passing by a sensor on the ground), and the tokens represent the vehicles.
A vehicle in section S; is represented in the Petri net by a token in place P;. The
event leave section S; and enter section S;,, is associated with transition ¢;. Thus,
the marking of the net in FIG. 1.9 represents one vehicle in P; and another vehicle
in Py, indicating that it is possible for the events leave S; and leave S3 to occur in
parallel.

In both cases, the Petri net is the same, which expresses that, by abstracting from
the details and considering only the structure of the chains of events and activities, these
two systems are identical.

1.5.2 Synchronous and Asynchronous Evolutions

If the Petri net in FIG. 1.9 represents the model of a manufacturing process, the tokens
in P, and Pj indicate that simultaneously, there is one item in phase J; and another item
in phase Jy. Similarly, if this figure represents a segment of a transportation system,
then it can be seen that simultaneously two vehicles are traveling on the same route, in
different sections (P; and Ps).

The evolution of these two tokens (parts or vehicles), as described by the Petri net,
is independent and evolves in a totally asynchronous manner: there is no correlation
between the end of phase J; and the end of phase Js.

In the case of FIG.1.10.a, a division or separation procedure is described. The end
of operation P; consists of separating an item (in this case J;) to create two new items
corresponding to different manufacturing processes. Therefore, the two items J, and J3
are created, simultaneously, in a synchronous manner.

From this point of view, they are not independent. However, after their creation,
they evolve independently of each other in an asynchronous manner.
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Ps P

J3 J2 P 2 J. 2 P4 J3

a) b)
Figure 1.10: a) Fork; b) Joint.

The event removal of an item J; and the addition of two more items Jy and Js is
clearly and succinctly described by transition ¢,. The marking in FIG.1.10.a indicates
that the item J; is undergoing operation P; (a token in Pj) and that, at the same time,
the items Jy and J; are also in operation (places P, and P; marked).

In the case of FIG. 1.10.b, the items evolve independently, in parallel, and asynchro-
nously (transitions ¢; and ¢5) in different processes, except for transition ¢3, which requires
the simultaneous presence of a token in P, and a token in P, to be fired. This transition
can be associated, for example, with the event start assembly. In this case, places P
and P, might represent parts waiting in storage areas.

The removal of these two tokens (upon the firing of t3) will be synchronous and
will simultaneously create a new token that will undergo the first operation of its
manufacturing process (J;). The transition from these asynchronous evolutions to a
synchronous evolution necessarily implies a wait in places P, or Py, depending on which
condition is met first.

The Petri net in FIG. 1.11 is an example of a “fork join” structure. Transitions ¢,
(fork) and t4 (join) allow for independent firing of transitions ¢, and 3.

Figure 1.11: Parallel evolution of to and t3.

1.5.3 Variants and Alternative Paths

FIG. 1.12.a represents the case where, after a phase (or operation) Py, there is a choice
between the sequences P,—P; or Py—P5. Then, Fy is executed. To execute the sequence
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t1
to t3
P4 P2
ta
P
b

Figure 1.12: a) Alternative paths; b) Repetition.

=

Po—P;. transition t, must be fired, and to execute P,—Ps, transition t3 must be fired.
Although both transitions are enabled, only one of them can be fired because the token is
removed from place P; when the chosen transition is fired. From that moment, the other
transition can no longer fire. However, the structure of the Petri net does not provide
any information about the decision-making mechanism for choosing the alternative to
be executed (to or t3). It merely indicates that this information must be available at the
end of phase P;.

If the Petri net models the segment of the itinerary of a transportation system —
with place P; associated with the traversal of section S; — then place P; represents the
vehicle in a section that allows for two alternative paths: passing through sections S,
and S5 or through sections S, and S5 before continuing through section Sg.

By comparing FIG.1.10.a with FIG.1.12.a, the following observations can be made:

e A transition with more than one outgoing arc (¢2 in FIG. 1.10.a) corresponds to a
fork or the start of parallel evolutions. A fork is typically followed by a joint as in
FIG. 1.10.b.

e A place with more than one outgoing arc (P in FIG. 1.12.a) corresponds to the
start of a set of alternative paths.

1.5.4 Repetition

Another behavior that needs to be modeled when representing discrete event systems
is the repetition of an activity (or sequence of activities) while a condition is true. For
example, a vehicle should repeat passing through the circuit formed by sections S, and
S5 until an order to change the route comes or until it’s necessary to recharge the battery.

Consider the Petri net in FIG. 1.12.b (once again, each place P; is associated with the
crossing of section S;). This Petri net models the possibility of executing the sequence
P»-P5 a certain number of times after Py, before carrying out P;. Once again, there is no
indication at the graph level about the test that should be performed to decide between
repetition or termination of the sequence. It is only known that the result should be
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available after the end of operation P (which could precisely be the execution of this
test).

Consider again the example of the transportation system itinerary. The vehicle must
go through sections S5 and S5 several times, and after go to S;. This behavior can be
modeled by the Petri net in FIG. 1.12.b.

The coordination level indicates which section (Sy or Sy) the vehicle should follow,
and this is not part of the net structure ®. The net structure should only indicate the
two existing possibilities for the vehicle.

1.5.5 Resource Allocation

Without a doubt, the utilization of resources, especially their sharing, is one of the most
important aspects in modeling a system. A vehicle that must carry one of several parts
at a given time, a robot that can transport a part from the depot to the machine and
from the machine to the exit, can perform only one activity at a time. Once engaged in
one task, it cannot be available for the another. Although the concept is trivial, ensuring
it is not always straightforward. Therefore, modeling resource sharing is fundamental
for the accurate representation of a system.

Figure 1.13: Resource sharing.

Observing FIG. 1.13, consider that after an activity P, it is necessary to perform an
operation that requires the use of a resource r represented by the place P, in the figure.
A token in P, corresponds to the state resource available. Transition t3 expresses the
acquisition of the resource and the beginning of phase P;.

To model separately the end of activity P, and the beginning of Ps, it is necessary to
introduce transition t, associated with the end of activity P;. Place P, corresponds to
waiting for the resource associated with place P, if it is not available (this place plays a
similar role to places P, and Py in the Petri net of FIG. 1.10.b).

The absence of ¢» and P in this Petri net would model a different behavior. Since
t3 can only fire if place P, is marked, waiting for the resource would, in this case, block
the end of activity P;.

3This type of information is part of the interpretation and will be discussed in Chapter 4.
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Each use of the resource corresponds to the execution of a loop, which begins with
acquiring of the resource (firing of ¢3 in FIG. 1.13) and ends with its release (firing of ¢,
in FIG. 1.13). There are as many different loops passing through place P, as there are
possible uses of the resource.

The resource r is treated exactly like a part. Thus, the concepts of part and resource,
represented by tokens, are banalized. If the resource r is part of a set of resources, then
place P, directly represents this set. Initially, you just need to place as many tokens in
this place as there are elementary resources.

Example 1.1 Transportation System

Consider the itinerary of a transportation system, based on automatically guided vehicles,
as shown in FIG. 1.14.a. The vehicles follow predefined circuits automatically; their loca-
tions are only known at points Cj, called contacts. The commands to stop, continue, and
change route are sent to the vehicles when they are on the contact.

To avoid collisions, the circuits are divided into sections in such a way that only one
vehicle can be in each section. Therefore, before entering the next section of the circuit,
it is necessary to check if it is free: the section is thus considered as a resource to be
shared among the different vehicles. The section appears dashed in the figure and has
the same name as the contact.

The circuits can have four types of sections: converging, diverging, intersecting, and
sequential.

S7 Ss

ty ter ts teg to

Figure 1.14: a) Sequential sections. b) Model of circuit Ny = {Cg, S7, Ss}.

Sequential sections

Consider the circuit Ny shown in FIG. 1.14.a, formed by contact Cg and sections S; and
Sg, modeled by the Petri net in FIG. 1.14.b. Each proposition section S; free corresponds
to a place S;. There are two predicates associated with each section: wvehicle in motion,
associated with place M;, and vehicle stopped at contact, associated with place C;. The
event wvehicle enters the section S;yq1 is associated with transition ¢;,;. Its occurrence
happens when a vehicle is at the contact of section S; (place C;) and the next section
Siy1 is free. After firing transition ¢;,1, the vehicle releases section S;, and is in motion
in section S;;1 (place M;1). The event vehicle stops at the contact C; is associated with
transition .. The initial state of the system has a vehicle at the contact of section S,
with sections S; and Sy free (places Cg, S7, and Sy are marked, respectively).
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Closed circuit

Let us consider only the circuit N; shown in FIG. 1.15.a, formed by sections S;, Ss, and
S3. This circuit is closed: after traversing section Sz, the vehicle returns to section Sj.
The Petri net model of this circuit is shown in FIG. 1.15.b. The marking indicates that
the vehicle is stopped at contact C'5, while sections S; and Sy are free.

Converging/diverging sections

Let us now consider the two circuits, N; (Si, So and S3) and N, (Si, Sy and Sj),
in FIG. 1.15.a. When considered independently, circuit Ny can also be modeled by a
Petri net similar to the one in FIG. 1.15.b. However, circuits N; and N, share contact C;
(contact at the end of section S), which acts a converging section when approaching from
C5 or Cs, and as a diverging section when going toward Cy or Cy. The corresponding
Petri model for the sections shown in FIG. 1.15.a is represented in FIG. 1.15.c. The
marking indicates that there is a vehicle at C5 and another one moving in section Sj.

Cc1 C1

Ca

a)

Figure 1.15: a) Converging/diverging sections; b) Circuit N1; ¢) Circuits N1 and N2.

Two markings are of particular interest in this model:

e A vehicle at ('} and another one at (5, with sections Sy, S3, and S; free. The
model shows that the vehicle at C; can follow either circuit Ny or N,, represented
by transitions ¢, and ¢4, which are in conflict.

e A vehicle at (3 and another one at Cj, with sections Sy, S3, and Sy free: The
model indicates that only one of them can enter section S; and move toward Cf,
represented by transitions ¢; and t'; in conflict.
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Intersecting sections

Let us now consider the circuits represented in FIG. 1.16.a, where there are intersecting
sections. In this case, besides the notion of a free section, it is necessary to introduce
the notion of a free cell. Therefore, in addition to checking if the next section S;,; of
the circuit is free, it is necessary to check if the other section S’ of the cell is also free.
Otherwise, during the crossing of section S;;1, the vehicle could collide with another
vehicle crossing section S’ in the same cell.

Cs

Cy

a)

Figure 1.16: a) Intersecting sections. b) Petri net model of circuits Ny and Na.

In the circuits of FIG. 1.16.a, the intersection cell, formed by sections S3 and S5, must
be considered as a resource. Before entering a section of this cell, it must be checked if
it is free, that is, if there is no moving vehicle in S3 and S;. However, a vehicle can be
stopped at the contact of the other section, as there will be no risk of collision in this
case. For this reason, the cell is released when the vehicle arrives at the contact.

The FIG. 1.16.b represents the complete model of circuits N; (S, Sy and S3) and
Ny (S1, Sy and Ss) of the transportation system, where the place P, corresponds to
the intersection cell. The marking of the Petri net represents the system state where a
vehicle is crossing section S, and, as a result, the intersection cell is no longer free (no
token in P,). o

Example 1.2 Batch-type System

A batch-type system can produce two products (Pr; and Pry) using two reactors in
concurrent mode, as depicted in FIG. 1.17.a. Product Pry; can be produced by reactor
Ry or reactor Ry, and must be stored beforehand in buffer B; or By, respectively. Product
Pry, on the other hand, can only be produced by reactor Ry, where it is directly loaded.
The system’s behavior is repetitive: once the product is ready, each reactor is released
and can start a new activity. Although reactor Ry can handle two types of products,
it does so one at a time. The model of the system’s behavior is given by the Petri net
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in FIG.1.17.b. Reactors R; and Rs, represented by places pgs and pg, respectively, are
considered as resources, with Ry shared between the two batches of products Pr; and
PTQ.

Prq Pro
Bi Bs

reactor R, reactor Ro

a)

Figure 1.17: a) Batch system; b) Petri net model.

Note that when place p; is marked, indicating that there is a batch of product Pr;
to be produced, there are two alternative paths, represented by the transitions ¢, and %4,
associated, respectively, with the events store in By and store in Bs, since the product
Pry (place pp) can be stored in both buffers. Place p, (p4) represents the activity product
Pry stored in buffer By (By), to be processed later by reactor Ry (place ps) or reactor
Ry (place py), respectively. Transition ¢, (f.) is associated with the event start operation
of reactor Ry (Ry) on the batch of product Pry, respectively.

The transition ¢, is associated with the event start of operation of reactor Ry on
the batch of product Pry and indicates the occupation of resource Ry (place pg), while
transition ¢, indicates its release (arc to place pg) and permission for a new batch of Pry
to be processed. Transitions t. and ¢y also indicate occupation and release of Ry, but in
relation to product Pry.

From the perspective of place pgy, there are also two alternative paths: process product
Pry (firing t.) or process product Pry (firing ¢,). The structure of the net models only
the possible behaviors for the system without indicating which choice will be made.

This system can also be modeled by a global finite state machine, represented in
FIG. 1.18. The nodes S;, i = 0...8, represent the different states of the system, and the
arcs indicate, for a state S;, the next state S; ;. The events e,, - - - , ey, labeling the arcs,
are the same events associated with the transitions t,,--- ,t;, of the Petri net model.

Note, as discussed in Section 1.3.3, that the structure of the system has been comple-
tely lost. Two arcs leaving the same node (state) can represent a decision between two
options or two independent events. For example, the arcs from node S; are labeled by
ey (allocation of Ry by Pr;) and e, (allocation of Ry by Pry), these being independent
events that can occur simultaneously. On the other hand, the events e, and e, labeling
the arcs leaving state Sy, cannot occur simultaneously and are concurrent.

The choice between the two manufacturing options for product Pry is clearly indicated
in the Petri net model of FIG. 1.17.b: place p; has two outgoing transitions (¢, and ¢,),
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So : Pry and Pro waiting, reactors free

S1: Pry in By, Pry waiting, reactors free

So @ Pry in By, Pry waiting, reactors free

S3 : Pry waiting, Ry processing Pro, Ry free
Sy @ Ry processing Pri, Pro waiting, Ro free
S5 : Pry in By, Rs processing Pro, Ry free
S : R processing Pri, Pro waiting, Ry free
S7 : Pry in Bs, Ry processing Pro, R; free
Sg : Ry processing Pri, Ro processing Pro

Figure 1.18: Finite state machine of a batch system.

indicating the two alternatives (storage in B; or Bs). The same goes for reactor R,
which can process Pry or Pry, represented by the alternatives ¢, and t,. In both cases,
these transitions are in competition. However, transitions ¢, and t,, when places ps, ps,
ps, and pg are marked, can be fired independently. Therefore, the Petri net indicates,
within its structure, when there is parallelism or concurrency between events. It is
interesting to revisit this example after reading Chapter 2, where the notions of conflict
and parallelism are formally defined. o

1.6 How to Start a Petri Model Design

In this section we will see how to model, from a textual specification, the dynamic
behaviour of a system using ordinary (or classical) Petri nets (PN), showing sequences,
parallelism (or independence) and conflict between processes.

You can use the Tina* toolbox for the to assist you with edition, simulation and
analysis. Let us start by solving the Exercise 4 proposed in Section 1.8.

1.6.1 Determining activities and events

How to describe a discrete event system in terms of activities and events? It’s not always
easy to start from scratch. Events are typically named with verbs in the imperative form,
signifying a specific moment of change or observation, and are associated with transitions
in the Petri net. Activities, on the other hand, are named with verbal noun (ending in
ing) or past tense verbs (ending in ed), indicating ongoing or finished processes, actions
or states. They are associated with places in the Petri net.

You can start for checking if there are resources, and write them down. After that,
you can consider them as they are conditions (pre- and post-conditions of some events).
Notice that modelling is a process that goes back and forth.

Then, for helping the brainstorming, create a table of events relating them with the
input and output activities (or conditions, or predicates). In other words, indicate the

4TINA has been developed at LAAS, see more information in Appendix E and here: https://
projects.laas.fr/tina/index.php
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(pre)conditions that enable an event to occur in the system, and which partial states are
modified (post-conditions). Remember that an activity is related with a state variable,
and represents a partial state of the system.

Consider the system described in Exercise 4 in Section 1.8. Table 1.2 describes the
event take a part from input buffer B; (to put on lathe L). While filling the table, you
can start to draw your Petri net as in FIG. 1.19: activities are represented by places,
and events by transitions. This can help you to find other activities and events that you

did not see in the beginning.
pl QBi pO@ Rfree

t0 takePartBi2L

Event Pre-condition | Post-condition
takePartFromB;2L R is free movingPartB;2L
Part in Bi p2 movingBi2L
Table 1.2: Table of events. Figure 1.19: Petri Net model.

You can also create a table of activities (and resources) relating them with the input
and output events. Table 1.3 describes the activity moving a part from the input buffer
B; to lathe L. Sometimes it also helps to find missing elements (places or transitions).
The corresponding Petri net from Table 1.3 is shown in FIG. 1.20.

t0 | takePartBi2L

Activity Input Event Output Event P2 movingpartBizL
movingPart B;2L | takePartFromB;2L | putPartOnLathe

t1 | putPartOnLathe

Table 1.3: Table of activities. Figure 1.20: Petri Net model.

Appendix C describes the modeling process of this example, including the verification
and validation of the Petri net model, the theory of which is presented in Section 3.

1.6.2 Simulation

The simulation may be used on a partial Petri net during the design stage to verify
if the interaction between the processes (parallelism, conflict, sequence) corresponds to
the specifications. The simulation can then be used to either correct the model (e.g.,
simulating a sequence leading to a deadlock) or to observe its behavior (using transition
invariants, which will be presented in Section 2.5.2).

When doing the simulation, in your paper or using Tina, write scenarios in English
and translate them to the corresponding firing of transitions. An example of a scenario
in English is to show, for Exercise 4, the "life cycle” of a part as it goes from the input
buffer to its exit from the shopfloor.

However, analysis is required for validation and verification. These will be seen in
Chapter 3.
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1.7 Notes

The concept of discrete event systems is presented in CASSANDRAS (1993). For an
introduction to finite state machine theory, see ROSEN (1991) and JOHNSONBAUGH
(1993). For a comprehensive study, see CARROL & LONG (1989). In the area of
concurrent systems, ANDREWS (1987) provides a good introduction for those unfamiliar
with the subject.

Additional reading for the entire Part I, which deals with the basic model: PETERSON
(1981), BRAMS (1983), COURVOISIER & VALETTE (1986) and DAVID (1989).

1.8 Exercises

The exercises below are proposed for reflection. If you encounter difficulties at this
moment, leave them for after reading Chapter 2.

Suggestion: Before drawing the Petri net, as introduced in Section 1.6, detail the
following:

e The activities and events present in the system,;
e The resources to be shared;

e Which activities can be performed in parallel and which are performed concurrently.

1 A manufacturing system has two machines M; and Ms. Two types of manufacturing
processes are planned for a part, according to the order of passage through the
machines: P = 011012 and P, = 0909, where O;; is the j-th operation of the
manufacturing process P;. Machine M; performs operations Oq; and Oss, and
machine My performs operations O, and Oy;. Model this system using Petri net,
considering two different cases: a) before performing the second operation of its
manufacturing process, the machine from the first operation must be released; b)
the machine from the first operation is released only after the start of the second
operation of its manufacturing process.

2 In a small town with a fire hydrant on each street, there are two firefighters. When
a fire occurs, one of the firefighters stands next to the hydrant, and the other next
to the fire. The firefighter next to the hydrant fills the bucket and goes towards
the fire; the firefighter next to the fire, once the bucket is emptied, goes towards
the hydrant. When they both meet, they exchange buckets and directions (the one
coming from the hydrant goes back to fill the empty bucket of the colleague; the
one coming from the fire returns with the full bucket that the colleague brought).
Consider that, even if the firefighter who fills the bucket is: i) very fast, he will not
arrive at the fire before the other empties his; ii) very slow, he will have filled the
bucket before his colleague reaches the hydrant with the empty bucket.

a) Model, using Petri net, the behavior of the two firefighters;

b) Consider that a third firefighter comes to help, standing in the middle of the
way to minimize the displacement of the other two. Make the model of the new
system.
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3 Model using Petri nets the structure of the speed control system of a motor using
thyristors. Initially, the control system must be initialized (initialize variables,
analog-to-digital and digital-to-analog converters, etc.). The control cycle consists
of taking temperature and flow measurements (independently) and then calculating
according to the control law. In the particular case of temperature measurement,
if it exceeds a limit Ly, an alarm must be triggered. At the same time as the firing
angle is calculated and sent to the digital-to-analog converter, a calculation for
later statistics is performed. Once the calculations are completed, the cycle starts
again.

4 Design, using a Petri net, a manufacturing cell composed of a robot R, a lathe
L, and a laser micrometer M (FIG. 1.21), interconnected by a communication
network, which operates as follows:

lathe L

micrometer M

trash T

Figure 1.21: Shopfloor.

The parts are deposited in the input buffer B;;

The robot picks up the part from B; and places it in the lathe L (if L is free).
A program must be loaded to machine the part;

After machining, the robot picks up the part from the lathe 7" and places it
in the laser micrometer M (if it is free) for being mesured;

After inspection, the robot R places the part in the output buffer B, if it meets
the standards, or in the trash 7" if it does not. The capacity of the trash and
B, are infinite.

The robot can do only one operation at once; the lathe L and the micrometer
M can only work on a part at a time and they have no buffer.

Each time a part is removed from the input buffer, a new one is introduced.

The operation duration on L is longer than on M.

a) Consider that there is only one type of part, and that the input buffer B; has
the capacity to store only one part.

b) Consider now that the capacity of B; is two parts.

¢) How would the Petri net look if there were two types of parts?

You can find the solution of this exercise in Appendix C.



Chapter 2

DEFINITIONS

This chapter presents Petri nets as a formal model through three perspectives:
e a graph with two types of nodes and dynamic behavior;

e a set of matrices of non-negative integers whose dynamic behavior is described by
a linear system,;

e a rule-based system represented as condition — action.

The concepts of marking and transition firing, introduced informally in the previous
chapter, are formally defined here for each of the above viewpoints.

The graphical and matrix viewpoints, presented in Section 2.1, differ only in their
representation form. Both allow us to check if transitions are parallel or in conflict, if
a transition is enabled, as well as fire a transition and evolve the net. The graphical
representation is used by the designer, who can quickly make all these checks and have
a global view of the modeled system (of reasonable size). The matrix representation is
a natural format for the computer, which can perform automatic verification for very
large models.

The notion of a Petri net simulator, or token-player, is presented in Section 2.2.

The representation using a rule-based system aims to make the Petri net representa-
tion compatible with Artificial Intelligence techniques and is presented in Section 2.3. In
the specification of a complex system using a multi-level control hierarchy, the modeling
of the subsystem coordination level can be done with Petri nets, and the planning level
with a knowledge-based system that provides the scheduling of the parts on the machines.

Although the graphical representation is an advantage of Petri nets, as the reader
has already had the opportunity to observe, the most important characteristic of this
model is the fact that it is formal. The advantage of Petri nets over other models,
which also offer good graphical specification tools, is that, being formal, they allow for
the extraction of information about the behavior of the modeled system through the
analysis of its general or structural properties.

The general properties are presented in Section 2.4. The conservative and repetitive
components, which allow the analysis of structural properties, are defined in Section 2.5.
The methods for analyzing these properties are presented and discussed later in chapter 3.
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2.1 Concepts

2.1.1 Petri nets

A Petri net is a quadruple
R =<P,T, Pre, Post > (2.1)

where:
e P is a finite set of places of dimension n;
e T is a finite set of transitions of dimension m;

e Pre: P x T — IN is the input function (preceding places or pre-incidence), with
IN being the set of natural numbers;

e Post x T'— IN is the output function (following places or post-incidence).

The quadruple R =< P, T, Pre, Post> with P = {py,ps,p3}, T = {a,b,c,d} and the
input and output function values given by Pre(ps,c) =3, Pre(p1,b) = Pre(ps,a) =
Pre(ps,d) = 1, Post(ps,d) =3 and Post(pi,a) = Post(ps,b) = Post(ps,c) = 1, is a
Petri net.

2.1.2 Marked Petri Net
A marked Petri net N is a pair
N =<R,M > (2.2)

where:
e R is a Petri net,

e M is the initial marking given by the application

M:P— IN. (2.3)

M (p) is the number of tokens contained in place p. The marking M is the distribution
of tokens in the places, represented by a column vector whose dimension is the number
of places and components M (p).

The pair N =< R, M > with R being the Petri net described in Section 2.1.1 and
marking M7 =[03 0] (T is the transpose of the vector) is a marked Petri net.

Notation: ‘
For the sake of readability, a marking can also be represented by listing the places p]
that have M (p;) = j, where j > 0. The marking M7 = [0 3 0] can then be written as
M = p3. Both notations will be used in this book.
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2.1.3 Associated graph and matrix notation

A Petri net can be associated with a graph with two types of nodes: place nodes and
transition nodes. An arc connects a place p to a transition ¢ if and only if Pre(p,t) # 0.
An arc connects a transition ¢ to a place p if and only if Post(p,t) # 0.

From the elements a;; = Pre(p;,t;), which indicate the weight of the arc connecting
input place p; to transition ¢;, the pre-incidence matrix Pre of dimension n xm is defined:
the number of rows is equal to the number of places and the number of columns is equal
to the number of transitions. Similarly, the post-incidence matrix Post of dimension
n x m is defined from the elements b;; = Post(p;, t;).

The non-zero values of the matrices Pre and Post are associated with the arcs of the
graph as labels. If the value is unity, it is not necessary to label the corresponding arc
in the graph. Similarly, if nothing is indicated in the graph, the corresponding value in
the matrix is assumed to be unity.

The notation Pre(.,t) is used for the column of matrix Pre associated with a
transition ¢. The dimension of this vector is given by the number of places. Similarly,
the column vectors Post(.,t) and C(.,t) are defined with respect to the matrices Post
and C, respectively.

Example 2.1 Matrix notation

The associated graph with the marked Petri net N from Section 2.1.2 is depicted in
FIG. 2.1. This net represents the sharing of a set of resources (three), represented
by place ps, between two activities, represented by places p; and ps. The activity
corresponding to p; requires only one resource at a time (the weight of the arc (py,a) is
1, or Pre(py,a) = 1).

Figure 2.1: Resource sharing.

On the other hand, the activity corresponding to ps requires all three resources
simultaneously. Also note that there is a mutual exclusion between p; and p3: after
firing ¢, transition a cannot fire anymore, and vice versa. However, after firing a, it
can still fire two more times. Therefore, there can be three p; activities being executed
simultaneously.

This model encompasses the classical problem in computer science of readers and
writers, where multiple readers (place p;) can access a resource (p,) simultaneously, but
a writer (p3) requires exclusive access to the resource.

The matrix notation of this Petri net is given by:
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a b c d a b c d
- 0100 D1 1 000 D1
Pre = 1030 p 0103 D
0001 D3 0010 D3 -
From Pre and Post, the incidence matrix C' is defined as
C' = Post — Pre (2.4)
which provides the update of tokens in the net when firing the transitions.
a b ¢ d
: ) _ 1 -1 0 0 D1
In this example, we have: C' = 1 1 -3 3 o,
o
2.1.4 Pure Petri Net
A Petri net is pure if and only if
Vp e P VYt €T Pre(p,t)Post(p,t) = 0. (2.5)

The equivalent graph has no elementary loop, that is, no transition has the same
place as both input and output at the same time.

Figure 2.2: Non-pure Petri net.

For example, the Petri net in FIG. 2.1 is pure. However, the net in FIG. 2.2 is not
pure, as place ps serves as both input and output for transition e:
Pre(ps,e)Post(ps,e) = 1.

2.1.5 Enabled Transition

A transition is enabled if and only if:

Vp e P, M(p)> Pre(p,t). (2.6)

That is, if the number of tokens in each input place is greater than or equal to the weight
of the arc connecting this place to the transition.
The equation above can be written in the form

M > Pre(.,t) (2.7)
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where the column vector Pre(.,t) represents the column of matrix Pre corresponding to
transition ¢t and M represents the initial marking vector.
There are other notations that express that ¢ is enabled for a given marking M:

M(t >
M-t

Example 2.2 Enabled transition
In the Petri net in FIG. 2.1, Example 2.1 for the initial marking:

0
M = 3
0
with
0 0
Pre(.,a) = 1 Pre(.,c) = | 3
0 0

transitions a and c are enabled, as M > Pre(.,a) and M = Pre(.,c). FIG. 2.3 shows
the enabled transitions a and ¢ highlighted in red. This figure was obtained using Tina
toolbox (Appendix E).

startReading startwriting

reading writing

b endReading d endWriting

Figure 2.3: M % and M 5.

2.1.6 Transition Firing

If ¢ is enabled by a marking M, a new marking M’ is obtained through the firing of ¢
such that:
Vp e P, M'(p) = M(p) — Pre(p,t) + Post(p,t). (2.8)

The new marking M’ is given by the equation

M'= M — Pre(.,t)+ Post(.,t) =M+ C(.,t). (2.9)

The column vector Pre(.,t;) corresponding to the transition ¢; in the matrix Pre can
be written as Pre[l];, which is the product of the matrix Pre with the column vector [1];
(a vector with all elements zero except for the i-th element). Similarly, the column vector
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Post(.,t;) can also be written as Post[1];. The equation above can then be rewritten as:

M' = M — Pre[l]; + Post[1]; = M + C[1],. (2.10)

The following notations are used to represent the marking obtained with the firing
of t:
M(t > M
M - M.

The firing of ¢ is an operation that consists of removing Pre(p,t) tokens from each
preceding place p (weight of the input arc) and placing Post(p, t) tokens in each following
place p (weight of the output arc). By modifying the marking, the firing of ¢ represents,
in the model, the state change occurring in the system due to the occurrence of the event
associated with transition ¢.

From equation 2.10, we can see that the matrix C' updates the tokens when transition
t is fired.

Each element C(p;,t;) < 0 of the column vector C[1]; indicates how many tokens
are removed from each place p; in the net when t; is fired. The element C(p;,t;) >0
indicates the number of tokens added to the marking of each place p; when ¢; is fired. If
C(pj,ti) = 0, the marking of p; is not changed.

Example 2.3 Transition firing
In the Petri net in FIG.2.3, Example 2.2, after firing transition a from the initial marking
M, the next marking M; is obtained using equation 2.10:

1 0 1
20 = |3| + | -1
0 0 0

If, from the initial marking M, transition ¢ were fired, the marking M, = [0 0 1]7 would
be obtained. Markings M; and M, are shown in FIG. 2.4 and 2.5, respectively. For each
marking, new transitions are enabled, highlighted in red in the figure.

a startReading [ startwriting a startReading [ startwriting
3 3

p2 p2

p1 @ ) reading 2 p3 writing p1 reading p3 @ | writing
free 3 free 3

b endReading d endWriting b endReading d endWriting

. a N c
Figure 2.4: M — M;. Figure 2.5: M — M>s.

2.1.7 Conflict and Parallelism

The notions of conflict and parallelism of transitions, presented informally in Section 1.5.2,
will be defined next. Clearly understanding how each notion is represented in a Petri
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net simplifies the task of system modeling. Once the interaction between activities is
identified, it can be easily translated into the model.

Conflict can exist in the structure of the model without necessarily being realized; the
marking must effectively allow its occurrence. The same applies to parallelism. Conflict
occurs when there are, in a given state, two (or more) mutually exclusive possibilities
for evolution. On the other hand, parallelism implies that all activities can be executed
simultaneously.

Structural conflict: Two transitions ¢; and ¢, are in structural conflict if and only if
they have at least one common input place:

dp € P, Pre(p,t1)Pre(p,ty) # 0. (2.11)

Effective conflict: Two transitions ¢; and ¢y are in effective conflict for a marking M
if and only if they are both structurally in conflict and are enabled:

M > Pre(.,t;) and M > Pre(.,ts). (2.12)

Structural parallelism: Two transitions ¢; and t, are structurally parallel if they do
not have any common input place:

Vp € P Pre(p,t1)Pre(p,ty) =0 (2.13)

which is equivalent to checking if Pre(.,t1)T x Pre(.,t;) =0, where x denotes
the dot product of two vectors.

Effective parallelism: Two transitions ¢; and ¢, are in parallel for a given marking M
if and only if they are structurally parallel and:

M > Pre(.,t;) and M > Pre(.,ts). (2.14)

The Petri net model allows for representing true parallelism. However, during im-
plementation or simulation, this can become pseudo-parallelism. The key point is that
the model supports this kind of representation. Regardless, parallel transitions can be
fired independently of each other; the firing of one does not prevent the firing of the
other(s), as is the case with conflicting transitions.

Example 2.4 Conflit and parallelism 1
In the Petri net of FIG. 2.1, transitions a and ¢ are in structural conflict, as Pre(ps, a) Pre(ps, ¢
3. For the initial marking M, transitions a and c are in effective conflict, because they
are structurally in conflict and M; > Pre(.,a) and M; > Pre(.,c).
On the other hand, transitions b and d are structurally parallel. Indeed, as:

1 0
Pre(.,b) = | 0| and Pre(.,d) = |0
0 1

we have P Pre(.,b)T x Pre(.,d) = 0.
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In the same Petri net structure as in FIG. 2.1, but now with the marking

1
M = 0
1

Y

transitions b and d are effectively parallel for M’. Note that there is no more mutual
exclusion between p; and ps3 in this model with such a marking. o

Example 2.5 Conflit and parallelism 2
In the Petri net depicted in FIG. 1.17.b, Example 1.2, there is a structural conflict
between transitions ¢, and ¢,, which becomes effective when places p, and ps are marked.
This indicates the presence of a batch of Pry in buffer B; and a batch of Pry awaiting
processing by reactor Ry. This conflict models the shared use of resource Ry (place py).
In the same Petri net, there is structural parallelism between transitions ¢, and
ty, which is effective when places p, and pg are marked. This parallelism models the
independent production processes of reactors R; (place p3) and Ry (place p7). However,
the structural parallelism between transitions ¢, and t, is not an effective parallelism. ©

Example 2.6 Conflit vs. parallelism

Transitions t, and t3 shown in FIG. 1.11 are structurally parallel and function effectively
in parallel when marking M (p;) = 1. Both transitions, highlighted in red in FIG. 2.6,
are enabled by marking M; = paps. After the firing of 5, leading to My = p3p,s as shown
in FIG. 2.7, t3, highlighted in red, remains enabled. This is not the case for transition ¢
in FIG. 2.4 in Example 2.3, which is in conflict with a, as ¢ becomes disabled after the
firing of a. o

Figure 2.6: M, 2, and My iy Figure 2.7: M, N My and M, iy

2.1.8 Firing sequence

Note the Petri net in FIG. 2.8. Transition ¢; is enabled by the marking My =1[1 00 0]
and can fire, leading to the marking M; = [0 1 0 0], My — M. After its firing,
transition ¢, in turn can fire, leading to the marking M, = [0 0 1 0], M; 2y M,. The
sequential firing of transitions t; and ¢, is called a firing sequence and is denoted, in this

case, by s = t1ty. It is said that the sequence s = t; ty is fireable from M,, with the
following notation:

My 22 M,

or alternatively:
Mo(tl ty > M.
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Figure 2.8: A sequence of transition firings.

Example 2.7 Firing sequence
Consider the Petri net in FIG. 2.1 in Example 2.2. The firing sequence s = aab, starting

from marking My, leads the net to marking M; (FIG. 2.4), M aaby M, successively
passing through the markings:

0 1 2 1

3| % 2| & |1 & |2

0 0 0 0
0 M, M, M,

2.1.8.1 Characteristic Vector

Consider the vector s where each component s(t) represents the number of occurrences
of transition ¢ in a firing sequence s. This vector is called the characteristic vector of the
sequence s. Its dimension is equal to the number of transitions in the Petri net.

The evolution of the marking of a Petri net, with initial marking M, for a sequence
s = t;t; ...1;, applying successively the equation 2.10, is given by:

M = (..(M+CN)+CAl) +...+C[1);
M+ C([1]; + [1]; + ...+ [1]o)- (2.15)
The sum of the vectors [1]; + [1]; + ... + [1]; corresponds exactly to the characteristic
vector s of the sequence s, indicating how many times each transition of the net has been

fired. Thus:
M =M+ Cs com M >0, s>0. (2.16)

This equation is called the fundamental equation of the Petri net.

Example 2.8 Characteristic Vector
The characteristic vector s of the sequence s = aab in the Example 2.7 is given by:

2 a
1 b
0 c
0 d.
s(a) = 2 indicates that transition a was fired twice in the sequence s, and s(b) = 1

means that transition b was fired only once. The null values of s(¢) and s(d) indicate
that transitions ¢ and d were not fired in this sequence s = aab. o
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2.1.8.2 Considerations on the existence of s

In Petri net theory, characterizing the marking with a vector M is precise as it provides
all the necessary information about the state. However, the representation of a sequence
s through the vector s disregards the order of transition firing. Indeed, the vector s
results from the sum [1]; 4+ [1];4. ..+ [1];; since addition is a commutative operation, any
permutation in the firing order of transitions ¢;, ¢; ... ¢; within the sequence will yield
the same vector s. Consequently, the firing order is lost, resulting in an information loss
regarding the evolution of the net. Only the transformation of the marking is described.

Therefore, it should come as no surprise that the existence of a characteristic vector
s, a solution of Equation 2.16, does not guarantee that the sequence s can actually be
fired, and thus that M’ exists. In fact, it is necessary for the initial marking to be such
that the transitions are indeed fired for each intermediate marking. The designer needs
to check all possible combinations of the characteristic vector s with a Petri net simulator
or by successively applying Equation 2.9. It can be tedious, but at least it provides the
(reduced) set of transitions that could be fired.

Example 2.9 Firing order of s

Consider the net in Figure 2.8: for the marking M, in the figure, the sequence t; to,
represented by the vector s = [ 11 0], is fireable (leading to marking M), whereas the
sequence ts t1, represented by the same vector s, cannot be fired from M,. o

Example 2.10 s and non-fireable sequence
Consider the Petri net in FIG. 2.9. The matrix C' is shown in FIG. 2.10.

p1

-1 -1 1 1
1 -1 0 0
¢ = 0 1 -1 0
0 0 1 -1
Figure 2.9: Petri net with non-firable sequence. Figure 2.10: C matrix.

We want to know if the sequence s = abed, represented by the vector s, is fireable
from the initial marking M,

M =

o OO
— = = =
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Applying equation 2.16, we get the marking
M =M+Cs=1[1000]".

Although the value of M’ is positive, this marking cannot be reached by firing the
sequence s = abed from M. Just use equation 2.8 to verify that, from M, after firing
a, no other transition can fire. Thus, the existence of a marking M’ > 0 through
equation 2.16 does not imply the existence of the sequence s that would actually generate
it. If M = [2 00 0]7 in the Petri net of FIG. 2.9, we obtain, applying equation 2.16

with the same vector s above, the marking M’ = M. In this case, the sequence s = abcd

(in this order) is indeed fireable, M LESYd However, any other sequence obtained by

permuting the order of the transitions is not. o
The questions that arise are as follows:

e Given an initial marking M and a sequence s, is there a marking M’ such that
M =5 M'? If M’ < 0 (equation 2.16) there is no such sequence. If M’ > 0, there
is also no guarantee of the existence of s. At best, the order of firing the transitions
is unknown. In the example of FIG. 1.9, for My = [1 0 0]7, the sequence s = t1tat3
is fireable, but s = tyt3t; is not. And both are characterized by the same vector
sl =[111];

e Given an initial marking M and any arbitrary marking M’ is there an s such that
M =5 M'? If s < 0 there is no such sequence. But if s > 0 there is no guarantee
of the existence of s. The particular case where M’ = M in which s is such that
C's = 0 leads to the definition of a transition invariant in Section 2.5.

e Given an initial marking M and a known marking M’, does the existence of a vector
s > 0 imply the existence of all sequences s obtained by permuting the firing order
of transitions) representable by this vector? Since the order is not known, some
sequences — for a given marking — may exist and others may not.

The characterization of firing sequences in Petri net theory is not precise. Chapter 8
demonstrates how to obtain a precise characterization of a sequence using linear logic.

2.1.9 Set of Reachable Markings

The set of reachable markings A(R, M) of a marked Petri net is the collection of markings
that can be reached from the initial marking through a sequence of firings:

A(R, M) = {M;, 3s M - M;}. (2.17)

If this set is finite, it can be represented as a graph GA(R, M), described by Algo-
rithm 1, where the nodes are the reachable markings of A(R,M). A directed edge
connects two nodes M; and M; if there exists a transition ¢ that, when enabled, allows

the transition from marking M; to M;: M; SN M;. This edge is labeled with the
transition f.

The graph of reachable markings is the state machine equivalent to the Petri net.
However, it’s important to note that, since the notion of process disappears, it is no
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longer possible to differentiate between parallel transitions and conflicting transitions
for a given marking within the graph. This can be observed in Example 2.12.

Algorithm 1 Marking Graph GA(R, M)

Read the Petri net input file {R =< P, T, Pre, Post > and initial marking My}
Reachable := {Mj}
ToExplore := {Mp}
Graph := ¢
while ToExplore # ¢ do
M := a marking from set ToExplore
ToExplore := ToExplore - {M}
for all transitions t € T' do
if M > Pre(.t) then
M’ := M + Post (.,t) - Pre (.,t)
if M’ ¢ Reachable then
Reachable := Reachable U {M'}
ToExplore := ToExplore U {M'}
end if
Graph := Graph U (M, M, t)
end if
end for
end while

Example 2.11 Reachable markings 1
The FIG. 2.11 depicts the graph of reachable markings for the Petri net shown in FIG. 2.1,
Example 2.1, with the initial marking M = [0 3 0]%.

%h\\m

—

Figure 2.11: Graph of reachable markings.



2.2 Petri Net Simulator 50

Example 2.12 Reachable markings 2
The marking graph of the Petri net shown in FIG. 1.17 in Example 1.2 has the same
graph as the global state machine represented in FIG. 1.18 where:
My = p1pspspe = So : Pr1 and Pry waiting, reactors free
My = papgpspe = St : Pry in By, Pry waiting, reactors free
My = pypepspg = So : Pry in Bs, Pry waiting, reactors free
Ms = p1p7ps = S3 : Pry waiting, Ry processing Pry, Ry free
My = pspgpe = Sy : Ry processing Pry, Pry waiting, Ry free
My = pop7ps = S5 : Pry in By, Ry processing Pry, Ry free
Mg = pbpgps = Sg : Ry processing Pry, Pry waiting, R free
My = pyp7ps = S7 : Pryin By, Ry processing Pro, Ry free
Mg = psp; = Sg : Ry processing Pry, Ry processing Prs.

2.2 Petri Net Simulator

Algorithm 2 presents the Petri net token player, which allows for simulating an ordinary
(or classical) Petri net. It is a general program that updates the marking each time a
transition ¢ is fired. Starting from an initial marking, the token player verifies if there
are enabled transitions. When there is no conflict, the enabled transition is fired. When
there is a conflict, a transition must be chosen to resolve the non-determinism. For
example, a priority could be assigned to transitions, and the transition in the set &£ of
enabled transitions with the highest priority will be fired using Equation 2.9. The firing
of a transition can disable some transitions that were enabled at the initial marking, so
after a transition firing it is necessary to verify again the new set of enabled transitions.
The non-determinism can be resolved by associating supplementary firing conditions, as
it will be seen in Chapter 4.

Algorithm 2 Petri Net Token Player

Read the input file {PN R =< P, T, Pre, Post > and My}
deadlock =False
M = M, {Start from initial marking}
while not(deadlock) do
Calculate the set £ of enabled transitions of the PN (Eq. 2.6)
if €+ ¢ then
if | £|>1 then
Choose a transition ¢t € €
end if
Fire transition ¢t (Eq. 2.9) {Update marking M}
else
deadlock = True
end if

end while

2.3 Petri Net and Rule-Based Systems

The Petri net can be represented either graphically or in matrix form, as presented
in the preceding section. Given its characteristic of evolving the state based on rules
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represented by transitions, the Petri net can also be considered as a system of production
rules based on a representation in the form:

if condition then action.

2.3.1 Rule-Based system

A knowledge production rule system, or simply a rule-based system, consists of:

e a fact base, representing the available knowledge about the system;
e a rule base, allowing the deduction of new facts;

e an inference mechanism, called the inference engine, which allows making new
deductions by applying the rules to the facts.

The most elementary inference mechanism consists of arranging the set of rules in a
list and sequentially traversing it. If the condition part of the rule is true in the current
context (corresponds to a fact in the fact base), the rule is applied or fired. If no rule is
applicable or if a terminal fact (desired conclusion) is deduced, the inference mechanism
stops.

Most of the time, in a given context, several rules can be applied. The result of
deduction, naturally, can be different depending on the chosen rule. The most elementary
inference mechanism selects the first rule without checking if there are others that could
also be applied.

A situation where multiple rules can be applied constitutes a conflict. Resolving a
conflict is carried out by the control of the inference engine, which can be quite complex.

The correspondence between Petri nets and rule-based systems is based on the
following;:

e The set of transitions in the Petri net, with their conditions and actions represented,
respectively, by the vectors Pre(.,t) e Post(.,t) (Section 2.1.5), constitutes the
rule base.

e The initial marking corresponds to the initial fact base or initial context.

e Control is given by the structure of the Petri net: if transitions are parallel, the
firing order is indifferent; if transitions are in effective conflict, only one can be
fired.

A rule-based system, unlike a system described using classical logic, does not allow
for formal verification. However, it allows for representing knowledge-based systems and
obtaining results when no known algorithm exists.

Rule-based systems can be monotone or non-monotone AKERKAR (2009).

e Monotone (deduction): what is true remains true forever; you only add new facts,
so there is no possible conflict.

e Non-monotone (state changes); possible conflicts and non determinism arise if
several rules apply, leading to different state changes.
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A Petri net can be viewed as a non-monotone rule-based system, where the token
player corresponds to the inference engine. The analysis, proof, and verification is an
additional mechanism that can enhance a rule-based sysem, e.g. for model checking
TSAI (1999). Chapter 3 will present analysis, validation and verification for Petri nets.
The verification using model checking is not covered in this book.

2.3.2 Grammar

A grammar is a system for rewriting words from a given alphabet. Let S =< IP, Q) > be
the grammar associated with the Petri net R =< P, T, Pre, Post >, defined by:

e An alphabet IP whose symbols are the places p € P, and

e A set Q of rewriting rules

t:u(Pre(.,t)) = u(Post(.,t)). (2.18)

Let M be the set of all markings of the Petri net. The application p : M — IP*
associates, with a marking vector of the net, a word from the vocabulary IP*. IP* is the
set of finite sequences of elements from P, including the empty sequence \. For each
marking M (p) = i, i € IN, of the places p € P of the net, an occurrence of a symbol
from IP* is associated; the word pu(M)is obtained by concatenating the symbols p’. For
the sake of simplicity, this word is also represented by M in this book.

In general, an application p : IN™ — IP* associates, with a vector v from IN™, a
word p(v) from IP*.

A transition ¢ is enabled by a marking M if and only if:

p(Pre(.,t)) S p(M). (2.19)
The firing of ¢ leads to a new marking M’, given by:

p(M') = p(M) U p(Post (., 1)) \ p(Pre(.,t)). (2.20)

The expression v Uw indicates the concatenation of words v and w, and v\ w denotes
the exclusion of the word w from the word v.

An observation is warranted here: the order of letters in words from the vocabulary
IP* is not important. For the sake of readability, places are typically written in alpha-
numeric order.

A firing sequence s can also be represented as a word in the vocabulary II'*, formed
from an alphabet of transitions t € II.

Unlike the words in the vocabulary IP*, the order of the letters t € T in a word
belonging to II'™ is important, as it indicates the firing order of ¢ in the sequence s.

Example 2.13 Grammar
Consider the Petri net depicted in FIG. 2.1, Example 2.1. The corresponding grammar
is defined by:

e The alphabet IP = {p1, p2, p3}, and
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a:pr — P1
o
C:py —pP3
d:ps—ps .

e The set of rewriting rules:

The initial marking M = [0 3 0]7 of the net corresponds to the axiom u(M) = p3 of
the grammar, from which new words can be derived. For sake of simplicity, we will use
the notation M = p3.

Equation 2.19 allows us to verify that, for the marking M = p3, only transitions a
and c are enabled, as u(Pre(.,a)) = pp € M and u(Pre(.,c)) = p3 C M. If transition a
is fired, we obtain, by applying Equation 2.20:

M' = p3 U pa\ p1 = p5p1 = p1 D5

Similarly, if transition c is fired from M, we obtain:

M" =p3 U ps \ ps = ps.

By applying equation 2.20 successively, it is possible to derive all the words correspon-
ding to the reachable markings from the initial marking. Thus, the grammar provides a
formalism for generating the set of reachable markings of a Petri net:

A(R, M) = {p5, p1p3, pipa, P2, p3}.

You can compare this set with the marking graph presented in Example 2.11.

Starting from the initial marking M = [0 3 0], or axiom M = p3, the sequences a,
a®b, abab, and cd (among others) are part of the effective vocabulary of the net, while
the sequences ba, dc, ac, and ca (among others) are prohibited. o

Although the rewriting rule a : p; — pops is quite similar to the propositional logic
formula p; — pa Aps, the Petri net cannot be used as a semantics for (monotone) classical
logic. This topic is addressed in chapter 8.

2.4 Properties of the Model

In this section, we will define the properties related to the marked Petri net: liveness,
boundedness, and reversibility, grouped together under the generic term of ”good pro-
perties.” Their definitions involve considerations about the set of reachable markings
from the initial marking. Marked Petri nets do not directly provide algorithms capable
of determining whether a property is verified, as the set of reachable markings is not
always finite. The methods for analyzing these properties based on the marking graph
will be presented in Chapter 3.

The properties related to unmarked Petri nets (which therefore do not depend on
their initial marking) allow deriving calculation methods directly from the definitions
through the resolution of a system of linear equations. These properties will be defined
in Section 2.5 concerning conservative and repetitive components.
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2.4.1 k-Bounded Marked Net
2.4.1.1 k-Bounded Place and Binary Place

A place p in a marked net N is k-bounded if and only if:
VM' € A(R,M), M'(p) <k. (2.21)
If k£ =1 the place is said to be binary or safe.

Example 2.14 Binary place

In the Petri net shown in FIG.2.1, whose marking graph is represented in FIG.2.11, for
the initial marking M = py® (or M = [0 3 0]7), place ps is binary, while places p; and p,
are 3-bounded. o

2.4.1.2 k-Bounded Marked Petri Net and Binary Marked Net

A marked net N is k-bounded if and only if all its places are k-bounded.

A marked net N is binary if and only if all its places are binary. It is also referred to
as safe.

The Petri net in FIG. 2.1, for the marking M = py3, is 3-bounded, or bounded with
k = 3. If its initial marking were M = p,, the net would be binary (however, transitions
c and d would never fire).

Example 2.15 Unbouded place

Consider the Petri net in FIG. 2.12, with the initial marking M = p;. Each time the
sequence s = ab is fired, a token is introduced into place ps3. Therefore, this place is
unbounded, and consequently, the net is also unbounded. The places p; and ps are also
unbounded.

pl
pl tl
a p2
p2 p3
\
t3 t2
b c p3 C-» t4
Figure 2.12: Unbounded Petri net. Figure 2.13: Unbounded Petri net (p3).

The Petri net in FIG. 2.13 is unbounded because of place p3, but places p; and ps
are bounded.

An example of an unbounded net that describes a classic mechanism is shown in
FIG. 2.14. If the opening of a parenthesis (left parenthesis) is associated with the firing
of transition a and the closing of a parenthesis (right parenthesis) with the firing of
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transition b, the sequences of transition firings that lead from the initial marking M = py,
to the same marking M, describe all allowed parenthesized expressions.

Figure 2.14: Parenthesis Petri net.

Clearly, this net is unbounded because it is always possible to open another parenthesis
(fire a) and thus place another token in place p;. o

Regarding the property of a net being bounded, or specifically, safe, it is important
to note that:

e The Petri net considered here always has a given initial marking (marked net).

e The concept of a bounded net corresponds to the fact that a physical system is
always bounded. However, one might use an unbounded Petri net when evaluating
the performance of a system independently of the limits of its intermediate storage
elements.

e The concept of a safe net has the following significance: if places represent logical
conditions, the presence of more than one token in a place indicates that an
inconsistency has been introduced into the model. Generally, this is a logical
condition set to I during one cycle of operation that was not used (was not set to
0) and is set to 1 again in the next cycle.

e In a safe net, only one process is represented. Any (effectively ) parallel transitions
that occur are the result of temporary divisions in the process, which later synchro-
nize (see the discussion in section 2.1.7).

2.4.2 Live Marked Net
2.4.2.1 Quasi-Live Transition

A transition ¢ of a marked net N =< R, M > is quasi-live if and only if there exists a
firing sequence s such that

s | M s M' and M -5 (2.22)

In other words, transition ¢ is quasi live if it can be enabled by a marking M’ in the
graph of reachable markings, obtained from the initial marking M through the firing of
a sequence of transitions s, possibly empty (s = A). It is said that ¢ can be enabled
from M through the firing of the sequence s. The above equation can be rewritten in

the form s | M -5,
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2.4.2.2 Live Transition

A transition t of a marked net N =< R, M > is live if and only if:
VM’ € A(R,M), 3s | M' - . (2.23)

To be live, the transition ¢ must be enabled from any marking M’ in the graph of
reachable markings through a firing sequence s.

Example 2.16 Quasi-live

Consider the Petri net in FIG. 2.15. The graph of reachable markings associated with
the initial marking M = p3 p, is given by FIG. 2.16. It is easily seen that transition d is
quasi-live, as it can be fired once (for the marking M = p3p,). However, it is not live:
after this firing, d is blocked and no longer enabled by any marking. On the other hand,
transitions a, b, ¢, e, and f are live, because for any marking accessible from M, it is
possible to find a firing sequence s that leads to a marking that enables them.

Figure 2.16: Marking graph (quasi-live transition).
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Example 2.17 Quasi-live transition in an infinite sequence

One must be careful because a transition may, without being live, appear an infinite
number of times in infinite sequences of transition firings. This is the case for transition
g in FIG. 2.17. The marking graph is the same as in FIG. 2.16 with a new arc labeled
by transition ¢ from marking psps; to marking psps. It can always be fired before the
firing of d, but it cannot be fired anymore after the firing of d.

Figure 2.17: Quasi-live transition and infinite sequence.

o
2.4.2.3 Live marked net
A marked Petri net N =< R, M > is live if and only if all its transitions are live:
VteT, VM € A(R,M), 3s| M' = . (2.24)

It is important to note that:
e Only the marked Petri net is considered here.

e A live Petri net ensures that no deadlock can be caused by the structure of the
net. However, it does not prove the absence of potential deadlocks caused by a
poor interaction between the Petri net and its external environment (see later in
Chapter 4 the problems related to the interpretation of the Petri net).

e A live Petri net also guarantees the absence of dead parts (never reached), with
the same observation regarding interpretation.

Example 2.18 Liveness
The Petri net in FIG. 2.1 from Example 2.1 is live for the initial marking M = [030]7
(or M = p3). However, the same Petri net with the marking M = [010]" (or M = ps)
is not live because ¢ and d are never fired.

The net in FIG. 2.15, discussed in Example 2.16, for M = p3p4, is not live, as
transition d is not live (it is quasi-live).

A Petri net can be unbounded and live: for example, the Petri net in FIG. 2.14 from
Example 2.15, where the sequence s = a b is always enabled regardless of the marking. ¢
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2.4.3 Reversible marked net
A marked net N =< R, M > is reversible if and only if:

VM' € AR, M), 3s| M — M. (2.25)

Thus, it is possible, starting from any reachable marking M’ of GA(R, M), to find a
firing sequence s that brings the net back to the initial marking M. Most systems have
repetitive operations and, therefore, the Petri nets used to represent them are reversible.

Example 2.19 Reversibility

Consider the marked Petri net in FIG. 2.1, whose reachable markings are shown in
FIG. 2.11 This net is bounded, live, and reversible, as is the Petri net in FIG. 2.18.
The Petri net in FIG. 2.19 is bounded and reversible, but it is not live. A bounded,
non-reversible and non-live Petri net is depicted in FIG. 2.20.

pl

p3

p2 p2 | t3

b t2

Figure 2.18: Bounded, Figure 2.19: Bounded, Figure 2.20: Bounded,

reversible and live. reversible, but not live. not reversible, not live.
o
Relaxed reversibility: home state M’
A marked net N =< R, M > have a home state M’ if:
3| My =5 M| VM € AR, M"), 3s| M —5 M’ (2.26)

It is possible to get back to the home state M’ from whatever marking M in the marking
graph obtained from M’, provided that it is possible to reach M’ from the initial marking
M.

Example 2.20 Home state
Consider the marked Petri net in FIG. 2.21.a, whose reachable markings are shown in
Figure 2.21.b. This net is non-reversible, as there is no sequence of firings that allows
returning to the initial marking M = p,p, after firing transition a. However, this net has
a home state, M’ = pap,. It is interesting to note that the Petri net is live, as from any
reachable marking from My = pip4, there exists a firing sequence leading to a marking
that enables each transition of the net.

o
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a) b)
Figure 2.21: a) Non-reversible Petri net; b) Associated marking graph.

Once again, it is important to emphasize that the properties that have been defined
are strongly related to the initial marking as shown in Example 2.21.

Example 2.21 The role of the initial marking

The Petri net in Example 2.20 is not reversible for the marking My = pyp4, but for any
of the following initial markings — M = popy, M = p1p3, or M = pops — the net is, both
live and reversible.

Conversely, the Petri net in Example 2.16 is not reversible for the initial marking
M = p3py, but it is reversible for the marking M = p;. However, it is not live, as
transition d will never be fired.

Consider the Petri net in Figure 2.22. For the marking M = p;ps, the net is binary,
live, and reversible. However, if a token is added to place p4, the net ceases to be bounded
(see the sequence abab...). Finally, for the marking M = p;, the net is binary but not
live (no transition is enabled).

S
L0,
I

Figure 2.22: Net with properties depending on the initial marking.

b

p1 ps
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2.5 Structural Properties

In this section, properties derived directly from the structure of the Petri net will be
considered, which, therefore, do not depend on its initial marking. These properties are
defined through the conservative place components and repetitive components. From
these structural elements, one can also use information about the marking, thus defining
the place and transition invariants, which provide some additional information about the
dynamic behavior of the Petri net.

2.5.1 Conservative Components, Place Invariant

Motivation

Consider the Petri net in FIG. 2.23 described in Example 2.1. It is a modified version of
the model in FIG. 2.1, where one reader is waiting in place p; and one writer is waiting
in place ps.

-1 1 0 0
1 -1 0 0
Cc = —1 1 -3 3
0 0 1 -1
0 0 -1 1
Figure 2.23: Readers and writers. Figure 2.24: Matrix C of FIG 2.23.

Observe the circuit formed by places p; and ps and transitions a and b in FIG. 2.23.
It is also represented in FIG 2.25. The sum:

M (p1) + M(p2)

equals 1 for the initial markingl My = [1 03 0 1]7. The firing of @ does not change this
sum, just like the firing of b, although the marking of each place is modified with each
transition firing. The firing of the other transitions in the net (¢ and d) also does not
modify this sum. For this example, it can be verified that, for all markings reachable
from the initial marking, we have M (p;) + M(p2) = 1, or more generally:

VM € A(R, Mo), M(p1)+ M(ps) = My(p1) + Mo(pa2).

The linear form M (py) + M (p2) = Mo(p1) + Mo(p2) is called a place invariant, as the
sum (generally weighted) of tokens is conserved for these places. The set of places p;
and py forms a conservative component of the net.

Considering now the circuit formed by places ps, p3 and p, and transitions a, b, ¢ and
d in FIG. 2.23, and also in FIG 2.25, one can verify that the set p,, p3 and p, forms a
conservative component, with the place invariant:

VM € A(R7 Mo), M(pz) + M(pg) + 3M(p4) =3.

A place invariant is a linear function of the marking of places whose value is a constant
that depends only on the initial marking of the net. It corresponds to a restriction on
the states and activities of the system that will always be satisfied, regardless of its
evolutions.
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p5

. ° Wwaiting

p2

o Rwaiting .

pl

reading

Figure 2.25: Circuits in FIG. 2.23.

Definition

The equation that allows determining the evolution of the net is the fundamental equation
(Equation 2.16). To obtain a weighted sum of the markings, the equation is pre-
multiplied by a vector f7:

M =M + 7 Cs. (2.27)

It is easy to verify that the only way to make the equation independent of the firing
sequences s is to nullify the product f7C.

A conservative component of a Petri net is the set of places p; € P corresponding to
the non-zero elements f; of the column vector f, 1, the solution of the equation:

f'C =0 with f > 0. (2.28)

Notation: '
For the sake of readability, the vector f* of conservatives components can be written as a
set of places f* = {p; | f; # 0}. The set notation can also be omitted. See Example 2.22.

From a graphical point of view, a conservative component defines a sub-Petri net.
Only places for which the corresponding component of f is non-zero, and the input
and output transitions for these places, are considered. The transitions have the same
number of input and output arcs (in simple cases).

A Petri net is said to be conservative if all places in the net belong to a conservative
component.

If f is a solution of equation 2.28, then the linear function:

fTM =T My VM € A(R, My), (2.29)

is the corresponding place invariant, also called a p-invariant.

The place invariant of a Petri net, obtained through equation 2.29, depends on the
initial marking, whereas the conservative component, obtained from equation 2.28, is
completely independent, since the structure, represented by matrix C', is the same.

The integer solutions of Equation 2.28, f7C' = 0 with f > 0, are also called p-flow
and can be calculated using the Gauss algorithm (see Appendix B). If all the coefficients
of a flow are positive, it is called a p-semi-flow and can be calculated using the Farkas
algorithm.
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The place invariant allows, without enumerating all reachable markings, obtaining
some information about the boundedness property of the Petri net, as will be seen in
chapter 3.

Example 2.22 Conservative components
The conservative components of the Petri net in FIG. 2.23, obtained applying Equa-
tion 2.28 with the matrix C' shown in FIG. 2.24, are:

fl=[11000",F=[00011)",f*=[01130]%,

and can be written using the notation introduced in page 2.5.1 as: f'=p; p2, f>=p4 ps,

f? =12 ps 1.
They define the sub-Petri nets in FIG 2.25. o

Example 2.23 Place invariants
The linear place invariants corresponding to the conservative components of Example 2.22
obtained applying Equation 2.29 for the values of f!, £2, and f3, are:

I o M(py) + M(p2) = Mo(p1) + Mo(p2) = 1
Iy: M(ps)+ M(ps) = Mo(ps) + Mo(ps) = 1
I3 . M(pa) + M(ps) + 3% M(ps) = Mo(p2) + Mo(ps) + 3 x Mo(ps) = 3.

Note that these invariants provide information about the processes in the Petri net:
e [i: describes the behavior of the reader: it is waiting or reading.
e [,: describes the behavior of the writer: it is waiting or writing.
e [3: describes the behavior of the resource: it is reading or writing.

Consider the Petri net in FIG. 2.23 again, but with another initial marking,
M} =[30301]T, where three readers are waiting in place p;. Invariants I, and I3 do
not change, but [; is now:

Iy« M(p1) + M(p2) = Mg(p1) + Mg(p2) = 3.

There are three readers that are waiting (p;) or reading (py). Different state are
allowed: one reading and two waiting, two reading and one waiting, three reading, or
three waiting. o

Example 2.24 Vector f and place invariants
Let us consider the example of the Petri net in FIG. 2.21.a. The matrix C' is given by:

-1 1 0

1 -1 0

¢ 0 1 -1
0 -1 1

Using equation 2.28, we find f! = [1 10 0]7 and f2=[00 1 1]7. Therefore, the net is
conservative since f(p) # 0 for every place p.
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Substituting the values of f! and f? into equation 2.29, for the initial marking M, =
[0101]7, we find the place invariants:

Iy o M(p1) + M(p2) = Mo(p1) + Mo(p2) =
Iy: M(ps)+ M(ps) = Mo(p3) + Mo(ps) =

The place invariant I; indicates that, for any marking reachable from M, the sum of
the tokens in p; and p, will always be 1. Therefore, in a marking M where M (py) = 1,
the number of tokens in p; will be zero. Additionally, it is known that there will never
be more than one token in p; and ps. o

2.5.2 Repetitive components, transition invariants

Motivation
Consider again in FIG. 2.23, the subnet formed by the transitions ¢ and d along with
their input and output places (ps, ps4, and ps). Note that firing the sequence s = cd from
the initial marking M = p3 returns to the same marking. This subnet is represented in
FIG. 2.26.a.

c a
p3 p4 p5 pl p2 p3
free writing Wwaiting Rwaiting reading free
3
d b
a) b)

Figure 2.26: Subnets of FIG. 2.23.

The sequence s = cd is a transition invariant, since the firing of such a sequence
does not change the marking of the net. The transition invariant corresponds to a cyclic
sequence of events that can be repeated indefinitely. The set of transitions ¢ and d of
the invariant forms a repetitive component of the net.

The sub net formed by the transitions a and b along with their input and output
places (p1, p2, and p3) is represented in FIG. 2.26.b. The sequence s = ab is another
transition invariant of the net in FIG. 2.23.

Definition

The set of transitions that, once fired from a marking of the net, return to the same
marking, can be calculated by using the fundamental equation 2.16. It is easy to verify
that, to obtain M’ = M in equation 2.16, the sequence s must be such that the column
vector s,,x; satisfies:

Cs = 0. (2.30)
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Every solution s of this equation is called a repetitive component, and the corresponding
sequence s is called a transition invariant or a t-invariant.

A Petri net is said to be repetitive if all transitions t € T belong to a repetitive
component. A repetitive component defines a subnet in which only the transitions for
which the corresponding component of s is non-zero are considered, along with their
input and output places. Other transitions connected to these places are not considered.

The repetitive component does not depend on the initial marking, unlike the corres-
ponding transition invariant, whose existence depends on it.

The integer solutions of Equation 2.30, C's = 0 with s > 0, are also called t-flow. If
all the coefficients of a flow are positifs, it is called a t-semi-flow.

If s is the characteristic vector of a sequence s effectively fired from an accessible
marking M, then this sequence s is a transition invariant.

The term repetitive may induce an error. It does not mean that the Petri net will
actually repeat a sequence of transitions leading back to marking M. Indeed, as discussed
in Section 2.1.8, this subnet depicts a (reduced) set of transitions that could be fired. It
is necessary to check if a combination of these transitions can be fired and lead the Petri
net back to marking M. This can be done by successively applying Equation 2.9 or by
using a simulator.

Notation:

For the sake of readability, the vector s’ of repetitive components can be written as a
set of transitions s' = {¢; | s'(t;) # 0}. The set notation can also be omitted, but it is
useful to remember that the repetitive component is an (unordered) set of transitions.

Example 2.25 Repetitive components 1
The repetitive components of the Petri net in FIG. 2.23, obtained applying Equation 2.30
with the matrix C' shown in FIG. 2.24, are:

st=[1100]" s*=[0011]".

They can be written as: s' = {a,b} and s* = {c, d}. Therefore, the net is repetitive, as
all transitions belong to a repetitive component.

They define the sub-Petri nets in FIG 2.26. Applying Equation 2.9 from the initial
marking M = pj, or using a simulator, reveals that only the sequences s' = ab and

s? = cd are indeed transition invariants. o

Example 2.26 Repetitive components 2
Applying the matrix C' of the Petri net in FIG 2.21.a (page 62) to equation 2.30 yields
the vector s = [1 1 1]7 which can be written as s' = {a,b,c}. Therefore, the net is
repetitive.

In such a small model, it is easy to verify that the sequence s = bac (from home state
M’ = pop,) is indeed a transition invariant and the only one. Any other combination of
the set s' is not fireable. o

Example 2.27 Batch system: structural analysis

Consider the batch-type system from the Example 1.2, whose Petri net is shown in
FIG. 1.17.b. The conservative components of this Petri net are given by the vectors
f1=[111110000]",f2=[000001100]",f2=[001000010]" and
f£=[000010101]7, that respectively define the following subnets, represented in
FIG. 2.27 formed by:
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e places pi, p2, p3, pa, and ps, and transitions t,, ty, t¢, ta, te, and t;: this subnet
represents the two manufacturing options for product Pry;

e places pg and p7, with transitions ¢, and ¢;: this subnet represents the manufacturing
of product Prs;

e places p3 and ps, with transitions ¢, and t.: this subnet represents the state
evolutions of reactor R;: if occupied, place p3 is marked; if free, place pg is marked;

e places ps, p7, and pg, with transitions t., t¢, t,, and ¢5: this subnet represents the
state evolutions of reactor Ry and its possible allocation to one of the two products.

Figure 2.27: Conservative components. Figure 2.28: Repetitive components.

The Petri net in FIG. 1.17 describes the system as a collection of communicating
processes (the subnets defined above) and, in addition to the system’s operation, also
shows its structure. Therefore, it provides both a behavioral and structural model of the
system.

The place invariants I; to I, obtained from vectors f! to f* and the initial marking
My=1[100001011]" (or My = p1pepspe), allow verifying that indeed the system
behaves as expected:

o I1: M(p1)+M(p2)+M(ps)+ M(ps) +M(ps) = 1: the batch Pry can be in waiting
(p1), in By (p2), in By (p4), being processed by reactor Ry (ps), or reactor Ry (ps).
The fact that there is only one token in one of the places p; ...ps indicates that
the system will indeed be in only one of these states.

o Io: M(ps) + M(ps) = 1: there is a batch Pry waiting (ps) or being processed by
reactor Ry (pr).

e I3: M(ps)+ M(ps) = 1: reactor Ry is free (pg) or processing batch Pry (ps).

o Iy: M(ps)+ M(p7)+ M(py) = 1: reactor Ry is free (pg), processing batch Pry (ps),
or processing batch Pry (pr).
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The information provided by the invariants is important for a larger Petri net, where
it is not always obvious to verify, without calculation, whether two or more places that
cannot be marked at the same time are indeed not marked.

The solutions to equation 2.30 are the vectors s' = [1 110000 0]7, s? =
[00011100]"ands*=[00000011]". They can be written as s' = {t,, t;,t.},
s* = {ta,tc,t;}, and s* = {t,,t,}. These repetitive components form the subnets,

represented in FIG. 2.28, with the transitions:

e t,, 1y, and t., with places p1, p2, p3, and pg: once batch Pr; passes through the
buffer and is processed by R;, a new cycle can restart.

o t4, t., and ty, with places pi, ps, ps, and pg: same behavior regarding Pry and Rj.

o t, and t;, with places pg, p7, and po: indicates the sequence of events beginning
the processing of Pry and its end.

The Petri net is repetitive since s(t) # 0 for all transitions ¢t € T. By checking all
combinations of the transitions for each repetitive component s', s, and s*, we find that
the sequences s; = totpte, s2 = tatety, and s3 = t4t), are fireable from initial marking
My = p1pgpspe, and they correspond to realizable t-invariants. o

2.6 Notes

AKERKAR (2009) presents knowledge-based systems and a broad variety of knowledge-
based techniques for decision support and planning.

2.7 Exercises

1 Review the modeling exercises proposed in Chapter 1. Verify if the parallel and
conflicting activities as well as the resources were correctly considered. For each
model, find: a) the matrix representation; b) the grammatical representation
(alphabet IP and rewriting rules ); c) the set of reachable markings, using
equation 2.10; d) the conservative and repetitive components; e) the place and
transition invariants.

2 For the net in FI1G.2.29, check which sequences are actually fireable. Change the
order of some of them (so that the characteristic vector is the same) and verify
which ones are not fireable.

@anpﬁ\bnmmc

U "/ U

Figure 2.29: Exercises 2 and 3.
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3 Check, using the enumeration of markings method, if the net in FIG.2.29 is live,
bounded, and reversible. Based on the calculation of repetitive components, verify
if the Petri net is repetitive.

4 The Petri net in FIG. 2.30.a describes a robot (free if P; is marked) used to load
(P,) and unload (Ps) a milling machine (free if Py is marked); the milling operation
is associated with place Ps. Determine for this net:

a) The conservative and repetitive components (and their respective place and
transition invariants);
b) The set of reachable markings.

Figure 2.30: Exercise 4 and 5.

5 For the Petri net in FIG. 2.30.b. determine:
a) The conservative and repetitive components (and their respective place and
transition invariants);
b) The set of reachable markings.



Chapter 3

PROPERTY ANALYSIS

This chapter presents three ways of analyzing the behavior of a Petri net: by marking
enumeration, structural analysis and reduction. For the first method, algorithms will be
presented that allow us to determine whether a given Petri net has the so-called good
properties. Although the properties of a live and reversible Petri net have been shown
to be decidable, no practical algorithm has been found in the general case. Only the
principles of the decidability proof concerning the bounded Petri net property will be
given, along with a method for determining other properties. Following this, other
methods that partially avoid marking enumeration will be presented.

Structural analysis is performed through the calculation of the conservative and
repetitive components and the corresponding invariants. This method, although not
always conclusive, allows, in some cases, for simpler and quicker determination of the
net’s properties.

When it is not possible to obtain the properties of the net through structural analysis,
and the net is such that enumerating the markings is too costly, a reduced Petri net can
be obtained through the reduction method. The analysis is then conducted on the
reduced model.

Finally, the relationships between the different methods will be described, along with
the order in which they should be used to obtain the properties of the modeled system.

3.1 Analysis by Marking Enumeration

This method is valid only for the marked Petri net. Therefore, to analyze the behavior
of the model for another initial marking, it is necessary to construct a new graph. The
advantage of this method is that if it is possible to construct the graph, all the properties
can be proved, as will be seen below.

It is initially necessary to observe that it is equivalent to say that the marked Petri
net is bounded and that the number of its accessible markings is finite, as the number
of places is finite.

In the same way, it is equivalent to say that the set of reachable markings is not finite
and that there exists at least one infinite sequence of firings which, when applied, does
not lead to any previously calculated marking of the net. Such a sequence is constructed
from a finite sequence, but with each firing of this sequence from a marking M, a new
marking is reached that is strictly greater than M in at least one place. Therefore, the
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set of reachable markings is not finite. One should not confuse an infinite sequence of
firings with a finite sequence that repeats indefinitely, always leading, at each firing of
this sequence, to the same marking in the set of accessible markings.

3.1.1 Decidability of the k-limited property

When enumerating the reachable markings, if this number is finite, the calculation
procedure will stop. However, if the number of markings is infinite, the calculation will
never end. Therefore, it is not evident, a priori, that the k-limited property is decidable.
Decidability arises from the following properties:

1. Monotonicity:
M, 3M’, 3s | M > and M’ > M = M' > .

If a sequence of transition firings s is fireable from a marking M, it will also be
fireable for any marking M’ that is greater than M (i.e., it includes all the tokens
of M and at least one additional token in some place). It follows from Equation 2.7
that if a transition ¢ is enabled by a marking M, it will also be enabled by M’ and
can be fired.

2. If IM, M" € A(R,M) | M - M’ and M’ > M then the marked Petri net
is unbouded. Indeed, it immediately follows from the previous point that the
sequence s can be repeated as many times as desired, and each time, the number
of tokens in at least one place is increased because M’ is strictly greater than
M. The sequence s is a non-stationary infinite-length sequence, which never pass
through the same markings.

3. Karp and Miller’s Lemma:

In any infinite sequence of vectors formed by non-negative integers vy, v, . . .,
Uk, ..., there exist at least two elements (in fact, an infinite number of
pairs) v; and v; with ¢ < j such that v; < v; or v; = v,.

The result is evident for vectors with only one component: an infinite sequence of
non-negative integers cannot be strictly decreasing. The proof for the general case
is provided in KARP (1969).

4. Now consider an infinite firing sequence s. The markings through which it passes
can be written as a sequence of vectors with non-negative integers. The Karp and
Miller lemma then implies that there exist at least two markings M; and M; in s
such that ¢ < j and M; > M; or M; = M;. In the first case, this implies that there
exists a subsequence s; such that

M =5 M and M > M

and the net is unbounded. In the second case (M; = M;), it means that there is
no need to continue, as everything accessible from M is also accessible from M;.

5. From a given marking M, the number of fireable transitions is bounded (the set T’
is finite), and the set of markings that are immediate successors of M is therefore
finite.
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3.1.1.1 Coverability Tree

The algorithm that determines if a marked Petri net is k-bounded is based on
constructing a tree called the coverability tree. Starting from the initial marking M,
each transition enabled by this marking creates a branch. The markings obtained by
firing these transitions are calculated, and the process repeats for each obtained marking.
The construction of a branch is interrupted when a marking M is found that:

e Is equal to another already calculated marking for which all successors have already
been or will be calculated. The last case corresponds to pending branches that will
be explored later (otherwise, a subtree already calculated would be re-explored);

e Is strictly greater than a marking M’ in the branch currently being explored:
ds | My > M',3s' | M" 2> M and M > M.

In the last case, the exploration of the tree is stopped because the marked net may not
be bounded. The value M’(p) that makes the marking strictly greater is denoted by w.
Otherwise, the exploration continues until all branches have been explored. This way,
it can be asserted with certainty that the marked net is bounded and that the set of
reachable markings is known. This procedure characterizes an algorithm because:

e It cannot have any branch of infinite length (Karp and Miller’s lemma);

e The number of branches is finite, as for each marking, the number of enabled
transitions is finite (less than the number of transitions in the Petri net).

According to the order of the exploration of the branches, whether in depth or in
width, the obtained coverability tree can be different for the same Petri net. If the goal
is to check if the net is bounded, it may be enough to stop when M > M’. However, it
can be interesting to continue the calculation to gain more information about the model.

A coverability graph can be obtained from a coverability tree when, instead of
interrupting the exploration of the tree when a marking M'(p) = w appears, one
continues to calculate the following reachable markings.

The boundedness property, checking that the number of tokens in each place does
not exceed a certain limit, ensures that the system does not overflow and that resources
are managed efficiently.

Example 3.1 Coverability tree
Consider the Petri net in FIG. 3.1. The coverability tree for this net is depicted on
FIG. 3.2. The tree stops at node 2 as p; p3 > p; in the branch 0 — 1 — 2. The symbol w
is used to indicate the marking of ps, even if there is only one token for that marking.
The same occurs for node 3 (p; p5 > p; in the branch 0 — 1 — 3). The coverability tree
allows to determine that the places p, and p3 are unbouded, and so is the Petri net.
The coverability graph is depicted on FIG. 3.3, continuing the calculation from the
coverability tree. This allows us to show that p; is also unbouded.
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Figure 3.1: Petri net. Coverability tree. Figure 3.3: Coverability graph.

3.1.2 Searching for Other Properties

It has been shown that the property of boundedness is decidable for a marked Petri net.
The construction of the coverability tree allows the verification of this property.

There is no general algorithm for the other properties, although they are, from a
theoretical point of view, decidable. However, most of the time, the desired goal is for
the constructed net to simultaneously possess all the good properties. The first step is to
verify if the net is k-bounded and to construct the reachability graph. Then, use graph
search algorithms (see Appendix A) to verify if the net is reversible or live.

Reversibility
A marked net N =< R, M > is reversible if and only if its reachability graph
GA(R, M) is strongly connected:

VM;, M; € GA(R, M), 3s | M; > M. (3.1)

Since the initial marking M is part of the graph, and the graph is strongly connected,
there exists a path (sequence s of transitions) between any pair of nodes (markings). In
this case, what matters is a path between any marking M; € GA(R, M) and the initial
marking M.

Liveness
A marked net N =< R, M > is live if the reachability graph GA(R, M) is strongly
connected and all transitions ¢ € T' label at least one arc of the graph:

Vt € T 3M;, AM; € GA(R, M), | M; 5 M. (3.2)

Therefore, if the net is reversible, it is enough to prove that it is quasi-live. If every
transition ¢ € T labels an arc (M;, M;) (quasi-live net), it is sufficient to verify if there
exists a sequence that, after M;, allows returning to M, and firing ¢. Now, if the graph
is strongly connected (reversible net), there exists a path between (M;, M) and (M, M;),
and the net is, therefore, live.
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If the graph is not strongly connected (non-reversible net), the net is live if, in each
strongly connected pending component (or connected subgraph), all transitions ¢t € T
label at least one arc.

The liveness property ensures that the system can continue to operate indefinitely
without getting stuck in a particular state.

Condition 3.2 is sufficient but not not necessary because a Petri net can be live for a
given marking without being reversible.

3.1.3 Analysis by Marking Enumeration: Key Takeaways

The analysis approach by enumerating accessible markings (which can be considered
verification since all states are generated) is as follows:

1. Verify if the marked net is bounded by constructing the coverability tree.

2. If the marked net is k-bounded, construct the reachability graph by folding the
leaves of the tree onto identical markings.

3. Check if the reachability graph is strongly connected.

4. If the reachability graph is strongly connected, verify that every transition appears
at least once as a label of an arc in the graph.

This approach allows for verifying if the marked Petri net is simultaneously bounded,
reversible, and live.

Consider Example 2.16. As also discussed in Example 2.21, the Petri net shown in
FIG.2.15 is not reversible because the graph is not strongly connected. Transitions a,
b, ¢, e, and f are live as they appear in both strongly connected pending components
(subgraphs). Transition d is quasi-live as it does not appear in any of the subgraphs.
herefore, the net is not live (it is quasi-live).

On the other hand, the net in Fig.2.21.a (Exemple 2.20), whose reachability graph
is given in Fig.2.21.b, is live because within the strongly connected pending component
formed by markings M = popy, M = p1ps and M = pops, all transitions in the net (a, b,
and c) label an arc.

3.2 Structural Analysis

The structural analysis method, based on repetitive and conservative components, as
discussed in Section 2.5, provides information about the behavior of the unmarked net.
The advantage is that the results are valid for any marking. However, it is not possible
to obtain conclusive information when f(p) = 0 and when s(t) # 0.

Place and transition invariants, derived from conservative and repetitive components
respectively, depend on the initial marking. Nevertheless, their calculation is simple and
fast, requiring only the substitution of the M, value in Equation 2.29 and writing the
transition sequences from the repetitive components. However, the same observation
applies: the result is not always conclusive.
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3.2.1 Conservative Components, Place Invariants

Conservative components allow us to consider only the structure of the Petri net, that
is, the unmarked net. The following information is obtained regarding the property of
boundedness:

e Any place that belongs to a conservative component is bounded;

e Even if a place p does not belong to any conservative component (f(p) = 0), p can
still be bounded; therefore, a non-conservative net can be bounded;

e An unbounded place does not belong to any conservative component; therefore, an
unbounded net is non-conservative;

e A conservative net is bounded (for any marking) since all its places are bounded.

Although it may seem strange at first that a property apparently so tied to the
marking can be obtained solely from the structure of the net, remember that the matrix
C in Equation 2.28 updates the tokens in the net, indicating the number of tokens added
to and removed from each place.

From the perspective of token conservation in the net, structural analysis provides
the following two results:

Place Coverage x Boundedness:

A Petri net for which there exists a coverage of conservative components! f7 > 0 is
k-bounded regardless of its initial marking.
Place Invariants x Limit Value:

The linear form f7M = f7 M, allows to calculate a limit for each place. Indeed, as
the components of f and the markings are non-negative numbers, we have for any place
p:

f(p)M(p) < £ M,

and consequently, the following limit (which is not necessarily achieved):

7 M,

M=)

(3.3)

Example 3.2 p-invariant information
As seen in Example 2.24,the place invariants of the net in FIG.2.21.a, for the initial
marking My = [0 1 0 1]T are given by:

Iy i M(py) + M(ps) =1
Iy: M(ps)+ M(ps) = 1.

Invariant [; shows that places p; and py are binary, because for any marking reachable
from My, the maximum number of tokens is 1. Another piece of information provided
by this invariant is that when place p; is marked, the number of tokens in ps is zero
(the same reasoning applies to invariant /5 and places ps3 and p4). This information goes

LA coverage of conservative components (respectively, repetitive) is formed by a positive component
— or a set of positive elementary components — that spans all places (respectively transitions).
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beyond the notion of boundedness: it shows the relationship that exists between the
markings of places. To establish this relationship among all places in the net, simply
calculate the linear combination f = f! +f2 = [1 1 1 1]7, and find the corresponding
linear place invariant (for My =[010 1]7):

M(p1) + M(pa) + M(ps) + M(ps) = 2.

The net is conservative because all places belong to a conservative component. o

Example 3.3 Non-conservative Petri nets

Consider Example 2.15. The Petri net depicted in FIG. 2.12 is non-conservative as
it has no semiflows, as well the net in FIG. 2.19. Then nothing can be said about
their boundness. However the coverability graphs allows to proof that the Petri net in
FIG. 2.12 is unbounded whereas the one in FIG. 2.19 is bounded.

The Petri net shown in FIG. 2.13 is also non-conservative: it has one conservative
component: f = pyps but ps does not belong to any conservative component. It proves
that p; and p, are bounded but there is no proof for the p; boundness.

The Petri net shown in FIG. 2.22, Example 2.21, whose matrix C' is given by:

-1 1 0 0
1 -1 0 O
Cc = 0O 0 1 -1
0O 0 -1 1
0O 1 -1 0
has two conservative components: 8 =[1 100 0] and 2 =000 1 1]. There is no

coverage of place, since for any linear combination of f! and f2, f(p3) = 0. Therefore,
the net is non-conservative. However, this net is live and binary for the initial marking
M = pips, which is easily verifiable by calculating the reachable markings. For the
initial marking M = pypsp4, the Petri net is unbounded. Therefore, it is not possible to
conclude about the token limit in a place p for which f(p) = 0. o

Example 3.4 Batch system: conservative components
Consider the batch-type system presented in Example 1.2, whose conservative components
were calculated in Example 2.27.

The support of the conservative components is given by f = ft + f2 4+ 3 4 f =
[111111111]". Since all places belong to the support (indeed, Vp € P, f(p) # 0),
the net is conservative. Therefore, without calculating the reachable markings graph,
the structural analysis proves that all places are bounded, and that the net is bounded.
It is not necessary to know the initial marking of the net; this result is valid regardless
of the initial marking.

The invariants [; to Iy (Example 2.27) allow calculating an upper bound for the
marking of each place. This bound may never occur; what is guaranteed is that the
marking will always be less than or equal to it. The calculation of the invariants is
valid only for the initial marking used in Equation 2.29. From invariant Iy, for My =
(10000101 1]", we obtain the equation:

VM € A(R, M), M(p1) + M(p2) + M(ps) + M(ps) + M(ps) = 1
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and it can be verified that, for any reachable marking, the maximum number of tokens,
for places pi1, ps2, ps, psa, and ps, is one. Again, it is known that the limit is one, but it
cannot be guaranteed that it will be reached, that is, whether these places will actually
be marked for any marking. Analyzing the other invariants, it can be verified that the
net is safe, as the maximum number of tokens for all places in the Petri net is one. ¢

It is necessary, however, to emphasize that a Petri net can be bounded for a given
marking without having a coverage of conservative components. This is the case for the
example in the following.

3.2.2 Repetitive Components, Transition Invariants

Liveness and boundedness properties can also be defined from repetitive components:
e Every live, bounded, and reversible Petri net is repetitive (the converse is false).

e If the net is non-repetitive (3¢, s(t) = 0) then either it is not live or it is not
bounded.

e A repetitive net (V£, s(t) > 0) may not be live.

Transition Coverage x Bounded and Live:
Every Petri net that is both live and bounded for at least one initial marking has a
coverage of repetitive components s > 0. This follows from the following facts:

e Bounded = there is a finite number of markings enabling a given transition;
e Live = there are infinite-length sequences;
e Bounded and live = there is a repetitive sequence.

It’s straightforward to confirm that the opposite of the second point is incorrect. Typically,
one can select a marking in which all places are empty.

The Petrinet in FIG. 2.21.a is bounded, live, and reversible for the marking M = popy,
as seen in the graph in FIG.2.21.b (Example 2.20), using the analysis by enumeration
of markings. Therefore, the net must be repetitive, as indeed it is, since s = [1 1 1],
as seen in Example 2.26. However, the opposite is not true, as this repetitive net is not
reversible for the marking M = pp,4, although it is bounded and live.

Example 3.5 Non-repetitive Petri nets
Consider again Example 2.15. The incidence matrix C' of the Petri net in FIG. 2.12 is
given by:

-1 1 1
C = 1 -1 0
1 0 -1

The only value of s that satisfies Equation 2.30 is s = [0 0 0]7, which indicates that the
net is non-repetitive. Consequently, it is either not live or not bounded. By constructing
the reachable markings graph, it can be verified that the net is indeed unbounded.
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The net in FIG. 2.19 (Example 2.19) has one repetitive component, s = t1t,. However,
transition t3 does not appear in a repetitive component, meaning that either ¢3 is not
live or the net is unbounded. Since the net is non-conservative, as seen in Example 3.3,
structural analysis does not provide useful information. The marking graph proves that
this Petri net is bounded and reversible but not live, as t3 is not live. o

Example 3.6 Repetitive Petri nets

The Example 2.27 has presented the repetitive components of the batch-type system.
The support of repetitive components is given by s =s' +s>+s*=[1111111 1]
Since all transitions belong to the support (indeed, Vt € T, s(t) # 0), the net is repetitive.

The net in FIG. 2.9 is also repetitive, with s = [1 1 1 1]7 but is not live for the
marking M = pips, as seen in Example 2.10. It is, therefore, important to note that the
existence of a coverage of repetitive components does not guarantee liveness.

The Petri net shown in FIG. 2.13 has two repetitive components, s’ = ¢, and s? =
t1tsty. All transitions appear in a repetitive component therefore the net is repetitive.
All these three models are repetitive, but nothing can be said about their liveness.  ©

Why does an element s(t) = 0 imply that the net is either not live or not bounded?
The idea behind the repetitive component, and in particular, the corresponding transition
invariant, is that firing this sequence does not change the initial marking, as indicated
by equation 2.30. Now, if a transition ¢ does not belong to a repetitive component, then
it does not belong to any sequence that leads back to the initial marking. There are two
reasons for this:

e The net is unbounded, it is impossible to return to the initial marking because
there is a growth in tokens with each firing of ¢;

e The net is not live because transition ¢ has a deadlock, making it impossible to
return to the initial marking.

Why does an element s(t) # 0 not allow us to determine if the net is live? This
fact stems from the limitation of matrix C' to represent the Petri net?, as extensively
discussed in Section 2.1.8.2.

Although the structural analysis of the net does not always provide a conclusive
answer about the properties of the model, its computation is straightforward, without the
time and memory costs required for computing the reachable markings graph. Moreover,
it provides, at a glance, information about the structure, such as the token limit for a
set of places or the set of transitions whose firing would lead to the initial marking.

3.3 Analysis through Reduction

The method of analysis by enumeration of markings, presented in Section 3.1, is extremely
burdensome to implement when the size of the set of reachable markings becomes large,
due to the combinatorial explosion of the number of states. One solution is to apply
reduction rules so that the initial Petri net and the reduced net are equivalent in terms

2See chapter 8, where linear logic is used to characterize the firing sequence.
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of properties. Thus, the enumeration analysis method can be applied to a reasonably
sized net, and the properties of the original net can be deduced.

The notion of equivalence does not necessarily imply that the two nets have the same
sequences of transition firings or the same place or transition invariants. The goal is that
the general properties, if verified in the reduced net, to be considered as those of the
original net. However, in certain specific cases, the application of some rules necessary
to reduce the net does not preserve all good properties.

3.3.1 Substitutable Place

Informally, a substitutable (or removable or deletable) place is a place that serves
solely as an intermediate step between two transitions (or sets of transitions). The firing
of the input transition (or one of the input transitions) is a sufficient condition to enable
the firing of the output transition (or one of the output transitions). The simplification
involves merging the input transitions with the output transitions, two by two.

Let p be a place with initial marking M (p) and let ¢, be an output transition from p
and t; an input transition to p. For p to be substitutable, it is necessary that:

Vt; € T\Vt, € T, Pre(p,t,) = Post(p,t;) and
Vg #pe€ PVt, €T, Pre(q,t,) =0 (3.4)
M(p) = 0. (3.5)

and the pair (t; t,) is replaced by the transition t;, such that:

Vg€ P,q#p, Pre(q,ti) = Pre(qt;) and
Post(q,ti,) = Post(q,t;) + Post(q,t,). (3.6)

thus eliminating place p.

Example 3.7 Substitutable place

Consider the Petri net in FIG .3.4. The firing of one of the two transitions a or b is a
sufficient condition to enable the firing of transition c or d (both are in conflict). Place p4
serves only as a passage and can be removed. Its removal yields the Petri net in FIG.3.5.

pl p2 p3
¢ ) pl p2 p3

a b

m ac ad bc bd
c d

Figure 3.4: Replaceable place py. Figure 3.5: Place psy removed.
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The input transitions t; of a place p can have other output places besides p, which
is not an issue. For example, in FIG. 3.6, transition ¢; has place p; as an output in the
original model, and p; remains an output place of transition ¢;5 in the reduced Petri net.

pl

Figure 3.6: a) Replaceable place py; b) Place ps removed.

The most common case corresponds to long linear sequences (places and transitions
have only one incoming arc and one outgoing arc), as in the Petri net in FIG. 3.7. The
sequences will be condensed into a model with a single transition, as in the case of ¢,p.q,
depicted in FIG. 3.8.

p3 p4 pS

O. O A F
OO0 EY OO
O O 070

Figure 3.7: Substitutable places p3, p4, ps. Figure 3.8: Reduced PN.

Two important remarks should be highlighted regarding the preservation of Petri net
properties:

1. If the substitutable place contains tokens, it is necessary to fire the output transition
before removing it. However, in this case, the reduced net and the original net are
no longer equivalent in terms of the reversibility;

2. If the output transition of the substitutable place does not have output places, the
reduced net and the original net are no longer equivalent in terms of the property
of k-boundness.

Example 3.8 Non-preservation of properties
Refer back to Example 2.20. To make place p; of the net shown in FIG. 2.21 substitutable,
transition a must be fired. The new initial marking in the reduced net is psps, Which
makes it reversible, whereas the original Petri net was not reversible for the marking
P1pP4.

Now take place p, from the Petri net in FIG. 3.6.a, which is substitutable. This
place is unbounded because it is possible to fire transition ¢; without firing transition
to as many times as desired. However, the reduced net in FIG. 3.6.b becomes bounded.
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If transition t5 had an output place in the original net, the reduced net would remain
unbounded as well. o

3.3.2 Implicit Place

In a way, a substitutable place is not very useful since it is simply a relay between
two transitions. Similarly, we can say that an implicit place is unnecessary because its
marking should be calculable from the marking of a subset of places and it should not
introduce any additional constraint for the firing of its output transitions. Of course,
implicit places generally have a clear meaning in terms of the system being modeled.

3.3.2.1 General case:

If the marking of a place p € P is a linear combination of the marking of a set of
other places in the Petri net £ C P, this means that there is a conservative component
coverage {p} U E. We therefore have the following definition.

A place p of a Petri net < P,T, Pre, Post > whose initial marking is M, is implicit
if and only if it belongs to a conservative component f covering a set {p} U E such that:

f(p) <0 and Vp; € E,f(p;) >0 (3.7)
2. £ (pi)- Mo (pi)
Mo(p) > £(p) (3.8)
f(ps)

Vt € T and Pre(p,t) # 0;3p; € E | Pre(p,t) <

o) Pre(p;,t) (3.9)

The condition 3.7 indicates that the conservative component f must have a negative
weight for p and positive weights for the other places p;. Indeed, the place invariant
f-M =f- My, must show that there are sufficient tokens in p.

The condition 3.8 is a condition on the initial marking. If there are initially tokens
in places p; but none in place p, p might have an insufficient marking and thus limit the
firing of its output transitions.

The condition 3.9 implies that p does not limit the firing of ¢ any more than the
places p; do, considering the weights of the places in the conservative component f.

The reachability graph of the Petri net (P, T, Pre, Post) is the same as that of the
reduced Petri net obtained by eliminating place p. Therefore, all the good properties
(k-bounded, live, and reversible) are preserved.

Example 3.9 Implicit place

Consider the Petri net in FIG. 3.9.a. The aim is to show that place p; is implicit with
respect to the set of places E = {ps, ps}, and can therefore be removed. To do so, one
must search for the conservative components.

The basis B of linearly independent vectors is formed by the conservative components
f1=[01111]" and 2 =[100 1 1]7. The goal here is to find a vector f, which
is a combination of vectors f! and f2, covering the set p; U E = {p,,ps} such that its
components f; and f5 are zero. Such a vector is obtained through the linear combination
f=f'—f2=[-11100]%, with f(p;) = —1 which satisfies condition 3.7.
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Figure 3.9: a) Implicit place p;. b) Reduced net. ¢) Counterexample.

Applying f in equation 2.29, with the initial marking My = [0 0 0 0 0]%, yields the
linear place invariant:

M(1) = M(2) + M(3)

Therefore, one can calculate at any instant the marking of place p; as a function of the

markings of places p, and p3. This linear invariant satisfies condition 3.8:
Mo(py) = £(p2). Mo (p2)+£(p3) Mo(ps) _
0\P1) = £(1) -
The only output transition from place p; is transition ¢, which satisfies condition 3.9:

Pre(py,t) = fws) fep1) . Pre(ps, c) = Pre(ps, c).
Therefore, place p; can be removed without affecting the firing sequences of the
transitions. Thus, we obtain the reduced net shown in FIG. 3.9.b. o

Naturally, from the perspective of representing system states, a substitutable place
may play an important role. For instance, the marked place p; in Example 3.9 indicates
that the process formed by the activities executed between the firing of a and ¢ is still
ongoing.

Two key factors need to be considered.

e The initial marking of the net alters the equation used to calculate the marking of
the implicit place.

e [t is not sufficient for the marking of a place to be a function of the marking of a
subset E for it to be implicit.

These issues will be addressed in the following examples.

Example 3.10 Implicit place (cont.)
Continuing from Example 3.9, if place py (or p3) is marked, M) = [0 1 0 0 0]" (or
M,=100100]"), the new invariant is:

M(1) = M(2) + M(3) — 1.
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Consequently, the fact that place p, contains a token is no longer sufficient to assert that
place p; contains at least one token. However, for the initial marking Mj =[10000]"
(only place p; is marked), the new invariant is M (1) = M(2) + M(3) + 1, and p; is an
implicit place. o

Example 3.11 Implicit place counterexample

Consider the Petri net model in FIG. 3.9.c. Transition d is an output transition from
place py, which has at least one input place (not shown) that does not belong to the set
E = {ps,p3}: it does not satisfies condition 3.8. In this case, place p; is not implicit.
Indeed, the fact that the other input place of d has a token does not imply that p; also
has a token. Moreover, in this net, the firing of d can only occur after the firing of a
(and before the firing of ¢). If place p; is removed, this condition for the firing of d no
longer exists, which alters the behavior of the net. o

3.3.2.2 Identical Places and Degenerated Implicit Places:

Two types of implicit places, illustrated by FIG. 3.10.a and 3.10.b, are easily recognized:
identical places and degenerated implicit places.

b)
Figure 3.10: a) Identical places; b) Degenerated implicit place.

e Two places p; and p; are identical if they have the same input and output transitions,
with the same arc weights:

Vt € T, Pre(p;,t) = Pre(p;,t), Post(p;,t) = Post(p;,t) and
Mo(pi) = Mo(p;) (3.10)
This corresponds to the case where the set E' is reduced to a single place, {p;}).

We then have M (p;) = M(p;). This is the case for places p; and ps in FIG. 3.10.a.
It is then said that p; is implicit in relation to p, and can be removed.

e The place p is a degenerate implicit place if it is connected to the Petri net only
by elementary loops and its initial marking is sufficient:

Vt € T, Pre(p,t) = Post(p,t) and (3.11)
Vit €T, My(p) > Pre(p,t) (3.12)

This corresponds to the case where the set E is empty. The marking of place p
does not change. This is the case for places p in FIG. 3.10.b.
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The same observation made for the Petri net in FIG. 3.9.b applies to the net in
FIG. 3.10.b: the result of the analysis does not change when removing place p, but
in this case, the information that the resource p is needed and shared by the two
transitions is lost.

3.3.3 Identity Transition

The transition ¢; in a Petri net (P, T, Pre, Post) is an identity transition, or a neutral
transition, if it is connected to the rest of the Petri net only by elementary loops:

Vp € P, Pre(p,t;) = Post(p,t;), (3.13)

and one of these conditions is satisfied:

dt; € T ,Vp e P, Pre(p,t;) < Pre(p,t;) (3.14)
or dt, € T ,Vp € P, Pre(p,t;) < Post(p,ty). (3.15)

The net is reduced by removing the transition ¢;, which does not change the liveness
of the Petri net.

The firing of ¢; does not change the marking (condition 3.13), and either there exists
a transition ¢; that, if it is enabled from a marking M;, ensures that ¢; was also enabled
(condition 3.14), or there exists a transition ¢, that produces a marking M; allowing ¢;
to fire (condition 3.15).

In other words, condition 3.14 guarantees that ¢; produces a marking that enables
t;, and condition 3.15 guarantees that ¢; has the same firing conditions as ¢;. In both
cases, if these transitions are live in the reduced net, it ensures that ¢; is live in the initial
net. Removing ¢; does not change the liveness of the Petri net. Otherwise, what may be
being removed from the net is a dead part of it. The reduced net may, in this case, be
live, while the original net is not, as shown in Example 3.13.

Example 3.12 Identity transitions

An identity transition is illustrated in FIG. 3.11.a by transition ¢. Transition t; satisfies
condition 3.14 and transition t, satisfies condition 3.15. It is sufficient for one of the
conditions to be fulfilled.

In the Petri net of FIG. 2.17, described in Example 2.17, transition g is neutral (it satisfies
condition 3.13)) and can be removed, as transition d has the same firing conditions (it
satisfies condition 3.14). The original and the reduced net (depicted in FIG. 2.16) are
both quasi-live. o

Example 3.13 Identity transition counterexample

A counterexample is provided by the Petri net in FIG. 3.11.b. Although transition
d satisfies Equation 3.13, it cannot be removed because neither condition 3.14 nor
condition 3.15 is fulfilled. The original net is quasi-live, as shown in the marking graph in
FIG. 3.11.c: after the firing of transition a, transition d can no longer be fired. Conversely,
the reduced net, obtained by suppressing d, is live, as depicted in FIG. 3.11.d. o
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a) b) d)

Figure 3.11: a) Neutral transition ¢; b) d (not simplifiable); ¢) Marking graph of FIG. 3.11.b;
d) Marking graph of FIG. 3.11.b removing transition d.

3.3.4 lIdentical Transitions

Two transitions ¢; and ¢; in a Petri net (P, T, Pre, Post) are identical if they have the
same input and output places with the same arc weights:

Vp € P, Pre(p,t;) = Pre(p,t;) and Post(p,t;) = Post(p,t;)

It is evident that one of the two can be eliminated without changing the properties
of the Petri net.

Example 3.14 Identical transitions
The Petri net in FIG. 3.12.a provides an example of two identical transitions ¢; and ¢y;
the simplified net with respect to transition 5 is shown in FIG.3.12.b.

p1 D2 b1 P2

t1 to 131

D3 4 ps3 4

a) b)

Figure 3.12: a) Identical transitions ¢; and to; b) Simplification of ¢y

Example 3.15 Batch system: analysis through reduction

Consider again the

batch-type system from the Example 1.2 and its Petri net model shown in FIG. 1.17.
Place ps is substitutable because conditions 3.4 and 3.5 are satisfied. Its output

transition (¢.) has an output place (p;), so the properties will be preserved in the reduced
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net (see remark page 3.3.1). Places p; and p; are substitutable for the same reasons.
The reduced net is shown in FIG. 3.13.

pL{ @ ni( @

ta td ta td
p6

p2 p4 p2 p4
P8 po

Figure 3.13: Reduced Petri net, first step. Figure 3.14: Reduced Petri net, 2nd step.

Places pg, ps, and pg are implicit degenerate places because condition 3.11 is satisfied.
From condition 3.12, we have: My(ps) > Pre(ps, tyn) = 1, Mo(ps) > 1 and My(pe) > 1.
The reduced net is shown in FIG. 3.14.

Places ps and p4 in the net shown in FIG. 3.14 are substitutable because conditions 3.4
and 3.5 are satisfied. Their output transitions (¢,. and ¢.;) have an output place (p;), so
the properties will be preserved in the reduced net shown in FIG. 3.15.

In the third step, place p; becomes an implicit degenerate place and can be eliminated,
provided it contains at least one token (condition 3.12 issatisfied for My(p1) > 1). The
reduced net is shown in FIG. 3.16.

pl{ @

tabc tdef tgh

tabc tdef tgh

Figure 3.15: Reduced Petri net, 3rd step. Figure 3.16: Reduced Petri net, 4th step.

Finally, in this last reduction step, transitions ¢,, and t4.; are identical to transition
tave- The net is reduced to a single transition and no places. It is k-bounded because
no place can contain an infinite number of tokens, and it is live and reversible since
transition 4. can be fired without constraint.

Note that this is a degenerate case of a Petri net since there are no places. However,
it can still be represented by a system of rewriting rules. The initial marking is the
empty set My = (), and the transition is t.. : 0 — 0.

This matches the result of the marking enumeration analysis (FIG. 1.18), indicating
that the Petri net is k-bounded, live, and reversible for its initial marking. However, it is
important to emphasize that these properties are verified for all initial markings of the
form:

My =[n;0000n60ngn9]"

with

n1217n6217n8217n921
and that it is therefore possible to increase the number of batches to be processed (p;
and pg) and the number of reactors of each t ype Ry (ps) and Ry (pg) without issue.
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However, it is clear that the reduced Petri net has lost all significance relative to the
modeled system. o

3.4 Relationship between various analysis methods

A distinction is sometimes made between verification and formal proof. Verification
involves enumerating all possible cases before concluding whether a property is true or
not. Formal proof is a deductive process that allows conclusions to be drawn without
enumerating all cases. Therefore, the analysis by enumerating the markings accessible
from a given initial marking falls under verification, while the calculation of components
is more akin to proof. However, if the net is not k-bounded, only the coverability
tree is constructed, which may be considered a proof. When the net is reduced before
enumerating the markings, the method falls somewhere between proof and verification.
Although the calculation of components is more of a proof, enumerating all components
is a verification process. Thus, the distinction is far from clear, and we prefer to speak
of analysis.

When dealing with a Petri net representing a somewhat complex system, no method
guarantees that the properties of a marked Petri net can be fully obtained. Marking
enumeration (Section 3.1) can be difficult due to a combinatorial explosion in the number
of states. More importantly, it does not allow one to determine whether a non-k-bounded
net is live. Yet, analyzing the behavior of a system with a few unbounded intermediate
stocks might be necessary. Additionally, this approach must be entirely redone whenever
the initial marking changes. However, the initial marking of some places may represent
a pool of available resources, and it would be beneficial to have a result independent of
the exact number of resources.

It may also happen that it is not necessary or interesting to construct the set of
reachable markings. Therefore, one must resort to one of the other two methods to
obtain information about the system: structural analysis and reduction.

Considering the reduction method (Section 3.3), it is only possible if its structure
is not too complex. The use of the substitutable place rule may require changing the
initial marking. However, the elimination of a degenerate implicit place, imposing only
a minimum value for the marking, allows for considering cases with undefined initial
markings. For example, in the Petri net shown in Figure 3.10.b, place p can be removed
for any initial marking M (p) > 1.

Moreover, if the reduced net lacks the desired properties, the cause of the problem
remains unknown, with no clear path to correction. If the net is not k-bounded, the
specific places that are unbounded remain unidentified. If the net is not live, the
unexecutable transitions or the markings corresponding to deadlock remain unknown.
The reduction procedure gradually diminishes the significance of places and transitions,
making it impossible to relate them to the elements of the system being modeled.

Structural analysis (Section 3.2), through the calculation of positive conservative
and repetitive components, provides useful information for correcting an incorrect model.
Places not belonging to any positive conservative component are likely to be unbounded.
Transitions not belonging to any repetitive component are likely to be non-live, or the
net can be unbounded.

As we have seen, structural analysis essentially decomposes the initial net into p-
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subnets and t-subnets, which generally have a clear meaning concerning the system being
modeled. p-subnets typically correspond to resources passing through various states,
while t-subnets describe behaviors, or sequences of events involving various resources.

The use of place invariants allows us to show that certain places are bounded and
calculate their bound, without enumerating the set of reachable markings. Transition
invariants only provide necessary but not sufficient conditions. However, they provide
a set of transitions whose appropriate order in a sequence could lead back to the initial
marking.

In conclusion, we see that it is often useful to combine various approaches: reducing
the initial net, enumerating the markings of the reduced net, identifying components to
better understand the model, etc.

Characterization of markings
Let us consider a marked Petri net (R, M), where R = (P, T, Pre, Post) with incidence
matrix C' = Post — Pre.

Several sets of markings can be defined. First, there is the set of markings that are
actually reachable from M, denoted as A(R, My), by firing the transitions of R, using
Equation 2.9.

One can also define the set of positive (or zero) markings M, which are solutions
to the characteristic equation M = My + C'.s (Equation 2.16), where s is any vector of
non-negative integers corresponding to different firing sequences. It is possible to write
a vector s > 0 that does not correspond to any fireable sequence s, as discussed in
Section 2.1.8. However, if the resulting marking M is negative, such a sequence is not
fireable.

Finally, from the set of conservative components {f'}, solutions to f7.C' = 0 (Equa-
tion 2.28), one can consider all the non-negative solutions to fi.M = fiT.M, (Equa-
tion 2.29), which represent all the markings compatible with the place invariants of R
for M.

It is evident that reachable markings are solutions to the characteristic equation and
that the solutions to the characteristic equation are compatible with the conservative
components.

Reachable
markings 1

Fundamental
equation

Place invariants

Figure 3.17: Characterization of markings.

The question that arises is: are these three sets identical? The answer is no. FIG. 3.17
illustrates the relationship between the different sets of markings obtained in each of the
three sets. Set 71”7 corresponds to the reachable markings A(R, M). Set ”2” corresponds
to the positive markings M’, which are solutions to the fundamental equation for s > 0.
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This set necessarily includes the first one but may be larger. Set ”3”, defined by the
linear place invariants, includes set ”2” but may be strictly larger.

These different ways of characterizing the markings can be illustrated through the
following example.

Example 3.16 Marking characterization
Consider the Petri net in FIG. 3.18, with My = [1 0 0 0], whose matrix C' is shown in
FIG. 3.19.
The set of reachable markings, obtained through the application of Equation 2.9, is
given by { My, M, }, with My — M; =[0100]T. Tt corresponds to set 717 in FIG.3.17.
To apply Equation 2.16 from the initial marking My, it is necessary to list all possible
(positive) characteristic vector s, as seen in Section 2.1.8.1.

P

-1 -1 1 1
1 -1 0 0
¢ = 0o 2 -2 0
0 0 1 -1
Figure 3.18: Different sets of markings. Figure 3.19: Matrix C of FIG 3.18.

Vectors s’ =[1 0007, s>=[1110]7, and s* = [1 1 1 1]7, correspond respectively
to sequences s; = a, so = abc, and s3 = abed (as well as their permutations). These
vectors lead to positive markings when applying Equation 2.16 from My = [1 0 0 0].
Specificaly, s! results in M; = [0 10 0]7, s? yelds My, = [0 0 0 1], and s® brings the
marking back to Mz =[1000]7 = M.

The vector s* = [1 1 0 0]7 (associated with sequences ab and ba) would produce the
solution My = [—1 0 2 0]%, which is not acceptable because it is a negative marking.
Other vectors as [0 1 0 0]7, [0 0 1 0]7, and [0 0 0 1]7, produce also negative markings.

Other possible vectors do not produce any new markings. Thus, the set of markings,
obtained through the application of Equation 2.16, is given by { My, My, Ms}. It corres-
ponds to set 72”7 in FIG.3.17. However, Ms is not a reachable marking from M, as can
be seen by moving the tokens in FIG. 3.18.

Let us consider now the place invariants. The Petri net in FIG. 3.18 has a single
conservative component f = [1111]7 (see calculation method in Appendix A). Applying
Equation 2.29 for the marking My = [1 0 0 0]7, the linear place invariant obtained is:

M(p1) + M(ps) + M(ps) + M(ps) = 1.
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The only markings that satisfy this invariant are as follows: My = py, My = po,
My = py, and M3 = p3, because the sum of the markings of all places must be equal to 1.
The set of markings { My, My, My, M3} corresponds to set ”3” in FIG. 3.17. Markings M
and M, are the only truly accessible ones; marking M, present in set 72”7, and marking
M35 are not reachable from M. o

This example illustrates that the only way to truly determine the set of reachable
markings is to calculate the graph of reachable markings by successively applying equa-
tion 2.9. This is why the enumeration of markings is sometimes indispensable. When
the three sets are equal (or very similar), structural analysis using positive conservative
and repetitive components is the most comprehensive.

3.5 Particular Results: subclasses

This section discusses three subclasses of Petri nets with unitary weighting for which
there are specific analysis results. For other Petri nets with unitary weighting (beyond
these subclasses), it’s necessary to use the methods seen previously.

3.5.1 Binary Petri net and Grafcet

A binary Petri net is a 1-bounded Petri net. The marking of places is either zero or
one token. Thus, places can be equated with logical conditions, true (one token) or false
(zero tokens). This class corresponds to sequential logical controllers (and therefore,
also to Grafcet). It is the only class for which simple implementations can be realized.
The coverability tree is simpler because the algorithm stops as soon as a place contains
more than one token. Therefore, the method of analyzing reachable markings is often
preferred.

3.5.2 State Machines

A subclass of Petri net with unitary weighting is a state machine (not to be confused
with the concept of finite state machines) if and only if very transition has exactly one
input place and exactly one output place.

Formally, a Petri net R = (P, T, Pre, Post) is a state machine if:

VteT, dp; € P | Pre(p;,t) =1, dp; € P, Post(p;,t) =1 (3.16)
and Vp € P, p # p;, Pre(p,t) =0, Vp € P, p # p;, Post(p,t) = 0. (3.17)

This subclass models conflict but does not model either concurrency or synchronization.

A Petri net of the state machine type forms a conservative component that encompasses
all places. Therefore, it is bounded regardless of its initial marking, and all properties are
decidable. Since transitions have only one input place, a Petri net of the state machine
type is live and reversible if it contains at least one token in each repetitive component,
and if each of these components is strongly connected.

Example 3.17 State machine
The two Petri nets in FIG. 3.20 belong to the state machine subclass because they satisfy
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conditions 3.16 and 3.17. Therefore, both are bounded. The repetitive components
s'=11100]" and s> =[0 01 1] of the Petri net on the left are shown in FIG. 3.21.
Since each component is strongly connected and contains at least one token (in this case,
three tokens), then the Petri nets in FIG. 3.20 are also live and reversible.

a Cc
a [
p2 P 02 02
b d b d
Figure 3.20: Petri nets of state machine subclass. Figure 3.21: Repetitive components.

Notice that the Petri net in FIG. 2.1 is not a state machine since it does not satisfies
condition 3.16 because Pre(py,c) = 3 and Post(ps,d) = 3. o

3.5.3 Event Graph

A subclass of Petri nets with unit weighting is an event graph if and only if very place
has exactly one input transition and exactly one output transition.
Formally, a Petri net < P, T, Pre, Post > is a state machine if:

Vpe P, 3t;eT, Pre(p,t;) =1, Vte T, t#t;, Pre(pt)=
and dt; € T, Post(p,t;) =1, Vte T, t #t; Post(p,t) =

A circuit in an event graph is a non-null length path, starting from ¢;, and returning
to t;,. It is the graphical representation of a sequence of transitions s = ¢, t;, ...t;, such
that ¢, = t;, and:

v(tjr7 tjr+1) Elplr ’ pi’!‘ € POSt(t]r> a’nd pir € Pre(tjr+l)'

The circuit s is elementary (it does not pass through the same transition twice, except

for the first and last) if:

Vi, € S, Vt, € s with ¢, 7é tjl , L1 7é tjk then ¢ # .

Every elementary circuit of an event graph is a conservative component.
The number of tokens in a circuit of the event graph does not change with firings.
As a consequence, these are necessary and sufficient conditions:

e An event graph is live for a given initial marking if and only each of its elementary
circuits contains at least one token. A live event graph is reversible.

e An event graph is bounded (regardless of its initial marking) if and only if every
place belongs to at least one of its elementary circuits. If every place that belongs
to a circuit contains only one token the event graph is safe.
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Therefore, liveness and boundedness properties are decidable in a Petri net of the
event graph type.

Example 3.18 Event graph
The Petri net in FIG. 3.22.a is an event graph because every place has only one incoming
and one outgoing arc. The three elementary circuits C7, Cy, and Cj, are shown in

FIG. 3.22.b. They correspond exactly to the conservative components calculated using
Equation 2.28: f1 =[110000],f2=[011110]and f2=[00001 1].

Figure 3.22: a) Event graph; b) Elementary circuits.

In all elementary circuits in FIG. 3.22.b, there is one token; therefore, the Petri net
shown in FIG. 3.22.a is live. All places belong to some elementary circuit; thus, this
Petri net is bounded. It is safe, as all places in a circuit contain only one token. o

3.6 Validation and Verification Using Petri Nets

In the context of system modeling and analysis, validation and verification are critical
processes that ensure the system behaves as intended and meets its requirements. Petri
nets, as a powerful formal modeling tool, play a significant role in both these processes.

Verification is the process of checking whether a system conforms to its specification.
Using Petri nets for verification involves analyzing the structural and behavioral proper-
ties of the modeled system to ensure it meets predefined criteria. Key aspects of
verification with Petri nets include the proof of liveness, boundedness and reversibility
properties. Other properties can be proved using model checking CLARKE (1999) such
as:

e Reachability Analysis: Determining whether a certain state (marking) is reached,
or can be reached from the initial state. This helps in identifying deadlocks,
livelocks, and other critical states.

e Safety Properties: Verifying that certain undesirable states are never reached,
ensuring the system avoids critical failures.

Validation, on the other hand, is the process of ensuring that the system fulfills
its intended purpose and meets the needs of its users. Validation using Petri nets
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involves simulating the model to observe and analyze its dynamic behavior under various
conditions. Key aspects of validation with Petri nets include:

e Simulation: Running the Petri net model with different scenarios and inputs to
observe its behavior. This helps in understanding how the system operates in
practice and identifying potential issues.

e Behavioral Analysis: Examining the sequences of events and transitions to ensure
they align with the expected operational procedures and goals.

Verification provides confidence that the system is mathematically and logically
sound. This reduces the risk of critical failures and ensures robust system performance.
Validation ensures that the system performs as expected in real-world scenarios, meeting
the practical needs and expectations of its users.

The following simple example can show the difference and the complementarity of
this dual approach.

Example 3.19 Validation vs. Verification

Paul and Mary want to design a robot. Paul needs a robot that emits light and plays
a sound (at the same time) when it starts an operation. Mary needs a robot that goes
right or goes left. The designer made the Petri nets in FIG. 3.23 to FIG. 3.25.

pl
stopped
t1
p2 p3
3 t2
Figure 3.23: PN1. Figure 3.24: PN2. Figure 3.25: PN3.

The verification consists of answering the following question: Do these nets have
the good properties (bounded, live, reversible)? Constructing the marking graph allows
for proving that the Petri nets in FIG. 3.23 and FIG. 3.24 are both bounded, live,
and reversible. Therefore, both models are sound. The one in FIG. 3.25, as seen in
Example 3.1, is unbouded. This model is not correct. Indeed, transition t; is fork, but
the join is missing.

As for the validation, two scenarios can allow to check the user specification:

e Scenario 1: the robot starts the operation, in parallel it plays a sound and emits
light, then it ends the operation.

e Scenario 2: the robot goes right, move for a while; goes back to the initial point,
then goes right again and goes back, then goes left and goes back to the initial
point.
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Scenario 1 allows for checking Paul’s specification. It can be executed in the Petri
net of FIG. 3.23 by firing the sequence s, = tot t3ty, where t5 corresponds to "start the
operation”, t; to "play a song”, t3 to "emits light”, and ¢4 to "end of operation”.

Scenario 2 allows for checking Mary’s specification. It can be executed in the Petri
net of FIG. 3.24 by firing the sequence sy = tit4t1tststs, where t; corresponds to ”go
right”, t3 to "go left”, ¢4 to ”go back from the right”, and ¢5 to ”go back from the left”.

The model PN2, even if it has all the good properties, is a wrong model for Paul, in
the same way that the model PN1 is a wrong model for Mary. o

Key Takeaways:
The following methods have been seen in this chapter for analyzing the Petri nets:

e Marking graph: Provides proof about liveness and reversibility when the Petri net
is bounded.

e Coverability tree: allows us to determine which places can be unbounded, but
provides no information about liveness and reversibility.

e Conservative component: A place p is bounded if it belongs to at least one conser-
vative component. If p does not belong to any conservative component, nothing
can be said about its boundedness.

e Repetitive components: If a transition ¢ does not belong to any repetitive compo-
nent, it is not live or it leads to an unbounded marking. If ¢ belongs to some
repetitive component, nothing can be said about its liveness. Only the construction
of the coverability graph can prove that p, is unbounded.

All these methods allow for the verification of a Petri net and is a necessary step in
the design for ensuring correctness. Indeed, in general, if the net does not have good
properties, it is because the modeling is incorrect and should be reviewed.

However, verification is not sufficient and is essential to also validate the model.
Structural analysis can provide information about the model’s structure, even if it is
not possible to proof the liveness and boundness. You can check with a simulator if a
t-invariant leads back to initial marking Mj, and you can use the p-invariant for ensuring
some user specification. Validation by simulation is an important and user-friendly step
in the design process. However, some bad scenario can be missed in the simulation, as
in the Petri net of FIG. 3.31 (try to fire the sequence of transitions t,1t,;). It is crucial
not only to build expected scenarios, but also unexpected and bad ones.

3.7 Some techniques for modeling large systems

When modeling large systems, the key issues of a Petri net representation are the
following:

e Calculability: Is there any algorithm for the analysis?

e Modularity: Is it possible to decompose a complex system?
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e Composition: If the modules have the good properties, does the composition of
such modules also have good properties? Or is it necessary to analyze the overall
(composed) system?

The first question was answered by the algorithms used for the formal analysis of
a Petri net model presented in previous sections. This section shows how to obtain a
(overall) Petri net model of a complex system from smaller Petri net models, using the
concepts of stepwise refinement and composition.

3.7.1 Stepwise Refinement

Stepwise refinement is a top-down design where a transition in a Petri net can be replaced
by a entire Petri net. It is possible to start with a small overall model, and refine it with
more details each time a transition is replaced. To begin with a correct model, a well-
formed block with all the necessary properties is first defined.

Definition 3.7.1 (Well-formed block). A well-formed block is a Petri net with one input
transition t; and one output transition t,. If a place p is added to the well-formed block
such that Pre(p,t;) = Post(p,t,) =1, then the Petri net is bounded, live, and reversible.

The well-formed block (WFEB) is represented inside the red dotted line in FIG. 3.26.
Examples of WFB are: sequence, if-then-else, do-while, fork-join, etc.

Figure 3.26: A well-formed block connected to a place p.

Stepwise refinement is a process of abstraction done in two steps:

e Start with a rough draft model providing an abstract vision of the overall system,
with shortened transitions (associated with complex tasks).

e From this initial Petri net, replace the shortened transitions with well-formed blocks
representing a more detailed vision of these complex tasks.

If the abstract Petri net is a well-formed block and the transitions are replaced by well-
formed blocks, then the obtained overall Petri net is well-formed and is also bounded, live
and reversible. This stepwise refinement approach makes it possible to model and analyze
complex systems, while preserving the properties of individual, well-formed blocks.
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3.7.2 Composition

Petri net composition is an object-oriented process and allows for a Botton-up design.
The system to be modeled is decomposed in objects or modules. Composition is also
done in two steps:

e Start from a detailed Petri net model of each module.

e The overall Petri net is constructed from the composition of these models, by
merging some of the individual Petri nets’s places or transitions.

Unlike stepwise refinement, even if each module is bounded, live and reversible, the
overall Petri net obtained by composition does not necessarily preserve these properties.
Therefore, it is necessary to analyze the obtained overall model by one of the three
methods seen in this chapter. When using analysis by marking enumeration, or through
reduction, there is no relation between the analysis of the overall net and the original
nets. It is not the case when using structural analysis, as it will be seen in the upcoming
sections on Petri net composition.

Even though it is necessary to analyze the composed net, it is mandatory to analyze
the Petri net of each module model before the composition.

Let us recall the key points about Petri net structural properties and analysis, as
discussed in Sections 2.5 and 3.2. Conservative components, which are solutions to
the equation f7M = 0, and repetitive components, which solve the equation C's = 0,
depend solely on the structure of the Petri net and are independent of the initial marking.
Place invariants (or p-invariants) and transition invariants (or t-invariants), however, do
depend on the initial marking. A repetitive component indicates a possible loop in the
Petri net. A t-invariant, or realizable t-invariant, if it exists for a repetitive component,
is an ordered sequence of transitions that actually that can be repetitively fired from a
reachable marking. The term realizable emphasizes this distinction.

3.7.2.1 Synchronous composition

In a synchronous composition, transitions that represent the same events in both modules
are merged.

Let R, =< P,,T,, Pre,, Post, > and R, =< B,, T}, Prey, Post, > be two Petri nets.
Let T, be the set of transitions associated with the same events in R, and R;. These are
the transitions that will be merged to build the overall Petri net. Define T,; = T, \ 7.
as the set of internal transitions of R,, and similarly, T;; = T}, \ T, as the set of internal
transitions of Ry.

We denote Pre, = [Prey; Pre,| and Pre, = [Prey. Prey|, with the same notation
applying for Post, and Post,.

The Petri net from merging R, and R, is the net

R=<P,UPR,T,;JT.UT,,, Pre, Post>

with
Tai Tc Tbi
Pre = Pre,; Preg. 0 P,
0 Prey.  Prey, B,
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and
Tai Tc Tbi
Post = Post,; Post,. 0 P,
0 Posty,. Posty; b, .

Let M, be the initial marking of R, and M, the initial marking of R;,. The initial
marking of the overall net R is given by MT = [MI M]].

As previously mentioned, the overall Petri net resulting from the synchronous compo-
sition of live, bounded, and reversible nets is not necessarily live, bounded or reversible.

However, as directly derived from the construction of Pre and Post matrix, conserva-
tive components are preserved in a synchronous composition, and new overall conservative
components can emerge.

Internal repetitive components that involve only the transitions of T,; or Ty; are also
preserved, while new overall repetitive components can emerge.

Proof. Let us note C, = [Cy; Cye] and Cp, = [Cy. Cy;]. The incidence matrix of the overall
Petri net is then :

Tai Tc Tbi
C = Post — Pre = Cui Cue O P,
0 Cih Chu B,

With 7 written [ £7 £ ], the equation f7.C' = 0 becomes [ f7 £ |.C' which can be
developed into :

[ [ -Cai] [£] - Cac + £ .Coe] [£.Coi] =10 0 0]

By choosing f, = 0 or f, = 0 it is clear that we find the conservative components of
the subnets R, and R;.

In the same way, the equation C.s = 0 produces
[ [Cai-Sai + Cac-8e]  [Coe-Se + Chinspi] 17 =10 0]7

By choosing s, = 0 and s;; = 0 we obtain the equations defining the internal
repetitive components of R,. By choosing s,; = 0 and s, = 0 we obtain the equations
defining the internal repetitive components of R,. They are therefore preserved. O

Example 3.20 Synchronous composition
Consider the Petri net modules R, and R, represented on the left and right, respectively,
in FIG. 3.27. Both are bounded, live, and reversible. R, has one conservative component
f1' = [1 1] (or f, = {p1,p2}) and one repetitive component s = [1 1] (or s, = {t1,t2}).
Ry has one conservative component I = [1 1] (or f, = {ps,ps}) and one repetitive
component s{ = [1 1] (or s, = {t3,t,}). For the initial marking M? = [1 0] in R,, the
sequence s, = t;ty is a realizable t-invariant, as is the sequence s, = t4t3 for M = [0 1]
in Rb-

FIG. 3.28 depicts the synchronous composition of these nets, obtained by merging
transitions ¢; and t3 to form transition ¢,3, and merging t, and ¢4 to form transition to4.
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In other words, t; and t3 are assumed to correspond to the same event and are both
renamed ¢13. Similarly, transitions ¢, and ¢, are renamed to4 and the set T, is {13, t24},
with T,; and Tp; being empty in this elementary case.

The overall net has four conservative components: ff = [f1 0], ff = [0 f[], which
retain the preserved conservative components f, and f,, and two new ones, f7 : [1 0 0 1]
(or f3={p1,pa}), and £ : [0 1 1 0] (or f4 = {p2,p3}). The overall net is proved to be
bounded. There is a new repetitive component s” = [1 1] (or s = {t13,%24}), so nothing
can be deduced about liveness, and marking enumeration must be performed. In fact,
the resulting Petri net in FIG. 3.28 is not live, as neither ¢3 nor t94 can be fired from
the initial marking M7 =[1 0 0 1] (or M = pyp4). The vector s does not correspond
to any realizable t-invariant for this initial marking.

p1 p4

Figure 3.27: Two Petri net modules. Figure 3.28: Synchronous composition.

One reason the overall net is not live could be due to the choice of the initial marking
of Ry. If it were set to ps3 instead of py, the new initial marking of the overall Petri net R
would be pyps. It retains the preserved internal conservative components f, and f, and
has two new ones, f3 = {p1,p2} and f; = {ps,ps}. The net is proved to be bounded.
The new repetitive component {t3,%2,}, for initial marking M = p;ps, does correspond
to the realizable t-invariant s = ty3ta4.

Another reason could be a design error because in fact the transitions to be merged,
i.e., representing the same event, are ¢; and ¢, (transition t14) and ¢y and ¢3 (transition
ts3). The obtained Petri net in FIG. 3.29 is then live, bounded and reversible for initial
marking M = pypy.

pl p4

Figure 3.29: Synchronous composition of t; — t4 and to — t3.

Only the designer, with knowledge of the system, can determine where the error
occurred.

&

An example is provided in Appendix D, demonstrating how an itinerary of the
transportation system from Example 1.1 is derived through the synchronous composition
of sections. A further example is presented in Section C.2.
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3.7.2.2 Asynchronous composition

In an asynchronous composition places that represent the same activities (or the same
resource states) in both modules are merged. This approach can be used to build a
system sharing resources. The places representing the idle state of a shared resource
involved in various contexts are merged.

Let R, =< P,,T,, Pre,, Post, > and R, =< B,, Ty, Prey, Post, > be two Petri nets.
Let P, be the set of places associated with the same activities or resource states in R,
and R, — these are the places that will be merged to build the overall Petri net. They
have therefore the same initial marking in R, and R,. Define P,; = P, \ P. as the set of
internal places of R,, and similarly, Py; = P, \ P. as the set of internal places of Ry.

We denote Pre, = [Preq; Preg]t and Prey, = [Prey. Prey]?, with the same notation
applying for Post, and Posty,.

The Petri net from merging R, and R, is the net

R=<P,UP.UPB,;,T,UT,, Pre, Post>

with
T, Ty
Pre — Pre,; 0 P,
- Preg. Prey,. P,
0 Prey, Py
and
T, Ty
POStai 0 Pai
Post = Post,,. Posty, P.
0 POSth‘ Pbi

As in the case of synchronous composition, the overall Petri net obtained by the
asynchronous composition of live, bounded, and reversible nets is not necessarily live,
bounded and/or reversible.

However, as directly derived from the construction of Pre and Post matrix, repetitive
components are preserved in an asynchronous composition, and new overall repetitive
components can emerge.

Internal conservative components involving only the places of P,; or P, are also
preserved, while new conservative components can emerge.

Example 3.21 Asynchronous composition
Consider the Petri net modules shown in FIG. 3.30. Two resources, P.; and P., (e.g.,
robots), are used in a manufacturing system to produce two different product ranges. In
the product range A (the net on the left), resource P, is used for activity P,s and P, for
activity P,3. In the product range B (the net on the rigth), P, is used for Pz and P
for Pyy. Place P,; indicates that a new product A can be produced after activities P,
and P,3 have been completed. Place P, has a similar meaning for the product range B.
Both Petri net models in FIG. 3.30 are correct: they are bounded, live, and reversible.
FIG. 3.31 shows the asynchronous composition of these nets, obtained by merging
places P.; and P.. The resulting Petri net is bounded but neither live nor reversible.
Sequences s, = tqitaates and s, = tyityetss, which are fireable in the Petri net of each
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product range in FIG. 3.30, are still fireable in the overall Petri net. However, after
firing sequence t,1ty1 or ty1t,1 in the overall net shown in FIG. 3.31, leading to marking
P, Py, a deadlock occurs, and no transition is enabled, highlighting a design error.

Let us analyze using the structural analysis. R, has three conservatives components,
far = {Pa2, P}y fay = {Pa1, Paz, Pas}, and fo, = {P,3, P2}, and one repetitive compo-
nent s, = {ta1,ta2,ta3}. Rp has three conservatives components, f,, = {Pys3, P}, fo, =
{Py1, Py, Pp3}, and f,, = { P2, P2}, and one repetitive component s, = {tp1, tp2, tp3}-
For the initial marking M, = P,; P.1 P, in R,, the sequence s, = t,1t.2t.3 is a realizable
t-invariant, as is the sequence s, = ty1tyoty3 for My = Py Py P in R,,.

The overall net R, in FIG. 3.31 has P. = {P.1, P}, Py = {Pa1, Paa, Pas} and By; =
{Py1, Pya, Pp3}. This net retains the preserved internal conservative components f,5 and
fio, and has two new ones, fy, = {Pus, P, P2}, and fy, = {Pa2, B3, Pa}. The overall
net is proved to be bounded. No new repetitive component emerges in the overall net,
and it retains the repetitive components s, = {ta1, ta2, taz} and s, = {tp1, tp2, tes}. These
sets can be fired from the initial marking P,; P.1 P.oP,; and are therefore realizable t-
invariants. However, the overall Petri net is not live: the firing of sequence t,1t,; (or
tpita1) leads to a deadlock.

Figure 3.30: Two Petri nets. Figure 3.31: Overall Petri net.

In this example, an error may have occurred in the modeling of the product range
B. If P, is actually used for Py and P., for Py3, the overall Petri net is as shown in
FIG. 3.32. In this case, no deadlock occurs, and the overall Petri net is live, as well as
bounded and reversible. This net retains the preserved conservative components f,5 and
fio, and introduces two new ones, fy, = {Pas, Ps3, Pea}, and f,, = {Pa2, P, P }. It also
retains the repetitive components of R, and R}, which correspond to the firing sequences
S1 = taltagtag and SS9 = tbltbgtbg from the initial marking M = Pa1Pc1Pc2Pb1-
o

A more complex example is provided in Section D.2 demonstrating how the intersec-
tion of sections of the transportation system from Example 1.1 is derived through the
asynchronous composition of sections.

3.7.3 Communication by token passing

A particular case of asynchronous composition is communication by token passing. A
message sent by a Petri net corresponds to an output place, and a message received
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Figure 3.32: Asynchronous composition with a different design.

corresponds to an input place. These two places are merged during asynchronous
composition. This approach can be used to build an overall system made up of elements
which communicate by means of messages passing through buffers (the merged places).

Example 3.22 Token passing

Consider two machines, A and B, that must communicate with each other to execute its
own operations, as represented on FIG. 3.33:

e A can start only after B has finished;

e B can start only after A has already started.

Bfinished
T
Machine A Machine B
Astarted _

r

Figure 3.33: Two communication machines.

If the two machines A and B were independent, the Petri net model would be the one
represented on FIG. 3.34. However, this is not the case; they need to communicate, and
communicating places are added to each model, as depicted on FIG. 3.35. In the machine
A model, place p3 is associated with predicate B has ended, and p4 is associated with
predicate A has started. In the machine B model, place ¢4 is associated with predicate
B has ended, and ¢3 is associated with predicate A has started. The overall model on
FIG. 3.36 is obtained by merging places having the same predicate: p3 and ¢4 into place
p4q3, as well as places p4 and ¢3 into place p4q3.

B ended

B ended A started
() OXR (o)
start A startB
A started
t2 v2
- end A end B . - end A

Figure 3.34: Petri nets. Figure 3.35: Adding places. Figure 3.36: overall PN.
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The composition does not guarantee that the overall obtained model will retain the
properties of the initial modules. It is necessary to analyse the overall model. In the case
of this example, and for this marking, the overall model retains the three properties. <

Notice that in this particular case of asynchronous composition, only the initial and
final models, shown in FIG. 3.34 and FIG. 3.36, need to be analyzed. The model shown
in FIG. 3.35 will always be non-live: ¢; can fire once from the initial marking M = p;ps.

3.8 Notes

More information about Petri net reduction can be found in BERTHELOT (1987).

If you used the Tina toolbox to assist you with Petri net editing and simulation
in the exercises in Chapters 1 and 2, you can use it now for the analysis by marking
enumeration as well as structural analysis. Refer to Appendix E for a short manual.

3.9 Exercises

1. Based on the results obtained in Exercise 1 of chapter 2, analyze the behavior of
each Petri net. Interpret the results obtained, especially the invariants.

2. Analyze the Petri nets in FIG. 3.37 using the reduction method. Detail each step,
naming the rule and justifying its application.

a) b)

Figure 3.37: Analysis by reduction.
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3. Consider the Petri net in FIG. 2.30.a with the initial marking My, = P, P, and
FIG. 2.30.b with the initial marking My = P, Ps and their respective conservative
and repetitive components, calculated in Exercise 4 proposed in chapter 2.

a) What can be deduced about the properties of the Petri net? Is the net conserva-
tive? Is it repetitive?

b) For the initial marking M, and the already calculated invariants, what additional
information is there about the properties? Is it possible to determine if the Petri
net is live and bounded?

¢) Find the coverability tree of this net. If there is a deadlock, provide the sequence
that produces it, starting from the initial marking;

d) For the Petri net in FIG. 2.30.b, find the sequence that allows firing t3 and
compare it with question a).

4. Consider the Petri net model in FIG. 3.38, which represents one section of the
transportation system discussed in Example 1.1. Transition ¢, represents the
moment when the vehicle reaches the contact, which causes it to stop (i.e., it
is no longer moving). The Petri net model in FIG. 3.39 introduces the notion
of a cell, which is occupied only when the vehicle is in motion within the section.
Identify which transitions correspond to the same events, and create a synchronous
composition of these models.

enterS M stopC C leaveS
t1 t3
Pl sfree p2
P3| @

Figure 3.38: Petri net of a section. Figure 3.39: Petri net of a cell.
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Part 11

DATA, TIME, AND EXTERNAL
ENVIRONMENT



Chapter 4

INTERPRETED NETS: DATA AND TIME

The first part of this book defined the basic model of Petri nets, also called ordinary Petri
nets. Only the structure is represented, and conflicts, for example, are not resolved. It
models only the causal relationship between actions: the event start of operation happens
before the event end of operation. In binary Petri nets, the token only indicates whether
the proposition associated with the place is true or not. Generally, the token acts as a
counter.

Petri nets can be used to describe sequences of processes acting on complex data
structures, such as signals that allow communication with the external environment (like
sensors and actuators) and explicit temporal constraints. This data structure can also
be a hierarchy of object classes (for example, the part class, with attributes: operation
order, machines where it will be processed, etc.). In this case, it is a high-level Petri net,
the subject of Chapter 5.

In the case of interpreted Petri nets, variables are associated with the transitions of
the net — representing conditions and actions present in the system. These variables can
indicate the state of actuators, sensors, etc., thus allowing the modeling of interaction
with the external environment.

In an ordinary Petri net, as in FIG. 4.1, a transition may be fired when it is enabled.
Enabling is a necessary and sufficient condition for firing: if there is no conflict, the
transition fires. When there is a conflit, the non-determinism can be resolved, for
exemple, by associating a priority with the transitions, as presented in Section 2.2.

Then the chosen transition is fired.
o FONNE
AP th th

OO PO PO

to to v var(d) to ¢End/
Figure 4.1: Ordinary PN. Figure 4.2: With time. Figure 4.3: With data.

The Petri net in FIG. 4.1 is live, bounded, and reversible. Transition ¢; is enabled for
the initial marking M = p;p3 and fires (the firing is indivisible and has zero duration),
leading to a new marking M’ = p,. In turn, ¢, is enabled and fires, returning the net to
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the initial marking.

Suppose place p; represents parts waiting; place ps, part being worked on; place ps,
machine free; transition t; represents start of operation and to, end of operation. As long
as places p; and p3 are marked, the events start and end of operation, corresponding to
the sequence t,t5, will occur.

In the real system, the time between the start of the operation (firing of ¢;), when
place py is marked, and the end of the operation (firing of ¢5), corresponds to the duration
of the operation and is therefore non-zero.

There are different ways to represent the occurrence of events associated with the
start and end of the operation, whether for simulation, emulation, or implementation
purposes.

e Elapsed time: To correctly represent the behavior of a system where the elapsed
time is important, it is necessary for the model to consider temporal information.
Time can be considered explicitly through a Boolean variable whose value depends
on time. Consider FIG. 4.2 and let d be the duration of activity part being worked
on (place pg). If var(d) is associated with transition o, this transition will fire only
if, in addition to place py being marked, the time d has elapsed after t; firing. Note
there is no information coming from the system.

e Information from the external environment: A sensor in the system (real or simula-
ted) can be represented by a Boolean variable associated to a transition, indicating
the state of this sensor, and used as an additional firing condition. Consider
FIG. 4.3 and let End be a Boolean variable indicating the state of an end of
operation sensor. Transition t, will fire only if, in addition to place p, being marked,
End = 1.

In both cases, M(p2) = 1 is a necessary condition for the firing of ¢5, but it is not
sufficient.

4.1 What is Interpretation?

4.1.1 Semantics of Places, Transitions, and Tokens

Interpreting a Petri net means, above all, giving a concrete meaning to a mathematical
model by associating the places, transitions, and tokens with elements existing in the
system.

As seen in Chapter 1, places can be interpreted as activities in a discrete event
system, part stocks and resource states in a manufacturing system, logical conditions in
a sequential logic system, tasks being executed in a computer system, etc.

A transition can correspond to an event considered to have zero duration, as indicated
in FIG. 4.4.a. It can also be associated with an activity or task, provided that it is
indivisible or non-interruptible. Such a transition is, in this case, called an abbreviation
of an elementary sequence, consisting of a start transition ¢;, a place p describing the
activity or task, and an end transition t,, as indicated in FIG. 4.4.b. The two Petri nets
in this figure have the same properties (boundedness, liveness, reversibility) because
place p is a substitutable place (see reduction rules in Chapter 3).
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Figure 4.4: Association of an activity with a transition.

Tokens can be interpreted as physical objects, information, data structures, or resour-
ces. Such entities are subjected to events (firing of transitions) that cause them to change
state (move from one place to another).

4.1.2 Interaction with data and the environment

Modeling an open system (a system constantly communicating with the external environ-
ment) using Petri nets involves structuring it into two parts: control and data.

The control structure of the modeled system is defined by the structure of the Petri
net describing the sequences of processes to be performed by a system.

These processes must be specified during modeling, complementing the information
contained in the Petri net structure. This requires associating the specification of
processes with transitions or places. In the former case, the process executes uninterrup-
tedly when the transition fires; in the latter, it unfolds as long as the place is marked.

Sometimes, certain processes are not systematically executed immediately after the
completion of the preceding processes. Their execution may be subject to conditions
that deal with certain data such as conditional instructions (e.g., ”if-then-else”). Such a
behavior is described by a place with multiple output transitions. From the perspective
of Petri net theory, this characterizes a situation of conflict. The firing of one of the
conflicting transitions occurs when some supplementary firing condition is true.

In the case of ordinary Petri nets, this supplementary firing condition can be a priority,
as seen in Section 2.2. In the case of systems that interact with their environment,
supplementary firing conditions depend on data.

The data structure (also known as the operational structure) simultaneously describes
the internal data structures of the system and the computations performed on these
data, without specifying when they will occur. The data can be categorized into:
internal data, temporal information, or external data, as sensors, actuators and message
reception/transmission.

The interpretation of the Petri net specifies the connections between the control
structure and the data structure, as illustrated in FIG. 4.5. The interpretation includes
the association of conditions and action to transitions, and treatment to places.
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Figure 4.5: Interaction of the Petri net with the external environment.

4.1.3 Interpreted Petri Net
An interpreted Petri net (IPN) is a triple

IPN =<R,D,I> (4.1)
where:

e 1R is a Petri net as defined in Section 2.1.1, also called Petri net structure or
underlying Petri net;

e D is a data structure, representing internal and/or external data,;

e [ :T — D is the interpretation that associates with each transition t;,i = 1.. | T
a pair (Cj, A;) of conditions C; and actions A; on the data structure D.

Both conditions C; and actions A; can be expressed as conjunctions of Boolean variables.
Graphically, they are represented in the form (C;, A;) or C;/A; next to transition ;.

The interpreted Petri net provides a good structuring of the control. However, there
is no method for structuring the data. Chapter 5 presents Petri net models that propose
data structuring: predicate-transition Petri net, colored Petri net, and object Petri net.
Such Petri nets allow a compact and structured description, based on the fact that tokens
are individual objets with data attached to them.

4.1.3.1 Fireable transition

A transition t is fireable in an interpreted Petri net if and only if:
e Transition ¢ is enabled in the underlying Petri net as defined by Equation2.6,

e Condition C associated with ¢ is true.

4.1.3.2 Transition Firing in an Interpreted Petri Net

If a transition ¢ is fireable, its firing:

e Leads to a new marking M’ in the underlying Petri net using Equation 2.9,

e Executes the action A associated with ¢.
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4.1.4 Explicit Consideration of Time

The explicit consideration of time is achieved through Boolean variables appearing in
both conditions and actions associated with transitions and whose values depend on
time.

Let var(f) be a Boolean variable; assume its initial value is 0" and that it automati-
cally takes the value 71”7 after a duration 6. Suppose that when transition t; is fired in
FIG. 4.2, such a variable takes the value 70”. If a transition {5, immediately enabled by
the firing of ¢, has the condition

var(f) =1,

then the time interval between the firing of ¢; and ¢ will be exactly 6. This interval
corresponds to the duration of the activity associated with place ps.

Time can also be considered explicitly in the model itself, in a rigorous and systematic
manner, by associating a duration with transitions (or places). Some of these Petri net
models — timed, temporal, and stochastic — will be presented in Chapter 6.

4.2 Analysis

The underlying Petri net only describes the control structure of the system. Thus, the
marking of the Petri net only provides the control state. The system state, that is, the
state of the interpreted Petri net, is described by the marking associated with the state
of the data at a given time.

interpreted Petri net state = marking +
data state + time elapsed

It is necessary to observe that the evolutions of the markings of the interpreted Petri
net are restrictions of the evolutions of the markings of the underlying net (without
its interpretation). Indeed, data may prevent the firing of an enabled transition but
not allows the firing of a transition which is not enabled. This means that the set
of reachable markings with interpretation is included in the set of reachable markings
without interpretation. This is illustrated in FIG. 4.6.

Reachable markings
with interpretation

Reachable markings of
underlying Petri net

Figure 4.6: Reachable markings of an IPN and its underlying net.

Therefore, we have the following results:
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underlying Petri Net Interpreted Petri Net
k-bounded for M = k-bounded for M + data
f place invariant — f place invariant

On the other hand:

underlying Petri Net Interpreted Petri Net
live # live
reversible =+ reversible

One may then question the interest of analyzing the underlying Petri net of an IPN,
considering that its properties may change.

The first reason is that the properties of interpreted Petri nets are undecidable.
Indeed, the complexity of verifying these properties is the same as formal program
verification. However, certain properties (in particular, place invariants) are preserved,
which facilitates subsequent reasoning regarding the interpreted net.

The second reason is that the design and validation of a complex system must be
decomposed into stages. Studying the underlying Petri net, which is easier, allows
inconsistencies to be identified early on and avoids the high cost caused by errors in
the specification phase. It would not make sense to build a data specification based on
an underlying net with an inconsistent structure, such as a deadlock, for example.

4.3 Validation by Simulation

Therefore, the first step is to analyze the underlying net of the interpreted Petri net
as seen in Section 4.2. To obtain more information about the dynamic behavior of
the interpreted net, it needs to be simulated. Although simulation is a non-exhaustive
validation method (as it is impossible to predict all possible configurations of variables),
it allows testing the behavior of the modeled system for the envisaged configurations.

The simplest way to simulate a control system is for the user to provide step-by-step
values for the variables associated with transitions. If the simulation is performed using
the actual response time of each system, it becomes an emulation. In this validation
phase, the system is first simulated and then emulated because the behavior may change
when using actual response times.

For discrete event systems, particularly systems that interacts with its environment, it
is essential for the designer to have an integrated environment of specification, validation
(through analysis and simulation), and implementation tools. The Petri net, being a
formal description technique, allows for this integration.

4.4 Modeling with Interpreted Petri Nets

The steps to model a system using interpreted Petri nets are as follows:

1. Determine the structure of the Petri net (i.e. underlying net), representing concur-
rent, parallel, sequential activities, etc. Describe at the same time which events are
associated with the transitions and how to represent them, particularly indicating
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the events that require interaction with the external environment. These pieces of
information are not part of the net structure but will be part of the data of the
interpreted Petri net.

2. Analyze the underlying net, checking if it has good properties, such as the absence
of deadlock. If necessary, correct both the structural and data parts.

3. Simulate the interpreted net (control and data) to try to obtain the behavior of
the modeled system. Remember that a simulation provides results only about
the chosen set of input values (initial marking and initial values of the variables)
and that, in almost all cases, it is not possible to simulate all possible input
configurations, either due to lack of time or forgetfulness. Therefore, it is impossible
to guarantee that the system will always behave in the same way.

The boundaries between what should be modeled in the control part and in the data
part are imprecise and delicate choices are to be made during the design.

Progressively, one moves from an abstract model to a detailed description, refining
the description through the enrichment of the interpretation.

4.5 Example

To illustrate the modeling of a system using interpreted Petri nets, we will present the
example discussed in SOARES (1994), concerning the automation of an oil collection
station similar to those existing in the land fields explored by Petrobréas in Rio Grande
do Norte.

The function of a collection station is to receive crude oil from wells located in its
vicinity, test the flow rate of each of these wells, and transfer the produced volume
through transfer pumps via pipelines leading to larger capacity storage stations.

4.5.1 Process Description

Figure 4.7: Oil collection station.

The system depicted in FIG. 4.7 features a storage tank (TK) that continuously
receives oil through a pipeline connected to the producing wells. The tank has two level
switches (sensors) LSH and LSL for indicating that the oil level is, respectively, high and
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low. There are two pumps B; and By connected to a pressure switch (sensor) PSH that
signals high pressure at the pump discharge.

When the oil reaches the high level in the tank (LSH=1), a motor pump is activated
to transfer the oil to a central collection station. A standby motor pump should be
activated if the motor pump is not turned on within a 2-second interval. The motor
pump (B or Bs) should be turned off in two cases:

e When the oil level in the tank drops to the low level (LSL=1) to prevent it from
running dry (which could damage it).

e When there is an excessive pressure increase in the pump discharge (PSH=1),
which indicates a blockage in the downstream pipe.

To automate this system, the following tasks are necessary:!

e Interlocking of the level switches and pressure switch with the pumps.

e Measurement of the produced volume through counting electrical pulses sent by a
flow meter (not represented in FIG. 4.7).

e Acquisition and transmission of data to a central station, where supervisory control
of multiple stations is performed.

Interlocking Logic

Pumps B; and B, are alternately activated for each transfer. If B; is activated for the
first transfer of the day, By will be activated for the second transfer, and so on (indicated
by the variable nxt). To activate a selected pump B;, it must be operational (Biok),
and the tank must have reached the high level (LSH=1). The shutdown of the activated
pump is triggered when the tank reaches the low level (LSL=1), indicating the end of
the transfer.

When a specific pump B; is activated with the action turnOnBi, the variable nxt is
updated to reflect this new activation. The program then waits for 2 seconds for the
confirmation signal B;IsOn (from an auxiliary contact of its contactor) indicating that
the pump is running. If, after 2 seconds (bi(2)=1), the program does not receive the
confirmation (B;IsOn=1), the pump is turned off (turnOffBi), and it is marked as no
longer operational (Biok=0).

The high pressure signal (PSH) sent by the pressure switch in the pump discharge
during transfer causes the shutdown of the pump in operation. The current pump must
be turned off (turnOffBi) and considered as no longer operational (Biok=0). This signal
should be ignored if it occurs within 30 seconds of pump activation to prevent transient
high pressure from unnecessarily interrupting the transfer.

n practice, these tasks are implemented through programmable logic controllers (PLCs) located at
each collection station. Although the programming language of PLCs is familiar and easy to understand
for the technical staff involved, it does not allow validation of the application program, which is typically
done through testing with the real system.
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Sensors

LSL oil level in the tank is low

LSH oil level in the tank is high

PSH pump pressure is high

BilsOn pump B; is switched on

Actuators

turnOnBi switch on pump B;

turnOffBs¢ switch off pump B;

Internal variables

nxt next pump to be used

Biok pump Bi is operational (there is no failure)
bi(6) 0 sec was elapsed since Bi was switched on
psh(#) 6 sec was elapsed since PSH was received

Table 4.1: Data associated with the Petri net.

4.5.2 Interpreted Petri Net Model

FIG. 4.8 represents the interpreted Petri net of the control system model. The data
structure is given in Table 4.1. Transitions are associated with a pair C;/A; as defined in
Section 4.1.3. The conjunction of actions or conditions is represented by a comma instead
of the mathematical symbol A. Some transitions, such as t4, do not have associated
actions. Others, like t11, do not have conditions and may fire as soon as they are enabled
by the marking.

The initial marking in FIG. 4.8 is My = p;: both pumps are off and the controller is
waiting for the reception of the sensor value LSH=1, indicating that the oil in the tank
reached the high level. To validate this model, the first step is to analyze the underlying
Petri net. The underlying Petri net of FIG. 4.8 is live, reversible, and binary.

The initial state of the data is as follows: pump B; was chosen to be activated in the
first transfer of the day (nxt=B1), both pumps are operational (B;ok=1, Byok=1), and
the oil level in the tank is low (LSL=1). All other variables in Table 4.1 have a value of
0 (or False).

For an efficient validation of an Interpreted Petri net, it is necessary to simulate both
the control system and the oil collection station. The control can be simulated by a
token player? with a data structure, as represented in FIG. 4.5. The plant needs to be
simulated by a hybrid simulator that handles the continuous part (oil level fluctuations)
as well as the discrete part ( pressure switch).

Let us consider some scenarios from the initial state described above:

e Scenario 1 (No failures): After a while, the oil reaches the high level, pump B1 is
turned on, and at 8 = 1.5 seconds, the confirmation signal is received for pump B1.
Later, the low oil level is reached, and B1 is turned off. This scenario corresponds to
the following firing sequence from the initial marking M, described above: tstst;t11.

e Scenario 2 (Failure of pump B1): When the oil reaches the high level, pump B1 is
turned on, but it is not activated within 2 seconds. Therefore, pump B2 must be
turned on, which operates without failure. Pump B1 is later repaired by a human
operator. This corresponds to the following firing sequence from My: tstotstststio.

2See Chapter 7 and FIG. 7.1.
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e Scenario 3 (Failure of both pumps): When the oil reaches the high level, pump B1
is turned on but not activated within 2 seconds. Pump B2 is then turned on but
also fails to activate within 2 seconds. Pump B1 has not yet been repaired by a
human operator. The corresponding firing sequence is: tststgt;. With no pump
capable of transferring the oil from the tank that has reached the high level, this
situation presents a serious problem if at least one of the pumps is not repaired.

When validating a model, it is important to simulate critical special cases like the one
depicted in Scenario 3. Other interesting scenarios are proposed in Exercise 1.

pumps off

H,nxt=B2,B20k/turnOnB2, nxt=B

SH,nxt=B1,Blok/turnOnB1,nxt=

b2(2),not(B2¥On)/turnOffB2,B20k=0
b1(2),not(B1lisOn)/turnOffB1,B1ok=0

waiting B2 confirmation p7 waiting B1 confirmation p2

t11 112

BllsOn/ | t5 B2lson/ | t4

p6 transfering oil with B2

transfering oil with B1 p3
PSH,psh(30)/turnOffB1,B1ok=0

H,psh(30)/turnOffB2,B20k=0

LSL/turnOffB1 LSL/turnOffB

t7 t6

B1turned of B2 turned of

Figure 4.8: Interpreted Petri net of the control.

It’s worth noting in FIG. 4.8 that the structure of pump B1 control is the same
as that for pump B2 control. If additional pumps are added, it would suffice to add
one structure per pump and modify the conditions and actions of the new transitions.
However, in a system with a large number of pumps, the Petri net could become quite
large.

4.6 Exercises

1 Propose other simulation scenarios for the example presented in Section 4.5 such as:

1. Pumps are correctly activated, but there there is a transient high pressure in the
pump discharge: PSH = 1, but psh(30) is always 0 at time 6 = 30.

2. Pumps are correctly activated, there is a high pressure in the pump discharge,
PSH =1, and psh(30) = 1 at time # = 30. It was not a transient failure and the
pump must be turned off.
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2 Model the exercises proposed in Chapter 1 using the interpreted Petri net model.



Chapter 5

Hicu-LEVEL PETRI NETS

The following models propose a structuring of the data part of the system, distinguishing,
for example, global data from local data. Local data are understood to be data that
only intervene in certain conditions or actions and are only accessible at certain times.
Colored nets, predicate-transition nets, and object nets structure part of the data with
the tokens.

This chapter will present the main elements underlying these models: the concept
of folding of places and transitions, and that of the token as a carrier of information.
Simplified definitions will be given to differentiate the models from each other and from
the ordinary net. Formal definitions can be found in the references at the end of the
chapter.

The boundary between control and data in a system is not inherent to the described
system. It results from a designer’s choice. At one extreme, almost all control can be
integrated into the execution conditions of the treatments, thus disappearing from the
Petri net structure. At the other extreme, the control can be overly developed, resulting
in large Petri nets that are difficult to handle.

Complex systems, such as manufacturing systems, are characterized by the ability to
produce various types of products simultaneously. Therefore, there is a significant data
component (type of part to be manufactured, current state of the part, etc.), in which
dynamics play a fundamental role (sequence of possible operations on a manufacturing
process, for example). The allocation of resources (machines, transportation system)
and the complexity of allocation mechanisms highlight the parallelism (both cooperation
and competition) existing in the system. Due to these characteristics, the Petri net is
considered a suitable tool for specifying the control of a manufacturing system. Moreover,
its formalism allows for validation through analysis, as seen in chapter 3, and simulation.

However, in such complex systems, some problems arise. This complexity sometimes
means the composition of several similar processes. In this case, when using the ordinary
Petri net (with the marking of places given by undifferentiated tokens, and with places
behaving like counters), there are two choices:

e Model the general behavior without specifying the identity of each process, but
only their number;

e Model each process that constitutes the system individually and model the interac-
tion between them, which often involves unfolding the model that represents the
general behavior.
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In the first case, a compact description is obtained, but it is not detailed enough: there
is a lack of information. In the second case, the obtained model may be impractical to
work with, either because of the size of the net or the number of existing interactions.
Therefore, it is necessary to structure part of the system’s data outside the net structure.

Several models have been proposed, referred to in this book as High-Level Petri
Nets (HLPN). These models, although more or less equivalent, each have their own
characteristics. The next section will present the general characteristics of HLPN, and
then the main characteristics of each model. Finally, the models will be compared,
highlighting the common points.

5.1 General Characteristics

To better discuss the characteristics of an HLPN, an example of coordination of parts
passing through different machines in a manufacturing system will be presented.

Example 5.1 Three similar machines

The system has three machines M, My, Mj3. The parts that enter the workshop at a given
time can belong to different manufacturing processes, each process being characterized
by a sequence of operations. If the machine to which the part was assigned is free, the
operation begins. After its completion, the machine is freed, and the part is ready for
the next operation. To simplify the modeling, it is assumed that the entry/exit of parts
from the workshop is done by a loading/unloading machine.

b2

c) Prqy b) Pro

Figure 5.1: Behavior: a) One machine. b) Three machines. ¢) General.

The FIG. 5.1.a shows the (ordinary) Petri net in the case of a single machine and
a single part. FIG. 5.1.b represents the more complex case of three parts belonging
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to two different manufacturing processes, Pr; and Pry. Each process consists of three
operations, performed by different machines (M;, Ms, and Mj3). The sequence of parts
through the machines is M;—Ms—Ms3 for process Pry; and My—M;—Mj3 for process Pro.
This is a typical case of a system where the processes have similar behavior. To
simplify the model of FIG. 5.1.b, one can represent only the general behavior of the
system, the number of processes being given by the number of tokens in the place
free machines (FIG. 5.1.c). However, this model does not indicate which machine is
manufacturing which part, nor does it show which machine is available or which part
is waiting. If there is one token in the parts waiting place and one token in the free
machines place, transition t; (start operation) can fire without being able to verify which
machine is assigned to the piece. o

This shift from a detailed model, showing all processes, to a model representing only
the general behavior is called folding the net. In fact, the set of processes with the same
structure (or similar structures) is folded into a single conservative component.

Example 5.2 Readers and writer (folded)
A well-known example of a system with multiple processes exhibiting identical behavior
is the readers and writers, modeled by the Petri net in FIG. 5.2. The challenge is to
manage a shared resource, such as a data structure, noted by S in the Petri net model.
A similar model was presented in Example 2.1.

Ry 3 W@e

R

t,
ls,

1
w1
ay

AN

L
o=

Figure 5.2: Readers and writers: detailed Petri net.

The places R;,7 = 1..3, indicate that the read process is inactive. When there is a
read request (firing of transition ¢,,), the process is waiting (places R,,). If the resource
is free at this moment, one of the processes can start reading (firing one of the start
reading transitions, t,,), moving to the active state (place R,,). Once the reading is
finished, the corresponding transition ¢y, fires, and the system returns to the original
marking. This system can read up to three processes simultaneously, but it enforces
mutual exclusion between read and write processes. The transitions and places for the
write process are analogous to those for the read processes; the arcs (5,1,,) and (5, s, )
have a weight of 3 to prevent a reader from reading a memory zone at the same time it
is being written to.
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Figure 5.3: Readers and writers: folded Petri nets.

Since the read processes are similar, they can be represented by a single process with
three tokens (one for each process), as shown in FIG. 5.3. The places R; are folded into
place R, the places R,, are folded into place R,,, and the places R,, are folded into place
R,. The transitions t,, are folded into ¢, , the transitions ¢, into ¢, , and the transitions
ty, into ty. The net becomes simpler since the three reader processes are described
using the same structure (a sequence of places and transitions). However, when an event
involving a reader occurs, the transition ¢,, fires, but it is not clear which reader process
is involved. o

In this way, a more compact and abstract model is obtained, but some information
is lost. Simply folding a net may not be sufficient and can even misrepresent the system.
Therefore, simply folding the net is insufficient. In addition to making the model more
compact, it is particularly important to distinguish or individualize each token, enabling
it to carry specific information.

The underlying idea of Petri nets with token individualization is precisely to achieve
this folding without losing information and without losing the graphical representation of
the process structure. Thus, with the concepts of folding a net and token individualization,
the expressive power of the Petri net can be increased.

To these two characteristics, one more is added: the use of variables or functions in
the firing of transitions. Now that each token is an individual, it is necessary to choose
which ones will enable the transition and make the system evolve.

The following sections present the different Petri net models. They all rely on the idea
of net folding with token individualization. Depending on the form this individualization
takes, there is the colored Petri net model, the predicate-transition net, and the object
Petri net.
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5.2 The Different HLPN Models

5.2.1 Colored Petri Net
5.2.1.1 Formal (simplified) definition

A colored Petri net associated with an initial marking is a sextuple given by:

Nc =< P, T7 Ccohcsca W7 ]\40>

where:
e P is a finite set of places;
e T is a finite set of transitions;
e (., is a finite set of colors;

e (. is the subset of colors function that associates a subset of C,, with each place
and transition: Cy.: PUT — P(C.p);

e IV is the incidence function (equivalent to C' = Post — Pre). Each element W (p, t)
of W is also a function that associates each place-transition pair,
W(p,t) : Cse(t) x Cse(p) — IV;

e M, is the initial marking that associates, for each place and for each possible color
in this place, a number of tokens:
Moy(p) : Cse(p) — IN.

5.2.1.2 Association of Colors to Tokens

To differentiate tokens, colors (integers or sets of labels) are associated with them.
Consequently, each place is associated with the set of colors of the tokens that can belong
to that place. Each transition is associated with a set of colors that correspond to the
different ways of firing a transition. In simpler cases, when all processes have exactly
the same structure and are independent of one another, the colors of the transitions are
directly associated with the processes, and the set of colors for places and transitions are
identical.

For example, in the case of readers and writers in FIG. 5.3, the processes correspond
to the identities of the readers. Therefore, the places R, R,,, and R, and the transitions
tr, ts, and ty are associated with the set of colors Ry, Ry, Rs. This is not the case when
places are shared by multiple processes. It is then necessary to introduce composite
colors.

The set of colors of a transition indicates the different ways it can fire. Each transition
color corresponds, in this case, to one of the transitions of the equivalent ordinary Petri
net. In other words, each transition of the ordinary Petri net that is folded into a
transition of the equivalent colored Petri net will correspond to a color in the set of
colors of the latter.
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start

part

machine

Figure 5.4: Colored Petri net.

Example 5.3 Colored Petri net
Consider again the manufacturing system example from Example 5.1, consisting of three
machines and three parts. FIG. 5.4 represents the colored Petri net model of this system.
The set of colors for the place P is the set pi, ps, p3, representing the names of the
parts, and the set of colors for the place M is the set of machine names mq, mo, ms.
The colors for the place O form the set pi.mq, pe.mq, p3.mq, p1.ma,--- , p3.ms3, which
corresponds to the different machining operations and will be denoted in a simplified
way as 011, 021, 031, 012, * - * , 033. The colors of the transitions start and end are the same
as those of O.
The complete model of the colored net in FIG.5.4 is given by:

L Ccol = {pb p2, p3, my, ma, ms, 011, 012, 013, , 032, 033};

4 CSC(P) - {ph b2, p3}a
CSC(M) = {ml, mao, mg},
Cse(0O) = Cye(start) = Cyc(end) = {011, 012, -+, 032, 033};

start end

_ P —part part

* W =0 | —id
M —machine machine

Zd(OU) = Ojj
whose functions are given by: ¢ machine(o;;) = mj;
part(os;) = pi;

P1 P2 P3 Ma Mz M3 011 012 013 021 - 033
o M. — 111 0 O O O o0 0 O 0
0 O 0 0 0 0 0 0O 0 0 0 0 |,
o 0 o 1 1 1T 0 0 0 O 0
or, in the form of a vector of formal sums:
P1+ P2+ ps3
MO = 0 . <

mi + Mo + M3
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5.2.1.3 Association of Functions to Arcs

In a colored Petri net, arc labels are no longer simple integers as in the case of ordinary
Petri nets, but functions that represent integer matrices. For each color of a transition
(i.e., the way to fire it), it is necessary to describe which colors of tokens will be removed
from the input places (pre-condition) and which colors of tokens will be added to the
output places (post-condition).

The function associated with an arc has as its domain the Cartesian product of the
set of colors of the transition and the set of colors of the place (input or output of the
transition, according to the arc). The image set of the function Pre is the set IV of
positive integers, which describes how many tokens of each color must be removed from
the input places when the transition is fired:

PT@(p’ t) : CSC(t> X OSC(p> —> W?

and the image set of the function Post is the set IN which describes how many tokens
of each color must be added to the output place when the transition is fired (see the
simplified definition later):

Post(p,t) : Cs.(t) x Cse(p) — IN.

Based on the matrices Pre and Post, the matrix W(p,t) = Post(p,t) — Pre(p,t) is
defined.

The matrices Pre, Post, and W are matrices of matrices because their elements (the
arc labels), described by functions, are indeed matrices where the rows represent the
ways to fire transitions, and the columns represent the possible colors in the places.

Example 5.4 Colored Petri net (cont.)
The colored Petri net shown in FIG. 5.4 has three functions: part, machine, and id. The
latter does not alter the colors of the tokens.

The matrix Pre is given by:

start end
Pre — Pre(P, start)  Pre(P,end) P
re = Pre(O, start) Pre(O,end) @)

Pre(M, start) Pre(M,end) M.

The function Pre(P, start), which labels the arc connecting the input place P to the
transition start, is given by the matrix Pre(P, start) : Ox P — IN, where O = Cy.(start)
and P = Cy.(P).

The function Post(M, start), which labels the arc connecting the transition start to
the output place M, is given by the matrix Post(M, start) : O x M — IN, where M =
Cse(M). The functions Pre(P, start) and Post(M, start) are, respectively, described by
the matrices:

011 012 013 021 O22 - * * 033 011 012 013 021 022 * * * 033
m|1 11020 -0 m |1 0010 0
p2{0 0 O 1 1T --- O], mg| 01001 0
ps| 00 0 0 0 - 1 m3| 0 0 1 0 0 1
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The colored Petri net primarily relies on matrix notation to make the Petri net more
compact. On one hand, this notation provides a visual advantage, as the representation
is quite compact. On the other hand, the complexity of the system is still that of the
"unfolded” system formed by the ordinary Petri net.

A shorthand way to represent the function is to directly indicate the color to be
removed (or added) from (or to) the place. In this case, the domain of the function is
the set of colors of the transition, and the image is the set of colors of the place:

Pre(p,t) : Cs.(t) = Cse(p)
Post(p,t) : Cse(t) = Cse(p),

and the name of the function is used as the label of the arc in the graph.

Example 5.5 Colored Petri net (cont.)

In the example from FIG. 5.4, the function Pre(P, start) is given by part: O — P, which
labels the arc (P, start). This function, applied to the colors o;; from the set of colors O
of the transition start, indicates that a token of color p; should be removed from place
P, part(o;;) = p;. This same function, labeling the arc (end, P), applied to the set of
colors O of the transition end, indicates that a token of color p; should be placed in place
P. o

5.2.1.4 Analysis

The colored Petri net was introduced due to the difficulty of finding invariants in the
predicate-transition model, a high-level Petri net that will be presented in Section 5.2.2.
There are two ways to approach the analysis:

e Work with the ordinary Petri net obtained by unfolding the colored net, or

e Use directly the matrix of linear functions between the sets of colors.

In the first case, if the number of colors is finite, it is possible to enumerate the
accessible markings. The analysis by enumeration of markings can be done exactly in
the same way as for an ordinary Petri net. However, the combinatorial explosion is very
large, as it is necessary to differentiate between tokens of different colors.

n the second case, there is an algorithm for searching the marking tree, based on
the notion of equivalent markings. When the colors and functions exhibit a certain
symmetry, it is possible to define equivalence classes among the accessible markings.
It is necessary to structure the color sets with a symmetry of the rotation type. Two
markings M; and M, are equivalent if and only if there exists a rotation ¢ such that
M; = ¢(M,). The tree obtained in this way has a smaller dimension than the one
obtained from the unfolded model.

The combinatorial explosion is thus reduced, and the analysis becomes closer to that
of the underlying net (the ordinary net obtained by replacing the functions associated
with the arcs with weights).

Regarding the calculation of conservative and repetitive steady-state components, it
can be performed similarly to the method used for ordinary Petri nets.
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Place invariants are obtained through a sequence of transformations aimed at reducing
the incidence matrix without changing the set of invariants. The rules are based on the
Gaussian elimination method. However, instead of performing integer multiplication,
one must perform function composition (functions of functions). Each time a row (or
column) of zeros is produced in the matrix W, a component is obtained. However, this is
not always possible. Moreover, the set of components does not necessarily form a vector
space.

Although there is no general algorithm to solve the matrix, the reduced matrix,
obtained after applying the rules, is often such that the invariants can be found by
inspection.

Example 5.6 Colored Petri net (cont.)
Returning to the previous example, two conservative components can be found. Indeed,
by multiplying the second row by part and noting that part(id) = part, one obtains:

0 0 P + part(O)
W, = part —part part(O)
—machine machine M

Thus, the place invariant is found:
M (P) + part(M(O)) = My(P) + part(My(O)).

Multiplying the second row of the matrix W by machine and adding it to the third
row yields the place invariant:

machine(M(O)) + M (M) = machine(My(O)) + My(M).

The interpretation of these invariants is straightforward using formal sums. Suppose
the machining 012 o0;5 is being performed, with part p, and machine m; on hold. We
have M(P) = py, M(O) = 012 and M (M) = m;. The first invariant describes the
conservation of parts:

p2 + part(o12) = pa + p1,

and the second describes the conservation of machines:

machine(o12) + my = mg + my.

5.2.2 Predicate-Transition Petri Nets
5.2.2.1 Variable Notation, Semi-Unification

In the case of colored Petri nets, the descriptive power is enhanced by replacing the
integers in the incidence matrix of an ordinary Petri net with functions. In predicate-
transition nets, the transitions of an ordinary Petri net are viewed as rules in a proposi-
tional logic system (without variables), and the descriptive power is further increased by
replacing them with rules from first-order logic (rules with variables). Thus, not only
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is the representation more concise, but the model also allows for a better study of the
structural and behavioral properties of the system.

A rule (transition) then describes a family of events rather than just a single event.
The family is defined by the set of possible substitutions of variables with values. Instead
of rules of the form perform operation

iof part p; and machine Ms, perform operation o;s
if part po and machine Ms, perform operation 0g9
if part p; and machine M;, perform operation o;;

we have rules of the form
if part <ax> and machine <y>, then perform operation <o>.

These variables < x>, <y> and <wu> will assume values from the set of constants
p; describing the parts waiting, the set M; of available machines, and the set o;; of
operations to be performed. These constants play an analogous role to colors in the
colored Petri net, but variables are associated with the arcs of the predicate-transition
Petri net, instead of functions.

In the predicate-transition model, the unfolded transition is viewed as a scheme that
has, as instances, all the transitions (of an ordinary net) representing the same event.

Example 5.7 Predicate-transition Petri net

In Example 5.1, the transitions ¢, t3, and ¢5 (Pry) can be considered as instances of a
single transition-schema (check if the machine is free and if the piece is waiting; if so,
start the operation), as can be seen in FIG. 5.5.

start

Figure 5.5: Predicate-transition net.

The places ps, pg, and py, related to Pry (machines My, Ms, and Mj free, respectively),
can also be seen as a place-schema (place folded M in FIG. 5.5), represented by the
predicate Machine M; free. The same applies to the places ps, ps, and pg — represented
by the predicate Machine M; performs operation on piece j (folded place O) — and to
the places p1, ps and p; — represented by the predicate piece j waiting (folded place P).

The reasoning is the same for transitions and places related to process Prs. o

As can be seen in this example, the places in the net represent the dynamic relation-
ships of the system, indicated by predicates. For this reason, the model is called predi-
cate-transition Petri net.
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It is not necessary to enumerate a prior: all the authorized tokens in the places P,
O, and M. The different ways to fire the transitions can be ignored, as it is enough to
know that all elements of the same family will be treated in the same way. The rules
are applied to a current marking. By searching for all possible substitutions for the
variables, one knows, at a given moment, in which ways a transition can be fired. This
mechanism of substituting variables with constants (tokens) is called unification. More
precisely, it is called semi-unification, since variables are always directly substituted by
constants and never by other variables.

When the unification mechanism produces more than one solution, it is said (in
Artificial Intelligence terminology) that there is a conflict. The conflict space comprises
all the transitions (rules) that can be fired for a given marking (fact base), and for each
transition, the set of possible substitutions. This notion of conflict is not the same as the
more restrictive one that concerns transitions in a Petri net (see Chapter 2, Section 2.1.7).

To select the tokens and the transitions to fire, additional firing conditions are
associated with the transitions (for example, to specify that certain machines can only
handle certain parts), similar to the case of interpreted Petri nets, seen in Chapter 4.
Such conditions can be written as logical formulas using the variables of the input arcs,
as well as the operators and predicates associated with them. However, these conditions
only apply to the constants associated with the tokens that are eligible to be moved
when substituted for the variables in the firing of the transition. Thus, an instance of
the scheme-transition is generated by a consistent substitution of the variables with the
individuals that make up the marking.

Similarly, the actions associated with the transitions are written using the variables
associated with the input and output arcs (the arcs are labeled with formal sums of
variables).

It is worth noting that in a Colored Petri net, the specific choice of a color from
the set of tokens is described by functions associated with the arcs. In a predicate-
transition net, these choices are expressed by conditions associated with the transitions
that the variables must satisfy (except in the simple case of constant equality, which
can be expressed using the same variable associated with more than one input arc of
a transition). Thus, from this perspective, predicate-transition Petri nets are closer to
interpreted Petri nets.

5.2.2.2 Concept of n-tuple of constants and variables

In the firing of transition start (FIG. 5.5), a constant representing a part is removed from
place P, another representing a machine is removed from place M, and both are placed
in place O, thereby encoding the fact that a part and a machine are temporarily related.
At the moment of firing transition end, signifying the end of this relationship, the reverse
is done. Instead of encoding this temporary relationship of two pieces of information,
they are juxtaposed in a list, like in a record in programming language. The difference is
that it is something temporary, created and destroyed during the firing of the transitions.
In this way, a dynamic relationship between constants can be expressed. These lists of
constants are called n-tuples.

After the firing of start, the identity of the machine used does not disappear but is
maintained as an element of the n-tuple <p;, m;> in place O, representing the dynamic
relationship part p; undergoing operation on machine Mj. In the case of the colored
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Petri net (FIG. 5.4), place O contains the token of color o0ij.

The marking ceases to be a distribution of constants in places and becomes a distri-
bution of n-tuples of constants. The n-tuple <p;, mo > differs from the sum <p; > + <
msg >, because in the latter case, <p; > and <msy > will be used in the transition firing
independently, while the n-tuple < p;, ms > is substituted for the variables as a whole.
Therefore, the expressions associated with the arcs are also n-tuples of formal variables.

5.2.2.3 Definition of the Predicate-Transition Net (Simplified)

A marked predicate-transition Petri net is a quintuple:

N,

p

t =< Pa T7 V7 PTe? P08t7 Const; Atw Atm MO >
where P is the set of places, T is the set of transitions, and

e U is a set of formal variables that will be replaced by constants from C,,, when
the transition fires;

e Pre is the preceding place application that associates each arc with a formal sum
of n-tuples of elements from V/;

e Post is the subsequent place application that associates each arc with a formal sum
of n-tuples of elements from V/;

e Cons 18 a set of constants (e.g., the set IV);

o Ay : T — L.(Cynst, V) is an application that associates each transition with a
condition in the form of a predicate using both constants and formal variables;

o Ay : T — Ly(Const, V') is an application that associates each transition with an
action in the form of a sequence of value assignments to the formal variables;

e M, is the initial marking, associating each place p in P with a formal sum of
n-tuples of constants from C,,,;.

Dynamic relationships appear as places in the net. Functions and relationships of
the static part, or more precisely, their names, will appear in the annotations. The
annotations of conditions and actions are expressions that summarize the affirmative
sentences of natural language. Operators (function symbols) and predicates (relation
symbols) form the vocabulary of the language. The language used is that of first-order
predicate logic plus a class of simple algebraic expressions to denote linear combinations.

The definition of the languages L. and L,, which express the conditions and actions,
determines the particular class of the predicate-transition Petri net.

The application Pre (and Post) is such that its module (the sum of all the elements
without distinguishing them and developing the n-tuples) is equal to the weight of the arc
in the underlying net: || Pre(p,t)||= Pre(p,t). This means that there is no contradiction
between a predicate-transition Petri net N,; and its underlying Petri net R from the point
of view of the number of tokens moved.
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Example 5.8 Predicate-transition Petri net (cont.)
The machine handover coordination system, described by the predicate-transition net in
Example 5.7, FIG. 5.5, is defined by:

L onst — {p17p27p37m17m27m3};
o V={ry}

e There is neither a condition nor an action in this case;

start end

o W = Post— Pre = P STz o <T>
@) <z, y> —<xz,y> |;

M —<y> <y>

P <p1> + <pa> 4 <p3>
[} MO = O O
M <mi>+ <mo> + <msz>

start
2
P O M
end 2

Figure 5.6: Underlying Petri net.

In the definition of a predicate-transition Petri net, the notion of an underlying net
arises. This is obtained by substituting the variables with a unit weight and breaking
down the n-tuples.

Example 5.9 Underlying Petri net

The net in FIG. 5.6 is the underlying net of the net in FIG. 5.5. The weight of 2
associated with the arcs (start,O) and (O, end) is obtained by substituting one token
for each variable in the label < z,y >. This net represents the control structure of the
system, while the predicate-transition net is a structured way of describing the control
and data set. o

5.2.3 Object Petri Nets
5.2.3.1 Concept of Object

The concept of an object, increasingly used in programming engineering, involves struc-
turing an application around the entities involved, encapsulating both data structures —
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in the form of an attribute list — and methods for transforming this data. This approach
contrasts with the functional programming paradigm, where data structures and the
functions the system must execute are defined separately.

An object class is defined by a set of attributes (also called properties) and a set
of operations or methods that allow manipulation of the attribute values. A class can
be defined based on another through inheritance. The new class — called a subclass —
inherits the attribute definitions from the previously defined class. These definitions can
be extended with specific attributes and operations.

Classes are merely definitions. A particular object is an instance of an object class.
Values can be assigned to the attributes of these objects, and their operations can
be executed. Encapsulation grants objects a certain autonomy and persistence. An
object is created (instantiation) and destroyed (destruction) dynamically during program
execution, but such events should be rare compared to the number of events corresponding
to the execution of operations on the attributes.

The object-oriented Petri net can be considered a use of the predicate-transition Petri
net in the context of an object-oriented approach. The tokens are no longer constants
but instances of tuples of object classes. In addition to the attributes defined by the
class, an implicit attribute contains the name of the place where the object is located.
Operations are associated with transitions and correspond to preconditions (filters) that
operate on the attributes of objects located in the input places, and to actions that
modify these values. An operation associated with a transition ¢ can only be executed
by an object if it is located in an input place of ¢.

From one perspective, this approach is less structuring than the classical object-
oriented approach because an operation is defined within the framework of a set of
object classes (where the classes of the objects may be in the input places) rather than
a single class. From another perspective, it is more structuring because it introduces
a notion of control. For an operation to be applicable to the attributes of an object
instance, it must be in a certain state, i.e., it must be located in a certain place.

In the example being discussed, the objects are directly associated with physical
objects: parts and machines. Each of these objects can have a certain number of
attributes such as:

e The name of the object instance;
e The delivery date of the part;
e The operation that must be executed on the part;

e The list of operations that a machine can perform.

5.2.3.2 Definition of Object-Oriented Petri Net (Simplified)
An object-oriented Petri net is defined by the 9-tuple:

N, =<P,T,Cluss,V, Pre, Post, Ay, Ava, Moy >,
onde:

o (s is a finite set of object classes, possibly organized in a hierarchy and defining
a set of attributes for each class;
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P is a finite set of places whose types are given by Cjuss;
T is a finite set of transitions;
V' is a set of variables whose types are given by Cjyss;

Pre is the preceding place application that associates with each input arc of a
transition a formal sum of tuples of elements from V;

Post is the subsequent place application that associates with each output arc of a
transition a formal sum of tuples of elements from V;

Ay i1s a function that associates with each transition a condition involving the
formal variables associated with the input arcs and the attributes of the corres-
ponding classes;

Ay, 1s a function that associates with each transition an action involving the formal
variables associated with the input arcs and the attributes of the corresponding
classes;

My is the initial marking that associates with each place a formal sum of tuples of
object instances (objects must be represented by identifiers, such as their names).

Example 5.10 Object Petri Net
The graphical representation of the object Petri net model for the coordination system
described in Example 5.1 is the same as in FIG. 5.5.

For this net, the following are defined:

The set of classes Cjuss = {part, machine} with:
name : identifier

- machine= < operations : list of possible operations
maintenance : downtime for maintenance;

name : identificador
- part= < operation : operation to be executed
date : delivery date;

The variables z, of type part, and y, of type machine:
type(z) =part and type(y) =machine;

The places have the types: type(P)=part, type(M)=machine and
type(< P, M > )=(part,machine);

The matrices Pre and Post are given by:

<xr> 0 0 <zr>
Pre = 0 <z,y> Post = <xz,y> 0 ;
<y> 0 0 <y>

An example of a condition could be:

Ae(ini) = x.operation € y.operations;
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e The initial marking is defined by:

<p1>+ <pa>+ <p3>
Mo - 0 )
<mi>+ <mg >+ <ms>

where the objects py, p2, p3 are from the class part, and the objects mq, ms, mg
are from the class machine. o

5.2.3.3 Analysis

Predicate-transition Petri nets and object Petri nets are defined in the form of ordinary
Petri nets (underlying Petri nets) equipped with inscriptions. The analysis is first
performed on these nets, similar to the case of interpreted nets. The invariants of
the underlying Petri net provide results on the conservation of the number of objects
regardless of their classes.

If the solution to the equation fIW = 0 (where W = Post — Pre is the condensed
incidence matrix of the system) is without variables — which is not always the case —
such a solution can be used as a place invariant. To transform the matrix W in order to
eliminate variables, the method of projection of places can be used.

Projection of Places

Consider R = {<a,b>,<a,c>,<b,c>} as a binary relation in a set D = {a, b, c}. If
we are not interested in knowing which individuals occur in the second position of the pair
<x,y>, we can write R = {<a,—>,<a,—>,<b,—>}, or R={2 <a,—>,<b,—>}.
We can eliminate the i-th position of R, by performing a projection along the i-th position,
denoted | R|;. Thus, |R|s= {2 <a>,<b>} and ||R|s|1 = {3 <>}.

Tuples that differ only in the i-th position (located in the same place) are no longer
distinguishable in their occurrences but are counted if | |; is applied to the place. When
performing the projection of a place, all arcs adjacent to that place are considered. If
the Predicate-transition net is uniform, the total projection is an ordinary net.

Performing a projection is, in a certain sense, constructing an underlying Petri net
relative to only one class of object (or a set of classes). The information obtained, which
is more precise than that obtained from the underlying net, approaches that obtained
from colored Petri nets.

In the case of the matrices Post, Pre, and W, if we are interested only in a class class;
of Cluss, all other classes are projected first, with class; being projected last. Thus, all
the variables corresponding to the individuals that are not to be observed are removed
from the matrix.

Example 5.11 Projection of places

In the example of the coordination system, to find the invariants related to the parts,
we first perform a projection on the incidence matrix W with respect to the machines,
keeping only the variables <z >; then a final projection is made with respect to the parts.
Thus, x is replaced by ”1” and y by ”0”. For the invariants related to the machines, the
process is reversed (first the parts, then the machines).
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Let be the incidence matrix W of the Petri net (Predicate-transition or Object) in
FIG. 5.5, presented in Examples 5.8 and 5.10:

start end
P —<z> <x>
O <z,y> —<z,Y>
M - <y> <y>

Performing the projection first on the machines, we obtain:

—<zr> <z>
W= | <x,1> —<zx,1>
1 1

And then, projecting on the parts, we finally obtain:

-1 1
IWhl=| 1 -1
| 0 0
Projecting with respect to the parts and then to the machines, we obtain, respectively?,
0 0 | 0 0
\Wl=1| <y> —<y> | and |[W|]|,= 1 -1
- <y> <y> | —1 1

Thus, in both cases, a matrix of incidence C' of natural integers is obtained, and the
components can be calculated as in an ordinary Petri net, using the equation f.C' = 0.
The place invariant is now a linear function not of the marking of the places, but of its
projection, that is, the number of objects of class class; contained in the place.

The conservative component of the matrix obtained after projection on the part is:

fpart = |: 110 ]
and the corresponding place invariant is given by:
| M(P) |lpart + || M(O) ||part= constant.

The conservative component of the matrix obtained after projection on the machine is:

fmachine = [ 011 }

with the corresponding place invariant given by:

” M(O) Hmachine + || M(M) ||machine: constant.

Thus, results analogous to those found with colored Petri nets are obtained.

Another form of analysis is to introduce error transitions into the predicate-transition
Petri net model. The design is correct if and only if the transition is non-live. Non-live
transitions express invariant assertions.

'For simplicity, it is said that projection is performed with respect to class; when it is the final
projection applied.
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5.3 Characteristics of the Models

The two major advantages of Petri nets are, on one hand, their descriptive power (such as
the ease of modeling parallelism and concurrency), and on the other hand, the possibility
of analysis. These will be used as criteria for comparison between the HLPN models
discussed in the previous section. This comparison should be made within the scope of
the system to be modeled, in our case, manufacturing systems.

Although all models have the general characteristics seen in Section 5.1, each intro-
duces them in a different way. These differences will be highlighted, and the specific
characteristics introduced by each model will be presented below.

5.3.1 The Token as an Information Element

The first difference between the models concerns the way tokens are differentiated. Either
each token represents an entity moving from one place to another, or it represents
information that is interpreted according to the place that contains it.

The token represents information

In the colored Petri net model, each token is associated with a color. Thus, each
place is explicitly associated with a set of colors. This color represents information.
For example, in FIG. 5.4, which shows the case of a manufacturing system modeled by
a colored Petri net, the colors of place M correspond directly to the identities of the
machines. However, the colors of place O correspond to machining operations, meaning
a combination of a part and a machine.

The token represents an individual

In the predicate-transition Petri net model, the token represents an individual belon-
ging to a set of constants.

The central goal of developing the predicate-transition net is precisely the formal
introduction of the concept of individuals with properties and modifiable relationships
in the theory of Petri nets. This is analogous to the introduction of individuals and their
structures in logic, leading from propositional logic to first-order predicate logic.

Returning to place O in the example, the tokens are n-tuples < x,y > where x
represents a part and y a machine. Consequently, these tokens not only retain the identity
of the individuals but also clearly represent dynamic relationships between them.

In the object-oriented Petri net model, represented in FIG. 5.5, tokens are considered
as individuals whose value is variable. Each token is associated with a data structure,
represented by an object. Each object belongs to a class of objects to which properties
(attributes) are defined. Each class can be subdivided into subclasses.

5.3.2 Folding Transitions and Places

As explained in Section 5.1, all models are based on the idea of folding ordinary nets.
But this folding can be done with two different philosophies. In the case of predicate-
transition nets and object-oriented nets, the transition is viewed as a rule, and the idea is
to move from rules without variables to rules with variables, following the idea mentioned
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in Section 5.2.2 of moving from propositional logic to first-order predicate logic. In the
case of colored Petri nets the focus is on the matrix view of the Petri net, and thus the
approach is to move from a matrix of integers to a matrix of functions, each function
being represented by a matrix of integers. These points will be detailed below.

Use of Variables

In the predicate-transition Petri net, the folded place is viewed as a place schema,
represented by a predicate P(x) (or P(x,y) if there is a dynamic relationship). The
folded transition is viewed as a transition schema, represented by a rule of the type

IF Pi(x) and - -+ Py(y) THEN Q1(z) and --- Q2(w)

where P;(-) and @);(-) respectively indicate the predicates related to the input and output
places, and z,y, z, w are the variables that label the arcs. In the object-oriented Petri
net, the places belong to classes of places that indicate the classes of objects that can
belong to the place. In this case, the variables belong to classes of variables that indicate
the classes of objects that can replace them.

Use of Functions

In the colored Petri net model (FIG. 5.4), each place is explicitly associated with a
set of colors. The same is done with each transition. The arcs, instead of being labeled
by formal sums of variables, are labeled by functions of the colors of the transition to the
colors of the place. This is a fundamental difference compared to the predicate-transition
net.

5.4 Model Selection

A manufacturing system is primarily characterized by its ability to manufacture various
types of products (manufacturing processes) simultaneously and also by its capability to
rapidly modify the manufacturing plan, whether regarding the number of parts in each
process or the process itself.

In a good modeling approach, the relationship between physical objects and their
corresponding mathematical entities is as clear and direct as possible. This is why Petri
net classes where token identity is based on the notion of individual are more convenient
than those using the notion of color representing simple information. In this way, the
physical elements of the system, such as parts, machines, tools, etc., are directly described
through tokens.

Another reason for the interest in this representation form, still from the token
perspective, is that n-tuples faithfully represent dynamic relationships existing at a given
moment between the physical elements of the system.

Among the classes of nets where tokens represent individuals, the object-oriented
Petri net model has a very important characteristic for this type of application: the
association of a data structure with each token.

Although in the predicate-transition net it is also possible to represent a data structure
through an n-tuple, this representation is more convenient in the object-oriented net.
This becomes clearer when many data need to be represented about the token: the value
of an n-tuple can occupy an entire row...
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Furthermore, the notion of class allows one to always keep in mind the characteristics
of objects, and also allows the use of only the attributes of interest at a given moment.
The notion of subclass also contributes to a more concise and structured description,
as well as more readable. Indeed, in a manufacturing system, each part is associated
with a series of pieces of information such as: the manufacturing process to which it
belongs, the operation order within the process (current or next), the machine to which
it is assigned. Similarly, each machine is capable of handling a set of operations, can be
free or occupied, etc.

The notion of class and subclass in the object-oriented net is also extremely useful for
modeling through refinements: starting from an initial net with a certain data structure,
the net and the object classes are refined in parallel.

The introduction of new parts into a manufacturing system is a good example to
illustrate the suitability of the object-oriented net. In the case of the colored Petri net,
it is necessary to add new colors to the color set and, therefore, modify the functions on
the arcs. In the case of predicate-transition and object-oriented Petri nets, changes occur
only when new parts belong to new manufacturing processes: new classes of objects (or
subclasses) must be defined.

This does not mean that the conclusion will be the same for every application. For
example, if the notion of routing (symmetry among colors) is evidently present within
the system to be modeled, the use of the colored Petri net is recommended.

The choice of class can depend not only on the characteristics of the system to be
modeled but also on the general working environment, i.e., the other tools that might be
used. For instance, in manufacturing systems that use Artificial Intelligence techniques
for planning and real-time scheduling control, there is an additional reason to choose
either the predicate-transition net or the object-oriented net. Indeed, the philosophy of
these classes is quite close to a rule-based system, unlike the colored net.

Comparison with Ordinary Petri Net

Modeling manufacturing systems to design control and supervision involves modeling
the technical database part that evolves in real-time.

There are basically two options, using:

e Ordinary interpreted Petri net: the ordinary Petri net models the control, and
the data structure evolves separately in parallel. The interaction between the two
occurs through interpretation;

e High-level Petri net: control is modeled by the underlying net and the data
structure is modeled in the token itself, through objects or constants (object-
oriented net and predicate-transition net) or through colors (colored net).

Both options equally allow modeling. The choice will primarily depend on criteria
such as the complexity of the control structure and the data structure. And this, from
both the modeling and implementation perspectives (see Chapter 7).

5.5 Notes

For a formal definition of the colored Petri net see JENSEN (1986); for the predicate-
transition net, see GENRICH (1987); for the object Petri net, see SIBERTIN-BLANC
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(1985). There are other high-level Petri net models as well, such as the Petri net with
individual tokens, defined by REISIG (1985).

5.6 Exercises

1. Consider the same firefighter problem from the exercise list of chapter 1, but
now with four firefighters: one near the fire, one near the hydrant, and two who
are on the way to assist. The synchronization mechanism is the classic pipeline
mechanism. Model the system using: a) colored Petri net, giving the set of colors
for places and transitions, as well as the functions labeling the arcs; b) object Petri
net, indicating the variables on the arcs and the classes used.

2. Consider, in the lathe problem from the Exercise 4 in chapter 1 (FIG. 1.21),
that there are three types of parts, with several instances of each type in the
cell. Therefore, three different types of programs are needed for the lathe; the
micrometer must inspect the parts according to their types. To simplify the
problem, assume that the robot automatically adapts to the size of the parts.
Construct an object Petri net that models this system. Suggestion: use a place
that contains the programs for the lathe and for the micrometer.



Chapter 6

PETRI NETS AND THE
REPRESENTATION OF TIME

A Petri net allows for the description of causality (one event is a consequence of another),
decision, and independence between events: event a is the cause of event b, event a
precedes event b, and a and b are ordered in time. It is a way to describe a partial order
in a set of events and, therefore, to introduce time in a quantitative manner.

Several works have been carried out with the aim of explicitly using time as a
continuous and quantifiable parameter [Merlin 74] [Ramchandani 74] [Molloy 81], whether
for performance evaluation [Freedman 88|, or for formal verification, [Berthomieu 83].
When directly associated with the Petri net, from a certain point of view, time becomes
part of the control instead of being in the data part in an unstructured form, as presented
in Chapter 4.1.4.

There are two major classes of models: time Petri nets and timed Petri nets.

In the time Petri net model, each transition is associated with a pair of dates
(Omins Omaz)- Omin indicates the minimum duration of the transition’s enabling before
firing, while 6,,,,, allows for calculating the maximum duration of enabling. The transition
must fire within this time interval.

In the timed Petri net model, a firing duration is associated with the transitions,
which are called timed transitions. Other models in the same family are nets with timed
places and nets with timed arcs.

6.1 Timed Petri Net

6.1.1 Time associated with a place

If a place represents an activity A, it simply involves setting d as the duration of this
activity. Thus, when the token arrives at time 7 at place p, it can only leave it after
T'= T 4 d time units.
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pl unavailable pl t1

t2

t2 p2 available p2

2 p2 O

Figure 6.1: Timed place. Figure 6.2: Timed transition.

p d t t d p' d

The place p can unfold into a sequence place-transition-place, as represented in
FIG. 6.1, since the two nets in the figure are equivalent, as place p; is substitutable
(Section 3.3.1). Place p; corresponds to the activity being executed, transition ¢ cor-
responds to the event elapsed time, and place p, corresponds to a potential wait (syn-
chronization with other activities) after the end of activity A. While the activity is
being executed, the token cannot be used to fire the transition. The token is said to
be unavailable. Once the activity is finished, the token becomes available and t, can
eventually be triggered. Thus, the token can be in two states: available or unavailable.
Only available tokens can enable the transition.

Let M,(p) be the set of available tokens in place p, a transition ¢ is enabled if and
only if M,(p) > Pre(p,t).

6.1.2 Time associated with a transition

The timed Petri net is obtained by associating a firing duration with each transition of
the ordinary net. Its semantics is a notion of delay during which the tokens used to fire
the transition are not available (or not visible) in any place. From the moment the token
becomes visible in a place, it can be immediately used by any outgoing transition from
that place.

Therefore, the firing is not instantaneous but has a duration. This association of
time with the transition only makes sense if the transition is interpreted as an activity
rather than as an instantaneous event. t is implicitly assumed that this activity is non-
interruptible concerning the overall behavior of the modeled system or, alternatively,
that it is simply an abbreviation.

An equivalent net can be obtained by replacing the transition with a sequence
transition-place-transition (FIG. 6.2). The first transition ¢1 corresponds to the ins-
tantaneous event of the start of the activity (tokens corresponding to the arc weight are
removed). The place p’' serves to memorize the activity being executed, and the last
transition ¢2 corresponds to the instantaneous event of the end of the activity (tokens
placed in the outgoing places).

This equivalence is shown in FIG. 6.2. The firing of the transition ¢1 corresponds
to the reservation of tokens (reserved tokens cannot be used to fire another transition
different from ¢ in the original net). After the firing of the transition ¢2, the tokens are
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released.

Thus, tokens have two possible states: reserved (M,) or not reserved (M,,). Only
non-reserved tokens can enable the transition. Therefore, the marking at any moment
is given by

M = M, + M,,.

The timed Petri net can associate time either with places or with transitions. Tokens
disappear or become unavailable or reserved for a certain period, and reappear later in
the marking. FIG. 6.1 and FIG. 6.2 show that the two approaches are equivalent.

Definition:
A timed Petri net is a pair Nyg =< N, O > where:

e N is a Petri net < P, T, Pre, Post > with an initial marking Mj;

e O; : T — QF is the firing duration function, which associates each transition
with a positive rational number that describes the duration of the firing.

pP1
tl t4
01 —/
p2 p3
to t3
92 63

Figure 6.3: Timed Petri net.

Example 6.1 Timed Petri net

Consider the Petri net represented in FIG. 6.3, with place p; marked at time 7 = 0.
Assume this net is timed, with time associated with the transitions. Each transition ;
is associated with a firing duration 6;.

Transition ¢ is fired at time 7y, but the token will only be visible at py at time 7 + 64,
thereby enabling transition ¢, at that moment. If transition ¢, (not timed) is fired at
time 79, ps is immediately marked and transitions ¢5 and t3 are enabled and in conflict
after time maz|[(11 + 61), 7). o

6.2 Time Petri Net

A time Petri net is obtained by associating a enabling time interval with each transition.
The firing is instantaneous, but the transition is enabled during the given time interval.

An interval (,,in, Omaz) 1s associated with each transition. If the transition is enabled
by the marking at time 7, it cannot fire before the date 7 4 6,,;, and must fire no later
than date 7 + 6,,40-
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Unlike the timed Petri net model, during the enabling of a transition, tokens continue
to be "seen” by other outgoing transitions from the place.

One can associate an interval [a, a] with a transition to represent a duration a. If the
transition is enabled at time 7, it will fire at time 7 + a, provided it remains enabled by
the marking at that time.

Definition:
A time Petri net is a pair Ny =< N, I > where:

e N is a Petri net < P, T, Pre, Post > with an initial marking Mj;

o [(t) = [Omin(t), Omax(t)] is a function that, for each transition ¢, associates a closed
rational interval that describes an enabling duration.

Example 6.2 Time Petri net

Consider the Petri net represented in FIG. 6.3, with place p; marked at time 7 = 0.
Assume it is a time Petri. Each transition t; is associated with an enabling duration
given by the interval 6; = [0,in (%), Omaz (ti)]-

If transition ¢; fires at time 71, 71 € [Omin(t1), Omaz(t1)], place pe will be marked at
that time. Transition t, can then fire at = + 05. If transition t, is fired at time 7o,
marking place ps3, transition t3 can only fire at time max (7, 7o) + 65.

The conflict between t, and t3 will depend on the relationship between the times
when places ps and p3 are marked and the values of 6, and #5. If 63 = 0, 63 # 0 and
Ty < T, t3 is already enabled from time 7, while ¢5, at that time, is only enabled by the
marking. Thus, t3 fires at time 7 and there is no conflict between ¢, and ¢3.

However, if 05 # 0, a conflict exists during the intersection of the intervals (7 + 62)
and max (71, 72) + 0s.

6.2.1 Representation of the watchdog

Certain mechanisms imply that a token should be visible only to specific transitions at a
given moment. A typical case is the watchdog. Consider FIG. 6.4. Place waiting allows
the system to be receptive to the arrival of an event in the form of a token in place
condition (firing of transition endl). But if this place is not marked at the end of time
d, an alarm is triggered (firing of transition end2).

The two ways of associating time in a timed Petri net (place or transition) do not
allow for an accurate representation of the watchdog because:

e A duration of activity associated with place waiting would delay the firing of endl
even if place condition contained a token earlier;

e A duration of activity associated with transition end2 would result in the token
in place waiting being immediately reserved (in an irreversible manner) and the
alarm being triggered after time d, even if the token had, during this time, arrived
at place condition.

The solution is given by the time Petri net, which associates an enabling duration 0(t)
with a transition ¢. If this transition becomes enabled (by the marking) at time 7, it will
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t1

waiting condition
end2 [d,d] end1 [0,0]
alarm normal sequence

Figure 6.4: Watchdog.

remain enabled throughout the interval (7 + 0(t)), as long as the marking that enables
it is not altered by the firing of another transition. The difference compared to a firing
duration is that, throughout this interval, tokens will be available in the input places of
t and can be used by a transition in conflict with ¢, as in the example in FIG. 6.3.

Returning to FIG. 6.4, it is sufficient to associate transition end2 with an interval
[d, d], where d is equal to the value of the watchdog, and to assign transition endl a null
enabling duration.

The primary domain of usage for this model (validation of communication protocols)
led to the definition of an imprecise enabling duration for ¢ in the form of an interval
0(t) = [Omin(t), Omax(t)]. Transition ¢ can only be fired after the time 6,,;,(¢) has elapsed
and cannot be fired after the time 60,,,,(t). All values of 6(¢):

Ormin(t) < O(t) < O (t)

correspond to enabling durations for transition ¢.

6.2.2 Comparison between the two models

The time Petri net model is more general than the timed Petri net model because it
allows for the description of the watchdog, which the timed net does not. In this case, in
FIG. 6.3, it is sufficient to use 05 as the duration of the watchdog and set 65 = 0 so that
transition t3, which represents the end of normal operation, fires as soon as it is enabled
by the marking.

To convert a timed Petri net to a time Petri net, it is sufficient to replace transition
t of the former with a sequence t{ty with:

4 9m'm<t1) = emax(t1> =0
o and 0,,in(t2) = Omaz(tz) = 0(2).

As for ordinary Petri nets (without explicit time), they correspond simply to the case
where all enabling intervals are equal to [0, 00).
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6.3 Stochastic Petri Net

6.3.1 Limitations of Timed and Time Nets

The use of timed Petri nets allows the construction of realistic models for evaluating
discrete event systems for simulation. In fact, nothing prevents modifying the function
Oy to associate with transitions the result of a random draw instead of a constant value.
However, the properties of a timed net, or an interpreted net in general, may differ from
those obtained from the underlying Petri net, as discussed in Section 4.6.

The use of the time Petri net easily describes the watchdog mechanism and the
construction of a cover graph of accessible states in simple cases where the underlying
Petri net is limited, and the time intervals associated with transitions are given in the
form of integers. This model has been used to formally verify a certain number of
protocols. However, the size of the cover graph quickly explodes when the time intervals
are very different.

The main problem is that the state description of these nets must include not only
the marking but also the temporal information.

To utilize the power of Markovian analysis, it is necessary for systems to be memory-
less; that is, if an event causes the firing of transition ¢ and transforms the marking M,
into Ms, the future evolution of transitions that were enabled by M; before the firing of
t should be identical to that which the transitions would undergo if they were enabled
by M.

Only geometric and exponential distributions satisfy this fact. Therefore, stochastic
Petri nets are those in which the enabling durations associated with transitions are
defined by such distributions, to construct an equivalent Markovian process and thus
analyze the net’s behavior.

6.3.2 Stochastic Enabling Duration

In the case of the time Petri net, the enabling duration is a variable that assumes a
value within the interval (6,,in, Omaz ), With these values being equally distributed. In the
stochastic Petri net, this enabling duration is a stochastic variable with an exponential
probability distribution
PT[QST] =1—e.
The function Prg(;y describes the probability that the firing of transition ¢ happens before
time 7 and, therefore, that the enabling duration is less than this time.
Let A\ be the transition rate; the average value of the enabling duration is given by:

_ (o] o 1
0 = / (1 — PT@(T))dT = / e Ndr = =
0 0 A

Definition:
A stochastic Petri net is a pair Ny, =< N, A >

e N is a Petri net with an initial marking;

e A is a function that associates, to each transition ¢, a transition rate A(t).
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This is equivalent to associating to each transition a continuous enabling interval
[0, 00) with an exponential distribution. This explains why the set of accessible markings

is the same as that of the underlying net. The average enabling duration is 0,(t) = ﬁ

6.3.3 Obtaining a Markov Chain

Consider two accessible markings M; and M;:

e If there is only one transition such that M; Y M;, the transition rate from state
M, to state M; is given by A(t);

o If there are two transitions ¢; and ¢,, such that M; L M; and M; i M;, the
transition rate from state M; to state M, is given by A(tg) + A(ty,).

From the stochastic Petri net Ny =< N, A >, a Markov chain can be constructed.
The states are the accessible markings of the set A(R, My). The transition rate matrix
@ is written directly from the function A. Column j of ) describes the evolution of the
probability 7; of marking M; over time. The element g;; is the transition rate to reach
state M; from M;. Its value is negative as it describes the transition rate that allows
abandoning state M.

The steady-state regime of the Markov process is given by the vector II*, solution of
the equation:

I7Q =0 with Y =7 =1. (6.1)

Let B be a property that is verified by a set of markings E M, then:

This equation allows calculating, for example, the average number of tokens in a given
place.

The fact that a Markov chain can be constructed from the stochastic Petri net allows
for the analysis of this net. The following results are obtained:

e If the Petri net is reversible, the solution to equation 6.1 is unique;

e The set of places that belong to a positive conservative component is analogous to
a closed Markov subchain;

e An unbounded place corresponds to an open chain. Due to the complexity problem,
the analysis is restricted to bounded Petri nets or nets with at most one or two
unbounded places (for a given initial marking);

e A particular equation of system 6.1 is described by column j of matrix @ and
corresponds to the application of the cut theorem around the node corresponding
to marking M;. In the steady state, the derivative of the probability of this marking
is zero.
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Example 6.3 Stochastic Petri net
Consider the stochastic Petri net in FIG. 6.5, with the following transition rates:

p1l t3

Figure 6.5: Stochastic Petri net. Figure 6.6: Graph GA(R; M).

The graph of accessible markings is given in FIG. 6.6, with My = p3, M; = pipo,
My = pop3, M3 = p?, My = p1p3, and M5 = p2. The transition rate matrix @), whose
rows and columns correspond to the markings M, to Ms, is given by:

[ —A —A2— A3 Ao+ A3 0 A 0 0
A5 a A+A3 0 0 A
0 2. A5 -2 0 0 0
A4 0 0 b M A2+ A3
0 0 0 A —M\g 0
0 A 0 s 0 =4 — X5

where a = (=X — Ao — A3 — A5) and b = (—A; — Ay — A3 — A\4). The first column of the
matrix () allows us to write the equation:

dm
d_to = —()\1 + )\2 + )\3)7‘(‘0 + )\57‘(‘1 + )\47T3

where ; is the probability of the marking M;. Note that the sum of the elements of a
row in () is zero, as the arcs leaving a state M; are exactly the same arcs that arrive at

M; from M;. o

6.4 Notes

The time Petri net was introduced by MERLIN (1974) in his doctoral thesis; the timed
Petri net by RAMCHANDANTI (1974) and the stochastic Petri net by MOLLOY (1981).
In all these models, time is used explicitly. Works based on these models are used to
evaluate the performance of systems represented by Petri nets, such as in FREEDMAN
(1988), or for formal verification, as in BERTHOMIEU (1983).

For a definition of Markov chain, see CASSANDRAS (1993).



Chapter 7

IMPLEMENTATION METHODS

All methods for implementing a design based on a Petri net can be classified according
to two main sets of choices.

The first choice is whether the Petri net is implemented as a rule-based system or
not. According to this choice, the implementation is done following:

e The procedural approach: this involves developing methods that allow writing
programs using procedural languages such as Pascal or ADA, whose behavior is
identical to that specified by the Petri net;

e The declarative approach: this considers that a Petri net is a rule-based system
(see item 2.3) and bases the implementation on the use of a specialized inference
mechanism called a Petri net player. The program that performs this inference
engine does not depend on a specific a pplication. It implements the definitions
corresponding to the dynamic behavior of the Petri net (enabled transition, firing
of a transition, etc.).

Another fundamental choice concerning the implementation of the net will be made:
e In a centralized manner;
e In a decentralized or even distributed manner.

It is evident that these choices will be made during the final stages of design. These
choices are not entirely independent, as it would not be realistic to attempt a centralized
and procedural implementation of a system described by a Petri net with a high degree
of parallelism (a large number of enabled and parallel transitions for a given marking).

On the other hand, in the case of decentralized implementation, it is possible to
implement certain parts of the system procedurally and other parts non-procedurally.

7.1 Procedural Approach

The net describes a sequential process

The net corresponds to a conservative component that contains only one token.
Therefore, it is a Petri net belonging to the subclass of state machines.
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The token can be viewed as the instruction register of the sequential program that
should have the same behavior.

Procedures are associated with the transitions or places, depending on whether the
time is associated with the transitions or places. Both forms are equivalent.

The program is written directly; shared places correspond to if or case of or go to
instructions.

Case of an arbitrary net

The reachability graph of the Petri net markings is computed, which is equivalent to
transforming the net into an equivalent state machine. The problem is the combinatorial
explosion of the number of states...

7.2 Non-procedural Approach

7.2.1 Principle

As mentioned in Chapter 2, the Petri net can be considered as a production rule
system.

Each transition is then regarded as a state transformation rule; from a given state
(marking), an applicable rule must be found to move to the next state.

The non-procedural approach involves writing a specialized inference engine capable
of playing the Petri net, that is, moving the tokens in accordance with the transition
firing rules. In the context of program engineering, this approach can also be considered
as an execution of the design specification.

When defining the interpretation of a Petri net, it was seen that transitions can be
associated with external events or internal events of the system being implemented.

Is there No Waiting for an
another enabled —————=| external event
transition? (stable state)
No /r Yes

Does the Searching for

interpretation apply the corresponding

in this environment transition

Yes
Firing the Yes | Is the transition | NO

— transﬁlon enabled?
Anomaly

Figure 7.1: Principle of the token player.

The specialized inference engine, often called the Petri net player, or token player,
has its operation described by FIG. 7.1. This must be such that the firing of external
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transitions must synchronize with the occurrence of the associated event. This corres-
ponds to the reception of update messages or requests from the system. On the other
hand, from a given marking, all enabled internal transitions must be fired before conside-
ring the next external event. They correspond to internal conclusions (decisions) and may
result in messages (commands or responses) sent to the system’s external environment.

The stable state of a net is a marking for which only transitions associated with
external events are enabled. The token player must then enter a state of “listening” to
the external environment.

When a message is received, the associated transition must be found and fired. Then,
from the new marking, all enabled internal transitions must be fired to reach a new stable
state. By firing all internal transitions, the associated actions are executed, causing
operations on data (operative part) and sending messages to the system’s external
environment.

7.2.2 Comparison with the procedural approach

In the non-procedural approach, an executable program is obtained that does not
depend on the application, at least concerning control. Of course, there is still data
processing for the operative part.

The Petri net is considered by the player as a data structure. Thus, automatic
programming of the control part is achieved, hence the analogy with the execution of
specifications.

The complexity of this approach varies little with the number of places and transitions
of the Petri net. It mainly depends on the number of transitions and tokens involved in
conflicts. Procedural-type implementations have a complexity that grows with the size
of the Petri net. This approach is preferable in simple cases. In complex cases and when
response time constraints are not critical, the non-procedural approach is preferable.

Another point to highlight is that, being close to Artificial Intelligence techniques, it
can be used together with the player mechanism. Two cases are of interest:

e Conflict resolution;
e Diagnosis in case of anomaly.

The first case involves having an effective strategy for choosing a transition (rule)
and a tuple of tokens (facts) during forward chaining operation, which corresponds to
the firing of an internal transition. One can prioritize response time and organize the
data and search procedures so that the first solution found is the best. Alternatively, the
entire conflict space can be built and external selection rules (possibly a human operator)
can be used to reach a final decision.

The second case arises from the following problem. The player mechanism is an
effective tool for detecting any inconsistency between the reception of an update message
and the last known state, but it does not offer an incident diagnosis tool. If the Petri
net is stored as a data structure operated on by the player, it can also be considered as
a semantic diagram for another deduction system responsible for diagnosis. The Petri
net is thus a convenient way to know the presumed state of knowledge (the marking) as
well as all coherent possibilities for its evolution (the sequences of transitions).
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7.3 Decentralized Approach

The system design must have been done using the notion of object, or better yet,
sequential processes as structuring elements. This approach implies decomposing the
Petri net into a number of processes that will be implemented as sequential processes
communicating with each other. These sequential processes will be implemented by tasks
executed in parallel on a processor or, in a distributed manner, on a local network.

The objects that are sequential processes can be implemented directly, while others
will need to be decomposed more finely, transformed into finite state machines, or
implemented non-procedurally.

Communications between tasks are based on the classic principles of:

e Asynchronous communication;
e Rendez-vous;
e Remote procedure execution.

But, for the implementation of these mechanisms, new choices are necessary, and
according to these choices, constraints will arise. These choices and constraints are
obviously closely linked to the chosen implementation language and the multi-tasking
operating system (or the communication primitives offered by the local network) of the
target computing system.

One of the important issues concerns the mutual nominal knowledge that the com-
municating tasks must have or not. If tasks A and B must communicate or simply
synchronize, there are four possibilities:

1. A knows B, and B does not know A;
2. B knows A, and A does not know B;
3. A and B mutually know each other;
4. A and B do not know each other, but:

e They know a global object specific to this exchange;

e They are known by a global object, the configurator, having knowledge of the
exchange and the ability to facilitate its execution.

Cases 1 and 2 are different in the case of asymmetric communication such as asyn-
chronous communication.

To increase the autonomy of objects and promote their reuse in another part of the
application or even in another project, it is always beneficial for objects to nominally
know a minimum number of other objects. Thus, the choice of solution 3 is of no interest.
On the other hand, solution 4 is interesting but sometimes difficult to implement.



Chapter 8

PETRI NETS, NON-CLASSICAL LOGICS,
AND HYBRID SYSTEMS

8.1 Fuzzy Petri Nets

Diagnostic and recovery procedures for discrete event systems, such as manufacturing
systems, involve reasoning about objects and resources and their state changes. Addi-
tionally, it is often necessary to deal with data that may be vague or uncertain in
nature. Classical logic is not very suitable for such tasks, especially when dealing with
changes, as frame and ramification problems make any reasoning difficult. On the other
hand, Petri nets are well-suited to represent states of dynamic systems composed of
concurrent processes that share resources, but they are not adequate for dealing with
system uncertainty, if it exists.

The theory of fuzzy Petri nets is recent, and the majority of work has been published
in technical journals and conferences.

8.1.1 Requirements for Models of Dynamic Systems

The development of computational technology has enabled a variety of methods,
techniques, and tools to solve problems associated with the design and operation of
dynamic systems. An important class of such systems are those driven by instantaneous
events, the discrete event systems, called DES.

There are two fundamental aspects in such systems: evolution over time and uncer-
tainty concerning the information they handle. In general, on one hand, works on the
representation of the evolutionary aspect rarely consider the incomplete or uncertain
aspect of the world’s description and its evolution. On the other hand, the dynamic
aspect of information is mostly not considered in works dealing with the uncertainty
aspect. These aspects are intrinsically multidisciplinary, utilizing concepts from Software
Engineering, Systems Analysis, Artificial Intelligence, Control, and Databases. Various
models have been developed, but none are general-purpose, as none consider all aspects
involved in the problem.

8.1.1.1 Petri Nets
The dynamic aspect of a DES is captured by the Petri net in a formal and at the
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same time natural way. As we have seen in the first part of this book, this model allows
representing true parallelism, concurrency, precedence constraints, etc. The analysis of
so-called good properties (such as boundedness and liveness) and structural properties
(place and transition invariants) are an efficient aid during the specification and design
phases in the lifecycle of a DES, as seen in chapter 3. The obtained specification can
also be simulated and directly implemented by a Petri net player, as seen in chapter 7.

An ordinary Petri net can only represent whether the system is (or is not) in a given
state. When the system is complex and consists of a set of processes, it may be necessary
to use high-level Petri nets (Chapter 5). In both cases, only precisely known information
is considered.

If the Petri net is a model of a physical system and is implemented in real-time
concurrently with its evolution, transitions are only fired when it is certain that the
associated event actually occurred (Chapters 4 and 7). If the event associated with the
transition occurs and the transition is not enabled by the marking, an inconsistency in the
model is detected. It is possible to represent time and communication with the external
environment, but it is not possible, however, to represent incomplete information, such
as "the operation duration is approzimately 5 minutes”. !

8.1.1.2 Fuzzy Sets

Fuzzy sets were introduced by Lotfi Zadeh from the University of Berkeley in 1965.
These sets allow dealing with the representation of classes whose boundaries are not well
defined, through characteristic functions that take values in the interval [0, 1]. Fuzzy sets
are a powerful tool for knowledge representation because they allow considering vague
or flexible categories used by experts in rules such as 7if X is A then Y is B,” where A
and B can be fuzzy sets. This type of rule is used in fuzzy control systems and fuzzy
expert systems.

8.1.2 Combining Petri Nets and Fuzzy Sets
8.1.2.1 The Various Approaches

Several authors have demonstrated the relationships between Petri nets and logic
programs, such as MURATA (1988), and Petri nets and Production Rule Systems, such
as VALETTE & ATABAKHCHE (1987) and ZISMAN (1978). It is natural, therefore,
to introduce fuzzy logic into the Petri net model. Since the pioneering work of LOONEY
(1988), various authors from the Petri net and Artificial Intelligence communities have
proposed different types of fuzzy Petri nets (FPN). Despite sharing the same name,
these models are based on different notions and are more or less consistent with Petri
net theory.

8.1.2.2 Tokens and Markings

Although not formally defined in any paper, one can imagine that fuzzy markings
could be defined by associating a fuzzy number with each place, indicating the number

Incomplete information can be expressed in terms of vagueness and imprecision. Generally,
vagueness is associated with the difficulty of making rigid or precise distinctions; imprecision is associated
with one-to-many relationships.
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of tokens in the place. However, this must be consistent with place invariants, otherwise,
the number of markings would grow infinitely (when imprecision increases), resulting in
an unbounded system.

For example, in the FPN model of CAO & SANDERSON (1993), fuzzy marking is
assigned to a place to quantify the uncertainty of the existence of a token there. In
CARDOSO (1991), fuzzy marking (of an object Petri net) is defined by assigning each
token its fuzzy location, characterized by a fuzzy set of places (the places where the
token may be). In other works where a fuzzy logical proposition is associated with a
place, a membership function is associated with the token. The token’s value indicates
the truth degree of propositions and changes with the firing of transitions, as in the
works of CHEN (1990) and SCARPELLI (1996).

8.1.2.3 Transitions

Although in the classical Petri net model tokens are removed when transitions fire,
this is not always the case when the Petri net is used with Artificial Intelligence techniques.
In logic, for example, a proposition (the antecedent of a rule) remains true after the rule
is fired, so the token in the corresponding place is not removed, as noted by Murata
(1988). In other works, such as Cardoso (1991), the tokens represent entities, and the
places are the possible states of these entities. If a token f is in a place p, it means that
the proposition "token f is in state p” is true.

In cases where fuzzy Petri nets (FPNs) represent fuzzy production rules, the tokens
are removed. This does not imply that the proposition becomes false but rather that
the corresponding information has been used in carrying out a proof scenario.

Most works include a certainty factor, confidence, or truth value associated with the
transition. Since a transition in an FPN corresponds to a rule in a production system,
firing a sequence of transitions (considering the confidence factor of each) defines a fuzzy
firing sequence that is more or less likely to be fired.

Another approach is to associate an authorization function with the transition: a
pseudo firing occurs when there is imprecise or uncertain information. During normal
operation, the FPN behaves like a classical Petri net. A generalization of this work is the
association of a fuzzy date with each transition. This date is compared with the current
time to verify whether the transition has not yet been fired, or if it has definitely been
fired, or if it is possible that it has been fired (possible in the sense of Possibility theory).

8.1.2.4 Considerations on Consistency

The Petri net is characterized by its dynamics: it is possible to ezecute a net to analyze
the behavior of the modeled system. The way membership functions of fuzzy sets are
assigned to tokens (or places) and certainty factors are associated with transitions will
only be promising if it is consistent with Petri net theory.

An important point in Petri net theory is that through linear programming (Chapter 3)
it is possible to extract specific subnets. A place invariant is a subnet in which the total
number of tokens in its places is constant. A transition invariant is a subnet in which the
transformation of markings obtained by firing its transitions is null (the final marking is
equal to the initial marking). It is, therefore, important to explore at least one of these
notions. Thus, the use of transition invariants allows finding, in Petri nets modeling
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logical programs, an optimal proof: a proof in which all intermediate deductions are
indeed necessary to obtain the conclusion (which is not always the case in general). In
the case of FPNs modeling physical processes, for each token (which is an object instance
in an object-oriented Petri net) there is a place invariant that contains it with certainty
(the location of the token may be imprecise or fuzzy, but it is contained in the place
invariant).

Representing rules by transitions in a Petri net is an old idea, but it remains an
open question and is certainly unresolved when fuzzy rules are considered. This is a
direct consequence of tokens being consumed and produced by firing transitions in a net,
whereas in classical logic, due to the property of monotonicity, a deduction always adds
new truth values without falsifying those already used (see the discussion on linear logic
in the next section).

As seen in chapter 2, the grammar S =< IP, () > associated with the net R is defined
by its vocabulary IP and the set ) of rewriting rules ¢; : u(Pre(.,t;)) — u(Post(.,t;)).
An initial marking M of the net corresponds to an axiom (M) of the grammar, from
which new words are deduced.

Using this notation, consider, for example, the rewriting rule u(t) : P — Q A R,
whose Petri net is represented in FIG. 8.1.a. This is quite similar to the propositional
logic formula P — @ A R. This formula is equivalent to (P — Q) A (P — R) or
P — @ and P — R. Now consider rewriting rules similar to these two formulas, we have
wu(ty) - P — @ and pu(te) : P — R whose net is represented in FIG. 8.1.b. In classical
logic, these two formulas are equivalent because both lead to the same conclusion: if the
fact P is true, one can deduce that () and R are true. But the two Petri nets in FIG. 8.1
are different. In FIG. 8.1.a both places () and R are marked, whereas in FIG. 8.1.b only
one of these places will be marked.

A
firing tq
A A A@ 7t /Z to
. B C
fi t
i e t t /g t2§\
B C B C B C A

DO O QW
firing £, QB ®C

a) b)

Figure 8.1: Petri net and logic: a) P - QA R, b) (P — Q) A (P — R)

In general, the application of FPNs, specifically in the context of control and supervision
of manufacturing systems, can follow two lines according to their use as:

e A model for reasoning: the transitions represent diagnostic rules, each sequence
of transition firings represents an explanation that can be used for error recovery.
The FPN as a whole represents the diagnostic expert system,;
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e A model of the physical system: the transitions represent possible state changes;
the sequences of transitions represent possible behaviors. The FPN is a tool to
update the system state at the supervision level, using poorly known information
(with imprecision or uncertainty), without obtaining inconsistent states.

8.2 Petri Nets as Semantics for Linear Logic

As seen in the previous section, a problem with representing the Petri net using
classical logic is that it does not allow working directly with the notion of resources.
Linear logic, however, does, and thus the Petri net can be used directly to provide
semantics to linear logic.

Besides the notion of resources, another motivation for using linear logic is the more
precise representation of a firing sequence. In fact, a problem in Petri net theory is that
the characterization of the marking through a vector M is complete and precise, which is
not the case for the sequence s, as seen in section 2.1.8. The existence of a characteristic
vector s that is a solution to M’ = M +C'.s does not guarantee that the sequence s can be
effectively fired. Besides disregarding the order of the sequence, only the transformation
of the marking is described.

8.2.1 Linear Logic: Basic Concepts

Linear logic, proposed by Girard (1987), is of great interest when one wishes to manipulate
consumable resources; it differs from classical logic because two rules are not valid: the
contraction rule and the weakening rule. Linear logic has three sets of connectives:

e Multiplicative connectives:

— ®, called times, expresses AND of resources,
— —o, called linear implication, expresses causal dependency between resources,

— % called par, when used with negation, expresses precedence notions;

e Additive connectives &, called with, and @, called plus, which allow expressing
internal and external choice;

e Exponential connectives !, called of course and ?, called why not. ' A indicates that
the resource A can be used as much as needed (it is unlimited) and ?A indicates
that the resource A can be produced as much as needed. These connectives allow
reintroducing the notions of contraction and weakening, if necessary, but for specific
formulas and in a controlled manner.

Linear logic also handles negation but with an interpretation different from that
of classical logic: linear negation is denoted - and does not express truth/falsity, but
concepts of action/reaction, such as production and consumption.

Thus, in linear logic, if A and B are resources, AR B represents a resource consisting
of A and B simultaneously, and A—oB represents the action of using A to produce B
(causal dependency).
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When resource A is available, it is possible to obtain resource B through the sequent
calculation between the formulas A and A—oB. Unlike in (monotonic) classical logic,
from this point onward, resource A is no longer available; the deduction represents the
consumption of this resource and the production of B.

Therefore, well-formed formulas describing the state of resources are consumed when
used in the proof of a sequent (when an idle resource is allocated to a task, it becomes
occupied).

8.2.2 Description of Petri net using linear logic

Any Petri net can be described by a collection of well-formed formulas of linear logic:
markings are described by consumable formulas and transitions by non-consumable
formulas (using the ! connective). A formula like A®D describes the distribution of
tokens (marking) such that places A and D each contain one token. This marking can
be a partial marking. This formula is correct because the tokens can only be used once.

In turn, a transition ¢ with Pre(t) = {A} and Post(t) = {B,C} is represented by
the formula

1(A —o BaC).

Since transitions are not consumed by firing (if a new token arrives at the input
place, it can be immediately fired), it is necessary to use the ! connective. However, in a
proof, the ! connective does not appear since the transition is fired only once for a given
marking.

A collection of linear logic formulas corresponding to a description of a Petri net with
an initial marking will take the following forms:

e For the initial marking

® mye. Ay (8.1)

Aj€set of marked places

Here Ay denotes a token in place A, and my. Ay signifies that there are my, tokens
in Ak

e For each transition ¢; of the net:

! ® m;.A;—o ® mey. A, | . (8.2)

A; €input places Ao € output places

of tj of t;

8.2.2.1 Transition firing

A transition t of a Petri net is enabled if M > Pre(.,t), where M is the marking
vector and Pre(.,t) is the input function. The firing consists of removing tokens from
the input places and placing them in the output places using the equation

M =M+Ct

where C' = Post — Pre is the incidence matrix.
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Firing a transition corresponds in linear logic to proving the sequent:

M, t
M/

where the formula M is the initial marking in the form of equation 8.1 and the formula
t is the transition in the form of equation 8.2. One can also write this sequent in the
form: M, t = M.

Firing is only possible if all atoms on the left side of the formula ¢ are present in the
formula M. In the case of the transition ¢ treated above, if the marking of the net is A,
then we have

A, (A Lo BoC)
BaC

The resource A was consumed, and the resource BRC' was produced. In terms of
Petri nets, this corresponds to removing tokens from the input places of ¢ and placing
them in the output places of t.

. (8.3)

8.2.3 Firing sequence in linear logic

In this section, the method by which a firing sequence can be characterized by a
well-formed formula of linear logic will be presented. This will then be compared with
the sequence obtained through the marking transformation calculation used in Petri net
theory. The characterization of a sequence s in a Petri net is Cs, which is used in the
fundamental equation

M'= M + Cs. (8.4)

Each component s(t) of s indicates the number of times the transition ¢ fires in the
sequence s. The vector s does not indicate the order of firing of the transitions, and
even a solution s > 0 does not imply the existence of such a sequence (necessary but not
sufficient condition), as seen in Section 2.1.8.

8.2.3.1 Ordered sequences

If the sequence tit5 is an ordered sequence, then t; must fire before t,. All tokens
produced by ¢; and that can be consumed by ¢5 must indeed be consumed. This means
eliminating as much as possible the set of propositions that are members of the right part
of the formula representing the first transition of the sequence, and the left part of the
formula representing the second transition of the sequence. This corresponds, in Petri
nets, to the definition of firing: all tokens present in the input places of ¢ that enable it
must be removed, and the enabling condition is the minimum marking that allows the
firing. By doing so, we have both the marking transformation and the minimum marking
required to fire the sequence.

Example 8.1 Firing sequence
Consider the Petri net in FIG. 8.2. Its structure (the initial marking will not be used
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here) corresponds to the following set of linear logic formulas:

t : Ao B)
ty : Y(Boa —o Cop)
ts : NC®B 2o Doa).

Figure 8.2: Resources and sequence.

Consider, for example, the sequence sy = t; tot3. We calculate the sequent between

the formulas of #; and t5, and from this with #3:

t1 to
(A—0B), (BRa—0CKp) ts
(AQa—0C®B) (C®B —o Dea)

(A®a 2o D®a)

The resulting formula
s1 @ N(A®a—oDRa)
represents the sequence s; = ty ty t3 after proving the sequent above.
Now consider the sequence sy = t3t1ts. It is represented by the formula

t3 t1
(C¥B—0DXa), (A—OB) t2
C0IRA—op®aRn) @ (B —o Cep)

(C®BRA—DRC®A)

The resulting formula
s2 ¢ (CRPLRA—oCRBRD)

represents the sequence sy = tstity after proving the sequent above.

(8.5)

(8.6)

<&

In both sequences, the obtained formulas represent the minimum marking required
for the sequence and the marking resulting from applying the sequence to this minimum

marking (in the same way as the incidence matrix).

According to the definition of Petri net, a sequence is an ordered set of transitions.
Therefore, in terms of linear logic, the formula associated with a sequence has the same
definition, but formulas representing transitions arranged in any order can be associated
with different sequences. If s; and sy are valid sequences, the formulas !(s;) and !(s2)

are valid.
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8.2.3.2 Resources

The first point to observe, considering the sequence s; in Example 8.1, is that the
atom « remains present on both sides of the linear implication and cannot be simplified.

However, the atom [ does not appear because, in the firing of the sequence s,
the resource « is consumed before being produced, while 3 is produced before being
consumed. Formula 8.5 shows both the transformation of the marking (a token moving
from P4 to Pp) and the minimum marking necessary to enable the firing of the sequence
(marking A®« in this example). As for sequence sq (formula 8.6), the minimum necessary
marking is (C®FRA). Therefore, for the marking indicated in FIG. 8.2, the firing of
this sequence is not possible.

Thus, we have both the transformation of the marking and the minimum marking
necessary to fire the sequence, while C's indicates only the transformation of the marking
caused by the sequence s and does not even guarantee its existence (the component
relative to place a is null).

The characterization of a sequence in linear logic depends on the firing order. Thus,
sequences s; = t1 to t3 and s9 = t3t; t9 are not represented by the same formula. The first
is represented by equation 8.5 and the second is represented by equation 8.6. In Petri
net theory, both are represented by the same characteristic vector s = [1 1 1]7, which,
applied in equation 8.4 with the marking from figure 8.2 (places P4 and P, marked),
provides the same marking (places Pp and P, marked). However, it is easy to verify
that sequence s; can be fired for this initial marking, while sequence s, cannot be fired.

8.3 Petri Nets for Hybrid Systems

8.3.1 Hybrid Production System

In general, the model of a dynamic system is hybrid if the state variables are of two
types: continuous (real values) and discrete (finite set values, such as integers). As seen
in Chapter 1, considering the nature of the state variables and time, there are four types
of models:

e Continuous system: continuous time and continuous state variables;
e Discretized system: discrete time and continuous state variables;

e Discrete system: continuous time and discrete state variables;

e Discrete event system: discrete time and discrete state variables.

In the case of hybrid systems, the state variables, as well as time, can be of both
types (discrete and continuous). Thus, time is also hybrid, which implies two types of
models: a continuous model and a discrete event model.

8.3.1.1 Hybrid Manufacturing Process

Hybrid models are often necessary in batch-type production systems. For example,
in a manufacturing system, at the local control level, the regulation systems of motors
(axis control) impose continuous models (or discretized if the control is numerical). But
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the sequencing of operations and system control is based on a discrete event model.
However, these two views should not be combined into a hybrid system, as they are
rarely connected by dependency relationships.

In the case of an industrial process that handles a continuous flow of raw material
operating in a steady state, such as an oil refinery, the simplest mathematical model
is the continuous one, consisting of algebraic equations. But if there is interest in the
startups and shutdowns of the facility, it is necessary to introduce differential equations
to represent the dynamic behavior. It may also be necessary to introduce discrete
variables to describe the different phases of the transient regime and the associated
controls (opening and closing valves, heating, etc.). In the case of modeling the behavior
of opening a valve for stability analysis, a hybrid model with continuous time is required.

Hybrid production systems, such as batch systems, represent another case. These are
industrial processes that transform continuous raw material and consist of two types of
equipment:

e A first type, for example, heat exchangers used to heat or cool the raw material,
operates continuously. To be effective and ensure the raw material’s temperature
is correct, the flow through it must be constant in a steady state. During a
time interval dt, a volume dV of material undergoes complete physical-chemical
transformation. For example, its temperature changes from 6, to 6;;

e A second type of equipment, for example, reactors, operates discontinuously. After
a filling phase, an entire batch of material undergoes transformation. If a reactor
is used to heat a batch of volume V', during the time interval dt the entire volume
V' changes from a temperature 6 to 6 + df.

Batch-type systems generally impose the use of a hybrid model. The manufacturing
recipe that describes the sequence of transformations to be performed on the equipment
is naturally a discrete event model (like a manufacturing process in an industrial setting),
but the unit transformed material is not a batch of parts but a quantity of raw material
that can vary according to the reactor size, and is not physically delimited in the
continuously operating equipment. At all times, it must be verified whether the equipment
required to operate in a steady state is properly supplied (raw material at the input and
available s pace at the output), which imposes a material balance (equations involving
continuous variables). Therefore, it is difficult to avoid the simultaneous manipulation
of discrete states and events to describe the sequence of phases and continuous variables
taking their values in the set of real numbers to describe volumes, molar masses, chemical
compositions, etc.

8.3.2 Modeling Techniques

The challenge presented by hybrid systems is that, from a mathematical perspective,
calculations on integers (and therefore discrete variables) are very different (generally
more complex) than calculations on real numbers. There are no derivatives, and often
only costly enumerative procedures exist.

The developed approaches can be grouped into four classes: continuous models
with added discrete variables; discrete models with added continuous variables; models
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integrating continuous and discrete within a single formalism or within two communicating
formalisms.
These approaches will be illustrated with an example of a reactor that needs to be

filled and emptied (FIG. 8.3).

8.3.2.1 Extended Continuous Model

N/
AN

Vmax
\%4

‘/nLin
2N Go

Figure 8.3: Reactor

In the case of the reactor in FIG. 8.3, the continuous model is a simple differential
equation. The volume V' (the only state variable) contained in the reactor is calculated
from the input flow rate ¢; and the output flow rate g, (considered here as parameters)
by: ;

e =t—a (8.7
If the model is used in real-time on a processor to calculate the volume at a given instant,
then the discretization instants ¢,, must be considered, and we obtain (assuming that the
variations of ¢; and ¢, between two sampling instants are negligible):

V(tas1) =V (tn) = (¢ — qo) (tn1 — tn) - (8.8)

There are two valves (input and output) in the system shown in FIG. 8.3; since
each can be open or closed, there are four operating configurations in this system.
Equation 8.7 describes the system’s behavior when both valves are open. To describe
the four configurations in a single equation, equation 8.7 is augmented with two Boolean
variables b; and b,, resulting in the equation:

A%
=bi-q;— by qo. 8.9
i q q (8.9)

The Boolean variable b; corresponds to the predicate ”input valve open” (it is 1 when
the input valve is open and 0 when it is closed), and the Boolean variable b, corresponds
to the predicate ”output valve open” (it is 1 when open and 0 when closed).

Equation 8.9 is valid for the four possible phases of the system, thus allowing the
simulation of the system’s overall behavior (continuous and discrete parts in the same
model):
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e The reactor can be isolated: b; = 0 and b, = 0;
e The reactor is being filled: b; = 1 and b, = 0;
e The reactor is being emptied: b; = 0 and b, = 1;

e The reactor is being filled and emptied simultaneously (acting as a storage device
to decouple two continuously operating pieces of equipment): b; = 1 and b, = 1.

There are three state variables (V, b;, and b,) and two parameters (¢; and ¢,). The
variable V' describes the continuous part of the state, while the other two correspond to
the discrete part of the state. They encode the four phases and make equation 8.9 valid
regardless of the reactor’s state. However, this equation does not describe the events
that trigger the transition from one phase to another. It is necessary to add equations
that calculate the Boolean variables based on the thresholds of the continuous variable

V:

If (V < Vipgs) then b; = 1 If (V > Vipaw) then b; = 0
If (V' > Vipin) then b, = 1 If (V < Vi) then b, = 0.

This solution is only feasible if the system has few phase changes. Additionally, a
first problem arises when the direction of the variation of the continuous quantity affects
the calculation of the Boolean variables, for example,

If (V. = Vygn) when V' is increasing, then b; =0
If (V= Viedium) when V' is increasing, then b; = 1.

A second problem arises when there are several "filling” phases in a manufacturing
recipe. For instance, when it is necessary to initially put 1000 liters of product A into
the reactor, and then add 500 liters of product B. The Boolean variables and thresholds
quickly increase.

8.3.2.2 Extended Discrete Event Model

Discrete event models (finite automata or Petri nets) are based on discrete states and
discrete time. Time is made explicit in the form of a sequence of events that are state
changes (the nezt state function in an automaton, or the firing of a transition in a Petri
net).

fill fill mix use

empty 1000 1 of A 50010f B (empty)

Figure 8.4: Manufacturing recipe.

A discrete event model is particularly well-suited to describe the succession of phases
of a hybrid system necessary for the manufacture of a product (recipe). In the case of
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the reactor, an elementary recipe can be described by the Petri net in FIG. 8.4. Starting
from the empty reactor, 1000 liters of product A are added and then 500 liters of B are
added. These are then mixed, and finally the product is used. Each phase is a place in
the net.

start filling filling mixing
date duration A duration B duration
fill fill ; use
empty 10001 of A 5001 0f B mix (empty)

Figure 8.5: Time specification.

Introducing time into the model in FIG. 8.4 means moving from a discrete event
model to a discrete model (discrete states, continuous time). In the case of the temporal
Petri net, a firing duration is associated with the transition.

Associating a filling duration of the reactor with product A to the transition exiting
the place fill 1000 [ of A forces the tokens circulating in the net to remain in the place for
the specified time (Petri net in FIG. 8.5). In simple cases, this duration can be calculated

as % where ¢;, is the input flow rate. The value of V' can be calculated at any time;

A

thus, through simple interpolation, the hybrid state of the reactor (phase and V') can be
reconstructed at each moment (continuous time).

The hybrid model is then formed by a discrete model (Petri net) complemented with
a continuous variable: time. All other continuous state variables must be linear functions
of time, calculable at any moment from the discrete state.

start filling filling mixing
date duration A duration B duration
I/ I "l "]
fill with A fill :
empty 0 highlevel 5001 of B mix (empty)

Figure 8.6: Duration not determinable in advance.

However, modeling hybrid systems using temporal Petri nets has certain limitations.
For example, consider FIG. 8.6. If the initial level V, of the product contained in the
reactor is not always the same at the beginning of the execution of the recipe, and if the
operation to be performed is fill with product A up to the level Vyigp, then the duration
of the operation is given by

Vhigh — Vo
iy

This duration depends on the value of the continuous state component V' at the start
of the phase corresponding to the place. Thus, the information contained in the model
is no longer sufficient to simulate the system’s behavior.

(8.10)
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This problem can be addressed using a high-level Petri net (Chapter 5), where a
certain number of attributes can be assigned to tokens. Continuous state variables can
thus be associated with certain tokens. For example, the variable V' can be associated
with the token that moves from place to place as an attribute. At the beginning of
the operation fill with 1000 liters of product A, this attribute will contain the value V,
which allows the duration to be calculated using formula 8.10. The hybrid model is thus
obtained by representing phases as places (discrete state variables) and continuous state
variables as attributes associated with tokens.

8.4 Notes

Basic books on fuzzy set theory and possibility theory: DUBOIS & PRADE (1988),
KLIR (1988) and BOUCHON-MEUNIER (1994), as well as the articles ZADEH (1977,
1978).

Linear logic is a recent theory developed by GIRARD (1987,1990). For details on
sequent calculus see FITTING (1990). For more details on Petri nets and linear logic,
see PRADIN (1993).

Modeling hybrid systems using a single model is also recent. Some works using Petri

nets: DAUBAS (1994), ANDREU (1994,1995).
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Graph theory is an old subject with modern applications. The first result was given
by Euler in 1736 with the solution to the problem of the city of Koenigsberg: how to
cross the city’s seven bridges, passing over each one only once.

Until 1946, graph theory was confined to Mathematics. The most important con-
tributions were made by mathematicians such as Kirchhoff, Hamilton, Sylvester, Kempe,
Lucas, Petersen, and Tarry in the 19th century, and Poincare, Sainte-Lague, Kuratowski,
Hall, Polya, Konig, Whitney, and Tutte in the first half of the 20th century.

Operations research, which emerged from military research related to World War
II, spurred the development of graph theory as a model for concrete systems. Among
the prominent experts of this new orientation were Konig, Dantzig, Roy, Faure, and
Kaufmann. Another significant leap occurred in the 1960s with the development of
Information and Communication Sciences, with contributions from computer scientists
such as Dijkstra, Knuth, Wirth, Sakharovitch, Gondran, and others (both in the develop-
ment of algorithms and in problem modeling).

In the study of graphs, it is important to know the algorithms adapted to the main
types of graph problems: finding the shortest path, traversing each edge of the graph
exactly once, etc.

A.1 Formal Definitions and Notation

Definition A.1.1 (Graph). A graph or undirected graph G = (V, E) consists of a set V
of vertices (or nodes) and a set E of edges such that each edge e € E is associated with
an unordered pair of nodes.

Definition A.1.2 (Directed Graph). A directed graph or ordered graph G = (V,E)
consists of a set V' of vertices (or nodes) and a set E' of edges such that each edge e € E
18 associated with an ordered pair of nodes.

Definition A.1.3 (Incident Edge). An edge (directed or undirected) associated with a
pair of nodes v and w is said to be incident on v and w, and the nodes are said to be
adjacent.

Definition A.1.4 (Parallel Edges). Edges are said to be parallel if they are associated
with the same pairs of vertices.
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Definition A.1.5 (Loop). A loop is an edge incident on a single vertex.

Definition A.1.6 (Isolated Vertex). A vertex is considered isolated when there are no
incident edges.

Definition A.1.7 (Pendant Vertex). A vertez is said to be pendant when there is only
one incident edge.

Definition A.1.8 (Simple Graph). A graph is simple when it has no loops or parallel
edges.

Definition A.1.9 (Degree). The degree of a node is the number of edges incident on
the node. In the case of a loop, it is counted as two.

Definition A.1.10 (Multivalued Mapping I'). The multivalued mapping U is defined
by I : V. — P(V), where T; is the set of successors of node i, and T';* is the set of
predecessors of node 1.

A.2 Connectivity

Paths and Circuits
Paths and circuits are defined in a directed graph.

Definition A.2.1 (Path). Consider v, and v, nodes in a graph. A path from v, to v, of
length n is an alternating sequence of n+ 1 nodes and n edges starting at v, and ending
at vy,.

Definition A.2.2 (Elementary Path). An elementary path from v to w is a path that
traverses each node exactly once.

Definition A.2.3 (Circuit). A circuit is a non-null length path from v to v that traverses
each edge exactly once.

Definition A.2.4 (Elementary Circuit). An elementary circuit is a cycle from v to v
that traverses each node exactly once (except v, = v, = v).

Chains and cycles
Chains and cycles are defined for undirected graphs; chains correspond to paths and
cycles correspond to circuits for directed graphs in the definitions above.

Definition A.2.5 (Transitive Closure). The transitive closure of the application T' is
the application I defined by

T is the set of nodes that can be reached fArom node 1 by paths having exactly k edges.

-1

T, is the set of successors of i. Similarly, T;”" represents the set of predecessors of i.

Definition A.2.6 (Connected Graph). A graph is connected if for any pair of nodes v
and w in G, there exists a chain from v to w.
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For example, it is possible to construct a graph representing the Brazilian states, with
an edge connecting the states that share a common border.

A connected graph is unique, while a disconnected graph has several pieces, called
subgraphs or components.

Definition A.2.7 (Subgraph). G' = (V', E’) is a subgraph of G = (V, E) if: a) V' CV
and E' C E; b) Ve € E', if € is incident on v' and w', then v' and w' € V' (restriction
b) ensures that G' is a graph).

Definition A.2.8 (Component). Given a graph G and a node v of G, the subgraph G’
of G formed by all arcs and nodes of G contained in the chains starting at v is called the
component of G containing v.

A graph is connected if it has only one component. The graph in FIG.A.1.a (JOHN-
SONBAUGH (1993)) is connected, since for any pair of vertices v and w, there is a path
from v to w. However, the one in FIG.A.1.b is not connected; for instance, there is no
path from vy to vs.

Figure A.1: a) Connected Graph; b) Not connected graph.

Definition A.2.9 (Strongly Connected Graph). A directed graph G is strongly con-
nected if for any pair of nodes v and w in G, there exists a path from v to w and a path
from w to v, Yw,v € V.

Definition A.2.10 (Weakly Connected Graph). A directed graph is weakly connected if
for any pair of nodes v and w in the graph underlying graph, there exists a chain from v
to w.

In FIG. A.2, graph G is strongly connected (there is a path between any pair of
vertices). G is also weakly connected. On the other hand, graph H is not strongly
connected, as there is no path between a and b; however, it is weakly connected, as there
exists a chain between any pair of vertices in the underlying graph.

Definition A.2.11 (Eulerian Cycle). A cycle in G that includes all the arcs and all the
nodes s an Eulerian cycle.

If G consists of a single node v, with no arcs, the path (v) is called an Eulerian cycle
in G.

Theorem A.2.1. If a graph G has an Eulerian cycle, then G is connected and all nodes
have even degree.
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Figure A.2: a) Strongly connected graph; b) Weakly connected graph.

If the node has an odd number of incident vertices, it is impossible to leave the node
without passing through the arc twice.

Theorem A.2.2. If G is a connected graph and all the nodes have an even degree, then
G has an FEulerian cycle.

Theorem A.2.3 (Handshaking Lemma). If G is an undirected graph with m arcs and
n vertices, then the sum of the degrees of all nodes, Y., d(v;) = 2m, is even.

Corollary A.2.1. In any graph, there is an even number of vertices with odd degree.

Theorem A.2.4. A graph G has a path without repeated arcs from v to w (v # w)
containing all arcs and nodes if and only if it is connected and v and w are the only
nodes with odd degree.

Theorem A.2.5. If G contains a cycle from v to v, G contains an elementary cycle
from v to v.

Algorithm for constructing Eulerian cycles

procedure Fuler (G: connected graph, Yv € V, degree(v) = even)
cycle:= cycle in G starting from any node
H = G with the arcs of this cycle removed
while H has arcs
begin
subcycle:= cycle in H starting from a node in H that
is also a node in cycle
H := H with arcs from subcycle and isolated nodes removed
cycle:= cycle with subcycle inserted at the appropriate node
end cycle is an Eulerian cycle.

A.3 Notes

For more details about graph theory see JOHNSONBAUGH (1993), GONDRAM &
MINOUX (1985) and ROSEN (1991).
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CALCULATION OF CONSERVATIVE AND
REPETITIVE COMPONENTS

B.1 Principle of Calculating a Basis

The method will be explained for finding the conservative components. It is only
necessary to transpose the matrix C' (swap places and transitions) to find the repetitive
stationary components.

We seek the solutions of the equation:

ffc =0

which can also be written as
cCtf=o.

The number of variables in this equation corresponds to the number of places in the
Petri net (n components of f or n rows of C'), and the number of equations corresponds
to the number of transitions (m columns of C).

This matrix equation is equivalent to the system of equations:

enfi + o+ ocafu = 0
+ ..+ . =0 m equations.

Clm.fl + ... + Cnm.fn =0

This is a system of linear equations with a zero right-hand side. Therefore, the set
of solutions forms a vector space. The degenerate solution f7 = 0 exists but is of no
interest. What is important is to find a basis for the solution space.

As will be seen next, if r is the rank of C' and n is the number of places, the dimension
of this vector space will be:

dim, =n —r
and the dimension of the repetitive stationary components
dim,=m—r

where m is the number of transitions.

There is a systematic method for solving linear equations, called the Gaussian method.
According to this method, the solutions of a system of linear equations are not altered
if the following operations are performed on the rows (or columns):
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1. Exchange two rows;
2. Multiply a row by a non-zero scalar;
3. Add one row to another row.

Since what is sought is a basis of solutions, the operations will be performed on the
rows of C'. Variable changes will be made to seek the triangularization of this matrix.
The following combinations of variable changes will be made:

1. the variable f; is replaced by af! with a # 0;

2. the variable f; is replaced by f; + f7 (which is the same as replacing row j by the
sum of rows ¢ and j without modifying row @);

3. the variables are reordered when necessary.

If C is not square, the goal is to triangularize a submatrix S of dimension r that
corresponds to a system of linearly independent equations that has only one solution (in
this case, the degenerate solution).

The columns that do not belong to S (submatrix S’) will be linear combinations of
the columns of S, and the n — r rows of C that do not belong to S will contain only
zeros. In effect, they should correspond to variables that do not appear in any equation
and whose value remains free. If n —r = 0, then only the degenerate solution exists.

The resulting system of equations is then:

f/TC” = (0 with f = Ff
and C' = FTIC

where F' is a regular matrix that describes the variable change and C” has the following
form:

S S’
= —
(0) |(0)
with:
S11 = 1 S12 513 Sir
0 S92 =1 523 Sor
S = 0 0 S33 = 1 S3r
0 0 0 v S =1

S’ is any matrix.
By writing the first r equations of this new system, we get:

fi =0
512f{+f§ -

Sl + Sorfy ot L =

|
coco
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This system has a unique solution concerning the r variables fi,..., f/, which is

the degenerate solution. Thus, the solutions in the form f’ are such that the first r
components of this vector are always equal to zero. On the other hand, the other
dim, = n —r components can be chosen freely since they have been eliminated from the
system of equations (the last n — r rows of C’ are zero).

Obtaining a basis for the vector space of solutions in this form is immediate. It is
enough to choose the solutions for which one and only one component of f’ is non-zero:

/ _
r+2_1

(0)
0

0

which is why the dimension of the vector space of solutions is n — r.
To write this basis in the original form of the equation

ffc =0

it is sufficient to construct the matrix F'. This provides a basis of conservative components.

As previously mentioned, the Gaussian elimination method consists of introducing
zeros by combining the rows of the matrix. Consider the case where the first ¢ — 1 rows
and columns have been triangularized. Now consider row i (a variable) and column 4
(an equation). The coefficients of this column corresponding to the variables i + 1 to n
are zeroed by multiplying row ¢ by cg;, row k by ¢;;, and eliminating row ¢ from row k.

If the coefficient ¢;; is zero, such an operation is impossible. In this case, permutations
among the last m — ¢ columns of C' (which are being transformed) must be performed to
produce a non-zero ¢;;. If this is impossible, it means that row ¢ contains only zeros since
the first ¢ — 1 columns of C' have already been processed. The variable f; has already
been eliminated from the system of equations and produces an element of the basis of
the vector space of solutions. The last n — ¢ rows of C' are permuted to produce a row
that does not contain only zeros. If this is impossible, the algorithm terminates; C' has
been written in the form C".

Replacing "row k” with ”¢; times row k minus ¢; times row ¢” involves the following
variable change (allowed for ¢;; # 0):

fi = fz‘/_ckifl/g
Ix Cu’f;;
fi fi Vi # ik

Thus, the equation j (column j of C'), for example, is written as:

Cljfl + ...+ Cijfi + ...+ ijfk + ...+ anfn =0

becomes:
Cljfll + ...+ Cz](fz, — C]mf]Q T ijciifllg + ...+ anf;L = 0
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or:
Cljf{ + ...+ Cijfi, + ...+ (ciickj — C]ﬂ'Cij)_]c]/g + ...+ anfr/L = 0

If we consider equation i (j = ¢), we find that the variable f; is thus eliminated from
the equation. Normalizing row i in equation ¢ (so that the coefficient s;; of S is equal to
1) typically involves making the following change:

o= ig

In fact, this normalization is unnecessary, as it does not alter the principle of the
method and may introduce fractional numbers into the calculations.

The matrix F' can also be constructed through successive transformations. We start
with an identity matrix and perform the same operations on the columns of F' as we do
on the rows of C. In the previous case, this consists of replacing column "k” with "¢;
times column k& minus ¢; times column ¢” in the matrix F'. Such a procedure is justified
because this variable change is described by:

1 10 00
o 01 —c¢,; O ,

and that the matrix F' of the variable change resulting from the chain of elementary
variable changes A, As, ... A;is equal to:

F=AA..A.

B.2 Example

Consider the Petri net in FIG. 2.23, with P = {p1, p2, p3, P4, p5}. Initially, we have:

-1 1 0 0 1 0000

1 -1 0 O 01000

Co = -1 1 -3 3 Fy = 00100
0o 0 1 -1 000T1O0

0 0 -1 1 00001

Eliminating the first row relative to the first column is done by multiplying the
first row C(1, .) by —1, and replacing C(2, .) with C(2, .) + C(1, .) and C(3, .) with
C(3,.)—C(1, .). The first row will no longer be treated and will correspond to the first
row of S; it will not be part of the generating basis of the solution vector space. Thus,
we obtain:

1 -1 0 0 -11 -1 00
o 0 0 O 01 000
C, = o 0 -3 3 = 00 100
0o 0 1 -1 00 010
0 0 -1 1 00 001
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If it is impossible to make a 1 appear in a row of zeros, one can proceed by swapping
rows 2 and 5, as well as columns b and d. The reordering of columns (the order in which
the equations are written) does not alter F'. Thus, we have:

1 0 0 -1 -1 0 -1 01
0O 1 -1 0 00 001
Cy = 0 3 -3 0 Fy = 00 100
0 -1 1 0 00 010
o 0 0 O 01 000

The second row can now be eliminated from the solution space by substituting:
[ ] 02(3, ) by 02(3, ) - 302(2, )
e and C5(4, .) por Cy(4, .) 4+ Cs(2, .).

They are then obtained:

10 0 -1 -1 0 -1 0 1
01 -1 0 00 001
C; = 00 0 O Fy = 00 100
00 0 O 00 010
00 0 O 01 -3 10

The last three rows being zero, the triangularization is complete. The solution space
is of dimension 3, and the last three columns of F3 form a basis of this space. They
correspond to the last three components of the solutions in f’, i.e., after the change of
variables.

The conservative components are:

—1 0 1
0 0 1
1|, 01, 0,
0 1 0

—3 1 0

which provides the following linear invariants for the initial marking indicated in FIG. 2.23:

—M(1)+M(@3)—-3M((»B) = -1
M(1) + M(2) = 1
M(4) + M(5) = 1

B.3 Simplified Algorithm and Search for Positive
Solutions
In fact, only the calculation of the columns of the matrix F' corresponding to the n — r

components of the basis of the solutions f is useful. The other columns of F' can be
eliminated.
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At each step (elimination of a variable), the column of C' (which represents the
equation that will be placed in the basis of equations) used to eliminate a variable
(where all elements of the column are zero except one) is removed. Additionally, the row
corresponding to this variable is also eliminated. Since this variable is not part of the
solution basis, its corresponding column in F' is deleted as well.”

Finally, instead of explicitly constructing F', the operations performed on the rows of
C are memorized as formal sums. Each column ofF' is stored as a linear combination of
the original columns (f; + f; describes a column obtained through the sum of columns 4
and j of Fp).

On the other hand, positive solutions are generally the most interesting (which is
evident for stationary repetitive components). Therefore, it is useful to favor positive
line combinations at the moment of elimination.

The simplified algorithm is then obtained as follows:

1. Search for a column that has only one non-zero term. It corresponds to an equation
in the basis of equations and is deleted, with the corresponding variable to the non-
zero term being eliminated, since the only possible solution is zero, and it cannot
be part of the solution basis. Delete the row of C' associated with this variable and
the corresponding column of F'. Repeat step 1 as long as possible, then proceed
to 2.

2. Search for a column having only one non-zero component with a given sign; the others
must be zero or of the opposite sign (one positive and all others negative or zero,
for example). The variable corresponding to this line is eliminated by making only
positive line combinations to cause zeros to appear in the considered column. After
this operation, eliminate this column, the row of C' corresponding to the eliminated
variable, and the associated column of F'. If such a column is found, return to 1;
otherwise, proceed to 3.

3. Search for a column having ¢ > 2 non-zero positive components and j > 2 non-zero
negative components. With the help of one of the non-zero positive components,
nullify j — 1 negative components. Return to step 2 to eliminate the variable that
corresponds to a single non-nullified negative component. It should be noted that
a positive component among ¢ and a negative component among j were chosen.
Therefore, there are ¢ x j ways to proceed. This choice can have consequences on
the form of the obtained basis. If no column meeting the above criterion is found,
proceed to step 4.

4. If there is a column having all components of the same sign, proceed with Gaussian
elimination for this column (but the basis will not have only positive solutions);
then return to 1. Otherwise, the algorithm ends. Either all columns are zero, or
the matrix has no more elements. The non-deleted combinations corresponding to
the construction of columns of F' directly provide the basis vectors.
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Considere novamente o exemplo da FIG. 2.23.

1 1 0 0 1
1 -1 0 0 £
C, = | -1 1 -3 3 f3
0 0 1 -1 f4
0 0 -1 1 15

Observe the first column of Cjy, whose corresponding equation is selected to be part of
the basis of equations. To eliminate the variable f5, simply add the rows corresponding
to the variables f; and f3 to the row corresponding to f;. With these new variables, the
equation will have only one non-zero term. The row fs is eliminated (fo will not be part
of the solution basis), as well as the first column of Cy. This results in:

0 0 0 fi+ fo

C, = 0 =3 3 fo+ fs
=010 1 -1 f4
0 -1 1 fs

The second column of C is used to eliminate f; from the solution basis. This is achieved
by adding three times the row“f,”to the row “fy + f3” and once to “f5”. The second
column of (' is then eliminated, along with the row corresponding to the variable fy.
This results in:

00 Ji+ fa
Co = |00 Jo+ f3+3/4
0 0 fa+ fs

Only zeros remain, and the algorithm terminates. The resulting basis corresponds to
the sums on the right side of the matrix, describing the manipulations performed on the
rows of C' and the columns of F. By substituting the symbols f; with the ¢-th column
of Fy, the basis is obtained:

P1 1 0 0
Do 1 1 0
D3 fl = |o0], 2 = | 1], ©% = |0
P4 0 3 1
Ds 0 0 1

For the sake of readability, the vector f? of conservatives components can be written
as a set of places f* = {p; | f; # 0}. The invariants f', f?, and f* can be expressed as:

fr= {1, 2}, 1P = {pQ,p&pi}, /= {ps, 05}
Alternatively, the set notation can be omitted:

fl=pip, fP=ppsps,  [2=pips

The same notation applies for repetitive components.



Appendix C

SHOPFLOOR MODELED BY PETRI NETS

The goal of this appendix is to model, from a textual specification, the dynamic
behavior of a system using ordinary Petri nets (PN). You can use the Tina' toolbox to
assist you with edition, simulation and analysis. You must pay attention to the different
processes and to their interactions: sequence, parallelism (or independence) and conflict
(or choice).

Simulation can be used on partial Petri nets during the first steps of modeling in
order to check if the interactions between the processes correspond to the specification.
Remember that simulation is not exhaustive, so, formal analysis (by invariants or marking
graph and model checking) is necessary. Simulation can be used again to verify, for
example a transition invariant, or to simulate a sequence leading to a deadlock.

In order to verify if the model is consistent with the specifications, it is necessary
to analyse it by using the reachable marking graph (or recovery tree is the graph is
unbouded) and by a structural analysis. It is necessary to interpret the obtained results:
are the marking coherent? Do the firing sequences correspond to the expected behavior?
Are the place invariants coherent?

The system considered in this appendix is the system given as the Exercise 4 in
Chapter 1 with some new operating assumptions. Let us remember the specifications. It
is composed of a robot R, a lathe T', and a laser micrometer M (FIG. C.1), interconnected
by a communication network, which operates as follows:

lathe L

micrometer M

trash T

Figure C.1: Shopfloor.

ITINA has been developed at LAAS, see more information here: https://projects.laas.fr/tina/
index.php


https://projects.laas.fr/tina/index.php
https://projects.laas.fr/tina/index.php
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The parts are deposited in the input buffer B;;

The robot picks up one part from B; and places it in the lathe L (if L is free). A
program must be loaded to machine (i.e. turn) the part;

After turning (i.e. machining), the robot picks up the part from the lathe L and
places it in the laser micrometer M (if it is free) for being mesured,

After measurement, the robot R places the part in the output buffer B, if it meets
the standards, or in the trash T if it does not. The capacity of the trash and B,
are infinite.

The robot can only do one operation at a time; the lathe L and the micrometer
M can only work on a part at a time and they have no buffer.

The operation duration on L is longer than that on M.

It will be assumed that the capacity of B; is two parts.
In addition the following new operating assumptions are considered:

the system operates correctly: if the robot takes the part, it will not loose it

the input buffer B; has a sensor which detects the presence of a part;

In section 1.6 there are some hints for the construction of a Petri net model. They
will be presented here in more detail.
There are two main ways for modeling a system using Petri nets:

Direct Approach: Directly build a overall model with a unique Petri net, considering
all the elements of the system and their interactions. Chapters 1 and 2 have
presented some (small) models using this approach.

Modular Approach: For more complex systems it is generally necessary either to
use a top-down approah, as the stepwise refinement seen in Section 3.7.1, or use
a bottom-up approach, by constructing sub-system models that are merged in a
overall one by using synchronous or asynchronous composition, as presented in
Section 3.7.2.

In all cases, it is necessary to verify and validate the models.

C.1

Overall Modelling

In this appendix, we will use an ordinary Petri Net to represent the system and the Tina
toolbox to simulate and analyse it. It is also possible to analyse the Petri net using the
algorithms seen in Section 3.1 (state space analysis) and Section 3.2 (structural analysis).
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C.1.1 Model construction
C.1.1.1 Determining activities and events

How to describe a discrete event system in terms of activities and events? It’s not always
easy to start from scratch. Events are typically named with verbs in the imperative form,
signifying a specific moment of change or observation, and are associated with transitions
in the Petri net. Activities, on the other hand, are named with verbal noun (ending in
ing) or past tense verbs (ending in ed), indicating ongoing processes, actions or states.
They are associated with places in the Petri net.

The first thing to do is to create a table, as Table C.1, where each activity is expressed
as a function of some events and/or resource utilizations. In other words, activities
and resource states indicate the preconditions to enable events and events produce new
activities and/or new resource states (the postconditions).

A transition in a Petri net, as well as an operator (or action) in planning theory, is
defined on the basis of preconditions and postconditions. Unlike the operator in planning
theory, where, in addition to the effect of an action a, the effect™(a), must be indicated,
the firing of a transition in a Petri net removes tokens from its input places.

Activity Input Event Output Event
L is turning | take a part from B; | take the part from L
and put it on L and put it on M

Table C.1: Table of activities.

It is also possible to create a table, as Table C.2, where for each event (associated with
a transition), the preconditions needed for enabling the event, and the postconditions
obtained after the occurrence of this event are given.

Event Precondition | Postcondition
e2: take a part from B; R is free L is turning
and put it on L a part is in B;

Table C.2: Table of events.

While filling one of these tables, or even both of them, some inconsistencies can be
found. For example, in Table C.2, it is necessary to check if the lathe L is free, and
preallocate it, before taking the part from B;. Indeed, if the lathe is occupied, and if the
robot take the part in B;, there is a deadlock since the robot cannot remove the part
already present in the lathe as it has a new part. It is necessary to add the precondition
L s free.

Another problem is the level of detail. In Table C.2: it is assumed that the duration
of the activity of the robot R when it moves the part from B; to L is negligible compared
to that of the operation on L. This duration can be taken into account by breaking down
the event in Table C.2 into two events, creating two new activities as indicated in the
Table C.3. However the size of the resulting Petri net will be larger.

In parallel with filling out the tables, partial Petri nets can be drawn or edited. The
graphical version can help detect inconsistances. Tables C.1, C.2 (with precondition ” L
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Event Precondition Postcondition
take a part from B; | R and L are free | a part is moving
a part is in B; from B; to L

put the part on L

a part is moving

L is turning

from B; to L

Table C.3: Considering the moving operation as an activity.

is free” added), and C.3 allow for generating the Petri nets in FIG. C.2, C.3, and C.4,
respectively.

) L R
Bi
L R
t1 take Bi put L : :
L turning tl | take BiputL
t2 take L put M L turning L turning

Figure C.2: Table C.1. Figure C.3: Table C.2. Figure C.4: Table C.3.

Proceeding with the brainstorming for describing the activities of the system, Ta-
ble C.4 was filled. The ressources, described in Table C.5, will also be associated with
places in the Petri net. One could also add to this table the input event that allows
acquiring the resource and the output event that allows releasing the resource. Other
events occurring on the shopfloor are described in Table C.6. Note that the names of
places and transitions were associated with the activities and events, respectively.

Activity Input Event | Output Event Resources
part in B; robot R

M measuring lathe L

part in B, micrometer M
part in trash T input buffer B;

Table C.4: Other activities. Table C.5: Ressources.

Event Precondition | Postcondition
el: put part in B;

e2: take part from B; to L

e3: take part from L to M

ed: take part from M to B, or T
ed: put part on T

e6: put part on B,

Table C.6: Other events occurring in the shopfloor.
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C.1.1.2 Constructing the Petri net

Once the activities and events are listed, the Petri can then be drawn. At this point,
new elements may be added, and other elements and activities may be broken down or
deleted. It is necessary to verify that all listed resources are correctly identified and to
determine if there are any additional resources in the system. The list of activities and
events may be updated if necessary.

The Petri net in FIG. C.5 shows a possible model of the shopfloor. In this model,
you can find the activities and events described in Tables C.1 and C.2. Some changes
were made.

o After event e2 the robot R is free again

e Event e3 "take part from L to M” was broken down into two events: e31 (remove
the part from the lathe L), and €32 (put the part in the micrometer M).

e Event ed "take part from M to B, or 1”7 has been broken down into three events:
e4l (remove part from M), e5 (put part in 7') and e6 (put part in B,).

e Transitions e7 and e8 in FIG. C.5 enable the introduction of a new part in the
shopfloor after the execution of the final operation on a part. Both allow representing
event el in Table C.6, which is removed from the list. Note that the firing of e7
and e8 also allows representing the states "part in 7”7 (place p9) and ”part in B,”
(place p10), respectively.

P Bi¥2 LM R
: BIMR p3
: Bi L p5

: Bi L R p7
: R p3 p7

: BALMpB
: M p3 p8
PBiLMRT
: BiBoLMR
tMRT p3
16 : Bo M R p3
11 : L T p5

12 : Bo L p5

13 : LR T p7
14 : Bo L R p7
15 : LM T p8
16 : Bo L M p8
17 : LM R T#2
18 : BoLMRT
19 : Box2 LM R

W00~ R WS

take T, put new part T Bo take T, put new part

Figure C.5: overall Petri net. Figure C.6: Marking graph and markings.

Others Petri net model can be designed. If the information given by p9 and p10 is
not useful for the user, place p9 can be removed and transitions e5 and e8 can be merged
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in a unique transition e58, "remove part from T and put a new part in B;”. The same
can be done with p10 and transitions e6 and e7.

Another model can be obtained if the user wants to introduce a new part as soon as
a part is removed from the B;. In this case, just remove places p9 and pl0, transitions
e7 and 8, and create an arc (e2, B;). Several solutions are possible depending on the
chosen level of abstraction.

Whatever the chosen model, it must be verified and validated, as extensively discussed
in Section 3.6. This is the next step in the modeling of the shopfllor and will be done in
the following.

C.1.2 Formal verification

We will use the analysis based on the reachable marking graph (or coverability graph if
the marking graph is unbounded) and structural analysis seen in Chapter 3. The results
of the analysis of the overall model in FIG. C.5 must then be interpreted by the user: Are
markings consistent? Do the firing sequences match the expected behavior? Are place
invariants consistent? Do a repetitive component truly correspond to a firing sequence?

For the sake of readability some places in FIG. C.5 are labeled : place pl is Bi, p2 is
L, pdis R, p6 is M, p9 is T and pl0 is Bo.

C.1.2.1 Analysis by marking graph

The marking graph?of the Petri net of FIG. C.5 is shown in FIG. C.6. The Petri net is
bounded, live and reversible.
Let us check some markings and verify that they are consistent:

e marking 19: Box2 L M R: There are two parts in the output buffer; the lathe, the
robot and the micrometer are available;

e marking 17: L M R T*2: There are two parts in the trash; the lathe, the robot, and
the micrometer are available;

e marking 15: L M T p8 : The robot has the part taken from the micrometer (p8);
the lathe and the micrometer are available; there is a part in the trash;

e marking 4: R p3 p7: Thereis one part turning and another part in the micrometer;
the robot is available;

e In all 20 markings, place R has one token or is not marked, indicating that the
robot is available or occupied, respectively. The same applies to place L (lathe)
and M (micrometer).

These markings are consistent.

2The marking graph (textual and graphical versions) were generated using Tina as explained in
Appendix E.
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C.1.2.2 Structural analysis

The conservative component are calculated by applying Equation 2.28, f7C' = 0 with f >
0. Instead of writing the vector f; with elements f;(p) € IV, it will be written with
the places p that have f;(p) = 1. This notation is used for the sake of readability, as
introduced on page 2.5.1.

Using this notation, the conservative components for the Petri nets in FIG. C.5 are as
follows: fi={L,p3}, fo={M,p5,p7}, fs={R,p5,p8}, and fy={Bi, Bo,T, p3, p5,p7, p8}.

We verify again that the net is bounded (without using the marking graph): each net
place belongs to at least one conservative component. We can also calculate the bound
of each place and, more important, interpret the corresponding states by calculating the
place invariants according to Equation 2.29, fTM = 7 M,.

For the sake of readability, place invariants will be written using the name of places
p directly instead of M(p) as in equation 2.29. Using this notation, for initial marking
My =Bi*2 L M R, the place invariants are as follows:

I.L+p3=1
This place invariant describes the behavior of the lathe: either it is available (L=1)
or it is turning (p3=1);

2. M+psb+p7=1:
Describes the behavior of the micrometer that may be in one of the following states:
available (M=1), measuring a part (p7=1), or assigned to a part (p5=1, robot is
already moving a part to the micrometer);

3. R+ph+p8=1
Describes the behavior of the robot, which may be in one of the following states:
available (R=1), moving a part to the micrometer (p5=1), or moving a part from
the micrometer (p8=1);

4. Bi+Bo+ T+ p3+p5+p7 +p8=2
Describes the behavior of the parts: no more than two parts are present on the
shopfloor since M(p) < 2, ¥p € f;. Several reachable markings (shown in FIG. C.6)
illustrate this constraint : marking 7 (one part in B; and one part in 7', all resources
free), marking 8 (one part in B; and one part in B,, all resources free), etc.

Place invariants 1 to 3 show that resources have been well modeled. They cannot
be simultaneously in two different states. Invariant 4, does not prove this. It does not
exclude that two parts might be in the micrometer (p7=2). It is necessary to analyse
another invariant containing the same place. For example, invariant 2 indicates that
(p7=2) is impossible because markings are positive or null integers. This illustates the
fact that all the invariants have to be considered simultaneously.

Section 3.7 presented two approaches for the modeling of complex and/or large
systems. The following section will illustrate the synchronous composition in the case of
the shopfloor.
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C.2 Modular modeling by synchronous composition

This section will apply the synchronous composition of Petri net modules. As seen
in Section 3.7.2, we first need to decompose the system into modules. We start from
a detailed Petri net for each module, which must be verified and validated. Then, a
overall Petri model is obtained by merging the transitions of the individual Petri nets.
This resulting Petri net must also be verified and validated, as the properties of the
modules may not be preserved.

The steps are as follows:

1. Using an object-based decomposition, the objects or modules of the shopfloor are
identified as the input buffer, robot, lathe, and micrometer. The Petri net models
of these modules, Rp,, Rr, Ry, and Ry, respectively, are represented in FIG. C.7.
Since the trash and output buffer are infinite, they cannot be modeled by a Petri
net because they would be unbounded.

After verification by marking enumeration, all Petri nets models are founded to be
bounded, live and reversible. The input buffer Petri net is 2-bounded, while the
three others are safe (binary) Petri nets.

Table C.7: Transitions to be merged and its associated events

Transition | Associated event Table C.6
t8 take part from B; and put it on L; add a new part in B; el+e2
t9 take part from L to M; allocates the micrometer; move to M e3l
t10 put part on M (L and R are released) e32
t11 take from M (and acquire the measuring result) ed
t12 put part on T' ed
t13 put part on B, eb

2. The synchronous composition is achieved by merging the transitions associated
with the same event. The approach involves considering an event in the system
and identifying the corresponding transition in each sub-model. This has already
been done in the Petri net models of FIG. C.7 where the same transition names
are used for the same events. These transitions are listed in Table C.7.3

Following the definition of synchronous composition introduced in Section 3.7.2.1,
we can merge the nets two by two:
e Overall net Ry (Rp, and Ry): T, = {t8}, Tp,; = ¢, Tp; = {t7,19};
e Overall net Ry (Ry and Ryy): T. = {t9}, Th; = {t7,t8}, Tar = {t10,q7,t11};
e (Final) overall net R (Ry and Rg): T. = {t8,19,t10,t11}, Ty; = {t7,q7},
Tri = {t12,t13}.

3. The resulting (overall) Petri net R is given in FIG. C.8. Transitions t7 (start L
operation), |7 (start M operation), t11 (put on T) and t12 (put on B,) are internal
transitions. After verification by marking enumeration, the overall Petri net model

3Tina allows for the synchronous composition of Petri nets, see Appendix E.3.
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is founded to be bounded, live and reversible. All places are safe (binary) places,
except B; which is 2-bounded.

Let us consider places pl1 in FIG. C.7.c and p5 in FIG. C.7.d. They appear as two
identical places in the overall model in FIG. C.8 (see Section 3.3.2.2). One of them can
removed, e.g., pll. The predicate of p5 can be modified to M is assigned & robot is
mowving a part to it.

part on

pl Bi

start L

t8 | take BiputL

pl3

parton L

p2 t7 start L

p3 turning

t9 take from L

putonT put on Bo

b) Lathe ¢) Micrometer d) Robot

Figure C.7: Individual Petri nets. Figure C.8: overall PN.

If you compare the overall Petri net in FIG. C.5 and the one in FIG. C.8, you can
notice some differences. The model in FIG. C.8 is more detailed, but also the part feeding
strategy is different. A new part is introduced into B; as soon as it is taken by the robot
R, whereas in the model in FIG. C.5 it is introduced when a part is put into B, or T.
In order to obtain this second behavior, the Petri net in FIG. C.7.a should be modified
by adding a place “a part is been turned and measured” and two transitions t1o and t;3.
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C.3 Exercises

1. Consider the Petri net model in fig. C.9. The validation using the marking graph
indicates that the model is not live. Why this model has a deadlock? Compare
transitions e31 and e32 with the ones in fig. C.5. What is difference? Hint: Simulate
the scenario where a part is taken from the input buffer, put in the lathe and start
turning, then a new part is taken from the input buffer.

Figure C.9: A bad model of the shopfloor.
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Appendix D

CoOMPOSITION OF PETRI NETS MODELS

The following examples demonstrate the modeling of different itineraries in a transporta-
tion system, similar to the one discussed in Example 1.1. Since each itinerary is physically
composed of sections, its model can be obtained through the composition of the Petri
net models of these sections.

Example D.1 describes the model and analysis of a single section. Example D.2
explains a synchronous composition of two sections in sequence, while Example D.4
details the asynchronous composition of two intersecting sections.

C3
Cs
O

Figure D.1: Two sections in sequence. Figure D.2: Two intersecting sections.

D.1 Synchronous composition

Example D.1 Modeling one section

FIG D.3 illustrates the Petri net model R, for a single vehicle per section. Labels have
been added for clarity: M represents ”vehicle moving in the section”, C' for ”vehicle
stopped at the contact”, and S free for ”section is free”. Transitions ¢; and t3 correspond
to actions ”vehicle enters the section” and ”vehicle leaves the section”, respectively, while
transition t, represents ”vehicle stops at the contact”.

enterS M stopC c leaveS t1  to t3
1 -1 0 P1
2 3 =
° "O" : A’O_' : Cs 0 1 -1|
Pl Sfree p2 -1 0 1 P3
or p-semi-flow: pi1p2ps

o

@

[ J

el
I

=

—

M

~

1 1 1]7 or t-semi-flow: tityts.

Figure D.3: Model R; (one section). Figure D.4: Structural analysis of R;.

Matrix Cy of the Petri net R shown in FIG D.3 is depicted in FIG D.4. This figure
also presents two notations for the conservative and repetitive components: the vector
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notation fy and sg, and the semi-flow notation given by Tina when using the structural
analysis calculation.

From the conservative component f, = [1 1 1]7, it can be proven that the net is
bounded. As all transitions appear in the repetitive component s = [1 1 1]7, no
conclusion can yet be drawn about liveness. However this Petri net is a state machine
(see Section 3.5.2) and there is a token in its repetitive component which is strongly
connected. Therefore the net is live and reversible.

The sequence s, = tytsot3 is a realizable t-invariant from the initial marking M, = p3.
This means that the arrival of a vehicule in the section (1), the fact that it is moving
(M), its arrival at the contact (t2), its stay at the contact (C') and its exit from the
section is the repetitive behavior of the system.

The following place invariant I, (using the place labels) is derived for the initial
marking My = ps:

I M(M)+ M(C)+ M(S free) = 1.

This p-invariant shows that the vehicule is either moving in the section (M) stopped at
the contact (C'), or the section is free (S free). o

Example D.2 Synchronous composition

Consider an itinerary with two sections, S; and Sy, in sequence, as in FIG. D.1. Each
section can be modeled by the Petri net R, in FIG. D.3. The Petri net model of this
itinerary can be obtained by the synchronous composition of the two Petri nets, Rg;
and R,g, both based on the model R, described in Example D.1. The resulting model is
presented in FIG. D.5, where transitions labeled by "leaveS7” (t3 in Ry;) and ”enterS8”
(t3 in Rg) are merged into a single transition t3, labeled ”leaveST7enterS8”, as they
correspond to the same event (to leave S7; and to enter the following section, Sg).

it syt t5

enterS7 M7 C7 leaveS7enters8 M8 c8  leavess 1 -1 0 0 071 m
u 2 @ 1 S 0 L =10 01p
cC=| -1 0 1 0 0| ps
Pl s7free p2 P4 sgfree pS 0 0 I -1 0 2
0 0 0 1 -1 1 ps
Rl e e\ @ 0 0 -1 0 1] ps

Figure D.5: Model R (two sections). Figure D.6: Matrix C of R.

Following the definitions in Section 3.7.2.1, the composed model R has P = P, UP;, =
{p1,p2, 03, 01,5, 06}, and Ty = T, U T, UT,, with Ty; = {t1,t2}, Tsys = {ta,t5}, and
T. = {t3}. Matrix C of the Petri net R, shown in FIG D.5, is depicted in FIG D.6.

The Petri net R has two conservative components, f;” = | f2000], and f,7 =
[000fZ ], or equivalently, f;" =[111000],£," =[000111]. No new conservative
component emerges, but the conservative components fs. and fs, are preserved indicating
that the overall net remains bounded.

The overall net R has a single repetitive component, s’ =[11111]. It is a new
one that has emerged. No conclusions can yet be drawn about liveness. However, this
net is an event graph (Section 3.5.3) and there is one token in each elementary circuit;
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therefore, the net is live. Notice that there are no repetitive components in the subnets
involving only the internal transitions of Tg7; or Ty, SO none are preserved.

Considering the marked Petri net with marking M7 = [ML MZX], or M = p3ps,
the sequence s = tytotstatsts is a realizable t-invariant. This means that the repetitive
behavior of the system corresponds to a vehicle crossing successively the two sections s;
and sg.

For the initial marking, the p-invariants corresponding to conservative components
f1 and f5 (using the place labels) are:

L M(MT7)+M(CT)+M(STfree) =1,  Iy: M(M8)+M(C8)+M(S8free) = 1.
We can see that the internal p-invariants are preserved in the overall model which involves
that there is at most one vehicle in each section. o

D.2 Asynchronous composition

Example D.3 Modeling one cell

Consider an itinerary with two intersecting sections, S5 and S5, as shown in FIG. D.2.
In this case, the vehicle must check if the crossing cell is free, in addition to verifying if
the section is available. FIG D.7 depicts a model that takes this additional resource into
account (place py, labeled CellFree).

t1 ta i3
1 -1 0 P1
CC = 0 1 -1 P2
-1 0 1 P3

—1 1 0 yo

Figure D.7: Model R, (one cell). Figure D.8: Structural analysis of R..

The incidence matrix C of the Petri net R, shown in FIG D.7, is depicted in FIG D.8.
This figure also presents the conservative and repetitive components using the vector
notation. It is interesting to note that place py (Cell F'ree) is implicit (see Section 3.3.2.1)
with respect to the places py (C') and p3 (SFree). In consequence, the petri net of
FIG. D.7 has the same properties (bounded, live and reversible) as that of FIG. D.3.

For the marking M, = psps the (ordered) sequence s. = titsts is a realizable t-
invariant. This means that the repetitive behavior of the system is preserved. The place
invariants for this Petri net are as follows:

I, : M(M)+ M(C) + M(Sfree) = 1, which has the same meaning than I in
Example D.1.

I, : M(M)+ M(CellFree) = 1: meaning the cell is either free or there is a vehicle
moving in it. o

Example D.4 Asynchronous composition
The Petri net model for a cell with two sections that intersect can be obtained with the
asynchronous composition of two Petri nets as in FIG D.7, by merging places Cell Free.
The resulting model is presented in FIG. D.9.
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Following the definitions in Section 3.7.2.2, the composed model R has 7" = T,,U Ts, =
{t1,t2,t5,t4,t5,t}, and P' = Py; U Py; U P, with P. = {ps}, Psyi = {p1,D2,p3},
Pysi = {ps, s, 7}

The incidence matrix C” of the overall Petri net R/, shown in FIG D.9, as well as its
conservative and repetitive components (using the set notation introduced on page 61
and page 64) are depicted in FIG D.10.

Sbfree

t1 ta t3 14 ts te
T 1 -1 0 0 0 071m
0 1 -1 0 0 0]p
co_| -1 0 1 0 0 0|p
-1 1 0 -1 1 0] ps
0 0 0 1 -1 0/ps
0 0 0 0 1 —1]pe
L0 0 0 -1 0 1]p
'y = {p1,p2,p3}, f'2 = {p5,p6,07},
'3 = {p1,pa,p5}
Sll = {t17t27t3}, S/Q = {t4,t57t6}.
Figure D.9: Two crossing sections. Figure D.10: Structural analysis of R'.

The overall net preserves the internal conservative component f,; (Example D.3)
through f’; and f’; and it has a new conservative component f’5. All places belong to at
least one conservative component, so the net is bounded.

The Petri net R’ preserves the internal repetitive component s. through s’y and s'5
in FIG. D.10. No new repetitive component emerges in the overall net. All transitions
belong to at least one repetitive component, meaning no conclusions can yet be drawn
about liveness. The construction of the marking graph shows that the net is live and
reversible.

For the marking M’ = p3psp7 the (ordered) sequences s| = titots and s, = tytsts can
be fired, making them realizable t-invariants. The place invariants for this marked Petri
net are as follows:

Il M(M3) + M(C3) + M(S3free) =1,

I\, : M(M5) + M(C5) + M(S5free) = 1,

Il : M(M3) + M(M5) 4+ M(CellFree) = 1.

The preserved place invariants and realizable t-invariants guarantee that the behavior
of the vehicles in each section is correct. The place invariant I, guarantees that there
is at most one vehicle in the two crossing sections.

This illustrates a bottom up approach consisting in introducing behavioral constraints
step by step in order to build a more complex model.

o



Appendix E

TINA TIME PETRI NET ANALYZER

TINA (TIme petri Net Analyzer) is a toolbox for the editing and analysis of ordinary
Petri Nets and Time Petri Nets, and has been developed at LAAS/CNRS. More informa-
tion and download can be found at https://projects.laas.fr/tina//home.php.

E.1 State Space Analysis

The graph of reachable markings, defined in Section 2.1.9, can be obtained by TINA
in two versions, textual and graphical. In both cases, choose Menu Tools/State Space
Analysis. A window pops out, as shown in FIG. E.1. In the field "building” (left upper
corner) choose "marking graph (-R)”.

[ ] [ ] tina options
Choose construction and output, then adjust options :
building stopping test
none 0O level 1

coverability graph (-C)

© marking graph (-R)
partial graphs by

covering steps (-V) B limits (none if 0)
essential states classes 0
without delays (-D) (2] time 0
state classes preserving
. pbound u]
marklngs and LTL t_W] B [ ] B Ve o} o ardore ek eeyicaien o s H el b plecd Cormpers d we Card
forgetting tbound 0 g ed | T Veeilears | © o b udemd L) wrrs il
!I: v rriee e - s il e
enbound O | p— . - . -

[N RS ] & &

output options |

with wait properties

with liveness analysis

i transition properties i
quiet verbose integer Bon names B |
Its (.aut) kts (.aut) state properties
O kts (.ktz) kts (.mec) integer & on names @ |
oK Cancel
Figure E.1: Graphical version. Figure E.2: Choose Export/ aut(lts).

For a textual version of the marking graph, with markings contents, choose ”verbose”
in the field "output” (left bottom corner) choose and click OK.
For a graphical version of the graph, choose "kts (.ktz)” in the field "output” (left
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bottom corner). In the field "output options” choose ”with liveness analysis” and click
OK, as shown in FIG. E.1.

A new window pops out, as the one in FIG. E.2. Inside the frame with the state
description, right-click and choose ”export”, then "aut (Its)”. Yet a new window pops
out, as the one in FIG. E.3. Inside the frame, right-click and choose ”open file in nd”.
Always inside this window, go to Tina menu and choose Edit/Draw. You don’t need
to save file .aut. A small window ”draw options” pops, choose "neato”, click OK, as
represented in FIG. E.4. A last window pops out, with the file .adr. Save this file. You
can change the place of the states (markings). For knowing the marking contents you
need to generate a textual version of the marking graph (”verbose” option in the field
“output” in FIG. E.1).

dﬂ:!.]':._!l
28" ::' E:“;.I__!, ] druw opliona
1qg -+ 1 (BT P ] -
. e (2,024, 3 draming 1om
L N . .
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3" L&, VEGgd" ) e o
A s, Lhgd, ¢
1 |E.'-.|!|'.:l| clrzo
1:: [ 1 -1 e s
CK Cancs
Figure E.3: File .aut. Figure E.4: Open an editor.

In general, nd put the state 0’ on the bottom. You can go to menu Edit/flip vert,
and the initial state will be on the top. You can reorganise the marking nodes. No need
to save .ktz neither.

E.2 Structural analysis

Tina presents the place and transition linear invariants under in the form of p-semi-flow
and t-semi-flow generating sets, respectively.
For the example 2 solved in Section 2.5.2 Tinas provides these values:

p-semi-flow generating set t-semi-flow generating set
p3 p8 (1) ta tb tc (3)

pl p2 p3 p4 p5 (1) td te tf (3)

p5 p7 p9 (1) tg th (2)

p6 p7 (1)

The p-semi-flow p3 p8 corresponds to the conservative component
2 =[001000010]". And p3 p8 (1) corresponds to the place invariant I3:
M (p3) + M(ps) = 1. The number in parenthesis corresponds to £37 Mj.

The t-semi-flow ta tb tc corresponds to the repetitive component
s'=[11100000]". The number in parenthesis indicates the number of transitions
in the t-semi-flow.
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E.3 Synchronous and Asynchronous Composition

Tina allows both synchronous and asynchronous composition, as seen in Section 3.7.2,
using two options:

e File/Include/as is: Elements (transitions or places) with the same name are
merged automatically. ;

e File/Include/renamed: The user manually merges the elements (transitions or
places). To merge, move an element e; exactly over another element es to be
merged. Then right-click on e; and check the field "fuse e; e; as”. The name and
the label of the merged transition can be changed if needed.

Pay attention when choosing names for the places and transitions in each Petri net
model when using the option File/Include/as is, as elements with the same name will
be merged.
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