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The accurate prediction of wave propagation in highly resistive porous materials requires refined descriptions of
visco-thermal interactions. Recently, new effective pore sizes Σ, Σ′, V , and V ′ were introduced in the expansion of
the Johnson-Champoux-Allard (JCA) dynamic tortuosities α(ω) and α′(ω), significantly improving the agreement
between theoretical models and ultrasonic transmission experiments. In this work, we investigate the microscopic
wave propagation problem in cylindrical pores to provide a physical interpretation of these higher-order parameters.
By analyzing the velocity profile inside the pore in the high-frequency regime, we demonstrate that the classical
JCA characteristic lengths Λ, Λ′ may be insufficient for porous media with non-trivial connectivity, where visco-
thermal interactions require a more refined treatment. Experimental validations are conducted using ultrasonic
transmission measurements on highly resistive plastic foams in the 70–130 kHz range, confirming the necessity
of including V and V ′ in the expansion of the dynamic tortuosity. These findings provide crucial insights
into the complex physics of visco-thermal interactions and offer an extension to the JCA model, enabling the
characterization of a broader class of porous materials with intricate microstructures. The proposed approach has
potential applications in optimizing sound-absorbing materials for industrial and engineering applications.

1 Introduction
Recently, new effective pore sizes Σ, Σ′, V, and V ′

were introduced in [1] in the Johnson-Champoux-Allard
[2, 3] dynamic tortuosities α(ω) and α′(ω) to enhance the
prediction of ultrasonic transmitted waves by highly resistive
porous samples. More specifically, it was demonstrated that
the parameter V (and its thermal counterpart V ′) has a special
significance, where a good agreement between experiment
and theory is achievable only when including this term in
the expansion of the dynamic tortuosity. Nevertheless, the
general definition of these parameters is not a simple task
and is still an ongoing investigation. For this reason, we
first investigate the microscopic problem describing wave
propagation in cylindrical pores, and provide a definition for
these terms in such geometry to gain an initial understanding.
Moreover, we conduct experimental measurements of the
different parameters using transmitted spectra by highly
resistive plastic foams in the 70-130 kHz frequency range.
The agreement between experiment and theory using the
higher order terms is remarkably good. We end this paper
by an overall conclusion of the results obtained.

2 Context
The fundamental equations that describe wave

propagation in a fluid with density ρ f and bulk modulus K f

are Euler equations, which are written as:

iωρ f v = −∂x p, iω
p

K f
= −∂xv (1)

where v is the fluid velocity, p the pressure, ω the angular
frequency, and i =

√
−1. If we consider the fluid motion

to be limited by an arbitrary geometry in a porous medium,
visco-inertial and thermal effects must be introduced because
of the interaction between the fluid and the solid frame. This
means that the fluid properties ρ f and K f become linear
functions ρ(ω) = ρ fα(ω) and K(ω) = K f (γ−(γ−1)/α′(ω))−1

that take into account these effects. The response functions
α(ω) and α′(ω) are called the viscous and thermal dynamic
tortuosities, respectively, which are a natural result of the
homogenization process of the microscopic problem that

describes fluid motion at a pore scale. Euler equations in
the case of wave propagation in a porous medium take the
following form:

iωρ fα(ω)⟨v⟩ = −∂x⟨p⟩, iω
(
γ −
γ − 1
α′(ω)

)
⟨p⟩
K f
= −∂x⟨v⟩

(2)

where ⟨⟩ is the pore volume average operator, and γ the
adiabatic index. In this paper we are more interested in the
high frequency regime, where the response functions are
given by:

Figure 1: Measured incident spectrum

α(ω) = α∞

(
1 +

2
Λ
ε(ω) + O(ε(ω)2)

)
, (3)

α′(ω) = α′∞

(
1 +

2
Λ′
ε′(ω) + O(ε′(ω)2)

)
, (4)

where α∞ is the ideal fluid tortuosity, α′∞ = 1 is the
thermal tortuosity. The JCA model disregards the precise
remaining terms in this asymptotics and relies only on two
characteristic sizes, namely the viscous characteristic length
Λ, and the thermal characteristic length Λ′. The terms
ε(ω) =

√
ν/(iω), and ε′(ω) = ε(Prω) are called the complex

viscous and thermal skin depths, respectively, with ν being
the kinematic viscosity, and Pr the Prandtl number.
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Figure 2: Measured transmitted spectra by foams S , F1 and
F2.

It was demonstrated recently in [1] that the JCA model
struggles with predicting the experimental transmitted signal
of certain plastic foams. These foams are used for noise
reduction in the automotive industry (refer to [4] for more
details), possessing highly resistive characteristics, where a
99% reduction in transmitted signal amplitude was observed.
This unusual attenuation is tied to a significant increase
in the visco-thermal dissipation that could not be captured
accurately considering only the lengths Λ and Λ′. To tackle
this issue, Bouchendouka et al. [1] proposed the following:

α(ω) = α∞

(
1 +

2
Λ
ε(ω) +

3
Σ
ε(ω)2 +

a
V
ε(ω)3

)
, (5)

α′(ω) = α′∞

(
1 +

2
Λ′
ε′(ω) +

3
Σ′
ε′(ω)2 +

a
V ′
ε′(ω)3

)
, (6)

where Σ, Σ′ are effective surfaces, and V, V ′ are effective
volumes. Eqs.(5)-(6) were shown to give a very good
agreement between experiment and theory (see refs [1]).
Surprisingly, this agreement is achievable only when
including the forth order terms ε3/V and ε′3/V ′. It is
important to note that the existence of an expansion in
the response functions was already known in the literature
[5, 6, 7, 8], but its significance in capturing very complex
visco-thermal effects was only demonstrated recently in [1].

The underlying physics behind the expansion of α(ω) and
α(ω)′ will be discussed in the next sections.

3 Wave propagation in cylindrical
pores

It is well known [9] that the dynamic tortuosities
in cylindrical pores with radius R have the following
expressions:

α(ω) =
[
1 −

2
s
√
− j

J1(s
√
− j)

J0(s
√
− j)

]−1

, (7)

α′(ω) = α(Prω), (8)
(9)

where J1 and J0 are the first and zeroth order Bessel
functions of the first kind respectively, and s = R

√
ω/ν. In

order to determine the expansion of these functions in the
high frequency limit, we use the large argument Hankel’s
asymptotic expansion for J1 and J0 (see Eq.(9.2.5) in ref
[10]), then it is easy to show that the response function can
be written as:

α(ω) = 1 +

∑
k≥0 Υk

(
( εR )2k+1Φk,1 − ( εR )2k+2Φk,2

)
∑

k≥0 Υk

(
( εR )2k + ( εR )2k+1Φk,3 + ( εR )2k+2Φk,2

)
(10)

where

Υk =
(4k)!2

210k(2k)!3 , Φk,1 = −2
(4k + 1)
(4k − 1)

,

Φk,2 =
(4k + 1)(4k + 3)

2(4k + 2)
Φk,3 =

(4k + 1)(4k + 3)(4k + 5)
4(4k − 1)(4k + 2)

(11)

If we want to obtain the coefficients until the forth order
term, we will have to set k = 1 in the summation, and by
performing simple Polynomial division we get the following:

α(ω) = 1 + 2
ε(ω)

R
+ 3
ε(ω)2

R2 +
15
4
ε(ω)3

R3 , (12)

α′(ω) = 1 + 2
ε′(ω)

R
+ 3
ε′(ω)2

R2 +
15
4
ε′(ω)3

R3 (13)

Following Johnson et al. [2], we choose to define the
different parameters in clyndrical pores as:

Λ′ = Λ = R, Σ′ = Σ = R2, V ′ = V = R3. (14)

Therefore, the constant a in Eqs.(5)-(6) is chosen to be
15/4 based on these calculations.

4 Experimental measurements
In this section we wish to demonstrate the significance

of the higher order terms Σ and V (and their thermal
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counterparts) experimentally. The experimental setup
consists of two Ultran transducers of central frequency of
100 kHz, one acting as an emitter, and the other one as a
reciever. We use plastic foams as porous specimens, which
are placed in between these transducers in order to measure
the transmission data (signal or spectrum) by these foams,
where the measurements are done in air. The setup also
consists of a pulse generator, and a digital oscilloscope to
visualize the experimental data (see Ref [1] for more details
on the experimental setup). The foam specimens we used,
denoted F1 and F2 (thicknesses: 2 cm, 2.5 cm), are highly
resistive foams fabricated with graphite particles to enhance
fire resistance, showed altered pore size distribution and
increased structural heterogeneity. We use another ordinary
foam denoted as S with thickness 1.4 cm, with relatively
moderate resistive characteristics compared to the highly
resistive foams F1 and F2. In Ref [1] the experimental
measurements were done using temporal signals, however,
in this paper we wish to do the measurements using spectra
to gain further insights about the significance of the terms Σ
and V .

Figure 3: Comparison of the measured transmitted spectrum
(blue line) with theoretical signals generated using the JCA
high-frequency model (red line) and the extended model
incorporating Σ and V (yellow line) for foams S , F1 and F2.

Figure 1 represents the experimental incident spectrum.

From this figure, we can see that the experimental
measurements are conducted mainly in the 70-130 kHz
frequency range. Figure 2 shows the transmitted spectra
by foams S , F1, and F2. Interestingly, the the energy loss
by foams F1 and F2 is significantly higher than that of S .
For example, if one uses the peak amplitude of the incident
spectrum Aincident

peak , as a reference value to estimate the energy
loss, we get:

ES
ratio =

[
AS

peak

]2[
Aincident

peak

]2 × 100 ≈ 35% (15)

EF1
ratio =

[
AF1

peak

]2[
Aincident

peak

]2 × 100 ≈ 0.0011% (16)

EF2
ratio =

[
AF2

peak

]2[
Aincident

peak

]2 × 100 ≈ 0.00036%. (17)

This demonstrates the significant energy loss by foams
F1 and F2 compared with S , where 35 % of energy is
transmitted by S , whereas only 0.0011% and 0.00036% of
energy is transmitted by foams F1 and F2, respectively. This
means that these foams posses excellent sound absorbing
qualities. Nevertheless, theoretical modeling is crucial if
one wants to understand the physics behind this significant
attenuation, enhance acoustic performance, and design
optimization. The most known model used in the litreture
is the Johnson-Champoux-Allard model represented by
Eqs.(3)-(4). We want to employ it to characterize these
foams, as well as with the extended modeling proposed in
[1] and represented by Eqs.(5)-(6).

Figure 3 represents a comparison between experimental
measurements and theoretical predictions for the three foam
specimens. In particular, for foam S , a very good match
between experiment (blue) and the prediction by JCA model
(red) is observed. This is expected because of the moderate
attenuation of this foam, which signifies that the underlying
cause behind this energy loss is simple viscous and thermal
boundary layer effects which are well described by JCA.
On the other hand, the basic JCA model overestimates the
transmitted amplitude of foams F1, F2 in certain frequency
regions, showing pronounced resonances and failing to align
well with the experimental peak. By contrast, the extended
model (yellow) tracks the measured spectrum more closely
across the entire 50–150 kHz band: it captures both the rise
toward the main peak around 100 kHz and the subsequent
roll-off with fewer discrepancies. Therefore, a good match
is achieved only when including Σ and V . The experimental
results for the different parameters are summarized in Table
1.

Before we discuss the physical significance of Σ and
V , lets first understand what are the physics governing
this substantial energy dissipation. Generally speaking,
visco-thermal effects are the primary cause of acoustic
energy loss in porous materials. Accordingly, these can
depend on the pore morphology, pore surface roughness or
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Figure 4: Representation of the velocity profile inside a pore in the high frequency regime, (left) velocity represented by the
profile (18), (right) velocity profile with enhanced visco-thermal effects which are not captured by Eq.(18)

curvature, and complex pore space connectivity. Another
reason is scattering. In particular if scattering dominates,
then the expansions used here are not physically justified.
Nevertheless, the ratio λ/R̄ ranges from 10 to 16 over the
70-130 kHz frequency bandwidth considered in this study
(with λ being the wavelength), assuming an average pore
size R̄ = 300 µm [4]. While small scattering effects may
exist, visco-thermal losses remain the dominant source of
attenuation. In this regard, it is easy to understand that Σ
and V (and Σ′, V ′) capture more complex visco-thermal
interactions not captured by Λ, Λ′ alone. These complex
mechanisms are not tied only to surface effects, but effects
that appear deeper inside the pore. It is widely known that Λ
is defined via the exponential decay of the velocity profile
near the pore walls, where the velocity in the general case is
written as:

v = v0(1 − e−β/ε(ω)), (18)

where v0 is the potential flow velocity, β a coordinate normal
to the pore surface pointing inside the bulk. However,
the representation (18) is too simple, and does not give
us any information about pore roughness, curvature, or
the complexity of the geometry in general (see figure 4).
Therefore, when accounting for more complex visco-thermal
interactions Eq.(18) will have a quite different expression
with additional higher order terms directly linked to Σ and
V . The general definition of these terms is currently under
investigation and will be published elsewhere.

5 Conclusion
In conclusion, we have demonstrated the importance

of considering the expansion of the dynamic tortuosities
α(ω) and α(ω)′ by including the higher order terms Σ, Σ′,
V , V ′. Porous samples with non-trivial pore connectivity
enhance visco-thermal interactions, where the Johnson-
Champoux-Allard terms Λ, Λ′ are not sufficient enough to
handle such complexity. Indeed, these terms are linked to a

Samples S F1 F2
Model used JCA with Σ and V with Σ and V
ϕ ≈ 1 ≈ 1 ≈ 1
α∞ 1,028 1,17 1,13
Λ (µm) 214,71 42.75 37,89
Σ (µm2) / 2916 5285
V (µm3) / 3916 7163

Table 1: Summary of the results obtained for the different
foam specimens.

simple exponential decay of the velocity profile inside the
pore in the high frequency regime. However, for certain
porous samples with complex visco-thermal interactions,
the exponential decay representation is not valid, and
refinements of the profile in the general case are required to
obtain a general definition of the high order terms.
These results are of paramount importance for understanding
complex visco-thermal physics. Moreover, the proposed
modeling approach can be used as an extension to JCA
model to characterize a wider range of porous materials with
complex geometries, which is useful in enhancing sound
absorption properties for multiple industrial applications.
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