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 A B S T R A C T

This paper presents a novel Optimal Sensor Placement strategy tailored to model updating 
problems based on the modified Constitutive Relation Error (mCRE) functional. It offers 
a credible alternative to classical functionals by optimizing structural parameters alongside 
mechanical fields, achieving the best trade-off between available measured data and physical 
knowledge without any additional a priori assumption. The proposed approach leverages the 
strong connection between mCRE and Bayesian inference to develop a new Fisher Information 
Matrix based on mCRE, incorporating the sensitivity of the mCRE mechanical fields to updated 
parameters. The mCRE-based optimization strategy leads to increased robustness with respect 
to measurement noise, deviation in the sensor placement, and modeling bias. While many of 
the developments in this work apply to various sensor types, additional constraints are included 
to focus on distributed optic fiber sensors (DOFS). The shape of the fiber is represented using 
B-Splines, making the control point coordinates the design variables. Constraints on maximum 
fiber length and minimum curvature radius are treated as penalty terms in the fitness function, 
optimized using a genetic algorithm. The proposed methodology is validated on isotropic and 
orthotropic elasticity using 2D and 3D geometries.

. Introduction

Structural Health Monitoring (SHM) together with data assimilation is an increasingly used technique to evaluate the health of 
 structure through data acquired from on-board sensors [1,2]. This work focuses on a crucial factor in SHM, namely, optimized 
ensor placement [3–7], to ensure that the most informative data is collected. Most approaches for optimal sensor placement are 
uite similar and can usually be formulated as the selection of a subset of locations from a larger set of candidate locations. The 
ey differences lie in the cost function and the optimization algorithm used [8].
Among the various cost functions used for sensor placement optimization, those based on the Fisher Information Matrix 

FIM) [9,10] are the most commonly used. Typical sensor performance metrics include its trace (A-optimality) [11] and its 
eterminant (D-optimality) [4,12]. A major contribution of this work is the development of a Fisher Information Matrix tailored to 
he modified Constitutive Relation Error (mCRE) framework. This new matrix, referred to as the modified FIM (mFIM), provides a 
igorous and theoretically grounded tool to derive sensor performance metrics compatible with the mCRE. The mCRE is a method 
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used to solve inverse problems in structural mechanics. Compared to classical deterministic and stochastic approaches, the mCRE 
has demonstrated improved convexity properties [13,14] and greater robustness against noise and corrupted measurements [15–17]. 
Furthermore, it is a natural hybrid strategy that recovers the optimal state as a compromise between model outputs and experimental 
observations. However, optimal sensor placement metrics for the mCRE remain largely unexplored. Recently, only Diaz et al. [18] 
have introduced this topic in the context of low-frequency dynamics.

To demonstrate the capabilities of the proposed mFIM, we focus on distributed optical fiber sensors (DOFS), a particularly 
promising class of sensors for SHM. These sensors offer several benefits: they are lightweight, provide high spatial resolution, 
and allow for continuous strain measurements along the length of a single optical fiber. Their increasing use in aerospace, civil, 
and mechanical structures stems from the ability to deploy inexpensive telecom-grade fibers with minimal cabling and structural 
intrusion [19].

Unlike conventional discrete sensors, DOFS require a fundamentally different approach to placement. A single fiber contains 
all sensing points, meaning that one cannot optimize individual sensor locations independently. Instead, the fiber path must be 
optimized as a continuous geometric object, subject to physical constraints such as maximum length and allowable curvature.

Despite their advantages, there is little work on optimizing DOFS placement. Notably, the work of Li et al. [8] applies a genetic-
based algorithm to provide an optimal sensor layout by maximizing the integration of a weighted functional of strain measures over 
the optic fiber length. The fiber is represented by a non-uniform rational B-spline (NURBS) curve, with design variables including 
specific control points and arc length coordinates of sensing elements. Additional constraints include the maximum allowed length 
and curvature, parameters that are commonly associated to optic fiber sensors. Other relevant works include Cazzulani et al. [3], 
which focuses on an optimal sensor layout for modal shapes reconstruction, and Ameduri et al. [20] which aims to maximize the 
probability of detection of damage induced by impact on a target structure. Both studies use genetic algorithms to perform the 
optimization, and the optic fiber’s shape is described by interpolating key positions and orientations.

In the present study, we adopt a similar strategy by modeling the fiber path using B-spline curves and performing the optimization 
with a differential evolution algorithm, while enforcing physical constraints on the fiber’s maximum curvature and total length. 
However, we extend this approach in a significant way by evaluating sensor performance using both the classical Fisher Information 
Matrix (FIM) and the newly developed modified FIM (mFIM), optimizing in each case the determinant (D-optimality criterion). 
Numerical experiments conducted on 2D and 3D mechanical structures demonstrate that the mFIM consistently outperforms the 
traditional FIM. This improvement stems from the properties of the mCRE functional, leading to a more robust sensor placement 
strategy. Specifically, the optimized placement shows greater resilience to measurement noise, practical misalignment of the fiber 
sensor relative to its nominal optimal path, and modeling bias.

The paper is organized as follows. Section 2 provides an introduction to inverse problems, detailing classical approaches to 
solve them stochastically, and their link to sensor performance metrics based on Fisher Information. Section 3 explains the modified 
Constitutive Relation Error (mCRE) concept, and Section 4 introduces a Fisher Information Matrix derived from the mCRE metric. 
Since the considered sensors are optic fibers, Section 5 details the considerations that are taken into account to parametrize the 
fiber’s path. Afterwards, Section 6 introduces the cost function and the steps involved in during the optimization process. Finally, 
results for 2D and 3D linear isotropic and orthotropic elasticity cases are presented in Section 7.

2. Classical sensor performance metrics based on Fisher Information

2.1. Basics on inverse problems

In computational mechanics, inverse problems determine unknown input parameters 𝜃 ∈ R𝑝, 𝑝 ∈ N from limited, noisy 
observations 𝑋𝑜𝑏𝑠 ∈ R𝑁𝑆 . However, these observations differ from model predictions due to measurement noise (𝜔𝑜𝑏𝑠) or modeling 
errors (𝜔𝑚𝑜𝑑) [18,21]: 

𝑋𝑜𝑏𝑠 = 𝛱𝑋(𝜃𝑟𝑒𝑎𝑙) + 𝜔𝑜𝑏𝑠 + 𝜔𝑚𝑜𝑑 (1)

where 𝛱 is an interpolation matrix to extract information at the sensor locations. Inverse problems can be solved deterministically 
or stochastically. The latter approach is preferred as it naturally accounts for parameter uncertainties. Bayesian inference provides 
a probabilistic framework for this objective: 

𝜋(𝜃|𝑋𝑜𝑏𝑠) ∝ 𝜋(𝑋𝑜𝑏𝑠|𝜃)𝜋0(𝜃) (2)

where 𝜋0(𝜃) is the prior distribution, 𝜋(𝑋𝑜𝑏𝑠|𝜃) is the likelihood distribution, and 𝜋(𝜃|𝑋𝑜𝑏𝑠) is the updated or posterior probability 
density function on 𝜃 after taking observations into account (and the solution to the inverse problem). Considering Gaussian 
distributions, 𝜋0(𝜃) and 𝜋(𝑋𝑜𝑏𝑠|𝜃) have the form: 

𝜋0(𝜃) ∝ 𝑒𝑥𝑝
[

−1
2
(𝜃 − 𝜃0)𝑇𝛴−1

0 (𝜃 − 𝜃0)
]

(3)

𝜋(𝑋𝑜𝑏𝑠|𝜃) ∝ 𝑒𝑥𝑝
[

−1
2
(𝑋𝑜𝑏𝑠 −𝛱𝑋(𝜃))𝑇 [𝛴𝑚𝑜𝑑 + 𝛴𝑜𝑏𝑠]−1(𝑋𝑜𝑏𝑠 −𝛱𝑋(𝜃))

]

(4)

where 𝜃0 contains a priori parameter values, and 𝛴0, 𝛴𝑚𝑜𝑑 and 𝛴𝑜𝑏𝑠 respectively denote the prior, model, and observation covariance 
matrices. In this framework, the solution of the inverse problem is a probability distribution, but several point indicators can be 
obtained from it. One is often interested in the maximum a posteriori, which is normally referred as the ‘‘identified’’ parameter 𝜃𝑜𝑝𝑡, 
and its variance. In instances where the objective is to identify multiple parameters (𝜃 ∈ R𝑝 and 𝑝 > 1), a covariance matrix is 
recovered to assess the degree of confidence in the parameter identification process.
2 
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2.2. Optimal sensor placement and Fisher Information

The goal of optimal sensor placement is to reduce the uncertainty in identified parameters by choosing sensor locations that 
maximize information gain. This uncertainty is commonly quantified via the Fisher Information Matrix (FIM), which measures the 
sensitivity of the likelihood function to changes in parameters. For unbiased estimators, the inverse of the FIM gives a lower bound 
on the parameter covariance matrix (Cramér–Rao bound) [9]. Thus, maximizing the FIM reduces parameter uncertainty. A common 
approach is to maximize the determinant of the FIM, known as D-optimality [3,4,10,12,22].

The FIM is defined as the covariance of the score, where the score is the gradient of the log-likelihood probability density function 
with respect to the parameter vector 𝜃 [9]. 

𝐹𝐼𝑀 = E
⎡

⎢

⎢

⎣

(

𝜕 log𝜋(𝑋𝑜𝑏𝑠|𝜃)
𝜕𝜃

)𝑇 (

𝜕 log𝜋(𝑋𝑜𝑏𝑠|𝜃)
𝜕𝜃

)

|

|

|

|

|𝜃𝑜𝑝𝑡

⎤

⎥

⎥

⎦

(5)

In this context, E denotes the mathematical expectation. Alternatively, if the analytical expression of second derivative of the 
log-likelihood is accessible, it yields [23]: 

𝐹𝐼𝑀 = −E
⎡

⎢

⎢

⎣

𝜕2𝑙𝑜𝑔𝜋(𝑋𝑜𝑏𝑠|𝜃)
𝜕𝜃2

|

|

|

|

|𝜃𝑜𝑝𝑡

⎤

⎥

⎥

⎦

(see Annex A.1 for proof) (6)

It is then clear then that the Hessian of the log likelihood plays a key role in the in uncertainty quantification for parameter 
identification. However, this is not unique to the Bayesian approach. In deterministic settings such as Finite Element Model Updating 
(FEMU), parameter identification is often performed by minimizing a least-squares cost function. After convergence, the parameter 
covariance matrix is approximated as:

𝛴𝜃𝑜𝑝𝑡 = H−1
𝐹𝐸𝑀𝑈

where H𝐹𝐸𝑀𝑈  is the Hessian of the cost function at 𝜃𝑜𝑝𝑡. This Hessian is equivalent to the FIM, allowing uncertainty propagation 
through the identification process [24].

For a Gaussian likelihood (see Eq.  (4)), the FIM simplifies to: 

𝐹𝐼𝑀 =
(

𝛱
𝜕𝑋(𝜃)
𝜕𝜃

)𝑇
𝛴−1
𝜔

(

𝛱
𝜕𝑋(𝜃)
𝜕𝜃

)

|

|

|

|

|𝜃𝑜𝑝𝑡

(7)

Here, 𝛴𝜔 includes observation and modeling errors. Often, 𝛴𝜔 is approximated by the observation error covariance 𝛴𝑜𝑏𝑠. This is 
usually done even if modeling errors might be present since they are not known a priori [24] (this shortcoming is addressed with 
our newly proposed modified FIM). In many applications, 𝛴𝑜𝑏𝑠 is diagonal (uncorrelated sensor noise) [11] and uniform across 
sensors, yielding the simplified FIM: 

𝐹𝐼𝑀 = 1
𝜎2𝑜𝑏𝑠

(

𝛱
𝜕𝑋(𝜃)
𝜕𝜃

)𝑇 (

𝛱
𝜕𝑋(𝜃)
𝜕𝜃

)

|

|

|

|

|𝜃𝑜𝑝𝑡

(8)

This matrix depends on the sensor layout via 𝛱 , which selects measurement locations. Maximizing the determinant of the FIM 
improves parameter identifiability in all directions and enhances robustness to sensor perturbations or measurement noise.

A known limitation of FIM-based approaches is their dependence on 𝜃, which is itself unknown. A practical workaround is to 
alternate between parameter identification and sensor optimization [25]. However, in practical applications, the sensor layout is 
often defined before the test. This is achieved either by using a reference or target parameter value, and should be optimal or 
near-optimal for any admissible parameter set.

3. The modified constitutive relation error

The previous developments are general for parameter identification and can be implemented in a variety of domains. In the 
following, the focus is placed on the specific context of structural mechanics. In this context, the forward problem determines 
the displacement field 𝑢 typically approximated by a finite element solution 𝑢ℎ while the inverse problem estimates constitutive 
parameters 𝜃. While other inverse problems exist, such as force reconstruction [26], this work focuses specifically on parameter 
identification. Among various inverse approaches, the modified Constitutive Relation Error (mCRE) stands out for its convexity 
properties [13,14] and robustness to noise [15–17]. Extending the Constitutive Relation Error (CRE) [27], the mCRE balances model 
confidence with experimental data 𝑈𝑜𝑏𝑠, forming a hybrid framework for parameter identification. In the context of linear elasticity 
and following a discretization with the finite element method, the discretized CRE reads: 

2ℎ
𝐶𝑅𝐸 (𝑈̂ , 𝑉 ; 𝜃) = 1

2
(𝑈̂ − 𝑉 )𝑇K(𝑈̂ − 𝑉 ) (9)

where (𝑈̂ , 𝑉 ) represents a pair of kinematically and statically admissible solutions. The CRE (9) quantitatively reflects the confidence 
on modeling and is commonly referred in the literature to as the distance to model. Extending this, the mCRE [24,28] introduces a 
data-driven additional term referred to as the distance to data: 

2ℎ
𝑚𝐶𝑅𝐸 (𝑈̂ , 𝑉 ; 𝜃) = 2ℎ

𝐶𝑅𝐸 (𝑈̂ , 𝑉 ; 𝜃)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

+ 𝛼
2
(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)𝑇 G𝑜𝑏𝑠

(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(10)
Distance to model Distance to data

3 
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where G𝑜𝑏𝑠 scales measurement errors, and 𝛼 balances model fidelity against data fit. The optimal 𝜃 minimizes this functional: 

𝜃𝑜𝑝𝑡 = argmin
𝜃

[

min
(𝑈̂ ,𝑉 )

2ℎ
𝑚𝐶𝑅𝐸 (𝑈̂ , 𝑉 ; 𝜃)

]

(11)

This optimization problem is solved iteratively: first, (𝑈̂ , 𝑉 ) are determined through the following saddle point conditions: 
(𝛼(𝛱𝑇G𝑜𝑏𝑠𝛱) +K)𝑈̂ = 𝛼(𝛱𝑇G𝑜𝑏𝑠)𝑈𝑜𝑏𝑠 + 𝐹

K𝑉 = 𝐹

𝑉 = 𝑈̂ + 𝛬

(12)

where 𝛬 is a Lagrange multiplier, and then 𝜃 is updated using convex minimization techniques [24]. It is emphasized that 𝑈̂ is a 
hybrid quantity, based on the model and the experimental data.

3.1. Stochastic interpretation of the mCRE

To relate the mCRE and the Fisher Information matrix, a Bayesian interpretation of the mCRE is needed, which was developed 
by Deraemaeker and Ladevèze [29]. It is based on the combination of states of information proposed by Tarantola [21] and is 
equivalent to the Bayesian approach when the statistics of the measurement instrument are known. Within this framework, and 
considering Gaussian distributions, the mCRE-based likelihood probability density function reads: 

𝜋(𝑈𝑜𝑏𝑠|𝜃) ∝ 𝑒𝑥𝑝
[

−1
2
(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)𝑇 𝛴−1

𝑜𝑏𝑠
(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)

]

× 𝑒𝑥𝑝
[

− 1
2𝛼

(𝑈̂ − 𝑉 )𝑇K(𝑈̂ − 𝑉 )
]

(13)

This distribution is visibly more complex than the one previously mentioned in (4). However, no assumption on the modeling 
error covariance (𝛴𝑚𝑜𝑑) must be made since the modeling error is already integrated in the distribution. When G𝑜𝑏𝑠 = 𝛴−1

𝑜𝑏𝑠 and 
considering a uniform prior defined in the interval 𝜃 ∈ [𝑎, 𝑏], it yields: 

𝜋(𝜃|𝑈𝑜𝑏𝑠) ∝

⎧

⎪

⎨

⎪

⎩

𝜋(𝑈𝑜𝑏𝑠|𝜃) ∝ 𝑒𝑥𝑝
[

− 1
𝛼 

2
𝑚𝐶𝑅𝐸

]

𝜃 ∈ [𝑎, 𝑏]

0 𝜃 ∉ [𝑎, 𝑏]
(14)

The interval of the prior can even be 𝜃 ∈ [−∞,∞]. In this case, maximum a posteriori estimator of (14) equals the maximum
likelihood estimator of (13) and corresponds to the minimizer of the deterministic cost function of the mCRE (11) [24].

3.2. Calibration of 𝛼

The mCRE is highly sensitive to the value of the scalar weight 𝛼. Limit values of 𝛼 correspond to the classical least-squares 
minimization with no modeling error when 𝛼 → 0, and to the pure CRE minimization with prescribed experimental data when 
𝛼 → ∞ [30]. An academic example is included in Annex A.3 to exemplify this behavior. Nguyen et al. [24] proposed that the value 
of 𝛼 can be determined by leveraging the known noise levels in the measurements. The underlying idea is to ensure that the average 
squared distance between 𝑈𝑜𝑏𝑠 and 𝑈̂ falls within the noise level.

1
𝑁𝑠

E
[

(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)𝑇 𝛴−1

𝑜𝑏𝑠
(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)

]

≈ 1 (15)

This is achieved by gradually decreasing the value of 𝛼 until the condition described in (15) is satisfied. This approach is known 
as the Morozov criterion [31]. This has obvious physical sense, as reducing the distance even further would result in an overfitting 
of the noise. Fig.  1 exemplifies this process.

This can be reformulated though the following minimization problem: 

𝛼𝑜𝑝𝑡 = argmin𝛼
|

|

|

|

1
𝑁𝑠

E
[

(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)𝑇 𝛴−1

𝑜𝑏𝑠
(

𝛱𝑈̂ − 𝑈𝑜𝑏𝑠
)

]

− 1
|

|

|

|

(16)

In the current work, this problem was solved using standard gradient-based optimization. The following choices were made:

• Initial value of 𝛼: Based on observed plateaus in the objective function, values beyond 𝛼 > 1 or 𝛼 < 10−10 were avoided. An 
initial value of 𝛼 = 10−4 was used.

• Stopping criterion: The optimization terminated when the discrepancy was within 1% of the target, i.e., when the absolute 
difference in (16) was less than 0.01.
4 
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Fig. 1. Illustration of the strategy for the calibration of 𝛼.

4. FIM based on the mCRE

With the theory behind the mCRE established, attention can now be directed to its Fisher Information Matrix, referred to as 
the modified FIM (mFIM) to distinguish it from earlier developments. The concept of constructing a mFIM based on the mCRE 
was first introduced by Diaz et al. [18] in the context of low-frequency dynamics. This mCRE-based optimal sensor placement 
methodology was compared with classical techniques in terms of identification accuracy and validated through measurements from 
various scenarios and relative uncertainty assessments. The case of multiple damage scenarios was also addressed, demonstrating that 
although this approach introduces additional computational complexity, it results in more effective and robust sensor placement and 
improved model updating. This effectiveness persists even when the parameters to be identified undergo significant changes during 
experiments, such as evolving damage parameters over time. However, the formulation of the mFIM proposed in the previously 
mentioned work only considers the data misfit term of the mCRE functional, neglecting the contribution from the model discrepancy 
term. Specifically, the mFIM is defined as: 

𝑚𝐹𝐼𝑀 =
(

𝛱 𝜕𝑈̂
𝜕𝜃

)𝑇
(𝛴𝑜𝑏𝑠)−1

(

𝛱 𝜕𝑈̂
𝜕𝜃

)

|

|

|

|

|𝜃𝑜𝑝𝑡

(17)

In contrast, the modified Constitutive Relation Error (mCRE) consists of two terms, the distance to data and the distance to 
the model (10), both of which depend on sensor placement. Moreover, the relative importance of these terms is controlled by the 
parameter 𝛼, meaning one term may dominate the other depending on its value (as shown in Annex A.3).

A major contribution of this work lies in the development of a comprehensive theoretical framework for a modified Fisher 
Information Matrix that incorporates the full mCRE functional. By accounting simultaneously for both the data fidelity and model 
consistency terms, the proposed formulation provides a more rigorous and informative foundation for sensor placement strategies 
in structural mechanics, particularly in scenarios where a trade-off between measurement precision and model reliability must be 
carefully balanced.

To this end, the complete likelihood probability density function of the mCRE (13) is adopted. However, using the classical FIM 
formulation (5) poses a computational challenge: its expectation involves third and fourth moments (skewness and kurtosis), which 
are difficult to evaluate. This complexity becomes particularly problematic when maximizing the determinant of the modified FIM 
using a stochastic optimization algorithm like differential evolution, as it requires numerous matrix computations. To overcome this, 
the second derivative formulation of the FIM (6) is employed, leading to: 

𝑚𝐹𝐼𝑀 = 1
𝛼
E
⎡

⎢

⎢

⎣

𝜕22ℎ
𝑚𝐶𝑅𝐸

𝜕𝜃2

|

|

|

|

|

|𝜃𝑜𝑝𝑡

⎤

⎥

⎥

⎦

(18)

This expression is directly related to the Hessian of the mCRE: 
𝜕22ℎ

𝑚𝐶𝑅𝐸

𝜕𝜃2
= 1

2
(𝑈̂ − 𝑉 )𝑇 𝜕

2K
𝜕𝜃2

(𝑈̂ + 𝑉 )𝑇 + 𝑈̂𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂
𝜕𝜃

− 𝑉 𝑇 𝜕K
𝜕𝜃

𝜕𝑉
𝜕𝜃

(19)

The intuition behind this relationship is straightforward and is illustrated for a single parameter in Fig.  2. Essentially, a sensor 
configuration that produces a higher curvature in the mCRE, analogous to a higher curvature in the posterior distribution, leads to 
a lower variance in the identified parameters.

While not directly linked to the Fisher Information Matrix, the Hessian of the mCRE has been previously employed as an 
indicator of the uncertainties in the parameter identification process. Charbonnel et al. [16] introduced the concept of confidence 
5 
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Fig. 2. Hessian of mCRE and variance of posterior distribution.

intervals within the deterministic mCRE framework, proposing the use of a second-order Taylor expansion to approximate the 
mCRE functional. By analyzing how perturbations in the mCRE value influence the estimated parameters, this approach leverages 
the Hessian, as the shape of the second-order expansion at convergence is determined by it.

To calculate the expectation of (19), a procedure similar to that proposed by Deraemaeker and Ladevèze in [29] for evaluating 
the expectation of the mCRE is followed. To simplify the developments, the first expression in (12) is rewritten as: 

(𝛼(𝛱𝑇G𝑜𝑏𝑠𝛱) +K)𝑈̂ = 𝛼(𝛱𝑇G𝑜𝑏𝑠)𝑈𝑜𝑏𝑠 + 𝐹

↓

C𝑈̂ = P𝑈𝑜𝑏𝑠 + 𝐹

(20)

The observed quantities at each sensing location can be modeled independently, assuming the measurement noise is uncorrelated, 
with variance 𝜎2 and zero mean, as follows: 

𝑈𝑜𝑏𝑠𝑖 = 𝑈0
𝑜𝑏𝑠𝑖

+ 𝛿𝑈𝑜𝑏𝑠𝑖
E[𝛿𝑈𝑜𝑏𝑠𝑖 ] = 0

E[𝛿𝑈𝑜𝑏𝑠𝑖𝛿𝑈𝑜𝑏𝑠𝑗 ] = 𝜎2𝛿𝑖𝑗

(21)

Here, the zero superscript refers to the constant portion (as in 𝑈0
𝑜𝑏𝑠𝑖
), and the delta symbol refers to the random portion (as in 

𝛿𝑈𝑜𝑏𝑠𝑖 ). Thus, 𝑈𝑜𝑏𝑠 can be separated into the sum of its constant and random components as: 

𝑈𝑜𝑏𝑠 =
𝑁𝑆
∑

𝑖=1
𝑈0
𝑜𝑏𝑠𝑖

𝑚𝑖

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝑈0
𝑜𝑏𝑠

+
𝑁𝑆
∑

𝑖=1
𝛿𝑈𝑜𝑏𝑠𝑖𝑚𝑖

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝛿𝑈𝑜𝑏𝑠

(22)

where 𝑚 is a unit vector basis, such that 𝑚𝑖 equals 1 at measurement i and zero elsewhere; this basis contains 𝑁𝑆 (number of sensors) 
vectors. A new basis 𝜙 is then introduced such that: 

C𝜙𝑖 = P𝑚𝑖 (23)

𝑈̂ can now also be written as a sum of constant and random portions: 

𝑈̂ =
𝑁𝑆
∑

𝑖=1
𝑈0
𝑜𝑏𝑠𝑖

𝜙𝑖 + C−1𝐹

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈0

+
𝑁𝑆
∑

𝑖=1
𝛿𝑈𝑜𝑏𝑠𝑖𝜙𝑖

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝛿𝑈

(24)

A similar procedure can be followed for 𝜕𝑈̂𝜕𝜃 . Following the approach in (23), a basis 𝜓 is introduced such that: 

−C𝜓 = 𝜕K
𝜕𝜃
𝜙 (25)

which allows 𝜕𝑈̂𝜕𝜃  to be written as: 

𝜕𝑈̂
𝜕𝜃

=
𝑁𝑆
∑

𝑖=1
𝑈0
𝑜𝑏𝑠𝑖

𝜓𝑖

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝜕𝑈̂0

𝜕𝜃

+
𝑁𝑆
∑

𝑖=1
𝛿𝑈𝑜𝑏𝑠𝑖𝜓𝑖

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝛿 𝜕𝑈̂
𝜕𝜃

(26)
6 
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Fig. 3. Contribution of random terms in the Hessian of mCRE.

Fig. 4. Expectation of mCRE.

With (24) and (26) in mind, the expectation of the Hessian of the mCRE can be calculated. However, the constant and random 
portions must first be identified: 

𝜕22ℎ
𝑚𝐶𝑅𝐸

𝜕𝜃2
= 1

2
(𝑈̂0 − 𝑉 + 𝛿𝑈̂ )𝑇 𝜕

2K
𝜕𝜃2

(𝑈̂0 + 𝑉 + 𝛿𝑈̂ )𝑇 + (𝑈̂0 + 𝛿𝑈̂ )𝑇 𝜕K
𝜕𝜃

(

𝜕𝑈̂0

𝜕𝜃
+ 𝛿 𝜕𝑈̂

𝜕𝜃

)

− 𝑉 𝑇 𝜕K
𝜕𝜃

𝜕𝑉
𝜕𝜃

(27)

Considering that the expectation of a constant is the value of the constant, the expectation of the Hessian is finally: 

E

[

𝜕22ℎ
𝑚𝐶𝑅𝐸

𝜕𝜃2

]

= E
[

1
2
𝛿𝑈̂𝑇 𝜕2K

𝜕𝜃2
𝛿𝑈̂𝑇 + 𝛿𝑈̂𝑇 𝜕K

𝜕𝜃
𝛿 𝜕𝑈̂
𝜕𝜃

]

+ 𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
− 𝑉 𝑇 𝜕K

𝜕𝜃
𝜕𝑉
𝜕𝜃

(28)

where: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

E
[

1
2 𝛿𝑈̂

𝑇 𝜕2K
𝜕𝜃2

𝛿𝑈̂𝑇
]

=
𝑁𝑆
∑

𝑖=1

𝑁𝑆
∑

𝑗=1
𝜙𝑇𝑖

𝜕2K
𝜕𝜃2

𝜙𝑗E[𝛿𝑈𝑜𝑏𝑠𝑖𝛿𝑈𝑜𝑏𝑠𝑗 ]

E
[

𝛿𝑈̂𝑇 𝜕K
𝜕𝜃
𝛿 𝜕𝑈̂
𝜕𝜃

]

=
𝑁𝑆
∑

𝑖=1

𝑁𝑆
∑

𝑗=1
𝜙𝑇𝑖

𝜕K
𝜕𝜃
𝜓𝑗E[𝛿𝑈𝑜𝑏𝑠𝑖𝛿𝑈𝑜𝑏𝑠𝑗 ]

(29)

It is noted that to compute the expectation of the Hessian, only the observation error variance is required (E[𝛿𝑈𝑜𝑏𝑠𝑖𝛿𝑈𝑜𝑏𝑠𝑗 ] = 𝜎2𝛿𝑖𝑗). 
Similar to the mCRE functional itself, the expectation of its Hessian is dependent on parameter 𝛼. The random portions increase as 
𝛼 and the noise percentage increase. However, for the constitutive laws analyzed and noise levels up to 40%, it was observed that 
the expected value of the random component of the Hessian remained approximately four orders of magnitude smaller than the 
deterministic part, contributing less than 1% to the total expected value of the Hessian. As seen in Fig.  3, this observation holds for 
a wide range of 𝛼 values, including those larger than the ones used throughout this work, which lie in the range [10−9, 10−5].

This is exemplified in Fig.  4, which shows the curves for the following inverse problem: identifying a theoretical Young modulus 
of 1 [Pa] in an isotropic homogeneous plate subjected to tension (similar to the case study that will be presented in Section 7.1). 
Fig.  4 compares the complete expectation of the mCRE (blue), and the constant portion alone (gray). The complete expectation has 
an offset from zero, reflecting the fact that no value of the Young modulus results in zero error when the measurements contain 
noise. However, the overall shape of the mCRE curve and the posterior distribution remain nearly unchanged. For this reason, the 
sensor placement optimization process in the remainder of this work focuses on the constant portion of the Hessian. When only the 
7 
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constant portion is needed, the mFIM (18) simplifies to: 

𝑚𝐹𝐼𝑀 = 1
𝛼

⎛

⎜

⎜

⎝

𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
− 𝑉 𝑇 𝜕K

𝜕𝜃
𝜕𝑉
𝜕𝜃

|

|

|

|

|𝜃𝑜𝑝𝑡

⎞

⎟

⎟

⎠

(30)

In the case of a single parameter, maximizing the mFIM (30), and consequently the Hessian at 𝜃𝑜𝑝𝑡, increases the curvature 
of the probability density function (13) around this parameter value, leading to a lower variance. When multiple parameters are 
considered, a similar objective is achieved by maximizing the determinant of the FIM, ensuring that all principal directions contain 
high information content. It is important to note that this sensor placement optimization is often carried out without prior knowledge 
of the true parameter value; therefore, a reference value can be used to obtain an optimal or quasi-optimal solution.

Parallels can be drawn between the modified Fisher Information Matrix (mFIM) (30) and the original Fisher Information Matrix 
(FIM) (7), as both quantify sensitivity with respect to 𝜃. However, while traditional methods rely on local evaluations at sensor 
positions using the projection matrix 𝛱 , the mFIM instead evaluates global quantities by incorporating the complete fields 𝑈̂ and 𝑉
along with their sensitivities to 𝜃. This distinction is directly tied to the nature of the mCRE admissible fields, which are constructed 
based on observed data. Notably, even though only the constant portion of the mCRE was used, the influence of noise persists 
through G𝑜𝑏𝑠.

5. Representation of the optic fiber path

Sections 2 and 4 introduced general sensor performance metrics, but additional considerations are needed for optic fiber sensors. 
This section presents a B-Spline-based parametrization of the fiber path, enabling efficient placement optimization for fibers affixed 
to the surface of a structure. The approach can also be extended to embedded configurations, provided a target surface is defined, 
such as in laminated composite materials. It supports both flat and curved surfaces: in the flat case, fibers are defined directly in 
a 2D plane, while for curved geometries, the fiber path is defined on a surface described by a finite element mesh, allowing it to 
follow the structure geometry.

5.1. Parametrized shape of the fiber using B-Splines in a flat surface

Optic fiber sensors measure strain along their longitudinal direction at 𝑁𝑆 positions, and while optimizing the coordinates and 
orientations of each sensing point is possible, it becomes impractical when 𝑁𝑆 reaches hundreds or thousands, especially in Rayleigh 
Backscattering fibers, which provide near-continuous data [32].

To address this, the goal is to parametrize the fiber shape with 𝑁 ≪ 𝑁𝑆 parameters using B-Splines. While B-Splines were 
previously used for fiber placement [8], they were paired with simpler sensor performance metrics than those based on the FIM. 
Other approaches include the optimization of the position and tangent values of key points along the fiber [3,20].

Mathematically, a B-spline is a combination of Bezier curves, which results in a barycentric combination of 𝑁 control points. 
The analytical expression is presented in (31), where the resulting curve 𝐵(𝑡) is a sum of polynomials (or basis functions) multiplied 
by the control polygon coordinates. An example of a B-Spline curve and its basis polynomial functions is shown in Fig.  5. 

𝐵(𝑡) =
𝑖=𝑁
∑

𝑖=0
𝐶𝑃𝑖𝑀𝑖(𝑡) 𝑡 ∈ [𝑡0, 𝑡𝑓 ]

CP = [𝐶𝑃0,… , 𝐶𝑃𝑁 ] (Control polygon coordinates)
M = [𝑀0(𝑡),… ,𝑀𝑁 (𝑡)] (Basis functions)

(31)

Control points can be selected from discrete locations or defined continuously via their (X,Y,Z) coordinates.

5.2. Extension to curved 3D geometries

Most existing methods for sensor placement are limited to flat surfaces, restricting optical fiber placement to simple shapes. This 
work presents a method for placing fibers on smooth, curved 3D surfaces, acknowledging that optical fibers cannot bend sharply. 
The main innovation lies in generating a parametrized fiber path on a discretized curved surface (mesh). The process starts by 
identifying the region of interest, followed by selecting potential control points, either randomly (e.g., Latin Hypercube Sampling) 
or from surface mesh nodes.

For each configuration tested during optimization, a subset of control points defines a B-Spline path. Since the B-Spline may 
not lie on the mesh, it is projected orthogonally onto the surface. This projection can introduce non-smoothness, causing numerical 
issues when computing tangent vectors, critical as the fiber only senses along its axis. To address this, average filtering is applied.

This methodology is illustrated in Fig.  6, using a cylinder as reference geometry for illustration purposes.
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Fig. 5. An example of a B-Spline curve and its underlying basis.

Fig. 6. Parametrized fiber path along a curved surface, results before and after filtering.

6. Optimization problem

6.1. Cost function

The procedure for optimizing the shape of the optic fiber using B-Splines, with the determinant of the Fisher Information matrix 
as the sensor performance metric, is now presented. Three matrices are considered:

• The classical FIM (8)
• The one proposed by Diaz et al. [18], referred as mFIM1 (17)
• Our newly proposed matrix, referred as mFIM2 (30)

Considering that 𝐶𝑃  is a vector containing the control polygon coordinates, the optimization problem thus reads: 
𝐶𝑃𝑜𝑝𝑡 = argmin

𝐶𝑃
−𝑑𝑒𝑡(M) 𝑀 ∈ [𝐹𝐼𝑀,𝑚𝐹𝐼𝑀1, 𝑚𝐹𝐼𝑀2]

𝑠.𝑡.

Fiber length constraint: 𝐿 ≤ 𝐿𝐿𝑖𝑚
Curvature radius constraint: 𝐶 ≥ 𝐶𝐿𝑖𝑚

(32)

To solve (32) using a differential evolution algorithm, the following cost (or fitness) function is introduced: 

−𝑚𝑎𝑥

(

𝐿
𝐿

, 1
)

+1 −𝑚𝑎𝑥

(𝐶𝑙𝑖𝑚
𝐶

, 1
)

+1 (33)

𝑓 = −𝑑𝑒𝑡(M) × 𝑘 𝑙𝑖𝑚 × 𝑘

9 
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Table 1
Impact of penalization constant (targets: 0.15 m [max length] and 0.01 m [min radius]).
 Penalization constant Length obtained [m] Minimum radius obtained [m]  
 2 0.20073 0.01018  
 3 0.15554 0.01020  
 4 0.15076 0.01040  
 5 0.15007 0.01045  

where 𝑘 is a constant that determines the severity of the penalization.

6.1.1. Maximum length of the fiber
One of the main challenges associated with optic fibers is their integration within the structure. For instance, when embedding 

an optic fiber in a carbon fiber composite, the diameter of the sensor is an order of magnitude larger than the structural fibers. As a 
result, it is likely that its presence will weaken the material due to the creation of resin pockets in its surroundings, which might act 
as a crack initiator. However, several experiments show negligible impact when implemented properly [32]. Still, an overabundant 
amount of fiber cannot be integrated in the structure.

During this work, the effects on structure’s stiffness were disregarded, and a maximum length value was chosen for illustration 
purposes since the main objective was to compare the sensor performance metrics based on the FIM and the mFIM. The lengths 
chosen were 0.15 m for the isotropic test, and 3.5 m for the orthotropic ones (2D and 3D tests). The maximum length allowed in 
the orthotropic cases is an order of magnitude larger since the dimensions of the geometries used are 1 order of magnitude larger 
as well.

6.1.2. Minimum curvature radius
The minimum curvature radius is important for two main reasons: the fragility of optic fibers and the poor quality of readings 

one might obtain from a sharply bent fiber. For Bragg Grating optic fibers, there is a negligible impact on the readings for curvature 
radii of up to 3 cm [33]. Guyard et al. [34] demonstrated that this depends on the mean effective index of the fiber, obtaining 
negligible effects for as low as 1 cm for certain values. Because of this, a value of 1 cm for 𝐶𝑙𝑖𝑚 was chosen to perform the numerical 
simulations.

6.1.3. Distance between sensing points
Typically, if using a direct implementation of a B-Splines algorithm, the points might not be uniformly distributed along the 

curve. For Bragg Grating optic fibers this does not pose any problem, since the Bragg patterns can be applied anywhere along the 
fiber, even if there is a minimum distance that must be respected. However, the possibility to have equispaced sensing locations 
within the fiber was mainly considered, since it would enable us to study Rayleigh Backscattering optic fibers as well. The equispaced 
points were obtained through an interpolation of the original points.

6.1.4. Penalization coefficient
The value of 𝑘 in (33) was obtained empirically. The calibration procedure will be demonstrated using the first test scenario, 

which involves optimizing an optical fiber designed to identify the Young modulus of an isotropic homogeneous plate under tension 
(as described in Section 7.1). For all cases, 𝐿𝑙𝑖𝑚 and 𝐶𝑙𝑖𝑚 were set to 0.15 m and 0.01 m respectively. The resulting fiber length and 
minimum radius obtained from the optimization process for different values of 𝑘 are presented in Table  1.

In this scenario, it was observed that the fiber length was more sensitive to this penalization coefficient. Finally, a value of 4 
was chosen since it resulted in variations lower than a millimeter in the length of the fiber with respect to 𝐿𝑙𝑖𝑚.

6.2. Optimization steps

With the theory behind sensor performance metrics and the methodology for parametrizing the optic fiber now defined, the steps 
for optimizing sensor placement can be summarized in the form of an algorithm. Two different algorithms are presented: one based 
on the classical Fisher Information Matrix (8) and another using the modified Constitutive Relation Error (mCRE) and its associated 
modified Fisher Information Matrices (17), (30).

One of the main computational advantages of the classical FIM is that finite element simulations are performed independently of 
the information obtained from the optic fiber. This means that during the optimization process, only a projection of the previously 
computed parameter sensitivity fields is required. In contrast, the mCRE establishes a link between the measurements and the model 
to generate data-enriched admissible fields, as shown in (12). Consequently, different admissible fields must be constructed for each 
sensor configuration.

The optimization algorithm used for both approaches was differential evolution. It is a stochastic, population-based global 
optimization algorithm which belongs to the family of evolutionary algorithms. Differential evolution operates through the iterative 
improvement of a population of candidate solutions. In each generation, new candidate solutions are generated by combining existing 
ones according to a specific strategy, and only the fittest individuals are retained. A key advantage of differential evolution is that 
it does not rely on gradient information to guide the search; instead, it explores the search space using population dynamics. It 
was chosen since it has been previously validated in various optimal sensor placement publications [3,8,35]. A description of the 
algorithm and its hyper-parameters can be found in Annex A.4, however a curious reader can refer to [36] for an in-depth description. 
A general overview of the algorithm is shown in Fig.  7.
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Fig. 7. Overview of the differential evolution algorithm.

6.2.1. Using the classical FIM
Algorithm 1 lists the necessary steps to perform the optimal sensor placement using the classical FIM. Quantities that are constant 

for all sensor configurations are computed during the initialization stage (including the sensibilities with respect to the constitutive 
parameters we wish to identify).
Algorithm 1 Optimal Sensor Placement
Initialize:
Perform finite element simulation of the loading case.
Calculate 

(

𝜕𝑈
𝜕𝜃𝑖

)

 for all target parameters 𝜃𝑖
Define the number of B-Spline control points.

Optimization of control polygon coordinates using differential evolution:
 When the fitness function of a sensor arrangement is evaluated:

 Generate B-Spline to define fiber path.
 Compute length and min curvature radius.
 Project constitutive parameter sensitivity results to fiber coordinates.
 Build FIM (8).
 Calculate cost function (33).

6.2.2. Using the modified FIM
Algorithm 2 lists the necessary steps to perform the optimal sensor placement with the modified FIM. We focus on the mechanical 

problem introduced in Section 3.

7. Sensor placement results using the modified FIM

The newly proposed modified mFIM2 (30) provides an indicator of the level of uncertainty in the solution of inverse problems 
using the mCRE. In this section, its effectiveness as a sensor performance metric is evaluated by comparing it to the classical FIM 
(8), and the mFIM1 (17) proposed by Diaz et al. [18], in a series of simple mechanical problems. An isotropic case is analyzed first, 
followed by two orthotropic ones (2D and 3D examples).

7.1. Isotropic homogeneous implementation

The case study involves placing the optic fiber in the 2D plate shown in Fig.  8. The plate is made of a linear, homogeneous, 
isotropic material subjected to a tensile load, with material properties defined as: Young’s moduli E = 1 Pa, Poisson’s ratio 𝜇 = 0.3. A 
tensile load of 0.01 Pa is applied as a Neumann boundary condition on 𝛤𝑁1, while zero displacement is imposed on 𝛤𝐷. Measurement 
noise is set at 10% to compute G .
𝑜𝑏𝑠

11 
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Algorithm 2 mCRE Optimal Sensor Placement
Initialize:
Define the variance of the added Gaussian noise.
Perform high fidelity FE simulation at the real parameters to use as 𝑈𝑜𝑏𝑠
Define number of B-Spline control points.
Set initial weighting factor 𝛼0: start with a random initial sensor configuration, or a configuration obtained from the classical FIM, 
and use it to set a preliminary value of 𝛼 using the Morozov principle (15).

while |𝛼𝑖+1 − 𝛼𝑖| ≥ 0.01𝛼𝑖 do
 Optimization of control polygon coordinates using Differential evolution:
  When the fitness function of a sensor arrangement is evaluated:
  Generate B-Spline from control points coordinates.
  Compute length and min curvature radius.
  Obtain sensor data from high fidelity FE simulation 𝑈𝑜𝑏𝑠.
  Generate mCRE fields (12).
  Build mFIM (30).
  Calculate fitness function (33).
 Update 𝛼𝑖+1 using Morozov’s principle.
end while

Fig. 8. Considered test case, with geometry and loading.

The goal is to determine an optimized sensor placement for identifying the Young modulus of the plate using the mCRE approach. 
Furthermore, since only one parameter is analyzed, the Fisher Information Matrix is a constant. Recall that a maximum length of 
0.15 m and a minimum radius of 0.01 m are imposed as penalization terms. In addition, the starting point of the fiber is located 
on the surface 𝛤𝐷. To minimize the cost function (33), the differential evolution algorithm is used with a Sobol-distributed initial 
population, 1000 iterations, a recombination probability of 0.7, and a mutation factor varying between 1.1 and 1.9 (empirically 
determined, as is typical for global optimization algorithms).

The shape of the likelihood distribution based on the mCRE is highly sensitive to the value of 𝛼, and the same holds true for the 
modified FIMs. Limit values correspond to the classical least-squares minimization with no modeling error when 𝛼 → 0 (equivalent 
to using the Gaussian distribution (4)), and to pure CRE minimization with prescribed experimental data when 𝛼 → ∞ [30]. A 
parametric study with various values is first conducted to visualize its impact on the mFIM1 and mFIM2.

As 𝛼 → 0, all cost functions (FIM, mFIM1, and mFIM2) yield the same value, resulting in the same optimized shape. This quickly 
changes as 𝛼 increases, resulting in different sensor configurations as seen in Table  2. The variance of the identified parameter can 
then be used to compare the effectiveness of the sensor configurations. This can be achieved by comparing the curvature of the 
posterior distribution around the identified parameter, or conversely the Hessian of the mCRE for each sensor configuration. For 
all values of 𝛼 analyzed, the mFIM2 yields the best results. However, the improvement in Hessian’s magnitude is less than 10%, as 
seen in Table  3.

Now that the influence of 𝛼 on mFIM1 and mFIM2 has been analyzed, its value can be calibrated according to the noise level. As 
detailed in Section 3.2, Morozov’s principle is used for this calibration, leading to an optimal value of 𝛼 = 10−9. The corresponding 
convergence curves are shown in Annex A.2. For this value, both mFIM1 and mFIM2 produce the same optimized sensor placement 
shape.

7.2. Orthotropic homogeneous implementation

For the orthotropic case, the geometry and boundary conditions are adjusted to enhance the simultaneous identification of the 
Young moduli in the X and Y directions (E1 and E2); see Fig.  9. Additionally, the maximum length is increased to 3.5 m and the 
noise level is reduced from 10% to 5% (to facilitate the parameter identification process). The plate is subjected to a tensile load, 
12 
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Table 2
Comparison of results for different values of 𝛼.

 

Table 3
Improvement in Hessian of the mCRE (compared to the sensor configuration obtained using the 
FIM).
 𝛼 Using mFIM1 Using mFIM2 
 1.00E−15 0% 0%  
 1.00E−09 4.89% 4.89%  
 1.00E−08 1.35% 5.11%  
 1.00E−07 1.48% 6.54%  

Fig. 9. Boundary conditions for the orthotropic case.

with material properties defined as: Young’s moduli E1 = E2 = 1 Pa, Poisson’s ratio 𝜇 = 0.3. A tensile load of 0.01 Pa is applied as a 
Neumann boundary condition on 𝛤𝑁1, while zero displacement is imposed on 𝛤𝐷. Measurement noise is set at 5% to compute G𝑜𝑏𝑠.

These constitutive parameters lead to a displacement equivalent to that obtained using an isotropic constitutive law, but the 
sensitivity of the Young modulus in each direction can be evaluated independently. The goal is now to determine an optimized 
13 
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Fig. 10. Parameter identification and optimized fiber shape using FIM and mFIMs (mFIM1 and mFIM2).

Table 4
Improvement in Hessian of the mCRE for the orthotropic case (compared to the sensor 
configuration obtained using the FIM).
 Improvement using mFIMs (both mFIM1 and mFIM2)
 E1 E2  
 45% 27%  

Fig. 11. Coarse mesh used for the model and fine mesh used to generate the data.

sensor placement for identifying E1 and E2 using the mCRE approach. Unlike the isotropic case, the Fisher Information Matrix 
(FIM) becomes a 2 × 2 matrix, so its determinant is used in the optimization algorithm.

Morozov’s principle (15) is applied to adjust 𝛼 once again during the optimization process, and a final value of 10−9 is reached. 
The corresponding convergence curves are shown in Annex A.2. The final shapes that result from the optimization process using 
the FIM and both modified versions, as well as the posterior distributions obtained with each sensor configuration are shown in 
Fig.  10. For this value of 𝛼, both mFIM1 (17) and mFIM2 (30) result in the same sensor configuration. The modified FIMs yield a 
superior sensor configuration for the mCRE, providing lower variance in the identified parameter, which we can verify numerically 
through the Hessian of the mCRE. The relative improvement is included in Table  4.

7.2.1. Introduction of modeling error
Until now, the ‘‘data’’ has been generated numerically by taking the response from the finite element model and adding Gaussian 

noise. However, with the mCRE, further advancements can be made to incorporate possible modeling errors, such as discretization 
errors or a constitutive law that does not perfectly match the material. Discretization errors are thus here incorporated into the model 
by utilizing two different meshes: a coarse mesh for the model and a finer mesh, that would better capture the stress concentrations 
near the hole, for generating the ‘‘data’’ as illustrated in Fig.  11. The noise percentage remains unchanged at 5%.

A slightly higher value of 𝛼 is now needed to approach the noise level, with 5.10−8 compared to the 10−9 used previously. The 
corresponding convergence curves are shown in Annex A.2

The optimized shape for the classical FIM remains unchanged, a direct consequence of excluding modeling errors. In contrast, 
as 𝛼 increases, different optimized shapes emerge for mFIM1 and mFIM2, consistent with the trends observed in Table  2. However, 
14 
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Fig. 12. Parameter identification and optimized fiber shape using FIM, mFIM1, and mFIM2.

Table 5
Improvement in Hessian of the mCRE for orthotropic case using different meshes (compared to 
the sensor configuration obtained using the FIM)
 Improvement using mFIM1 Improvement using mFIM2
 E1 E2 E1 E2  
 19% 9% 34% 17%  

Table 6
Identified parameters at various noise levels.
 Noise E1 [Pa] E2 [Pa]
 FIM mFIM1 mFIM2 FIM mFIM1 mFIM2 
 5% 0.896 0.947 0.957 0.912 0.932 0.937  
 10% 0.891 0.942 0.957 0.907 0.922 0.932  
 15% 0.891 0.932 0.957 0.907 0.917 0.932  
 20% 0.896 0.932 0.962 0.912 0.917 0.932  

Table 7
Standard deviation of identified parameters at various noise levels.
 Noise E1 [Pa] E [Pa]
 FIM mFIM1 mFIM2 FIM mFIM1 mFIM2 
 5% 0.0194 0.0157 0.0148 0.0141 0.0122 0.0116 
 10% 0.0270 0.0235 0.0222 0.0194 0.0179 0.0168 
 15% 0.0327 0.0305 0.0285 0.0235 0.0226 0.0211 
 20% 0.0372 0.0362 0.0339 0.0267 0.0268 0.0251 

the mFIM1 criterion considers only the distance to data portion of the mCRE functional (10), whereas mFIM2 accounts for both the 
distance to data and distance to model terms.

The optimized sensor positions obtained using FIM, mFIM1, and mFIM2 are presented in Fig.  12. The variance of the identified 
parameters serves as a performance indicator and can be quantitatively assessed through the Hessian of the mCRE for each 
parameter. This analysis confirms that mFIM2 yields the most effective sensor configuration, followed closely by mFIM1, as 
demonstrated in Table  5.

Additionally, it is observed that the optimal parameter estimate is no longer exactly 1, as a coarser mesh model is now being 
fitted, introducing a modeling bias. However, both mCRE-based sensor configurations (mFIM1 and mFIM2) exhibit a slight shift 
toward the true value of 1, improving parameter estimation despite the coarser mesh.

To verify the robustness of the sensor configuration found, the distances between sensing points were varied within the range 
from 0.03 m to 0.07 m and no difference in the obtained shape was found.

7.2.2. Robustness with respect to measurement noise
The robustness of the modified Constitutive Relation Error (mCRE) to observation noise is well established [15–17]. To examine 

whether this robustness extends to mCRE-based sensor placement, parameter identification at various noise levels (from 5% to 20% 
in steps of 5%) was carried out.
15 
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Fig. 13. Histogram of identified parameters using mCRE and least squares approach.

Fig. 14. 𝜕𝑈
𝜕𝜃
 local sensibility along the fiber path, configurations obtained using FIM, mFIM1, and mFIM2 respectively.

Table 8
Norm of local sensibility along the fiber.
 𝜕𝑈
𝜕𝜃

 Local sensibility norm
 FIM mFIM1 mFIM2  
 0.05014 0.03885 0.03682  

To assess the statistical significance, a one-way ANOVA test was performed on the estimated parameters. The test yielded a 
𝑝-value close to zero for all noise levels, indicating a statistically significant difference in mean parameter estimates between at 
least some configurations. Among them, the mFIM2 configuration consistently produced estimates closest to the true value of 1 (as 
seen in Table  6), suggesting reduced modeling bias under mesh coarsening. It also achieved the lowest standard deviation across 
all noise levels (as seen in Table  7), highlighting its robustness not only to numerical modeling error but also to observation noise.

7.2.3. Comparison with classical least square approaches
To further assess the effectiveness of mFIM2 in achieving parameter identification closer to the true value of 1, even in the 

presence of model bias from the coarse mesh, a histogram of the identified parameter values over 500 trials is presented in Fig. 
13. This histogram compares results obtained using both the mCRE and classical least squares methods, with sensor configurations 
derived from either the FIM or mFIM2. The results show that the sensor configuration based on mFIM2, when combined with the 
mCRE, yields parameter estimates closer to 1. In contrast, the configuration based on the FIM, used with the least squares approach, 
produces estimates that deviate further from the true value.

7.2.4. Global and local parameter sensitivity
To construct the FIM and the mCRE variants (mFIM1 and mFIM2), it is necessary to evaluate the sensibility with respect to 𝜃. 

Fig.  14 shows the magnitude of 𝜕𝑈𝜕𝜃  at the sensing locations along the fiber path. It was noted that the configuration that provided 
the highest norm along the whole fiber corresponds to the FIM as seen in Table  8. This is indeed expected since the FIM maximizes 
the information that can be obtained from the modeling information alone.
16 
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Fig. 15. 𝜕𝑈̂
𝜕𝜃
 field on the plate, configurations obtained using FIM, mFIM1, and mFIM2 respectively.

Table 9
Norm of global sensibility on the whole plate.
 𝜕𝑈̂
𝜕𝜃

 Global sensibility norm
 FIM mFIM1 mFIM2  
 0.03382 0.02086 0.01667  

However, the newly proposed mFIM2 involves the evaluation of global quantities that account for the entire structure, rather 
than focusing solely on local evaluations at the sensor positions. For this reason, the sensitivity of the mCRE field 𝑈̂ , which is the only 
quantity dependent on the sensor configuration, is also analyzed. Fig.  15 illustrates the field 𝜕𝑈̂𝜕𝜃  over the plate for all configurations, 
while the norms of these fields are presented in Table  9.

In contrast to the relationship between the FIM and local sensitivity, the mFIM2 minimizes 𝜕𝑈̂𝜕𝜃  across the plate. Two limiting 
cases can be identified: first, 𝜕𝑈̂𝜕𝜃 → 0, which corresponds to prescribed observation values everywhere (achieved with 𝛼 → ∞ and 
sensors distributed throughout the structure); and second, 𝜕𝑈̂𝜕𝜃 → 𝜕𝑈

𝜕𝜃 , which occurs when no data is incorporated (either no sensing 
location, or 𝛼 = 0). This explains why the mFIM2 provides a sensor configuration that extends across the entire structure, covering 
a larger area, whereas the classical FIM can yield sensor placements concentrated in the most sensitive regions.

More formally, the relationship between 𝜕𝑈̂𝜕𝜃  and the mFIM2 (30) can be described as follows: 

𝑚𝐹𝐼𝑀2 ∝ 𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
− 𝑉 𝑇 𝜕K

𝜕𝜃
𝜕𝑉
𝜕𝜃

From (12) → 𝑉 = 𝑈 thus:

𝑚𝐹𝐼𝑀2 ∝ 𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
− 𝑈𝑇 𝜕K

𝜕𝜃
𝜕𝑈
𝜕𝜃

(34)

First term: 

𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
= 𝑈̂0𝑇 𝜕K

𝜕𝜃

[

−(K + 𝛼𝛱𝑇𝐺𝑜𝑏𝑠𝛱)−1 𝜕K
𝜕𝜃
𝑈̂0

]

𝑈̂0𝑇 𝜕K
𝜕𝜃

𝜕𝑈̂0

𝜕𝜃
= −𝑈̂0𝑇 𝜕K

𝜕𝜃
(K + 𝛼𝛱𝑇𝐺𝑜𝑏𝑠𝛱)−1 𝜕K

𝜕𝜃
𝑈̂0

(35)

Second term: 
−𝑈𝑇 𝜕K

𝜕𝜃
𝜕𝑈
𝜕𝜃

= −𝑈𝑇 𝜕K
𝜕𝜃

[

−K−1 𝜕K
𝜕𝜃
𝑈
]

−𝑈𝑇 𝜕K
𝜕𝜃

𝜕𝑈
𝜕𝜃

= 𝑈𝑇 𝜕K
𝜕𝜃

K−1 𝜕K
𝜕𝜃
𝑈

(36)

The mFIM2 (30) has two terms, which depend on the sensibility of the mCRE field 𝑈̂0 and the finite element solution 𝑈 . From 
these, only the first is dependent on the sensor layout. If we disregard rigid body modes (considered by the Dirichlet boundary 
conditions), the stiffness matrix K is symmetric positive definite. In addition, if 𝐺𝑜𝑏𝑠 is also positive definite (in our case it is since 
𝐺𝑜𝑏𝑠 = 𝛴−1

𝑜𝑏𝑠 and 𝛴𝑜𝑏𝑠 = 𝜎2𝑜𝑏𝑠I), then 𝛱𝑇𝐺𝑜𝑏𝑠𝛱 is at least positive semi-definite (positive definite if 𝛱 is full column rank). This means 
that the first term is negative definite, and the second term is positive definite. The objective is then to choose sensors such that 
the negative definite portion (35) is minimized, which is related to minimizing the global sensitivity of the term 𝜕𝑈̂𝜕𝜃 .

7.2.5. Influence of the ratio between the Young moduli in X/Y directions
The ratio between E1 and E2 was previously maintained at a value of 1. To visualize the impact on optimal sensor placement, 

this ratio was varied from 0.5 to 2. Table  10 presents the resulting configurations obtained using both FIM and mFIM2. For the 
FIM, the sensor placement changed across all three configurations, although the fiber path remained concentrated within the same 
region. For mFIM2, the sensor placement was slightly altered when E1/E2 = 0.5, but greatly altered when E1/E2 = 2. Therefore, 
while a reference ratio of 1 between E1 and E2 can be used to calibrate sensor placement, incorporating additional prior knowledge 
of the parameter’s value may further optimize the sensor’s location.
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Table 10
Influence in ratio of Young’s moduli.

 

Fig. 16. Boundary conditions and target surface to place the optic fiber.

Table 11
Improvement in Hessian of the mCRE for 3D orthotropic test (compared to the sensor configu-
ration obtained using the FIM).
 Improvement using mFIM2
 E1 E2 E3  
 7% 11% 4%  

7.3. Implementation on 3D curved surface

7.3.1. Cylinder subjected to bending
The procedure is now applied to a simple curved 3D geometry. A geometry made from an orthotropic homogeneous material, 

as shown in Fig.  16, is analyzed. This geometry consists of a cylinder with a fixed end, subjected to bending. Additionally, the 
cylinder’s outer curved surface is selected as the target for the placement of the optic fiber.

The material properties are defined as follows: the Young moduli E1 = E2 = E3 = 1 Pa (X, Y, and Z directions), with a Poisson 
ratio of 𝜈 = 0.3 and a shear modulus of 0.38 Pa. A bending load of 0.01 Pa is applied orthogonally to the surface as a Neumann 
boundary condition on 𝛤𝑁1, while a zero displacement condition is imposed as a Dirichlet boundary condition on 𝛤𝐷. Measurement 
noise is set at 5% for computing G𝑜𝑏𝑠.

Morozov’s principle (15) was applied once again during the optimization process to adjust 𝛼, resulting in a final value of 6.10−8. 
The corresponding convergence curves are shown in Annex A.2. The final shapes resulting from the optimization process using both 
the FIM and mFIM2 are shown in Fig.  17. A comparative analysis of the mCRE Hessian improvement achieved through mFIM2-based 
sensor placement over the FIM approach is presented in Table  11.
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Fig. 17. Optimized shapes obtained with FIM and mFIM2 respectively.

Fig. 18. Boundary conditions on the wind turbine blade.

7.3.2. Wind turbine blade subjected to bending
This methodology was also tested on the wind turbine blade geometry shown in Fig.  18 to verify its effectiveness. The same 

boundary conditions and constitutive parameters as those of the cylinder were used.
A value of 6.10−7 is reached for 𝛼, the corresponding convergence curves are shown in Annex A.2. For this geometry, the 

sensitivity with respect to E3 was significantly higher compared to E1 and E2, being approximately four orders of magnitude larger. 
In this illustrative example, the highly sensitive parameter was chosen to place the fiber, resulting in an 8% improvement in the 
Hessian of the mCRE, compared to the configuration obtained using the FIM. The final shapes resulting from the optimization process 
using both the FIM and mFIM2 are shown in Fig.  19. It is worth noting that for this particular geometry, the curvature constraint 
plays a critical role, as it prevents the fiber from reaching surface regions where the local curvature exceeds the specified threshold.

7.3.3. Computational cost
One of the main constraints of the mCRE and the sensor performance metric introduced in this paper is the computational cost, 

particularly when dealing with 3D geometries. For example, when considering the wind turbine blade mesh (comprising 9258 nodes), 
the computational time to evaluate the performance of a single sensor configuration using the mFIM2 is 0.418 s, whereas the FIM 
requires only 0.047 s (times obtained using a single Sky Lake node). This difference becomes especially significant when a genetic 
algorithm, such as differential evolution, is used, as the cost function may need to be evaluated thousands of times, depending on 
the population size and number of iterations. A runtime profiler was employed to measure the runtime distribution for both the FIM 
and mFIM2, with the results shown in Fig.  20. For the FIM, it is evident that the task requiring the most time is the generation of 
the projection matrix 𝛱 to obtain information at the sensor locations. In contrast, for the mFIM2, the LU decomposition, necessary 
for computing the mCRE admissible fields, dominates the runtime.

8. Conclusions

Based on the results obtained in this work, several conclusions can be drawn. Regarding the parametrization of the optical fiber 
in a 2D plane, B-Splines are identified as an efficient solution since only the coordinates of the control points are required. Other 
techniques have been used [3,20], but these require both coordinates and derivative values for subsequent interpolation. The use 
of B-Splines was also extended to treat any generic smooth surface through the use of an orthogonal projection of the B-Spline path 
to the surface.

For optimal sensor placement, metrics based on the Fisher Information Matrix (FIM) can be safely utilized, as they are directly 
related to the variance of the identified parameters, with this matrix being dependent on the sensor configuration. Concerning the 
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Fig. 19. Optimized shapes obtained with FIM and mFIM2 respectively.

Fig. 20. Computational time percentage for FIM and mFIM.

modified FIM introduced in this work (30), it was shown that it can be used as a sensor performance indicator tailored for the 
mCRE approach. In addition, possible modeling errors and measurement noise values can be explored and incorporated directly 
in the sensor placement problem. It was also shown that the FIM is a local indicator, that depends only on the information at the 
sensor locations. On the other hand, the newly proposed mFIM2 depends on the global sensibility of the mCRE fields.

Compared to the already existent mFIM1, the newly proposed mFIM2 can be reliably used to maximize the Hessian of the mCRE 
for all values of 𝛼. In contrast, the mFIM1 can only optimize the Hessian if distance to data portion of the mCRE takes a greater 
importance, or conversely when the value of 𝛼 is sufficiently low (the exact value is bounded to the noise level, quality of the model, 
etc.).

However, the mFIM2 has its drawbacks, mainly the added complexity of computing the admissible fields. Since these admissible 
fields depend on the sensor configuration, they must be evaluated multiple times during the optimization algorithm. Fortunately, 
genetic algorithms such as differential evolution can be effectively parallelized. In addition, model order reduction techniques could 
also be employed to reduce the computation time required to generate the mCRE fields. Improvements in the solution of the linear 
system itself can also be envisioned, as it accounts for the majority of the computation time. A possible approach is to isolate the 
term dependent on the sensor locations through the use of the Sherman–Morrison–Woodbury formula [37]. All of these are topics 
of future research works.

While this study focused on the theoretical formulation and numerical demonstration of the mFIM2 for sensor placement, 
future work will address its integration into practical composite monitoring scenarios. This includes the incorporation of physical 
constraints specific to composite structures, such as manufacturing-induced variability, or the interlayer integration of fiber-optic 
sensors during layup [38]. Defining the operational boundaries of the proposed method, including maximum detectable damage size, 
strain resolution, and sensor survivability, are also necessary to ensure effective real-world deployment [32]. These aspects will be 
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explored in future research to transition from a numerical optimization framework to an end-to-end SHM solution for advanced 
composite structures.
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Annex

A.1. Hessian form of the FIM

Here we give necessary developments to prove that expressions (5) and (6) are equivalent. First we can relate the derivative of 
a pdf and the derivative of the logarithm of a probability density function as follows: 

𝜕𝜋(𝑥; 𝜃)
𝜕𝜃

=
𝜕𝑙𝑛𝜋(𝑥; 𝜃)

𝜕𝜃
𝜋(𝑥; 𝜃) (37)

If we compute the second derivative: 
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Now we take the expectation on both sides as follows: 
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(

𝜕𝑙𝑛𝜋(𝑥; 𝜃)
𝜕𝜃

)2
]

Thus,

E
[

𝜕2𝑙𝑛𝜋(𝑥; 𝜃)
𝜕𝜃2

]

= −E

[

(

𝜕𝑙𝑛𝜋(𝑥; 𝜃)
𝜕𝜃

)2
]

(39)

A.2. Calibration of alpha

Table  12 presents the graphs used to calibrate the value of 𝛼 for the studies discussed in this work.
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Table 12
Calibration of 𝛼 for the different studies.

 

Fig. 21. 1D bar under tension.

A.3. Illustration of the impact of the value of 𝛼

The impact of the value of 𝛼 in the mCRE can be illustrated with a simple example of a 1D beam under tension with a 
homogeneous Young modulus to be identified, as shown in Fig.  21. The observed displacement values at the nodes (𝑈𝑜𝑏𝑠) were 
generated by adding a Gaussian noise of 50% to a finite element solution (to better visualize the difference). 

The percentage that the distance to data and distance to model (10) portions take in the mCRE for different values of 𝛼, and the 
manner data enriched field 𝑈̂ behaves at the two limits is shown in Figs.  22 and 23 respectively.
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Fig. 22. Distance to data and distance to model percentages in the mCRE.

Fig. 23. Behavior of 𝑈̂ at limit 𝛼 values.

Low values of 𝛼 correspond to high confidence in the model. In this case the data enriched field 𝑈̂ is not influenced by the 
measurements, and the biggest portion of the mCRE is equal to the distance to data portion. On the other hand, high values of 𝛼
correspond to confidence in the data. The measurements are now prescribed in the data enriched field 𝑈̂ , and the biggest portion 
of the mCRE is equal to the distance to model portion.

A.4. Differential evolution

Most of the current publications define a discrete and finite number of possible sensor locations, and to determine the optimal 
positions, evolutionary algorithms [3,8] and sequential sensor placement (SSP) algorithms [12] have proven themselves as viable 
options. Evolutionary algorithms can also be used however, to solve continuous optimization problems, unlike SSP algorithms that 
require to iterate over the possible locations.

Differential Evolution is one of the most popular evolutionary algorithms for solving optimization problems over a continuous 
space. In a simple differential evolution, the following components can be defined [36]:

• Population: Consists of NP individuals. Each individual is represented by the vector 𝑥𝑖 = (𝑥1,𝑖, 𝑥2,𝑖,… , 𝑥𝐷,𝑖), where 𝑖 ∈ [1, 𝑁𝑃 ]
and 𝐷 is the dimension of the solution space. There are various methods that define how the initial population is distributed, the 
default option in the SciPy algorithm is the Latin Hypercube Sampling, but it is stated that Sobol provides superior performance 
which also enforces an initial population size [39]. For this reason, it was the chosen initialization strategy in this work.

• Generation: Are the iterations of the algorithm.
• Bounds: Upper and lower bounds for each of the variables to optimize.
• Mutation: Mechanism that constructs the mutation vectors, which are used to modify the current individuals. There are various 
mutation strategies, from completely random to guided, and define behavior the algorithm will have in the search for new 
solutions.

• Crossover: Mechanism that defines how the current individuals will be combined with the mutation vector to generate a new 
candidate solution (trial vector). There are two main types: binomial and exponential. Binomial is the most stable, and it 
alters a value of an individual by taking the value of the mutation vector based on a probability defined by the user. In [36] 
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it was stated that 0.8 is the maximum value of crossover probability that can maintain a balance between exploration and 
a more local search. The default value proposed by the SciPy algorithm is slightly smaller at 0.7 to provide a more stable 
approach [39].

• Fitness function: Cost function to be optimized
• Selection: Differential evolution adapts a greedy selection strategy. If and only if the trial vector yields as good as or a better 
fitness function value that the current solution, then it will be taken as the new solution.

• Stopping criteria: Standard deviation of population is smaller than a certain tolerance or a maximum number of iterations is 
reached.

Data availability

Data will be made available on request.
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