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 A B S T R A C T

Vibrational energy focusing is of significant interest in fields such as energy harvesting, particularly with the 
emergence of smart structures and self-powered technologies. This paper presents the design and manufacturing 
approach for Gradient-Index (GRIN) lenses using composite materials. As a proof of concept, the strategy 
implemented here focuses on controlling the fiber mass ratio of a unidirectional (UD) composite at constant 
thickness. Mechanical properties must be carefully controlled throughout a dedicated manufacturing process 
to achieve a gradient of phase velocity for focusing elastic flexural waves. Numerical calculation have 
demonstrated the efficiency of energy focusing within a frequency range from 2 kHz to 8 kHz. A manufacturing 
process has been developed to prototype a composite structure that integrates the designed GRIN lens. 
Additionally, the comparison of a numerical model with experimental results from a manufactured lens 
structure reveals that the energy density in a defined focusing zone can be increased sevenfold using a gradient 
lens composite structure, with an incident wave of 8 kHz.
1. Introduction

Mechanical parts such as aircraft wings, wind turbine blades op-
erating in dynamic environments act as elastic media, where bending 
waves propagate during operation [1]. These waves carry valuable 
information about the structural health of the part and their energy 
could be used to power sensors and actuators [2,3]. By analyzing 
the vibratory behavior, it is possible to detect and localize damage, 
ensuring the reliability of the part during its lifespan. In the context of 
smart structures [4,5], where autonomous systems [6] aim to harvest 
energy from elastic deformations to power sensors or sensor networks, a 
significant challenge arises. The energy recovered from bending waves 
is often insufficient to sustain such systems. To address this, control-
ling the propagation of bending waves along preferential trajectories 
emerges as a critical solution. By directing these waves toward specific 
regions, their energy can be concentrated, maximizing the energy 
density in targeted zones and significantly enhancing the efficiency of 
energy harvesting mechanisms. By strategically concentrating bending 
wave energy in a defined zone, it also becomes possible to minimize 
vibratory energy in regions where it could cause unwanted effects, such 
as structural fatigue, noise, or interference with sensitive components. 
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This approach is particularly relevant in applications where controlling 
vibrations is critical for maintaining operational integrity or ensuring 
the longevity of the system.

GRadient-INdex lenses (GRIN lenses) are systems with a gradient 
index of refraction allowing waves to focus. A specific variation of 
medium properties along the axis transverse to the propagation direc-
tion makes a phase velocity gradient to focus an incident plane wave. 
It was initially studied and developed in fields such as optics [7,8] 
with electromagnetic waves. Recently this phenomenon has a great 
interest in acoustic and elastic waves for energy harvesting [9–11]. 
For instance, it is a solution to capture, concentrate and extract more 
energy by placing a harvesting system on the focusing zone [12]. Phase 
velocity of elastic bending waves has different parameters of design: 
mass density, elasticity modulus and thickness. Therefore, several de-
sign strategies exploiting these parameters exist to manage the required 
gradient properties to focus elastic bending waves.

A specific thickness gradient with an isotropic material shows good 
results to focus elastic bending waves [10,12–15]. Another way to tailor 
phase velocity is a periodic array of shunted piezoelectric transduc-
ers with a specific impedance [16,17]. Numerous research investigate 
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about periodic structures, phononic crystal [9,11,18–39] that exploit 
Bragg scattering to use wave interference. This solution necessitates 
that the dimensions of the periodic structure align closely with the 
wavelength. Moreover, another approach to focus energy instead of 
lens, uses phononic crystal to make Bragg mirror to concentrate en-
ergy [28,40,41]. Due to geometrical constraints and manufacturing 
complexity, these modulation strategies are difficult to reconcile with 
standard engineering requirements, which could restrict their applica-
bility in conventional frameworks, depending on the specific design 
constraints and manufacturing capabilities.

Composites are key materials in many fields (transport, aeronautics, 
renewable energies, etc.). Their physical properties, particularly me-
chanical properties, can be tailored to best meet a given specification. 
The design freedoms offered by composite materials are of particular 
interest for GRIN lens design. A composite material is made up of sev-
eral phases. In most cases, it is composed of two phases: the matrix (a 
polymer resin) and a reinforcement (unidirectional fibers, fabrics, etc.). 
The matrix holds the reinforcement to create the required shape, while 
the reinforcement increases mechanical characteristics of the matrix. 
It makes it possible to obtain local changes in properties (thickness, 
stiffness, density) that will influence the overall vibratory behavior of 
the structure. An important aspect to consider is that the refractive 
index is inherently linked to the material’s thickness, stiffness, and 
density, providing flexibility in tailoring the design strategy to meet the 
part’s overall specifications while minimizing the intrusive nature of a 
lens structure. For instance, in applications such as wind turbine blades 
or aircraft wings, the external geometry is critical for aerodynamic 
performance. In such cases, the gradient can be implemented by modi-
fying the thickness internally, preserving the external shape. If internal 
thickness modifications are also constrained, alternative strategies can 
involve creating a gradient in stiffness and/or density to achieve the 
desired refractive index distribution. This adaptability ensures com-
patibility with the part’s functional and structural requirements, while 
maintaining optimal performance. Composites structures offers sev-
eral solutions to get the desired gradient. Considering the thickness 
constrained by general specification, the first is to use laminates to 
manage the homogenized modulus with different ply orientations. A 
second approach, adopted in this article as a proof of concept for 
experimental validation, involves the use of unidirectional layers at 
constant thickness, to achieve variations in stiffness and density. The 
more fibers there are in a given area, the greater the stiffness and 
the density of the composite. Therefore to obtain the stiffness and 
density required to reach the desired phase velocity, we manage the 
fiber-mass ratio of the composite materials in specified area. The aim 
is to find an operating point in a given design space, taking into 
account manufacturing constraints. In this context, using a plate as 
a simplified model to demonstrate the GRIN lens concept offers an 
effective proof of concept that can be generalized to more complex 
structures. Plates provide a straightforward design to isolate and study 
fundamental wave propagation phenomena. Moreover, plates can serve 
as local approximations of real-world structures, such as wind turbine 
blades or aircraft wings, where gradients in refractive index could be 
applied. To the best of the authors’ knowledge, there has been no 
exploration of GRIN Lens solutions using UD composite materials with 
a gradient of fiber mass ratio. The present work focuses on the design 
of a lens for focusing elastic bending waves in a composite plate of 
constant thickness.

The article is organized as follows. The general design of a gradient-
index lens, different gradient-index strategies and the proof of concept 
design based on the variation of the fiber mass ratio UD composite is are 
presented in Section 2. The manufacturing process for a composite with 
a given fiber content between 20% and 62% is selected in Section 3. 
The performance with a numerical model in terms of energy focusing 
of the lens designed is shown in Section 4. The lens manufacture 
and correlation of tests with numerical modeling are presented in 
Section 5. Finally, the potential applications of the results are discussed 
in Section 6.
2 
2. Design of a lens for focusing energy

The gradient index lens is integrated into an host plate, as illustrated 
in (Fig.  1). Bending plane waves are generated at one end of the plate 
by a series of piezoelectric elements. These A0 mode waves propagate 
along the 𝑥-axis before encountering the lens, which features a gradient 
of mechanical properties, enabling the waves to be focused in a zone 
determined by the focusing distance 𝑓𝑙. We indicate the host plate 
properties with a subscript 0 (.e.g 𝜌0 for the density of the host plate) 
and the lens properties, which are y-dependent, without a subscript 
(.e.g 𝜌(𝑦) for the density in the lens).

Fig. 1. Top view of GRIN-Lens (zone ­: material properties 𝑦 gradient) in a host plate 
(zones ¬ and ®).

The refractive index represents the ratio of the phase velocities 
between two media with different properties. Eq. (1) illustrates a 
secant hyperbolic variation in refractive index, well-known [24,42] for 
focusing in an isotropic medium: 

𝑛(𝑦) =
𝑐0
𝑐(𝑦)

= 𝑛0𝑠𝑒𝑐ℎ(𝛼𝑦) =
𝑛0

𝑐𝑜𝑠ℎ(𝛼𝑦)
(1)

With 𝛼 = 𝜋
2𝑓𝑙

 (𝑓𝑙, focal length in 𝑚), 𝑐0 and 𝑛0 respectively the phase 
velocity in m s−1 and the refractive index of the host plate (𝑛0 = 1) as 
shown in Fig.  1, 𝑦 ∈ [−𝛽; 𝛽], 𝛽 half plate width in 𝑚.

Under the assumption of unidirectional bending wave propagation 
along the x-axis, the dispersion equation in isotropic plates [43] is given 
by Eq. (2). 
𝐷𝑥𝑘

4
𝑥 − 𝜌ℎ𝜔2 = 0 (2)

With 𝐷𝑥 = 𝐸𝑥ℎ3

12(1−𝜈2)  and 𝑘𝑥 wavenumber according 𝑥-axis; We deduce 
from dispersion equation Eq. (2) the phase velocity 𝑐, along 𝑥-axis 
Eq. (3). 

𝑐 = 𝜔
𝑘𝑥

= 4

√

𝐷𝑥𝜔2

𝜌ℎ
(3)

Considering phase velocity equation Eq. (3) under the assumption 
that the influence of variation of Poisson’s ratio is negligible, the 
refractive index equation Eq. (1) becomes Eq. (4).

𝐸𝑥(𝑦)ℎ(𝑦)2

𝜌(𝑦)
=

𝐸𝑥0ℎ
2
0

𝜌0
𝑐𝑜𝑠ℎ4(𝛼𝑦)

𝑛40
(4)

With 𝐸𝑥(𝑦), 𝜌(𝑦) and ℎ(𝑦) respectively the elasticity modulus along 
⃖⃗𝑥 [N m−2], the density [kg m−3] and the thickness [m] of the lens (Fig. 
1 zone ­), 𝐸𝑥0, 𝜌0 and ℎ0 the elasticity modulus along ⃖⃗𝑥, the density 
and the thickness of the host plate (Fig.  1 zones ¬ et ®). Eq. (4) reflects 
the required space evolution of the properties of the plate to obtain the 
focusing.



V. Rapine et al. Composite Structures 372 (2025) 119500 
2.1. Various designs

An assumption of Eq. (4) is the isotropy of the domain; however, 
composite materials are not isotropic. The idea is to use this equation as 
an initialization point for a GRIN-Lens composite design optimization. 
Nevertheless, Eq. (4) shows that stiffness, density, and thickness are 
the design parameters used to define the gradient of a GRIN-lens 
structure. Consequently, several design strategies can be employed to 
satisfy Eq. (4). One approach is to use a material with uniform stiffness 
and density (iso-stiffness and iso-density) while introducing a thickness 
gradient [10,12–15]. This solution is effective and straightforward to 
implement but may be restrictive for certain specifications, such as 
the aerodynamic requirements of an aircraft wing or a wind turbine 
blade, as mentioned earlier. Alternatively, to meet specific constraints, 
it is possible to maintain a constant thickness (iso-thickness) while 
modifying the stiffness and density of the material. Composite materials 
allow local modification of stiffness. The fiber orientation in a laminate 
can be adjusted to achieve specific stiffness properties without altering 
the density. Additionally, both density and thickness can be modified 
by changing the quantity or type of fibers.

2.2. Fiber mass ratio design

As a proof of concept, UD composites with fibers oriented along the 
propagation direction (x-axis in Fig.  1) and a variable fiber mass ratio 
are used to achieve the desired gradient. In this case of a unidirectional 
composite, applying the mixing laws [44] see Appendix  A, Eq. (5) is 
obtained from Eq. (4). 

𝑀𝑓 (𝑦) = 𝑀𝑓0
𝑐𝑜𝑠ℎ4(𝛼𝑦)

𝑛40
+ 1

𝜌𝑚𝐸𝑓
𝜌𝑓𝐸𝑚

− 1

(

𝑐𝑜𝑠ℎ4(𝛼𝑦) − 1
𝑛40

)

(5)

with 𝑀𝑓 (𝑦) the fiber mass ratio [%], 𝑀𝑓0 = 𝑀𝑓 (0), 𝜌𝑓 , 𝜌𝑚, 𝐸𝑓  and 
𝐸𝑚 respectively density [kg m−3] and elasticity modulus [N m−2] of 
fiber and matrix. However, with carbon-epoxy UD [44], 𝜌𝑚𝐸𝑓 ≫ 𝜌𝑓𝐸𝑚
means that the second term of Eq. (5) is negligible see Appendix  B for 
details, Eq. (6) is thus obtained. 

𝑀𝑓 (𝑦) = 𝑀𝑓0
𝑐𝑜𝑠ℎ4(𝛼𝑦)

𝑛40
(6)

The gradient index lens integrated into a UD composite plate is 
illustrated in (Fig.  1). The variation of the fiber mass ratio along 𝑦
axis in the lens area according to Eq. (6) is shown by Fig.  2 in solid 
blue line with 𝑛0 = 1, 𝑀𝑓0 = 20% and 𝛼 = 𝜋

2𝑓𝑙  with 𝑓𝑙 = 0.3 m. 
Therefore, we have an analytical GRIN-Lens design equation Eq. (6), 
controlling a single parameter: the fiber mass ratio. The next section 
describes the manufacturing process proposed to control the fiber mass 
ratio according to Eq. (6) Fig.  2.

3. Selection of the manufacturing process

The design of a GRIN lens, as described by Eq. (6) exhibits a 
continuous variation in fiber mass ratio (Fig.  2). From a manufactur-
ing perspective, it is challenging to find a process that can directly 
achieve this result. However, a discretized lens profile featuring an 
appropriate number of sectors provides results comparable to a contin-
uous profile [13]. Consequently, the manufacturing strategy involves 
discretizing the width (2𝛽) of the lens into 𝑛 sectors, each with a fiber 
mass ratio 𝑀𝑓𝑖 that matches the dotted red curve shown in Fig.  2. 
Traditionally, in the use of high-performance composite materials, the 
objective is to maximize fiber mass ratio. However, the challenge lies in 
tailoring the fiber mass ratio of a unidirectional composite across a wide 
range (20% − 62%). In this section, we will explore various composite 
manufacturing processes and evaluate their efficiency at controlling the 
fiber mass ratio between 20% and 62%. Given the difficulties associated 
with composites having a low fiber mass ratio, this section will examine 
the different processes available to manufacture a (400 × 400 × 3) 
mm3 UD carbon/epoxy composite plate with a fiber mass ratio of 20%. 
Results will be analyzed in terms of fiber mass ratio and thickness 
relative to target values.
3 
Fig. 2. Fiber mass ratio gradient for a UD carbon-epoxy composite plate, according to 
Eq. (6) with 𝑀𝑓0 = 20%, 𝑓𝑙 = 0.3 m and 𝑛0 = 1 (blue continuous line) and discretized 
gradient in n = 9 sectors (red dashed line).

3.1. Compression molding (CM)

This manufacturing process consists of depositing plies of dry UD 
carbon fabric in a (400 × 400 × 3) mm3 mold. Then contact-molding 
with epoxy resin and placing the mold under pressure. To guarantee 
a defined fiber mass ratio in a UD carbon/epoxy composite plate, it 
is necessary to define the number of plies of UD carbon fabric closest 
to the target fiber mass ratio. Using low grammages of UD fabrics (in 
this case, 160 g/m2) is suitable to achieve the desired fiber mass ratio 
as closely as possible. The values for the mass ratio of fibers that can 
be manufactured are therefore limited here by the weight of the UD 
carbon fiber fabric used. This is an important criterion when comparing 
manufacturing processes. The results of the thickness and fiber mass 
ratio measurements shown in Fig.  3 demonstrate the difficulty of 
achieving a target thickness and mass ratio with the implemented pro-
cess. Moreover, with this process, it is not possible to guarantee a good 
distribution of fibers in the thickness, as well as in-plane ( ⃖⃗𝑥, ⃖⃗𝑦), fibers 
are not accurately aligned with 𝑥 axis. In addition, this process does 
not provide good impregnation, as it generates void inclusions within 
the composite. All these defects impact the mechanical properties of 
the plate, which affects the propagation of bending waves.

3.2. Light RTM (LRTM)

Another manufacturing strategy is to produce the plate using the 
Light RTM process. This involves placing plies of dry UD carbon fabric 
in the mold and filling the mold with resin by applying a vacuum (in 
this case between −0.5 and −0.9 bar). By placing the right number 
of plies of carbon fabric in the mold, this process achieves a fiber 
ratio close to 20% by weight. The number of fiber mass ratios that 
can be produced is limited by the weight of the carbon fabric used. 
Impregnation is better in this case. However, one of the major problems 
observed is the displacement of fibers during resin flow. To obtain a low 
fiber mass, the number of fabric plies is limited. In our case, only six 
plies are needed in the 3  mm thick mold. As the resin flows, the fibers 
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Fig. 3. Mean value and variability (±2𝜎) of thicknesses ℎ measured by micrometer
(Testwell® JD300-25) and fiber mass rates 𝑀𝑓  measured by loss on ignition [45, NF 
EN ISO 10352] obtained with 16 uniformly distributed thickness and fiber mass rate 
measurements, for each manufacturing process (CM: wet process under press, LRTM: 
Light RTM, PP: prepregs).

are carried away, resulting in a heterogeneous fiber distribution in the 
plane plate ( ⃖⃗𝑥, ⃖⃗𝑦) Fig.  4. Variations in thickness and fiber mass ratio 
were measured on the resulting plate. These measurements are shown 
in Fig.  3. We observed significant variability in the fiber mass ratio. This 
manufacturing method could be improved by using a preform obtained 
from UD plies with a thermoplastic binder.

Fig. 4. Fibers displacement resulting from resin flow along the 𝑥 axis in the LRTM 
process.

3.3. Prepreg lay-up (pre-impregnated fiber) (PP)

A prepreg is a semi-finished product consisting of a fibrous re-
inforcement with a thermosetting resin, often epoxy, deposited with 
precise control over the fiber mass ratio. This process is known for its 
limited resin flow, which is beneficial in ensuring uniform distribution 
of fibers throughout the thickness. In order to control the fiber content, 
the strategy consists of regularly interleaving epoxy adhesive films 
(here reference Hexbond® ST1035 300g/m2) during the stacking of 
prepreg plies (here reference Hexply® M35-4/38%/UD150/37-800). To 
manage the fiber mass ratio between 20% and the fiber mass ratio 
of the prepreg 62%, epoxy films are available in very low grammage 
(75 g/m2) to achieve the desired thickness and mass ratio. Another 
significant advantage of this process is that the lens structure can be 
produced in a single molding, which is not possible with the other two 
methods, which require several moldings and assemblies to produce 
the complete lens structure Fig.  1. With this method, we obtain an 
even distribution of fibers throughout the thickness shown in Fig.  5. 
4 
Moreover, the fiber thickness and mass ratio values obtained from 16 
measurements uniformly distributed over a plate are very close to the 
target values with low variability 2𝜎 = 0.076 and 2𝜎 = 0.127 respec-
tively for normalized mass ratio and thickness (Fig.  3). Due to these 
processing advantages and the control of thickness and fiber mass ratio, 
this process is the most suitable for manufacturing a discretized mass 
ratio profile. The manufacturing of a prototype is therefore achievable 
and will be detailed in Section 5.1. But it is necessary to specify the 
focusing performance of such a design using numerical modeling in 
Section 4.

Fig. 5. Position of fibers throughout the thickness in the prepreg process (PP) for a 
target fiber mass ratio of 20%; sectional view along the fiber direction, obtained using 
a microscope (Leica DM2700 M).

4. Focusing performance in frequency domain

An analytical equation for designing a UD composite lens with the 
fiber mass ratio (Eq. (6)) as the design variable was introduced in 
Section 2. In Section 3, we demonstrated the ability to manufacture a 
UD composite structure with a specific fiber mass ratio. The dimensions 
of the plate and therefore the frequency range are constrained by the 
experimental measurement. This dimensioning is detailed below in 
Section 4.1 and in Section 5.1 for manufacturing. The objective of this 
section is to begin from the operating point, assuming isotropy as per 
Eq. (6), to determine whether the focusing phenomenon occurs within 
a specified frequency range and to delineate its performance.

4.1. Numerical model

A numerical simulation of the UD composite GRIN Lens was con-
ducted using the commercial software COMSOL Multiphysics® [46].

The prepreg lay-up manufacturing process seclected in Section 3 
enables extreme variation in fiber mass ratio 𝑀𝑓  ranging from 20% 
to 62%. To exploit this manufacturable range, the design equation 
(Eq. (6)) for 𝑦 = ±𝛽 sets 𝑀𝑓0 = 20% and 𝑀𝑓 (±𝛽) = 62%. As initialization 
point, a focal length of 𝑓𝑙 = 𝑙𝑙 = 300 mm was chosen, resulting 
in 2𝛽 = 300 mm lens width. The numerical calculation of the GRIN 
composite lens shows a much longer focal length. This discrepancy was 
attributed to material anisotropy. An optimization loop with geometric 
parameters of the lens highlight that with a much longer lens length 
𝑙𝑙 = 600 mm, the composite GRIN-Lens focus at 𝑓𝑙 = 700 mm. Fig.  6 
represents the geometry of the GRIN-Lens with 2𝛽 = 300 mm width and 
𝑙𝑙 = 600 mm length, other dimensions of the plate are 𝑙1 = 330 mm, 
𝑙2 = 800 mm corresponding respectively to the host plate before and 
after the lens area. These dimensions take into account experimental 
measurement constraints. To observe a plane wavefront and verify the 
wavelength 𝜆 before the lens, a minimum of 2𝜆 is required for 𝑙1. 
According to Eq. (7) and Table  2, for 2000 Hz waves, the wavelength 
is 129.4 mm, satisfying the condition 𝑙1 > 2𝜆. Therefore, 2000 Hz
will be the lower bound of the frequency range for the manufactured 
prototype lens. To prevent reflections and ensure clear observation of 
the focusing phenomenon, a Perfectly Matched Layer (PML) [47] is 
implemented as a perfect absorption zone. PML zones, each measuring 
𝑙 = 200 mm in length, are positioned one before the excitation line 
𝑝𝑚𝑙



V. Rapine et al. Composite Structures 372 (2025) 119500 
Fig. 6. (𝑎) Geometry of the GRIN-Lens Numerical Model; (𝑏) Mesh for frequency 
𝑓 = 2000 Hz.

and another at the opposite end past the lens to minimize reflections. 
As PML elements are not supported for 2D plate elements in COMSOL 
Multiphysics® [46], a high damping ratio was utilized for the PML 
zones instead. A harmonic out-of-plane loading force along the z-axis at 
a frequency 𝑓 is applied to the excitation line (indicated by the red line 
in Fig.  6). The mesh is composed of rectangular second-order elements 
and the element length is chosen to ensure 10 finite elements per 
wavelength. This means that before the computation is executed, the 
wavelength Eq. (7) is computed as a function of the frequency and the 
properties of the host plate from dispersion equation Eq. (2). The study 
was limited to a frequency of 8 kHz. Increasing the frequency leads to 
incrementally longer computation and measurement times due to the 
prototype’s dimensions. However, this frequency is not a fundamental 
operating limit of the lens.

A continuous profile of fiber mass ratio is difficult to manufacture 
we choose to discretize GRIN-Lens width (2𝛽) in 𝑛 = 9 sectors, that is 
33 mm width. Fig.  7 illustrated the effect of gradient discretization on 
focusing performance evaluated for 𝑓 = 8000 Hz using performance 
criterion 𝐶𝜖 described in Section 4.2. A discretization level of 𝑛 =
9 is selected, as it provides the optimal balance between focusing 
performance, manufacturing complexity and time.

The dedicated fiber mass ratio selected for each sector is as close 
as possible to the maximum of the continuous fiber mass ratio on the 
sector Fig.  2. GRIN Lens profile is symmetrical and the fiber mass ratio 
value from the central sector to the extremum sector are 𝑀𝑓0 = 20.8%, 
𝑀𝑓1 = 23.4%, 𝑀𝑓2 = 29.8%, 𝑀𝑓3 = 38.3% and 𝑀𝑓4 = 62, 0%. To 
implement materials properties of each sector of the lens and the host 
plate we homogenized UD carbon-epoxy composite material with his 
dedicated fiber mass ratio using mixing law [44]. Variations in material 
properties (i.e. density 𝜌, elasticity moduli 𝐸𝑥, 𝐸𝑦, 𝐺 and Poisson’s 
coefficients 𝜈𝑥𝑦, 𝜈𝑦𝑧) are presented in Fig.  8 as a function of fiber mass 
ratio using mixing law with the properties of carbon fiber and epoxy 
resin in Table  1 and equations are detailed in Appendix  A.

𝜆 = 𝑐
𝑓

= 2𝜋
𝑘𝑥

= 2𝜋 4

√

𝐷𝑥

𝜔2𝜌ℎ
(7)

4.2. Performance criteria

The GRIN-Lens system enables the focussing of waves, specifically 
progressive mechanical flexural waves, as investigated in this study. 
5 
Fig. 7. Effect of gradient discretization on the focusing performance for 𝑓 = 8000 Hz; 
Performance criterion 𝐶𝜖 described in Section 4.2.

Table 1
Mechanical properties of fiber and matrix, featuring (1) longitudinal axis and (2) 
transverse axis of fibers.
 Parameter Property [Unit] Value 
 Fiber  
 𝜌𝑓 Density [kg m−3] 1820  
 𝐸1𝑓 Elastic modulus 1 [GPa] 278  
 𝐸2𝑓 Elastic modulus 2 [GPa] 40  
 𝐺12𝑓 Shear modulus [GPa] 15  
 𝜈12𝑓 Poisson’s ratio 0.2  
 Matrix  
 𝜌𝑚 Density [kg m−3] 1280  
 𝐸𝑚 Elastic modulus [GPa] 3  
 𝜈𝑚 Poisson’s ratio 0.4  

Fig. 8. Material properties of UD composite as a function of fiber mass ratio 𝑀𝑓 , using 
the mixing law homogenization method [44]; with axis ⃖⃗𝑥 indicating the direction of 
fibers.



V. Rapine et al. Composite Structures 372 (2025) 119500 
A progressive mechanical flexural wave propagates through a material 
medium, causing a local displacement of elementary particles in a di-
rection orthogonal (z-axis) to the wave’s propagation direction (x-axis), 
thereby transporting energy. Focusing refers to the act of concentrating 
energy on a point or within an area. Indeed, a way to measure the 
focalization of progressive mechanical flexural waves in an area is to 
compare the density of energy in this focal area (Fig.  1) with the density 
of energy of a structure with no focus and therefore no lens. Because 
a progressive mechanical flexural wave causes a local displacement of 
elementary particles in the material medium in the direction orthogonal 
(z-axis), a way to express energy density is the sum of the kinetic energy 
of particles in the focal area divided by the surface of the focal area 
Eq. (8). 

𝛴𝑘 = 1
𝑆𝑓

[

1
2
𝑚∬𝑆𝑓

𝑣𝑧(𝑥, 𝑦)2d𝑥d𝑦

]

(8)

With 𝑆𝑓  the surface of the focal area, 𝑚 = 𝜌0𝑆𝑓ℎ0 the total mass 
of the focal area with 𝜌0, ℎ0 respectively the host plate density and 
thickness and 𝑣𝑧(𝑥, 𝑦) the 𝑧-axis velocity of element at (𝑥, 𝑦) position. 
To compare results for different frequencies, the focal area is defined 
by a width (y-axis) of 0.5𝜆 and a length (x-axis) of 2𝜆, so the focusing 
area 𝑆𝑓  is 𝜆2. Therefore, the kinetic energy density criterion is the ratio 
of kinetic energy density in the focal zone for a plate with a GRIN-Lens 
with a plate without GRIN-Lens Eq. (9). Mass 𝑚 and integration surface 
𝑆𝑓  are identical in both configurations, consequently, they vanish from 
the evaluation criterion. 

𝐶𝛴 =
𝛴𝑘𝑙
𝛴𝑘0

=
∬𝑆𝑓

𝑣𝑧𝑙 (𝑥, 𝑦)
2d𝑥d𝑦

∬𝑆𝑓
𝑣𝑧0 (𝑥, 𝑦)

2d𝑥d𝑦
(9)

With 𝛴𝑘𝑙  and 𝛴𝑘0  respectively the kinetic energy density of the plate 
with a GRIN-Lens and the plate without GRIN Lens. This criterion 𝐶𝛴
represents the energy density gain in the defined focal area provided 
by the GRIN-Lens.

Another way used to determine the focusing performance of a GRIN-
Lens system is the FWHM (Full Width at Half Maximum) used like 
in [48]. The principle is to compare the width of the focal spot (y-axis) 
to the wavelength. We need to evaluate values of out-of-plane velocity 
(z-axis) along the y-axis at the x-coordinate of the maximum velocity 
Fig.  9. The smaller the FWHM value in front of the wavelength, the 
better the focusing performance.

Fig. 9. Full width at half maximum criterium principle.

4.3. Numerical results

Some harmonic responses for an excitation frequency 𝑓 between 2
kHz to 8 kHz are obtained. In Fig.  10 we observed the normalized abso-
lute out-of-plane velocity field for 4 frequencies, respectively 2000 Hz, 
4400 Hz, 5800 Hz and 8000 Hz. A focusing effect is observed with focal 
spot size proportional to the wavelength Eq. (7) corresponding to the 
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excitation frequency 𝑓 . To specify the focusing performance of this 
design GRIN-Lens we compute the energy density gain 𝐶𝛴 and FWHM 
criteria for these excitation frequencies like in Fig.  11 for 𝑓 = 8000 Hz. 
Table  2 gives these criteria results. The energy density gain 𝐶𝛴 criterion 
is variable with frequency, being around 3 for 𝑓 = 2000 Hz and 𝑓 =
5800 Hz, and 5 for 𝑓 = 4400 Hz and 𝑓 = 8000 Hz. This discrepancy 
can be explained by side-effects see Fig.  10, but these results highlight 
that the GRIN-Lens system increases the energy density in the focusing 
zone by a factor of 3 to 5. FWHM values are consistent, FWHM≈ 0.4𝜆, 
lower than 𝜆, indeed subwavelength focusing is numerically observed 
for excitation frequencies between 2 kHz to 8 kHz, for the fiber mass 
ratio composite GRIN-Lens design Fig.  2. These numerical results are 
promising for manufacturing to provide experimental proof of this 
GRIN-Lens design.
Table 2
Focusing criteria results.
 Frequency [Hz] 𝜆 [mm] FWHM 𝐶𝛴  
 2000 129.4 0.41 2.52 
 4400 86.5 0.39 4.99 
 5800 75.3 0.41 3.23 
 8000 63.6 0.39 5.56 

5. Manufacturing and experiments

5.1. Manufacturing

The manufacturing process selected in Section 3 is the prepreg 
lay-up; the benefits and advantages of this process for GRIN-Lens 
manufacturing are outlined. The principle of this process relies on inter-
leaving of prepreg (Hexply® M35-4/38%/UD150/37-800) and epoxy 
film (Hexbond® ST1035 300 g/m2). The ratio of prepreg plies to 
epoxy film plies manages the fiber mass ratio. For instance, to achieve 
a fiber mass ratio of 𝑀𝑓0 = 20.8% in the host plate, it requires 5 
prepreg plies and 8 epoxy film plies, a proportion of 38.5% of prepreg 
plies. The GRIN-Lens fiber mass ratio profile is symmetrical and has 
been discretized into 9 sectors; the proportions of prepreg plies for all 
these sectors are listed in Table  3. This process necessitates a lot of 
plies cutting, the entire lens structure with the host plate represents 
around 200 layers. These cuts were initially made by hand but can also 
be performed using a numerically-controlled machine to reduce time 
and improve repeatability. Furthermore, the hand-layup in the open 
mold is time-consuming as it requires placing the mold under vacuum 
approximately every two layers during lay-up to prevent air from 
being trapped in the structure. The total manufacturing time, including 
curing (30 min @ 150 ◦C) is approximately 14 h. To generate planar 
flexural waves, 7 low-cost disk-shaped PZT patches (𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 25 mm, 
𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 = 135 μm) are uniformly bonded along the excitation line, as 
illustrated in Fig.  1. The detailed properties of these PZT patches can be 
found in [49]. At the top edge, viscoelastic layers are added to simulate 
PML effects, absorb incoming waves and minimized reflections. The 
layers consist of a 5 mm thick 3M VHB polymer on both sides of the 
plate, secured by a 1 mm thick aluminum plate. Numerical calculation 
shows that a PML zone length greater than 2𝜆 ensures low reflections as 
well as performed in [13]. According to the frequency range, the length 
of this PML area is set to 300 mm, which is selected to guarantee a 
minimum length of 2𝜆 for incident 2000 Hz waves with 𝜆 = 129.4 mm see 
Table  2. For experimental measurement, the plate is suspended by the 
aluminum plates and coated with white paint to ensure good reflection 
for the laser vibrometer.

5.2. Wave propagation measurement

Experimental measures are made with a scanning laser Doppler 
vibrometer (Polytec PSV-500-H) Fig.  12. A burst-type reference signal 
of 0.5 V amplitude, 0.5 ms duration and 8000 Hz center frequency is 
amplified (×20) and applied to the 7 piezoelectric elements connected 
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Fig. 10. Normalized absolute out-of-plane velocity field for a harmonic computation at a frequency of (a) 2000 Hz; (b) 4400 Hz; (c) 5800 Hz and (d) 8000 Hz.
Fig. 11. (𝑎) Normalized absolute out-of-plane velocity |𝑣𝑧| along 𝑥-axis for 𝑓 = 8000 Hz; (𝑏) Full Width at Half Maximum criterium for 𝑓 = 8000 Hz at 𝑥 = 736 mm.
Table 3
Percentage of lens composite prepreg plies and corresponding theoretical fiber mass 
ratio 𝑀𝑓 ; HP (host plate, i.e., zones ¬ and ® as shown in Fig.  1); carbon-epoxy prepreg 
(Hexply® M35-4/38%/UD150/37-800) and epoxy film (Hexbond® ST1035 300 g/m2); 
Prepreg UD plies are oriented in ⃖⃗𝑥 direction (see Fig.  1).

,abovefloat=5pt

 Proportions 𝑛𝑧𝑜𝑛𝑒
 1;9 2;8 3;7 4;6 5;HP

 Prepreg [%] 100 66.6 53.3 42.8 38.5 
 𝐌𝐟 [%] 62.0 38.3 29.8 23.4 20.8 

in parallel, in order to generate a plane wave packet that will propagate 
in the plate. From this reference signal, laser vibrometer measures 
7 
the out-of-plane displacement for 3 ms at a sampling frequency of 80
kHz for all points of a regular squared mesh of (130 × 25) points. 
Then from the displacement field, the velocity field is computed and 
the normalized absolute out-of-plane wave field velocity at focusing 
time (𝑡 = 1.788 ms) is shown by Fig.  14(a),(d) and the animation of 
the propagation is in the supplementary data. This measurement is an 
experimental proof of the validity of the GRIN-Lens design approach 
based on fiber mass ratio profile of a UD composite. We observed a 
focalization at 𝑥 ≈ 800 mm like in the harmonic responses Fig.  10d. 
To be able to compare numerical simulation to measurements, it is 
necessary to get the numerical computation of the time response of a 
burst excitation signal as in the experiment.
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Fig. 12. Experimental setup.
5.3. Experimental–numerical correlation

For the Experimental-Numerical correlation, a transient numerical 
simulation is done using the commercial software COMSOL
Multiphysics® [46]. To make the excitation equivalent to the ex-
periments, the excitation line Fig.  6a is discretized into 7 segments 
corresponding to the diameters of the piezo patches and a burst type 
equivalent load with a duration of 0.5 ms and 8000 Hz center frequency 
is applied to these segments. The amplitude is set to 35N to matched 
the total kinetic energy before the end of excitation at 𝑡 = 0.6 ms see 
Fig.  13. Experiment curve Fig.  13 shows that total kinetic energy of 
the plate decrease due to damping. Therefore, Rayleigh damping [50] 
with damping values of 0.005 and 0.01 respectively for 2000 Hz and 
8000 Hz is set to obtain the correlation of total kinetic energy shown 
by Fig.  13. Numerical results 14(c),(f) respectively for 2 kHz and 8
kHz are in agreement with experiments 14(a),(d) concerning focusing 
distance and propagation velocity, based on the normalized absolute 

Fig. 13. Evolution of total plate kinetic energy for 8 kHz input waves numerical and 
experimental results.
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out-of-plane wave field velocity. At the moment when the maximum 
energy is focused at t = 2.806 ms for 2 kHz and t = 1.778 ms 
for 8 kHz Fig.  14, the focal spot appears in a similar position and 
shape in both cases, respectively. The focusing performance criteria 
discussed in Section 4 were used to compare the experimental results 
with the simulations. The wavelengths obtained for the simulations are 
131.0 mm and 63.6 mm, for 2 kHz and 8 kHz respectively, whereas 
the experimentally measured are 129.4 mm and 71.6 mm respectively 
as reported in Table  4. This discrepancy can be attributed to material 
properties uncertainties (such as stiffness 𝐸𝑥, thickness ℎ and density 
𝜌) as indicated by the wavelength equation Eq. (7). For the FWHM 
criteria Table  4, values from simulations and experiments are close, 
with 0.41𝜆 (simulation) and 0.37𝜆 (experiment) at 2 kHz and 0.47𝜆
(simulation) and 0.58𝜆 (experiment) at 8 kHz Fig.  15. In contrast, minor 
discrepancies in the location and amplitude of secondary peaks may 
result from material properties variation or assembly-induced residual 
stresses. We observed on experiments at the beginning of the animation 
see in supplementary data that one of the seven piezoelectric patch 
was non-functional, contributing to the asymmetry of the out-of-plane 
velocity profile along 𝑦-axis at the focal spot Fig.  15. The energy 
density criterion 𝐶𝛴 Eq. (9) for simulations are obtained with numerical 
results with GRIN-Lens structure Fig.  14(a),(c) and without GRIN-Lens 
structure Fig.  14(b),(e), for experimental computation of the criterion 
the numerical results without GRIN-Lens structure are used instead 
of a manufactured carbon-epoxy plate, for material savings. For the 
numerical results without lens Fig.  14(b),(e), waves are not strictly 
planar due to the excitation generated by the seven piezoelectric trans-
ducers and the influence of side boundary effects, ensuring correlation 
with the experimental setup Fig.  11. According to this criterion, the 
energy density gain of the GRIN-Lens structure at focus time in the 
focal area (0.5𝜆 × 2𝜆) is respectively 3.25 and 2.61 for simulation and 
experiment for 2 kHz and 7.65 and 7.32 for simulation and experiment 
for 8 kHz Table  4. The lower energy density gain 𝐶𝛴 for 2 kHz is 
due to edge effects and reflections in the simulation without the lens 
Fig.  14(b), which increase the kinetic energy density in the focus 
zone for the plate without lens, 𝛴𝑘0  in Eq. (9). Focusing effect of the 
manufactured composite GRIN-Lens is observed and evaluated by the 
focusing criteria, which are in good agreement between simulation and 
experiment for the limits 2 kHz and 8 kHz of the studied frequency 
range.
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Fig. 14. Comparison of normalized absolute out-of-plane wave field velocity for an incident plane flexural wave at focusing time for two frequencies: 2000 Hz and 8000 Hz. 
For 2000 Hz, (a) experimental result of the manufactured plate with a composite lens structure, measured using a scanning laser Doppler vibrometer (Polytec PSV-500-H); (b) 
shows numerical result of a plate without lens and (c) shows numerical result of a plate with lens. For 8000 Hz, (d), (e), and (f) present the same comparisons, respectively; See 
supplementary data for the wave propagation video.
Table 4
Comparison of focusing criteria between simulation and experiment at focusing time 
for 𝑓 = 2 kHz and 𝑓 = 8 kHz.
 Frequency 𝜆 (mm) FWHM 𝑆𝑓  (mm2) 𝐶𝛴  
 2 kHz
 Simulation 129.4 0.41 16744.4 3.25 
 Experiment 131.0 0.37 17161.0 2.61 
 8 kHz
 Simulation 63.6 0.47 4045.0 7.65 
 Experiment 71.6 0.58 5126.6 7.32 

6. Applications

Efficient energy management is a key challenge in the development 

of smart structures [6], where the ability to harvest and utilize energy 

9 
effectively is crucial for powering embedded systems and enabling data 
transmission at higher frequency and over longer distances. The GRIN-
lens design presented in this study offers a promising solution, it is 
capable of increasing energy density by a factor of 7 in the (2𝜆×0.5𝜆 =
𝜆2) focus zone. This means that an energy harvester located at the focus 
zone could get up to 7 times more energy than an energy harvester 
located in the same zone without GRIN-Lens. Performance comparison 
is complicated due to the dependency of the focusing criterion on the 
dimensions of the focus zone relative to the wavelength or the harvest-
ing device used. Gradient-index phononic crystals exhibits an amplified 
harvesting power of 3.8 times [9] or 2.84 times [27], these gains are 
evaluated with an 8 mm [9] or 7 mm [27] diameter piezoelectric 
ceramic disc, corresponding to a 0.13𝜆2 [9] a 0.78𝜆2 [27] surface. Thick-
ness strategy energy harvesting [15] demonstrated a 2.5 energy ratio 
gain with a 25 mm diameter piezoceramic transducers (PZT). An energy 
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Fig. 15. Comparison between lateral profile of normalized out-of-plane velocity at focus time and focal length for simulation and experiment (a) for 𝑓 = 2 kHz and (b) for 
𝑓 = 8 kHz.
ratio of 7 was reached by shunted piezoelectric lattice lens [16] with a 
dedicated surface evaluation. Considering a large focus zone evaluation 
(𝜆2), fiber mass ratio modulation strategy for the GRIN-Lens design with 
an energy gain of 7 appears to be a good performance compared to 
phononic crystals, thickness or shunted piezoelectric lattice strategies. 
Furthermore, the versatile design strategies provided by composite 
materials and a wide operating frequency range enable these structures 
to be better suited to existing specifications, minimizing their intrusive 
impact. Such an enhancement could significantly contribute to improv-
ing the performance and autonomy of smart structures in applications 
like structural health monitoring and self-powered technologies.

7. Conclusion

This work shows that the design freedoms of composite materials 
allow a new approach to GRIN lens design in a constant thickness plate. 
A gradient of density and stiffness can be obtained by adjusting the fiber 
mass ratio of a composite structure. Various manufacturing processes 
were compared to determine the most suitable one for controlling the 
fiber mass ratio of iso-thickness plate. It has been demonstrated that 
it is possible to focus the energy of an elastic bending wave in a UD 
composite plate by controlling this fiber mass ratio in a wide frequency 
range (2−8 kHz). The manufacturing process chosen for best control of 
the fiber mass ratio is the prepreg process, with carbon prepreg and 
epoxy plies interleaved. With this process, we are able to control the 
fiber mass ratio over a range from 20% to 62%, which is consistent 
with the dimensioning of the fiber mass ratio gradient required to 
focus considering the properties of carbon fibers and epoxy used. The 
study presented here was conducted on a non-standard host structure 
made of unidirectional carbon-epoxy (fiber volume fraction 20%), but 
the design approach is applicable to other types of host structures. 
However, depending on the mechanical properties of the host, it may be 
difficult to find a working configuration for a constant-thickness GRIN 
lens, particularly if the structure cannot be sufficiently stiffened to 
achieve the required modulation of flexural wave velocity for focusing. 
In such cases, it may be necessary to locally increase the stiffness 
by adding thickness. This additional thickness can remain relatively 
low when using composite materials, especially considering that for 
flexural behavior, the outermost layers are the most influential. It is 
therefore possible to design a GRIN lens based on an existing structure 
with known properties by applying the methodology presented in this 
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study to determine the required modifications and assess whether they 
remain within the overall design constraints. The analytical equation 
dimensioning focusing in a plate highlights a continuous gradient of 
fiber mass ratio. However, we have shown with a numerical model and 
then with the manufacture of the plate that the discretization of the 
gradient does not hinder the focusing of the energy. The discretization 
of the gradient improves the manufacturing feasibility, it is easier to 
discretize the gradient in sectors rather than to manufacture a contin-
uous variation of properties. The comparison between the numerical 
model and the measurements made on the manufactured lens made it 
possible first of all to take into consideration the damping properties 
of the materials used. Then we were able to highlight that the energy 
density in a defined focusing zone can be increased by a factor of 7 
with a gradient lens composite structure, for an incident wave of 8 kHz. 
Furthermore, the experiment yielded a FWHM value of 0.58𝜆, with 
manufacturing uncertainties likely accounting for the differences be-
tween the simulation and experimental results. The design criteria and 
analytical dimensioning equations outlined provide a foundation for 
designing and implementing systems such as energy harvesting devices 
in composite structures. It is also important to note that successful lens 
design relies on a good understanding of the actual loading conditions 
of the part during operation, particularly the wave front shape, the 
direction of the flexural waves and their frequency range even though 
the proposed solution exhibits broadband performance. To advance this 
work, conducting a mechanical characterization of the lens structure 
would be beneficial to identify manufacturing uncertainties as part of 
a robust design approach.
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Appendix A. UD composite mixing laws equations

For a unidirectional (UD) composite consisting of two phases, the 
fiber volume ratio and the fiber mass ratio are related as shown in 
Eq. (A.1). The properties of the fiber and matrix are listed in Table  1. 

𝑉𝑓 =
𝑀𝑓

𝑀𝑓 + 𝜌𝑓
𝜌𝑚

(1 −𝑀𝑓 )
(A.1)

Subsequently, the mixing laws [44] define all properties of the UD 
composite material.
𝜌 = 𝜌𝑓𝑉𝑓 + 𝜌𝑚(1 − 𝑉𝑓 ) (A.2)

𝐸𝑥 = 𝐸𝑥𝑓 𝑉𝑓 + 𝐸𝑥𝑚 (1 − 𝑉𝑓 ) (A.3)

𝐸𝑦 =
1

𝑉𝑓
𝐸𝑦𝑓

+ 1−𝑉𝑓
𝐸𝑚

(A.4)

𝐺𝑥𝑦 =
1

𝑉𝑓
𝐺𝑥𝑦𝑓

+ 1−𝑉𝑓
𝐺𝑚

(A.5)

𝜈𝑥𝑦 = 𝜈𝑓𝑉𝑓 + 𝜈𝑚(1 − 𝑉𝑓 ) (A.6)

Appendix B. Carbon-epoxy fiber mass ratio simplified design equa-
tion

From UD composite mixing laws detailed in Appendix  A, the ratio 
of Young’s modulus along the 𝑥-axis to density 𝐸𝑥

𝜌  could be written as 
a function of fiber mass ratio 𝑀𝑓  as in the Eq. (B.1). 

𝐸𝑥
𝜌

= 𝐴𝑀𝑓 +
𝐸𝑚
𝜌𝑚

(B.1)

With 𝐴 =
𝜌𝑚(𝐸𝑓 − 𝐸𝑚) − 𝐸𝑚(𝜌𝑓 − 𝜌𝑚)

𝜌𝑓 𝜌𝑚
Using Eq. (B.1), Eq. (4) is transformed into Eq. (B.2).

𝑀𝑓 (𝑦) = 𝑀𝑓0 𝑐𝑜𝑠ℎ
4(𝛼𝑦) +

𝐸𝑚
𝐴𝜌𝑚

(

𝑐𝑜𝑠ℎ4(𝛼𝑦) − 1
)

(B.2)

With
𝐸𝑚
𝐴𝜌𝑚

= 1
𝜌𝑚𝐸𝑓
𝜌𝑓𝐸𝑚

− 1

According to the mechanical properties of carbon-epoxy listed in Table 
1, 𝐸𝑚

𝐴𝜌𝑚
= 0.0188 ≪ 𝑀𝑓0 = 0.2. Therefore Eq. (B.2) could be reduced to 

Eq. (5).
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Appendix C. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.compstruct.2025.119500.

Data availability

Data will be made available on request.
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