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ABSTRACT Circadian clocks rely on gene regulation networks which generate periodic biochemical oscillations informing
our cells about the time of the day. Mathematical modeling has been effective to describe the dynamics of the multiple
intertwined feedback loops making up circadian clocks, however it is often delicate to adapt the complexity of the model to
the question addressed and to the data available. Traditionally, two main modeling approaches have been followed, using
either comprehensive models recapitulating most molecular actors involved, or minimal qualitative models highlighting
the core mechanisms. However, analyzing the behavior of large models may be difficult, and small models often lack
predictive power, questioning their relevance. Through a systematic reduction of a more complex model, we obtain a simple
three-gene clock model, featuring the activator Bmal1, the repressor Reverb and the inhibitor Cry, that accurately describes
the corresponding temporal expression profiles for the mouse hepatic clock. We characterize this model by carrying out
a sensitivity analysis for its limit cycle, as well as by computing phase response curves for the different possible inputs.
Predictions from the model are compatible with a number of synchronizing mechanisms from the literature.

SIGNIFICANCE Living systems adapt to the day/night cycle thanks to cellular clocks, which track the time of the day
and orchestrate physiological processes throughout the 24 hours. The dynamics of these clocks is complex, due to the
interaction of intertwined feedback loops generating the biochemical oscillations and ensuring their synchronization.
Mathematical modeling has proved useful to unravel this complexity, however there is usually a difficult choice to be
made between comprehensive and minimal models, with opposite strengths and weaknesses. Here, we propose a
simple activator-inhibitor-repressor model reproducing surprinsingly well experimental data from mouse livers, whose
analysis casts light on the roles of the main actors of the mammalian circadian clock.

INTRODUCTION
Most living organisms on Earth are subjected to an alterna-
tion of days and nights due to Earth rotation. To anticipate
the associated daily changes in their environment, they have
evolved a circadian clock, a genetic oscillator where genes
and proteins regulate each other so as to generate oscillations
with a period of approximately 24 hours (1, 2). The regulation
networks that underlie circadian clocks feature many inter-
locked feedback loops whose collective dynamics is complex
and defies mere intuition. Hence, their understanding calls
for quantitative approaches that can integrate the concurrent
interactions generating the clock oscillations. In particular,
mathematical modeling has been successful in disentangling
the complexity of the circadian clock (3–9).

A typical mathematical model of the circadian clock
recapitulates molecular actors and interactions that have been
shown experimentally to contribute to clock function, or a
subset thereof. It describes the rate at which the activities of

the involved mRNA and protein molecules vary in time, based
on our knowledge of the underlying biochemical reactions.
Not all kinetic constants are known a priori, but their values
can be adjusted by fitting the model to experimental data. For
a given system, different models may be elaborated depending
on the context. Indeed, a mathematical model depends on (1)
the system considered, (2) the question addressed, and (3) the
data available. Different clock actors have generally different
functions, and may play a major or a minor role depending
on the specific behavior that is investigated.

A mathematical model can serve several purposes. First, it
can be used to check the consistency of the various interactions
assumed. Reproducing complex oscillations such as those
generated by a circadian clock is challenging, as changing a
single regulation can often ruin the agreement or even suppress
oscillations. Therefore, a good agreement between a circadian
clock model and the data is generally satisfying (see, e.g. (3)),
even if it is difficult to tell apart molecular mechanisms that
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have similar dynamical effects. Models which are contradicted
by experimental facts are still useful, as this guides us toward
searching for other mechanisms not yet taken into account.

Mathematical models also cast light on the interplay of the
actors considered, and their relative roles in a mechanism. Ki-
netic constants are easily modified in numerical experiments
where various interactions are switched on or off, testing the
importance of actors or regulations. In particular, techniques
such as sensitivity analysis indicate the kinetic constants on
which a specific behavior depends principally, allowing us
to isolate the backbone of the regulation network which is
relevant to the behavior studied (10–13). Assessing parame-
ter identifiability indicates which parameters are completely
constrained by the available data, and which ones have an
uncertain value (14–17). Mathematical models can also be
used to determine which experiments would bring the most
new information about the system (18).

In the end, no mathematical model should be completely
trusted until it has been extensively validated experimentally.
As such, it only reflects the current knowledge of a system,
but still may prove useful to guide future experimental and
theoretical investigations.

Two opposite strategies may be followed to build a math-
ematical model. On the one hand, one may seek to include
all documented actors and interactions, thus summarizing the
data from the litterature. When first addressing a biological
question, this may be important to ensure that no important
actor is overlooked. Such models may also be necessary
when quantitative predictions are required, for example when
designing therapeutical protocols where delivery doses and
timings must be determined precisely. However, the model
may be too complex to allow identifying the key mechanisms.
Moreover, the training of large models require extensive data
sets, acquired in various conditions. Designing such a model
when only limited data are available often leads to an under-
determined model where multiple parameter sets can fit the
experimental data. This is not necessarily a problem, as many
system biology models have nonidentifiable parameters (19).
However, the predictions of such a model are often poor
outside of the original experimental context, because they
depend on the specific parameter set used.

On the other hand, one may seek to design minimal models
highlighting the core ingredients of a mechanism (see, e.g. (20).
Such models may be obtained by gradually incoporating actors
and regulations, until the desired agreement with experimental
data is reached. Alternatively, as we do here, one may start
from a complex model and reduce it while preserving the
agreement with data (see, e.g., (21–23). The advantage of this
approach is that every model ingredient is by construction
necessary, even if two molecular mechanism inducing the
same dynamical effects cannot be distinguished. Minimal
models nicely illustrate the roles played by the key actors, but
often have limited predictive power since the emphasis is not
on matching the data accurately. This may affect the relevance
of the mechanistic insights they provide.

In this work, we design a minimal three-gene circadian
clock model that nevertheless reproduces accurately temporal
expression profiles of the murine hepatic clock, both for
mRNA and protein abundances. We obtain it by gradually
reducing a larger model in a controlled way. Usually, molecular
actors are removed from a model when a simulated knock-out
has little effect on clock behavior, showing that its presence
is not needed. However, another important and perhaps more
relevant question about the role of a circadian actor is whether
its temporal variations are essential to the clock dynamics.
What happens if we find a way to gradually dampen its
dynamics so as to make its abundance eventually constant,
or at least its influence on other actors? In other words, are
the variations of this actor a mere consequence of the clock
dynamics or are they essential to generate it?

Here, we apply this strategy to a five-gene model derived
from the core clock section of the Woller model (8), and
eventually obtain a three-gene model where the activator
Bmal1, the inhibitor Cry and the repressor RevErb interact to
generate oscillations that reproduce very well the experimental
data for these three genes, as well as a two-gene model that
accounts well for the expression profiles of Bmal1 and RevErb
mRNA and protein products. The method of “clamping” some
molecular actors has been previously used by Pett et al. (24),
although they applied it to a slightly different clock model
and did not use a gradual process as here. They identified a
core loop comprising the Reverb, Per and Cry genes arranged
in a “repressilator” motif. Del Olmo et al. (22) followed also
a similar approach to describe circadian redox oscillations.

Finally, we carry out a sensitivity analysis of the model
and compute phase response curves for a variety of clock
inputs. This allows us to identify those inputs whose variation
has the most influence on the limit cycle oscillations and on
the clock phase. We find that a few inputs are suitable for
synchronizing the liver clock to an alternation of its metabolic
state between day and night, and that they are consistent with
experimental observations.

METHODS
Numerical simulations and parameter optimization were per-
formed using the COPASI pathway simulator (25), as well as
Python scripts utilizing its programming interface basico (26).
The coefficients of variation in Tables 1 and 2, quantifying the
uncertainty in the determination of a parameter, were those
reported by the COPASI Parameter Estimation task.

The various models were fitted to data sets informing
them about the mRNA and protein abundances of the 5 genes
involved. The mRNA dataset was the same as used in Woller et
al. (8), consisting of Fourier series approximating the temporal
profiles obtained by Hughes et al. from mouse livers (27). This
dataset has a temporal resolution of one hour, yielding well-
defined profiles that strongly constrain mathematical models,
and captures well the strong non-sinusoidal character of some
profiles. The protein data were whole-cell data obtained by
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quantitative mass spectrometry from mouse liver by Narumi et
al. (28). Both datasets were normalized so that the average level
of each profile is 1, making the interpretation of regulation
thresholds easier. Following (8), the Bmal1, Reverb,Cry, Per,
and Ror numerical profiles were respectively fitted to the
experimental profiles of Bmal1, Reverb𝛼, Cry1, Per2, and
Ror𝛾, a choice which is relevant for liver physiology.

To suppress oscillations of the expression profile of a
protein as much as possible, we imposed an upper bound on
the protein degradation rate and carried out a parameter scan
of this bound down to a very small value (e.g., 10−5ℎ−1), with
a parameter estimation task achieved at each step to adapt
the remaining parameters to the changes in degradation rate.
Given the complexity of the parameter optimization landscape,
this gradual process was required to avoid losing track of the
optimum. When the agreement of the model with the data
can be thus preserved, this indicates that the variations of this
protein do not play an essential role in the dynamics, and that
the protein can be turned into a constant parameter. Since
only proteins influence the transcription of other genes, the
corresponding mRNA concentration can then be removed.

To remove protein complexes as dynamical variables, we
similarly imposed an increasingly smaller upper bound on the
complex degradation rate, then an increasingly higher lower
bound on the kinetic constants of the association/dissociation
reactions, eventually ensuring that the complex concentration
is always at equilibrium with the individual protein concentra-
tions. The former can then be rewritten in terms of the latter,
and the complex is no longer a dynamical variable.

The sensitivity analysis of the limit cycle was done by
simulating the effect of a very small perturbation. Phase
response curves for the different control parameters were
computed by simulating a 10% increase in the value of the
parameter for one hour and for 12 hours. Both were obtained
using the basico programming interface to Python.

Unlike in many theoretical studies, we did not constrain the
Hill coefficients which control how sensitively transcription
of a given gene reacts to variations in its transcription factors.
This allows the model to account for more complex mechanis-
tic schemes than the mere binding of a transcription factor to a
promoter, such as when chromatin remodeling and/or histone
modifications are involved. For example, it was shown that
the CLOCK:BMAL1 complex is a pioneer-like transcription
factor (29), which induces many molecular events leading
eventually to transcription initiation. And indeed, a theoretical
study showed how high Hill coefficients naturally arise when
ultrasensitive signaling cascades mediate the action of the
transcription factor, leading to switch-like behavior (30).

RESULTS
Systematic reduction of the initial model
For a comprehensive description of the mammalian clock,
please refer to (1). The Woller mathematical model augments

the traditional core clock model with additional feedback
loops featuring the AMPK and SIRT1 metabolic sensors (8).
The core clock part of the model is basic compared to more
elaborate models (see, e.g., (3, 7, 20)). It does not take com-
partmentalization into account, does not distinguish between
the isoforms of a given gene (e.g., the Per1-3 isoforms are
grouped into a single Per gene) and assumes that Clock evolves
synchronously with Bmal1 (or equivalently that Clock expres-
sion is constant). This leads to a five-gene model (Bmal1,
RevErb, Ror, Per, Cry), which also takes into account com-
plex formation, such as the dimerization of PER and CRY
in the PER:CRY complex or of BMAL1 and CLOCK in
the CLOCK:BMAL1 complex. This model features 12 dif-
ferential equations and 53 kinetic parameters (8). Using the
datasets described in the Methods section, we could obtain a
perfect match for the mRNA data and a relatively good match,
although less precise, for the protein data (Fig. 1).
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Figure 1: Adjusment of the five-gene model (featuring Bmal1,
Reverb, Cry, Per, Ror) to the mRNA data of Hughes et al. (27)
and the protein data of Narumi et al. (28).

Then, we proceeded to simplify this clock model, by
selecting an actor and trying to gradually make its dynam-
ics constant while simultaneously varying all other control
parameters to maintain the fit to data (see Methods).

We began by eliminating the dynamics related to the
PER:CRY and CLOCK:BMAL1 complexes, which could
be achieved smoothly. We found that eliminating complex
formation first, then complex degradation, was less robust than
the converse. Indeed, the fit of the PER protein profile would
then degrade, with the PER profile gradually converging to a
flat, time-independent, profile.

Since reducing complex formation had suggested that the
dynamics of the PER protein was not essential, we then tried
to flatten it, which was easily achieved. Since the PER and
CRY proteins are generally assumed to play similar roles,
we investigated whether CRY expression could instead made
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constant. We observed that fit quality was then compromised,
with the amplitude of the REVERB profile gradually decreas-
ing. This important difference between CRY and PER may be
traced back to the fact that Cry1, but not Per1-3, is repressed
by REVERB𝛼 (31). To our knowledge, this interaction was
first incorporated in a mathematical model by Relogio et
al. (7) and is used in the Woller model (8). Given that CRY
inhibits the induction of Reverb by BMAL, this suggests that
the positive feedback loop comprising Reverb and Cry plays
an important role in the clock dynamics.

Next, we noted that for the control parameter values used,
the variations of the ROR protein had little influence on
the Bmal1 transcription rate, which essentially depended on
REVERB protein abundance. Thus, we proceeded to make
the ROR profile constant, which was also easily carried out.

This left us with a three-gene model based on the Bmal1,
Reverb and Cry genes. As we can seen in Eqs. (1), this
model comprises 6 differential equations, whose behavior is
tuned by 26 control parameters. This represents an important
simplification compared to the original model.

d[mCry]
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= −𝑑𝑚𝑐 [mCry] (1a)
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×

©­­«
1

1 +
(
[REVERB]

𝑡𝑐𝑟

)ℎ𝑐𝑟 ª®®¬
d[mRevErb]

d𝑡
= −𝑑𝑚𝑟 [mRevErb] (1b)

+
©­­­­«

𝑏𝑟

(
1 + 𝑓𝑟

(
[BMAL]

𝑡𝑟𝑏

)ℎ𝑟𝑏 )
1 +

(
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(
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)ℎ𝑟𝑏 ª®®®®¬
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d𝑡
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+ 𝑏𝑏(
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(
[REVERB]
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d[CRY]

d𝑡
= −𝑑𝑝𝑐 [CRY] + 𝑘𝑐 [mCry] (1d)

d[REVERB]
d𝑡

= −𝑑𝑝𝑟 [REVERB] + 𝑘𝑟 [mReverb] (1e)

d[BMAL]]
d𝑡

= −𝑑𝑝𝑏 [BMAL] + 𝑘𝑏 [mBmal] (1f)

The fit of this model to the data from Hughes et al. (27)
and Narumi et al. (28) led to a surprisingly good fit to the
experimental data, given the simplicity of the model (Fig. 2).
Remarkably, the fit to protein data was better than for the

5-gene model, presumably because optimization in this lower-
dimensional parameter space is easier. The values of all control
parameters are given in Table 1, ranked in order of increasing
uncertainty.
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Figure 2: Adjusment of the three-gene model (featuring Bmal1,
Reverb, and Cry) to the mRNA data of Hughes et al. (27) and
the protein data of Narumi et al. (28).

One can note very high values of some Hill coefficients
(see Methods) Table 1, in particular the one associated with the
regulation of Reverb by BMAL1 (ℎ𝑟𝑏), whose value is 31.5.
This can be correlated with the contrast between a smooth
BMAL1 protein profile, due to a long BMAL1 half-life, and the
sharp induction of Reverb transcription, suggesting an almost
all-or-nothing induction. Presumably, this reflects the complex
cascade of regulations induced by BMAL1 (29). In contrast,
the regulation of Bmal1 by REVERB is associated with a
Hill coefficient of 2.39, consistent with the fact that REVERB
binds to two RRE elements in the Bmal1 promoter (32).

Most parameters are well determined, with a coefficient
of variation (CV) of 15 % at most. This ensures that the
predictions of the model will be quite unambiguous. Only
5 parameters had CVs higher than 50%. We conjectured
that the uncertainty of some of these parameters might be
structural, especially given the astronomically high values
of the CVs of 𝑏𝑐 (the basal Cry transcription rate in the
absence of transcription factors) and 𝑓𝑐 (the fold change
in Cry transcription rate upon activation). Indeed, Eqs. (1)
indicate that, when 𝑏𝑐 tends to zero, the transcription rate
of Cry depends only on the product 𝑉𝑐 = 𝑏𝑐 𝑓𝑐. Thus, we
tried to simplify the model accordingly, with 𝑉𝑐 being the
only parameter describing basal transcription. The fit was
slightly degraded, however there remained a large uncertainty
in 𝑉𝑐. Thus, we kept the original model with the separate
parameters for basal transcription rate and fold change. Similar
observations were made for 𝑑𝑚𝑐 (Cry mRNA degradation rate).
Together with the uncertainty in the threshold 𝑡𝑐𝑟 (threshold of
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Constant Value CV (%)
𝑡𝑟𝑏 1.24157 3.6
𝑘𝑟 0.400458 3.7
𝑑𝑝𝑟 0.360599 4.0
𝑡𝑐𝑏 0.823388 4.5
𝑑𝑚𝑟 0.520944 5.4
𝑡𝑏𝑟 0.485667 5.5
ℎ𝑏𝑟 2.3885 6.0
𝑘𝑐 0.151206 6.1
𝑑𝑝𝑐 0.150489 6.3
𝑑𝑚𝑏 0.743706 6.4
𝑏𝑏 1.72303 6.8
ℎ𝑐𝑟 1.24357 8.9
ℎ𝑟𝑐 6.95435 10.1
𝑘𝑏 0.0424037 11.4
𝑑𝑝𝑏 0.0425099 11.5
𝑡𝑐𝑐 0.983016 11.8
ℎ𝑐𝑐 4.7554 12.3
ℎ𝑟𝑏 31.566 12.6
𝑡𝑟𝑐 0.847034 15.4
𝑏𝑟 0.0341104 27.5
ℎ𝑐𝑏 16.81 32.4
𝑡𝑐𝑟 0.105741 60.1
𝑑𝑚𝑐 2.7455 87.1
𝑓𝑟 944.095 88.1
𝑓𝑐 2000 1656
𝑏𝑐 0.0344934 1667

Table 1: Value of the control parameters of the Bmal1-Reverb-
Cry model for which the profiles of Fig. 2 have been obtained.
Parameters are ranked by order of increasing uncertainty, as
determined by their coefficient of variation in parameter sets
fitting the data, from more identifiable to less identifiable.

Cry regulation by REVERB), this suggested a less important
role for Cry than for the other two genes.

To check whether this model could be simplified further,
we tried removing each of the three remaining genes in turn,
beginning with Cry since its influence on profile fitting seemed
to be weaker. This could be done easily, yielding a two-gene
model based on Bmal1 and Reverb (Eqs. (2)). The best-fitting
parameters given by Table 2 were relatively well determined
except for 𝑏𝑟 and 𝑓𝑟 .

This model reproduces nicely the experimental data, as
Fig. 3 shows, although not as well as with the three-gene model
used in Fig. 2. This is an interesting result suggesting that the
BMAL-REVERB negative feedback loop plays an important
role in generating and shaping the clock oscillations.

d[mRevErb]
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= −𝑑𝑚𝑟 [mRevErb]

+
©­­­­«
𝑏𝑟
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1 + 𝑓𝑟

(
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𝑡𝑟𝑏

)ℎ𝑟𝑏 )
1 +

(
[BMAL]

𝑡𝑟𝑏

)ℎ𝑟𝑏 ª®®®®¬
(2a)

d[mBmal]
d𝑡

= 𝑑𝑚𝑏 [mBmal]

+ 𝑏𝑏

1 +
(
[REVERB]

𝑡𝑏𝑟

)ℎ𝑏𝑟 (2b)

d[REVERB]
d𝑡

= −𝑑𝑝𝑟 [REVERB] + 𝑘𝑟 [mReverb](2c)

d[BMAL]]
d𝑡

= 𝑑𝑝𝑏 [BMAL] + 𝑘𝑏 [mBmal] (2d)

Parameter Value CV (%)
𝑡𝑟𝑏 1.12378 3.3
𝑑𝑚𝑟 0.459495 6.1
𝑘𝑟 0.386722 6.6
𝑑𝑝𝑟 0.342897 7.0
𝑡𝑏𝑟 0.615491 7.9
ℎ𝑏𝑟 2.98324 10.0
𝑑𝑚𝑏 0.725878 11.2
𝑏𝑏 1.56256 11.7
𝑑𝑝𝑏 0.028417 12.5
𝑘𝑏 0.0285584 12.6
ℎ𝑟𝑏 50 24.3
𝑏𝑟 0.0429166 28.3
𝑓𝑟 81.0185 43.9

Table 2: Value of the control parameters of the two-gene
Bmal1-Reverb model for which the profiles of Fig. 3 have
been obtained. Parameters are ranked by order of increasing
uncertainty, as determined by their coefficient of variation in
parameter sets fitting the data, from more identifiable to less
identifiable.

Alternatively, gradually making the BMAL1 profile con-
stant strongly degraded the fit without losing oscillations,
suggesting that variations in BMAL1 activity are important to
shape the circadian oscillations as we observe them. Finally,
dampening the dynamics of REVERB while trying to main-
tain fit quality totally abolished oscillations, highlighting the
key role played by the dynamics of REVERB in driving the
oscillations of the circadian clock.

Given the excellent fit obtained with the three-gene model
and to better identify the relative roles of the different genes,
since Bmal1, Reverb and Cry have each a different mode of
action, we went on to further analyse this three-gene model.
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Figure 3: Adjusment of the two-gene model (featuring Bmal1,
and Reverb) to the mRNA data of Hughes et al. (27) and the
protein data of Narumi et al. (28).

A simple Activator-Inhibitor-Repressor (AIR)
model
The Bmal1-Reverb-Cry model has a remarkable structure
where each of the three genes plays a distinct role, influencing
the other genes in its own way. BMAL1 activates Reverb and
Cry; REVERB represses Bmal1 and Cry; CRY inhibits the
activity of BMAL1 when acting on Reverb and Cry (Fig. 4).
Accordingly, we call this mathematical model the Activator-
Inhibitor-Repressor (AIR) model, considering that such a
separation of roles may stem from general design principles.

A R

I

Figure 4: Schematic diagram of the AIR model, showing the
interactions between the activator Bmal1 (A), the repressor
Reverb (R) and the inhibitor Cry (I). The three main feedback
loops in this model are shown in different colors. These are
the A-R (BMAL1-REVERB) negative feedback loop (black),
the negative feedback loop of I (CRY) upon itself (gener-
ally described as the CLOCK:BMAL1-PER:CRY feedback
loop, blue), and the less discussed but nevertheless important
positive feedback loop I-R (REVERB-CRY, red).

Interestingly, the AIR model incorporates the two main
negative feedback loops that have been identified in the mam-

Parameter 𝑝 𝑆𝑝 Parameter 𝑝 𝑆𝑝

𝑡𝑟𝑏 13.44 ℎ𝑏𝑟 2.37
𝑘𝑏 5.45 𝑡𝑐𝑐 2.37
𝑑𝑝𝑏 4.68 ℎ𝑐𝑟 2.32
𝑑𝑚𝑏 4.25 𝑡𝑐𝑏 2.03
𝑏𝑏 3.54 𝑡𝑏𝑟 1.57

Table 3: Sensitivities of the limit cycle to variations of the
indicated parameters, as defined by Eq. (3). Only sensitivities
larger than 1.5 have been shown.

malian clock (Fig. 4). The first loop links BMAL1 (repre-
senting CLOCK:BMAL1) and REVERB (drawn in black in
Fig. 4), and plays an important role in driving the oscillations
as demonstrated by Fig. 3. The second loop involves BMAL1
and CRY (representing PER:CRY) and is drawn in blue in
Fig. 4. Stricto sensu, it describes a negative feedback of CRY
on itself mediated by BMAL1, as CRY does not influence the
transcription of Bmal1. In addition, there is a lesser known
positive feedback loop formed by CRY and REVERB (drawn
in red in Fig. 4), which influence each other negatively (CRY
inhibits the induction of Reverb and REVERB represses Cry).
As noted above, the presence of this loop is important for
fitting the model to the experimental data.

In the following, we analyse the sensitivity of the three-
gene model to two different types of perturbations. First, how
does the limit cycle (the trajectory in state space) deviate
when a parameter is changed? Second, what is the phase
shift experienced when the system returns to the limit cycle
solution after a transient perturbation has been applied?

Sensivity analysis of the AIR limit cycle
We first analyzed how the limit cycle associated with oscilla-
tions in the three clock genes varies with control parameters.
To this aim, we computed scaled sensitivities to variations in
control parameters. More precisely, we evaluated the following
quantities

𝑆𝑝 =

1
𝑇

∫ 𝑇

0

√︃∑6
𝑖=1 (𝛿𝑋⊥

𝑖
(𝑡)/𝑋𝑖 (𝑡))2 d𝑡

𝛿𝑝/𝑝 (3)

where the numerator features the average over the entire
circadian cycle of the relative transverse displacement for
each phase of the limit cycle in the six-dimensional state
space, resulting from a variation 𝛿𝑝 of the control parameter
𝑝. The 𝑋𝑖 (𝑡) are the values of the 6 variables at circadian time
𝑡. The 𝛿𝑋⊥

𝑖
(𝑡) are their variations perpendicular to the limit

cycle, defined by 𝑑𝑋𝑖

𝑑𝑡
·𝛿𝑋⊥

𝑖
(𝑡) = 0, thus characterizing changes

in amplitude rather than in phase. The value of 𝑆𝑝 indicates
by how many percent this average scaled displacement varies
for a variation of the parameter of 1%. Table 3 shows the
computed sensitivities larger than 1.5, from higher to lower.

The control parameter yielding the maximal variation
of the limit cycle is 𝑡𝑟𝑏, the concentration of BMAL1 at
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which Reverb is half-activated. Physiologically, this parameter
may for example vary when the activity of CLOCK:BMAL1
as a transcription factor is modulated by NAD+-dependent
SIRT1 (33).

Then we find in Table 3 a series of kinetic constants
eventually governing the abundance of the BMAL1 transcrip-
tion factor: 𝑘𝑏, 𝑑𝑚𝑏, 𝑑𝑝𝑏 and 𝑏𝑏, respectively controlling
the translation of Bmal1, the stabilities of Bmal1 mRNA and
protein, as well as the unrepressed expression of Bmal1. This
suggests that Bmal1 expression and factors that control it
play a key role in driving the amplitude of clock oscilla-
tions. This is consistent with experimental observations that
PGC1𝛼-mediated induction of Bmal1 has a strong effect on
clock amplitude (9, 34). The remaining parameters play less
important roles.

Phase response curves of the AIR model
Another important piece of information is the phase change
experienced when a transient perturbation of given duration
is applied, measured after the system is allowed to return to
its nominal behavior. This information is summarized by the
phase response curve (PRC), which indicates the phase change
depending on the time when the perturbation is applied.

The PRC is also key to understanding how a circadian
clock synchronizes to an external cycle (a.k.a. a zeitgeber).
Synchronization occurs when the induced phase change com-
pensates exactly the mismatch between the periods of the
clock and of the zeitgeber (35). By studing the phase response
curve associated with the modulation of a given parameter, we
may assess the suitability of the associated input to be a good
synchronizer. Input mechanisms for which the PRC spans a
wide range of phase shifts will generally be more adequate
for resetting the clock and synchronize it to the external cycle.
However, the shape of the PRC is also important (36).

Although our model is a free-running oscillator, it is
fitted to data obtained from mice subjected to a day/night
cycle, providing a natural parameterization of its limit cycle.
The origin of circadian time for the model was thus chosen
to coincide with Zeitgeber time 0 in experiments (27, 28),
allowing us to examine the obtained PRC from the perspective
of synchronization with the diurnal cycle.

Fig. 5 displays a catalog of the PRC associated to most
parameters of the AIR model, these PRC being obtained by
applying a 10% increase in the corresponding parameter for
one hour (blue curve) or 12 hours (red curve). The response
to the one-hour stimulus provides us with information about
the instantaeous sensitivity of the clock to the corresponding
input throughout the circadian cycle. The 12-hour stimulus
protocol is relevant for understanding the alternation between
contrasting metabolic phases lasting 12 hours. For example,
the value of the 12-hour PRC at time 0 characterizes the
exposure to the stimulus between 0 and 12 hours (i.e., the
subjective day). The intervals of subjective day (inactive
period) and night (active period) in the experiments are

indicated as white and gray regions in Fig. 5.
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Figure 5: Phase response curves of the AIR model. From left
to right, each of the three columns corresponds to mechanisms
where respectively Bmal1, Reverb, or Cry is the main actor.
Blue curves are obtained with a 1-hour stimulus starting at the
given time, while the red ones characterize 12-hour stimuli.

Remarkably, Fig. 5 indicates that the modulation of 𝑡𝑟𝑏
(i.e., the threshold of regulation of Reverb by BMAL, defined
as the BMAL concentration at which Reverb is half-activated,
for zero CRY concentration), stands out as the most potent
input, both for the 1-hour and the 12-hour protocol. This
correlates with this input being a strong modifier of the limit
cycle.

Besides the major input discussed above, the largest effects
were here also observed in response to the modulation of the
parameters 𝑏𝑏, 𝑑𝑚𝑏, 𝑑𝑝𝑏 and 𝑘𝑏 (Fig. 5, first column), which
directly govern BMAL abundance and were also identified
in connection with limit cycle changes (Table 3). Other inter-
esting mechanisms are those destabilizing Reverb mRNA or
REVERB protein (kinetic constants 𝑑𝑚𝑟 and 𝑑𝑝𝑟 ).

In comparison, the CRY-related inputs gave rise to rela-
tively modest phase shifts, with perhaps the exception of the
𝑡𝑐𝑐 input, which would correspond to the modulation of Cry
transcription by its own protein. This is a surprising result
since there are many reports on inputs targeting the biological
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CRYs or PERs (both represented by CRY in the model) (see,
e.g., (37, 38)), as we shall discuss below.

Because a change in oscillation period naturally induces
a phase shift and may thus contribute to phase resetting
mechanisms, we also computed how this period depends on
kinetic constants (Fig. S1). Since we considered a wider range
of variations, Fig. S1 provides information on potential phase
resetting which is complementary to Fig. 5.

Plausible synchronization mechanisms
To be relevant for synchronization, input mechanisms must
not only correct a period mismatch between the clock and the
day/night cycle (39), but also maintain a stable phase relation-
ship between them. This puts constraints on the mechanisms
informing the clock of the time of the day.

For simplicity of discussion, we will assume here that
metabolic stimuli are aligned with the day/night alternation
and are associated with a single clock parameter, with this
parameter taking one value during the day and another during
the night.

The liver clock in vivo has a natural period close to 24
hours (40), and thus does not require a daily phase shift.
A physiological stimulus should thus begin when the PRC
crosses zero (35), and under the above assumption, this zero
should be located near dawn or dusk. To ensure stability, a
negative phase correction should be applied when the clock
is ahead, since the stimulus will then start at a larger phase
than normal. Since the PRCs in Fig. 5 were computed for a
positive modulation the kinetic constant, the slope of the PRC
at the zero should be negative (resp., positive) if the studied
stimulus increases (resp., decreases) this constant.

We thus examined Fig. 5 for PRCs statisfying the above
criteria, since inputs producing such PRCs would, under our
simplifying assumptions, ensure synchronization of the clock
model to a day/night metabolic alternation with approxima-
tively the correct peak timings. We identified the following
mechanisms:

1. The affinity of BMAL1 for DNA is decreased (𝑡𝑟𝑏 in-
creased) during the night (𝑡𝑟𝑏 panel, with PRC zero near
CT 9.5). This is consistent with the NAD+-dependent
protein deacetylase SIRT1 decreasing the transcription
factor activity of the BMAL1:CLOCK complex (33, 41),
given that NAD+ levels are on average higher during the
night (data from (42) shown in (8)). Note that phospory-
lation of BMAL1 and CLOCK also influences the DNA
binding of CLOCK:BMAL1 (43–45).

2. The Bmal1 basal transcription rate is increased during
the night (𝑏𝑏 panel, with PRC zero near ZT 12.75).
A strong modulator of this rate is the PGC1𝛼 protein,
which is indeed nuclear during the night (34). Numerical
simulations by Woller et al. (8) showed that modulation
of Bmal1 expression by the AMPK-PGC1𝛼-BMAL1

axis reinforced clock oscillations, which was confirmed
by Foteinou et al. (9).

3. The REVERB protein is destabilized during the night
(𝑑𝑝𝑟 panel, with PRC zero near ZT 13.25). REVERB𝛼
is stabilized by GSK3𝛽, whose inhibition by lithium
leads to a rapid degradation of REVERB𝛼(46). Besing
et al. (47) found that in the SCN, GSK3𝛽 is mostly
phosphorylated and active between ZT2 and ZT14 (i.e,
during the day).

4. The CRY protein is destabilized during the day (𝑑𝑝𝑐

panel, with PRC zero near ZT 23.25). Lamia et al. (37)
showed that CRY degradation is induced by AMPK
activity, which is indeed higher during the day in the
liver (see profiles in (8), compatible with data in (42)).

An important synchronizing mechanism missing in this list
is the upregulation of both PER transcription and translation
by insulin and Insulin Growth Factor 1 (38). In our minimal
model, this would correspond to a positive modulation of 𝑏𝑐
and of 𝑘𝑐, since CRY represents both PERs and CRYs. The
PRCs for these two parameters are essentially identical (third
column of Fig. 5, top and bottom row), and feature a negative-
slope zero around CT8, which should thus be the beginning
of a 12-hour stimulus to achieve stable entrainment. Now,
Mukherji et al. (48) observed that insulin level is minimal at
ZT4 and maximal at ZT16, and is thus above average between
ZT10 and ZT22, in good agreement with the optimal window
mentioned above. Thus, it appears that for the insulin pathway
also, the predictions of our simple model are quite consistent
with experimental observations.

DISCUSSION
In this work, we designed a minimal mathematical model of
the mammalian circadian clock that reproduces surprinsingly
well (Fig. 2) the experimental expression profiles obtained
by Hughes et al. (27) and Narumi et al. (28) from mouse
livers. This model is based on three actors Bmal1, Reverb, and
Cry, each of them playing a different mechanistic role: Bmal1
activates the two other genes, Reverb represses the two other
genes, and Cry inhibits the induction by Bmal1 of the two
other genes. Therefore, we named this model the Activator-
Inhibitor-Repressor model (AIR) model. Such simple models
can prove useful to better understand the design principles of
the circadian clock and form a base on which to build more
refined models. Note that a similar structure was described
in a reduced model obtained by Almeida et al. (49), although
without the repression of Cry by REVERB.

This model was obtained through a systematic reduction
of a more complex model. To assess the relevance of an actor,
we assessed whether its temporal variation, rather than its
mere presence, was necessary to reproduce the observed clock
dynamics. This is in line with recent experiments which tested
the role of a molecular actor not by knocking it out, but by
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making its action constant in time. For example, Matsumura
et al. (50) designed mutant mouse lines where expression of
Cry1 and Cry2 was maintained but was made constant (50).
Similarly, Abe et al. abolished the transcriptional rhythms
of Bmal1 by deleting the RRE in its promoter (44). If the
influence of an actor can be made constant without perturbing
the clock gene expression profiles, we can conclude that it
is not essential to the clock dynamics. Theoretically, this
approach was pionereed by Pett et al. (24).

Numerically, the situation is different, since control pa-
rameters are generally not known but are optimized to fit the
model to the data. However, similar studies can be carried
out by progressively flattening the time profile of a molecular
actor while simulteously maintaining the agreement of the
mathematical model with the data.

Moreover, we found that a two-gene model featuring only
Bmal1 and Reverb captured the experimental data quite well.
This suggests that these two genes have their own dynamics
and that the negative feedback loop formed by these two
genes is the primary generator of clock oscillations. This is
consistent with reports that knocking down Reverb𝛼, 𝛽 (51–
53) severely disrupts the clock. Closer to the methodology
followed here, Matsumura et al. suppressed oscillations in
Cry1 and Cry2 expression, and found that oscillations in
Bmal1 and RevErb𝛼 expression were almost unchanged, being
merely phase-delayed (50). Moreover, Fougeray et al. observed
that knocking out the insulin receptor barely modified the
Bmal1 and Reverb𝛼 profiles (54). Interestingly, such a simple
activator-repressor loop is at the heart of the circadian clock
of Ostreococcus tauri, the smallest eukaryote known (55, 56).

Trying to suppress BMAL1 oscillations in the three-gene
model significantly degraded fit quality. This is to be contrasted
with the recent observation that abolishing the transcriptional
rhythms of Bmal1 by deleting the RRE in its promoter does
not suppress circadian oscillations, making them only less
robust to perturbations (44). In this study, however, oscilla-
tions in the phosphorylation of BMAL1 persisted as well as
oscillations in Clock expression, suggesting that the activity
of the CLOCK:BMAL1 complex was still varying in time.
Therefore, these results are not contradictory with our finding
that variations of BMAL1 expression play an important role,
since in our model, the protein BMAL1 actually describes the
activity of the CLOCK:BMAL1 complex.

We also found that taking into account the repression of
Cry by REVERB (31) is important to achieve quantitative
agreement with experimental data, as previously noted (7,
8). Importantly, this interaction induces a positive feedback
loop where CRY inhibits Reverb transcription and REVERB
represses Cry transcription.

Moreover, we totally lost oscillations when we tried to
suppress the cycling of REVERB abundance, suggesting that
REVERB is the central actor for generating the circadian
oscillations. Interestingly, REVERB is at the intersection of
the BMAL-REVERB negative feedback loop and the CRY-
REVERB positive feedback loop. Such a combination of

positive and negative feedback loops has been shown to
be essential for generating robust oscillations in biological
oscillators (57, 58).

In a similar study, Pett et al. (24) obtained another three-
gene loop model, featuring Reverb, Per and Cry arranged in a
“repressilator” motif, where each gene represses another and is
repressed by the third one. However, their model assumed that
PER and CRY are repressors of all genes except Bmal1, rather
than inhibitors of BMAL1 inducing the same genes. In this
hypothesis, the PER and CRY proteins can act independently
of each other, and even in the absence of BMAL1. This may
explain that they arrived at a different conclusion than the
present study, since our model assumes that inhibition by PER
and CRY depends on their simultaneous colocalization with
the BMAL1:CLOCK complex (59). Moreover, Pett et al. (60),
elaborating on (24), found that in liver, the BMAL1-REVERB
loop is actually dominant compared to the repressilator loop,
which is consistent with our findings.

Having obtained an AIR model reproducing precisely
oscillations in mRNA and protein abundances of the liver
clock, we characterized its sensitivity to perturbations, which
provides complementary information to profile fitting. We
first studied how the location of the limit cycle in the six-
dimensional state space varied following a permanent per-
turbation of the control parameters. We found that the limit
cycle was most sensitive to variations in the transcriptional
activity of BMAL1, consistent with its known modulation by
SIRT1 (33), and in the abundance of BMAL1, consistent with
the control of Bmal1 transcription by PGC1𝛼 (8, 9).

We then computed the phase response curves (PRC) char-
acterizing the phase shift following a transient modification of
a control parameter depending on the time of the perturbation,
for 1-hour and 12-hour stimuli. The former provide us with
information about the instantaneous response of the clock
at different moments of the cycle and the latter about the
reaction to metabolic phases during 12 hours. Since PRCs are
very sensitive to changes in the molecular circuitry, compar-
ing experimental and theoretical PRCs is a stringent test for
mathematical models (61, 62) and may provide hints about
the input mechanisms. Note that the two types of sensitivity
are not unrelated, since a large change in the limit cycle is
prone to induce a large phase shift. Given experimentally
measured PRC, a future extension of this work could be to
obtain a reduced model preserving the PRC, as done by Taylor
et al. (23).

Remarkably, we found that the model-predicted behavior
of a few mechanisms could be related to established mecha-
nisms driving the circadian clock. These were in particular: (1)
the modulation of the transcription factor activity of BMAL1,
such as induced by SIRT1 (33, 41); (2) the modulation of
Bmal1 transcription, such as induced by PGC1𝛼 (8, 9, 34); (3)
the modulation of CRY1 stability, such as controlled by AMPK
activity (37); (4) the modulation of REVERB𝛼 stability such
as governed by GSK3𝛽 (47, 63); (5) the insulin-induced
upregulation of PER mRNA and protein (38).
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The qualitative agreement between model predictions and
mechanisms from the literature is quite surprising given the
simplicity of the model and the fact that real input pathways
are often gated (64), being active only in temporal windows
whose position and duration are optimized with respect to
clock function (see, e.g., (55, 65)). Moreover, resetting is
generally achieved through multiple signals, and each of
these signals acts through several pathways. For example,
AMPK stimulates CRY1 degradation (37) but also activates
PGC1𝛼 (66) and thus Bmal1 expression. Insulin upregulates
PER (38) but also reduces PGC1𝛼 expression levels (67). The
present work is thus only the first step towards more detailed
studies.

CONCLUSION
We designed a very simple model fitting well data for the
hepatic clock, and whose clear design may help to understand
better the role of the different clock genes but also to analyze
experimental results. In particular we found that Bmal1 and
Reverb seem important to generate the oscillation profiles
while Cry may play an important role for clock resetting. The
phase response curves predicted by this model are compatible
with a number of already identified entrainment mechanisms,
which is quite satisfying given the simplicity of the model.
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Figure S1: Variation of the period of the AIR Model with control parameter
values. Only the parameter values for which the clock amplitude was above
half of the nominal value are shown. The period is always of 24 hours for the
nominal parameter value.
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Parameter name, AIR model Parameter name, Woller model
trb thr_revbmal
kr trans_rev
dpr dprev
tcb thr_crybmal
dmr dm_rev
tbr thr_bmalrev
hbr hill_bmalrev
kc trans_cry
dpc dp_cry
dmb dm_bmal
bb basal_mbmal
hcr hill_cryrev
hrc hill_revcry
kb trans_bmal
dpb dp_bmal
tcc thr_crycry
hcc hill_crycry
hrb hill_revbmal
trc thr_revcry
br basal_mrev
hcb hill_crybmal
tcr thr_cryrev
dmc dm_cry
fr fold_rev
fc fold_cry
bc basal_mcry

Table S1: Correspondence between parameter names in the AIR model and
in the Woller model
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