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H I G H L I G H T S

∙ Uses the Proper Generalized Decomposition, a powerful Model Order Reduction method.

∙ Extends effectively to - hardly separable - time evolving space domains.

∙ Computes space modes in an expanded domain, and the time modes are piecewise.

∙ Additive manufacturing simulation with sequential activation of hot elements.
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A B S T R A C T

In this paper, we propose a new approach to adapt the Proper Generalized Decomposition (PGD) to problems 

containing space domains that are evolving over time. PGD shines with high-order parametrized and nonlin-

ear problems, drastically reducing their computational time. It was proven highly effective in a wide range of 

problems, but the space domain has always remained fixed within the parametric manifold of interest. In this 

work, we adapt the PGD to non-constant domains that change over time at given discrete time instances. More 

specifically, we focus on time evolving space domains and separate the solution along space and time. The space 

modes are calculated in an expanded space that comprises all the degrees of freedom throughout the simulation. 

To visualize the solution, the modes are then projected onto the current physical representation. The time modes 

are solved in a piecewise manner, dividing the time domain into intervals and initializing the time modes to 

zero at the beginning of each interval. This work is illustrated with an additive manufacturing-inspired example 

in which the hot boundary elements are sequentially activated to simulate the addition of material. This aligns 

perfectly with the previously described strategy as it involves an expanding boundary. The impact of the mesh 

division and the initialization of the new points is discussed.

1. Introduction

Nowadays, in disciplines related to science and engineering, there is 

a growing need for accurate large-scale numerical simulations of com-

-

-

-

plex physical phenomena. Moreover, we are faced with a finite and 

often limited amount of resources to compute the numerical models em

anating from the associated partial differential equations. To face this 

ever-growing demand and to make these simulations faster, mathemat

ical tools called Model Order Reduction (MOR) techniques, have been 

developed. These techniques generally use the fact that simulation re

sults will always remain highly correlated when varying the problem’s

parameters. That is to say, the full solution expressed in a high-order 

space lives in a low-order manifold of reduced dimensions. The goal of 

these MOR techniques is to identify this low-order manifold and express 

the original problem in a lower dimension.

Most MOR methods correspond to so-called a posteriori techniques 

and first compute a limited series of high-order simulations to estab-

-

lish the low-order manifold. They then project the equations within this 

reduced dimensional space, therefore obtaining a solver of reduced di

mension. Multiple methods exist for different applications [1–5], with 

the Proper Orthogonal Decomposition (POD) and Reduced Basis (RB)
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method being the most widely used. These techniques differ in the 

construction of the low-order manifold. In this work, we will focus in-

-

stead on an a priori reduction technique, namely the Proper Generalized 

Decomposition, or PGD. This technique was introduced by Ladevéze in 

the 80 s as part of his non-incremental and nonlinear (LATIN) solver [6] 

and has since then been used in a wide range of domains [7]. Contrary 

to the previous techniques, it does not require any prior knowledge of 

solutions. Instead, it iteratively builds a more and more accurate rep

resentation of both the low-order manifold and the solution, solving 

several problems of lower dimension [8]. Several formulations can be 

found in the bibliography[9,10], the Galerkin definition remains the 

most popular and is at best equivalent to POD in degenerate cases. PGD 

is generally characterized by a poor yet monotonic convergence, but 

at the same time guarantees cheap iterations, the ability to deal with 

nonlinearities globally, and the possibility to manage a large number 

of parameters and therefore the curse of dimensionality. PGD was used 

successfully in nonlinear structural mechanics [6], large scale nonlinear 

thermal simulations [11,12], complex fluid flows [13–15], data driven 

control strategies of industrial applications [16], hyperbolic equations 

and dynamical applications, and wave equations [17–20], amongst 

many others. More recently, PGD has also been used for nonlinear and 

preconditioned diffusive equations [21,22], phase transition and phase 

separation dynamics [23], or with the inviscid Burgers’ equation [24]. 

What all these examples have in common is that they can easily be sep-

arated within their parametric manifold of interest, whether it is along 

time, space, or any additional parameter.

As a matter of fact, MOR for hardly separable domains is still in 

its infancy and is widely admitted to be the next important frontier in 

this community [25]. It naturally harbors a lot of interest and meth-

ods have been proposed to tackle this issue within the different MOR 

communities. To cite a few examples, fixed geometrical parametriza-

tion and mappings have been used successfully for both RB [26,27] and 

POD [28]. More recently, mapping approaches aiming to construct the 

optimal map and the most-reducible snapshot manifold for a posteriori 

approaches have received a lot of interest. To construct those mappings, 

a range of methods have been used: optimal transport [29], registration-

based methods [30], and velocity-driven approaches [31]. Regarding 

PGD, the advancements have been notably more sparse and would ben-

efit from more attention from the community. Nonetheless, one should 

highlight the recent work made to combine a NURBS-based geometry 

-description with PGD [32]. It demonstrated that the geometrical param

eters can be used in the decomposition itself, which is part of the unique 

strengths of PGD.

In this work, we will focus on space-time separability for PGD. We 

will write the approximation of order 𝑁 of the solution 𝑢(𝑥, 𝑡) as:

𝑢(𝑥, 𝑡) ≈
𝑁
∑ 

𝑖=1
Λ 𝑖(𝑥)𝜆 𝑖 

(𝑡) ,

with Λ 𝑖(𝑥) the so-called space modes and 𝜆 𝑖 

(𝑡) the time modes. The goal of

this paper is to look at problems that are by nature not separable because 

the space domain expands over time, at given discrete time instances. 

According to the current state of the art in terms of the implementation 

of PGD [33,34], these hardly separable domains are typical examples for 

which the PGD still requires further development. We will adapt the PGD 

formulation to expanding space domains with the important assumption 

that we know beforehand how the space domain evolves and that this 

evolution occurs at discrete time instances. Two major problems arise:

• We need to compute global space modes on an expanding domain

with a varying number of degrees of freedom. Our solution is to cal-

culate global space modes, accumulating all the degrees of freedom 

that may exist throughout the simulation in an expanded domain.

• All the points within our space are not initialized simultaneously.

Therefore, we decided to calculate the time-modes in a piecewise

manner, enforcing exactly the initialization constraints, for every 

number of modes.

To demonstrate the proposed approach, we took inspiration from what 

is done in the field of Additive Manufacturing – also called AM – sim-

ulations. AM is comprised of a very large range of different processes 

[35,36] that all have their own modeling method. To just name a few, 

there are laser-based melting processes such as Selective Laser Sintering 

[37] or Selective Laser Melting [38], there are thermal extrusion-based 

processes such as Fused Deposition Modeling [39] or material jetting 

processes such as 3DP printing [40]. The chosen numerical model also 

drastically changes depending on the model’s scope and goal: it can be 

a very macro view of the entire manufacturing process, a zoom on a 

single pass of the addition tool, or a micro view of the heating tip. Our 

problem will be a modified version of [39] in which we removed the 

nonlinearities and only considered the thermal physics.

The paper is organized in the following way: in Section 2, we first 

introduce the problem that we will use throughout the paper and its fi-

-

nite element discretization. In Section 3, the PGD is described, and we 

then introduce the expanded PGD approach as well as the piecewise ap

proach used for the time modes. In Section 4, the convergence of the 

method is discussed for a chosen activation scheme. We show the effec-

tiveness of the interpolation operator, compare the results with other 

activation scenarios and establish the potential computational perfor-

mance of this new formulation. In Section 5, conclusions are drawn and 

further developments are suggested.

2. Description of the problem 

2.1. The heat equation in an evolving domain

We have opted to examine a simplified 3D representation of an 

additive manufacturing process in which hot boundary elements are 

sequentially activated to simulate the addition of material. Looking at 

Fig. 1, first Ω 1 

is activated during a certain period with the laser on its 

top surface. After some period of time, Ω 2 

is activated at a given tem-

perature, the laser moves on its top surface and the process continues in 

the direction given by the gray arrow. This simplified model is far from 

an ideal representation of an AM process, but it is a good benchmark for 

the potential of the proposed technique. Within the activated domains, 

let Ω ⊂ R 

3 be an open subset of boundary 𝛿Ω. For 𝑡 ∈ 𝐼 = [0, 𝜏] with

𝜏 ∈ R 

+ 

∗ the simulation length, we respect the following heat equation

for the thermal field 𝑇 (𝑥, 𝑡)

𝑐 𝑝𝜌 

𝜕𝑇 

𝜕𝑡 

(𝑥, 𝑡) − 𝜆 𝑐 

Δ𝑇 (𝑥, 𝑡) = 0 , (1)

with 𝑐 the𝑝  constant specific heat capacity, 𝜌 the density, and 𝜆 𝑐 

the

thermal conductivity. For the sake of simplicity, we are working with a 

fully linear equation, but note that the PGD methodology is not limited 

to linear cases.

The boundary 𝛿Ω can additionally be split into subsets, 

𝛿Ω = 𝛿Ω 𝐷 

∪ 𝛿Ω 𝑠 

∪ 𝛿Ω ℎ 

,

Fig. 1. An example with 4 mesh divisions and 3 sequential activations at time 

{𝑡2  

, 𝑡 , currently at time , and are active while and are3, }     

 

𝑡 4 

𝑡2 ≤ 𝑡 < 𝑡 3  Ω 1  Ω2     

 

Ω  

   3 

Ω4 

inactive.
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with no intersection between each subset. 𝛿Ω denotes n𝐷  the subset o  

 

which Dirichlet boundary conditions have been imposed, 𝛿Ω ℎ 

corre

sponds to homogeneous Neumann boundary conditions and 𝛿Ω 𝑠 

is the 

boundary on which we have the heat source or, in other words, the path 

of the laser. Therefore, the boundary conditions are:

-

𝑇 (𝑥, 𝑡) = 𝑇 𝑑 ∀𝑥 ∈ 𝛿Ω 𝐷 

∀𝑡 ∈ 𝐼 , 

𝜕𝑇 

𝜕𝑛 

(𝑥, 𝑡) = 0 ∀𝑥 ∈ 𝛿Ω ℎ 

∀𝑡 ∈ 𝐼 , (2)

𝜆 𝑐 

𝜕𝑇 

𝜕𝑛 

(𝑥, 𝑡) = (𝑥, 𝑡) ∀𝑥 ∈ 𝛿Ω 𝑠 

∀𝑡 ∈ 𝐼 ,

𝜕∙
𝜕𝑛with 𝑇𝑑 the fixed Dirichlet boundary condition temperature, the gra

dient operator relative to the outgoing surface normal vector, and (𝑥, 𝑡) 

the surface heat source.

-

-

the }𝑁𝑁 ∗Let ∈ N be number of activated domains, let {Ω  

 

 𝑑          𝑗 
𝑑 be𝑗=1  the 

non-overlapping, sequentially activated, partition of Ω. An activation 

partition can also be made on the time interval 𝐼 , corresponding to

∀𝑗 ∈ [[1, 𝑁 𝑑 ]] , 𝐼 𝑗 = [𝑡 𝑗 

, 𝑡 𝑗+1 

] with 𝑡 1 

= 0 < 𝑡 2 

< ⋯ < 𝑡 𝑁 𝑑
< 𝑡 𝑁 𝑑+1 

= 𝜏. (3)

Regarding the heat source term, we will use a constant heat flux term 

only on the recently activated subdivision of 𝛿Ω ,𝑠  representing the 

 

progression of a laser

{

(𝑥, 𝑡) =  ∀𝑥 ∈ 𝛿Ω 𝑠,𝑗 

(𝑥, 𝑡) = 0 ∀𝑘 ∈ N 

∗ 

|𝑘 < 𝑗 ∀𝑥 ∈ 𝛿Ω 𝑠,𝑘
∀𝑗 ∈ [[1, 𝑁 𝑑 

]] ∀𝑡 ∈ 𝐼 𝑗 , (4)

with 𝛿Ω 𝑠,𝑗 

= 𝛿Ω 𝑠 

∩ Ω 𝑗 

. Note that it is not required to define a heat 

source on the domain that has not been activated yet. An example of 

the activation procedure is given in Fig. 1. 

To initialize the problem correctly, at each activation and at 𝑡 = 𝑡 1   

 

= 0,
the new material will be considered at a fixed temperature 𝑇𝑛𝑒𝑤 

𝑇 (𝑥, 𝑡 𝑗 

) = 𝑇 𝑛𝑒𝑤 ∀𝑗 ∈ [[1, 𝑁 𝑑 

]] ∀𝑥 ∈ Ω 𝑗 (5)

Non-homogeneous activation procedures will be discussed later in

Section 3.2. The Dirichlet boundary conditions Eq. (2) along with the 

activation temperatures Eq. (5) are combined in a time-constant lifting

term defined on the entire domain Ω that we call 𝑇 𝐿(𝑥), verifying
{

𝑇 𝐿(𝑥) = 𝑇 𝑑 

∀𝑥 ∈ 𝛿Ω 𝐷

𝑇 𝐿(𝑥) = 𝑇 𝑛𝑒𝑤 ∀𝑗 ∈ [[1, 𝑁 𝑑 

]] ∀𝑥 ∈ Ω 𝑗 .
(6)

2.2. Finite element formulation

Eq. (1) is first multiplied by a virtual thermal field 𝜃 and integrated 

over a domain Ω to find the associated weak form. We search 𝑇 ∈  = 

𝐿2 (𝐼,𝐻1 {Ω}) = 𝐿2 

     (𝐼, ) such that,

∀𝜃 ∈  0, 𝑐 𝑝𝜌 ∫ Ω

𝜕𝑇
𝜕𝑡

𝜃𝑑𝑉 + 𝜆 𝑐 ∫ Ω 

𝛁𝑇 .𝛁𝜃𝑑𝑉 = ∫ 𝛿Ω𝑠

(𝑥, 𝑡)𝜃𝑑𝑆. (7)

Note that the free surface contribution on 𝛿Ω , termℎ  contrary to the   

 

on

𝛿Ω  

 

, vanishes in the weak form. For all functional spaces, we will use𝑠  

the subscript ∙ 0 

for their associated homogeneous space, in which the 

functions are enforced to zero along the Dirichlet boundary conditions. 

Their respective finite-dimensional space-discretized subspaces will be 

written with straight letters (e.g., U for  ). Furthermore, the superscript

∙ 

(𝑘) is used for any space-discretized tensor or function, of space dimen

sion 𝑛 , relevant to the time interval . Introducing the finite element𝑘       𝐼 𝑘     

 

discretization, for every time interval 𝐼𝑘  

, we have 𝑇 ∈ U ⊂  defined

as:

𝑇 (𝑥, 𝑡) = {𝑵 

(𝑘) (𝑥)} 

𝑇 

⋅ 𝑻 

(𝑘) (𝑡) ∀𝑡 ∈ 𝐼 𝑘 ∀𝑥 ∈
𝑘
⋃ 

𝑖=1
Ω 𝑖 

. (8)

(As the spatial domain evolves, both the shape function arrays 𝑵 

𝑘) ∈
V 𝑘 

 

𝑛 , containing the finite element basis functions that span V, and the

(nodal temperature arrays ∀𝑡 ∈ 𝐼 𝑘,  

 𝑻 

𝑘) (𝑡) ∈  

 R 

𝑛
 

𝑘 , have non constant

sizes. Note that for the FE operators,  

 contrary to Ω , 𝑘
𝑘  ∙ 

( )
 

refers to all 

the domains activated up to time 𝑡 𝑘 

. With the addition of the lifting 

term Eq. (6), the homogenized discrete thermal problem is then to find 

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] (, ∀𝑡 ∈ 𝐼 𝑘, 𝑻 

𝑘)( 𝑛𝑡) ∈ R  

 

𝑘 ,0  such that:

∀𝜽 ∈ R 

𝑛 𝑘
0 , 𝜽 

𝑇
{ 

𝑴 

(𝑘) ̇ 𝑻 

(𝑘) (𝑡) + 𝑲 

(𝑘) 𝑻 

(𝑘) (𝑡) − 𝑸 

(𝑘) (𝑡) 

} 

= 0 , (9)

(with𝑴 𝑘) ∈ R𝑛𝑘 ×𝑛 𝑘 R𝑛   

 , 𝑲 (𝑘) ∈  𝑘  

( )
 

        

×𝑛𝑘 and ∀𝑡 ∈ 𝐼 , 𝑸 

𝑘 (𝑡) ∈ R 

𝑛𝑘 as:𝑘

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑴 

(𝑘) = 𝜌𝑐 𝑝 ∫ 

⋃𝑘
𝑖=1 Ω 𝑖

𝑵 

(𝑘) (𝑥) 

{

𝑵 

(𝑘) (𝑥) 

} 𝑇 𝑑𝑉

𝑲 

(𝑘) = 𝜆 𝑐 ∫ 

⋃𝑘
𝑖=1 Ω 𝑖

𝛁𝑵 

(𝑘) (𝑥)𝛁 

{

𝑵 

(𝑘)(𝑥)
}𝑇 𝑑𝑉

𝑸 

(𝑘) (𝑡) = ∫ 

⋃𝑘
𝑖=1 𝛿Ω 𝑠,𝑘

(𝑥, 𝑡) 

{ 

𝑵 

(𝑘) (𝑥) 

}𝑇 𝑑𝑆 − 𝑲 

(𝑘) 𝑻 

(𝑘)
𝐿 

.

(10)

3. The methodology

In this section, we will extend the standard PGD formulation to tackle 

evolving domains with interpolation constraints at each activation step. 

After a succinct presentation of the standard PGD, we will introduce the 

expanded PGD procedure, which enables the handling of evolving space 

domains. Following that, we will introduce interpolation constraints at 

each activation step and combine these with the PGD method using a 

novel piecewise strategy.

3.1. The standard PGD approach

First, let’s introduce some fundamental notations and provide an 

overview of the key steps in the classical [8,9,41] space-time sepa-

rated PGD formulation. If we start with a single fixed domain, the 

approximation of order 𝑁 for the thermal field is given in the form:

∀(𝑥, 𝑡) ∈ Ω × 𝐼, 𝑇 𝑁 (𝑥, 𝑡) =
𝑁
∑ 

𝑖=1
Λ 𝑖(𝑥)𝜆 𝑖 

(𝑡) , (11)

2with 𝑇 

1 2
𝑁 ∈  0 = 𝐿 (𝐼,𝐻0 {Ω}) = 𝐿  

 (𝐼, 0) the approximated 

  

thermal

field, Λ 𝑖 ∈  0 the space modes, and 𝜆𝑖  

 

 

∈  = 𝐿 

2(𝐼) the time modes.

Using finite elements to discretize space, we are now looking for

𝑻 𝑁 (𝑡) ∈ R 

𝑛, that:0  such 

 

𝑻 𝑁 

(𝑡) =
𝑁
∑ 

𝑖=1
𝚲 𝒊 

𝜆 𝑖 

(𝑡).

In the PGD algorithm, new pairs of modes are built one by one. Let us 

now assume that we are currently at step 𝑁 and have already calculated 

𝑁 -1 space and time modes. We are therefore looking for  

 𝚲 𝑁 

∈ R 

𝑛 and0
𝜆 𝑁 

∈  such that:

𝑻 𝑁 

(𝑡) = 𝚲 𝑁 

𝜆 𝑁 

(𝑡) +
𝑁−1
∑

𝑖=1
𝚲 𝑖 

𝜆 𝑖 

(𝑡) = 𝚲 𝑁 

𝜆 𝑁 

(𝑡) + 𝑹 𝑁−1 

(𝑡) ,

with 𝑹 𝑁−1 

(𝑡) a known term from the previous PGD iteration. We can in-

-

-

troduce this new form of the unknown into the original discrete thermal 

problem Eq. (9) for any value of 𝑘 ∈ [[1, 𝑁 𝑑 ]]. We will first imagine that 

we do not change our discretization over time and remove the k depen

dency in the next equation. Using the standard Galerkin approach, which 

is extensively detailed in [8,9,41], we arrive at two interdependent func

tional equations: a linear system fordetermining the spatial mode 𝚲 𝑁 

and an ordinary differential equation for determining the time mode 

𝜆 𝑁 

:

Computers and Structures 316 (2025) 107860 
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{ 

∀𝚲 

∗ ∈ R 

𝑛
0 𝚲 

∗𝑇 {

(∫ 𝐼 𝜆 𝑁 ̇ 𝜆 𝑁 

𝑴𝑑𝑡 + ∫ 𝐼 𝜆 

2 

𝑁𝑲𝑑𝑡)𝚲 𝑵 

− ∫ 𝐼 𝜆 𝑁 

𝑸 𝑵 

(𝑡)𝑑𝑡 

} 

= 0

(𝚲 

𝑻
𝑵𝑴𝚲 𝑵 

)𝜆̇ 𝑁 + (𝚲 

𝑻
𝑵𝑲𝚲 𝑵 

)𝜆 𝑁 − 𝚲 

𝑻
𝑵𝑸 𝑵 

(𝑡) = 0 ,
(12)

with ∀𝑁 > 2: 

𝑸 𝑵 

(𝑡) = 𝑸(𝑡) − 𝑴 ̇ 𝑹 𝑁−1 

(𝑡) − 𝑲𝑹 𝑁−1 

(𝑡) ,

the source term containing both the information about the heat in-

-

-

-

-

-

-

-

-

-

put and the previous modes. This system is typically solved using a 

fixed-point algorithm that iterates between calculating each mode while 

treating the other as constant until convergence is achieved, as deter

mined by a specified criterion. The ordinary time equation in time is 

solved by making use of a Backward–Euler finite difference scheme. To 

ensure a unique pair of modes within the fixed-point loop, we choose 

to normalize the spatial mode. It is worth noting that all PGD formula

tions developed within this article are still based on the same mesh as 

the original FEM problem: ultimately we converge to the FE solution, 

which remains in general approximate, with an error not addressed in 

our approach. We will neither study the effect of different mesh dis

cretizations nor different time discretizations on the FE solution as it 

simply is outside the scope of this paper.

3.2. An expanded PGD approach

We will now introduce an expanded PGD approach to handle prob

lems involving evolving space domains, such as the one defined in 

Section 2. The goal is to generalize the PGD formulation Eq. (12), which 

can be adapted for any time interval 𝐼 𝑘, to the full time interval 𝐼 con

taining activations. The core concept is to incorporate every point that 

exists throughout the simulation into a new global space discretization 

on which space modes can be computed. For our evolving AM example, 

the expanded space is the full domain Ω. We can then compute an ex

panded PGD solution that provides a solution to every point of Ω at 

all times. Finally, writing this expanded solution as part of the current 

physical representation, one can obtain the actual solution. All tensors 

defined within the expanded space have the same space dimension, n, 

and are denoted by a subscript ∙ 𝑒 

. The new expanded discretization can

be written:

∀𝑘 ∈ [[1, 𝑁 𝑑 ]], ∀𝑡 ∈ 𝐼 𝑘, ∀𝑥 ∈
𝑘
⋃ 

𝑖=1
Ω 𝑖, 𝑇 (𝑥, 𝑡) = 𝑵 

(𝑘)𝑇
𝑒 (𝑥).𝑻 𝑒 

(𝑡) , (13)

with 𝑻 𝑒   

𝑛

(
 

(𝑡)∈ R constant in size over time. The expanded shape func

tions 𝑵 

𝑘) (𝑒 𝑥) can be seen as a sparse combination of all of the previously

 defined

 

{ } 

𝑵 ( )
 

𝑘  (𝑥) 𝑘∈[[1,𝑁𝑑 ]] 

:

(14)

The blue terms here highlight the sparsity, as we have zeros for the 

inactive nodes going from Ω 𝑘+1 

to Ω 𝑁 𝑑
. Integrating the expanded shape

functions (14) as we did in (10), we obtain expanded finite element 

operators (see example in Appendix A). We also get an expanded dis

crete thermal problem in which we are looking ∀𝑘 ∈ [[1, 𝑁 𝑑 

]],∀𝑡 ∈ 𝐼𝑘 , 

for  

 𝑻 𝑒(𝑡) ∈ R 

𝑛 verifying:0 

∀𝜽 ∈ R 

𝑛
0 𝜽 

𝑇 {𝑴 

(𝑘)
𝑒 

̇ 𝑻 𝑒(𝑡) + 𝑲 

(𝑘)
𝑒 𝑻 𝑒 

(𝑡) − 𝑸 

(𝑘)
𝑒 (𝑡)} = 0 , (15)

(with 𝑴 𝑘) ∈ R𝑛×𝑛 (𝑘), 𝑲 ∈ R𝑛×𝑛 ( ), and   

  𝑒     𝑒     𝑸 

𝑘 (𝑒 𝑡) ∈ R 

𝑛 the expanded ver

sion of each respective matrix defined in Section 2.2. System Eq. (15) is

not solvable using conventional step-by-step time solvers. However, we 

should be able to obtain modes and a solution, by integrating it with the 

PGD framework. The PGD approximation of order 𝑁 of 𝑻 𝑒 

(𝑡) is:

𝑻 𝑒,𝑁 

(𝑡) =
𝑁
∑ 

𝑖=1
𝚲 𝑒,𝑖 

𝜆 𝑖 

(𝑡) ∀𝑘 ∈ [[1, 𝑁 𝑑 ]] ∀𝑡 ∈ 𝐼 𝑘 

. (16)

The expanded solution 𝑻 𝑒,𝑁 

is then defined at every point of space and

time, even when that part of the domain is not yet activated. To re

trieve the actual approximation of the thermal field, you project onto
( )the current physical representation with 𝑇 ( 𝑘

𝑁 𝑥, 𝑡) = 𝑵 

𝑇 (𝑥)𝑒 .𝑻 𝑒,𝑁 

(𝑡).

-

-

-

-

The PGD approach remains the same as Eq. (12) but now with the ex

panded operators, at iteration 𝑁 we are looking for the expanded space 

mode 𝚲 𝑒,𝑁 

and time mode 𝜆 𝑁 

such that:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∀𝚲 

∗
𝑒 ∈ R 

𝑛
0 𝚲 

∗𝑇
𝑒
∑ 𝑁 𝑑 

𝑘=1

{[ 

𝑴 

(𝑘)
𝑒 ∫ 𝐼 𝑘

𝜆 𝑁
̇ 𝜆 𝑁𝑑𝑡 + 𝑲 

(𝑘)
𝑒 ∫ 𝐼𝑘

𝜆 

2
𝑁𝑑𝑡 

]

𝚲 𝑒,𝑁

− ∫ 𝐼 𝑘
𝜆 𝑁 

𝑸(𝑘)
𝑒,𝑁 (𝑡)𝑑𝑡 

}

= 0 

∀𝑘 ∈ [[1, 𝑁 𝑑 ]],∀𝑡 ∈ 𝐼 𝑘 (𝚲 

𝑇
𝑒,𝑁𝑴 

(𝑘)
𝑒 𝚲 𝑒,𝑁 ) ̇ 𝜆 𝑁 (𝑡) + (𝚲𝑇

𝑒,𝑁𝑲 

(𝑘)
𝑒 𝚲 𝑒,𝑁 )𝜆 𝑁 (𝑡)

−𝚲 

𝑇
𝑒,𝑁𝑸(𝑘)

𝑒,𝑁 (𝑡) = 0 ,
(17)

with ∀𝑁 > 2: 

𝑸(𝑘)
𝑒,𝑁 (𝑡) = 𝑸 

(𝑘)
𝑒 (𝑡) − 𝑴 

(𝑘)
𝑒 𝑹̇ 𝑒,𝑁−1(𝑡) − 𝑲 

(𝑘)
𝑒 𝑹 𝑒,𝑁−1 

(𝑡).

Practically, while we will be able to compute modes and a solution with 

the formulation shown in Eq. (17), we are missing the proper initializa

tions that will ensure the convergence to the correct solution. Indeed, if 

all new points are added with a fixed temperature 𝑇 𝑛𝑒𝑤 

– see Eq. (5) –

we require, at convergence, to verify

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] {𝑻 𝑒(𝑡+𝑘 )}| #𝑘 = 0. (18)

where ∙| # designates at𝑘  the nodes added   

 

time 𝑡𝑘 and contained within

Ω . This𝑘    

 

should be verified, and the solution should remain continuous 

for the rest of the already existing nodes.

One can go further and generalize the discrete constraints Eq. (18) to 

more complex activation scenarios. In fact, in many physical phenom

ena that contain domain extensions, the values given to the new nodes 

depend linearly on the values of the already existing ones. For example, 

imposing the conservation of a chosen quantity over our space domain 

at the activation instances can lead to linear constraints. This is why we 

will generalize the constraints Eq. (18) to include all linear dependencies 

and instead write

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] 𝑻 𝑒 

(𝑡+𝑘 ) =  𝑘 

𝑻 𝑒 

(𝑡−𝑘 

). (19)

×with  general𝑘∈ R 

𝑛 𝑛 a   

 

interpolation matrix associated with activation 

𝑘. The construction of linear interpolation operators  based on𝑘    

 

the

conservation of internal energy is presented in Appendix B. In the rest 

of the manuscript, we refer to the general expression (19) and use this 

aforementioned conservation of internal energy.

Looking back at our original PGD formulation (17), the only way 

to verify Eq. (19) for every mode number 𝑁 and at every activation 

instance is to ensure that all of the time modes 𝜆 𝑖 

are equal to zero at 

these specific instances. As there is currently no mechanism to ensure 

this, new nodes will simply not appear with the proper temperature. To 

comply with these new discrete constraints, in the upcoming Section 3.3, 

we will introduce a novel piecewise approach that will deviate from 

(17).
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3.3. The piecewise PGD approach

Imposing the time-discrete constraints Eq. (19), with any number 

of modes, is done via the lifting term, i.e., when the PGD time modes 

are equal to zero. Therefore, we will now calculate the time modes in 

a piecewise manner allowing for a reset at the activation instances. Let 

us imagine we have built 𝑁 

 

− 1 interpolation matrices { 

 

} 

  

,𝑑 𝑘 𝑘∈[[2,𝑁𝑑 ]]
one for each activation, and derive the corresponding PGD formulation.

)
 

We are looking 

𝑛×𝑁 (1) (𝑁
for {𝚲  𝑖∈[[1,𝑁]] 

∈ R and𝑒,𝑖 0  

 

} {𝜆 (𝑖 𝑡),… , 𝜆  

 

𝑑 (𝑖 𝑡)}𝑖 ∈[[1,𝑁]]
∈  

𝑁 ×⋯ × 𝑁 such that the approximate homogenized temperature𝐼1
         

 𝐼𝑁𝑑
field of order 𝑁 is written as: 

∀𝑡 ∈ 𝐼 𝑻 

𝑁 

𝑒 (𝑡) =
𝑁
∑ 

𝑖=1

𝑁 𝑑 

∑

𝑘=1
𝟙 𝑡∈𝐼 𝑘

(𝑡) 

[

𝜆 

(𝑘)
𝑖 (𝑡) +  

(𝑘)
𝑖 ({𝑡 𝑗 

} 𝑗≤𝑘
𝑗>1

) 

] 

𝚲 𝑒,𝑖. (20) 

with the indicator function 𝟙𝑡 ∈𝐼 (
𝑘
𝑡) = 1 if 𝑡 ∈ 𝐼 ,𝑘  0 if 𝑡 ∉ 𝐼 and𝑘  where by 

{𝑡 

 

} we will always designate the activation instances defined in𝑗 𝑗>1  (3).

(
The  𝑘) 

 ∈𝑖  R 

𝑛×𝑛 are defined as:

∀𝑖 ∈ [[1, 𝑁]] 

{ 

 

(1)
𝑖 = 0

∀𝑘 ∈ [[2, 𝑁 𝑑 ]]  

(𝑘)
𝑖 =  𝑘 

[ 

𝜆(𝑘−1)𝑖 (𝑡 𝑘) +  

(𝑘−1)
𝑖

] 

.
(21)

We also have an extension of the time modes such that: 

∀𝑖 ∈ [[1, 𝑁]] ∀𝑘 ∈ [[1, 𝑁 𝑑 

]] 𝜆 

(𝑘)
𝑖 (𝑡 𝑘 

) = 0. 

This new formulation allows for the constraint (19) to be verified for all 

the activation times {𝑡𝑘 }  

 𝑘∈[[2,𝑁 𝑑 

]] 

and with any number of modes:

𝑻 

𝑁
𝑒 (𝑡+𝑘 ) =

𝑁 

∑ 

𝑖=1

[

𝜆 

(𝑘)
𝑖 (𝑡 𝑘 

) +  

(𝑘)
𝑖 ({𝑡 𝑗} 𝑗≤𝑘

𝑗>1
) 

]

𝚲 𝑒,𝑖

=
𝑁
∑

𝑖=1
 

(𝑘)
𝑖 𝚲 𝑒,𝑖

= 

𝑁 

∑ 

𝑖=1
 𝑘 

[𝜆 

(𝑘−1)
𝑖 (𝑡 𝑘) +  

(𝑘−1)
𝑖 ]𝚲 𝑒,𝑖

= 𝑘𝑻 

𝑁
𝑒 (𝑡−𝑘 

). 

(22)

And the solution is continuous for every node within its activation in

terval. Let us now assume we have already calculated 𝑁 − 1 expanded 

space modes and {𝑁 − 1}× 𝑁𝑑          

𝑛
 

time modes, we are looking for 𝚲𝑒,𝑁 ∈ R0
and { (1) (𝑁𝜆 (𝑡),… , 𝜆  

 

  

𝑑 )(𝑁 𝑁 𝑡)} ∈  𝐼1 × ⋯ ×  such𝐼𝑁  that:
𝑑

-

𝑻 

𝑁
𝑒 (𝑡) =

𝑁
∑ 

𝑖=1

𝑁 𝑑 

∑

𝑘=1
𝟙𝑡∈𝐼𝑘 (𝑡) 

[

𝜆 

(𝑘)
𝑖 (𝑡) +  

(𝑘)
𝑖 ({𝑡 𝑗} 𝑗≤𝑘

𝑗>1
) 

]

𝚲 𝑒,𝑖 

(23)

=
𝑁 𝑑 

∑

𝑘=1
𝟙𝑡∈𝐼𝑘 (𝑡) 

[ 

𝜆(𝑘)𝑁 (𝑡) +  

(𝑘)
𝑁 ({𝑡 𝑗} 𝑗≤𝑘

𝑗>1
) 

] 

𝚲 𝑒,𝑁 

+
𝑁 𝑑 

∑

𝑘=1
𝟙𝑡∈𝐼𝑘 (𝑡)𝑹

(𝑘)
𝑒,𝑁−1(𝑡) 

∗Introducing the virtual temperature field 𝑻  

 (𝑒 𝑡) for the Galerkin formu

lation:

-

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] ∀𝜆 

∗(𝑘)(𝑡) ∈ 𝐼𝑘 ∀Λ 

∗
𝑒 ∈ 𝕍 𝑒,0 𝑻 

∗ 

𝑒 (𝑡)

=
𝑁 𝑑
∑

𝑘=1
𝟙 𝑡∈𝐼 𝑘

(𝑡) 

[

𝜆 

(𝑘)
𝑁 (𝑡) +  

(𝑘)
𝑁 ({𝑡 𝑗} 𝑗≤𝑘

𝑗>1
) 

]

𝚲 

∗
𝑒 (24)

+
𝑁 𝑑 

∑

𝑘=1
𝟙𝑡∈𝐼𝑘 (𝑡) 

[ 

𝜆 

∗(𝑘) (𝑡) 

]

𝚲 𝑒,𝑁 

.

Let us recombine it with the discretized PDE (15), we are looking for

𝚲 ∈ { (1)( ) … (𝑁 )
    

  R 

𝑛 and𝑒,𝑁 0  𝜆 𝑁 𝑡 , , 𝜆  

 

𝑑 (𝑁 𝑡)} ∈  𝐼1 ×⋯ ×  such𝐼𝑁  that:
𝑑

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] ∀𝜆 

∗(𝑘)(𝑡) ∈  𝐼𝑘 , ∀Λ 

∗ 

𝑒 ∈ R 

𝑛
0

𝑁 𝑑 

∑

𝑘=1
∫𝐼𝑘

𝑻 

∗𝑇
𝑒 (𝑡) 

{ 

𝑴 (𝑘)
𝑒 𝑻̇ 

𝑁
𝑒 (𝑡) + 𝑲 

(𝑘)
𝑒 𝑻 

𝑁
𝑒 (𝑡) − 𝑸(𝑘)

𝑒,𝑁 (𝑡) 

}

𝑑𝑡 = 0 , (25)

with for 𝑁 > 2:

𝑸(𝑘)
𝑒,𝑁 (𝑡) = 𝑸 

(𝑘)
𝑒 (𝑡) − 𝑴 

(𝑘)
𝑒 𝑹̇ 

(𝑘)
𝑒,𝑁−1(𝑡) − 𝑲 

(𝑘)
𝑒 𝑹 

(𝑘)
𝑒,𝑁−1(𝑡). (26)

After carrying out the calculations and isolating both the space and time

𝚲 ∈ ( )
    

systems, we are looking for   R 

𝑛 (1)
,𝑒,𝑁 0  {𝜆 (𝑡),… 𝑁, 𝜆  𝑑 ( )}𝑁 𝑁 𝑡  ∈ 𝐼1 × ⋯ ×

 that𝐼𝑁  verify:
𝑑

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∀Λ 

∗
𝑒 ∈ R 

𝑛
0 𝚲 

∗𝑇
𝑒

{𝑁 𝑑 

∑

𝑘=1

[ 

𝑴 (𝑘)
𝑒 ∫ 𝐼𝑘

𝜆 

(𝑘)
𝑁 𝜆̇ 

(𝑘)
𝑁 𝑑𝑡 + 𝑲 

(𝑘) 

𝑒 ∫ 𝐼𝑘
(𝜆(𝑘)𝑁 ) 

2 

𝑑𝑡

+ [ (𝑘)
𝑁 ] 

𝑇 

𝑴 

(𝑘)
𝑒 ∫ 𝐼𝑘

𝜆̇ 

(𝑘)
𝑁 𝑑𝑡 + [ 

(𝑘)
𝑁 ] 

𝑇 

𝑲 

(𝑘)
𝑒 ∫ 𝐼𝑘

𝜆 

(𝑘)
𝑁 𝑑𝑡

+𝑲 

(𝑘)
𝑒  

(𝑘)
𝑁 ∫ 𝐼𝑘

𝜆 

(𝑘)
𝑁 𝑑𝑡 + [ 

(𝑘)
𝑁 ] 

𝑇
𝑲 

(𝑘)
𝑒  

(𝑘)
𝑁 (𝑡 𝑘+1 

− 𝑡 𝑘 

) 

] 

𝚲 𝑒,𝑁 

− ∫ 𝐼 𝑘

𝜆 

(𝑘)
𝑁 

𝑸(𝑘)
𝑒,𝑁 (𝑡)𝑑𝑡 − [ (𝑘)

𝑁 ] 

𝑇 

∫ 𝐼𝑘
𝑸(𝑘)

𝑒,𝑁 (𝑡)𝑑𝑡 

} 

= 0

∀𝑘 ∈ [[1, 𝑁 𝑑 ]] ∀𝑡 ∈ 𝐼 𝑘 (𝚲𝑇
𝑒,𝑁𝑴 

(𝑘)
𝑒 𝚲 𝑒,𝑁 

) 𝜆̇ 

(𝑘)
𝑁 (𝑡) + (𝚲𝑇

𝑒,𝑁𝑲 

(𝑘) 

𝑒 𝚲 𝑒,𝑁 

)𝜆 

(𝑘)
𝑁 (𝑡) 

− 𝚲 

𝑇
𝑒,𝑁𝑸(𝑘) 

𝑒,𝑁 (𝑡) + 𝚲 

𝑇
𝑒,𝑁𝑲 

(𝑘)
𝑒 [ (𝑘) 

𝑁 ({𝑡 𝑗} 

𝑗≤𝑘
𝑗>1

)]𝚲 𝑒,𝑁 = 0.

(27)

We end up with a linear system for the space mode and 𝑁 ordinary𝑑  

 

differential equations that can be solved one after the other for the time 

modes, updating  (𝑘)
 after each activation. While the assembly cost is𝑁   

higher as the matrices are more complex, solving the space system only 

costs as much as the largest space system in the time-step approach. In 

(
the space system, the  𝑘)

 terms𝑁  are  on dependent
−1){ (𝜆 𝑗 (𝑁 𝑡𝑗 )} 𝑗≤𝑘

𝑗>1
and 

they can be further developed. We demonstrate this for for the case 

𝑁 𝑑 = 2 in Section 3.4. Another important consequence of the evolving

shape functions, is that the normalization of the space modes required to 

converge to a unique set of space and time modes inside the fixed-point 

algorithm becomes non-trivial as the modes exist in the extended space 

that lacks a physical representation. We observed that computationally

any of the standard ||𝚲𝑒 ||𝒌 = ||𝚲 𝑒 

|| 
⋃

𝐿 

2( 

𝑘 norms  

=1 Ω𝑖 )
 can be used and all

𝑖  

lead to convergence. The individual norm choice will be discussed in the

results section.

Everything can now be summarized in Algorithm 1. It allows space-

time separated PGD to work with any evolving space domain containing

linear interpolation at the activation instances, at the expense of a more

expensive space system. Note the presence of 𝑡𝑜𝑙 and 𝑁 𝑡, respectively, the

fixed-point tolerance and the fixed-point iteration threshold. Together 

they manage the iterations within the fixed-point loop; their impact will 

be discussed in Section 4.

3.4. A developed example for 𝑁𝑑  

= 2 

Let us look at our example with 𝑁 𝑑 = 2, also presented in 

Appendix A, and develop the  

(𝑘) 

𝑁 terms inside the integrals. The

approximated thermal field of order 𝑁 (20) becomes ∀𝑡 ∈ 𝐼 :

𝑻 

𝑁
𝑒 (𝑡) =

𝑁
∑ 

𝑖=1

{ 

𝟙𝑡∈𝐼 1
(𝑡)𝜆(1)𝑖 (𝑡)𝚲 𝑒,𝑖 

+ 𝟙 𝑡∈𝐼 2
(𝑡)[𝜆(2)𝑖 (𝑡) + 𝜆 

(1)
𝑖 (𝑡 2 

) 2 

]𝚲 𝑒,𝑖 

} 

. (28)

∈ (2)
At step 𝑁 we are looking for 𝚲 (1)

 𝑒,𝑁  R 

𝑛
       

 

,0 

𝜆 (𝑁 𝑡) ∈  and𝐼1 𝜆 (𝑁 𝑡) ∈ 𝐼2
such that:
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Algorithm 1 space-time separated expanded piecewise PGD algorithm.

Require: 𝑴 

 

(𝑡),𝑲 

 

(𝑡), 𝑸 

 

(𝑡), 𝑒 𝑒 𝑒  {  𝑎 

} 𝑎∈[[2,𝑁𝑑 ]] 

(15) and (B.14)

for 𝑖 = 1 to 𝑁 do𝑚𝑎𝑥
𝑘 = 0 

0(1)
Initialize current time modes {𝜆 𝑖 ,… (𝑁, 𝜆  𝑑 

) }𝑖  

( 𝑁 ) 0𝑎) (1) (
Calculate {  

 { }𝑖  with𝑎∈[[1,𝑁𝑑 ]]
 𝜆𝑖 ,… , 𝜆 𝑑 

 

}𝑖  (21) 

0(1)
Assemble the piecewise {𝜆 𝑖 ,… (𝑁, 𝜆  𝑑 

)} 0
𝑖  into one continuous 𝜆 

𝐶,
𝑖

defined on all 𝐼 

Update 𝑸 𝑒,𝑖(𝑡) (23) and (26) 

while 𝜖 > 𝑡𝑜𝑙 or 𝑘 < 𝑁 do𝑡
𝑘 = 𝑘 + 1 

𝑘𝑘Space Linear system: Compute 𝚲 with𝑒,𝑖  { (1)𝜆𝑖 ,… (𝑁, 𝜆  𝑑 

) −1
}𝑖  

(
and { 𝑎)

 }𝑖 𝑎∈[[1,𝑁𝑑 ]] 

(27)

𝑘Normalize 𝚲 𝑒,𝑖

 (1)
 =𝑖  0 

for 𝑗 = 1 to 𝑁 do𝑑  

(
Time ODE: Compute 𝜆 𝑗),𝑘

 with𝑖  𝚲𝑘
𝑒,𝑖 

 

and  (𝑗)
 𝑖 (27)

(
Calculate  𝑗) 

 with𝑖   (𝑗−1) (𝑗−1),𝑘
 and ( )𝑖  𝜆𝑖  

𝑡 𝑗  (21) 

end for 

(1)
Assemble the piecewise {𝜆  ,… (𝑁, 𝜆 𝑑  

) 𝑘
}

 

 into one𝑖 𝑖   continuous

𝜆 

𝐶,𝑘 defined𝑖  on all 𝐼

Compute 𝜖 = 

2∗∫ 𝐼 𝜆 

𝐶,𝑘 (𝑡)−𝜆 

𝐶,𝑘−1 (𝑡)𝑑𝑡
∫ 𝐼 𝜆 

𝐶,𝑘 (𝑡)+𝜆 

𝐶,𝑘−1 (𝑡)𝑑𝑡
end while 

end for

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∀Λ 

∗
𝑒 ∈ R 

𝑛
0 𝚲 

∗𝑇
𝑒

{[ 

𝑴 (1) 

𝑒 ∫ 𝐼1
𝜆 

(1)
𝑁 𝜆̇ 

(1)
𝑁 𝑑𝑡 + 𝑲 

(1)
𝑒 ∫ 𝐼 1

(𝜆(1) 

𝑁 

) 

2
𝑑𝑡 + 𝑴 

(2)
𝑒 ∫ 𝐼2

𝜆 

(2)
𝑁 𝜆̇ 

(2)
𝑁 𝑑𝑡

+𝑲 

(2) 

𝑒 ∫ 𝐼 2

(𝜆 

(2)
𝑁 ) 

2
𝑑𝑡 + 𝜆 

(1)
𝑁 (𝑡 2) 

𝑇
2𝑴 

(2)
𝑒 ∫ 𝐼2

𝜆̇ 

(2)
𝑁 𝑑𝑡

+𝜆 

(1)
𝑁 (𝑡 2) 

𝑇
2𝑲 

(2)
𝑒 ∫ 𝐼 2

𝜆 

(2)
𝑁 𝑑𝑡 + 𝜆 

(1)
𝑁 (𝑡 2)𝑲 

(2)
𝑒  2 ∫ 𝐼2

𝜆 

(2)
𝑁 𝑑𝑡

+(𝜆(1)𝑁 (𝑡 2)) 

2
(𝑇 − 𝑡 2) 

𝑇
2𝑲 

(2)
𝑒  2 

] 

𝚲 𝑒,𝑁 

− ∫ 𝐼1
𝜆 

(1)
𝑁 𝑸(1) 

𝑒,𝑁 

(𝑡)𝑑𝑡 − ∫ 𝐼2
𝜆 

(2)
𝑁 𝑸 

(2)
𝑒,𝑁 (𝑡)𝑑𝑡

−𝜆 

(1)
𝑁 (𝑡 2)𝑇 

2 ∫ 𝐼2
𝑸(2)

𝑒,𝑁 (𝑡)𝑑𝑡 

} 

= 0 

∀𝑡 ∈ 𝐼 1 (𝚲𝑇
𝑒,𝑁𝑴 

(1) 

𝑒 𝚲 𝑒,𝑁 

)𝜆̇ 

(1) 

𝑁 

(𝑡) + (𝚲 

𝑇
𝑒,𝑁𝑲 

(1)
𝑒 

𝚲 𝑒,𝑁 )𝜆 

(1)
𝑁 (𝑡)

− 𝚲 

𝑇 

𝑒,𝑁𝑸(1) 

𝑒,𝑁 

(𝑡) = 0
∀𝑡 ∈ 𝐼 2 (𝚲𝑇

𝑒,𝑁𝑴 

(2) 

𝑒 𝚲 𝑒,𝑁 

)𝜆̇ 

(2) 

𝑁 

(𝑡) + (𝚲𝑇
𝑒,𝑁𝑲 

(2)
𝑒 

𝚲 𝑒,𝑁 )𝜆(2)𝑁 (𝑡)
− 𝚲 

𝑇
𝑒,𝑁𝑸(2) 

𝑒,𝑁 (𝑡) + 𝜆 

(1)
𝑁 (𝑡 2)𝚲𝑇

𝑒,𝑁𝑲 

(2)
𝑒  2 

𝚲 𝑒,𝑁 = 0 .

(29)

We retrieve finite element operators for our space system that can be 

calculated before any PGD iterations. Ideally, this should always be done 

as it is computationally very beneficial. Doing this decomposition for the
∑

 

𝑁
general case with 𝑁 activations, we end up 

2 3with
 𝑑 

𝑑  =1(2 𝑘+𝑘 ) = O(𝑁 )𝑘 𝑑
operators to precalculate. This exponential increase in the number of 

operators due to the nature of the Galerkin formulation could be a 

computational burden for the general case (see Section 4.6). 

4. Numerical results

In this section, the numerical results of the method discussed in the 

previous part are shown, comparing the PGD solver with classical time-

stepping FEM. A 1D preliminary example is presented with a single 

activation corresponding to the refinement of the mesh at a particu-

lar time instance. We will use it to discuss the normalization procedure 

and the possible use of an update phase to accelerate convergence. Then 

we will proceed to our full additive manufacturing example, which we 

introduced earlier. The PGD results will first be laid out for a domain 

with 4 divisions, the effect of the mean energy constraints will also be

shown, a comparison between the different possible partitions will then 

be made, and finally, the potential computational speedup of the method 

will be discussed. 

4.1. Preliminary 1D example and the normalization choice

To confirm the convergence and to assess the effect of the norm 

choice, we first look at the case of a heated 1D bar. This example will not 

have any addition of material but will nonetheless have a time-evolving

discretization. We study (1), with Ω = [0, 𝐿], 𝐼 = [0, 𝜏], 𝐿 = 1 m,
𝜏 = 2 𝑠, and 

𝜆 𝑐 = 0.01 2m  −1s𝜌𝑐     

𝑝 
. We have no heat source term but two

time-dependent Dirichlet boundary conditions: 

∀𝑡 ∈ 𝐼, 𝑇 (0, 𝑡) = sin 

( 3𝜋𝑡
2 

) 

𝑇 (𝐿, 𝑡) = sin(𝜋𝑡).

We use linear finite elements of equal length in space, starting with a 

coarse 20-node mesh ∀𝑡 ∈ [0, 

𝜏
2 ] and refining this mesh, doubling its

number of elements to 39 nodes ∀𝑡 ∈ [ 

𝜏
2 , 𝜏]. We will calculate PGD modes

on this time-evolving discretization with the exact algorithm detailed in 

Section 3.4. The interpolation matrix  2 

is chosen so that the new nodes 

are exactly interpolated between two already existing nodes. The lifting 

term will be chosen as the linear interpolation between the two time-

dependent Dirichlet boundary conditions. Fig. 2 shows the convergence 

of the algorithm using the following norm:

 𝑃 𝐺𝐷 

=

√

√

√

√

√

√

∫ 𝜏∕2
0 ||𝑻 𝑃 𝐺𝐷 

− 𝑻 𝐹𝐸𝑀 ||

2
𝑴𝑐

+ ∫ 𝜏
𝜏∕2 ||𝑻 𝑃 𝐺𝐷 

− 𝑻 𝐹𝐸𝑀 

||

2 

𝑴 𝑓

∫ 𝜏∕2
0 ||𝑻 𝐹𝐸𝑀 ||

2
𝑴𝑐

+ ∫ 𝜏
𝜏∕2 ||𝑻 𝐹𝐸𝑀 

||

2 

𝑴 𝑓

,

where 𝑴 𝑐 

and 𝑴 𝑓 

are the mass matrices of the coarse and fine mesh, 

respectively. The error is calculated with respect to a reference FEM 

solution with 1000 nodes and Fig. 3 presents the space and time modes. 

Note that the space modes are shown on the fine mesh but the coarse 

mesh is indicated with small crosses. Likewise, the piecewise time modes

𝜆 

(𝑘)
𝑁 are here assembled into one continuous mode. 

First of all, we can observe that our method successfully converges 

for all configurations. Importantly, the norm taken for the normalization 

procedure in our PGD algorithm does not seem to significantly affect the 

convergence, as both the coarse mesh norm ||⋅||  

 

and the fine𝑐   mesh norm 

|| ⋅ ||𝑓 allow for  

 

quasi-monotonous convergence. An update phase was 

also implemented, which is a common addition to the PGD procedure 

[9] and involves recalculating the time modes while keeping the space 

modes unchanged, aiming to approximate the real solution better. It 

is typically done after the calculation of every new space-time mode 

pair. The update phase works as it should and significantly improves 

convergence. 

While the norm choice does not directly affect convergence, it has an

effect on the visualization of the modes, as seen in Fig. 3. By choosing 

|| ⋅ || 𝑐 

, the amplitude of the time modes decreases monotonously as it 

converges, but the space modes can explode in value for higher mode 

numbers. On the contrary, had we chosen || ⋅ || 𝑓 

, the space modes would 

have remained reasonable, but the time modes would have been com-

-

-

pletely out of scale and exploded in value for higher mode numbers. Note 

that while the condition number of the main system (27) is not affected 

by the norm choice, the conditioning of the update phase is. Choosing 

a specific norm will cause the condition number of the opposing update 

phase to blow up near convergence. In here, it only becomes a prob

lem when we have already reached convergence and  𝑃 𝐺𝐷 

≈ 10 

−4 , it is 

therefore mostly harmless. However, we confirmed that this condition

ing problem worsens with more mesh activations; we lose the benefits of 

the update phase entirely for higher 𝑁 𝑑 

. With this in mind, we present

the following example containing up to 𝑁 𝑑 

= 16 activations without

an update phase. A mode-dependent norm will also be used to avoid 

extreme values in the visualization of the modes.
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Fig. 2. PGD convergence error with respect to the reference FEM for our 1D example.

Fig. 3. Space and time modes for the 1D PGD solve, orthonormalized with || ⋅ || 𝑐 

.

Fig. 4. The domain can be partitioned into 4 different configurations.

4.2. The additive manufacturing example

Let us now go back to our additive manufacturing example. All sim-

-

-

-

-

-

ulations were done in Matlab, and the mesh was generated with Gmsh 

[42]. To correctly compare the results, we chose to study multiple activa

tion partitions of a fixed geometrical and time domain. The geometrical 

domain was chosen such that it can be divided into 4 different con

figurations with activated domains of equal size (see Fig. 4). The time 

partitions were made equal with every configuration. For the fully ac

tivated mesh we constructed a single mesh, as explained at the end of 

Section 3.1, and we are using 3048, constant-size, linear tetrahedral el

ements. This adds up to a total of 1004 nodes and roughly 190 elements 

per potential activation domain. When generating the mesh, it is impor

tant to ensure that the mesh is conformal at every possible activation

Table 1 

Simulation parameters.

Symbol Parameter Value

𝑎 1 Sample length (mm) 160
𝑎 2 Sample width (mm) 10
𝑎 3 Sample height (mm) 10
𝑃 Total laser power (W) 10
𝑁 𝑑 Number of domains {2, 4, 8, 16}
 −2Thermal heat source (W m  

 ) 𝑃
𝑁 𝑑 𝑎 2𝑎 3

𝜆 𝑐
−1Thermal conductivity (Wm  −1
 K  

 ) 43
𝜌 −3Mass density (kg m  

 ) 7850
𝑐 𝑝

−1Specific heat (J kg  −1
 K  

 ) 500 

𝜏 𝑐 Thermal characteristic time (s)
(𝑎 3 

) 

2𝜌𝑐 𝑝

𝜆 𝑐
≈ 9

𝜏 Simulation length (s) 10
𝑛 𝑡 Number of time steps 100
𝑇 𝑛𝑒𝑤 Activation temperature ( 

◦ C) 0
𝑇 𝑑 Dirichlet boundary condition ( 

◦ C) 0

interface. The total power of the input laser is constant with every con-

-

figuration in order to simplify the energy comparisons. All the simulation 

parameters can be found in Table 1.

4.3. PGD convergence with 4 domains

First, we look at a case with 𝑁 𝑑 = 4 and explore the usual PGD con

siderations. We will then compare the result with those obtained using
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an implicit step-by-step direct FEM solver, using the following norm:

 𝑃 𝐺𝐷 

=
||𝑻 𝑃 𝐺𝐷 

− 𝑻 𝐹𝐸𝑀 

|| 

𝐿 

2
(

⋃𝑁𝑑
𝑘=1{𝐼 𝑘×

⋃𝑘
𝑖=1 Ω 𝑖} 

)

||𝑻 𝐹𝐸𝑀 

|| 

𝐿 

2
(

⋃𝑁𝑑
𝑘=1{𝐼 𝑘×

⋃𝑘
𝑖=1 Ω 𝑖} 

)

.

Figure Fig. 5a confirms that we converge to the reference solution 

with this method, as the error decreases quasi-monotonously with the 

number of modes. One can also observe single-point convergence of the

thermal field in Fig.5b. Similar to what we noticed in our previous

example, the chosen norm doesn’t have much of an effect on conver

gence but has an important effect on the modal amplitudes. Indeed, we

observed that using ||𝚲 || ||𝑒  4 = 𝚲  

  𝑒 

||
⋃

𝐿2
 ( 4 allows for

𝑖=1 Ω𝑖 

)   a correct com
  

{ (𝑘)
parison of the space modes; however, the amplitudes of the 𝜆𝑖 }{∀ 𝑘<4}
functions scale to infinite values for large mode numbers 𝑖. Conversely, 
using ||𝚲𝑒 ||1 = ||𝚲𝑒 ||𝐿 2 (Ω 1)        

 

restores the monotonous convergence in all of
 

the time modes but makes the space mode scale to infinite values within 

{Ω . As a means to properly visualize the modes in similar scales𝑘  

 

}𝑘>1            

 

for both 

-

-

-

Figs. 6 and 7, we arbitrarily decided to use a mode-dependent 

space norm that is a weighted sum of all possible norms:

||𝚲 𝑒 

|| 

2 (𝜆) = 

[𝑁 𝑑 

∑

𝑘=1
||𝚲 𝑒 

||

2
𝑘||𝜆 

(𝑘) 

||

2 

𝐿 

2(𝐼 𝑘)

]

∕

[𝑁 𝑑 

∑

𝑘=1
||𝜆 

(𝑘) 

||

2 

𝐿 

2 (𝐼 𝑘 

) 

] 

.

Note that this also means we can neither compare the space mode 

amplitudes nor observe the convergence of the space mode on those 

graphs.

Table 2 compares the PGD accuracy for various mode numbers 𝑁 

and various numbers of iterations per mode within the fixed point loop 

(controlled by 𝑡𝑜𝑙 and 𝑁 𝑡). First, we can see that having more fixed-

point iterations per mode calculation improves accuracy at the cost of 

solving more linear systems. In order to increase accuracy, it is how

ever significantly more advantageous to increase the number of modes 

with 2 iterations per mode than to increase the number of iterations per 

mode with a lower number of computed modes. These trends can also 

be observed with standard PGD convergence results [11].

4.4. The mean internal energy

We know from the mean power equilibrium that the mean internal 

energy will increase with the heat provided by the laser and decrease 

because of the Dirichlet boundary condition. Let us observe the PGD 

convergence for 4 different mode numbers, looking at the energy loss

ratio over time. It corresponds to the ratio of the accumulated dissipated 

energy over the accumulated input energy.

𝜀 𝑟 

(𝑡) = 

 𝑖𝑛(𝑡) − ⟨(𝑻 𝑁 

(𝑡))⟩ 𝑉
 𝑖𝑛(𝑡) 

, 

where ⟨(𝑻 𝑁 

(𝑡))⟩𝑉  

is the mean accumulated internal energy (B.3) and

 𝑖𝑛(𝑡) is the accumulated energy brought by the laser of Power .
We can confirm with Fig.8a that the PGD is converging to the refer-

-

-

-

-

ence FEM solution, as both converge towards a loss ratio of 60 %. We 

can also observe the effect of the piecewise time mode definition, as the 

derivative of the energy is not continuous at the activation instances, 

creating small bumps within each interval. Crucially, the interpolation 

operators ensure the continuity of the energy, not only for the reference 

FEM solution towards which the PGD converges but also for any mode 

number in between.

If we now ignore the interpolation constraint and force the inter

polation operators 𝒉 𝑘 

(B.13) to zero inside the  𝑘 

matrices, we lose 

the continuity of the energy at the activation instances – see Fig.8b – 

confirming the effectiveness of the operators.

4.5. Comparing different domain activations schemes

We now want to understand how the number of domain divisions 𝑁 𝑑 

affects the convergence speed. It is important to recall that a different 

number of domains leads to different physical problems and that some 

will be easier to solve than others. Nonetheless, to be able to compare the 

different simulations energetically, we will remove the Dirichlet bound

ary conditions, the energy loss ratio will therefore now converge to zero 

at all times and for all the values of 𝑁 𝑑 

.

The convergence graphs in Fig. 9 confirm that all partitions converge 

to zero loss represented by the dotted blue line. However, they converge 

at different speeds, the smaller the number of partitions the faster it 

converges. Indeed, for both 𝑁 = 1 and 𝑁 = 10, the case with the least 

number of activations, 𝑁  

 

= 2, is the closest to the line of zero energy𝑑  

loss, whereas 𝑁 = 16 is the furthest away. This difference in𝑑   conver

gence speed can also be observed with the full thermal field. Looking at 

different single-point evaluations of the thermal field in Fig. 10, there 

is a clear difference in the required number of modes to achieve con

vergence. With 4 domains, you can barely differentiate the reference 

FEM thermal profile from the 50 PGD modes profile whereas with 16 

domains, the two profiles are very distinguishable.

If we now examine the number of modes required to achieve a PGD 

error smaller than 10 

−3 in Table 3, the results confirm the previous trend

Fig. 5. Convergence with 4 domains, 𝑁 = 30, 𝑁 𝑑 

= 4, 𝑡𝑜𝑙 = 0.01, and 𝑁 𝑡 = 2.
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Fig. 6. Representation of the first 3 piecewise time modes. 𝑁 𝑑 

= 4, 𝑡𝑜𝑙 = 0.01, 𝑁 𝑡 = 2.

Fig. 7. Representation of the first three expanded space modes, from top to 

bottom, Λ 𝑒,1 

, Λ 𝑒,2 

, and Λ 𝑒,3 

.

and we seem to need at least twice as many modes 𝑁 as number of do-

mains 𝑁 𝑑 

. This requirement increase should however not only be blamed 

on the piecewise formulation but also on the increase in complexity of 

the laser input. For 𝑁 𝑑 = 16, the laser moves 16 times, hence it seems 

reasonable to expect the requirement of 16 space modes to represent its

Table 2 

PGD Convergence comparison for 4 domains.

Solver 𝑁 𝑑 𝑁 𝑁 𝑡 𝑡𝑜𝑙 Total iterations  𝑃 𝐺𝐷

Reference 4 − − − 𝑛 𝑡 −
PGD 4 10 2 0.01 20 4.3 × 10 

−4

PGD 4 10 10 0.01 54 1.6 × 10 

−4

PGD 4 25 2 0.01 50 7.8 × 10 

−5

motion accurately. It has mathematically been shown that highly discon-

-

-

tinuous transport phenomena, such as this traveling discrete heat source, 

have a slow decay in terms of Kolmogorov N-width [25]. They are there

fore not easily reducible and require many modes to be represented 

accurately.

Finally, attempts have been made to draw conclusions regarding the 

impact on convergence of the complexity of the current  𝑘 

operator. 

Forcing the interpolation operators 𝒉 𝑘 (B.13) to zero reduces the re

quired number of modes by one or two for higher 𝑁 𝑑 

. Making 𝒉 𝑘 

denser 

- i.e., not just dependent on the last boundary - increases the requirement 

by a few modes for higher 𝑁 𝑑 

. However, these differences do not appear 

significant enough to conclude with certainty that more and denser  𝑘 

matrices have an adverse effect on convergence.
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Fig. 8. PGD convergence of the energy loss ratio.

Fig. 9. Comparison of PGD convergence with different partitions.

Fig. 10. PGD single point convergence comparison.

4.6. The potential computational speedup

Because our current problem is geometrically simple and linear by 

nature, in terms of computational costs the reference FEM solver will 

always remain faster. Space-time separated PGD shines when the origi-

nal problem contains a large number of expensive linear systems, as it 

is first and foremost a tool to drastically reduce the required number of

solves [11]. As we can see from our previous results in Table 3, we con

serve this crucial reduction property with our new formulation. To have 

a good solution, we observed that 2𝑁 𝑑 

modes were sufficient. Therefore, 

we go from requiring one linear solve of varying size at every timestep 

to 2𝑁  
 
 

𝑁 large linear systems of size 𝑛, with 𝑛 being the𝑡 𝑑   total number

of degrees of freedom. Knowing that the cost to solve a linear system of

-
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Table 3 

PGD errors for different activation schemes.

Solver 𝑁 𝑑 𝑁 𝑁 𝑡 𝑡𝑜𝑙 Total iterations  𝑃 𝐺𝐷 

< 10 

−3

Reference {2, 4, 8, 16} − − − 𝑛 𝑡 −
PGD 2 3 2 0.01 6 4.5 × 10 

−4

PGD 4 9 2 0.01 18 7.9 × 10 

−4

PGD 8 14 2 0.01 28 9.9 × 10 

−4

PGD 16 23 2 0.01 46 9.9 × 10 

−4

size 𝑛 is O(𝑛𝛾 

 ), we can estimate that our approach is worth doing if:

𝐶𝑜𝑠𝑡(PGD) < 𝐶𝑜𝑠𝑡(Reference)

2𝑁̄ 𝑡 

𝑁 𝑑O(𝑛 

𝛾 ) <
𝑁 𝑑 

∑

𝑘=1

𝑛 𝑡
𝑁 𝑑
O 

((

𝑘𝑛
𝑁 𝑑 

) 𝛾 

) 

.

For a low number of activations, we observed that 2𝑁 therefore,𝑡  

 

𝑁𝑑 ≪ 𝑛 
 𝑡 

the method can potentially become beneficial. To be computationally 

competitive, we must verify that doing a sequential run of 𝑁 𝑑 

PGDs is not 

better. An immediate way to verify that is if the last activation containing 

the entire mesh requires around the same number of modes to reduce as 

the full simulation. This is problem dependent, we showed it is the case 

for our 1D example with Fig. 2. With the current formulation, the PGD 

finite element operators are notably more expensive to compute (see 

Eqs. 27 and 29). Indeed, to compute the space mode in our fixed point, 

we have an exponential increase of operations relative to the number of 

activations. The assembly time is also very dependent on the complexity 

of the  𝑘 

matrices and drastically increases if the  𝑘 

are more dense. 

However, as the mesh is known a priori, the most significant part of the 

assembly can be done before the fixed point loop. Additional Numerical 

strategies could therefore be developed to counterbalance the computa-

-

-

-

-

-

-

tional disadvantages listed before. A final advantage of low activation 

numbers is that we can use an update phase to accelerate convergence, 

as we did for the first example. Currently, its efficiency also decreases 

with the activation number.

All of these facts lead us to believe that we should have a considerable 

speedup with this method for larger nonlinear problems. Especially if the 

activation number is low or if the original problem has a favorable decay 

of the Kolmogorov N-width at higher activation numbers.

5. Conclusions

In this paper, a new expanded piecewise formulation has been 

introduced to allow for the application of the Proper Generalized 

Decomposition model order reduction technique to problems with a time 

evolving expanding spatial domain. We illustrated this work with a sim

plified additive manufacturing example with consecutively added hot 

boundary elements to mimic the addition process. After the detailed 

explanation of the new formulations, we presented coherent results: 

we compared the convergence of the method for different domain di

visions and PGD parameters. We also showed the conservation of the 

mean internal energy at every activation instance and for any number 

of modes. Moreover, we showed that the method could lead to important 

computational savings under the right circumstances. This new formu

lation shows promising potential for the future as it preserves the main 

computational benefits of the original method and expands the possible 

applications for the PGD model order reduction method. Realistically, 

the current formulation has limited usability due to the expensive as

sembly of the operators (29) and the non-ideal performance at higher 

activation numbers. Nonetheless, it does have its niche use and is a 

significant first step towards adapting PGD to sequentially activated 

domains.

Regarding future perspectives, a priority would be to relax the strin

gent interpolation constraint present at every mode and every activation 

and achieve it instead only at convergence. This should reduce the num

ber of operators and enable scenarios with a high number of activations.

We could then implement this method in a more complex additive manu-

-

-

-

-

facturing case, containing nonlinearities or more parameters in the PGD 

decomposition, leading to measurable time savings. In the long term, 

one could implement a case in which the activation parameter itself is 

part of the PGD decomposition, exploiting fully the strengths of PGD. 

Finally, a comparison to experimental results or other computational re

sults should also be done to analyze the practical use cases of such a 

tool.
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Appendix A. Expanded operators for 𝑵 𝒅 

= 𝟐

To illustrate the methods and formulations presented within this pa

per, we will regularly refer back to the case seen in Fig. A.1 with a 

single activation at time 𝑡 2 

and 𝑁 𝑑 = 2. Before the introduction of the 

expanded strategy in Section 3.2 we had two possible states for the shape 

function: 𝑵 (1) 

 (𝑥) (2)
 of size 𝑛1  

, ∀𝑡 ∈ 𝐼 1 

and 𝑵  

 (𝑥) of size 𝑛 2 > 𝑛 1 

, ∀𝑡 ∈ 𝐼2 .
The expanded shape function 𝑵 𝑒 

(𝑥, 𝑡) and all of the expanded tensors

will therefore be of characteristic size 𝑛 2 

:

(A.1)

(A.2)

The construction of the remaining finite element operators will be 

the same as the method used for the expanded mass matrix. Once again, 
(2)note that for the FE operators ∙  

       refers to all the domains activated up 

to time 𝑡 2 

, not just Ω 2 

.

Fig. A.1. Geometry for 𝑁 𝑑 

= 2.
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Appendix B. An interpolation operator for the conservation of 

internal energy

To understand the energy conservation problem, let us start with the 

toy problem seen in Fig. B.1a, which stems from Fig. A.1. We have a 

block activating at temperature 𝑇  

 

= 100 

◦ C next to a𝑛𝑒𝑤   block of simi

lar material and volume at initial temperature 𝑇  

 

 

= 0 

◦C. Physically,𝑖𝑛𝑖  

as it is an adiabatic process, we should expect the two blocks to con

verge to  

 the same temperature of 𝑇𝑒𝑞 

 

= 50 

◦C. Numerically, as can be

seen in 

-

-

Fig. B.1b, we are not converging to the correct temperature 

but slightly lower; there seems to be a loss of energy at the addition 

of the material. As a matter of fact, this can be explained by the tem-

perature choices on the boundary of the two blocks, seen in green in 

Fig. B.1a. Naively, only the new points are initialized at 𝑇 𝑛𝑒𝑤 

while

the boundary remains at 𝑇 𝑖𝑛𝑖 

. There are multiple elements on the hot 

side in which the temperature will therefore be interpolated and have 

a lower initial temperature than 𝑇 𝑛𝑒𝑤 

, thus the lower final equilibrium

temperature.

Our idea to fix this numerical imbalance is to quantify the loss of 

energy and compensate it with a constant correction term over the new 

elements. Let us first look at the mean power equilibrium for a single 

domain Ω of our original problem:

𝑐 𝑝𝜌 ∫ Ω

𝜕𝑇
𝜕𝑡

(𝑥, 𝑡)𝑑𝑉 = 𝜆 𝑐 ∫ Ω
Δ𝑇 (𝑥, 𝑡)𝑑𝑉 ∀𝑡 ∈ 𝐼, (B.1)

Transferring the equilibrium to the boundaries with Green’s theorem, 

this translates to:

𝑐 𝑝𝜌 ∫ Ω

𝜕𝑇
𝜕𝑡

(𝑥, 𝑡)𝑑𝑉 = 𝜆 𝑐 ∫ 𝛿Ω
𝛁𝑇 (𝑥, 𝑡).𝒏𝑑𝑆

= 𝜆 𝑐 ∫ 𝛿Ω𝑢

𝜕𝑇
𝜕𝑛

(𝑥, 𝑡)𝑑𝑆 + 𝑆 𝛿Ω𝑠
∀𝑡 ∈ 𝐼, (B.2)

Which means that the internal power either comes from the laser source 

of power 𝑆 or is exchanged through the Dirichlet boundary condi𝛿 Ω   

 𝑠
     

tion. After time integration of the left-hand side term, we retrieve the 

mean internal energy:

-

⟨(𝑡)⟩ 𝑉 = 𝑐 𝑝𝜌 ∫ Ω
{𝑇 (𝑥, 𝑡) − 𝑇 0(𝑥)}𝑑𝑉 ∀𝑡 ∈ 𝐼, (B.3)

Where 𝑇 0(𝑥) is the thermal field of zero energy or the initial thermal 

field. Note that in the current example we are adiabatic, therefore all 

the source terms in the power equation (B.2) are null. We therefore also 

have a conservation of the mean internal energy at all times.

In case of a domain activation at time 𝑡 , this𝑎    

 

internal energy should 

be conserved. 𝑇 0 then verifies the following:

{

𝑇 0(𝑥) = 𝑇 𝑖𝑛𝑖 ∀𝑥 ∈ Ω 1
𝑇 0(𝑥) = 𝑇 𝑛𝑒𝑤 ∀𝑥 ∈ Ω 2 

,
(B.4)

and the energy conservation at time 𝑡 𝑎 

is then written:

⟨(𝑡−𝑎 )⟩ 𝑉 = ⟨(𝑡 

+ 

𝑎 )⟩ 𝑉 (B.5)

𝑐 𝑝𝜌∫Ω1

{𝑇 (𝑥, 𝑡− 

𝑎 

) − 𝑇 𝑖𝑛𝑖}𝑑𝑉 = 𝑐 𝑝𝜌∫Ω1∪Ω 2

{𝑇 (𝑥, 𝑡 

+
𝑎 ) − 𝑇 0 

(𝑥)}𝑑𝑉 (B.6)

= 𝑐 𝑝𝜌∫Ω1

{𝑇 (𝑥, 𝑡 

+
𝑎 ) − 𝑇 𝑖𝑛𝑖 

}𝑑𝑉 

+ 𝑐 𝑝𝜌 ∫ Ω 2

{𝑇 (𝑥, 𝑡 

+
𝑎 ) − 𝑇 𝑛𝑒𝑤}𝑑𝑉 . (B.7)

Considering we do not change the thermal field in Ω 1 at activation, 

𝑇 (𝑥, 𝑡 

+ −
 

) = 𝑇 (𝑥, 𝑡 ) ∀ ∈𝑎 𝑎 𝑥  Ω 1 

and we must have: 

𝑐 𝑝𝜌∫Ω2

{𝑇 (𝑥, 𝑡 

+
𝑎 ) − 𝑇 𝑛𝑒𝑤}𝑑𝑉 = 0 . (B.8)

Introducing the expanded finite element discretization found in 

Appendix A and choosing the lifting term such that 𝑇 0 

(𝑥) = 𝑇 𝐿 

(𝑥) we 

get:

𝑰 

𝑀
Ω 2
.𝑻 𝑒(𝑡 

+ 

𝑎 ) = 0 (B.9) 

𝑀with 𝑰 the integration massΩ2
  operator directly dependent on the  oper

 

ator 𝑴 (2) 

 . Let us denote by |1# and |#2 

 

the nodes only present in Ω 1 

and 

Ω 2 respectively, the nodes on the boundaries are denoted by  

 

|1#2 

.

-

𝑀Because it is the operator for Ω2 , we know that 𝑰 |Ω2
 

 
1# = 0. Moreover 

at activation, only the new points have a new temperature and they are 

all initialized at 𝜀 𝑇 

with 𝜀 the𝑇  

 

scalar correction term compensating for 

the loss of energy, therefore:

𝑻 𝑒 

(𝑡 

+
𝑎 ) = 𝑻 𝑒 

(𝑡−𝑎 )| 1# + 𝑻 𝑒(𝑡 

−
𝑎 )| 1#2 

+ 𝜺 𝑇 

| #2 

⋅ (B.10)

+Reinserting 𝑻 𝑒 

(𝑡𝑎 ) into (B.9):

𝑰 

𝑀
Ω 2
| #2 

⋅ 𝜺 𝑇 

| #2 = −𝑰 

𝑀
Ω 2
| 1#2 ⋅ 𝑻 𝑒 

(𝑡−𝑎 )| 1#2 , (B.11)

𝜀 𝑇
∑

𝑗∈#2
𝑰 

𝑀
Ω 2 

,𝑗 = −𝑰 

𝑀 

Ω 2
| 1#2 ⋅ 𝑻 𝑒 

(𝑡−𝑎 )| 1#2 , (B.12)

and isolating the scalar correction term we get:

𝜀 𝑇 

=
−𝑰 

𝑀
Ω 2
| 1#2

∑ 

𝑗∈#2 𝑰 

𝑀
Ω 2 

,𝑗

⋅ 𝑻 𝑒 

(𝑡−𝑎 )| 1#2 = 𝒉 

𝑇
2 ⋅ 𝑻 𝑒(𝑡 

− 

𝑎 )| 1#2 

, (B.13)

where 𝒉 2 

is of the size of the boundary 1#2 and is the correction term 

interpolation operator associated with the activation of Ω 2 

. Note that

Fig. B.1. Representations to understand the energy conservation requirements.
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Fig. B.2. Temperature Profile with the correction term.

this operator can be calculated independently of the current solution 

and only depends on the geometry and material in our linear thermal 

case.

Using this newly established initialization, we can calculate the new 

temperature profile at point A as seen in Fig. B.2. We find that we are 

now correctly converging to 50 

◦ C.

Let us go back to our original problem and introduce this conser-

vation of mean internal energy at the activation instances. We can 

introduce  2 

the full expanded interpolation matrix associated with 𝒉 2 

written as:

 2 

𝑻 𝑒 

=

⎛ 

⎜

⎜

⎜

⎜

⎜

⎝

𝑰{1#} 𝟎 𝟎
𝟎 𝑰 {1#2} 𝟎 

𝟎
⎛

⎜

⎜

⎝

𝒉𝑇2
⋮
𝒉𝑇2

⎞

⎟

⎟

⎠ {#2}×{1#2}

𝟎 

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑻 | 𝑒#1
𝑻 | 𝑒1#2
𝑻 | 𝑒#2

⎞

⎟

⎟

⎠

, (B.14)

with 𝑰 {∙} 

the identity matrix associated with domain {∙}. We therefore 

have at activation time 𝑡 2 

with the expanded notation:

𝑻 𝑒 

(𝑡+2 ) =  2 

𝑻 𝑒 

(𝑡 

−
2 

). (B.15)

This can then be generalized for all 𝑁 𝑑 to retrieve the interpolation ma-

trices  𝑘 

that we required for Eq. (19). Note that (18) is a special case 

of (19) for which the interpolation operators 𝒉 𝑘 

are null. As explained at

the end of Section 3.2, to implement such a time-discrete constraint into 

the PGD framework that is global in time, a new formulation is required.

Data availability

No data was used for the research described in the article. 
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