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Rabi-coupled spinor Bose-Einstein condensates, with competing intra- and interspecies interac-
tions, enable independent control of two- and three-body interactions. We show that coupling can
also drive the system into a strongly nonlinear regime of saturating interaction. More precisely,
the equation of state interpolates between low- and high-density regimes described by two different
two-body scattering lengths. Interestingly, the transition can be determined by the strength of the
coupling. We experimentally demonstrate this saturation phenomenon by measurements of the in-
teraction energy of a Bose-Einstein condensate as a function of the detuning and of the strength of
the Rabi coupling in spin mixtures of potassium 39.

I. INTRODUCTION

For small perturbations, a physical system usually re-
sponds according to linear response theory. As the per-
turbation strength increases, the response may become
non-linear giving rise to a wide variety of physical phe-
nomena (solitons, bistability, chaotic behavior, etc...).
[1]. Nonlinear response is often modeled by the addi-
tion of other response terms in powers of the pertur-
bation. Such a Taylor expansion approach explains the
higher harmonic generation in a system driven at a single
frequency, as is commonly observed in nonlinear optics
[2]. The Taylor expansion of the nonlinear response is
not always valid for large perturbations, as many physi-
cal systems exhibit saturation of their response at large
driving amplitudes. Typical examples are the magnetic
or electric responses of materials that saturate when the
maximum polarization is reached. In optics, saturation
of the non-linear index of refraction, of absorption, or of
the gain in amplifiers is also commonly observed [3].

In the physics of dilute atomic Bose-Einstein conden-
sates, the non-linearity primary comes from the interac-
tion between atoms [4] which are characterized by the
scattering length a. In the case of a single-component
Bose-Einstein condensate in the weak interaction regime
na3 ≪ 1, where n is the atomic density, the energy den-
sity is dominated by the mean-field interaction scaling
as n2. Beyond this paradigm, quantum fluctuations are
responsible for the Lee-Huang Yang term scaling non-
analytically as n5/2 in the energy density [5]. In bosonic
mixtures, this term is responsible for the stabilization of
quantum droplets [6, 7]. Higher-order interaction terms,
for example, corresponding to a three-body interaction,
are usually negligible in the dilute regime na3 ≪ 1 [8–10].

However, this paradigm is no longer valid in the pres-
ence of coupling between two spin states, i.e. when the
condensate is in a dressed state that is a coherent super-
position of two spin states. A condensate in a dressed
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state may experience both reduced usual two-body in-
teractions [11] and large three-body interactions that are
due to possible virtual excitations during collisions [12].
Such three-body processes are increasingly relevant as the
ratio γ of the two-body interaction strength to the Rabi
coupling strength increases. Their effect on the equation
of state, that is, the addition of a n3 term, was experi-
mentally measured through modifications in the conden-
sate dynamics [13].

In this paper, we consider the situation where γ ≳ 1
and demonstrate a saturation of the interaction energy
as a function of γ, an effect that can be captured in a
mean field framework. In this regime of strong nonlinear
behavior, the equation of state can no longer be described
as a Taylor series expansion as a function of the density,
with terms scaling as np describing p-body interactions.
In contrast, one needs to compute the exact solution.

The paper is organized as follows. We first describe the
coupled system Hamiltonian and provide a theoretical ex-
planation for the saturation of the interaction energy in a
homogeneous system (with a fixed density n). Second, we
present our experiment using 39K atoms. We explain the
preparation of the condensates in the dressed state and
the measurement of the interaction energy through one-
dimensional time-of-flight expansions. As the conden-
sate lies in the one-dimensional (1D) to three-dimensional
(3D) crossover regime, we finally compare our results
with Gross-Pitaevskii simulations that include the two
spin states, the Rabi coupling, as well as the radial trap.
A good match, with no fit parameter, confirms our inter-
pretation of the data.

II. THEORETICAL DESCRIPTION

We consider a Bose gas in a volume V consisting of
N atoms of mass m with two coupled internal states,
σ =↑, ↓. The three relevant interaction constants gσσ′ =
4πℏ2aσσ′/m are related to the scattering lengths aσσ′

and ℏ the reduced Planck constant. In an homogeneous
system with density n = N/V , the mean field energy for
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a condensate in the spinor state (ϕ↑, ϕ↓) reads

EMF

V
= −ℏΩ

2
(ϕ∗

↑ϕ↓ + ϕ∗
↓ϕ↑) +

ℏδ
2
(|ϕ↑|2 − |ϕ↓|2)

+
∑
σσ′

gσσ′

2
|ϕσ|2 |ϕσ′ |2 ,

(1)

where δ is the coupling detuning and Ω the Rabi coupling
strength. The ground state is found upon minimization
of the energy with respect to the internal state. The first
term fixes the relative phase of the spinor that we can
thus write (ϕ↑, ϕ↓) =

√
n(sin(θ/2), cos(θ/2)) with θ ∈

[0, π]. The energy is then

EMF

N
= −ℏΩ

2
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2
cos θ

+
gn

2
− ∆gn

4
cos θ − gn

2
sin2 θ, (2)

where g = (g↑↑ + g↓↓)/2, ∆g = g↑↑ − g↓↓, and ḡ = (g↑↑ +
g↓↓ − 2g↑↓)/4.

The minimization of Eq. 2 as a function of θ leads to
the following implicit equation for the spin composition

cot θ =
δ

Ω
+ α− 2γ cos θ, (3)

where α = ∆gn
2ℏΩ and γ = ḡn

ℏΩ . The spin magnetization
and, equivalently, the mixing angle θ thus depend not
only on δ/Ω but also on the density n. In the low-density
regime, i.e. for α, γ ≪ 1, the density dependence of the
spin composition can be calculated in perturbation. This
effect was experimentally observed [14]. At the same or-
der in perturbation, we find two- and three-body correc-
tions on the interaction energy, generalizing the results
from [13] to the asymmetric case

EMF

N
≈ ϵ− + g2

n

2
+ g3

n2

3
(4)

with ϵ− = −ℏ
√
Ω2 + δ2/2,

g2 = g − g

1 + δ2/Ω2
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2
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,

g3 = −3g2
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.

ϵ− is the one-body Rabi energy of the lower-dressed state
|−⟩. The two-body coupling constant g2(δ/Ω) corre-
sponds to the interaction between two atoms in |−⟩. It
interpolates between g↑↑ and g↓↓, reaching intermediately
a minimum gmin = (g↑↑g↓↓ − g2↑↓)/4ḡ in the experimen-
tally relevant case g↑↓ < g↑↑, g↓↓. The variation of this
two-body term was experimentally measured in [11]. The
three-body coupling constant g3(δ/Ω,Ω) scales as 1/Ω
and was also experimentally demonstrated [13].

We now consider the non-pertubative case where the
interactions are not small as compared to the Rabi cou-
pling strength Ω corresponding to α, γ ≳ 1. In this
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FIG. 1. Interaction energy per particle Eint/N = (EMF/N −
ϵ−) as a function of γ. The specific parameters are δ/Ω = 1,
a↑↑ = 86.8 a0, a↓↓ = 33.3 a0, and a↑↓ = −53.2 a0, where a0

is the atomic Bohr radius. The solid blue curve is the exact
mean-field calculation, the dash-dot red line is the linear two-
body results, and the dash green curve is the quadratic two-
plus three-body approximation (Eq. 4).

regime, the energy is evaluated by numerically solv-
ing Eq. 3, and inserting the result in Eq. 2. In Fig. 1,
we plot the mean field interaction energy per particle
Eint/N = (EMF(n)/N − ϵ−) as a function of the param-
eter γ for a detuning δ/Ω = 1 and for scattering lengths
that are relevant to our experiment with 39K. We ob-
serve that the interaction energy first grows linearly with
the density because of a positive coupling constant in
the dressed state. Then it bends down according to the
attractive three-body interaction term g3. When γ in-
creases above 1, the energy per particle tends to satu-
rate. A Taylor expansion as a function of density is no
longer valid for large γ. In fact, in the limit γ ≫ 1,
the system minimizes its energy by choosing the conden-
sate spin state corresponding to a minimal interaction
cos θ = α/2γ = ∆g/4ḡ and a pure two-body interaction
is recovered with the coupling constant gmin. In the case
g↑↓ = −√

g↑↑g↓↓, gmin = 0 and the condensate in the
dressed state has an interaction energy that saturates to
a constant value at large γ.
The previous results can be experimentally investi-

gated by modifying Ω in order to change γ over a wide
range. In Fig. 2, we thus plot the interaction energy as
a function of δ/Ω for different values of γ assuming a ho-
mogeneous density n. For small values of γ, the energy
is only weakly modified by nonlinear effects, whereas for
γ ≳ 1, the effect is large. The saturation of the inter-
action energy at large γ manifests itself as a broadening
of the drop in interaction energy as a function of δ/Ω.
In particular, for γ ≫ 1, the width of the dip increases
linearly with γ. Note that in this regime, the Taylor ex-
pansion up to three-body interaction is very wrong. Al-
ready for γ = 1, this approximation (blue dashed curve
in Fig. 2) leads to negative mean-field energies, although
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FIG. 2. Interaction energy per particle as a function of the
detuning δ/Ω for different values of γ. The scattering lengths
are the same as in Fig. 1. The interaction energy is normal-
ized such that it gives the scattering length in unit of a0 in the
regime where the interactions are two-body (g0 = 4πℏ2a0/m).
The bare scattering lengths a↑↑ and a↓↓ are thus found for
large values of |δ/Ω|. The solid lines correspond to the ex-
act mean-field calculation for different values of γ. The blue
dashed-line corresponds to the two- plus three-body approxi-
mation given by Eq. 4 for γ = 1.

the interaction energy is always positive for the chosen
scattering lengths.

III. EXPERIMENTAL RESULTS AND
ADJUSTMENT

The experiment starts with a 39K Bose-Einstein
condensate with N = 1.2 × 105 atoms in the
|F = 1,mF = −1⟩ = |↓⟩ spin state in a crossed optical
dipole trap with oscillation frequencies 169×169×26Hz.
The coupling to the state |F = 1,mF = 0⟩ = |↑⟩ is per-
formed through a radio frequency (RF) field. The mag-
netic field B = 56.85G is chosen so that the scattering
lengths are a↑↑ = 84.3 , a↓↓ = 33.3 , a↑↓ = −53.2 , where
a0 is the atomic Bohr radius [15]. In short, the measure-
ment idea consists in preparing the dressed state |−⟩ at
a specific δ/Ω and then monitoring the longitudinal ex-
pansion of the cloud once the weak longitudinal confine-
ment is removed. At long times of flight t, the expansion
is ballistic and we can simply deduce the expansion en-
ergy from the relation Eexp/N = mσ2/2t2, where σ is
the measured longitudinal rms size of the cloud. For our
condition, this expansion energy predominantly reflects
the initial interaction energy as the initial kinetic energy
is negligible (see below).

The experiment is repeated with different radio fre-
quency powers or equivalently different Rabi coupling
frequencies Ω/2π between 0.95 and 30 kHz. These val-
ues of Ω are chosen in order to explore both the regimes
of weak (γ ≪ 1) and strong (γ ≳ 1) nonlinear inter-

action. Measurements at 0.95 kHz Rabi frequency are
made possible by precise control of detuning δ down to
∼ 100Hz. This level of control requires a ppm magnetic
field stability and is obtained thanks to a feedforward
compensation of both the current in the bias coils and
the external magnetic field [16].

The dressed state |−⟩ is prepared with an adiabatic
passage from the state |↓⟩. The RF detuning is linearly
swept from 9Ω to the desired final value δ. The total
sweep time τ=9ms is chosen in order to be adiabatic
with respect to the spin degree of freedom even at the
lowest Ω values. In addition, this time is sufficiently large
as compared to 1/ω⊥ such that the radial wave-function
can adiabatically adapt itself to the interaction change
during the sweep [17].

In the longitudinal direction, the cloud dynamics is
much slower, and the interaction change induced by the
RF sweep can almost be considered as a sudden quench.
However, this approximation is not strictly true. If the
RF sweep is done with (resp. without) the longitudinal
trap on, the atomic cloud starts to slightly shrink (resp.
expands). We reduce this residual longitudinal dynamics
by adjusting the time at which the longitudinal trap is
turned off during the RF sweep. In principle, the most
appropriate time depends on the final value of δ/Ω and
also on Ω (through the nonlinear effects). However, we
can consider that the additional kinetic energy becomes
relevant only when the interaction energy is small, that
is, around δ/Ω ≈ 0.24, where a = amin ∼ 0. To min-
imize the longitudinal dynamics during the RF sweep,
we thus adjust the longitudinal trap extinction time for
each value of δ, ensuring that the induced kinetic energy
is minimized when δ/Ω ≈ 0.24. In practice, this is done
by searching for the minimal longitudinal expansion at a
long time of flight of 300ms. We find that the proper trap
extinction time varies from 0.5ms before the end of the
sweep for large Ω to 5ms before for Ω = 0.95 kHz. The
precision of this adjustment allows us to reduce the ini-
tial kinetic energy per particle to below 6Hz, a negligible
quantity compared to the measured interaction energies.

In Fig. 3, we plot the longitudinal rms size of the con-
densate (obtained from a Gaussian fit) after a time of
fight t = 62.6ms (during which the radial confinement
is kept on) as a function of δ/Ω and for different values
of Ω. Each data set shows a minimum around the value
δ/Ω ≈ 0.24 where the two-body coupling constant g2 in
the |−⟩ dressed state is minimum. For large and positive
δ/Ω, the expansion corresponds to the one of the con-
densate in |↓⟩ with the scattering length a↓↓. For large
and negative δ/Ω, the expansion is even faster, as the
scattering length a↑↑ is larger. A striking feature is that
the width of the expansion drop is significantly larger
as Ω decreases. This behavior qualitatively follows the
theoretical expectation from Fig. 2 although the initial
density is not homogeneous. Even without quantitative
analysis, we thus see that in our experiment the strongly
nonlinear regime corresponding to γ ≳ 1 is reached. This
experimental finding is in line with the estimation γ = 1.6
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FIG. 3. Size after 1D expansion of condensates in the |−⟩
dressed state as a function of the detuning δ/Ω and for dif-
ferent values of Ω (see legend). The points correspond to the
experimental measurements and some typical error bars are
shown. In the main graph, the solid lines correspond to the
mean-field numerical simulations (see text). At δ/Ω ≈ 0.24,
the two-body scattering length is already minimal and all the-
oretical mean-field curves are superimposed. The inset shows
an enlargement of the experimental data at low δ//Ω. The
points are linked by dashed lines for clarity. The theoretical
lines are omitted in the inset because the theoretical model
does not capture the vertical offsets between the curves (see
text).

for the initial condensate peak density and Ω = 0.95 kHz.

Let us turn to a more quantitative analysis with a nu-
merical simulation of the experimental situation. We
have to take into account that the nature of the con-
finement changes depending on the parameters. Around
the expansion minimum, the interaction energy is small
and the condensate is in a quasi-1D regime (the radial
wavefunction is close to the trap radial ground state).
In contrast, for large |δ/Ω| and for the initial conden-
sate, the interactions are stronger and the condensate
is effectively 3D. In order to account for these two be-
haviors as well as the dimensional crossover regime, we
numerically calculate the radial profile of the spinor con-
densate wavefunction when the interactions are modified
during the sweep. This is done in spinor Gross-Pitaevskii
simulations. In this framework, the previously discussed
mean-field effects giving rise to the saturating interac-
tions in the equation of states are included.

In more detail, we assume an adiabatic following of
the radial wavefunction, and thus we search for the ra-
dial ground state as a function of the local longitudi-
nal 1D densities. This is done through 2D imaginary-
time Gross-Pitaevskii simulations of the spinor wavefunc-
tion using the GPELab toolbox [18]. We then calcu-
late the total energy, which includes potential, kinetic,
Rabi coupling, and interaction contributions. Finally,
we integrate this energy along the longitudinal trap di-
rection, assuming that the density profile is the one of
the initial condensate, i.e. a 3D Thomas-Fermi pro-

file. The total energy Etot transforms into kinetic en-
ergy during expansion. After a significant expansion, the
expected size is thus found from the following relation
mσ2/2t2 = Etot/N − ℏω⊥/2 − ϵ0, where the last two
terms come from the fact that the condensate adiabat-
ically evolves to the noninteracting spinor ground state
(with energy ϵ0) and to the radial ground state during
expansion (with energy ℏω⊥/2).
The results of the above simulations match quite well

the experimental findings with no fit parameter (Fig. 3).
The width of the minimum expansion drop as a function
of Ω is nicely reproduced, showing that the saturation
of the mean-field interaction energy is captured in our
mean-field framework. The slightly smaller size at large
and negative δ/Ω can be attributed to the ∼ 20% losses
that are experimentally observed and are due to three-
body recombination processes. A smaller atom number
reduces the interaction energy as compared to the simu-
lation where no losses are included.
Looking carefully at the experimental results, one can

notice that the observed minimum sizes (at δ/Ω ≈ 0.24)
are higher when Ω increases (see inset in Fig. 3). This
behavior is not reproduced in the above mean-field ap-
proach, where, at this point, the interaction corresponds
to a pure two-body interaction with a coupling constant
gmin, which is independent of Ω. We attribute this behav-
ior to beyond mean field effects due to virtual excitations
to the |+⟩ states, leading to a slight increase of the min-
imal interaction energy when Ω increases [12, 19]. In the
context of this paper, we do not focus on this residual
energy shift, as its magnitude is much lower than the
dominant mean-field effects studied above. Its quanti-
tative measurement is demanding and would require an
improved experimental control on the initial kinetic en-
ergy of the cloud.

IV. CONCLUSION

In this paper, we have shown that the density depen-
dence of the equation of state of a coherently driven two-
component condensate can be tuned. For some parame-
ters, the interaction term evolves from a two-body repul-
sive interaction at low densities, through a regime that
can be described with additional three-body interactions
at intermediate densities, to yet another regime of two-
body interaction with a reduced two-body constant at
large densities. This second two-body interaction can
be positive or negative, depending on the initial spin-
dependent scattering lengths. If it is close to zero (as in
our work), then it leads to an unusual equation of state
with an energy saturation as a function of the density.
Our findings open the way to the study of novel nonlin-

ear effects in the physics of condensates. Already, at equi-
librium, we anticipate density profiles that differ from
the usual Thomas-Fermi profiles. The condensate exci-
tation dynamics (vortices, solitons, low energy excitation
modes) will also be modified. For example, in our con-
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figuration, the speed of sound is expected to decrease at
high densities, in contrast to the usual behavior for a
Bose-Einstein condensate with repulsive interactions.
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