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Abstract
This paper proposes a unified approach for designing stochastic optimization algorithms
that robustly scale to the federated learning setting. Our work studies a class of Majorize-
Minimization (MM) problems, which possesses a linearly parameterized family of majorizing
surrogate functions. This framework encompasses (proximal) gradient-based algorithms
for (regularized) smooth objectives, the Expectation Maximization algorithm, and many
problems seen as variational surrogate MM. We show that our framework motivates a
unifying algorithm called Stochastic Approximation Stochastic Surrogate MM (SA-SSMM),
which includes previous stochastic MM procedures as special instances. We then extend
SA-SSMM to the federated setting, while taking into consideration common bottlenecks
such as data heterogeneity, partial participation, and communication constraints; this
yields FedMM. The originality of FedMM is to learn locally and then aggregate information
characterizing the surrogate majorizing function, contrary to classical algorithms which
learn and aggregate the original parameter. Finally, to showcase the flexibility of this
methodology beyond our theoretical setting, we use it to design an algorithm for computing
optimal transport maps in the federated setting.

1 Introduction

Consider the following optimization problem

argminθ∈Rd W (θ) := (f(θ) + g(θ)) , with f(θ) := EZ∼π [ℓ(Z, θ)] ; (1)

where g : Rd → (−∞,+∞] is a proper lower semi-continuous convex function with domain
Θ ⊆ Rd, ℓ : Rp × Θ → R is a measurable function such that Eπ [|ℓ(Z, θ)|] < +∞ for any
θ ∈ Θ and π denotes a probability measure on Rp. This setting covers both the batch learning
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Federated Majorize-Minimization

when π is the empirical distribution of a (possibly large) data set {Z1, · · · , ZN} and we solve
argminθ∈Rd(N−1

∑N
j=1 ℓ(Zj , θ) + g(θ)) and the online learning when we have to process an

i.i.d. stream of data {Z1, Z2, . . .} with the distribution π.
We are interested in the setting where majorizing functions can be computed on f ,

which can then be minimized. This is a framework referred to as Majorize-Minimization
(MM) (Lange, 2013), or surrogate optimization (Lange et al., 2000). More concretely, starting
from the parameter θt, a standard MM algorithm constructs a surrogate Ut : Θ→ R such
that f(θt) = Ut(θt) and f(θ) ≤ Ut(θ) for any θ ∈ Θ. Then, a parameter is constructed such
that θt+1 ∈ argmin Ut(θ) + g(θ). Many methods can be interpreted from this point of view,
e.g., gradient-based and proximal methods (Beck and Teboulle, 2009a; Wright et al., 2009),
Expectation-Maximization (EM) (Dempster et al., 1977), boosting (Collins et al., 2002;
Della Pietra et al., 2001), and matrix factorization (MF) algorithms such as non-negative
MF (Paatero and Tapper, 1994; Lee and Seung, 1999) or clustering (Jain et al., 1999).

In a series of papers that inspired our work, Mairal (2013, 2015) investigated the use
of MM methods in large-scale machine learning. The author proposed to incrementally
build the sequence of surrogates by leveraging U1, . . . , Ut in constructing Ut+1. We build on
this approach and demonstrate that in many examples, the space of the surrogate functions
can be parameterized by a finite-dimensional space S; i.e., each s ∈ S represents the mirror
parameter characterizing the surrogate function U(·, s). We then perform (stochastic)
incremental updates in the space of surrogate functions instead of the space of parameters θ.

This paper is particularly drawn to the Federated Learning (FL) setting (Kairouz et al.,
2021), where data is shared between several agents and a central server aggregates the
contributions of each agent. More concretely, we consider the extension of (1) to the
federated setting, where n different agents collaborate to solve

argminθ∈Rd

∑n
i=1 µifi(θ) + g(θ), (2)

where fi(θ) := Eπi [ℓ (Z, θ)] and µi > 0 is a weighting parameter,
∑n

i=1 µi = 1. Here, for
i ∈ {1, · · · , n}, we denote by πi the probability distribution of the data of agent #i. In
addition, for the i-th agent, we consider the surrogate U : Θ× S → R satisfying: for all θ,
there exists siθ ∈ S such that fi(θ) = U(θ, siθ) and fi(·) ≤ U

(
·, siθ

)
for all θ ∈ Θ.

Under this setting, our main motivation is that for many problems, the surrogate function
U(θ, s) is linear in the mirror parameter s. Thus, a direct aggregation in the surrogate space
corresponds to aggregation in the functional space of upper bounds. This observation enables
us to solve (2) via aggregating the mirror parameters in a distributed manner, resulting
in a MM-like algorithm for the FL setting. On the other hand, a naive FL extension of a
centralized optimization algorithm through aggregating the clients’ parameters θ (e.g., FedAvg
(McMahan et al., 2017b)) may not result in a stable algorithm. From a methodological
standpoint, our key message, which we further detail in Section 3.1, is:

In numerous FL problems, the natural way to aggregate agents’ contributions is by first
aggregating on the surrogate space to construct a single surrogate function and then to

minimize/majorize the common surrogate on the server

In FL, the communication between agents and the central server has been identified
as a crucial bottleneck, that has been widely tackled in the gradient-based literature (e.g.
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McMahan et al., 2017a; Alistarh et al., 2017). Moreover, the heterogeneity between the
multiple agents’ distributions often hinders convergence (Li et al., 2020; Sattler et al., 2019).
We leverage the stochastic surrogate MM approach in FL to propose a communication-efficient
method. Following the works of (Mishchenko et al., 2019), we incorporate control variates to
handle heterogeneity. This enables us to propose a generic FL-MM algorithm. In particular
cases, these algorithms can be seen as modifications or extensions encompassing multiple
existing federated algorithms such as Federated EM (Dieuleveut et al., 2021; Marfoq et al.,
2021) and Federated MF (Wang and Chang, 2022).

Outline For the rest of this paper, Section 2 will start by considering the centralized case,
where we will introduce an MM framework that unifies many common settings. Using this
framework, we show that multiple celebrated algorithms can be seen through the lens of
surrogate optimization. We provide SA-SSMM, a Stochastic Surrogate MM method relying
on Stochastic Approximation (Robbins and Monro, 1951), for the centralized case. Then,
we give the natural extension, named FedMM, of the algorithm to the federated setting in
Section 3. Further, Section 4 discusses the related works in the Federated Learning literature.
Then, in Section 5, we provide our theoretical results. To evaluate our method, we consider a
federated dictionary learning problem in Section 6. Finally, Section 7 shows how our approach
can be regarded as a more general methodology for the design of federated algorithm. To
this end, we consider a federated optimal transport problem and provide an algorithm to
tackle it.

Notations For two vectors a, b ∈ Rq, ⟨a, b⟩ denotes the Euclidean scalar product; we set
∥a∥ :=

√
⟨a, a⟩. All vectors are column-vectors; for a matrix A, A⊤ is its transpose. For two

p× q matrices A and B, ⟨A,B⟩ := Trace
(
A⊤B

)
; the Frobenius norm of A is also denoted

by ∥A∥. M+
K is the set of the K ×K positive semi-definite matrices; A ≻ 0 denotes that A

is positive-definite.
The subdifferential of a proper function f : Rd → (−∞,+∞] is denoted by ∂f . The

Jacobian matrix of a differentiable vector-valued function f : Rd → Rq is a q × d matrix,
denoted by Jf ; when q = 1, we denote by ∇f(·) the d× 1 gradient vector. For n ∈ N, set
[n] := {1, . . . , n}. intΘ is the interior of a set Θ.

2 Linearly Parameterized Surrogate functions

We first consider an MM framework where the surrogate functions are linearly parameterized
by focusing on problems satisfying MM-1 and MM-2.

MM-1: there exist a convex subset S of Rq and measurable functions S̄ : Rp × Θ → S,
ψ : Θ→ R and ϕ : Θ→ Rq such that for any τ ∈ Θ, Eπ

[
∥S̄(Z, τ)∥

]
<∞ and

f(·) ≤ f(τ) + ψ(·)− ψ(τ)−
〈
Eπ

[
S̄(Z, τ)

]
, ϕ(·)− ϕ(τ)

〉
on Θ. (3)

MM-2: the application T : S → Θ defined by T(s) := argminθ∈Rd (g(θ) + ψ(θ)− ⟨s, ϕ(θ)⟩) ,
is well-defined (i.e., there is a unique minimizer for all s ∈ S) and measurable.

In words, the surrogate function given by the right-hand side in (3) admits a parametric
form.
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This MM framework encompasses many examples of optimization problems. Hereafter,
we give three examples, which are detailed in Appendix A.

Example 1 (Quadratic surrogate) Let f : Θ → R be continuously differentiable on a
neighborhood of Θ and its gradient be Lf -Lipschitz. Assume that there exists a measurable
function G such that ∇f(·) = Eπ [G(Z, ·)] on Θ. Then, for any ρ ∈ (0, 1/Lf ], MM-1 and
MM-2 are satisfied with

ψ(θ) :=
1

2ρ
∥θ∥2, ϕ(θ) :=

1

ρ
θ, S̄(Z, τ) := τ − ρG(Z, τ). (4)

T computes T(s) = proxρ g(s) where proxρ g(s) := argminθ∈Rd

(
ρg(θ) + 1/2∥θ − s∥2

)
is the

Moreau-proximity operator of the function ρ g(·) at s (Moreau, 1962).

Example 2 (Jensen surrogate) Assume that ℓ(Z, θ) is a function of the form

ℓ(Z, θ) := − log

∫
H
p(Z, h, θ)µ(dh), (5)

where (Z, h, θ) 7→ p(Z, h, θ) is a measurable positive function, and µ is a σ-finite positive
measure on the measurable set H. Assume also that − log p(Z, h, θ) can be written in the
form ψ(θ)−⟨S(Z, h), ϕ(θ)⟩ up to an additive term independent of θ. Then under integrability
conditions, MM-1 holds with the functions ψ, ϕ given by − log p and with

S̄(Z, τ) :=

∫
H
S(Z, h)µ(dh|Z, τ), (6)

where for any (Z, τ), µ(·|Z, τ) is a probability distribution on H defined by

µ(dh|Z, τ) := exp(⟨S(Z, h), ϕ(τ)⟩)∫
H exp(⟨S(Z, u), ϕ(τ)⟩)µ(du) µ(dh).

An instance of such a loss function ℓ(Z, θ) is the negative log-likelihood of the observation
Z in a latent variable model when the complete likelihood θ 7→ p(Z, h, θ) is from the vector
exponential family (see e.g. Brown (1986)). S(Z, h) is the sufficient statistics, and exp(ψ)
acts as a normalizing constant and is fully determined by S(Z, h) and ϕ. The distribution
µ(dh|Z, τ) is the a posteriori distribution of the latent variable h given the observation Z,
when the model parameter is τ .

Example 3 (Variational surrogate) Assume that ℓ(Z, θ) := minh∈Hℓ̃(Z, h, θ) with

ℓ̃(Z, h, θ) := ψ(θ)− ⟨S(Z, h), ϕ(θ)⟩+ ξ(Z, h);

and the optimization problem (Z, θ) 7→ M(Z, θ) := argminh∈Hℓ̃(Z, θ, h) possesses a unique
solution. Then under integrability conditions, MM-1 is satisfied with S̄(Z, τ) := S(Z,M(Z, τ)).
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2.1 MM as a root-finding algorithm

The first consequence of MM1&2 is that for any τ ∈ Θ, there exists a majorizing function of
the objective function which equals (f + g) at τ :

(f + g)(·) ≤ f(τ) + ψ(·)− ψ(τ)−
〈
Eπ

[
S̄(Z, τ)

]
, ϕ(·)− ϕ(τ)

〉
+ g(·), onΘ.

Based on this property, the MM algorithm defines a Θ-valued sequence by repeating two
steps: given the current iterate θt ∈ Θ, (i) identify a surrogate function by computing the
mirror parameter Eπ

[
S̄(Z, θt)

]
; (ii) define the next iterate as the minimizer of the surrogate

function
θt+1 = T

(
Eπ

[
S̄(Z, θt)

])
. (7)

This sequence satisfies (f + g)(θt+1) ≤ (f + g)(θt) (Lange, 2013, Chapter 12).
Equivalently, the MM algorithm defines a S-valued sequence which characterizes a

sequence of surrogate functions in the functional space spanned by g + ψ and ϕ1, · · · , ϕq:
given st ∈ S of the form st = Eπ

[
S̄(Z, τ)

]
for some τ ∈ Θ, (i) identify the mirror parameter

T(st) defined as the minimizer of the surrogate function identified by st; (ii) define the next
surrogate function by computing its parameter

st+1 = Eπ

[
S̄(Z,T(st))

]
. (8)

This sequence satisfies (f + g)(T(st+1)) ≤ (f + g)(T(st)).
The limiting points of the two MM methods are equivalent. Define the mean field function

h : S → Rq h(s) := Eπ

[
S̄(Z,T(s))

]
− s; (9)

note that a root of h is a fixed point of the iterative scheme (8). Proposition 1 states that
a root of h can be used along the mapping T to find a fixed point of the iterative scheme
(7). Conversely, a fixed point of the iterative scheme (7) can be used along the mapping
Eπ

[
S̄(Z, ·)

]
to find a root of h. This is the main message of Proposition 1, which is established

under the following assumptions.

A1 For any s ∈ S, θ 7→ ψ(θ)− ⟨s, ϕ(θ)⟩ is convex. In addition, intΘ ̸= ∅ and ψ and ϕ are
C1 on intΘ.

A2 The function f is C1 on intΘ.

Proposition 1 Assume MM-1, MM-2, A1 and A2. For any τ ∈ intΘ,

0 ∈ ∇f(τ) + ∂g(τ)⇐⇒ T
(
Eπ

[
S̄(Z, τ)

])
− τ = 0. (10)

It holds that for any s ∈ S such that T(s) ∈ intΘ,

−Jϕ(T(s)) h(s) ∈ ∇f(T(s)) + ∂g(T(s)). (11)

In addition, if s⋆ ∈ S satisfies h(s⋆) = 0 and T(s⋆) ∈ intΘ, then θ⋆ := T(s⋆) satisfies
T
(
Eπ

[
S̄(Z, θ⋆)

])
− θ⋆ = 0. Conversely, if T

(
Eπ

[
S̄(Z, θ⋆)

])
− θ⋆ = 0 and θ⋆ ∈ intΘ, then

s⋆ := Eπ

[
S̄(Z, θ⋆)

]
satisfies h(s⋆) = 0.

We defer the proof of Proposition 1 to Appendix B. A similar result was proved in Nguyen
et al. (2023, Lemma 1).
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2.2 A Stochastic Surrogate MM algorithm

In the large-scale learning setting considered here, the expectation Eπ

[
S̄(Z, τ)

]
is not explicit

but stochastic oracles are available, whatever τ ∈ Θ; on the other hand, the minimizer T(s)
still has a closed-form expression whatever s ∈ S. Thus, we propose a stochastic version of
MM which replaces the deterministic fixed point algorithm by a Stochastic Approximation
scheme (SA, see e.g. Robbins and Monro (1951), Benveniste et al. (1990); Borkar (2008))
designed to solve the root of a vector field υ : Ru → Ru; it repeats xt+1 = xt + γt+1Ut+1

where {γt, t ≥ 1} is a sequence of positive deterministic step sizes and Ut+1 is a random oracle
of υ(xt). Two properties of the oracles are crucial in the convergence analysis: its conditional
bias given the past of the algorithm and its conditional variance (see e.g. Andrieu et al. (2005);
Dieuleveut et al. (2023)). In light of MM-1 and MM-2, two strategies are possible for tackling
(1): define a Θ-valued sequence targeting the roots of θ 7→ χ(θ) := T(Eπ

[
S̄(Z, θ)

]
)− θ; or

define a S-valued sequence targeting the roots of h (see (9)). The main advantage of the
second approach is to conserve the unbiasedness property of the oracle: when S is an unbiased
oracle of Eπ

[
S̄(Z, τ)

]
, then T(S)− τ is a biased oracle of χ(τ) - except in the specific case

when T is linear; while when S is an unbiased oracle of Eπ

[
S̄(Z,T(s))

]
, then S− s is also an

unbiased oracle of h(s). Biased oracles may ruin the convergence of the algorithm and have to
be controlled with convenient design of the oracles, usually inducing a higher computational
cost (see e.g.(Dieuleveut et al., 2023, Section IV.B.3.c)).

This yields the Stochastic Approximation Stochastic Surrogate MM (SA-SSMM) algorithm
in Algorithm 1.

Algorithm 1: Stochastic Approximation Stochastic Surrogate MM (SA-SSMM)

Data: Tmax ∈ N⋆; a (0, 1]-valued sequence {γt, t ∈ [Tmax]}; initial value Ŝ0 ∈ S
Result: SA-SSMM sequence {Ŝt, t ∈ {0, . . . , Tmax}} and its mirror sequence

{T(Ŝt), t ∈ {0, . . . , Tmax}}
1 for t = 0, . . . , Tmax − 1 do
2 Sample St+1 in S, a random oracle for Eπ[S̄(Z,T(Ŝt))]

3 Set Ŝt+1 = Ŝt + γt+1(St+1 − Ŝt)

At the t-th iteration, Algorithm 1 utilizes a stochastic oracle of h(Ŝt), the mean field
function evaluated at the current iterate, defined by St+1 − Ŝt, where St+1 approximates
Eπ[S̄(Z,T(Ŝt))]. In online learning, given a new example Zt+1, one can set St+1 =
S̄(Zt+1,T(Ŝt)). In large batch learning with N examples, a possible oracle is St+1 =
b−1

∑
j∈Bt+1

S̄(Zj ,T(Ŝt)) where Bt+1 is a mini-batch of size b sampled at random in [N ].

Since S is convex (see MM-1) and γt+1 ∈ (0, 1], we have Ŝt + γt+1(St+1 − Ŝt) ∈ S and
T(Ŝt+1) is well-defined. Note that in the special case of constant step sizes γt+1 = γ for all
t, we have Ŝt+1 = (1 − γ)t+1Ŝ0 + γ

∑t
j=0(1 − γ)jŜt+1−j : the iterate Ŝt+1 forgets the past

oracles at a geometric rate. When γt+1 = 1/(t+ 1), Ŝt+1 is the empirical expectation of the
oracles: Ŝt+1 = (t+ 1)−1

∑t+1
j=1 Sj .

2.3 SA-SSMM on few examples and Related work

We now show that SA-SSMM is related to multiple stochastic algorithms in the literature.
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Stochastic Gradient Descent and Stochastic Proximal Gradient Descent. The
iterative algorithm (7) applied to Example 1 defines the deterministic sequence θt+1 =
proxρ g (θt − ρ∇f(θt)) where proxρ g is the proximity operator of the proper lower semicon-
tinuous convex function ρ g. When g ≡ 0, it is the Gradient Descent algorithm with constant
step size; and otherwise, it is the Proximal Gradient algorithm (Beck and Teboulle, 2009b;
Combettes and Pesquet, 2011; Parikh and Boyd, 2014). Stochastic versions of the determin-
istic algorithm (7) addressing the case when ∇f(θ) is an expectation with no closed-form
expression, are proposed in the literature (see e.g. Atchadé et al. (2017)).

The iterative algorithm (8) applied to Example 1 defines the deterministic sequence

st+1 = st+1/2 − ρ∇f(st+1/2), with st+1/2 := proxρg(st).

The update mechanism in line 3 of Algorithm 1 gets into Ŝt+1 = Ŝt − γt+1(Ŝt+1/2 − ρGt+1 −
Ŝt) where Ŝt+1/2 := proxρ g(Ŝt) and Gt+1 is a random oracle for the intractable quantity
∇f(Ŝt+1/2); Gt+1 can cover many stochastic approximations of the exact gradient possibly
defined to include variance reduction schemes.

Let us discuss what the mirror sequence θt := T(Ŝt) = proxρ g(Ŝt) is. By iterating line 3
in Algorithm 1, we have

Ŝt+1 = Γ1:t+1Ŝ0 +

t∑
j=1

γjΓj+1:t+1 Sj + γt+1St+1, Γr:r′ :=

r′∏
ℓ=r

(1− γℓ). (12)

From (12), we have θt+1 = proxρ g(θ̃t−ρG̃t+1) where θ̃t :=
∑t

j=1 γjΓj+1:t+1 θj−1+γt+1θt is a
weighted average of the previous mirror parameters, and G̃t+1 := Γ1:t+1Ŝ0+

∑t
j=1 γjΓj+1:t+1Gj+

γt+1Gt+1 is a weighted average of the past oracles G1, . . . , Gt and the current one Gt+1. As
a conclusion, the mirror sequence {T(Ŝt), t ≥ 0} produced by Algorithm 1 is among the
stochastic Proximal-Gradient algorithms, here the gradient step takes benefit of the full
history of the algorithm.

Stochastic Approximation Expectation Maximization. The iterative procedure (7)
applied to Example 2 defines the sequence

θt+1 = argmaxθ

〈
Eπ

[∫
S(Z, h)µ(dh|Z, θt)

]
, ϕ(θ)

〉
− g(θ)− ψ(θ). (13)

When g = 0, this algorithm is known as the Expectation Maximization algorithm (EM)
(Dempster et al., 1977) for the case of complete log-likelihood from a vector exponential
family; the case g ̸= 0 is the Maximum A Posteriori EM (also known as Bayesian EM,
(McLachlan and Krishnan, 2008, Section 6.5)). The computation of the double expectation
is the E-step, while the optimization step is the M-step.

EM is a popular algorithm for maximizing the likelihood of observations in a latent
variable model (see e.g. McLachlan and Krishnan (2008)). We defer to Appendix C two
concrete examples of EM, stressing they are instances of Example 2. In many situations,
the E-step has no closed form expressions. It happens that the inner expectation w.r.t. the
distribution µ(dh|Z, θ) is not explicit typically when this a posteriori distribution is known up
to a normalizing constant. The outer expectation w.r.t. π also happens to be intractable: for
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example in online learning, and in large batch learning when π is the empirical distribution
N−1

∑N
i=1 δZi with Dirac mass at the N independent examples Zi. Stochastic versions of

(13) were proposed: they consist in replacing the intractable expectations with a stochastic
oracle (see e.g. the Stochastic EM Celeux and Diebolt (1992); and the Monte Carlo EM,
Wei and Tanner (1990); Fort and Moulines (2003)).

If the deterministic sequence (7) corresponds to the usual description of the Bayesian-EM
algorithm which outputs the successive M-steps, the deterministic sequence given by (8) is
the output of the successive E-steps.

Algorithm 1 applied to Example 2 covers many popular stochastic EM algorithms: let
us cite the Stochastic Approximation EM proposed by Delyon et al. (1999) when the inner
expectation is not explicit; in the case γt = 1 for any t, the Incremental EM by Neal and
Hinton (1998) when the outer expectation is not explicit; in the case γt ∈ (0, 1), the Online
EM proposed by Sato and Ishii (2000) and generalized by Cappé and Moulines (2009) when
the outer expectation is not explicit; and many possible oracles proposed e.g. by Chen et al.
(2018); Fort et al. (2021a,b); Fort and Moulines (2023), when possibly both inner and outer
expectations are intractable and a variance reduction scheme is included.

Dictionary Learning and Matrix Factorization by Variational Surrogate. Appli-
cations of the variational surrogate setting are, among others, the Huber loss regression (e.g.,
Mairal, 2015, Section 2.3.4), and the Dictionary Learning and Matrix Factorization (MF)
problems. In the dictionary learning problem, we want to learn a dictionary θ ∈ Rp×K by
solving

Argminθ∈Rp×K

(
Eπ

[
min
h∈RK

(L(Z, θh) + χ(h))

]
+ g(θ)

)
, (14)

where L : Rp × Rp → R is a loss function, and χ : RK → (−∞,+∞] and g : Rp×K →
(−∞,+∞] are penalty and/or constraint functions. In MF, the vectors of coefficients h are
also learnt. Again, π is the distribution of the i.i.d. stream of data {Z1, Z2, · · · } in online
learning, and π is the empirical distribution N−1

∑N
i=1 δZi in batch learning with N i.i.d.

observations {Z1, · · · , ZN}.
When L(z, z′) is the quadratic loss ∥z − z′∥2, the problem (14) is of the form (1) and is

an example of variational surrogate (see Example 3) with

ℓ̃(Z, h, θ) := Z⊤Z + χ(h)− 2Z⊤θh+ h⊤θ⊤θh,

which is of the form ψ(θ)− ⟨S(Z, h), ϕ(θ)⟩+ ξ(Z, h) by setting

ψ(θ) = 0, S(Z, h) :=

[
hh⊤

Zh⊤

]
, ϕ(θ) :=

[
−θ⊤θ
2θ

]
, ξ(Z, h) := Z⊤Z + χ(h). (15)

S(Z, h) and ϕ(θ) collect two matrices: a K ×K one and a p×K one respectively. Here,

M(Z, τ) := argminh∈RK

(
χ(h) + Trace(τ⊤τhh⊤)− 2

〈
τ⊤Z, h

〉)
, (16)

assuming that the minimizer exists and is unique. In MM-1, set S :=M+
K × Rp×K . Finally,

for s = (s(1), s(2)) ∈ S,

T(s) := argminθ∈Rp×K

(
g(θ) + Trace(θ⊤θs(1))− 2Trace(θ⊤s(2))

)
. (17)

8



Federated Majorize-Minimization

Let us describe a definition of oracles in SA-SSMM. At iteration #(t+ 1), choose a minibatch
of observations {Zi, i ∈ Bt+1} of size b, where Bt+1 is sampled at random in {1, · · · , N}
in batch learning, or collects new observations in online learning; then, define the oracle
St+1 = (S

(1)
t+1,S

(2)
t+1) in S by

S
(1)
t+1 := b−1

∑
i∈Bt+1

Hi,tH
⊤
i,t, S

(2)
t+1 := b−1

∑
i∈Bt+1

ZiH
⊤
i,t, with Hi,t := M (Zi, θt) . (18)

In a specific setting of SA-SSMM for online learning, the mirror sequence {θt, t ≥ 0} defined
by θt := T(Ŝt) is the online dictionary learning proposed by Mairal et al. (2010, Algorithm
1). This setting is the case when χ(h) := λ∥h∥1 for some λ > 0, g(θ) is the {0,+∞}-valued
indicator function of the set Θ := {θ = (θ·1, · · · , θ·K) ∈ Rp×K : ∥θ·k∥2 < 1 for all k ∈ [K]};
b = 1 and γt+1 := 1/(t+2). Note that in this setting, M(Z, θ) := argminh

(
∥Z − θh∥2 + λ∥h∥1

)
corresponds to a L1-regularized linear least-squares problem, an oracle for M(Z, θ) is obtained
by applying LARS-Lasso (Efron et al., 2004), or Proximal-Gradient Descent (see e.g. Section 6)
among examples.

Structured tangent majorizing functions of ℓ(Z, ·) Assume that there exists a convex
subset S of Rq and measurable functions S̄ : Rp ×Θ→ S, ψ : Θ→ R and ϕ : Θ→ Rq such
that for any τ ∈ Θ, Eπ

[
∥S̄(Z, τ)∥

]
<∞ and

ℓ(z, ·) ≤ ℓ(z, τ) + ψ(·)− ψ(τ)−
〈
S̄(z, τ), ϕ(·)− ϕ(τ)

〉
on Θ; (19)

see e.g. Example 2 (Eq. (34) in Appendix A.2) and Example 3 (Eq. (37) in Appendix A.3).
Then the assumption MM-1 is satisfied. Assume also that MM-2 holds and consider the
mirror sequence θt := T(Ŝt) of the sequence {Ŝt, t ≥ 0} given by Algorithm 1. We have
θt+1 = argminθ∈Rd Ūt+1(θ) where

Ūt+1(·) := g(·) + ψ(·)−
〈
Ŝt+1, ϕ(·)

〉
= (1− γt+1)

(
g(·) + ψ(·)−

〈
Ŝt, ϕ(·)

〉)
+ γt+1 (g(·) + ψ(·)− ⟨St+1, ϕ(·)⟩)

= (1− γt+1)Ūt(·) + γt+1Ut+1(·)

where Ut+1(·) := g(·)+ψ(·)−⟨St+1, ϕ(·)⟩. This discussion evidences that, in the setting (19),
SA-SSMM defines iteratively a sequence of surrogate functions {Ūt, t ≥ 0}.

Let us consider the case of online learning, when π in (1) is an unknown distribution
but a stream of i.i.d. examples Z1, Z2, · · · is available, Z1 ∼ π. Define the oracle St+1 by
S̄(Zt+1, θt). Upon noting that argminθ∈Rd Ūt+1(θ) is invariant if a constant is added to Ūt+1,
we can assume without loss of generality that the function Ut+1 is tangent to the function
θ 7→ ℓ(Zt+1, θ)+g(θ) at the point θt: the surrogate function Ūt+1 is updated at each iteration
as a convex combination of the previous surrogate function Ūt and a novel majorizing and
tangent function of the penalized loss function ℓ(Zt+1, ·) + g(·). This establishes that the
mirror sequence {θt, t ≥ 0} of the output of Algorithm 1 defines the sequence {θt, t ≥ 0}
given in Mairal (2013, Algorithm 1) for the minimization of θ 7→ Eπ [ℓ(Z, θ)] + g(θ).

9
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3 Federated MM

In the following, we extend our scope to the Federated Learning (FL) framework in which
n different agents (or workers) hold parts of the data. For i ∈ [n], we denote by πi the
probability distribution of the data of agent #i; we focus on the heterogeneous regime, in
which πi (strongly) depends on i. In the finite sample regime, let Ni be the number of
examples on agent #i and N :=

∑
i∈[n]Ni be the total number of examples in the system;

µi := Ni/N is the fraction of examples on agent #i. In the online case (where each worker
can access an infinite number of points), we set by default µi := n−1, the uniform weight
over the n agents. The objective function can be written

argminθ∈Rd

(∑
i∈[n] µifi(θ) + g(θ)

)
, with fi(θ) := EZ∼πi [ℓ(Z, θ)] . (20)

This federated setting, applied to Examples 1 to 3, corresponds to solving minimization
problems by a MM approach based on respectively a quadratic surrogate, a Jensen surrogate
or a variational surrogate, by using the union of examples over all workers while keeping
locally each batch of observations.

3.1 Aggregate in the S-space or in the Θ-space ?

Let’s consider an ideal setting where all clients are always online, there are no communication
constraints, and exact expectation w.r.t. πi can be computed and the assumptions MM1&2
hold as follows: MM1 is satisfied for each function θ 7→ Eπi [ℓ(Z, θ)], and (ϕ, ψ, S,S) do not
depend on i; MM2 is satisfied and T does not depend on i.

Following the Majorize-Minimization approach, there are two ways to solve eq. (20) in a
federated manner depending on how the aggregation step is performed. The first one relies on
an aggregation in the parameter (Θ) space: (1) broadcast the current Θ-valued parameter θt
to all clients, (2) compute θt+1,i := T

(
Eπi

[
S̄(Z, θt)

])
at each client, (3) aggregate by setting

θt+1 :=
∑

i∈[n] µiθt+1,i =
∑

i∈[n] µiT
(
Eπi

[
S̄(Z, θt)

])
, for t ≥ 0. (21)

Here, the optimization steps are solved by each local agent but could also be run by the
central server prior to aggregation. Note that special cases of (21) have appeared in (Marfoq
et al., 2021; Wang and Chang, 2022). However, the scheme (21) no longer reduces to the
centralized case and the sequence {θt, t ≥ 0} may not generally converge. See Remark 1.

The second one relies on aggregation in the surrogate (S) space: (1) from the current
S-valued parameter st, compute the mirror θt+1 = T(st) and broadcast it to all clients, (2)
compute st+1,i := Eπi

[
S̄(Z,T(st))

]
at each client, (3) aggregate by setting

st+1 :=
∑

i∈[n] µist+1,i =
∑

i∈[n] µiEπi

[
S̄(Z,T(st))

]
, for t ≥ 0. (22)

Note that the optimization step is solved by the central server. As a result, due to the
linearity of the surrogate parameterization, this approach is equivalent to centrally solving
the problem with the mixture distribution π =

∑
i∈[n] µiπi.

The following remark shows that the natural way to aggregate each worker’s participation
is in the space S, and that aggregation should not be performed in the space Θ.

10
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Remark 1 As a toy example, consider the real-valued loss function ℓ(Z, θ) := Zθ + 1/θ and
the constraint g(θ) := ιR>0(θ) (the convex indicator of R>0) i.e. θ ∈ (0,+∞); assume also
that Z > 0 πi-almost surely for all i. Here, the federated objective corresponds to

argminθ∈R>0

∑
i∈[n]

µi Eπi [Z]

 θ +
1

θ

whose solution is θ⋆ :=
√

1/
∑

i∈[n] µiEπi [Z]. The assumption MM-1 is satisfied for all the

functions θ 7→ Eπi [ℓ(Z, θ)] by setting ϕ(θ) := −θ, ψ(θ) := 1/θ, S̄(Z, θ) := Z and S := R>0.
The assumption MM-2 is satisfied with T(s) := 1/

√
s. Aggregation in the S-space defines

a constant sequence st :=
∑

i∈[n] µiEπi [Z] whose mirror sequence is θmir
t := T(st) = θ⋆.

Aggregation in the Θ-space defines a constant sequence given by θt :=
∑

i∈[n] µi/
√
Eπi [Z]

(see (21)); we have θt ̸= θ⋆.

3.2 FedMM: a Federated Majorize-Minimization algorithm

Our idea is to develop a Federated Majorize-Minimization (FedMM) algorithm based on (22).
To develop a practical algorithm, several challenges have to be overcome.

First, it is generally impossible to compute Eπi

[
S̄(Z, ·)

]
, because the number of observa-

tions (on each worker) is large or even infinite; we thus have to rely on stochastic updates,
for example as in Algorithm 1.

Second, the communication cost between workers is typically an important bottleneck. In
the classical federated-optimization framework, two main solutions have been proposed to re-
duce this communication cost. One can either perform local iterations as in LocalSGD (Stich,
2019; Woodworth et al., 2020) and FedAvg (McMahan et al., 2017a), or reduce the com-
munication cost either by performing a compression step (Alistarh et al., 2017; Konečný
et al., 2016) or by sub-sampling workers at each step (referred to as Partial Participation -
PP). In both situations, the data heterogeneity hinders the convergence and new algorithms
have been proposed to ensure the convergence despite heterogeneity (for local iterations, see
e.g. (Li et al., 2020; Karimireddy et al., 2020), for compressed FL, see e.g. (Wangni et al.,
2018; Karimireddy et al., 2019; Mishchenko et al., 2019; Philippenko and Dieuleveut, 2021;
Khaled and Richtárik, 2020; Richtárik et al., 2021)).

In the following, we propose a unified algorithm, FedMM that has the following features:
(i) the aggregation step is performed in the space S; (ii) the algorithm uses stochastic oracles
on Eπi

[
S̄(Z,T(Ŝt))

]
, e.g., computed on a batch of examples at each iteration; (iii) Partial

Participation (PP) is incorporated, and there is compression of the information computed
by the active workers before communication to the central server. In the PP setting, data
heterogeneity across clients poses a significant challenge. The global fixed point s (where
Eπ[S̄(Z,T(s))] = s i.e. h(s) = 0) is an average over client-specific expectations, meaning
that for any individual client i, it does not generally hold that Eπi [S̄(Z,T(s))] = s. If
only a subset of clients participates in an update, a naive aggregation would be biased
towards the participating clients’ local fixed points, potentially destabilizing the algorithm.
Similarly, lossy compression of client updates, especially if the compression error correlates
with client drift from the global objective, can further exacerbate the impact of this underlying

11
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Algorithm 2: Federated Majorize-Minimization FedMM
Data: Tmax ∈ N>0; α > 0; p ∈ (0, 1]; a (0, 1]-valued sequence {γt, t ∈ [Tmax]}; a

distribution P on the subsets of {1, · · · , n}; initial values Ŝ0 ∈ S and
V0,i ∈ Rq for all i ∈ [n]; a probability distribution {µi, i ∈ [n]} .

Result: Sequence: {Ŝt, t ∈ [Tmax]}
1 Set V0 =

∑n
i=1 µiV0,i

2 for t = 0, . . . , Tmax − 1 do // for all iterations

3 Sample At+1 ∼ P

4 Send Ŝt and T(Ŝt) to the active workers
5 for i ∈ At+1 do // on active worker #i

6 Sample St+1,i, oracle for Eπi [S̄(Z,T(Ŝt))]

7 Set ∆t+1,i = St+1,i − Ŝt − Vt,i
8 Set Vt+1,i = Vt,i + α/pQuantt+1,i(∆t+1,i).
9 Send Quantt+1,i(∆t+1,i) to the central server

10 for i /∈ At+1 do // on inactive worker #i

11 Set Vt+1,i = Vt,i // no update

12 // on the central server

13 Set Ht+1 = Vt + 1/p
∑

i∈At+1
µiQuantt+1,i(∆t+1,i)

14

15 Compute Ŝt+1/2 = Ŝt + γt+1Ht+1

16 Project it on S, given Bt ≻ 0: Ŝt+1 = argmins∈S

(
s− Ŝt+1/2

)⊤
Bt

(
s− Ŝt+1/2

)
17 Set Vt+1 = Vt + α/p

∑
i∈At+1

µiQuantt+1,i(∆t+1,i)

heterogeneity by distorting the aggregated information. To counteract this, (iv) control
variates are introduced. These client-specific variables track and correct for the deviation of
local updates from a global perspective, effectively acting as a form of client-wise variance
reduction. This mechanism helps to mitigate the adverse effects of heterogeneity when
employing PP or compression, as explored in works like (Mishchenko et al., 2019; Dieuleveut
et al., 2021). Our approach takes its roots in DIANA (Mishchenko et al., 2019), an algorithm
for heterogeneity mitigation for federated optimization, and in FedEM (Dieuleveut et al.,
2021), a specific instance of the general MM framework addressed in this paper.

Description of FedMM, Algorithm 2. At iteration (t + 1), a set of active agents At+1

is selected at random from a probability distribution P on the subsets of {1, · · · , n}, such
that the mean number of active workers at each iteration is np (p ∈ (0, 1]). The server
broadcasts back Ŝt and its mirror T(Ŝt) to the active workers. It runs the optimization step T;
in practice, the computation of the map T at line 4 can be replaced by an approximated
optimization step, e.g., a few gradient steps. Nonetheless, our convergence analysis requires
the exact computation of T (see Theorem 1).

Then, each active agent #i samples a local surrogate oracle St+1,i of Eπi [S̄(Z,T(Ŝt))].
The agent’s goal is to construct and communicate a low-variance, compressed estimate of its

12
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contribution to the global update direction, which is related to the mean field h(Ŝt) from
(9). To achieve this, the agent first computes its local update estimate, St+1,i − Ŝt. However,
due to data heterogeneity, this local estimate is a biased estimator of the global mean field
h(Ŝt). To correct for this client drift, a control variate Vt,i is subtracted. This results in the
error-corrected vector ∆t+1,i = St+1,i − Ŝt − Vt,i (line 7). It is this locally-debiased quantity
that is then compressed using a (potentially random) operator Quantt+1,i and sent to the
server. These local subtractions are critical as they construct a more accurate update vector
before the lossy compression step. The client’s control variate is then updated using the
compressed information (line 8), with a step size α > 0. Inactive agents (i.e. agents #i with
i /∈ At+1) do not perform any updates.

Finally, the central server aggregates all contributions and compensates the local subtrac-
tion of control variates by adding Vt (line 13): it computesHt+1, an oracle of Eπ

[
S̄(Z,T(Ŝt))

]
−

Ŝt (line 13). Then it performs an SA-type update step on the iterate and obtains Ŝt+1/2 (see
line 15) and projects back onto the space S (line 16). Crucially, this projection may not
be performed according to the Euclidean geometry but possibly according to the geometry
defined through a positive definite matrix Bt, allowed to depend on the iteration index t and
on Ŝt. In our experiments, we will simply set Bt = I, the identity matrix, recovering the
Euclidean geometry; nonetheless, our convergence result (see Theorem 1) requires a finer
specification of this matrix.

4 MM within FL: Related works in the framework MM1&2

The crucial difference between FedMM and competing algorithms in the literature is that
the aggregation steps are performed in the S-space (see Section 3.1). In most federated
algorithms to perform personalization, EM, or matrix factorization, aggregation steps are
performed in the initial parameter space Θ.

Federated Composite Optimization. The general optimization problem (1), structured
as argminθ∈Rd f(θ)+g(θ), is a form of composite optimization. In instances where f is smooth
and g is a proper, lower semi-continuous convex function, our MM framework, as exemplified
by the quadratic surrogate in Example 1, naturally leads to updates where the T(s) operator
becomes the proximal operator of g(θ). In the literature on federated optimization, methods
like ProxSkip/Scaffnew by Mishchenko et al. (2022) and RandProx/RandProx-FL by Condat
and Richtárik (2023) investigate scenarios where regularization functions and their proximal
operators are used primarily to enforce the consensus mechanism among clients. These works
propose performing the proximal step (which ensures consensus) periodically, rather than at
every communication round, to reduce communication overhead. While their primary focus is
on consensus, this framework can be conceptually extended: the periodic server-side proximal
step, which enforces consensus, shares a methodological similarity with our FedMM, where
the T operator (which itself could be a proximal operator for g(·) in specific MM instances -
see e.g. Example 1) is also evaluated centrally at the server, and not as part of the local
client activity. However, the fundamental premise of these methods, even when extended,
remains distinct from our MM-based surrogate aggregation, as their core design centers
on periodic randomized consensus enforcement to reduce communication overhead rather
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than the iterative minimization of global majorizing functions derived from client-specific
surrogate parameters.

A different perspective on aggregation for composite problems is offered by Yuan et al.
(2021). They observe that for problems with sparsity-inducing regularizers, such as g(·)
being the ℓ1 norm, if clients compute their local model updates (involving a local client-
side proximal step for g) and these updated model parameters are then averaged in the
Θ-space, the resulting global model may lose its intended sparsity. As a remedy, they propose
FedDualAvg, where aggregation occurs in what they term the "dual space". In the context
of ℓ1-regularization, the dual variables often correspond to the subgradient of the ℓ1-norm,
which directly relates to the parameters defining a particular type of surrogate or upper
bound on the regularizer. Aggregating these dual variables is thus conceptually akin to
aggregating parameters in a surrogate space S, aligning with our paper’s methodological
argument against naive Θ-space aggregation when a more natural, structure-preserving
aggregation space exists. Our FedMM framework provides a more general and direct approach
by explicitly identifying and aggregating in the functional space of linearly parameterized
functions.

Federated EM. The Expectation-Maximization (EM) algorithm (see Section 2.3 and
Appendix C) has been adapted by several works for the federated learning setting. Marfoq
et al. (2021) considered a federated setting where the data at each agent comes from a
mixture of L underlying distributions. These L distributions are shared among clients, and
data heterogeneity arises from each client having a different mixture weight. The primary
motivation is to facilitate federated personalization by assigning each client a distinct mixture
weight and, consequently, varying their models. The authors demonstrate that several
federated personalization approaches can be viewed as specific instances of their formulation,
such as (Canh et al., 2020; Dinh et al., 2021; Hanzely et al., 2020). Most interestingly, the
FedEM algorithm of Marfoq et al. (2021) is presented as a particular instance of a more
general Federated Surrogate optimization framework (Algorithm 3 and Appendix F, Marfoq
et al., 2021) . However, in their approach, the parametric structure of the surrogate space
(i.e., the E-step sufficient statistics) is leveraged only locally by each client for their surrogate
optimization step with a locally (depending only on local client data) executed approximation
of the T map. The subsequent aggregation of updates occurs in the original parameter
space Θ, rather than in the surrogate space S. Marfoq et al. (2021) provide convergence
guarantees that assume a bound on the heterogeneity between client data distributions
(Assumption 7, Marfoq et al., 2021).

In contrast, the Federated EM algorithm proposed by Dieuleveut et al. (2021) directly
employs S-space aggregation. Their method introduces and analyzes a federated Majorization-
Minimization algorithm specifically for EM, where Assumption MM-1 is satisfied with an
unconstrained surrogate space S = Rq. Consequently, their algorithm can be seen as a
specific instance of our FedMM without the projection step (line 16 in Algorithm 2).

More recently, Tian et al. (2024) (with FedGrEM) tackled a similar formulation to Marfoq
et al. (2021) and extended the federated EM framework to manage adversarial data and outlier
tasks. Their "federated gradient EM" involves clients executing local E-steps to compute
sufficient statistics, which are then used in local gradient-based M-steps (approximating a
local version of the T operator at client #i, depending on client’s data distribution.). The
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resulting client-specific model parameters (in Θ) are subsequently aggregated at the server,
differing from FedMM’s central T operation post-S-aggregation. Zhixu et al. (2024) studied
federated EM for Mixtures of Linear Regressions (FMLR), characterizing convergence rates
based on client-to-data ratios. While focused on statistical rates for this specific model, their
analysis (Zhixu et al., 2024, Propositions 2 and 3) implicitly involves S-space aggregation of
sufficient statistics.

Federated Matrix Factorization (FMF). In batch learning, FMF consists in solving
(see (14))

argminθ∈Θ
1

N

n∑
i=1

Ni∑
j=1

argminhij∈Hi

{
∥Zij − θhij∥2 + χ(hij)

}
+ g(θ), (23)

where Zij ∈ Rp is the j-th observation of the client #i, Ni is the number of observations
available at agent #i, Θ ⊆ Rp×K , Hi ⊆ RK , and χ, g are penalty terms on the coefficients h
and on the dictionary θ respectively; N :=

∑n
i=1Ni. The problem of FMF has attracted a

lot of attention (Flanagan et al., 2020; Gao et al., 2020; Hegedűs et al., 2019; Singhal et al.,
2021), an application being federated clustering (clustering agents or clustering observations);
such clusters may constitute another way to perform personalization (e.g., Mansour et al.,
2020; Sattler et al., 2020; Ghosh et al., 2020).

As discussed in Section 2.3 (see (15) to (18)), the assumptions MM1-2 are satisfied and
FedMM applies: at iteration #t given the current model θt := T(Ŝt), the active local agents
compute an oracle of the matrices N−1

i

∑Ni
j=1 h

⋆,t
ij (h

⋆,t
ij )

⊤ and N−1
i

∑Ni
j=1 Zij(h

⋆,t
ij )

⊤ where h⋆,tij

solves
argminh∈Hi

(
∥Zij − θth∥2 + χ(h)

)
. (24)

FedMGS, introduced by Wang and Chang (2022) with an application to unsupervised data
clustering via K-means through specific choices of Hi, χ and g, is an alternative to FedMM.
In FedMGS, the oracle of the matrices is obtained by substituting the exact solution h⋆,tij for
the output of few iterations of a gradient algorithm designed to solve (24). FedMGS is based
on gradient sharing principles: the central server aggregates the oracles of the matrices so
that FedMGS aggregates in the S-space similarly to FedMM. Contrary to FedMM, FedMGS does
not include a control variate technique and a quantization step run by local agents, but the
central server carries out a control variate scheme for heterogeneity reduction; the selected
number of agents at each iteration is constant; an agent which is not selected still updates
locally the vectors hij ; the local agent ensures that the quantities sent to the central server
are in S. For both FedMM and FedMGS, the optimization step MM-2 is run by the central
server; in FedMGS, T is approximated by many iterations of a projected gradient algorithm.

Similar Methodologies: Aggregation of Functional Approximations. The principle
of aggregating functional parameters extends beyond our specific Majorize-Minimization
framework to the more general setting of surrogate optimization, which relaxes our MM
setting by allowing surrogate functions to not necessarily be global majorizing functions. From
our methodological standpoint, the key to designing federated algorithms lies in preserving the
structure of the underlying surrogate-based method. An ideal federated surrogate algorithm,
under perfect conditions (e.g., full client participation, no communication constraints, exact
computation of T operator), should reduce exactly to its centralized counterpart. Our linearly
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parameterized MM framework achieves this naturally: aggregating the surrogate parameters
in the space S is equivalent to averaging the surrogate functions themselves, ensuring the
central optimization step operates on a true global surrogate.

This perspective helps contextualize other methods that follow a similar philosophy. For
example, second-order (Newton-type) methods in FL, as explored by Islamov et al. (2021),
can be viewed through this lens. Clients compute local gradients and Hessians, which are
the parameters defining local quadratic approximations of the objective function. These
functional parameters are sent to the server and aggregated to form a global quadratic
model. Only then is the optimization step, the Newton update, is performed on the server
using this aggregated information. This process is directly analogous to our approach of
aggregating parameters of local majorizing functions (our surrogates) in S-space before the
central minimization step is performed using the T operator.

5 Theoretical Analysis and Open Problems

We now proceed to provide a convergence analysis along with the required assumptions.

Stochasticity and Compression: We assume that the oracles {Sk+1,i, k ≥ 0} available at
each local agent #i satisfy the following assumption. First, the local oracles are independent
between local agents; and second, given an agent #i, the oracles are unbiased with a variance
allowed to be specific to each agent.

A3 For all t ≥ 0, the oracles {St+1,i, i ∈ [n]} are conditionally independent of the past history
of the algorithm Ft

1. Moreover, for any i ∈ [n], E [St+1,i | Ft] = Eπi [S̄(Z,T(Ŝt))] and there
exists σ2i > 0 such that for any k ≥ 0, E[∥St+1,i − Eπi [S̄(Z,T(Ŝt))]∥2|Ft] ≤ σ2i .

Next, we make the following assumption on the compression operator and on partial
participation. In the analysis, we consider a specific model on the partial participation, that
assumes that the agents are selected independently at random at each step.

A4 (ω) For all s ∈ Rq, the random variables {Quantt+1,i(s), t ≥ 0, i ∈ [n]} are i.i.d. with
the same distribution as Quant(s). There exists ω ≥ 0 such that for all s ∈ Rq,

E [Quant(s)] = s, E
[
∥Quant(s)− s∥2

]
≤ ω ∥s∥2. (25)

Each compression is applied independently of any other randomness in the past of the
algorithm.

The case ω = 0 corresponds to the case of no compression.
A4(ω) encompasses operators that have been widely used in the literature, for example

Sparsification (Wangni et al., 2018) and random (scalar or vector) quantization (Alistarh
et al., 2017; Dai et al., 2019; Leconte et al., 2021). In particular (25) describes the individual
behavior of each compression operator, specifically the fact that it is unbiased and has
a relatively bounded variance (i.e., the variance of Quant(s) scales as ω∥s∥2). See e.g
(Dieuleveut et al., 2021, Supplemental Section B) for the block-p-quantization example.

1. see Appendix D.3 for a rigorous definition of the filtration.
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A5 (p) At each step, each worker is selected with probability p, p ∈ (0, 1], independently of
the past and of the other workers.

Independent compression steps in A4(ω) and independent selection in A5(p) allow us to
tackle the workers’ selection as a particular form of unbiased compression. It is shown in
Appendix D.2 that compression and partial participation are equivalent: partial participation
can be modeled as another compression operation on top of Quant, which sends the output
of Quant with probability p and nothing with probability 1− p.

Model. We state our regularity assumptions on the functions hi(·) for all i ∈ [n] on the set
S, and on ϕ(T(·)).

A6 (i) For all i ∈ [n], the function hi(s) := Eπi

[
S̄(Z,T(s))

]
− s is globally Li-Lipschitz on

S. (ii) supS ∥h(·)∥ <∞.

A7 (i) There exist positive constants C⋆ and C⋆⋆ and for any s ∈ S, there exists a q × q
positive-definite matrix B(s) such that for any s′ ∈ S,∥∥ϕ(T(s′))− ϕ(T(s))− B(s)(s′ − s)

∥∥ ≤ C⋆∥s′ − s∥2,
|
〈
s′ − s, ϕ(T(s′))− ϕ(T(s))

〉
| ≤ C⋆⋆∥s′ − s∥2.

(ii) There exist 0 < vmin ≤ vmax such that for any s ∈ S and u ∈ Rq, vmin∥u∥2 ≤ u⊤B(s)u ≤
vmax∥u∥2.

We verify A7 for a few examples, instances of the general settings described in Example 1
and Example 2. See the discussions in Appendix E.

The projection. Finally, we proceed to specify the required assumptions on the projection
in Algorithm 2 line 16.

A8 (i) S is a closed convex subset of Rq. (ii) Choose Bt := B(Ŝt) in FedMM, where B is given
by A7.

To facilitate our discussions later, we set

Π(ŝ,B) := argmins∈S(s− ŝ)⊤B(s− ŝ), ŝ ∈ Rq; ∥u∥B :=
√
u⊤Bu. (26)

Finite time analysis. We now provide an explicit finite time analysis convergence of
FedMM.

To quantify the convergence of the latter, we concentrate on the control of

Ēt+1 :=
∥Π(Ŝt + γt+1h(Ŝt),Bt)− Ŝt∥2Bt

γ2t+1

which is equal to ∥h(Ŝt)∥2Bt
when Π(s,B) = s and is lower bounded by vmin∥h(Ŝt)∥2 under A

7; Ēt+1 measures how far the current iterate Ŝt is from the set {s ∈ S : h(s) = 0}. Two cases
are considered in turn: first, the case when there is no compression (ω = 0 in A4) and the
full participation regime is considered (p = 1 in A5); second, the general case when ω > 0 or
p ∈ (0, 1). The proof of Theorem 1 is in Appendix D.
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Theorem 1 Assume A1 to 8. Let {Ŝt, t ≥ 0} be the sequence given by FedMM. Set

ωp := ω+(1+ω)
1− p

p
, C̄ := C⋆⋆+sup

S
∥h(·)∥ C⋆, σ2 := n

n∑
i=1

µ2iσ
2
i , L2 := n

n∑
i=1

µ2iL
2
i .

(A) Case ωp = 0. Run FedMM with α ∈ [0, 1] and step sizes γt+1 ∈
(
0, vmin/(2C̄)

)
. For any

T ∈ N>0

T∑
t=1

γt
4

(
1− 2C̄

vmin
γt

)
E
[
Ēt
]
≤ E

[
(f + g)(T(Ŝ0))−min(f + g)

]
+ vmax

σ2

n

T∑
t=1

γt.

(B) Case ωp > 0. Run FedMM with α ∈ (0, 1/(1 + ωp)] and step sizes satisfying

γt+1 ≤ γt ≤ γ1 1− 2C̄

vmin
γt − 64

ωp

α2

vmax

vmin

L2

n
γ2t > 0, γ1 ≤

α

4
√
ωp

√
vmin√
vmax

√
n

L
.

For any T ∈ N>0,

T∑
t=1

γt
4

(
1− 2C̄

vmin
γt − 64

ωp

α2

vmax

vmin

L2

n
γ2t

)
E
[
Ēt
]

≤ E
[
(f + g)(T(Ŝ0))−min(f + g)

]
+

4ωpvmax

α
γ1

n∑
i=1

µ2iE
[
∥V0,i − hi(Ŝ0)∥2

]
+ 2vmax(1 + 5ωp)

σ2

n

T∑
t=1

γt. (27)

In the case the step sizes are constant (γt = γ for all t), we obtain the following corollary.
Here, γ is chosen small enough to ensure that the LSH is positive.

Corollary 1 (of Theorem 1, when ωp>0.) Let γ > 0 be such that

1− 2C̄

vmin
γ − 64

ωp

α2

vmax

vmin

L2

n
γ2 ≥ 1

2
.

Let τ be a uniform random variable on {1, · · · , T}, independent of the path of the algorithm.

E
[
Ēτ
]
≤ 8

Tγ
E
[
(f + g)(T(Ŝ0))−min(f + g)

]
+

32ωpvmax

Tα

n∑
i=1

µ2iE
[
∥V0,i − hi(Ŝ0)∥2

]
+ 16vmax(1 + 5ωp)

σ2

n
.

(Parameters and constants). Constants σ2 (resp. L2) are defined so that when µi = 1/n
(i.e., in batch learning with equal number of data at each worker, or in online learning),
and σi (resp. Li) are constant, then σ = σi (resp. L = Li). The step sizes γt have to be
chosen smaller than an absolute constant depending on the regularity of the problem and
the compression factor. Theorem 1 does not require any convexity assumption on f in MM-1
though MM-2 is satisfied when the surrogate is strongly convex even if not explicitly assumed.
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(Convergence guarantee). Controlling the quantity at a random stopping time τ , uniformly
chosen over all iterations is classical to obtain convergence rates in non-convex optimiza-
tion (Ghadimi and Lan, 2013). The bound can be decomposed as the sum of an initial
quantity, divided by the number of iterations, and a noise term, divided by the number of
workers and the batch size b.

(Heterogeneity). The result is valid without any assumption on the data heterogeneity
(πi ̸= πj). In the batch learning case, a natural choice for the initial control variates is
V0,i = hi(Ŝ0) (at the cost of evaluating the expectation once). Complexity guarantee is then
not affected (thus robust to) by the heterogeneity.

(Case α = 0). When ωp = 0, we can choose α = 0: control variates play no role even
in the heterogeneity setting. When ωp > 0, the bound is obtained under the assumption
that α > 0. Finite time analysis can be run in the case ωp > 0, α = 0 but they provide bad
conditions on the step sizes γt and poor upper bounds (see Appendix D.7). We also illustrate
numerically that, in the heterogeneity setting, α = 0 may lead to a worsened convergence
rate, see Figure 2 in Section 6.

Challenges in the analysis. While Theorem 1 provides a first result, the Federated MM
framework that we introduce raises numerous theoretical challenges.

• First and foremost, the surrogate space S can be constrained (see, e.g., Examples 2 and 3
in Appendix E). The updates resulting from the aggregation of the workers’ contributions
may not stay within S. We are thus required to perform a projection step. This issue
is reinforced by variance reduction schemes, that often result in performing non-convex
combinations (e.g., the difference of a candidate surrogate with a control variate). It is also
reinforced by the compression step, the choice of the compression operator Quant may be
impactful; for example, a scalar quantization of a positive semidefinite matrix is not ensured
to be a positive semidefinite matrix. Yet, these variance reduction schemes and compression
steps are necessary to reduce the impact of heterogeneity and the computational cost, and
helpful to accelerate convergence.

• In order to guarantee that T(Ŝt+1) is well defined, FedMM requires a projection of the
point Ŝt+γt+1Ht+1 on S, yielding Ŝt+1. Quite often, this projection step is applied to ensure
numerical stability but is not taken into account when deriving a theoretical analysis of the
algorithm. On the contrary, the projection is part of our convergence analysis provided in
Theorem 1. Nevertheless, our current analysis requires the projection to be performed w.r.t.
the geometry of the matrix B(Ŝt) which can be interpreted as a local approximation of the
geometry of the mapping s 7→ ϕ(T(s)) - see A7.

• From an analytical standpoint, the projection introduces bias to the oracle (roughly
speaking, E[Π(Ŝ,B)] ̸= Π(E[Ŝ],B)). This bias makes the analysis more complicated and
degrades the convergence rate (the limit variance obtained in Theorem 1 actually resembles the
one in (Gorbunov et al., 2021, Eq. (41)) for biased online non-convex federated optimization).
Moreover, the (convex) space S can also be considered as a Riemannian manifold: the
projections could also be performed w.r.t. this geometry.
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6 Dictionary Learning Experiments

We apply the FedMM algorithm to the following stochastic dictionary learning problem

argminθ∈Rp×K
1
n

∑n
i=1 Eπi

[
minh∈RK

{
1
2∥Z − θh∥2 + λ∥h∥1

}
+ η ∥θ∥2

]
, (28)

where Z ∈ Rp is the random observation, ∥ · ∥1 denotes the L1-norm, and λ, η > 0 are
regularization parameters. As detailed in Section 2.3, this problem fits our variational
surrogate framework (Example 3) and FedMM can be specialized by: (1) The surrogate space
for aggregation is set to S := M+

K × Rp×K ; (2) At each iteration, a participating client
receives T(Ŝt) and uses it to compute its local surrogate oracle St+1,i = (S

(1)
t+1,i,S

(2)
t+1,i) - see

(18).
We consider three data settings, two synthetic and one on real data. For the synthetic

setting, we consider two scenarios: homogeneous distributions πi = π and heterogeneous
distributions πi ̸= πj . Both start by generating a matrix θ∗ ∈ Rp×K such that (θ∗)ij ∼
N (0, 1). Then, we generate the set {Zt := θ∗ht}tot

t=1, where, for each t, ht is a sparse vector
with 20% of randomly selected non-zero entries, distributed as N (0, 1). For the scenario
where clients have homogeneous distributions, we set tot = 250 and give each client a copy
of the full data. For the heterogeneous case, with tot = 5000, constrained k-means (Bradley
et al., 2000) is used to split {Zt}tot

t=1 into n equal clusters while maximizing the average
distance between different clusters. Then, each client is assigned a unique cluster. For our
experiments, we used n = 20, K = 15, λ = 0.1, and η = 0.2.

For the real data, we used the MovieLens 1M dataset (Harper and Konstan, 2015), which
consists of the movie ratings of 6000 users for 4000 movies. We subsample the dataset to
have 5000 user ratings for 500 movies. Thus, we recover a dataset of 5000 vectors embedded
in Rp, for p = 500. To generate the federated clients’ data, we split the 5000 vectors, using
constrained k-means, among n = 20 clients and set the data distributions πi for client i to be
the uniform distribution over the Ni = 250 vectors received. Finally, we set the embedding
dimension K to 50. Similar to the synthetic setting, we used λ = 0.1, and η = 0.2.

For all experiments, we used a decaying step size γt = β/
√
β + t with β tuned for each

algorithm and setting from the range [0.001, 0.05]. For the projection step, line (16), we
set the projection matrix Bt to the identity. Nonetheless, note that our theoretical analysis
requires another selection of Bt (see A7 and Appendix E.3).

To evaluate our methodology, we compare it with a naive algorithm, where at step
t + 1, each active agent #i computes a new surrogate and optimizes it to obtain a new
local parameter θit+1 ∈ Θ. Then, it communicates θit+1 to the server, which aggregates the
parameters of active agents to construct θt+1. This naive algorithm exactly mirrors FedMM,
except that the communications and the server aggregation step occur in the parameter
space and not in the surrogate space.

Besides tracking the loss value in (28), we report two other metrics. First, we track the
normalized surrogate update squared norm: at iteration t+ 1, for FedMM, we report Est+1 :=

∥Ŝt+1−Ŝt∥2/γ2
t+1. Meanwhile, for the naive algorithm aggregating in the parameter space, we

report Es,pt+1 := ∥T (θt+1)−T (θt)∥2/γ2
t+1, where T (θ) := 1/n

∑
i∈[n] Eπi

[
S̄(Z, θ)

]
. Similarly, we also

track the parameter space update squared norm. In particular, for the algorithm aggregating
in the parameter space, we track Ept+1 := ∥θt+1−θt∥2/γ2

t+1. Meanwhile, for FedMM, we track
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Ep,st+1 := ∥T(Ŝt+1)−T(Ŝt)∥2/γ2
t+1. For all the figures, we report the average over 10 independent

runs, obtained with different seeds.

Impact of Aggregation Space: Our first set of experiments is reported in Figure 1. We
set the number of participating clients at each iteration to be 10 (p = 0.5). Each active
client computes St+1,i using 50 examples, sampled at random among the local examples.
We considered a setting where the communication between the clients and the server is
compressed using quantization with 8 bits per coordinate. We set the control variates stepsize
to α = 0.01.

First, for the objective value (28), we observe that, when using FedMM, it monotonically
decays for all settings. Meanwhile, for the naive algorithm aggregating in the parameter
space, it diverges in the synthetic heterogeneous setting. In addition, FedMM achieves better
objective value across all settings of data.

For Ept+1 and Ep,st+1, both the naive algorithm and FedMM decay. For the synthetic data,
we observe faster decay for the algorithm designed to aggregate in the parameter space.
Meanwhile, for the MovieLens dataset, FedMM initially achieves faster decay but is eventually
beaten by the naive algorithm.

Finally, for Est+1 and Es,pt+1, FedMM decays across all datasets. Meanwhile, the naive
algorithm diverges on synthetic data. In addition, for MovieLens dataset, the naive algorithm
initially decays steadily but becomes more unstable as the number of communication rounds
increases. We note that Est+1 mirrors the quantity controlled by Theorem 1 (up to a different
projection geometry). Thus, the experimental results mirror the theoretical conclusions
on convergence up to an error term. In addition, we highlight that even though the naive
algorithm converges w.r.t. Ept+1, it diverges in the surrogate space (see Es,pt+1).

Impact of Control Variates: Our second set of experiments aimed to investigate the
effect of control variates in mitigating the consequences of data heterogeneity and partial
participation; they are presented in Figure 2. In this set, we only run FedMM. To investigate
and isolate the effect of control variates, we initialize the control variates to zero, i.e. V0,i = 0
and set their update step size to α ∈ {0, 0.01}. As a result, when α = 0, control variates
are not used. At each step t, 10 agents are active, i.e. p = 0.5. To remove the effect of
stochasticity, apart from partial participation, we make each active agent #i use all their
local examples, i.e. St+1,i = Eπi

[
S̄(Z, θt)

]
.

Across all data settings, we observe no effect of using control variates on the objective
value. For the synthetic homogeneous dataset and α = 0.01, given that all the clients share
the same data and that there is no communication compression, the control variates exactly
cancel out and result in no effect. Meanwhile, for the heterogeneous synthetic data and the
MovieLens dataset, we observe that the use of control variates improves the rate of decay of
both Est+1 and Ep,st+1 allowing them to reach significantly lower values.

7 Federated Optimal Transport Map with an MM Approach

We now move beyond the scope of the framework characterized by MM1&2 to show how
our methodology of aggregating in the surrogate space may be generalized beyond linearly
parameterized surrogates. In particular, to illustrate how our methodology may be used
to design novel federated algorithms, we consider a federated version of the problem of
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Figure 1: Impact of Aggregation Space. The columns (left to right) display the objective
value, parameter update size (Ept and Ep,st ), and surrogate update size (Est and Es,pt ) as
a function of communication rounds, t ∈ 1, . . . , Tmax. The rows correspond to different
data settings (from top to bottom): synthetic homogeneous, synthetic heterogeneous, and
MovieLens 1M. Results are averaged over 10 runs, with the shaded regions indicating one
standard deviation of the reported value across the 10 runs.

computing parametric optimal transport (OT) maps between two measures according to
the framework of Korotin et al. (2021a). Before presenting the federated extension and our
MM-based approach, we first describe the problem in the centralized setting. Consider two
measures P and Q on X ⊂ Rd and denote by M(X ) the set of measurable functions on X
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Figure 2: Impact of Control Variates. The columns (left to right) display the objective
value, parameter update size (Ep,st ), and surrogate update size (Est ) as a function of commu-
nication rounds, t ∈ 1, . . . , Tmax. The rows correspond to different data settings (from top
to bottom): synthetic homogeneous, synthetic heterogeneous, and MovieLens 1M. Results
are averaged over 10 runs, with the shaded regions indicating one standard deviation of the
reported value across the 10 runs.

taking values in X , the Wasserstein-2 transport map is defined as

m∗ ∈ argmin
{m◦P=Q}
m∈M(X )

EP

{
∥X −m(X)∥2

}
, (29)
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where the condition {m ◦ P = Q} indicates that the push-forward measure obtained by
applyingm to P is equal toQ, i.e. for any Borel set B ⊆ X , it holds thatQ(B) = P

(
m−1(B)

)
.

In practice, m∗ is computed by first solving the Kantarovich dual problem

f∗ = argmax
f∈CVX(X )

−EP [f(X)]− EQ [f c(Y )] , (30)

where CVX(X ) is the set of convex functions on X and f c is the convex conjugate of f .
Under the condition that P and Q admit continuous probability density functions, it is
known that the solution of the primal formulation may be constructed from the dual solution
as m∗ = ∇f∗ (Villani, 2021). In addition, the inverse map (m∗)−1 satisfies (m∗)−1 = ∇ (f∗)c.
Given the structure of the problem, Makkuva et al. (2020) aimed to find the optimal transport
map as the gradient of an Input Convex Neural Network (ICNN) (Amos et al., 2017), leading
to the problem

ω∗ ∈ argmin
ω∈Θ

EP,Q

[
fω(X) + max

x∈X
{⟨x, Y ⟩ − fω(x)}

]
,

where EP,Q indicates that X ∼ P and Y ∼ Q. Here, Θ represents a parametric family of
ICNN. Then, the transport map m∗ can be approximated using the map x 7→ ∇xfω∗(x).
Korotin et al. (2021a) proposes to relax the min-max formulation by using a second ICNN
to parameterize the convex conjugate leading to the minimization problem

ω∗, θ∗ ∈ argmin
ω,θ∈Θ2

{EP [fω(X)] + EQ [⟨∇yfθ(Y ), Y ⟩ − fω(∇yfθ(Y ))]} , (31)

where we used the fact that the convex conjugate f c of a strictly convex function f satisfies

∇f c(u) = argmaxx(⟨u, x⟩ − f(x)).

However, a solution to (31) may not necessarily guarantee that fθ is the convex conjugate of
fω. Thus, Korotin et al. (2021a) further leverage the structure of the problem and add the
regularizer

RQ(ω, θ) := EQ

[
∥∇fω ◦ ∇fθ(Y )− Y ∥2

]
,

and thus recovering the formulation

ω∗, θ∗ ∈ argmin
ω,θ∈Θ2

{EP [fω(X)] + EQ [⟨∇fθ(Y ), Y ⟩ − fω(∇fθ(Y ))] +RQ(ω, θ).} (32)

7.1 Extension to the Federated Setting

We are interested in extending this problem to the federated setting. Consider a scenario
where n clients, each possessing data from a distinct local distribution Pi, aim to learn a
single, shared optimal transport map to a common target distribution Q. This formulation
is highly relevant for federated domain adaptation. For instance, imagine a consortium of
hospitals (clients) wishing to use a diagnostic AI model trained on a large, public dataset
(with distribution Q). Each hospital’s local data has a local distribution Pi, which may
or may not be similar to other hospitals in the consortium. The goal is to leverage the
consortium data to learn a transport map that transports the hospital’s local distribution
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onto Q on which the model was trained, thus improving its performance without retraining
it.

In this federated context, the objective is to find a single pair (ω∗, θ∗) that performs well
on average across all clients:

ω∗, θ∗ ∈ argmin
ω,θ∈Θ2

W (ω, θ) :=
∑
i∈[n]

µili(ω, θ) + λRQ(ω, θ), (33)

where

li(ω, θ) := {EPi [fω(X)] + EQ [⟨∇fθ(Y ), Y ⟩ − fω(∇fθ(Y ))]} .

When ω and θ parameterize an ICNN, the objective in (33) is differentiable in (ω, θ),
making it directly tractable by available first-order federated algorithms (Reddi et al., 2021;
Wang et al., 2021). Nonetheless, we will demonstrate a more effective alternative approach,
which is based on our methodology of surrogate aggregation. In particular, the central
thesis of our work is that for many optimization problems, the most effective federated
approach is to have clients compute local surrogate functions, aggregate these surrogates on
the server to form a global surrogate, and then perform the minimization step centrally. We
now demonstrate how this design philosophy can be generalized to problems, like the OT
formulation above, that do not strictly fit the linearly parameterized framework of MM1&2.

First, we note that the objective in (33) decouples the data dependencies between the
two sets of parameters, θ and ω. In particular, once fω is fixed, the optimization problem for
the conjugate network parameters θ, only depends on the shared public distribution Q. This
structural insight allows us to interpret the proposed alternating optimization scheme as a
pseudo-MM algorithm that directly applies the principles developed earlier in this paper.

To formalize this, consider the objective function for a single client i, which we denote
as minω,θWi(ω, θ), where Wi(ω, θ) := li(ω, θ) + λRQ(ω, θ). This local objective can be
alternatively viewed as a function of θ alone as it is equivalent to minθWi(θ), whereWi (θ) :=
minωWi(ω, θ). In particular, for an iterate θt, consider the client’s local best-response
ωi(θt) := argminωWi(ω, θt). This step implicitly defines a majorizing function for the client’s
true objective. Specifically, the function Ui,t(θ) ≜Wi(ωi(θt), θ) is a majorizing surrogate for
Wi(θ), as it satisfies the two key properties: (1) It is tangent at the point of construction:
Ui,t(θt) = Wi(ωi(θt), θt) = Wi(θt); (2) It upper bounds Wi as Ui,t(θ) = Wi(ωi(θt), θ) ≥
minωWi(ω, θ) =Wi(θ) for all θ.

Within our proposed framework, the parameter ωi(θt) plays a role directly analogous
to the surrogate parameter Eπi

[
S̄(Z, θ)

]
in the linearly parameterized setting in MM1&2:

it is the finite-dimensional object that fully defines the client’s surrogate function Ui,t(·).
Thus, analogously to FedMM, it is possible to develop an algorithm, which aims to aggregate
ω1(θt), . . . , ωn (θt) to construct a single surrogate at the server, which is then minimized at
the server. We operationalize this approach in Algorithm 3, which exploits this idea to solve
the federated objective (33).
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Algorithm 3: Pseudo-MM for Federated OT Map (FedMM-OT)
Data: Tmax ∈ N>0; α > 0; p ∈ (0, 1]; a (0, 1]-valued sequence {γt, t ∈ [Tmax]}; a

distribution P on the subsets of {1, · · · , n}; initial values ω0, θ0 ∈ Θ and
V0,i ∈ Θ for all i ∈ [n]

Result: Sequence {(ωt, θt) , t ∈ [Tmax]}
1 Set V0 =

∑n
i=1 µiV0,i

2 for t = 0, . . . , Tmax − 1 do
3 Sample At+1 ∼ P
4 Broadcast (ωt, θt) to the agents #i, i ∈ At+1

5 for i ∈ At+1 do // on active worker #i

6 Compute ωi(θt) = argminωWi(ω, θt)
7 Set ∆t+1,i = ωi(θt)− ωt − Vt,i
8 Set Vt+1,i = Vt,i + (α/p)∆t+1,i

9 Send ∆t+1,i to the central server

10 for i /∈ At+1 do // on inactive worker #i

11 Vt+1,i = Vt,i

12 // on the central server

13 Set Ht+1 = Vt + (1/p)
∑

i∈At+1
µi∆t+1,i

14 Compute ωt+1 = ωt + γt+1Ht+1

15 Project ωt+1 onto Θ
16 Update θt+1 = argminθ∈Θ W (ωt+1, θ)
17 Set Vt+1 = Vt + α/p

∑
i∈At+1

µi∆t+1,i

A single round of the algorithm is initiated by the server broadcasting the current global
parameters, (ωt, θt). Each active client i ∈ At+1 is tasked with constructing its local surrogate
by computing the best-response parameter ωi(θt) for its local potential function. Then, clients
transmit a control variate corrected version of their functional parameter update ωi(θt). The
server, in turn, performs the aggregation and global minimization steps. It first aggregates
the updates received from all active clients to form a new global potential parameter ωt+1.
Using this newly formed ωt+1, the server then performs the global minimization for the
conjugate parameter

θt+1 ∈ argmin
θ∈Θ

W (ωt+1, θ).

In practice, we note that the exact minimization steps in both lines (6) and (16) can be
relaxed and approximated by performing multiple gradient steps.

Crucially, the surrogate constructed at the server, parameterized by ωt+1, is not guaranteed
to be a majorizing function of the the global objective, and thus FedMM-OT does not strictly
constitute an MM algorithm. As such, we term this approach as “pseudo-MM”. Nonetheless, it
follows the identical principle advocated in this paper: local computations produce surrogate
parameters, which are then aggregate centrally.

7.2 Evaluation of Optimal Transport Map

Evaluating OT map solutions is challenging due to the high sample complexity required
for accurate Wasserstein distance estimation, specifically O(ε−d) samples for O(ε) accuracy
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(Dudley, 1969), which becomes computationally prohibitive in high dimensions. To address
this, we adopt the standardized benchmark methodology for evaluating continuous quadratic-
cost OT maps of Korotin et al. (2021b).

This benchmark leverages ICNNs to construct pairs of continuous measures (Pd,Qd) where
the ground truth OT map m∗

true is analytically known. In particular, for each dimension d,
the benchmark starts by defining the following measures: Pd is a Gaussian mixture with three
components, while Q1

d,Q2
d, each a Gaussian mixture with ten components. Using two ICNNs,

a push forward function m∗
true : X → X is learned to approximate T ∗ ◦ P ≈ 1/2

(
Q1

d +Q2
d

)
.

Finally, the benchmark sets Qd = T ∗ ◦ P and, as such, the transport map between Pd and
Qd is explicitly known.

To quantify the performance of a fitted parametric transport map m : X → X against
this ground truth, the benchmark employs the L2 Unexplained Variance Percentage metric
(LUVP

2 (m)), which is formally defined as

LUVP
2 (m) := 100 ·

∥m−m∗
true∥2L2(Pd)

Var(Qd)
,

where Var(Qd) is a scalar-valued notion of the spread of Qd. We use the original implemen-
tation2 to have Var(Qd) being the L1 norm of the covariance matrix of Qd.

The LUVP
2 value serves as an indicator of how accurately the computed transport map m

approximates the true optimal transport map m∗
true .

7.3 Experimental Results

To benchmark the effectiveness of Algorithm 3, we again compare against an algorithm
that aims to solve the federated objective without aggregation of surrogate parameters. In
particular, the objective in (33) is differentiable in (ω, θ), making it amenable to federated
first-order methods (McMahan et al., 2017b; Reddi et al., 2021). As such, we compare
Algorithm 3 with FedAdam (Reddi et al., 2021).

We adapted the experimental setting and hyperparameters used by Korotin et al. (2021b,
MMv2). In particular, we use a three-layer dense ICNN (Korotin et al., 2021a) for fθ and fω.
In addition, except for the learning rate, which we tune, we use the Adam (Kingma and Ba,
2017) hyperparameters used in the centralized setting in the code of Korotin et al. (2021b)
for FedAdam.

For Algorithm 3, we relax the optimization procedure on the clients’ side in line (6) to
be a single gradient step. As such, both Algorithm 3 and FedAdam use similar computational
resources on the client side. Finally, for the server side optimization process in line (16) to
be ten gradient steps using the Adam optimizer.

We report our results on the benchmark from Korotin et al. (2021b) (described in
Section 7.2), using the LUVP

2 metric. To adapt this benchmark to the federated setting, we
generate Pd as previously detailed. Then, for n = 10 clients, we create individual client
distributions by splitting samples from Pd using constrained k-means. Finally, in (33), we set
µi = 1/n. The results for different dimensions are presented in Figure 3. Across all dimensions,
we observe that our approach significantly outperforms the direct application of FedAdam.

2. https://github.com/iamalexkorotin/Wasserstein2Benchmark
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Figure 3: Performance is measured by (LUVP
2 ), where lower is better, versus communication

rounds for dimensions d = 16, d = 32, and d = 64. In all settings, our proposed FedMM-OT
algorithm converges faster than the FedAdam baseline.

8 Conclusion

This paper investigates Stochastic Surrogate MM methods that iteratively construct surrogate
functions in a parametric space. This principle allows us to introduce FedMM, a unified
framework for a novel class of FL algorithms designed to address the key bottlenecks of
communication and heterogeneity. We believe that this simple yet elegant idea opens up
many algorithmic directions, and simultaneously poses exciting theoretical difficulties.

Finally, a point of interest is the link with Mirror Descent (MD). Kunstner et al. (2021)
showed that a (deterministic) MM - namely, the EM algorithm - can be seen as a MD
algorithm. This remark strongly relies on a canonical parameterization ϕ(θ) ≡ θ of the
surrogate functions, see MM-2 making the analysis simpler (eq. (3), Kunstner et al., 2021).
Understanding the impact of the parameterization on the behavior of Federated MM is an
interesting aspect left unexplored.
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Appendix A. The conditions MM-1 and MM-2

A.1 Example 1

Let ρ ∈ (0, 1/Lf ]. For any τ ∈ Θ, it holds on Θ

f(·) ≤ f(τ) + ⟨∇f(τ), · − τ⟩+ Lf

2
∥ · −τ∥2 ≤ f(τ) + ⟨∇f(τ), · − τ⟩+ 1

2ρ
∥ · −τ∥2.

Since

⟨∇f(τ), θ − τ⟩+ 1

2ρ
∥θ − τ∥2 = 1

2ρ

(
∥θ∥2 − ∥τ∥2

)
− 1

ρ
⟨τ − ρ∇f(τ), θ − τ⟩ ,

MM-1 is satisfied with

ψ(θ) :=
1

2ρ
∥θ∥2, ϕ(θ) :=

1

ρ
θ, S̄(Z, τ) := τ − ρG(Z, τ).

Upon noting that 1/2∥θ∥2 − ⟨s, θ⟩ = 1/2∥θ − s∥2 − 1/2∥s∥2, it holds

T(s) := argminθ

(
g(θ) +

1

2ρ
∥θ∥2 − 1

ρ
⟨s, θ⟩

)
= argminθ

(
ρg(θ) +

1

2
∥θ − s∥2

)
.

A.2 Example 2

Let τ ∈ Θ. For any θ ∈ Θ, we write

ℓ(Z, θ)− ℓ(Z, τ) = − log

∫
H

p(Z, h, θ)

p(Z, h, τ)
µ(dh|Z, τ).

By the Jensen’s inequality, we have for any θ ∈ Θ

ℓ(Z, θ)− ℓ(Z, τ) ≤ −
∫
H
log

(
p(Z, h, θ)

p(Z, h, τ)

)
µ(dh|Z, τ).

Since − log p(Z, h, θ) = ψ(θ)− ⟨S(Z, h), ϕ(θ)⟩, this yields

ℓ(Z, θ) ≤ ℓ(Z, τ) + ψ(θ)− ψ(τ)−
〈
S̄(Z, τ), ϕ(θ)− ϕ(τ)

〉
(34)

where S̄(Z, τ) is given by (6). We now apply the expectation Eπ, and this concludes the
proof of MM-1.

A.3 Example 3

Let τ ∈ Θ. First, observe that by definition of M(Z, τ), it holds for any Z

ℓ(Z, τ) = ψ(τ)− ⟨S(Z,M(Z, τ)), ϕ(τ)⟩+ ξ(Z,M(Z, τ)). (35)

We have ℓ(Z, ·) ≤ ℓ̃(Z, h, ·) for any h ∈ H. Apply this inequality with h← M(Z, τ) and use
(35): this yields

ℓ(Z, ·) ≤ ℓ̃(Z,M(Z, τ), ·) = ψ(·)− ⟨S(Z,M(Z, τ)), ϕ(·)⟩+ ξ(Z,M(Z, τ)), ∀Z ∈ Rp, (36)
= ℓ(Z, τ) + ψ(·)− ψ(τ)− ⟨S(Z,M(Z, τ)), ϕ(·)− ϕ(τ)⟩ (37)
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From this inequality and (35), it follows under integrability conditions that

f(·) ≤ f(τ) + ψ(·)− ψ(τ)− ⟨Eπ [S(Z,M(Z, τ))] , ϕ(·)− ϕ(τ)⟩ .
Therefore, MM-1 is satisfied with S̄(Z, τ) := S(Z,M(Z, τ)) and the functions ϕ, ψ defined by
ℓ̃.

Appendix B. Proof of Proposition 1

By definition of T (see MM-2) and the Fermat’s rule (see e.g. (Bauschke and Combettes,
2011, Theorem 16.3)), for any s ∈ S, we have

0 ∈ ∂ (g(·) + ψ(·)− ⟨s, ϕ(·)⟩) (T(s)) . (38)

Let s ∈ S. Under A1, both g(·) and ψ(·)− ⟨s, ϕ(·)⟩ are proper lower semicontinuous convex
functions, and Θ ∩ intdom(ψ(·)− ⟨s, ϕ(θ)⟩ ⊃ intΘ is non empty. Therefore, by (Bauschke
and Combettes, 2011, Corollary 16.50), for any τ ∈ Θ

∂ (g(·) + ψ(·)− ⟨s, ϕ(·)⟩) (τ) = ∂g(τ) + ∂ (ψ(·)− ⟨s, ϕ(·)⟩) (τ). (39)

A1 and (Bauschke and Combettes, 2011, Proposition 17.31) imply that for any τ ∈ Θ,

∂ (ψ(·)− ⟨s, ϕ(·)⟩) (τ) = {∇ψ(τ)− Jϕ(τ) s}. (40)

Therefore, from (38), (39) and (40), for any s ∈ S, we have

Jϕ(T(s)) s−∇ψ(T(s)) ∈ ∂g(T(s)). (41)

On the other hand, MM-1 implies that for any τ ∈ Θ, θ 7→ f(θ) − f(τ) − ψ(θ) + ψ(τ) +〈
Eπ

[
S̄(Z, τ)

]
, ϕ(θ)− ϕ(τ)

〉
≤ 0 and is equal to zero at θ = τ . Therefore, under A1 and A2,

for any τ ∈ intΘ, it holds

∇f(τ)−∇ψ(τ) + Jϕ(τ)Eπ

[
S̄(Z, τ)

]
= 0. (42)

For any τ ∈ intΘ, we have

∇f(τ) + ∂g(τ)
(42)
= ∇ψ(τ)− Jϕ(τ)Eπ

[
S̄(Z, τ)

]
+ ∂g(τ)

(40)
= ∂ (ψ(·)− ⟨s, ϕ(·)⟩) (τ) + ∂g(τ)

(39)
= ∂

(
g(·) + ψ(·)−

〈
Eπ

[
S̄(Z, τ)

]
, ϕ(·)

〉)
(τ).

Combined with the Fermat’s rule, this implies that 0 ∈ ∇f(τ) + ∂g(τ) iff τ is a minimizer
of g(·) + ψ(·)−

〈
Eπ

[
S̄(Z, τ)

]
, ϕ(·)

〉
, i.e., under MM-2, τ = T(Eπ

[
S̄(Z, τ)

]
). This concludes

the proof of (10).
On the other hand, the result (11) follows by observing that as T(s) ∈ intΘ,

−Jϕ(T(s)) h(s) = Jϕ(T(s))
(
s− Eπ

[
S̄(Z,T(s))

])
(42)
= ∇f(T(s))−∇ψ(T(s)) + Jϕ(T(s)) s

(40)
∈ ∇f(T(s)) + ∂g(T(s)).

Let s⋆ ∈ S be such that h(s⋆) = 0 and T(s⋆) ∈ intΘ, then (10) and (11) imply that
θ⋆ = T(s⋆). On the other hand, let θ⋆ ∈ intΘ be such that θ⋆ = T

(
Eπ

[
S̄(Z, θ⋆)

])
, then (10)

and (11) imply θ⋆ = T(s⋆), and furthermore s⋆ = Eπ

[
S̄(Z,T(s⋆))

]
. This yields h(s⋆) = 0.
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Appendix C. Examples of Jensen’s surrogate: the Expectation
Maximization algorithm

We derive the surrogate parameterization for two concrete EM examples in Section 2.3.

C.1 First Example: Poisson observations

Statistical model. Consider a Poisson random variable; conditionally to some hidden
random variable h, the intensity of the Poisson variable is exp(θ + h). We assume that the
distribution of h is µ. Based on examples Z1, · · · , Zj , · · · , we want to estimate θ ∈ R as the
Maximum A Posteriori (MAP) when the prior is proportional to θ 7→ exp(−λ exp(θ)) for
some regularization parameter λ > 0. The complete likelihood i.e. the likelihood of the pair
(Z, h) is proportional to θ 7→ exp(Z(θ+h)− exp(θ+h)). A MAP estimator is a minimizer of

θ 7→ Eπ

[
− log

∫
R
exp (θZ − exp(θ) exp(h))µ(dh)

]
+ λ exp(θ); (43)

it is of the form θ 7→ f(θ) + g(θ) with g(θ) := λ exp(θ). In batch learning with i.i.d.
observations Zj , π is the empirical distribution of the N examples in the batch: π(dz) :=
1/N

∑N
j=1 δZj (dz). In online learning with a stream of independent examples having the same

distribution as Z, π denotes the distribution of Z.

Setting MM-1 and MM-2. From (43) and Example 2, MM-1 is satisfied with

ψ(θ) := 0, ϕ(θ) :=

[
θ

exp(θ)

]
, S(Z, h) :=

[
Z

− exp(h)

]
, Θ := R, S := R>0 × R<0.

MM-2 is satisfied: the optimization operator T is defined on S by

T(s1, s2) := argminθ∈R {λ exp(θ)− s1θ − s2 exp(θ)} = ln

(
s1

λ− s2

)
.

Upon noting that the first component of Eπ

[
S̄(Z, h, τ)

]
does not depend on τ and is equal to

Eπ[Z], let us propose a second strategy when this expectation is explicit (typically in batch
learning) possibly at a large computational cost (when the size N of the batch is large). The
function ψ(·) contains the terms depending upon θ which have a closed form expression.

Setting MM-1 and MM-2 - when Eπ [Z] is explicit. MM-1 is satisfied with

ψ(θ) := −θEπ [Z] , ϕ(θ) := exp(θ), S(Z, h) := − exp(h), Θ := R, S := R<0.

In MM-2, the optimization operator T is defined on S by

T(s) := argminθ∈R {λ exp(θ)− Eπ [Z] θ − s exp(θ)} = ln

(
Eπ [Z]

λ− s

)
.

C.2 Second example: mixture of Gaussian distributions

The statistical model. Consider a mixture model of L Rp-valued Gaussian distributions.
The means m1, · · · ,mL are unknown; the weights ν1, · · · , νL and the covariance matrices
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Γ1, · · · ,ΓL are known. Based on observations Z1, · · · , Zj , · · · , we want to estimate θ :=
(m1, · · · ,mL) ∈ Rp×L as a penalized Maximum Likelihood (ML) estimator that minimizes

θ 7→ Eπ

[
− log

L∑
ℓ=1

νℓ√
Det(Γℓ)

exp

(
−1

2
(Z −mℓ)

⊤Γ−1
ℓ (Z −mℓ)

)]
+
λ

2

L∑
ℓ=1

m⊤
ℓ mℓ,

where λ > 0 is a regularization parameter. π is either π(dz) := N−1
∑N

j=1 δZj (dz), the
empirical distribution on the N i.i.d. examples Zj in batch learning; or π denotes the
distribution of Z in online learning with a stream of i.i.d. samples.

The criterion is of the form θ 7→ f(θ) + g(θ) with g(θ) := λ/2
∑L

ℓ=1m
⊤
ℓ mℓ and

f(θ) := Eπ

[
− log

L∑
ℓ=1

νℓ√
Det(Γℓ)

exp

(
−1

2
(Z −mℓ)

⊤Γ−1
ℓ (Z −mℓ)

)]

= Eπ

[
− log

∫
1√

Det(Γh)
exp

(
−1

2
(Z −mh)

⊤Γ−1
h (Z −mh)

)
µ(dh)

]

where µ is the distribution on {1, · · · , L} defined by µ({ℓ}) := νℓ.

The setting MM-1-MM-2. It holds

(Z −mh)
⊤Γ−1

h (Z −mh) = Z⊤Γ−1
h Z +m⊤

h Γ
−1
h mh − 2

〈
Z,Γ−1

h mh

〉
.

Since 1 = 1{1}(h) + · · ·+ 1{L}(h), we have

⟨ξ, χ(h)⟩ =
〈 ξ1{1}(h)

· · ·
ξ1{L−1}(h)

 ,
 χ(1)− χ(L)

· · ·
χ(L− 1)− χ(L)

〉+ ⟨ξ, χ(L)⟩

from which we deduce that

〈
Z,Γ−1

h mh

〉
=

〈 Z 1{1}(h)
· · ·

Z 1{L−1}(h)

 ,
 Γ−1

1 m1 − Γ−1
L mL

· · ·
Γ−1
L−1mL−1 − Γ−1

L mL

〉+
〈
Z,Γ−1

L mL

〉
.

m⊤
h Γ

−1
h mh =

〈 1{1}(h)

· · ·
1{L−1}(h)

 ,
 m⊤

1 Γ
−1
1 m1 −m⊤

LΓ
−1
L mL

· · ·
m⊤

L−1Γ
−1
L−1mL−1 −m⊤

LΓ
−1
L mL

〉+m⊤
LΓ

−1
L mL.

Therefore, from Example 2, MM-1 is satisfied with ψ(θ) := −m⊤
LΓ

−1
L Eπ [Z] + 1/2m⊤

LΓ
−1
L mL,

ϕ(θ) :=



Γ−1
1 m1 − Γ−1

L mL

· · ·
Γ−1
L mL − Γ−1

L mL

−1/2
(
m⊤

1 Γ
−1
1 m1 −m⊤

LΓ
−1
L mL

)
· · ·

−1/2
(
m⊤

L−1Γ
−1
L−1mL−1 −m⊤

LΓ
−1
L mL

)

 , S(Z, h) :=



Z 1{1}(h)
· · ·

Z 1{L−1}(h)

1{1}(h)
· · ·

1{L−1}(h)

 .
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The set S collects the points of the form s = (s1,1, · · · , s1,L−1, s2,1, · · · , s2,L−1) where s1,ℓ ∈
Rp, s2,ℓ ∈ [0, 1] and

∑L−1
ℓ=1 s2,ℓ ≤ 1. In MM-2, for any s ∈ S, T(s) is the minimizer of

g(θ) + ψ(θ)− ⟨s, ϕ(θ)⟩. T(s) ∈ Rp×L and the column #ℓ, for ℓ = 1, · · · , L− 1, is given by

[T(s)]:,ℓ := (s2,ℓIp + λΓℓ)
−1 s1,ℓ;

the column #L is given by

[T(s)]:,L :=

(
(1−

L−1∑
ℓ=1

s2,ℓ)Ip + λΓL

)−1(
Eπ[Z]−

L−1∑
ℓ=1

s1,ℓ

)
.
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Appendix D. Proof of Theorem 1

D.1 Outline of the section

The proof of Theorem 1 can be carried for the full participation regime up to adjusting the
properties of the compression operator i.e. when A5(1) holds, with an adjusted compression
operator satisfying A4(ωp) where ωp := ω + (1−p)/p (ω + 1). Such a property is addressed
in Appendix D.2 together with the statement of Algorithm 4, equivalent under A 5 to
Algorithm 2. This line of analysis has been frequently used in the literature, for example in
Koloskova et al. (2019).

Stochastic quantities are successively introduced in the learning process: when selecting
active workers; when producing oracles St+1,i and possibly in the compression step. Finally,
the local randomnesses are aggregated by the central server when updating the system Ŝt+1.
In Appendix D.3, a filtration is introduced in echo to these steps.

Finally, the proof of Theorem 1 is in Appendix D.5; technical lemmas conclude this
appendix (see Appendix D.6).

D.2 From Partial Participation to Compression

Let
Q̃uant(s) :=

U

p
Quant(s), s ∈ Rq,

where U is a Bernoulli random variable with probability of success p and independent of
Quant(s). Lemma 1 shows that if Quant satisfies A4(ω), then Q̃uant satisfies A4(ωp).

Lemma 1 Let Quant be a compression operator satisfying (25) with the constant ω. Then
Q̃uant satisfies (25), with a constant ωp given by

ωp := ω +
1− p

p
(ω + 1). (44)

Proof Let s ∈ Rq. It holds:

E
[
Q̃uant(s)

]
=

1

p
E [U ] E [Quant(s)] = E [Quant(s)]

where we used that U and Quant are independent, and the expectation of U is p. Since U
and Quant(s) are independent, it holds

E
[(

U

p
− 1

)
⟨Quant(s),Quant(s)− s⟩

]
= 0.

Therefore

E
[
∥Q̃uant(s)− s∥2

]
= E

[(
U

p
− 1

)2

∥Quant(s)∥2
]
+ E

[
∥Quant(s)− s∥2

]
.

Using again that U and Quant(s) are independent and E [Quant(s)] = s, the first term is
equal to

E

[(
U

p
− 1

)2
]
E
[
∥Quant(s)∥2

]
=

1− p

p

(
E
[
∥Quant(s)− s∥2

]
+ ∥s∥2

)
.
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By using (25), we have

E
[
∥Q̃uant(s)− s∥2

]
≤ 1− p

p
(ω + 1)∥s∥2 + ω∥s∥2.

Therefore, Q̃uant satisfies (25) with the constant ωp.

As a corollary, when clients are selected independently at random with probability p (see
A5(p)), Algorithm 2 is equivalent to the algorithm where all the workers are active at all steps
and the compression operator Quant is swapped with Q̃uant; in words, Q̃uant encodes both
the compression step and the partial participation step. Such an equivalence follows directly
upon noting that (i) identifying a set of active agents At+1 whose size is np in expectation,
is realized by sampling n independent Bernoulli random variables (Ut+1,1, · · · , Ut+1,n), with
success probability p, (ii) it holds

1

p

∑
i∈At+1

ai =
n∑

i=1

Ut+1,i

p
ai,

We set Q̃uantt+1,i(s) := p−1Ut+1,iQuantt+1,i(s) and move from Algorithm 2 to Algo-

rithm 4. From Lemma 1, it is easily seen that the r.v. {Q̃uantt+1,i(s), t ≥ 0, i ∈ [n]} satisfy
A4(ωp).

D.3 Filtrations

For a random variable U , we denote by σ(U) the sigma-field generated by U i.e. the smallest
sigma-field that makes U measurable. Set

F0 := σ
(
Ŝ0;V0,i for i ∈ [n]

)
.

We define by induction the following filtration, which takes into account the randomness
introduced by the algorithm at different stages and possibly at each local worker #i:

Ft+1/3,i := Ft

∨
σ (St+1,i)

Ft+2/3,i := Ft+1/3,i

∨
σ
(
Q̃uant(∆t+1,i)

)
,

Ft+1 :=
n∨

i=1

Ft+2/3,i.

Ft+1/3,i contains the past of the algorithm up to iteration #t included, and the randomness
introduced by the oracles St+1,i. Ft+2/3,i adds to Ft+1/3,i the randomness introduced by the
compression mechanism. Ft+1 contains all the randomness introduced by the n local workers
until their iteration #(t + 1) included. We have for all i ∈ [n] and t ≥ 0, Ft ⊆ Ft+1/3,i ⊆
Ft+2/3,i ⊆ Ft+1 and

St+1,i ∈ Ft+1/3,i, ∆t+1,i ∈ Ft+1/3,i, Q̃uant(∆t+1,i) ∈ Ft+2/3,i, Vt+1,i ∈ Ft+2/3,i

Ht+1 ∈ Ft+1, Ŝt+1 ∈ Ft+1, Vt+1 ∈ Ft+1.
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Algorithm 4: FedMM (when Partial Participation is part of Quant)
Data: Tmax ∈ N>0; α > 0; a (0, 1]-valued sequence {γt, t ∈ [Tmax]}; initial values

Ŝ0 ∈ S and V0,i ∈ Rq for all i ∈ [n]; a probability distribution {µi, i ∈ [n]} on
[n].

Result: Sequence: {Ŝt, t ∈ [Tmax]}
1 Set V0 =

∑n
i=1 µiV0,i

2 for t = 0, . . . , Tmax − 1 do // for all iterations

3 Send Ŝt and T(Ŝt) to the workers
4 for i = 1, . . . , n do // for all workers

5 Sample St+1,i, oracle for Eπi [S̄(Z,T(Ŝt))]

6 Set ∆t+1,i = St+1,i − Ŝt − Vt,i
7 Set Vt+1,i = Vt,i + α Q̃uantt+1,i(∆t+1,i)

8 Send Q̃uantt+1,i(∆t+1,i) to the central server

9 // on the central server

10 Set Ht+1 = Vt +
∑n

i=1 µiQ̃uantt+1,i(∆t+1,i)

11 Compute Ŝt+1/2 = Ŝt + γt+1Ht+1

12 Project it on S, given Bt ≻ 0: Ŝt+1 = argmins∈S

(
s− Ŝt+1/2

)⊤
Bt

(
s− Ŝt+1/2

)
13 Set Vt+1 = Vt + α

∑n
i=1 µiQ̃uantt+1,i(∆t+1,i)

Furthermore, note that (see Lemma 1)

E
[
Q̃uant(∆t+1,i)

∣∣∣Ft+1/3,i

]
= ∆t+1,i, (45)

and under A3,
E [St+1,i | Ft] = Eπi

[
S̄(Z,T(Ŝt))

]
.

D.4 Notations

Define the functions

h(s) := Eπ

[
S̄(Z,T(s))

]
− s =

n∑
i=1

µiEπi

[
S̄(Z,T(s))

]
− s, hi(s) := Eπi

[
S̄(Z,T(s))

]
− s.

Set

C̄ := C⋆⋆+sup
S
∥h(·)∥ C⋆, ωp := ω+

1− p

p
(ω+1), σ2 := n

n∑
i=1

µ2iσ
2
i , L2 := n

n∑
i=1

µ2iL
2
i .

For any t ≥ 1, define

Ēt+1 :=
∥Π(Ŝt + γt+1h(Ŝt),Bt)− Ŝt∥2Bt

γ2t+1

;

note that when Π(Ŝt + γt+1h(Ŝt),Bt) = Ŝt + γt+1h(Ŝt), then Ēt+1 = ∥h(Ŝt)∥2Bt
.
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D.5 Proof of Theorem 1

We start by establishing Proposition 2, which provides a Lyapunov inequality for the function
(f + g) ◦ T, for any timestep t ≥ 0.

Proposition 2 Assume MM-1, MM-2 and A7. For any t ≥ 0, choose γt+1 ∈
(
0, vmin/(2C̄)

)
.

With probability 1, it holds for any t ≥ 0

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
≤ f(T(Ŝt)) + g(T(Ŝt))

− γt+1

4

(
1− 2C̄v−1

minγt+1

)
E
[
Ēt+1

∣∣Ft

]
+ γt+1

(
1− C̄v−1

minγt+1

)
E
[
∥Ht+1 − h(Ŝt)∥2Bt

∣∣∣Ft

]
.

C̄, Ēt+1 and h are defined in Appendix D.4.

Proof We start with proving that for any s, s′ ∈ S, it holds

(f+g)◦T(s′) ≤ (f+g)◦T(s)−
〈
h(s), ϕ(T(s′))− ϕ(T(s))

〉
+
〈
s′ − s, ϕ(T(s′))− ϕ(T(s))

〉
. (46)

Let s, s′ ∈ S. From MM-1, we have

f
(
T(s′)

)
≤ f (T(s)) + ψ(T(s′))− ψ(T(s))−

〈
Eπ

[
S̄(Z,T(s))

]
, ϕ(T(s′))− ϕ(T(s))

〉
.

This yields

f
(
T(s′)

)
≤ f (T(s))−

〈
h(s), ϕ(T(s′))− ϕ(T(s))

〉
+ ψ(T(s′))− ψ(T(s))−

〈
s, ϕ(T(s′))− ϕ(T(s))

〉
.

Therefore

(f + g) ◦ T(s′) ≤ (f + g) ◦ T(s)−
〈
h(s), ϕ(T(s′))− ϕ(T(s))

〉
+ Ξ(s, s′) (47)

where Ξ(s, s′) := g(T(s′))− g(T(s)) + ψ(T(s′))− ψ(T(s))− ⟨s, ϕ(T(s′))− ϕ(T(s))⟩. Let us
prove that Ξ(s, s′) ≤ ⟨s′ − s, ϕ(T(s′))− ϕ(T(s))⟩. We write

Ξ(s, s′) = L(s′, s′)+
〈
s′ − s, ϕ(T(s′))

〉
−L(s, s), L(s, s′) := g(T(s))+ψ(T(s))−

〈
s′, ϕ(T(s))

〉
.

The upper bound on Ξ(s, s′) follows from Lemma 2. This concludes the proof of (46); applied
with s′ = Ŝt+1 and s = Ŝt, this yields

f(T(Ŝt+1)) + g(T(Ŝt+1)) ≤ f(T(Ŝt)) + g(T(Ŝt))−
〈
h(Ŝt), ϕ(T(Ŝt+1))− ϕ(T(Ŝt))

〉
+
〈
Ŝt+1 − Ŝt, ϕ(T(Ŝt+1))− ϕ(T(Ŝt))

〉
.

By A7, we have〈
Ŝt+1 − Ŝt, ϕ(T(Ŝt+1))− ϕ(T(Ŝt))

〉
≤ C⋆⋆∥Ŝt+1 − Ŝt∥2 ≤ v−1

minC⋆⋆ γ
2
t+1Et+1,
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where we set Et+1 := γ−2
t+1∥Ŝt+1 − Ŝt∥2Bt

. We write

−
〈
h(Ŝt), ϕ(T(Ŝt+1))− ϕ(T(Ŝt))

〉
≤ −

〈
Ht+1, Ŝt+1 − Ŝt

〉
Bt

(48)

+

∣∣∣∣〈Ht+1 − h(Ŝt), Ŝt+1 − Ŝt
〉
Bt

∣∣∣∣ (49)

+
∣∣∣〈h(Ŝt), ϕ(T(Ŝt+1))− ϕ(T(Ŝt))− Bt(Ŝt+1 − Ŝt))

〉∣∣∣ . (50)

By Corollary 2, an upper bound for (48) is −γt+1Et+1. By using | ⟨a, b⟩Bt
| ≤ γt+1∥a∥2Bt

/2 +

∥b∥2Bt
/(2γt+1) and ∥Ŝt+1 − Ŝt∥Bt = γ2t+1Et+1, an upper bound for (49) is

γt+1

2
∥Ht+1 − h(Ŝt)∥2Bt

+
γt+1

2
Et+1.

Under A7, an upper bound for (50) is

C⋆ sup
S
∥h(·)∥ ∥Ŝt+1 − Ŝt∥2 = v−1

minC⋆ sup
S
∥h(·)∥ γ2t+1Et+1

Apply Corollary 2 again to obtain a bound of −Et+1; then the proof is concluded by applica-
tion of the conditional expectation.

The field Ht+1 is a random approximation of h(Ŝt). Proposition 3 shows that the oracle
Ht+1 is unbiased, conditionally to the past Ft. The proof of Proposition 3 establishes that
the error Ht+1 − h(Ŝt) is the sum of two conditionally centered and uncorrelated terms: the
first one is the mean value of the local oracles, and the second one is the mean value of the
local compression operators. Therefore, two terms contribute to the conditional variance of
the oracle Ht+1: the first one is the weighted average of the conditional variance of the local
oracles, and the second one is the variance of the weighted compression errors. The control
variate Vt,i plays a role in this second term.

Proposition 3 Assume A3, A4(ω) and A5(p). With probability one, it holds for any t ≥ 0

E [Ht+1 | Ft] = h(Ŝt), (51)

E
[
∥Ht+1 − h(Ŝt)∥2Bt

∣∣∣Ft

]
≤ (1 + ωp)vmax

σ2

n
+ ωpvmax

n∑
i=1

µ2i ∥Vt,i − hi(Ŝt)∥2. (52)

h, hi, ωp and σ2 are defined in Appendix D.4.

Proof Let t ≥ 0. We have Ht+1 = Vt +
∑n

i=1 µiQ̃uantt+1,i(∆t+1,i), where, by definition of

the filtration, Vt,i ∈ Ft−1+2/3,i ⊂ Ft, Ŝt ∈ Ft, ∆t+1,i ∈ Ft+1/3,i, Q̃uantt+1,i(∆t+1,i) ∈ Ft+2/3,i

and Vt ∈ Ft. Therefore,

E [Ht+1 | Ft] = Vt +

n∑
i=1

µiE
[
E
[
Q̃uantt+1,i(∆t+1,i)

∣∣∣Ft+1/3,i

] ∣∣∣Ft

]
= Vt +

n∑
i=1

µiE [∆t+1,i | Ft]

= Vt +
n∑

i=1

µi

(
E [St+1,i | Ft]− Ŝt − Vt,i

)
=

n∑
i=1

µiEπi

[
S̄(Z,T(Ŝt))

]
− Ŝt = h(Ŝt),

38



Federated Majorize-Minimization

where we used A3, A4(ω), Lemma 1 and Proposition 5. This concludes the proof of (51).
We write, by using Proposition 5,

Ht+1 − h(Ŝt) = Vt +
n∑

i=1

µi{Q̃uantt+1,i(∆t+1,i)− hi(Ŝt)} =
n∑

i=1

µi{Ξ(1)
t+1,i + Ξ

(2)
t+1,i},

with

Ξ
(1)
t+1,i := St+1,i − Eπi

[
S̄(Z,T(Ŝt))

]
, Ξ

(2)
t+1,i := Q̃uantt+1,i(∆t+1,i)−∆t+1,i;

By A3, A4(ω) and Lemma 1,

Ξ
(1)
t+1,i ∈ Ft+1/3,i, E

[
Ξ
(1)
t+1,i

∣∣∣Ft

]
= 0, E

[
Ξ
(2)
t+1,i

∣∣∣Ft+1/3,i

]
= 0. (53)

Since the workers are independent conditionally to Ft (see A5(p)) and Bt ∈ Ft, we have

E
[
∥Ht+1 − h(Ŝt)∥2Bt

∣∣∣Ft

]
=

n∑
i=1

µ2iE
[
∥Ξ(1)

t+1,i + Ξ
(2)
t+1,i∥2Bt

∣∣∣Ft

]
=

n∑
i=1

µ2i

2∑
ℓ=1

E
[
∥Ξ(ℓ)

t+1,i∥2Bt

∣∣∣Ft

]

where we used that for all i ∈ [n], E
[〈

Ξ
(1)
t+1,i,Ξ

(2)
t+1,i

〉
Bt

∣∣∣∣Ft

]
= 0 by (53). We have by A3

E
[
∥Ξ(1)

t+1,i∥2Bt

∣∣∣Ft

]
= E

[
∥St+1,i − Eπi

[
S̄(Z,T(Ŝt))

]
∥2Bt

∣∣∣Ft

]
≤ vmax σ

2
i ;

and by Lemma 1,

E
[
∥Ξ(2)

t+1,i∥2Bt

∣∣∣Ft

]
≤ vmaxE

[
∥Ξ(2)

t+1,i∥2
∣∣∣Ft

]
≤ ωp vmax E

[
∥∆t+1,i∥2

∣∣Ft

]
.

As a conclusion, we proved

E
[
∥Ht+1 − h(Ŝt)∥2Bt

∣∣∣Ft

]
≤ vmax

n∑
i=1

µ2iσ
2
i + vmax ωp

n∑
i=1

µ2iE
[
∥∆t+1,i∥2

∣∣Ft

]
. (54)

Let i ∈ [n]. By A3, E [St+1,i | Ft] = hi(Ŝt) + Ŝt. In addition, Ŝt ∈ Ft and Vt,i ∈ Ft, thus
implying that

E
[〈

hi(Ŝt)− Vt,i,St+1,i − Ŝt − hi(Ŝt)
〉 ∣∣∣Ft

]
= 0.

Hence, we get by A3 again,

E
[
∥∆t+1,i∥2

∣∣Ft

]
= E

[
∥St+1,i − Ŝt − Vt,i∥2

∣∣∣Ft

]
= ∥hi(Ŝt)− Vt,i∥2 + E

[
∥St+1,i − Ŝt − hi(Ŝt)∥2

∣∣∣Ft

]
= ∥hi(Ŝt)− Vt,i∥2 + E

[
∥St+1,i − Eπi

[
S̄(Z,T(Ŝt))

]
∥2
∣∣∣Ft

]
≤ ∥hi(Ŝt)− Vt,i∥2 + σ2i .

This concludes the proof of (52).
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Proposition 4 shows that the sequence of random variables {∑n
i=1 µ

2
i ∥Vt,i−hi(Ŝt)∥2, t ≥ 0}

satisfies a Lyapunov inequality. The important property is that for small enough stepsizes
and for convenient values of α ∈ (0, 1] depending on the coefficient ωp, it is of the form

E

[
n∑

i=1

µ2i ∥Vt+1,i − hi(Ŝt+1)∥2
∣∣∣∣∣Ft

]
≤ λ

n∑
i=1

µ2i ∥Vt,i − hi(Ŝt)∥2 +Υt

where λ ∈ (0, 1) and Υt ≥ 0. Such an inequality, combined with Proposition 2 will be crucial
for the proof of Theorem 1.

Proposition 4 Assume A3, A4(ω), A6 and A7. Define for all t ≥ 0,

Gt :=

n∑
i=1

µ2i ∥Vt,i − hi(Ŝt)∥2.

Choose α ∈ [0, 1/(1 + ωp)] and β > 1. With probability one, for any t ≥ 0 it holds

E [Gt+1 | Ft] ≤ β
(
1− α+

2ωp

β − 1

vmax

vmin

L2

n
γ2t+1

)
Gt +

2β

β − 1
v−1
min

L2

n
γ2t+1E

[
Ēt+1

∣∣Ft

]
+ β

(
α+

2(1 + ωp)

β − 1

vmax

vmin

L2

n
γ2t+1

)
σ2

n
. (55)

ωp, hi, L2, σ2 and Ēt+1 are defined in Appendix D.4.

Proof Let t ≥ 0 and i ∈ [n]. For any β > 1, using that ∥a+ b∥2 ≤ β/(β−1)∥a∥2 + β∥b∥2, we
have

∥Vt+1,i − hi(Ŝt+1)∥2 ≤ β∥Vt+1,i − hi(Ŝt)∥2 + β/(β−1)∥hi(Ŝt+1)− hi(Ŝt)∥2

≤ β∥Vt+1,i − hi(Ŝt)∥2 + β/(β−1)v−1
minL

2
i γ

2
t+1Et+1,

where Et+1 := ∥Ŝt+1 − Ŝt∥2Bt
/γ2t+1. We used A6 in the last inequality. By Lemma 4 and the

condition α(1 + ωp)− 1 ≤ 0, we have

E
[
∥Vt+1,i − hi(Ŝt+1)∥2

∣∣∣Ft

]
≤ β(1− α)∥Vt,i − hi(Ŝt)∥2

+ βασ2i +
β

(β − 1)
v−1
minL

2
i γ

2
t+1E [Et+1 | Ft] .

We now multiply by µ2i and sum in i; this yields

E [Gt+1 | Ft]≤β(1− α)Gt + βα
σ2

n
+

β

β − 1
v−1
min

L2

n
γ2t+1E [Et+1 | Ft] .

By using Corollary 2

E [Gt+1 | Ft]≤β(1− α)Gt + βα
σ2

n
+

2β

β − 1
v−1
min

L2

n
γ2t+1E

[
Ēt+1

∣∣Ft

]
+

2β

β − 1
v−1
min

L2

n
γ2t+1E

[
∥Ht+1 − h(Ŝt)∥2Bt

∣∣∣Ft

]
.

The proof of (55) is concluded by Proposition 3.
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Conclusion: Proof of Theorem 1 in the case ωp = 0. Let α ∈ [0, 1]. From Proposition 2
and Proposition 3, it holds

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
≤ f(T(Ŝt)) + g(T(Ŝt))

− γt+1

4

(
1− 2C̄v−1

minγt+1

)
E
[
Ēt+1

∣∣Ft

]
+ γt+1

(
1− C̄v−1

minγt+1

)
vmax

σ2

n
.

By summing from t = 0 to t = T − 1 and computing the expectation, we obtain the result.

Proof of Theorem 1 in the case ωp > 0. From Proposition 2, Proposition 3 and
Proposition 4, we have for any positive sequence {ρt+1, t ≥ 0}

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
+ ρt+1E [Gt+1 | Ft] ≤ f(T(Ŝt)) + g(T(Ŝt)) + ρtGt

+ γt+1

(
ρt+1

γt+1
β

(
1− α+

2ωp

β − 1

vmax

vmin

L2

n
γ2t+1

)
+
(
1− C̄v−1

minγt+1

)
ωpvmax −

ρt
γt+1

)
Gt

− γt+1

4

(
1− 2C̄v−1

minγt+1 −
8β

β − 1
v−1
min

L2

n
ρt+1γt+1

)
E
[
Ēt+1

∣∣Ft

]
+ γt+1

(
ρt+1

γt+1
β

(
α+

2(1 + ωp)

β − 1

vmax

vmin

L2

n
γ2t+1

)
+
(
1− C̄v−1

minγt+1

)
(1 + ωp)vmax

)
σ2

n

Let α ∈ (0, 1/(1 + ωp)]. Choose β > 1 and ρt+1 = ργt+1. Then,

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
+ ργt+1E [Gt+1 | Ft] ≤ f(T(Ŝt)) + g(T(Ŝt)) + ργtGt

+ γt+1

(
ρβ

(
1− α+

2ωp

β − 1

vmax

vmin

L2

n
γ2t+1

)
+
(
1− C̄v−1

minγt+1

)
ωpvmax − ρ

γt
γt+1

)
Gt

− γt+1

4

(
1− 2C̄v−1

minγt+1 −
8ρβ

β − 1
v−1
min

L2

n
γ2t+1

)
E
[
Ēt+1

∣∣Ft

]
+ γt+1

(
ρβ

(
α+

2(1 + ωp)

β − 1

vmax

vmin

L2

n
γ2t+1

)
+
(
1− C̄v−1

minγt+1

)
(1 + ωp)vmax

)
σ2

n

Now, choose β and ρ such that

1 < β ≤ 2, β(1− α) ≤ 1− α/2, β/(β − 1) ≤ 2/α, ρ := 4ωpvmax/α;

for example, β = 2 if α ≥ 2/3 and β(1 − α) = 1 − α/2 otherwise. This yields, by using
γt+1 ≤ γt ≤ γ1,

ρβ

(
1− α+

2ωp

β − 1

vmax

vmin

L2

n
γ2t+1

)
≤ ρ

(
1− α

2

)
+ ρ4

ωp

α

vmax

vmin

L2

n
γ21 ≤ ρ− ρ

α

4
;(

1− C̄v−1
minγt+1

)
ωpvmax − ρ

γt
γt+1

≤ ωpvmax − ρ = ρ
α

4
− ρ;

8ρ
β

β − 1
≤ 64

α2
ωpvmax;

ρβ

(
α+

2(1 + ωp)

β − 1

vmax

vmin

L2

n
γ2t+1

)
≤ 4ωpvmax

(
2 ∧ 1− α/2

1− α

)
+ (1 + ωp)vmax.
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Hence,

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
+

4ωpvmax

α
γt+1E [Gt+1 | Ft]

≤ f(T(Ŝt)) + g(T(Ŝt)) +
4ωpvmax

α
γtGt

− γt+1

4

(
1− 2C̄v−1

minγt+1 − 64
ωp

α2

vmax

vmin

L2

n
γ2t+1

)
E
[
Ēt+1

∣∣Ft

]
+ 2γt+1vmax

(
2ωp

(
2 ∧ 1− α/2

1− α

)
+ (1 + ωp)

)
σ2

n
.

Observe that

2γt+1vmax

(
2ωp

(
2 ∧ 1− α/2

1− α

)
+ (1 + ωp)

)
σ2

n
≤ 2γt+1vmax(1 + 5ωp)

σ2

n
.

By summing from t = 0 to t = T − 1 (with the convention that γ0 = γ1) and computing the
expectations, we obtain the result.

D.6 Technical lemmas

Lemma 2 Assume MM-1 and MM-2. For s, s′ ∈ S, set L(s, s′) := g(T(s)) + ψ(T(s)) −
⟨s′, ϕ(T(s))⟩. Then, for any s, s′ ∈ S, it holds

L(s′, s′) ≤ L(s, s)− ⟨s′ − s, ϕ(T(s))⟩ , (56)
⟨s′ − s, ϕ(T(s′))− ϕ(T(s))⟩ ≥ 0. (57)

Proof Let s, s′ ∈ S. By definition of T(s′) (see MM-2), we have for any θ ∈ Θ

L(s′, s′) = g(T(s′)) + ψ(T(s′))−
〈
s′, ϕ(T(s′))

〉
≤ g(θ) + ψ(θ)−

〈
s′, ϕ(θ)

〉
= g(θ) + ψ(θ)− ⟨s, ϕ(θ)⟩ −

〈
s′ − s, ϕ(θ)

〉
.

Applied with θ = T(s) ∈ Θ, this yields (56). By symmetry, we have L(s, s) ≤ L(s′, s′) +
⟨s′ − s, ϕ(T(s′))⟩ which, added to (56), yields (57).

Lemma 3 generalizes classical results about projection on a closed convex set (see e.g.
(Polyak, 2021, Lemma 2.11)) to the case B is not the identity matrix.

Lemma 3 Let B be a closed convex subset of Rq and B be a q × q positive definite matrix.
Set ⟨a, b⟩B := ⟨Ba, b⟩, ∥a∥B :=

(
a⊤Ba

)1/2 and

Π(ŝ,B) := argmins∈B(s− ŝ)⊤B(s− ŝ).

Then for any ŝ, s′ ∈ B: ⟨Π(ŝ,B)− ŝ, s′ −Π(ŝ,B)⟩B ≥ 0. In addition, for any ŝ1, ŝ2 ∈ B:

∥ŝ1 − ŝ2∥B ≥ ∥Π(ŝ1,B)−Π(ŝ2,B)∥B.
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Proof Let ŝ ∈ B. A descent direction at Π(ŝ,B) of the function s′ 7→ (s′ − ŝ)⊤B(s′ − ŝ)
does not exist so that

∀s′ ∈ B,
〈
Π(ŝ,B)− ŝ, s′ −Π(ŝ,B)

〉
B
≥ 0. (58)

This concludes the proof of the first claim. This property implies

⟨Π(ŝ2,B)− ŝ2,Π(ŝ1,B)−Π(ŝ2,B)⟩B ≥ 0, ⟨Π(ŝ1,B)− ŝ1,Π(ŝ2,B)−Π(ŝ1,B)⟩B ≥ 0,

from which we deduce

⟨ŝ1 − ŝ2,Π(ŝ1,B)−Π(ŝ2,B)⟩B ≥ ∥Π(ŝ1,B)−Π(ŝ2,B)∥2B.

The Cauchy-Schwarz inequality concludes the proof.

Corollary 2 (of Lemma 3) For any t ≥ 0, define

Et+1 :=
∥Ŝt+1 − Ŝt∥2Bt

γ2t+1

=
∥Π(Ŝt+1/2,Bt)− Ŝt∥2Bt

γ2t+1

.

Then, for any t ≥ 0, γt+1Et+1 ≤
〈
Ŝt+1 − Ŝt, Ht+1

〉
Bt

and

Ēt+1 ≤ 2Et+1 + 2∥Ht+1 − h(Ŝt)∥Bt , Et+1 ≤ 2Ēt+1 + 2∥Ht+1 − h(Ŝt)∥Bt .

Proof Let t ≥ 0. We write〈
Π(Ŝt+1/2,Bt)− Ŝt, Ŝt+1/2 − Ŝt

〉
Bt

=
〈
Π(Ŝt+1/2,Bt)− Ŝt, Ŝt+1/2 −Π(Ŝt+1/2,Bt)

〉
Bt

+ ∥Π(Ŝt+1/2,Bt)− Ŝt∥2Bt

and by Lemma 2, it holds〈
Π(Ŝt+1/2,Bt)− Ŝt, Ŝt+1/2 − Ŝt

〉
Bt

≥ ∥Π(Ŝt+1/2,Bt)− Ŝt∥2Bt
= γ2t+1Et+1,

from which we deduce the first inequality upon noting that Π(Ŝt+1/2,Bt) = Ŝt+1 and
Ŝt+1/2− Ŝt = γt+1Ht+1. Lemma 2 applied with ŝ1 := Ŝt + γt+1Ht+1 and ŝ2 := Ŝt + γt+1h(Ŝt)
yields

∥Ŝt+1 −Π(Ŝt + γt+1h(Ŝt),Bt)∥Bt ≤ γt+1∥Ht+1 − h(Ŝt)∥Bt .

The second and third inequalities follow from ∥a+ b∥2B ≤ 2∥a∥2B + 2∥b∥2B.

Proposition 5 proves that the control variate Vt computed by the central server is equal
to the mean value of the control variates computed locally by the workers.

Proposition 5 With probability one, for any t ≥ 0, we have Vt =
∑n

i=1 µiVt,i.
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Proof By definition of V0, the property holds true when t = 0. Assume this holds true for
some t ≥ 0. By definition of Vt+1 at the central server in Algorithm 4, and by the induction
assumption we write

Vt+1 =
n∑

i=1

µiVt,i + α
n∑

i=1

µi Q̃uantt+1,i(∆t+1,i).

The definition of Vt+1,i at each local worker yields

Vt+1 =
n∑

i=1

µiVt,i +
n∑

i=1

µi (Vt+1,i − Vt,i) =
n∑

i=1

µiVt+1,i.

This concludes the induction.

Lemma 4 Assume A3 and A4(ω). Choose α ∈ [0, 1]. With probability one, for any t ≥ 0
and i ∈ [n], it holds

E
[
∥Vt+1,i − hi(Ŝt)∥2

∣∣∣Ft

]
≤ (1− α)∥Vt,i − hi(Ŝt)∥2 + ασ2i

+ α (α(1 + ωp)− 1)E
[
∥∆t+1,i∥2

∣∣Ft

]
.

ωp and hi are defined in Appendix D.4.

Proof Let t ≥ 0 and i ∈ [n]. We write,

Vt+1,i − hi(Ŝt) = Vt,i − hi(Ŝt) + α Q̃uantt+1,i(∆t+1,i)

which yields

E
[
∥Vt+1,i − hi(Ŝt)∥2|Ft

]
= E

[
∥Vt,i − hi(Ŝt) + α Q̃uantt+1,i(∆t+1,i)∥2

∣∣∣Ft

]
. (59)

Upon noting that by Lemma 1, E
[
Q̃uantt+1,i(∆t+1,i)−∆t+1,i

∣∣∣Ft+1/3,i

]
= 0, and Vt,i −

hi(Ŝt) + α∆t+1,i ∈ Ft+1/3,i, we first write

E
[
∥Vt,i − hi(Ŝt) + α Q̃uantt+1,i(∆t+1,i)∥2

∣∣∣Ft

]
= E

[
∥Vt,i − hi(Ŝt) + α∆t+1,i∥2

∣∣∣Ft

]
+ α2E

[
∥Q̃uantt+1,i(∆t+1,i)−∆t+1,i∥2

∣∣∣Ft

]
≤ E

[
∥Vt,i − hi(Ŝt) + α∆t+1,i∥2

∣∣∣Ft

]
+ α2ωpE

[
∥∆t+1,i∥2

∣∣Ft

]
(60)

by using A4(ω) and Lemma 1. Second, we use the equality: for x, y ∈ Rq and α ∈ R,
∥(1− α)x+ αy∥2 = (1− α)∥x∥2 + α∥y∥2 − α(1− α)∥x− y∥2; this yields by using A3

E
[
∥Vt,i − hi(Ŝt) + α∆t+1,i∥2|Ft

]
= E

[
∥ (1− α)

(
Vt,i − hi(Ŝt)

)
+ α

(
St+1,i − Ŝt − hi(Ŝt)

)
∥2
∣∣∣Ft

]
≤ (1− α) ∥Vt,i − hi(Ŝt)∥2 + ασ2i − α (1− α)E

[
∥∆t+1,i∥2

∣∣Ft

]
. (61)

The proof follows from (59), (60) and (61).
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D.7 Theorem 1 in the case ωp > 0 and α = 0

Apply Proposition 4 with a time varying coefficient β, denoted by βt+1. Combined with
Proposition 2 and Proposition 3, this yields

E
[
f(T(Ŝt+1)) + g(T(Ŝt+1))

∣∣∣Ft

]
+ ρt+1E [Gt+1 | Ft] ≤ f(T(Ŝt)) + g(T(Ŝt)) + ρtGt (62)

+ γt+1

(
ρt+1

γt+1
βt+1

(
1 +

2ωp

βt+1 − 1

vmax

vmin

L2

n
γ2t+1

)
+
(
1− C̄v−1

minγt+1

)
ωpvmax −

ρt
γt+1

)
Gt (63)

− γt+1

4

(
1− 2C̄v−1

minγt+1 −
8βt+1

βt+1 − 1
v−1
min

L2

n
ρt+1γt+1

)
E
[
Ēt+1

∣∣Ft

]
(64)

+ γt+1

(
ρt+1βt+1

2(1 + ωp)

βt+1 − 1

vmax

vmin

L2

n
γt+1 +

(
1− C̄v−1

minγt+1

)
(1 + ωp)vmax

)
σ2

n
. (65)

Following the same lines as in the proof of the case ωp > 0, α > 0, choose γt+1 > 0, ρt+1 > 0
and βt+1 > 1 such that the term in (63) is non positive, the term between parenthesis in
(64) is positive and the term in (65) is proportional to γut+1 for some u ≥ 1.
⋆ When α = 0, we can not choose γt+1 = γ and ρt+1 = ργ as in the case α > 0. Observe
indeed that with this strategy, (63) gets into

ρβt+1

(
1 +

2ωp

βt+1 − 1

vmax

vmin

L2

n
γ2
)
+
(
1− C̄v−1

minγ
)
ωpvmax − ρ

and it can not be made non positive whatever γ, ρ positive (we have βt+1 > 1).
⋆ Let us consider the case when limt γt+1 = 0. Let ϵ > 0, u ∈ (0, 1) and choose

(1 + 2ϵ)γut+1 ≤ γut , ρt+1 := γut+1, βt+1 :=
1

1 + ϵ

γut
γut+1

; (66)

by convention, set γ0 := (1 + 2ϵ)1/uγ1. Then, (63) is upper bounded by(
γut

1 + ϵ
+ 2ωp(2 + ϵ−1)

vmax

vmin

L2

n
γ2+u
t+1 + ωpvmaxγt+1 − γut

)
Gt,

where we used that βt+1/(βt+1− 1) is upper bounded by 2+ ϵ−1. This term is nonpositive by
choosing γ1 small enough; details are left to the interested reader. (64) is upper bounded by

−γt+1

4

(
1− 2C̄v−1

minγt+1 − 8(2 + ϵ−1)v−1
min

L2

n
γ1+u
t+1

)
E
[
Ēt+1

∣∣Ft

]
which is upper bounded by −γt+1/8E

[
Ēt+1

∣∣Ft

]
as soon as γ1 is chosen small enough. Finally,

(65) is upper bounded by

γt+1

(
2(1 + ωp)(2 + ϵ−1)

vmax

vmin

L2

n
γ1+u
t+1 +

(
1− C̄v−1

minγt+1

)
(1 + ωp)vmax

)
σ2

n
,
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which is upper bounded by 2γt+1(1 + ωp)vmaxσ
2/n by choosing γ1 small enough. Taking the

expectations and summing from t = 0 to t = T − 1 yields

1

8

T∑
t=1

γtE
[
Ēt
]
≤ E

[
(f + g) ◦ T(Ŝ0)

]
−min(f + g) + (1 + 2ϵ)2γ1G0

+ 2(1 + ωp)vmax
σ2

n

T∑
t=1

γt.

In this strategy, the stepsize sequence {γt, t ≥ 1} is majorized by a sequence decreasing to
zero at a geometric rate (see (66)) and limT→∞

∑T
t=1 γt < ∞. Dividing the LHS and the

RHS by
∑T

t=1 γt shows that the RHS can not be made small, even when the number of
iterations T is large.

Appendix E. The assumption A7 on few examples

E.1 Quadratic surrogate

Let us prove A7 for Example 1. Since g is a proper lower semicontinuous convex function,
∂g is a monotone operator (see e.g. (Bauschke and Combettes, 2011, Example 20.3)) which
implies that the proximal operator proxρg is firmly nonexpansive. Therefore, for all s, s′, we
have

∥
(
s′ − proxρg(s

′)
)
−
(
s− proxρg(s)

)
∥2 ≤ ∥s′ − s∥2, (67)

and∣∣〈proxρg(s′)− proxρg(s), s
′ − s

〉∣∣ ≤ ∥s′ − s∥ ∥proxρg(s′)− proxρg(s)∥ ≤ ∥s′ − s∥2. (68)

Since ϕ(T(s)) = ρ−1proxρg(s), we deduce from (67) and (68) that A7 is verified with

B(s) := ρ−1 I, vmin = vmax = ρ−1, C⋆ := ρ−2, C⋆⋆ := ρ−1.

E.2 Jensen surrogate

EM is a special case of Jensen surrogate (see Appendix C).
We check A7 for EM applied to Poisson observations when Eπ[Z] is explicit (see Ap-

pendix C.1). We choose S to be equal to the compact interval [−M, 0] for some M > 0. This
implies that λ− s ∈ [λ, λ+M ]. For any s, s′ ∈ S, we write

ϕ(T(s′))− ϕ(T(s)) = Eπ [Z]

(
1

λ− s′ −
1

λ− s

)
=

Eπ [Z]

λ− s
(s′ − s)
λ− s′ =

Eπ [Z]

(λ− s)2 (s
′ − s) + Eπ [Z]

(λ− s)2
(s′ − s)2
λ− s′ .

Hence A7 is verified with

B(s) :=
Eπ [Z]

(λ− s)2 , vmin :=
1

(λ+M)2
, vmax :=

1

λ2
, C⋆ :=

Eπ [Z]

λ3
, C⋆⋆ :=

Eπ [Z]

λ2
.

46



Federated Majorize-Minimization

E.3 Variational surrogate

Let us consider the variational surrogate applied to Dictionary Learning / Matrix Factorization
(see Section 2.3). We have

ϕ(θ) =

[
−θ⊤θ
2θ

]
and s = (s(1), s(2)) ∈ M+

K × Rp×K . Here, B(s) is not an invertible matrix so that the
condition vmin > 0 does not hold. To be convinced, consider the case when p = K = 1 so
that ϕ : R→ R2 is equal to (−u2, 2u); and s := (s(1), s(2)) ∈ R>0×R. Then T(s) = s(2)/s(1).
It is easily checked that we have

B(s) =

 1
s(1)

− s(2)

(s(1))2

− s(2)

(s(1))2
(s(2))2

(s(1))3

 =
1

s(1)

[
1

− s(2)

s(1)

] [
1

− s(2)

s(1)

]⊤
.

We developed the convergence analysis under the assumption that B(s) in invertible (with a
positive minimal eigenvalue uniformly lower bounded for s ∈ S). When this assumption does
not hold, the proof has to be generalized in order to define projections and scalar product in
a space defined by the image of B(Ŝt). This makes the proof more intricate, it is out of the
scope of this paper.
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