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Abstract. Experimental continuation methods are used to retrieve and identify nonlinear character-
istics of vibrating structures. Among the available methods, Phase-Locked Loop (PLL) allows for an
easy-to-implement yet e�cient method to continue nonlinear solutions such as backbone curves or fre-
quency response functions. The PLL automatically locks onto the prescribed phase and thanks to a linear
(proportional-integral) controller, can stabilize unstable periodic orbits. However, the tuning of the di�erent
parameters to be used in such a loop are seldomly documented in the literature, which in turn might lead
to long duration tests. To ease the tuning e�ort and reduce the experimenting time, a nonlinear controller
is here proposed as a way to improve the e�cacy of Phase-Locked Loop testing. Thanks to the proposed
design, named NCPLL (Nonlinear Controller PLL), most of the parameters are tuned easily, while a rapid
locking to the prescribed state is at hand. The nonlinear gain can be easily adapted to reach a locked
state rapidly. The e�cacy of the NCPLL is �rst demonstrated on simple numerical examples including
nonlinear oscillators with smooth restoring forces and Coulomb friction, and a �nite element beam model
with localized nonlinearities. Then the method is deployed on two di�erent experimental test rigs. First,
the case of smooth nonlinearity is tackled thanks to a cantilever beam vibrating in the magnetic �eld
created by two magnets. Finally, the case of friction is addressed by considering an assembled beam with
friction joints. In all the tested cases, the NCPLL shows excellent performance, requiring minimal tuning
e�orts whilst leading to fast measurements.

Keywords: Phase-Locked Loop · Experimental Continuation · Nonlinear Normal Modes · System Identi�cation
· Force Appropriation.
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1 Introduction

In the �eld of vibration, identi�cation has always been an important topic, making the link between numeri-
cal models and experiments. For linear vibrations, the methods are nowadays considered as mature and used
routinely in engineering applications [10,44,4]. Considering nonlinear vibrations make the picture more com-
plex because of the number of possible solutions, including not only periodic solutions but also quasi-periodic
and chaotic oscillations, and the appearance of unstable solutions through bifurcations [31,14]. This variety of
solutions gave rise in turn to a diversity of methods for nonlinear structural identi�cation [20,32].

In recent years, a decisive progress in experimental testing of nonlinear structures have been made with the
advent of experimental continuation methods. By drawing a parallel with numerical continuation techniques
that have shown remarkable results for the analysis of nonlinear systems, experimental continuation relies
on feedback stabilization in order to continue both stable and unstable states of a given system [42], hence
giving access to a full picture of the possible dynamical solutions. Two main control-based techniques are
today available for experimental continuation: control-based continuation (CBC) [43,36], and Phase-Locked
Loop (PLL) [27,33]. They have already been used in a variety of di�erent contexts, e.g. for the identi�cation of
structures with well-separated modes and the measurement of the primary resonance [28,8,2,34,7], with modal
interactions [13,37,12,8], to detect secondary resonances [51] or for application to friction nonlinearity [39], and
also to unfold isolated branches of solutions [50]. Interestingly, the two methods are compared on the case of
a structure featuring frictional nonlinearity [1]. A recent review paper o�ers a comprehensive overview of the
achievements made to date [35].

Applications of continuation methods to engineering structures, however, still remain rarely documented in
archival literature [40]. Indeed, most of the papers up to now focused on developing the methods and highlighting
their ability in dealing with di�erent nonlinear phenomena, such that most of the applications consider simple
structures such as beams and plates, or lumped structures with localized nonlinearity [48,30,7]. The next step
of the development is thus to target applications to large-scale engineering structures. In aeronautics, Ground
Vibration Test (GVT) for aircraft structure identi�cation could gain in incorporating experimental continuation
techniques in their usual development to provide a deeper insight to the nonlinear behaviour of aircrafts.
Furthermore, current GVT tools rely on manual operation and top expertise which pose a challenge in terms of
testing time and available know-how. Note that a �rst application of experimental continuation to a full aircraft
has been recently reported in [52].

Now focusing more speci�cally on the case of PLL, the method gained popularity for tracking the resonant
and anti-resonant responses of nonlinear systems to a harmonic excitation since the pioneering works [46,28,33].
Stability analysis of a PLL controlled experiment reveals that the performance of the controller is in�uenced
by structural damping [11,8]. A full stability analysis of the auto-resonant system (composed of the PLL and
the structure) requires the knowledge of the nonlinearity in the structure. For engineering applications, the
nonlinearity is generally unknown and part of the identi�cation procedure, such that tuning methods based on
a priori knowledge of the nonlinearity are di�cult to apply in practice. The tuning of the parameters of the PLL
is thus, following the published literature, mostly heuristic, which is an obstacle to its fast use and mastering
in a variety of engineering contexts. First proposals for the tuning can be found for example in [8,49,17]. In [8],
the dynamics of the system is modeled as a Du�ng oscillator and provided to be the best model in the case of
geometrical nonlinearities. Criteria for the tuning of the gains of the Proportional-Integral (PI) controller are
derived to stabilize the unstable part of the Frequency- response Curve (FRC), while the measurement is realized
with a continuous sweep (either of the force or the phase). Linear vibration and the interaction with the shaker
are considered in [17]. Heuristic tuning can thus contribute to the duration of the testing, while suboptimal
tuning also leads to longer experimental tests, which might in turn lead to structural fatigue [24], a feature
that one would like to avoid in general. Therefore, optimizing the duration test is an important pre-requisite
for wider application of PLL to engineering problems.

Motivated by recent developments and challenges, this work tackles some limitations of PLL design related
to the parameters tuning and the duration of the experiment. More speci�cally, a nonlinear controller is imple-
mented in the PLL in replacement of the usual linear proportional controller, Section 2. It is shown that, though
the addition of the nonlinear controller leads to more number of parameters to be tuned, most of them can easily
be set to nominal values and have a minimal e�ect on the global functioning of the controller. Hence, the tuning
e�ort can be focused to a single parameter. In addition, using ad-hoc stringent assumption of linear dynamics, a
stability condition is derived, which can serve as an indicative target range for the experimentalist. The method
is then tested both on numerical examples, Section 3, and experimental test rigs including a variety of nonlinear
forces, Section 4. In each of the reported cases, the NCPLL shows its ability in achieving fast measurements
while minimizing the tuning e�ort. Concluding remarks are given in Section 5.

2 Phase-Locked Loop (PLL)

The Phase-Locked Loop is frequently used in electronics and communications for synchronizing two signals
both in frequency and phase, see e.g. [3,18] and references therein. Its widespread applications include for
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instance: signal demodulation in communication systems, frequency synthesis, clock data recovery, storage
systems control, harmonic compensation and motor control [3]. Applications to experimental continuation in
the �eld of mechanical vibrations started in the 2010s [28,33]. This section brie�y recalls the typical design
used nowadays in such a control loop, and then introduces the nonlinear controller, proposed for improving the
general functioning.

2.1 Conventional Phase-Locked Loop for mechanical system identi�cation

The general architecture of a PLL for experimental continuation of mechanical systems is summarized in Fig. 2.1.
The main components of a conventional PLL are listed as: (i) a phase detector, which is needed to decompose
the signal and extract the phase of the intended harmonic; (ii) a proportional-integral PI-controller to adjust the
excitation frequency from the error between the target phase lag and the estimated phase di�erence between
the excitation and the response; (iii) a Voltage Controlled Oscillator (VCO) which generates the excitation
voltage sent to the ampli�er-exciter assembly. The choice of the phase detector has evolved from the �rst PLL
proposals to the most recent ones. While Least Squares harmonics �t (LSF) has been used in early stages [48],
synchronous demodulation [8] and Least-Mean Square (LMS) adaptive �ltering [2] are now more commonly
used. In this contribution, LMS adaptive �ltering is selected for phase detection, following the results shown
in [17] which underline a general better performance as compared to other settings.

Due to the presence of noise, higher and sub-harmonics, the phase estimation is never perfect, but can be
within a given error tolerance. Therefore, the number of harmonics considered a�ects the accuracy of the phase
detection. Importantly, the phase detector must be fast enough to avoid destabilizing the whole system [8]. As
shown in Fig. 2.1, the PLL coupled to the exciter and structure form an auto-resonant system which is easier for
phase-control with the advantage of stabilizing resonant regimes because of the �atness and single-valuedness
of the amplitude-phase relation [45] for well separated modes.
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Fig. 2.1: Conventional PLL architecture, where the internal features of the Voltage-controlled oscillator (VCO) have been
highlighted in the dashed purple box.

In nonlinear vibrations, the experimentalist is generally interested in having access to both the backbone
curve of the di�erent modes, which informs about the amplitude-frequency dependence; and the Frequency-
Response Curve (FRC), which shows maximal vibration amplitudes and bifurcations. The backbone curve can
be attained in a PLL experiment by setting the targeted phase lag as φref = π/2. With this choice, the PLL
ful�lls the phase quadrature criterion automatically and can track the backbone for increasing amplitudes [33].
To obtain an FRC, the phase lag can be set as variable in order to cover a whole interval (φ = [0, π]). The
phase error ε is de�ned as the di�erence between the measured phase lag ∆φ, output from the phase detector,
and the prescribed phase reference φref

ε = φref −∆φ. (2.1)

As shown in Fig. 2.1, the phase error is then corrected by the PI-controller. Hence, an accurate setting of the
controller gains is a crucial step for the performance of the technique. Unfortunately, since no general tuning
rule exists at present and might depend upon the nonlinearity of the measured system, the setting is generally
done by trial and error.

Summarizing the main components of a conventional PLL, it appears that 6 parameters are to be adjusted:
PI-controller gains, kp and ki, LMS adaptive �lter cuto� frequency, ωc, sampling time, Ts, number of harmonics,
H and initial frequency, Ωini.

The setting for the initial frequency is generally taken as Ωini = ω0, where ω0 is the underlying natural
frequency identi�ed at low excitation amplitude. This is done to improve the convergence of the algorithm
around the targeted mode. The sampling time is �xed by the acquisition frequency of the experimental set-up.
The number of harmonics H is recommended to be selected as high as possible, however for practical reason
this number cannot be too large to avoid long computation time.
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A practical recommendation for the selection of the LMS adaptive �lter cut-o� frequency is detailed in [17],
which is adopted herein. The tuning of the PI-controller gains is mostly heuristic since no general rule has been
provided yet that can be used for all cases. The experimentalist is thus led by case-by-case studies and his own
experience. However in [17], a systematic approach to selecting the controller gains is proposed. Nevertheless,
to the best of our knowledge, such approach was only validated for a system with nonlinear sti�ness.

2.2 Nonlinear-Controller Phase-Locked Loop (NCPLL)

In order to reduce the test duration as well as the number of parameters to be de�ned, the linear PI-controller
is replaced by a nonlinear controller, following the early proposal given in [41], giving rise to a Nonlinear-
Controller Phase-Locked Loop (NCPLL). The stability analysis is performed, elaborating on the assumptions
used in [17]. The main result is that the tuning e�ort can be focused to a single parameter: the nonlinear
controller gain. Setting the other parameters to nominal values is found to be su�cient and leads to a robust
design. A condition on the nonlinear controller gain is investigated analytically from stability analysis of the
underlying linear dynamics. Since the stability condition is only indicative, for reasons detailed later in the text,
it is provided in Appendix 1. Nonetheless, this indicative value remains useful for experimentalists, o�ering a
practical guideline for tuning the controller - as further discussed in the numerical and experimental results.

The NCPLL design is shown in Fig. 2.2.Two additional components are added to the controller branch of the
PLL: a nonlinear element and a �rst order low-pass �lter. The low-pass �lter serves to slow down the controller
with respect to the phase detector, which is a notable advantage since being a necessary condition for faster
phase estimation [8].
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Fig. 2.2: NCPLL architecture: A nonlinear element and a �rst-order �lter are added to the controller branch of the PLL
to enhance the convergence speed of the algorithm.

Following [41], the nonlinear element is selected as an hyperbolic tangent function, N of the error, as de�ned
in Eq. (2.2),

y = N(ε) = Kn tanh

(
ε

β

)
, (2.2)

where Kn > 0 is the gain, and 0 < β < 1 is the steepness parameter. Note also that a close idea is inspected
in [11], where the signum function is inserted in the loop. To suppress the high frequency components of y, a
low-pass �lter with transfer function,

L(s) =
1

s/α+ 1
, (2.3)

is added to the nonlinear component; where α is the cut-o� frequency (not to be confused with the cut-o�
frequency of the phase detector), and s the Laplace variable. The e�ect of the steepness parameter in Eq. (2.2)
is illustrated in Fig. 2.3. As shown, decreasing β implies faster convergence, but too small value can cause
non-smooth transition. The value of β is not system-dependent and can be �xed once and for all. Herein, we
choose β = 0.1 because it gives an excellent compromise between fast convergence and smooth transition as
recommended in [41]. To further justify this choice in the framework of nonlinear vibrations, the e�ect of β is
investigated in Section 3.1 involving numerical simulations with a Du�ng oscillator. It will be shown on this
speci�c example that when a too small value is selected for β, then the transients are longer, making the steady
states more di�cult to reach. On the other hand, large β values lead to longer convergence. The nonlinear
element ensures that the control output is bounded by Kn, hence, avoiding large overshoots.
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The addition of the nonlinear element and low-pass �lter, introduces three additional degrees of freedom,
Kn, α and β. Retaining the above approach for selecting the parameters, Ts, ωc, H, Ωini and β, the PI-controller
gains, kp and ki can be set to unity in order to focus the tuning e�ort on the nonlinear gain Kn, thus, eliminating
the control demand on them. The low-pass �lter cut-o� frequency, α can be chosen following the recommendation
outlined in Section 2.3. Thus, only one parameter remains to be tuned: Kn.

Kn

−Kn

decreasing β

ε

N(ε)

Fig. 2.3: E�ect of the steepness parameter, β. Decreasing β implies faster convergence but a too small value can introduce
sharp transitions which can be undesirable.

2.3 Stability analysis of the closed loop system

In this section, the dynamics of the closed loop system is studied. A linear stability analysis is reported in Ap-
pendix 1. Based on this analysis and the discussion on the validity of such analytical bounds - derived in the
context of PLL and reported in [11] - practical guidelines are provided to the experimentalist for achieving a
rapid yet e�ective tuning of the controller. and , which allows proposing a simple tuning rule for this parameter.
The analysis of the closed loop system strictly follows the one reported in [17]. In particular, the same modeling
assumptions as in [17] are here endorsed: linear vibrations are assumed, the dynamics of the exciter is taken
into account and the inductance of the coil is neglected. The only di�erence with [17] lies in the consideration of
the nonlinear controller in the loop. The variables needed to describe the closed loop system shown in Fig. 2.1
are: the output voltage from the ampli�er u, the excitation frequency Ω, the phase error ε already de�ned
in Eq. (2.1), the voltage y output from the nonlinear controller and w from the low-pass �lter. Iw is an auxiliary
term. All in all, the equations describing the system read:
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u = U cos(θ), (2.4)

θ =

∫ t

0

Ωdτ, (2.5)

Ω = Ωini + w + Iw, (2.6)

ε = φref − (φ̂f − φ̂) , (2.7)

y = Kn tanh

(
ε

β

)
, (2.8)

¯̇w = −ᾱw + ᾱy (2.9)

˙̄Iw = w, (2.10)

φ̂f = Arg
{
F̂ (1)

}
, (2.11)

φ̂ = Arg
{
Q̂(1)

}
. (2.12)

Note that Eq. (2.8) - Eq. (2.10) come from the nonlinear element and its low-pass �lter, and are thus
the main di�erence with the derivation provided in [17]. Also, the proportional and integral gains of the PI-
controller are here set to unity. Eq. (2.10) is an auxiliary equation. A normalized time t̄ = ωct is introduced, so

that Īw = ωcIw, and ᾱ =
α

ωc
. A complete derivation and study of this system is provided in 1. In particular,

the harmonic decomposition for force and response, retaining only the fundamental harmonic terms, F̂ (1) and
Q̂(1) appearing in Eq. (2.11)-Eq. (2.12) are given. The stability analysis is about the resonance phase reference

(φref =
π

2
), thus the gain obtained herein is optimized for the resonant regime and may di�er for other responses.

The complete study of the closed loop system is reported in Appendix 1. The results show that Kn > 0 is a
su�cient stability condition. It yields an upper bound which is found to however, depend on ᾱ, the normalized
cut-o� frequency of the low-pass �lter. Moreover, in the limit of large ᾱ, the upper bound tends to in�nity. This
is a practical limitation as one does not expect an in�nite gain, and large gains can drive the system away from
the stable point. As noted in [11], such analytical bounds may be inconsistent with what is observed numerically,
principally due to errors in the frequency tracking coupled with computational errors. Due to large gains, the
system's transient dynamics may exhibit overshoots, potentially leading to instability even when the system
is analytically predicted to be stable. For all these reasons, the analytical predictions may only be used as a
guideline for practical tuning. From our experience, we suggest to set Kn = 1, which will generally drive the
system to convergence. However, the presence of nonlinearity may require a higher gain and for this reason, we
recommend the use of Eq. (1.70) as a starting point. As noise can introduce signi�cant oscillations about the
target, or large oscillations are observed due to Kn being large, it is then possible to tune down the gain until
these oscillations die out.

2.4 Procedure for the NCPLL

A summary of the experimental procedure for setting up the NCPLL is now provided. Supposing that the linear
modal data have been extracted, following for example the method outlined in [17], the parameters for the
NCPLL are then derived as below.

Selecting the Parameters for the NCPLL The NCPLL set-up includes �ve parameters that have to be
selected by the experimentalist: the number of harmonics H, the adaptive �lter cut-o� frequency ωc, and the
nonlinear element parameters, β, α and Kn. For practical applications, β can be set to β = 0.1 rad as already
explained in Section 2.2. This reduces the number of independent parameters to four. The choice of ωc and H
can be governed by the method outlined in [17], that is by open loop testing for cut-o� frequencies between the
range 1/100 < ωc/ω0 < 1, where ω0 is the underlying linear system natural frequency, and selecting the largest
value that respects the error tolerance. This strategy has been found e�ective in giving a fast tuning for this
parameter.

The cut-o� frequency α of the nonlinear controller low-pass �lter, Eq. (2.3) is normalized by the adaptive
�lter cut-o� frequency, ωc in Eq. (1.55), where ᾱ is taken as a positive integer.

Kn is linearly proportional to ᾱ as shown in Fig. 1.2. From our experience, a value in the range 1 < ᾱ < 100
is recommended. Finally, only one parameter Kn is to be tuned. It should be noted that the experimentalist
choice of ᾱ will be directly transferred to Kn, thus only the tuning of Kn is necessary. That is, while there are
more parameters in the NCPLL design, the burden of control is concentrated on one parameter only.

Lock-in detection and Algorithm for backbone tracking Let us �nally describe the handling of lock-in
and voltage transition levels, for the speci�c case of a backbone tracking. Note that this choice is not restrictive
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and the same procedure applies for the measurement of an FRC. One has simply to change the targeted phase
shifts as already explained in Section 2.

Hippold et al. recommended half-cosine ramps to ensure smoother transition between voltage levels during
the backbone tracking [17]. However, it is clear that such a choice importantly increases the testing time
as compared to the case of step increase. Due to the robustness of the NCPLL to sudden change, stepwise
variations in the supplied voltage are manageable, which is a supplementary advantage of using a nonlinear
controller. Consequently, the voltage U is de�ned as a vector, ranging from U0 to Umax, with a step ∆U :
U = [U0 : ∆U : Umax]..

A state is considered as locked if the phase lag is continuously below the speci�ed tolerance, |ε| ≤ εtol. This
is ensured by recording N samples such that the error tends to zero. If this condition is satis�ed, the average is
taken and recorded, then the counter is set back to 0, and the voltage amplitude incremented. The process is
summarized in Algorithm 1.

Algorithm 1: NCPLL: Algorithm for backbone curve tracking.

1 N Number of successive samples required ;
2 n Counter: Number of successive samples;
Input: |ε|, εtol, N

3 Output: U
4 initialization: U(1) = U0, n = 0;
5 if (|ε| ≤ εtol & n ≥ N) then
6 U(i) = U(i− 1) +∆U ;
7 Reset n;
8 Repeat process until Umax;
9 Then Stop Simulation

10 end

A similar algorithm can be adapted for the tracking of the frequency response curve. In this case the forcing
amplitude is prescribed and a stepped-phase sweep, φref = 0 to φref = π is performed. Thus, in Algorithm 1,
U is replaced by the vector of phase targets. Due to exciter structure interaction, it is important to maintain
constant forcing of the structure and this can be ensured by amplitude control using a simple PI-controller as
illustrated in Ref. [34].

3 Numerical validation

This section is devoted to demonstrate the e�ectiveness of the NCPLL for extracting backbone curves and
FRCs of typical nonlinear oscillators through numerical experiments. Four cases are treated, including a Du�ng
oscillator, friction-damped oscillator, a friction damped oscillator with cubic and quintic sti�ness, and a �nite
element beam model.

For all the numerical simulations shown hereafter, the NCPLL parameters have been set as follows. The
phase detector is the LMS adaptive �ltering and the number of harmonics H selected is such that H = 10. The
gains kp and ki are set to unity as recommended before such that no tuning is needed for them. The linear
frequency f0 of the simulated oscillators have been set to f0 = 62.8 Hz, and a small damping ratio has been
selected as ζ =0.05%. Backbone curves are computed by setting the target phase to π/2 while increasing the
amplitude of excitation, and FRCs are obtained by imposing a phase sweep between 0 and π radians at constant
forcing. In such a case, the initial external excitation frequency Ω is started from the value Ωini = ω0. The phase
detector cut-o� frequency is selected as ωc = ω0/3, and the two main parameters to be set for the NCPLL have
been set once and for all based on the linear characteristics. The low-pass �lter cut-o� parameter ᾱ has been
set as ᾱ = 30. Finally, the gain Kn, following Eq. (1.70), is set as Kn = 5.919, and found to stabilize all the
orbits at resonance and away from resonance. Suggesting that we are well within the stability region with this
parameter combination. All the simulations have been carried out with the Dormand-Prince formula for the
Runge-Kutta numerical integrator, with the version ode45 implemented in Matlab/Simulink.

3.1 Du�ng oscillator

The Du�ng oscillator is described in Eq. (3.1).

q̈ + 2ξω0q̇ + ω2
0q + Γ (3)q3 = F cos θ. (3.1)

with θ as de�ned in Eq. (2.5).
The linear characteristics have been set as explained in the previous section. The cubic parameter is selected

as Γ (3) = 5× 105Nm−3.
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The e�ect of β is �rst investigated with this example. Fig. 3.1 clearly shows that with a too small value
β < 0.05 the transients will take longer to decay and too large a value will delay convergence. It is shown
that β = 0.1 gives an excellent compromise between time for transient decay and time of convergence, as
recommended in [41].
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Fig. 3.1: E�ect of β: Compromise between time for transient decay and convergence to the speci�ed tolerance.

Fig. 3.2 shows the backbone curve obtained with the NCPLL algorithm together with three FRCs obtained
for increasing levels of forcing: F = 1, 5, 10 N. To draw out a comparison with the exact solution, the same
nonlinear characteristics are computed with a numerical continuation method, taken as reference. To that
purpose, the Asymptotic-Numerical Method (ANM) implemented from a harmonic balance solution in the
software Manlab [6,15,16], has been used. The proposed design of the NCPLL accurately extracts the hardening
characteristics of the Du�ng oscillator, and the backbone curve corresponds well to the peak of the frequency
response curves. Importantly, the NCPLL stabilizes all orbits with the calculated control parameter, Kn, no
extra tuning being required. It took about 10 s in real time to track the backbone curve (for a total number of
100 computed points) with excellent accuracy and minor oscillations. This highlights the strength of the NCPLL
in accurately extracting the nonlinear characteristics within a short duration.
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Ω/ω0
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FRC:NCPLL Unstable branch
Stable branch

Fig. 3.2: Backbone curve (solid blue line) and frequency response curves for the Du�ng oscillator. Results obtained with
NCPLL (in black) are compared to a reference solution (numerical continuation, harmonic balance with asymptotic-
numerical method, in red). Γ (3) = 5×105Nm−3. FRC for increasing levels of forcing amplitude: F = 1, 5, 10 N, Backbone
curve: F = 0.01 to F = 11 N with step ∆F = 0.01 N.
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Fig. 3.3: Frequency incertitude along the backbone curve.

The locked state is de�ned by the ful�llment of the phase target below the speci�ed error tolerance. The
frequency may �uctuate about this state. Though not often reported in the literature, we provide insight into
the issue. Fig. 3.3 shows the frequency �uctuation and convergence at di�erent points on the backbone curve.
In this �gure, the abscissa shows the increment in terms of excitation frequency ∆Ω when travelling along
the backbone curve shown in Fig. 3.2. The �rst points correspond to the initiation of the computation of the
backbone curve at low energy (linear range), while the maximum value reached correspond to the upper point of
the backbone curve. Note that the points in the range ∆Ω[−50, 0] mHz correspond to the initialization e�ect of
the solver (here, the initial condition of the integrator is 0), and has been included for completeness. Therefore,
∆Ω = 0 simply corresponds to the purely linear response, that is no frequency change from ω0. At lower energy
levels, the points do not align perfectly, but are clustered around acceptable value, indicating some oscillations.
As energy increases, the certainty is improved and the points align indicating less oscillations at these levels
and an improved functioning of the tracking algorithm. In all the cases, the certainty lies within acceptable
values. This observation is important for experiments as one need to ensure near constant excitation frequency
to isolate a mode.

The parameter values for the Du�ng oscillator has been selected following those reported in [8]. Interestingly,
a conventional PLL can be run on the same example, where the gains are set as proposed in [8], i.e.: kp = 0.5 s−1

and ki = 10 s−2. Results are reported in Fig. 3.4, highlighting that without a proper tuning of the PLL
parameters or longer settling time (which are not reported in [8]), the method encounters extreme di�culties in
converging to the exact periodic orbits of the original system. This example underlines that conventional PLL
schemes necessitate additional tuning rules that are generally not made explicit in the literature. On the other
hand, the NCPLL does not ask for further tuning and the nonlinear controller allows converging easily and
rapidly to the correct solution. Additional comparisons for this speci�c example of the Du�ng oscillator are
presented in 2 to draw out a more complete illustration of the gain in using NCPLL as compared to a classical
PLL with linear controller. The results of the conventional PLL can be made much better with proper tuning,
but also with longer test duration time. However, this is not recommended since the goal is to speed up the
experimental tests. For this reason, the comparison in 2 highlights the need for a robust control for accurate
measurements.

Even in the presence of noise, NCPLL shows remarkable potential in keeping the error minimal. White noise
was added to the excitation signal and the signal-to-noise ratio (SNR) varied between 5 and 40. In Fig. 3.5,
as the SNR worsens, the maximum phase error is about 2◦, showing that even in such adverse condition, the
NCPLL keeps the phase error within acceptable range. In real time application, the presence of noise can cause
oscillations about the speci�ed tolerance with the calculated gain, Kn. It is then possible to gradually reduce
the gain until the oscillations die out, and the error tolerance is reached.

In the next selected examples, the capability of the NCPLL is further examined numerically on systems with
other nonlinearity types. For these cases, no numerical references are given.

3.2 Oscillator with Coulomb friction

The case of a linear oscillator with Coulomb friction is now considered. The equations of motion read:

q̈ + 2ξω0q̇ + ω2
0q + fR = F cos θ, (3.2)
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Fig. 3.4: Backbone and frequency response curves for the Du�ng oscillator. Numerical results obtained with standard
PLL algorithm compared to numerical continuation technique as reference. Γ (3) = 5 × 105Nm−3. Parameters for the
PLL taken as: kp = 0.5 s−1, and ki = 10 s−2. FRC for increasing levels of forcing amplitude: F = 1, 5, 10 N, Backbone
curve: F = 0.01 to F = 11 N with step ∆F = 0.01 N.
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Fig. 3.5: Robustness to noise (Red dashed line is ±2◦). NCPLL shows excellent handling of noisy signals.

where the linear characteristics are left unchanged as compared to the previous Section. The nonlinear force
fR consists of a linear spring connected to a non-smooth Coulomb friction, following the models presented e.g.

in [22,21]. The nonlinear restoring force, expressed in di�erential form, writes:

dfR =

{
ω2
t q if |fR + ωtdq| < νN (stick),

0 if |fR + ωtdq| ≥ νN (slip)
(3.3)

In this expression, ω2
t represents the squared radian frequency associated to the linear contact sti�ness, and

νN the limit friction force, where N is the normal force. Note that such di�erential expression is equivalent to
the classical Coulomb friction law expressed on the velocity, where the mass of the sliding element has been
neglected [25]. For the numerical simulations, the parameter ν has been set such that the tangential force
νN = 1, and the linear sti�ness has been set to ωt = 800 rad/s. Eq. (3.3) has been resolved using the stick-slip
switch algorithm proposed in [26], with the regularization parameter set to 0.1.

The solution branches are computed for the unforced case (backbone curve), and three FRCs are reported
for increasing values of the forcing amplitude F . The results are shown in Fig. 3.6, where the frequency axis
has been normalized by the eigenfrequency ω0. Following the results presented for example in [22,21], for small
amplitudes of vibrations, sticking occurs such that the system behaves equivalently to a linear oscillator where
the sti�ness is conveyed by both the linear restoring force and the contact sti�ness kt. This value is referred to
as the linear eigenfrequency with sticking, and exactly corresponds in the present case, with the selected values
to Ω/ω0 = 1.0026. For larger amplitudes, sliding occurs and the system experiences a softening behaviour.
Finally, for large amplitudes, the equivalent sti�ness of the friction element tends to zero [22,21], consequently
the backbone curve with the present normalization tends to 1.

The NCPLL algorithm shows a remarkable behaviour in this case of friction-damped oscillator and e�ectively
retrieves all the awaited characteristics. Without extra tuning and using the same control parameters for both
cases, the NCPLL correctly stabilizes all orbits and has been able to follow both the backbone curve and FRCs
with increasing amplitudes.
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Fig. 3.6: Backbone and frequency response curves for the Coulomb oscillator. νN = 1. FRC: F = 0.02, 0.05, 0.5, 1, 1.2,
1.5, 1.75 N, Backbone curve: F = 10−4 to F = 1.8 N with step ∆F = 0.0018 N. Dashed line shows the natural frequency.

3.3 An oscillator with friction, cubic and quintic sti�ness

A third oscillator example is selected which combines smooth and non-smooth (friction) nonlinearities. The
equations of motion reads:

q̈ + 2ξω0q̇ + ω2
0q + Γ (3)q3 − Γ (5)q5 + fR = F cos θ. (3.4)

In that case, the Coulomb friction law as given by Eq. (3.3) with νN = 1 is selected, the smooth cubic and
quintic nonlinear terms are set as Γ (3) = 5×108Nm−3 and Γ (5) = 5×1013Nm−5, while the linear characteristics
are left unchanged. This case is selected to test the NCPLL in a case where hardening and softening behaviours
alternate.
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Fig. 3.7: Backbone and frequency response curves for the oscillator with cubic and quintic nonlinearities with opposite
signs. νN = 1, Γ (3) = 5 × 108Nm−3, Γ (5) = 5 × 1013Nm−5. FRC: F = 0.02, 0.05, 1, 1.2, 1.5, 1.75 N, Backbone curve:
F = 10−4 to F = 1.8 N with step ∆F = 0.0018 N.

Results for both the backbones and FRCs are displayed in Fig. 3.7, showing the ability of the NCPLL to
extract the nonlinear characteristics with varying dominant nonlinear phenomenon at certain amplitudes. For
very small amplitudes, linear behaviour is observed then, a softening characteristic due to dry friction, followed
by hardening as amplitude is increased. Beyond a certain amplitude, the negative quintic coe�cients starts to
dominate and a softening trend is at hand. This example underlines the versatility of the NCPLL to deal with
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di�erent nonlinear behaviours. Importantly, no extra parameter tuning is required. All the simulations reported
in Fig. 3.7 have been realized with a single value of the gain Kn = 5.919 with fast convergence.

3.4 A �nite element beam with localized nonlinearities

The last numerical example is devoted to a �nite element (FE) cantilever beam model which has again combined
localized nonlinearities. The FE model, shown in Fig. 3.8a is composed of ten linear beam elements with two
degrees-of-freedom at each node (bending and torsion). Localized nonlinearities are added at two di�erent points
of the beam: a nonlinear cubic sti�ness is inserted at node point 2, with cubic parameter set as knl = 5×105Nm−3;
and a linear sti�ness and a friction Coulomb damping is considered at node point 3, with parameters set as
νN = 1, kt = 8× 105N/m. The external forcing is set at point 2, and a complete exciter model, following [38],
is implemented. Experimental continuation in the vicinity of the second bending mode is investigated, which
has an eigenfrequency f2 equal to f2 = 21Hz.

Table 3.1 summarizes the control parameters adopted for this case. Numerical integration is here performed
with the Rosenbrock scheme, as implemented in the matlab function ode23s. Note that as compared to the
three previous oscillator examples, which used the exact same linear characteristics, the eigenfrequency of the
second �exural mode and its damping ratio (respectively ω2 = 132.25rad/s and ζ2 = 0.05%) have here di�erent
values. Consequently the control parameters have been recomputed to �t that case, leading in particular to a
value for the gain set as Kn = 1.3228.

Table 3.1: Control parameters for the FE beam simulation.

Parameter set Phase detector f [Hz] ζ[%] Ωini ωc/ω0 kp[s
−1] ki[s

−2] ᾱ Kn

NCPLL H = 10 21 0.05 ω0/1.5 0.1 1 (�xed) 1 (�xed) 20.0 1.3228
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Fig. 3.8: (a) FE model of a cantilever beam with localized nonlinearities: cubic sti�ness and excitation at node 2, localized
linear sti�ness and friction at node 3. (b) Backbone curve and FRCs in the vicinity of the second bending mode obtained
by NCPLL.

Fig. 3.8b shows the results provided by applying the NCPLL experimental continuation to that case.
Regarding the backbone curve, one can clearly observe that the softening trend for small amplitudes, due to
the friction nonlinearity, is then dominated by the hardening nonlinearity due to the cubic nonlinear restoring
force, for larger vibration amplitudes. Three FRCs have also been computed, for increasing values of the forcing
selected as F = 0.1, 0.5, 1, 2 N. For both cases, the NCPLL demonstrated its ability in identifying the nonlinear
behaviour of the second mode of the beam with excellent accuracy. For this example, the exciter model in [38]
was implemented causing the model to be very sti�, thus the simulation time is considerably long (about 15
minutes in real time on a standard PC with 13th Gen Intel CPU -Corei5-1345U). However, 30 periods were
needed for a response point in average which corresponds to about 136 s in simulation time.

The above numerical examples have demonstrated the robustness of NCPLL to di�erent nonlinearities, and
the ease of tuning which eliminates the conventional trial and error approach consequently improving testing
duration. In the above numerical studies, the choice of ᾱ was not governed by any criterion, and the contribution
of the low-pass �lter is not evident since the cut-o� frequency is higher than the cut-o� frequency of the phase
detector. One might consider removing the low-pass �lter in the NCPLL loop. However, it proves necessary
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in conditions where noise level is signi�cant. Experimental results are presented next to validate the proposed
method.

4 Experimental validation

Two di�erent examples have been selected in order to demonstrate the e�ectiveness of the NCPLL in real life
experiments. The �rst one considers a smooth nonlinearity created by a magnetic �eld. The second example
consists of assembled beams bolted with joints.

4.1 Piezomagnetoelastic cantilever beam

The experimental set-up, shown in Fig. 4.1, consists of a cantilever beam made of steel. The beam is hanged at
its top clamped end, while the free end is oscillating in the magnetic �eld created by two permanent magnets.
Two piezoelectric patches are glued on both side of the beam, near the clamped end, and are used for actuation.
Such a set-up has been historically used in order to evidence the existence of chaotic vibrations [29,47], and
is also used for the purpose of energy harvesting [19]. Importantly, the vibration of a cantilever beam in the
magnetic �eld of two permanent magnets has been investigated in [47,19], such that approximate nonlinear
models are available in order to have an understanding of the involved nonlinearities. Depending on the relative
position of the magnets and the beam, the system can have one or two stable equilibria, and the restoring force
from the magnetic �elds can be approximated with a combination of linear, cubic and quintic sti�ness [47,19,5].

Magnets

Beam

Piezoelectric patches

(a)

QP20W

Beam
Laser Displacement Sensor

(Keyence 1)

Laser Displacement Sensor
(Keyence 2) Vibrometer

Magnets
S
N

S
N

RTI

Lowpass filterAmplifier

Voltage divider

i

(b)

Fig. 4.1: Experimental set-up for the piezomagnetic cantilever beam. (a): Picture of the experiment, showing the piezo-
electric patches near the clamped end and the two magnets below the free end. (b): Detailed sketch of the experiment,
where RTI stands for real-time interface.

Experimental set-up The set-up is shown in Fig. 4.1. It is a slender steel beam clamped on the upper end
to a rigid aluminum frame and free at its lower end. The piezoelectric patches serve as the actuator to excite
the beam.

The beam is a stainless steel with dimensions 214mm × 50mm × 0.6mm. Dimensions of the beam were
chosen to ensure that the �rst bending mode is well separated from the torsional and higher bending modes.
Hence, it can be assumed that a single nonlinear normal mode will be excited in the vicinity of the fundamental
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frequency. A piezoelectric patch QP20W is glued on each side near the �xed end of the beam. Two cylindrical
neodyne magnets of strength B = 0.8T, diameter d = 25mm, height h = 4mm, equally spaced 17.5mm from
the unde�ected beam tip, are positioned 20mm below the tip of the beam. The poles are aligned as shown
in Fig. 4.1 with matching polarity.

Three measurement points were taken: (a) Displacement measurement at 159mm from the beam tip by a
Keyence LK-H152. This serves as the reference measurement. (b) Displacement measurement at 12mm from
the beam tip by a Keyence LK-H152. (c) Velocity measurement at 12mm by Polytec VibroFlex VFX-F-110
with VibroFlex Neo sensor head. The measurement is on the opposite side of the second Keyence (b).

The PLL and NCPLL models were implemented in Matlab/Simulink and loaded on the real-time controller,
dSpace SCALEXIO with sampling rate of 1 kHz. The output is multiplied by a factor of 100 using PI HVPZT
Power Ampli�er. Due to generated noise in the DAC board of dSpace, a low-pass �lter with a cut-o� frequency
of 200Hz was placed between the dSpace hardware and the ampli�er. The beam is excited via one piezoelectric
patch. The NCPLL and PLL algorithm requires as input the actual excitation signal. This is passed from the
ampli�er to dSpace. A voltage divider (negligible phase error) was used to step down the voltage by a factor of
100, due to the voltage limit of the hardware, 10V. The assumption of phase-neutral voltage-force transfer in
[17] is naturally satis�ed with the piezoelectric patches since the force is proportional to the voltage [9]. In the
case of electromagnetic exciter, the force is proportional to the current, hence, the assumption will be applicable.

Experimental Procedure and Results An identi�cation of the needed linear characteristics of the system
is �rst performed. Since the nonlinear vibrations of the �rst bending mode are to be studied, only the eigen-
frequency and modal ratio of this fundamental mode are to be identi�ed. Linear vibrations were ensured by
using a very small value of excitation amplitude (0.01V, resulting in 1V in the piezoelectric patch), leading to
a vibration amplitude of the free end tip of about v(L)/L = 7×10−5, which in turn gives rise to negligible aero-
dynamic drag e�ect. Without the magnets, the �rst eigenfrequency of the hanging piezoelastic cantilever beam
is measured as ω0 = 14.45Hz, and damping ratio ξ = 0.6%. With the two magnets installed, the measurements
turns out to ω0 = 14.06Hz, and the damping ratio is 0.7%.

From the linear characteristics, the parameters of the NCPLL can be tuned following the method proposed
in Section 2.3. The value of the nonlinear controller gain is given from Eq. (1.70) as Kn = 3.1895. However,
half of this value, Kn = 1.59, has been used in the experiment which was found to converge faster to the
target and within the speci�ed error tolerance. Note that in the present case, since the external excitation is
provided by the piezoelectric patches, the beam and the exciter are merged in the same structural elements,
and the electrodynamic shaker model used in 1 is not needed, leading to set µex = 0, and δp = δs. Table 4.1
summarizes all the values that has been used for the present experimental set-up.

Table 4.1: Parameters for the piezomagnetic beam experiment.

Parameter set Phase detector Ωini ωc/ω0 kp in s −1 ki in s−2 ᾱ Calculated Kn Adjusted Kn

NCPLL H = 10 ω0/1.5 0.5 1 (�xed) 1 (�xed) 5 3.1895 1.59

To draw out some comparisons with a conventional PLL scheme, the gains for the PI-controller has been �rst
set following the method proposed in [17], leading to the values kp = 20.32 s−1 and ki = 223.26 s−2. This choice
however leads to rapid divergence of the controller for the backbone tracking, and manual tuning of the gains
through trial and errors has been used. For the experimental continuation of the backbone curve, satisfactory
results were obtained by setting kp = 0.5 s−1 and ki = 15 s−2, leading to stabilization of all periodic orbits
along the branch, using step-wise increment of the excitation amplitudes: U = [0.05 : 0.01 : 3] V.

For the frequency response curve, the gains were kp = 0.5 s−1 and ki = 5 s−2 for phase sweep, φref ∈ (0, π).
The calculated gain for the nonlinear controller is su�cient, but to meet the strict error tolerance , ε = ±0.1◦, it
was adjusted for very low amplitudes due to poor signal-to-noise ratio. Amplitude control seems not necessary
in this case since the structure is excited via the piezoelectric patches, but there was no need to remove it since
it was already implemented in the control loop. The response amplitude is normalized by the length of the
beam 214mm whereas the frequency is normalized by the linear frequency of the piezomagnetoelastic beam,
ω0 = 14.06Hz. Due to experimental conditions, the eigenfrequency can experience slight variations from one
experiment to another. Here the curves have been normalized by the eigenfrequency of the current experiment.
In general, a good agreement between the two measurements method is found, with a slight discrepancy in the
case of the FRC, which might be attributed to the di�erence in the implemented amplitude control. Interestingly,
the conventional PLL has only been able to stabilize the orbits of the FRC starting from φref = π/12, leading
to a shorter range of available excitation frequency in the resulting solution branch. On the other hand, NCPLL
could stabilize orbits from φref = π proving its advantage in situations of poor signal-to-noise ratio.
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Fig. 4.2: Comparison of the NCPLL to the conventional PLL. The agreement of the results con�rms that the nonlinear
controller does not alter the non-invasiveness of the PLL.

Table 4.2 and Table 4.3 summarize the performance of both designs in terms of the settling time and
test duration. The time for the trial and error tuning of the conventional PLL is not taken into account. Note
that the PLL was started at a higher phase shift in the case of the frequency response curve, yet the NCPLL
outperformed it in test duration.

Table 4.2: Backbone curve.

Start [s] Settling [s] Duration [s]

NCPLL 48.8 7.32 290.91

PLL 64.33 8.30 355.94

Table 4.3: Frequency response curve.

Start [s] Settling [s] Duration [s]

NCPLL 38.59 9.3 343

PLL 34.39 28.26 479

Another observation is the characteristic softening behaviour at low amplitudes, which was not captured
during the linear system identi�cation. This proves again that even at such small amplitudes, some nonlinear
phenomena can occur. In this case, it is likely due to the nonlinear property of the piezoelectric patches which
was not taken into account and less likely due to micro-slip at the clamped end of the beam. Interestingly,
one can note that similar observations at small vibration amplitudes in a PLL experiment have been reported
in [12].

The repeatability of the experiment is demonstrated in Fig. 4.3 showing that all points lie within one standard
deviation of the mean.

Fig. 4.4 summarizes the obtained results for this case by displaying on the same plot the backbone curve
and FRCs for three increasing amplitudes. It can be observed that the backbone curve corresponds well to the
peaks of the frequency response curves. By increasing the vibration amplitudes, the overall damping seems also
more pronounced, as reported by the shape of the FRCs with a �atter peak. This can be attributed to the
increase in aerodynamic drag, see e.g. [7] for a more thorough experimental study of the drag-induced damping
in large amplitude vibrations of cantilever beams.

4.2 Assembled cantilever beam with bolted joint

Set-up The second experiment involves a cantilever beam with bolted joint providing dry friction contact. Fig. 4.5
shows some pictures of the set-up. The beam parts are held together by two steel bolts, and tightened at torque
of 60Nm. The excitation is targeted at the in-plane mode, imposing shear moments on the bolts. The physical
characteristics of the beam are summarized in Table 4.4. The excitation is in this case provided by an elec-
trodynamic shaker. A B&K 4809 shaker has been selected. Following the explanations given in Section 2.4 and
Appendix 1, the exciter parameters can be identi�ed and then taken into account to determine the parameters
of the control loop.
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Fig. 4.3: Repeatability of the experiment. Upward and downward excitation sweep results fall within one standard devi-
ation of the mean. Hence, the experiment is independent of the path followed.
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Fig. 4.4: Backbone curve and frequency response. The backbone curve corresponds to the peaks of the frequency response
curves with slight deviation at higher amplitudes.

Table 4.4: Physical characteristics of the cantilever beam.

Parameter Value

Material Aluminum
Total mass 7.6 kg
Structure Assembled (bolted)
Thickness 10.34mm
Width 152mm
Height 650mm
Sensor PCB accelerometers

Number of sensors 6
Tip added mass 2 kg

Shaker B&K 4809

The calculated value, Kn = 12.11 was enough to stabilize the system, but we noticed that at lower excitation
amplitudes, there were oscillations about the target which slowed down convergence. Half of this value has been
selected for practical reason, in order to improve the convergence speed.

The mode of interest for this particular example is the �rst in-plane mode. Using low level vibrations and
modal identi�cation, the eigenfrequency ω0 of this mode has been measured such that ω0 = 101.88Hz. It



Phase-Locked Loop experiment 17

(a) (b) (c)

Fig. 4.5: Experimental set-up of the cantilever beam. (a) Front view. (b) Side view. (c) Close-up view of the upper part
showing the excitation.

Table 4.5: Identi�ed linearized plant parameters: Natural frequency = 101.88Hz

Parameter set Phase detector Ωini ωc/ω0 kp in s −1 ki in s−2 ᾱ Calculated Kn Adjusted Kn

NCPLL H = 10 ω0/1.5 0.1 1 (�xed) 1 (�xed) 5 12.11 6.05

corresponds to a much sti�er case as compared to the previous experiment. Parameters for the NCPLL are set
according to the linear analysis and the guidelines provided in the previous sections.

Results The results again prove the potential of NCPLL in stabilizing all orbits irrespective of the nonlinearity
present. Herein, the NCPLL was able to extract the nonlinear characteristics due to dry friction. A soften-
ing characteristics is observed typical of friction damped systems. This con�rms the numerical result shown
in Section 3.
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Fig. 4.6: Backbone and frequency response curves of the assembled cantilever beam around its coplanar mode

Backbone and frequency response curves are again extracted for this case. Note that force drop-o� in the
resonant region is classically observed. To counteract this and to ensure a constant forcing ampitude all along
the branches, an additional control loop is inserted in the set-up. Experimental results are reported in Fig. 4.6,
showing the excellent ability of the NCPLL in stabilizing all the periodic orbits, irrespective of an a priori
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knowledge of the nonlinearity present. In this example, the main nonlinearity is due to the friction occuring the
the bolted joint connections, resulting in a clear softening nonlinear characteristics.

The PLL set-up also shows its e�cacy in the test duration, since all extracted curves took about 2 minutes
of measurements. About 100 points for the backbone curve and 36 points for each of the frequency response
curves are measureed along the continuation branch. One of the main advantage of the NCPLL is to demand
no further tuning. Once the parameters are set from the linear analysis, then the nonlinear continuation can
be done e�ciently. From the experimental curves reported in Fig. 4.6, one can observe that, for very small
vibration amplitudes, the periodic orbits of the FRCs for phases above 160◦ has been found unreachable by the
present set-up without further change. This failure in the method is here attributed to a poor signal-to-noise
ratio at such small vibration levels.
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Fig. 4.7: 3D view of the phase-amplitude-frequency relation.
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Fig. 4.8: Color map of the phase-amplitude-frequency relation. Red crosses + correspond to the maximum amplitude.
Normalized colorbar for the amplitude.

Experimental results are reported in Fig. 4.7 and Fig. 4.8 using a 3-D representation in the space amplitude
vs excitation frequency and phase. The backbone curves together with 5 FRCs with increasing amplitudes are
reported, and Fig. 4.8 shows the same information in a top view, with gray-shaded area for the amplitudes
and the di�erent FRCs in blue. These representations underline how the region with three di�erent solutions is
unfolded when using the phase variable, and highlights that the extracted backbone curves exactly corresponds
to the prescribed phase lag of φref = π/2.

5 Conclusion

Experimental continuation methods represent a signi�cant advancement and provide access to crucial infor-
mation about the nonlinear characteristics of systems. They are more and more used in routine experimental



Phase-Locked Loop experiment 19

testing and veri�ed as a major tool for having access to the backbone curve and Frequency response functions
in structural nonlinear vibrations.

Owing to the tuning e�ort imposed by control-based methods for the experimental continuation of nonlinear
systems, the testing time can be long and the test structure may su�er fatigue due to trial and error. Although
successfully applied to simple structures, the tuning e�ort for Phase-Locked Loop can considerably increase for
complex systems. To improve on this, the implementation of a nonlinear controller in the PLL is here proposed.
It has been demonstrated numerically and experimentally that NCPLL facilitates the tracking of backbone
and frequency response curves, with minimal tuning e�ort allowing for a fast and robust control. Besides, a
systematic approach has been proposed and proven to be useful in diverse situations to give a reliable range for
obtaining the optimal gain.

Our design showed notable advantages over the conventional PLL and extends the capability of Phase-Locked
Loop testing. On the other hand, Phase-Locked Loop is easier to develop, has been successfully applied to simple
structures, but general tuning rules for the involved parameters are lacking and might depend on the type of
nonlinearity. Consequently, it is also expected to spend more time in the tuning of the method when handling
more complex structures with unknown nonlinearity. The proposed design thus shows notable advantages over
the conventional PLL and extends the capability of Phase-Locked Loop testing, improving the duration time
and extending the range of available solutions.

We demonstrated the robustness of the NCPLL to noise, and showed that its performance in situations of
poor signal-to-noise ratio is remarkable. This capability is very useful in real life applications, as one is not
encumbered with the presence of noise. In general, however, it is known that the PLL experiment performs well
with quality signal, and the proposed design is not an exception.
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1 Linear stability analysis of the NCPLL

This appendix is devoted to a linear stability analysis of the Phase-Locked Loop with nonlinear controller. The
aim is to derive an analytical expression of the unknown parameter, Kn from the linear characteristics of the
plant, that is by taking into account the dynamics of the exciter at the attached point. A linear model of an
electrodynamic shaker is used. The analysis follows closely with the one reported in [17], which is adapted to
insert the nonlinear controller in the loop.

1.1 Exciter-structure modelling

Fig. 1.1 illustrates the exciter-structure coupled dynamics which is expressed in Eq. (1.1) - Eq. (1.6).

Exciter

R

Gq̇exiu mex

kex

dex

M , g(q, q̇)
f eex

qex qex

Structure

Fig. 1.1: Exciter-structure coupling.

mexq̈ex + dexq̇ex + kexqex = Gi− f, (1.1)

Ri+Gq̇ex = u, (1.2)

qex = e⊤exq. (1.3)

where, mex is the moving mass of the exciter (includes the armature, the coil, sensors and the stinger), kex is the
mechanical sti�ness of the exciter, dex is the damping of the exciter, G > 0 is the electromotive force constant,
R > 0 is the electrical resistance, i is the current and u is the voltage.

The following assumptions underline the exciter-structure coupling dynamics: 1. The exciter structure is
assumed rigidly �xed to the ground. 2. Rigid stinger, so that Eq. (1.6) holds. 3. The exciter self-induction is
neglected, which physically implies that there is no phase lag between the voltage and the voltage-imposed part
of the current [17]. The adaptive �lter is governed by Eq. (1.4) - Eq. (1.5),

˙̂
F (h) = 2ωce

−jhθ

(
f −ℜ

{
H∑

h=0

ejhθF̂ (h)

})
h = 0, . . . , H, (1.4)

˙̂
Q(h) = 2ωce

−jhθ

(
qex −ℜ

{
H∑

h=0

ejhθQ̂(h)

})
h = 0, . . . , H, (1.5)

with

qex = e⊤exq. (1.6)

where F̂ (h), and Q̂(h) are the estimates of h-th complex Fourier coe�cient of f and qex respectively, with H
the number of harmonics and θ the integral of the the instantaneous frequency Ω as expressed in Eq. (2.5); qex
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is the excitation point, and eex is the unit vector in the forcing direction. Integrating both sides of Eq. (1.4)
and Eq. (1.5) over one period, Eq. (1.7) and Eq. (1.8) are obtained respectively for h = 1. It is then clear that
ωc is the cut-o� frequency of the �rst-order low-pass �lters Eq. (1.4) and Eq. (1.5). For what follows, (□)ex refer
to exciter parameter and (□̂) refer to the estimated quantity. One has:

˙̂
F = ωc(F − F̂ ), (1.7)

˙̂
Q = ωc

(
ψexae

jφ − Q̂
)
, (1.8)

where ψexa is the complex Fourier coe�cient. In this particular development, it is indeed assumed that the
dynamics is contained within a single nonlinear mode; such that it can be parameterized by a single amplitude
a and a single phase φ [23].

The dynamics of the structure is described in Eq. (1.9) de�nition.

Mq̈ + g(q, q̇) = f(t) (1.9)

Following the dynamics of the plant on slow time-scale, the single nonlinear oscillator is approximated by
the truncated Fourier-Galerkin projection,

q = ℜ
{

H∑

h=0

aψ(h)ejh(θ+φ)

}
(1.10)

The modal damping D, the fundamental modal frequency ω > 0, and the Fourier coe�cient ψ(h) depend on
the modal amplitude a. The mass is normalized, (ψ(1))HMψ(1) = 1; □H is the Hermitian and □(1) is dropped
subsequently for brevity. Inserting Eq. (1.10) into Eq. (1.9) and averaging, gives [17],

2jΩ(ȧ+ jaφ̇) +
(
−Ω2 + 2DωjΩ + ω2

)
a = ψHeexF e

−jφ. (1.11)

The voltage is given as,

u = U cos(θ) (1.12)

Comparing Eq. (1.1) and Eq. (1.12), the right-hand side of Eq. (1.11) is given by Eq. (1.13)

ψHeexF =
ψexGU

R
−
(
−Ω2 + 2jΩDexωex + ω2

ex

)
µexae

jφ. (1.13)

Here, ωex and Dex are the exciter natural frequency and the damping ratio of its mechanical part, where
ωex =

√
kex/mex, 2Dexωex = (dex +G2/R)/mex, µex = ψ2

exmex which is the modal ratio, and ψex = ψHeex.

1.2 Linearization of the closed loop system

The closed loop system is described by Eq. (2.4) - Eq. (2.12). In the linear case, we can transform the force F and
the driving point response Q into the polar form, F = |F |ejφf and Q = aψexe

jφ and substituting into Eq. (1.4)
and Eq. (1.5) respectively, we obtain:

˙̂
F = ωc

(
|F |ejφf − |F̂ |ejφ̂f

)
, (1.14)

˙̂
Q = ωc

(
|Q|ejφ − |Q̂|ejφ̂

)
, (1.15)

from which we can deduce the expressions for the phase lags:

˙̂φf = ωc
|F |
|F̂ |

sin (φf − φ̂f ) , (1.16)

˙̂φ = ωc
|Q|
|Q̂|

sin (φ− φ̂) . (1.17)

Thus, the error variation ε̇ reads

ε̇ = −
(
˙̂φf − ˙̂φ

)

= ωc

[
|Q|
|Q̂|

sin (φ− φ̂)− |F |
|F̂ |

sin (φf − φ̂f )

]
.

(1.18)



27

Linearizing Eq. (1.18) about the �xed point (FP), yields

∂ε̇

∂x

∣∣∣∣∣
FP

=

[
ωc

∂

∂x
(φ− φ̂− φf + φ̂f )

]∣∣∣∣
FP

=

[
ωc

∂

∂x
(φ− φf + φref − ε)

]∣∣∣∣
FP

.

(1.19)

Finally, the set of ODEs governing the dynamics of the system under the assumption of single nonlinear
motion, separative of time scales and linear structure dynamics, write:

ȧ = −Dω + µexDexωex

ωc
a− GUψex

2ΩωcR
sinφ, (1.20)

φ̇ =
ω2 + µexω

2
ex −Ω2(1 + µex)

2Ωωc
− GUψex

2ΩωcaR
cosφ, (1.21)

ε̇ = φ− φf +
π

2
− ε, (1.22)

ẇ = −ᾱw + ᾱKn tanh

(
ε

β

)
, (1.23)

˙̄Iw = w. (1.24)

Eq. (1.20) and Eq. (1.21) were obtained by substituting Eq. (1.13) into Eq. (1.11) and separating into real
and imaginary parts. Importantly, the nonlinear controller is made explicit in Eq. (1.23). Eq. (1.22) involves the
phase lag of the excitation with respect to the voltage, φf , and thus, must be explicitly expressed in terms of
the phase of the response, φ,

φf = arctan

(ℑ{F}
ℜ {F}

)
, (1.25)

with,

ℜ{F} =
ψexGU

R
+
((
Ω2 − ω2

ex

)
cosφ− 2ΩDexωex sinφ

)
µexa (1.26)

ℑ{F} =
(
−2ΩDexωex cosφ+

(
Ω2 − ω2

ex

)
sinφ

)
µexa. (1.27)

Under the assumption of a phase neutral exciter, that is, φf ≈ 0, implies that

µex

(
ω2
ex − ω2

)
≈ 0 (1.28)

This condition holds if one of the following statements are ful�lled [17]:

� µex ≈ 0: the moving mass of the exciter is small and/or the exciter is attached far away from the vibration
anti-nodes, and/or

� ω2
ex ≈ ω2: the structure and exciter are frequency matched.

Then, Eq. (1.26) and Eq. (1.27) reduce to Eq. (1.29) and Eq. (1.30) respectively.

ℜ{F} =
ψexGU

R
(1.29)

ℑ{F} = −2ΩDexωexµexa cosφ, (1.30)

and,

φf =


−2ΩDexωexµexa cosφ

ψexGU

R


 (1.31)

We can now insert Eq. (1.31) into Eq. (1.22) to obtain the new set of ODEs Eq. (1.43) - Eq. (1.47).
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1.3 Asymptotic behaviour around the locked state:

The locked state corresponds to a �xed point where by de�nition the time derivatives vanish, yeilding the
following set of equations:

0 = ε, (1.32)

0 = y, (1.33)

0 = w, (1.34)

Iw = Ω −Ωini, (1.35)

0 =
π

2
− (φ̂f − φ̂) , (1.36)

F̂ = F = |F |ejφf , (1.37)

Q̂ = ψexae
jφ, (1.38)

φ̂ = φ, (1.39)

φ̂f = φf , (1.40)

Ω = ω (1.41)

2Dω2a = ψex|F |. (1.42)

Again, the assumption of the single nonlinear mode vibration allows expressing the dynamics of the structure
with (a, φ). At low excitation regime, one can reduce the system state-space such that complex state variables
F̂ and Q̂ are replaced by the control error, ε. This gives the following system of linear autonomous ordinary
equations:

ȧ = −Dω + µexDexωex

ωc
a− GUψex

2ΩωcR
sinφ, (1.43)

φ̇ =
ω2 + µexω

2
ex −Ω2(1 + µex)

2Ωωc
− GUψex

2ΩωcaR
cosφ, (1.44)

ε̇ = φ+
2RΩDexωexµexa

ψexGU
cosφ+

π

2
− ε, (1.45)

ẇ = −ᾱw + ᾱKnε, (1.46)

˙̄Iw = w. (1.47)

Noting that ε << β. The linearized ODEs around the locked state is the deviation ∆z from the �xed point of
the state z = [a;φ; ε;w; Īw], thus,

∆z′ =
∂f

∂z

∣∣∣∣
FP

∆z, (1.48)

∆z′ = A0∆z, (1.49)

f =




ȧ
φ̇
ε̇
ẇ
˙̄Iw



, (1.50)

A0 =




−δ̄p 0 0 −Ῡ −Ῡ
0 −δ̄p 0 −µ̄ −µ̄
0

δp
δs

−1 0 0

0 0 ᾱKn −ᾱ 0
0 0 0 1 0




(1.51)

with
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δs = (Dω)lin , (1.52)

δp = δs + (µexDexωex)lin , (1.53)

δ̄p =
δp
ωc
, (1.54)

ᾱ =
α

ωc
, (1.55)

µ̄ =
(1 + µex)lin

ωc
, (1.56)

Ῡ =
GU

2Rωc

(
ψex

ω2

)

lin

. (1.57)

Obviously, the phase does not depend on the amplitude, so the matrix A0 is reduced to

B0 =




−δ̄p 0 −µ̄ −µ̄
δp
δs

−1 0 0

0 ᾱKn −ᾱ 0
0 0 1 0


 (1.58)

and Eq. (1.49) is reduced to Eq. (1.59)

∆y′ = B0∆y (1.59)

with y = y(φ; ε;w; Īw). The determinant of (B0 − λI) = 0, then,

a0λ
4 + a1λ

3 + a2λ
2 + a3λ+ a4 = 0 (1.60)

a0 = 1 (1.61)

a1 = 1 + ᾱ+ δ̄p (1.62)

a2 = ᾱδ̄p + ᾱ+ δ̄p (1.63)

a3 = ᾱδ̄p + µ̄ᾱKn
δp
δs

(1.64)

a4 = µ̄ᾱKn
δp
δs

(1.65)

which gives four eigenvalues whose real parts must be negative to have asymptotic stability. The phase transient
will quickly decay when the maximum real part among the eigensolutions is minimized [17].

The Routh-Hurwitz stability criterion states that for the system to be stable and since a0 > 0, the Eq. (1.66)
- Eq. (1.69) must hold.

a1 > 0 (1.66)

a1a2 − a0a3 > 0 (1.67)

(a1a2 − a0a3) a3 − a21a4 > 0 (1.68)

a4 > 0 (1.69)

Eq. (1.66) and Eq. (1.69) are naturally satis�ed by construction. If Eq. (1.68) holds, Eq. (1.67) is automatically
satis�ed. From the solution to Eq. (1.68), we establish the relation:

Kn <

Λ+

√
Λ2 + 4

(
µ̄ᾱ

δp
δs

)2

Θ

2

(
µ̄ᾱ

δp
δs

)2 , (1.70)
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where the following parameters have been de�ned as:

Λ = µ̄ᾱ
δp
δs

(
Π − a21 − 2ᾱδ̄p

)
, (1.71a)

Θ = ᾱδ̄p
(
Π − ᾱ2δ̄p

)
, (1.71b)

Π = a1a2. (1.71c)

The term
δp
δs

is the ratio of the coupled exciter and shaker linear damping coe�cient to the linear damping

coe�cient of the structure only, at the excitation point.
(
□̄
)
indicates quantities that have been normalized by

the adaptive �lter cut-o� frequency ωc, and µ̄ is the normalized mass ratio at the excitation point. A plot of
Kn with respect to ᾱ is given in Fig. 1.2 which shows a linear relationship. The other parameters have been set
as those reported in Section 3.1..
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K
n

Fig. 1.2: Variation of Kn with respect to ᾱ.

What is observed is a linear relationship, indicating thatKn tends to in�nity in the limit of large ᾱ suggesting
that the upper bound can be shifted to arbitrary large values by increasing ᾱ. Practically, this cannot be the
case because Kn serves, as shown in Eq. (1.46), as a proportional gain, such that selecting too large a value will
destabilize the system due to large perturbation from the stationary point. To further investigate this problem,
we removed the low-pass �lter and conducted again the stability analysis of this new con�guration which shows
that as long asKn > 0, the system is stable. For, this reason, it appears analytically (and numerically consistent),
that setting Kn = 1, is su�cient for stability. We recommend to avoid too large values of Kn to prevent large
perturbations of the system dynamics, especially during the transients. By using Eq. (1.70), an initial value can
be obtained which can be reduced if the error is large.

Finally, it should be mentioned that the low-pass �lter is generally used as a security in the NCPLL scheme.
For low frequencies, there might be no obvious advantages brought about by the low-pass �lter. On the other
hand, its e�ect shall be more important for high frequencies, as also indicated in [41].

2 Further comparisons of NCPLL with PLL on the Du�ng oscillator

The comparisons between the results that can be obtained with either the NCPLL or a standard PLL proce-
dure are here further commented on for the Du�ng oscillator, following the results shown in Section 3.1. The
parameters of the Du�ng equation have been left unchanged as compared to Section 3.1.

Fig. 2.1 �rst shows how a conventional PLL with linear PI controller compares to the NCPLL algorithm.
The forcing amplitue has now been set to F = 100 N (the maximum value used in the main text was 10 N).
The PI gains of the standard PLL are those provided in [8]. Results shown in Fig. 3.4 already highlighted that
without further tuning, the PLL encountered extreme di�culties in stabilizing the periodic orbits for F = 10 N.
In [8], fully stabilized result are proposed because continuous sweeps of the force and the phase are used, in
contrary to the step-wise changes adopted in the present study. Increasing the forcing to 100 N makes the
convergence even more di�cult and the PLL is found to be unable to recover the FRC without further tuning,
highlighting that the settings needed for the PLL algorithm needs to be constantly adjusted in order to face the
varying nonlinear characteristics. On the other hand, and without any further tuning, the NCPLL continues
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(a) Conventional PLL.
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(b) NCPLL

Fig. 2.1: Frequency response curve for the Du�ng oscillator with a forcing amplitude of F = 100 N. (a) a conventional
PLL architecture with gains set as kp = 0.5 s−1, and ki = 10 s. (b) NCPLL. A reference solution obtained by numerical
continuation as implemented in the software MANLAB is also shown in red.

to provide an accurate result and is able to recover the FRC with such large amplitude, with a frequency shift
of the nonlinear frequency which is about 28% in this speci�c case. Of course the PLL is in principle able to
recover such responses, but this case study underlines that a proper tuning of the gains is needed which might
importantly vary depending on the experimental conditions.

(a) Error signal for SNR = 5.
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(b) E�ect of noise on both designs.

Fig. 2.2: Robustness to noise. NCPLL shows better handling of noise.

The comparison of the two designs is now discussed by comparing the e�ect of noise. Fig. 2.2 highlights that
the NCPLL is much more robust to adding noise to the signal to continue the solution branches. Even in such
adverse condition where the signal-to-noise ratio (SNR) is about 5dB, the NCPLL shows ability to stabilize the
orbits and meet the tolerance criterion. On the other hand, for such level of noise, the PLL without further
tuning has been shown unable to recover solutions, and the SNR needs to fall down to 20dB for the PLL to
meet the error tolerance.

Further analysis of both designs prove that the NCPLL locks faster to the target, hence facilitating testing
time, which is illustrated in Fig. 2.3. The NCPLL tracked the backbone curve under 800 s (simulation time), and
kept the error below the speci�ed tolerance throughout the simulation. On the other hand, the PLL without
further tuning needs a much larger operating time, demanding for more than 3400 s to follow the backbone
curve, while continuously showing large oscillations about the target. This highlights that further tuning is
de�nitely needed for the PLL to work out e�ciently, asking for more dedicated operating instructions for the
users to be able to tune the PI gains depending on available characteristics of the experiments.

One notable advantage of the NCPLL is that the same obtained gains for the tracking of the backbone
curve can be used to track the complete orbits of the frequency response curve as shown in the above examples.
This is remarkable as there will be no need to select di�erent gains for di�erent phase targets, especially for
unstable orbits. The error is kept minimal for each forcing level as shown in Fig. 2.3 which improves the speed
of the algorithm. The �rst 20 s indicates time taken to converge to the target. As amplitude increases, the signal
quality improves and large error variations cancel out. In general, convergence is fast, and the NCPLL maintains
smooth continuation along the curve.
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(a) Error signal with PLL.
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(b) Error signal with NCPLL.

Fig. 2.3: Comparison of error signals over the simulation duration.
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