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Modeling anomalous transport in fluid simulations is a fundamental challenge for devel-
oping efficient and robust fluid simulation tools for Hall thrusters. This paper investi-
gates optimal strategies for modeling anomalous transport in such simulations. Using the
particle-in-cell (PIC) benchmark (BM) setup of Charoy et al., we demonstrate that the var-
ious terms in the electron momentum equation can be readily identified. In particular, we
show that the assumption of expressing the rate of change of the electron momentum due
to instability as proportional to the momentum itself does not hold under these simulation
conditions. Subsequently, we present two fluid simulations that replicate the conditions
of the PIC BM setup. The first employs the conventional empirical anomalous collision
frequency approach. While this model provides generally satisfactory results, it fails to
capture specific plasma characteristics. The second fluid model adopts a data-driven ap-
proach to represent the anomalous force terms in the momentum equation. This approach
furnishes significantly improved results, suggesting that although the anomalous collision-
ality framework provides meaningful outcomes, it can be effectively replaced by more

advanced techniques.
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I. INTRODUCTION

Hall thrusters (HTs) have been a key technology in space propulsion for more than a half-
century.! Despite their extensive history and widespread use, accurately simulating their behavior
remains a challenging task.? The intrinsic complexity of plasma dynamics and interactions within
the thruster necessitates the development of advanced simulation tools that can provide reliable and
insightful predictions. As a result, a significant portion of current research is devoted to refining

these tools and enhancing their ability to model HTs’ physics with both accuracy and efficiency.

Kinetic simulations, particularly those based on Particle-in-Cell (PIC) methods>*, have emerged
as the canonical way for capturing the intricate details of plasma behavior in HTs. These simula-
tions provide a high level of fidelity, enabling researchers to gain detailed insights into phenomena
such as plasma instabilities, wave-particle interactions, and sheath formation and dynamics. How-
ever, this precision comes at an elevated computational cost, making kinetic simulations impracti-
cal for routine use in design and optimization processes. The computational burden highlights the

need for alternative methods that balance accuracy with efficiency.

Simpler stationary one-dimensional models offer an attractive alternative for exploring the fun-
damental physics of Hall thrusters.’8 By reducing the complexity of the simulation domain, these
models allow for a more straightforward investigation of key phenomena and their effects on the
macroscopic characteristics of the thruster. However, their stationary nature inherently limits their
ability to capture the dynamic temporal behaviors of the plasma, which are critical to understand-
ing instabilities and transient processes within the thruster. In particular, they cannot reproduce

9-11

oscillations such as the breathing mode” "', which is a major feature of HTs. This limitation

underscores the need for more versatile simulation approaches.

Unsteady fluid simulations, whether one-dimensional or two-dimensional, represent a promis-
ing middle ground between computationally intensive kinetic methods and simplified stationary
models. These simulations employ fluid approximations to model plasma dynamics, enabling
faster computations while retaining the capability to capture complex behaviors such as current
oscillatory phenomena, i.e., the breathing mode mentioned above. The computational speed ad-
vantage is especially pronounced when employing quasi-neutral drift-diffusion models, which mit-
igate the large-scale separation between electron and heavy species dynamics. In contrast, more
complex non-quasi-neutral models tend to be significantly more computationally demanding. The

potential for fluid simulations to serve as a practical and effective tool in modeling HT's has gener-
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ated significant interest, particularly for applications that require a balance between performance
and computational efficiency. However, modeling complex kinetic phenomena in the fluid frame-
work remains an important challenge.

Among these phenomena, the most relevant is the so-called anomalous transport. Several

12-17 have shown that the electron mobility along the thruster axis, near the thruster exit

works
and in the plume, can be 1 or 2 orders of magnitude larger than the one predicted by the classical
collisional theory. Numerous possibilities have been explored about the origin of this phenomenon.
The initial mechanism thought to be responsible for the enhanced mobility was the near-wall con-

1,12,18

ductivity related to the disruption of the closed electron Larmor orbits. However, some

19-21

recent studies proposed that this mechanism alone may be insufficient to fully explain the ob-

served transport. Furthermore, in some HT simulations focusing on plasma-wall interactions>2—24,
non-classical mechanisms—beyond near-wall conductivity—have been incorporated in some form
to account for the enhanced electron cross-field transport.

Although the theory of anomalous transport driven by correlated fluctuations has been known
for a long time, dating back to the work of Janes and Lowder?, as well as the theory of the
electron-cyclotron drift instability?®, it is in the past 25 years that this topic has regained significant
attention within the scientific community. The pioneering work by Adam ef al.?’ and Ducrocq et
al.?® identified the fluctuations of electron density and electric field as responsible for the enhanced
transport in HT devices: when these fluctuations are correlated in time, a net force contributes to
the electron transport in the axial direction. A decade later, Coche and Garrigues® validated this

finding through 2D PIC simulations, while Katz et al.!”

30-35

introduced the concept of drag force. The
work of Lafleur and colleagues significantly advanced and corroborated the inference linking
anomalous transport to azimuthal plasma instabilities.

The multi-dimensional kinetic nature of the instabilities driving the anomalous transport poses
challenges for their incorporation into 1D and 2D fluid simulations. The standard approach, which
is based on the work by Sagdeev and Galeev?S, involves introducing an artificial momentum-
transfer collision frequency, added to the classical collisional terms. This method ensures the
reproduction of observed electron transport along the thruster axis. By employing this technique,
researchers and engineers have successfully used fluid and hybrid codes to replicate the macro-
scopic behavior of HTs%37-34. However, determining the anomalous frequency value often relies
on empirical considerations, and the foundational assumption by Sagdeev and Galeev remains im-

55,56

precisely validated. As interestingly found by Marks and Jorns”>>°, using theoretical predictions
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for the anomalous frequency directly in self-consistent simulations does not produce satisfying
results. Addressing this point is crucial for advancing the reliability of HT fluid simulations and
bridging the gap between theoretical predictions for anomalous transport and experimental obser-
vations.

A similar, but not equivalent, study of the collision frequency in the fluid framework was pro-
posed by Lafleur er al.’” in the context of radio-frequency discharges. In this work, the authors
addressed the issue of approximating the rate of change of total electron momentum by using
an effective momentum transfer collision frequency. By comparing some PIC results with usual
approximations, the authors could show that conventional methods in the low-pressure plasmas
community for calculating the momentum transfer collision frequency using the effective colli-
sional frequency can be extremely inaccurate.

Direct validation of the Sagdeev and Galeev assumption is intrinsically challenging, as it is
extremely difficult, if not impossible, to measure the anomalous transport contribution directly
or indirectly. Furthermore, validating this theory by comparing experimental measurements with
simulation outputs based on this assumption is unsatisfactory, as the simulations themselves re-
quire a predefined transport model. To address these limitations, this work focuses on analyzing
PIC simulation results in which the anomalous transport contribution can be isolated from other
effects. These results are then compared with fluid simulations employing different approxima-
tions for the anomalous transport term. We begin describing the theoretical model to approximate
the anomalous transport in Section II. In Section III, we analyze the results of a PIC simulation
configured to match the benchmark setup presented by Charoy er al.’8. Sections IV and V ex-
plore two distinct fluid models: one employing the Sagdeev and Galeev assumption and the other
utilizing a data-driven method to estimate the anomalous transport term. Finally, we propose a

comprehensive discussion of the findings in Section VL.

II. ANOMALOUS TRANSPORT MODEL DESCRIPTION

The electron anomalous transport in HT is one of the most known and studied features of
these devices. If only classical collisional transport is considered in simulations, these last fail
to retrieve the macroscopic experimental evidence measured in such devices. Besides the large
number of studies being performed, modeling the anomalous transport remains challenging.

Numerous studies!=33 have shown that the best way to model the anomalous transport is to
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include an anomalous force density R,; in the electron momentum equation. Considering this

force, the electron momentum equation reads

d
> (meneVe) + V- (MeneVeVe + ) = —enE — engVe X B —meneVeve+Rei, €))

where the electron mass is m,, the electron density is n,, the electron velocity is v,, the electron
pressure tensor is 2, the electron charge is —e, the electric field vector is E, the magnetic field
vector is B, the electron classical collision frequency is V..

The usual approach, based on a work from Sagdeev and Galeev3®, consists of approximating

the rate of change of momentum along the direction j as

)
)~ — [meneve,j} ei = TMelleVe,jVa- )

Rei St
In the previous expression, we introduced the anomalous frequency v,. If the anomalous frequency

has the same value in all directions, the electron momentum equation can be rewritten as

d
— (Meneve) + = (MeneVeVe + P) = —en E — enyv, X B — meny (Ve + Vo) Ve. 3)

dt dx
The collision frequency Vv, is used in some cases to calculate the heat flux closure by Fourier’s
law>®. However, using the total collision frequency, including the anomalous collision frequency
(i.e. v.+V,), for particle diffusion in the heat flux calculation, may give a good order of magnitude
for the heat flux, but would require more precise justification.

As noted in the introduction, the approach described in this section has been effectively applied
in 1D fluid as well as 2D hybrid and fluid simulations, showing good agreement with experimental
data*?4648.60 Nevertheless, these fluid models inherently assume the validity of the Sagdeev and
Galeev hypothesis, and use for the electron momentum equation an expression similar to the one
in Eq. (3). We believe that gaining deeper insights into the truth of this hypothesis is crucial for

improving the modeling of anomalous transport.

III. PIC RESULTS

The simulation setup is inspired by the 2D PIC simulation as defined by Boeuf and Garrigues®'
and later used by Charoy et al.>® in their well-known benchmark paper. We selected this simulation
configuration for some main reasons: i) its renowned setup, ii) its simplicity, and iii) the fact
that a quasi-steady state is reached. This last characteristic allows us to estimate the stationary

components of the momentum equation and to analyze them precisely.
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FIG. 1: The simulation domain used in the Charoy er al.>® benchmark testcase. The ionization is
imposed in the magenta area. The magnetic field peaks at x = 0.75cm is out-of-plane and
constant in time. The anode (at the left) is at a constant high voltage, while the cathode (at the

right) is grounded.

A. PIC simulation setup

Figure 1 presents the two-dimensional Cartesian simulation domain (with periodic boundaries
in the azimuthal direction), along with the imposed magnetic and ionization profiles. The domain
is a rectangular box, measuring L, = 2.5cm in the axial (thrust) direction and L, = 1.28 cm in the
azimuthal direction.

Particles crossing the left or right boundaries of the domain are removed from the simula-
tion. To maintain current continuity and ensure charge neutralization of the extracted ion beam,
electrons are injected from a cathode plane positioned 1 mm inside the right boundary of the do-
main. The number of electrons injected at each time step is determined to preserve current balance
across the discharge. Specifically, by tracking the number of electrons and ions crossing the anode
boundary at each time step (denoted as AN,, and AN;,, respectively), the corresponding number
of electrons to be emitted from the cathode plane is set to AN,, — ANj,.

In this simulation, the ionization profile is imposed, and the dynamics of neutral particles is

6



ing

AlIP
lﬁ_ Publish

Anomalous frequency study

not modeled. Consequently, collisions between charged particles and neutrals are neglected, and
collisional electron transport is not included. At each time step, an equal number of electrons
and xenon ions are injected following a parabolic ionization profile. This corresponds to a current
density of Jy = 400A/m?. The anode, located at the left boundary, is held at a constant high
voltage.

The magnetic field is constant in time, oriented out of the simulation plane, and azimuthally
invariant. Its axial Gaussian profile is shown at the bottom of Figure 1. It is worth noting that since
plasma—wall interactions in the out-of-plane direction are not modeled, no information regarding
thruster wall geometry is required for this configuration.

The simulation is run for 10pus, once quasi-steady state has been reached, which typically
occurs after approximately 10 to 15 ps. Additional details regarding the PIC simulation setup are
provided in the Appendix. The complete implementation specifications follow those described in
the benchmark study by Charoy ez al.>8.

The code used to generate the results is LPPic, of which all characteristics are given in the

58,62 11,63

benchmark papers The more recent works also include the late developments. Some

analysis of the results of an equivalent simulation can also be found in ref.%*

B. Analysis of the PIC simulation results

By analyzing the electron momentum conservation equation, we can try to directly estimate
the validity of the expression proposed by Sagdeev and Galeev in Eq. (2). Intending to understand
the contribution of the different terms of the momentum equation, we analyze each component of
this equation, as proposed by Lafleur and Chabert®”. In Figure 2, the axial profiles of the different
terms of the electron momentum equation along the thruster axis x show the only four terms of
the electron momentum equation that are not negligible. A detailed study of these terms in the
BM test case, along with an analysis of the possible models for the anomalous force term, has
been published by Charoy er al.%*. The friction force term (e.g. R,; in Eq. (1)) is estimated along

direction j by calculating the correlation term>°,

R = e(8E;8ne) = e{[(ne)s —ne () [(Ej) — Ej(1))):- )
The angle brackets (), represent a time average over a defined time interval.

Figure 2 (a) demonstrates that the electron momentum equation along the azimuthal (i.e. y)

direction can be successfully decomposed in four major terms: the magnetic force density (i.e.
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FIG. 2: The dominating terms of the electron momentum equation extracted from PIC along

azimuthal (a) and axial (b) directions.

neevexB), the instability-enhanced friction force density (i.e. Rﬁi), the azimuthal spatial inertia (i.e.
OxMeNeVexVey), and the off-diagonal pressure tensor gradient (i.e. JiPexy). The term d, denotes
the spatial derivative along the thruster axis direction. Each of these quantities is the result of a
temporal and azimuthal average of the quasi-steady state PIC results. The friction force is obtained
by averaging over time intervals of 0.375us. We highlight that the sum of the various terms
equating to zero indicates that the anomalous force density term can be directly computed from
the PIC data.

In the same way, Figure 2 (b) shows that the electron momentum equation along the axial
direction is dominated by the electric force (i.e. —Eyn.e), the magnetic force (i.e. neeveyB), and
the pressure gradient (i.e. JyPprx = dineeT, xy, with the electron temperature T, . expressed in
eV). The anomalous force density along the axial direction, R}; = ¢(0E.0n,), is negligible when
compared to the aforementioned terms. However, we underline the fact that R, and R}, have the
same order of magnitude, per se. It is then relevant to evaluate the anomalous collision frequency

also along the axial direction, since in the usual approach in Eq. (3) an anomalous frequency is
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FIG. 3: Axial profiles extracted from the PIC simulation of the azimuthal electron velocity (a),
the axial electron velocity (b), and the plasma density (c). The sharp increment of v, near the

left boundary is an artifact related to the presence of the cathode and should be disregarded.

used also in the momentum equation along this direction.
By calculating the electron axial profiles of velocities and density (cf. Figure 3), and the anoma-
lous force profiles, one can estimate a value of the effective anomalous collision frequency v;” for

x and y directions by the expression in Eq. (2), as

R

Xy ei
R R—
MeVe x,yle

In the literature, it is common to express the anomalous parameter of this Bohm-type electron

diffusion by dividing the actual frequency by the electron cyclotron frequency @,:

Xy vay
oY = Va el
g =

Oe eBvexyhe

One should notice that the electron azimuthal velocity in Figure 3 (a) is close to zero or even neg-
ative in the region between x ~ 1.3 cm and x ~ 1.7 cm. This is related to the strong axial pressure
gradient, generating a diamagnetic drift opposite to the well-known E x B drift. A complete dis-

cussion of this phenomenon in an equivalent simulation setup is given by Boeuf and Garrigues®!.
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FIG. 4: Estimation of the anomalous frequency coefficient o = v,/ ®, in azimuthal (a) and axial
(b) directions, as estimated from PIC. The minus sign allows us to plot also the negative values of

op. The dotted line represents ag = 1/160, which is a usual value used in simulations*C.

In Figure 4 (a) and (b), we report the values of ag’y calculated along the azimuthal and axial
directions, respectively. These values are computed at quasi-steady state at # =20 us. We confirmed
that the terms of the electron momentum equation exhibit no significant variation throughout the
quasi-steady simulation’s span. Therefore, any individual time point, or the time-averaged state,
can be reliably used to determine the value of ap. For reference, we also include in Figure 4 an
empirical value for this coefficient, namely ag = 1,/160, which is of the same order of magnitude

40,41,51

as those typically used in simulations . As one can notice in this figure, the values of oz and

ay are far from constant. Moreover, we observe several sign variations there.

In the azimuthal direction, i.e., Figure 4 (a), within the thruster channel, the value of (xz, is
relatively constant and close to the empirical value. On the contrary, in the thruster plume, the
value of a}; estimated from PIC is significantly larger (in absolute value) than the empirical one.
This fact is related to the small absolute value of the azimuthal electron velocity, cf. Figure 3 (a).

In the same figure, we observe that we have a sign-change of the velocity, which makes the value

10
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of a3, so the anomalous frequency, negative. This would lead to several physical inconsistencies.

The results are not better when we try to calculate ¢t in Figure 4 (b). Along this direction, the
friction force plays only a minor role, as shown by Charoy er al.%*, its value is orders of magnitude
lower than other axial electron momentum equation terms. In particular, a large number of sign-
variations of R}, in the thruster plume make it very difficult to obtain an estimation of the value of
ap from these data.

All in all, this approach is not very satisfying. The PIC results show that it is possible to
calculate precisely the anomalous transport contribution to the electron momentum equation, but,
when trying to derive an anomalous frequency from it, the model from Sagdeev and Galeev3°
fails to produce an exploitable anomalous frequency. In this case, the anomalous force cannot be
expressed as the product of a frequency and the electrons’ momentum. Specifically, the changes
in the sign of the azimuthal velocity result in an anomalous collision frequency varying in sign, a
behavior that does not appear to be physically meaningful. Moreover, using the same anomalous
frequency along the two directions does not appear justified either. Nevertheless, it is interesting
to verify whether or not sensible results can be obtained from fluid simulations employing the

anomalous frequency.

IV. FLUID MODEL WITH ANOMALOUS COLLISION FREQUENCY

In Section III B, we have shown that there is no straightforward way to derive the anomalous
collision frequency from PIC results. Itis crucial to thoroughly understand the potential limitations
and significant advantages associated with the use of anomalous frequency. Therefore, in this
section, after following the conventional empirical approach to derive the anomalous frequency,

we present some results obtained with this approximation.

1. Description of the fluid model with anomalous frequency

We consider a quasi-neutral plasma with density n, without a background gas, in a 1D domain.
The parameters of the simulation correspond to those of the PIC, averaged azimuthally. We con-
sider a simulation length of L = 2.5 cm with the out-of-plane magnetic field and ionization source
described in Section III A. We highlight that in these simulation conditions, the electrons are mag-

netized and their motion is significant in both axial and azimuthal directions. On the contrary, the

11
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ions are not magnetized, and we can safely limit our study to their motion in the axial direction.
The fluid system of equations is composed of four equations, which read

dn  d(vin)
ot dx

=Sj;, Ion continuity equation

I(Mnv;) 9 (Mnv})

= enEy+menv,,V,, Momentum equation for ions

ot ox
omenv OMenve v,
e&t &y ¢ ae’y et — —MeVe yVy + enve B, Azim. momentum for electrons
X ;
d (3 1 ) d (5 1 2
5 EMTE + Emenvey + P EneTevex + Emenve},vex =

3
= —neveEyx + EeTe’”J Si;. Energy equation for electrons

In the previous set of equations, we explicitly write the anomalous terms in the axial momentum
equations for ions and in the azimuthal momentum equation for electrons. The xenon ion mass is
indicated by M. The system is closed by an isotropic closure for the temperature 7, expressed in

eV, and by considering a stationary axial electron momentum equation:

d (neT,)
dx

enEy = — —enveyB—menv, V.
The total current density defined as

Jo= en(ViA,x - Veﬁx)7

can be retrieved by integrating the stationary electron momentum equation, and reads

L ixVa O (neT,
V0+/ (vL»,yB-‘r mevgx 44+  (ne e)> dx
0

en
/‘L* MeVa |\
0 en

In the previous expression, L, is the length between the high-voltage anode, kept at potential Vp,

Jo= (%)

and the grounded cathode. Equation (5), similar to the one used in Ref.?!, is added to the set of

differential equations. We have further imposed the following conditions on the left boundary:

and on the right boundary for the temperature:

T,(x=Ly) = 10eV,

12
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and for the electron azimuthal speed:
Vey(x=Ly)=0.

As the ion flow is supersonic at the right boundary, it is not possible to impose a boundary con-
dition at that location for the ion velocity. The ion Bohm velocity imposed at the left boundary is
associated with a voltage drop across the plasma sheath near the anode wall®. This voltage drop is
relatively small (e.g., from PIC we expect it to be around 6% of the total voltage drop across the
discharge). For this reason, it has been neglected in the present simulations. While more advanced
fluid models could incorporate this effect, such an extension lies beyond the scope of the current
study.

It is, however, important to highlight that the original PIC test case designed by Boeuf and
Garrigues®! was intended to investigate only the ionization and acceleration regions of a HT. It
does not simulate the full channel length, but rather only the external ~ 75mm of a standard HT
channel. As aresult, the temperature peak lies critically close to the left boundary of the simulation
domain.

Although the off-diagonal pressure term appears significant in Figure 2, we have not included
it here, consistent with standard practice in the literature*®, as no simple closure is currently
available. Moreover, in a full kinetic theory framework, an anomalous energy transport term is
also expected, possibly characterized by a different anomalous collision frequency or structure’>.
However, this term is not considered here. The numerical details of the resolution are given in the
Appendix.

In order to identify the values of v, = op@,., we used an iterative approach adjusting the value
of o to match the total current. We know that other choices can be made; however, the matching
of the current remains one of the most commonly used. We used for op a two values-model,
selecting a value ag,h for the channel x < 0.725cm and agl for the plume x > 0.775cm. In a region
of 0.05 cm, centered in x = 0.75 cm, the anomalous frequency coefficient is varied linearly between
ocgh and ocgl. After filling in a 2D map reported in Figure 5, we selected the pairs (ocl_?;h7 (xgl) on
the J ~ 690 Am~2 level line. We highlight that a rather broad variety of values of ch;h allows us to
obtain the desired current value, while the value of agl is limited between ~ 0.020 and ~ 0.025.

To select the desired values, we have a supplementary degree of freedom. Figure 6 illustrates
ch pl

how the plasma parameters vary along the thruster axis as different values of (0", o ) are se-

lected. It is worth noting that in our implementation, variations in o have a minor effect on the

13
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FIG. 5: Variation of the current density as a function of the anomalous transport parameters. In

the white area on the left, the simulation did not converge.

axial ion velocity and plasma density at the right boundary, and thus on the overall thrust. The
most significantly affected quantities are the axial and azimuthal electron velocities, with a minor
impact also observed on the plasma density. Our choice of the pair (ch,h, agl) has been a trade-off
between the different parameters: we eventually selected the case that best matches the maximal
density. However, if we had made a different choice on the J = 690 Am~2 level line, the results
would not have been substantially different.

The values of o selected for this study are

ot =0.016,
off  =0.024.

These parameter values allow us to reproduce the overall current density from the fluid simulation
with an accuracy within 5% when compared to the corresponding PIC simulation. To make the
analysis as clear as possible, we will keep these values fixed for the rest of this section and set them
as the default ones. In Section V B, we will also consider a different pair, i.e., (ocgh =0.008, agl =
0.018), selected to better match the electron and ion current density profiles.

We highlight that these values of o are slightly larger than the ones normally used in this

framework, which are usually around o = 1/160%,
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FIG. 6: Axial profiles of potential (a), plasma density (b), plasma temperature (c), axial ion
velocity (d), azimuthal electron velocity (e), and axial electron velocity (f) for different pairs

(ag,h, agl), as reported in the legend.

2. Results of the fluid simulation using anomalous frequency

To discuss the validity of the assumptions discussed in Section IV, the results of such fluid
simulation should be compared with the results obtained from the PIC simulations. In Figure 7
we show the comparison of the profiles along the thruster axis of several plasma parameters from

fluid and PIC simulations.

The results in Figure 7 are overall satisfying. The figure shows that the fluid model successfully
renders the major plasma characteristics extracted from PIC results. The shape of the plasma
potential produced by the fluid code is similar to the PIC one, even if we notice a less steep drop in
the potential. The plasma density is very well reproduced, even though we slightly underestimated
the density in the plasma plume. The electron temperature is largely overestimated, likely due to
the lack of heat flux modeling, but the typical bell shape of the temperature profile is still well
captured. We observe that the fluid model well replicates the ion velocity: the difference between

PIC and fluid is visible, but small.

When we come to the electron velocity, the situation changes. The electron axial velocity, cf.
subfigure (f), is satisfactorily rendered by the fluid model in the anode region. The other way

around, the electron axial velocity in the plume calculated by the fluid code is largely overesti-
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FIG. 7: Axial profiles of fluid (dashed blue) and PIC (red) results for potential (a), plasma density
(b), plasma temperature (c), axial ion velocity (d), azimuthal electron velocity (e), and axial
electron velocity (f). The vertical dotted line corresponds to the magnetic field maximum. PIC
results are azimuthally averaged. The fluid model uses an anomalous frequency with

(ogh = 0.016, ol = 0.024).

mated: its absolute value is twice as large in the fluid as in PIC. This becomes even worse when
we look at the azimuthal electron velocity, cf. subfigure (e). Even though the code produces good
orders of magnitude for this velocity, the axial profile produced from the fluid code is not at all

similar to the one obtained from PIC.

3. Analysis of the electron momentum equation

In order to understand the differences between the fluid and PIC results, we analyze the electron
momentum equation. In Figure 8, we show the axial profiles of the different terms of the electron
momentum equation along the thruster axis x, explicitly comparing PIC and fluid results. By
looking at subfigures 8 (a) and (b), we can see that PIC and fluid simulations produce very similar
results. Even if some variations persist, the dominating terms are the same in both simulations.
Among them, the largest difference is related to the wrong azimuthal electron speed in the fluid
simulation, which is responsible for the difference in the magnetic force density (yellow line).

The similar profiles obtained along the axial directions are not confirmed when we look at the

azimuthal momentum equation, cf. Figure 9. In this figure, we show the azimuthal profiles of
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FIG. 8: Axial profiles of the electron axial momentum equation terms from PIC (a), and fluid (b)

simulations.

the different terms of the electron momentum equation along y, averaged azimuthally. As one can
notice by looking at the red line in Figure 9, the magnetic force density in the axial direction is well
modeled by the fluid approximation. This is not the case for the anomalous force, the off-diagonal
spatial inertia term m,nv,,Vvey, and the pressure gradient term BXPN},. In the fluid simulation, the
off-diagonal inertia term is significantly underestimated, while the anomalous force density has a

good order of magnitude, but a noticeably different profile.

By summing the different terms of the electron momentum equation from the PIC aforemen-
tioned and comparing them to the fluid, cf. Figure 10, we can study the effect of the anomalous
force introduced in this way. As one can see, in the fluid model, the anomalous force density
term is the counterpart of the combined effect of the real anomalous force, the off-diagonal spatial

inertia term, and the off-diagonal inertia term.
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FIG. 10: Comparison of a selection of the azimuthal electron momentum equation terms from

PIC (red) and fluid (yellow) simulations.
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V. FLUID MODEL WITH DATA-DRIVEN ANOMALOUS FORCE

The results in Section IV show that it is possible to obtain a reasonably good comparison
between the fluid and the PIC results by introducing an anomalous force density in the momen-
tum equation, proportional to an empirical anomalous frequency. However, as explained in Sec-
tion III B, the theoretical justifications for considering such an anomalous force model are, in the
present simulation setup, weak.

Although theoretical closures for the anomalous force term appear to be the most attractive
approach, we propose an intermediate method here. Specifically, we present an alternative empir-
ical model that incorporates certain terms, derived from PIC results, directly into the fluid model

instead of relying on the anomalous frequency framework.

A. Description of the fluid model using data-driven anomalous force

The fluid system of equations is based on the one discussed in Section IV, with some differ-

ences, and reads

dn  d(vin) L. .
a3 —+ Fra Siz, lon continuity equation
d(Mnv;) 0 (Mm?
( 8:11}1) + <8 ! =enEy+R},, Momentum equation for ions
X
d oy 0 P,
mear;vw (menve,y;e,x-O- e,xy) _ Rﬁi +env, B, Azim. momentum for electrons
X
2 (3 1 ) d (5 1 2
E EneTe —+ Emenvgy + a EneTeVex + Emenveyvﬂ + PC’,XYVC’}’ =

3 i .
= —neveEx+ EeTe’”f Si;.  Energy equation for electrons

The reader can notice that we directly introduce in the model the anomalous force density terms
directly extracted from PIC (i.e. R}, and R),), as well as the off-diagonal pressure gradient term
P, xy. The term R}, in the ion momentum equation models the effect of the anomalous force on the
ions’ momentum and it is such R}, = —R},. We use again an isotropic closure for the temperature

and the axial electron momentum equation

onef,
enk, = — I;e £ —enve,B+ R,
x

The values of R*., R

%i» R;, and P, y, are constant in time, given that the simulation converges toward a

quasi-steady state, and are provided directly as input, as they are extracted from PIC. In the energy
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equation, we neglected the heat flux, as a theoretical closure (e.g., Fourier’s law) could not be
applied due to the absence of a well-defined thermal conductivity, and a data-driven closure did
not produce satisfactory results. The data-driven heat flux exhibited significant temporal variations
in the PIC simulation, making it uncertain to depend on an average value. Further research is
necessary to address this issue.

One should notice that the numerical scheme requires adaptation. In particular, when com-
puting the current density. The current, necessary to impose the voltage boundary conditions, is

calculated here as

L ( dneT, R*— R’ O (menvey)  Ox(m
Vo /0 ( xhél, VeyB ( ei et) Vl'xB t( enve_,) x( el’lngVex)) n
Jo= ——

en en en en

Le /' B
/ (f — ﬂ8,6\)@) dx
o \n en

The time derivative of the azimuthal electron momentum can be neglected. This is reasonable in

the case of a quasi-steady state such as the one reached in the current setup. As before, the current
density equation is added to the set of differential equations. All in all, the fluid model is solved

using a standard approach, where RY;, R’

vi» B> and Py, are computed by azimuthally averaging the

PIC outputs and then supplied as tabulated inputs to the fluid code.

B. Results of the fluid model using data-driven anomalous force

The results of this second fluid model are reported in Figure 11, which is the counterpart for
the data-driven fluid model of Figure 7, which reported the results of the first. In subfigure (a), the
electric potential from the fluid simulation is again very close to the one obtained from PIC. These
results are slightly better than before. For what concerns the density, the maximal density in the
channel is now underestimated with respect to the fluid PIC one. On the contrary, the density in
the plume from the data-driven fluid simulation is extremely close to the one from PIC.

The electron temperature is still largely overestimated, but the shape of the temperature profile
is again nicely rendered. We highlight that the temperature estimation becomes extremely accu-
rate in the plume, for x > 1cm, which was not the case for the previous fluid model. The ion
velocity is also satisfactorily reproduced, with a small difference in the plume, where the velocity
is underestimated.

The electron velocity is the parameter that is affected the most by introducing the data-driven

anomalous force density. The most remarkable result is that with the present model, the electron
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FIG. 11: Axial profiles of fluid (dashed blue) and PIC (red) results for potential (a), plasma
density (b), plasma temperature (c), axial ion velocity (d), azimuthal electron velocity (e), and
axial electron velocity (f). The vertical dotted line corresponds to the magnetic field maximum.

PIC results are azimuthally averaged. The fluid model uses a data-driven anomalous force.

velocity in the azimuthal direction is extremely close to the one calculated from the PIC simulation.
If we compare the azimuthal velocity profile in Figure 11 (e), with the results previously obtained
with the anomalous frequency model, cf. Figure 7 (e), we see how the estimation of this parameter
has improved. The axial electron velocity is also well represented. In particular, we notice that the
estimation of the electron velocity in the plume is now much better than with the previous model.
However, in the anode region (x < 0.75cm), the absolute value of the electron velocity is now
overestimated, which is consistent with the underestimated electron density in this region. The
origin of this phenomenon is still unclear; however, it is probably related to a lack in the modeling
of the energy transport. In the fluid model, tuning the anomalous transport coefficient effectively
results in an indirect adjustment of the electron axial velocity. As a consequence, it is not surprising
that the axial electron velocity closely matches the one observed in the PIC simulation. In contrast,
the data-driven model lacks an explicit treatment of energy transport, leading to an overestimation
of the electron temperature. This elevated temperature is compensated by a lower plasma density,

which in turn results in an increased axial electron velocity.

Contrary to the approach where we adjusted the anomalous collision frequency to match the
overall current density, in the model employing the data-driven anomalous force, the total current

is not imposed but rather obtained as the sum of the electron and ion components. As shown
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FIG. 12: Current density components: electrons (a), ions (b), and total (c). In red we show the
PIC results, in blue the results for the model using the anomalous frequency (i.e., Fluid 1 in the
legend, with ((Xf;h =0.016, (Xgl =0.024)), and in green the results for the model using the
data-driven anomalous force (i.e., Fluid 2 in the legend). The orange line (i.e., Fluid 1* in the

legend) shows the results obtained using (ocf;h =0.008, agl = 0.018) in the first fluid model.

in Figure 12 (c), the total current density predicted by the data-driven model remains within 5%
of the PIC total current, specifically exhibiting a deviation of 4.5% below the PIC reference. In
this figure, the PIC results are depicted in red, while the results for the model using the anoma-
lous frequency (Fluid 1 in the legend) are shown in blue, and those for the model employing the
data-driven anomalous force (Fluid 2 in the legend) are represented in green. As mentioned in Sec-
tion III B, the discontinuity near the right boundary in PIC results is due to the cathode emission
model and should be considered an artifact.

A more detailed analysis of each current component is presented in subfigures (a) and (b),
corresponding to electrons and ions, respectively. Notably, the data-driven anomalous force model
accurately captures the current density profiles along the thruster axis for both electrons and ions.
In contrast, while the anomalous frequency model ensures the correct total current—since it is
explicitly tuned to match this quantity—it exhibits a significant deviation in the individual electron
and ion current components compared to the PIC results.

Consistent with the analysis presented in Figure 6, we also report in Figure 12 the results
obtained using an alternative set of ¢p values, specifically (agh =0.008, agl =0.018), which were
selected to better match the current density profiles of the species. This choice of parameters leads

to an improved estimation of both electron and ion current densities. Nonetheless, the accuracy
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FIG. 13: Electron pressure neTy, in blue the results for the model using the anomalous frequency
(i.e., Fluid 1 in the legend, with ((xgh =0.016, agl =0.024)), and in green the results for the
model using the data-driven anomalous force (i.e., Fluid 2 in the legend). The orange line (i.e.,
Fluid 1* in the legend) shows the results obtained using (g = 0.008, agl = 0.018) in the first
fluid model.

achieved with the data-driven (i.e., Fluid 2 in the legend of Figure 12) model remains slightly

superior.

As previously discussed, precisely estimating plasma density and temperature is particularly
challenging. Both fluid models fail to predict the total electron temperature accurately. Notably,
the only parameter for which the fluid model employing anomalous collisionality outperforms
the data-driven friction force model is the peak plasma density. Nevertheless, it is interesting to
analyze the electron pressure nel,, reported in Figure 13. As one can see, when using the data-
driven model (i.e., Fluid 2 in the legend of Figure 13), we have a significantly better estimation of

ch Pl

the electron pressure, regardless of the choice of the parameters (", ot ) in the fluid model using

the anomalous frequency (i.e., Fluid 1 and Fluid 1%).
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VI. CONCLUSIONS

In this work, we compare the results of PIC and fluid simulations. The chosen setup is one of
Charoy’s et al.>®, which allows having a quasi-steady state (i.e., without current oscillations) and
a non-collisional transport. Initially, we discuss how the anomalous transport can be included in
the fluid electron momentum equation, highlighting the role of the anomalous force density R.,;.
Subsequently, we discuss the approximation by Sagdeev and Galeev>®, which led to the concept

of anomalous collision frequency.

Our analysis of PIC results demonstrates that the anomalous force density is appropriately
accounted for in the electron momentum equation. Nevertheless, when testing the anomalous col-
lision frequency approximation using PIC simulation data, we find that the anomalous collision
frequency, V,, cannot be directly computed from PIC data. This emphasizes a fundamental limita-
tion in deriving this parameter from first principles, as the rate of change of momentum due to the
anomalous force is not proportional to the electron momentum itself.

Within the Sagdeev and Galeev approximation context, we performed a comparative analysis
between a PIC simulation and a 1D fluid model incorporating an anomalous collision frequency,
V.. We iteratively determined an empirical v, by matching the overall current, achieving good
agreement between the PIC and fluid simulations on several parameters. While this approach
demonstrates the feasibility of modeling anomalous transport, it remains based on an assumption

that is not rigorously validated, thereby limiting its predictive robustness.

As an alternative, we proposed a data-driven approach to model the electron-ion momentum ex-
change term, R,;. By directly using PIC data in the fluid simulation, we achieve a good agreement
between PIC and fluid results. This method enhances the accuracy of the fluid model by providing
a more consistent representation of anomalous transport effects and offers a viable path toward
improving fluid-based simulations. However, it is important to note that our model relies on PIC
data. To enhance its generality, alternative methods for generating input data, such as statistical
approaches or theoretical closures, should be explored.

Future research will focus on extending and refining the proposed modeling framework. Our
goals include introducing a heat flux closure to capture higher-order effects and improve energy
transport description, investigating theoretical closures for the anomalous force term to reduce
dependence on PIC data, and extending the current model to incorporate neutral gas dynamics

for more comprehensive simulations that account for charged-neutral collisions. Some recent
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works®>0 have shown that using more moments and refined closures for pressure tensor and heat

flux allows for reproducing kinetic results via fluid simulations better.

Modeling electron anomalous transport remains a significant challenge in the community?. Our
work provides insights into the commonly used approximations in fluid models and their limita-
tions. These advancements aim to establish a more rigorous and predictive modeling framework
for HTs’ simulations, facilitating the testing of theoretical closures for anomalous transport in fluid

models.

Appendix A: PIC simulation details

We report here the details about the PIC simulation’s setup. The reader should refer to Charoy et
al.>8 for all details and comments. The PIC simulation employs a time step of At =5 x 10712 s and
a uniform cell size of Ax = Ay = 5 x 10> m. The computational domain consists of 500 cells in
the axial direction and 256 cells in the azimuthal direction, corresponding to physical dimensions

of Ly =2.5 cm and L, = 1.28 cm, respectively.

The initial state of the simulation includes 75 macroparticles per cell, representing a plasma
with an initial density of 7, jnj = 5 X 10'® m=3. The discharge is driven by a voltage of Uy = 200
V. The initial electron temperature is set to T j,; = 10 €V, while the ion temperature is initialized

at Ti,ini =0.5eV.

The axial profile of the radial magnetic field is imposed with a Gaussian shape, which reads

(x—xp,, )2
B(x) = agexp (—7 iy (A1)
207

with k =1 for x < xp,, and k = 2 for x > xp_, . The values of the coefficients a; and by depend

on:

By=B(x=0)=6mT, By, =B(x=L,)=1mT, Bpau=10mT,

gy, =03L,=0.75cm, 0y =0y = 0.25L, = 0.625 cm,

25



AIP
é Publishing

Anomalous frequency study

with
Bm - BO
a) = 2
1 —exp (7% (XB(rynlax> >
Bm - BLX
a) = 5
1 —exp (—% (L;‘_;fmax) )
| ((35ma \ (A2)
Ba-eso (=3 (22)
bl =By— )
1 —exp <7% <XB;;ax> )
2
m -exp ( 1 LA XBmax )
by =B — 3
1—exp ( L‘ XB““X )

The ionization rate S(x) depends only on x and is uniform in the azimuthal direction. It reads

Socos (”23’:1) forx; <x<x

S(x) = (A3)

0 for x < xj orx > xp

with x; = 0.25 cm, x, = 1 em, x,, = 232 = 0.625 cm, and Sp = 5.23 x 102 m 3571

Appendix B: Fluid simulation details

The system of equations is solved using a finite volume scheme, with numerical fluxes at the
cell interfaces computed using a Rusanov scheme. We used the method of lines to decouple space
and time integration. The ODEs are solved with a Forward Euler scheme. We used 200 points in
the axial direction, corresponding to a spatial timestep Ax = 1.25 x 10~*m. We used an adaptive
timestep At, issued by an imposed CFL = 0.01. With these conditions, a typical run requires about

1 minute on a single core. No particular optimization of the computational time has been adopted.
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