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Abstract. The geodetic closure of a set S of vertices of a graph G is the
set of all vertices in shortest paths between pairs of vertices of S. A set
S of vertices in a graph is geodetic if its geodetic closure contains all the
vertices of the graph.

Several authors have studied variants of games around constructing geode-
tic sets. The most studied of those, GEODETIC GAME, was introduced
by Harary in 1984 and developed by Buckley and Harary in 1985. It
is an achievement game: both players construct together a geodetic set
by alternately adding vertices to the set, the winner being the one who
plays last. However, this version of the game allows the players to select
vertices that already are in the geodetic closure of the current set.

We study the more natural variant, called CLOSED GEODETIC GAME,
where the players alternate adding to S vertices that are not in the geode-
tic closure of S. This variant was also introduced in another, less-noticed,
paper by Buckley and Harary in 1985, and only studied since then in the
context of trees by Araujo et al. in 2024. We provide a full characteri-
zation of the Sprague-Grundy values (equivalence values for games) of
graph classes such as paths and cycles, of the outcomes of the Carte-
sian product of several graphs in function of their individual outcomes,
and give polynomial-time algorithms to determine the Sprague-Grundy
values in cactus and block graphs.

Keywords: Geodetic Set - Geodetic Game - Polynomial-time algorithms
- Cartesian Product - Block Graphs - Cactus Graphs - Combinatorial
Games

1 Introduction

1.1 A history of geodetic games

Let G(V, E) be a simple, undirected graph with vertex set V and edge set E.
Given two vertices u,v € V, let Z(u, v) denote the set of vertices that lie on some
shortest path with u and v as endpoints. Given a subset S C V of vertices, its



*—X%

X—@

Fig. 1: Black vertices belong to the set .S, crossed vertices belong to the geodetic
closure (.5), white vertices are uncovered vertices yet. However, if we add the
dotted vertices to S, then V = (S), i.e., S becomes a geodetic set.

geodetic closure, denoted by (S), is defined as the set of vertices in all shortest
paths between every pair of vertices of S. More formally, (S) = U, ,cgZ(u,v).

A set S of vertices of G(V, E) is called a geodetic set of G if (S) =V (see Fig-
ure [1| for examples). The problem of finding a geodetic set of minimum size was
defined in the 1980s [T9I6I9IT8] and has been well-studied and is known to be NP-
hard for general graphs [I8)3]. The problem has been also well-studied on graph
classes and displays quite an interesting behaviour. In particular, the problem
stays NP-hard even for subcubic partial grids [I1], for interval graphs [10], and
admits a polynomial time algorithm for solid grids [I], outerplanar graphs [21],
and proper interval graphs [14].

Interestingly, the game version of the geodetic number was introduced in
parallel of its combinatorial counterpart. The first mention of a game based
around geodetic sets was in 1984, by Harary [17]: two players alternate adding
new vertices of a graph G(V, F) to a set S, the game ends when (S) = V. Two
winning conditions are proposed: in the achievement setting, the player who
plays the last move wins; while they lose in the avoidance setting. Achievement
and avoidance correspond to the nmormal and misére settings of combinatorial
games, respectively. We will focus exclusively on achievement games.

With respect to combinatorial game theory, the first question to ask is, given
an input graph, decide which player wins. This is called computing the
outcome of the game. Note that, since the game is impartial (both players are
indistinguishable), there are only two possible outcomes: either the first player
wins (denoted by A) or the second player wins (denoted by P). Furthermore,
when playing on disjoint connected components, each component is independent
(selecting a vertex in a component has no influence whatsoever on the other
components). If two components are P, then, playing on their disjoint union is
also P (the second player always applies their winning strategy on the compo-
nent on which the first player played a move); if one component is P and the
other is NV, then the first player wins by applying their winning strategy on the
N component, becoming the second player on the disjoint union of two P com-
ponents. However, outcomes are not enough to solve the disjoint union of two
N components: we need to use Sprague-Grundy values, which are equivalence
classes for games (and can be mapped to nonnegative integers). More details
will be given in Section [I.3] Hence, a stronger question is, for a given input
graph, compute its Sprague-Grundy value.



1.2 GEODETIC GAME, CLOSED GEODETIC GAME and other related
variants

In his seminal paper [I7], Harary discussed several possible rulesets for games
based around the notion of geodesics. Two of those rulesets were then expanded
in two 1985 papers by Buckley and Harary, and constitute the main variants.
All games are played on a graph G(V, E).

In the first paper [8], the authors define GEODETIC GAME. In this game, two
players alternately add vertices to a set .S, until (S) = V. They give the outcome
of the game for complete graphs, cycles, (generalized) wheels, complete bipar-
tite graphs and n-cubes. This line of research was expanded later in [22] which
improved on the wheels’ result, and in [20], which studied complete multipartite
graphs, hypercubes, and graphs with a unique minimum-size geodetic set (such
as trees, split graphs or coronas).

In the second paper [7], they introduce CLOSED GEODETIC GAME. In this
game, the players alternatively add to S vertices that are not in (S) as it is at
the moment they are selecting it. They study the same graph classes as in [§].
Surprisingly, this more natural variant was left unstudied for decades, probably
due to the difficulty of access of [7] compared to [§]. Recently, Araujo et al. [2]
studied several geodetic game variants, including CLOSED GEODETIC GAME
(which they called geodesic closed interval game), for which they provided a
linear-time algorithm computing the Sprague-Grundy value of a tree.

Note that GEODETIC GAME and CLOSED GEODETIC GAME can have dif-
ferent outcomes on even very simple graphs. One such example is illustrated in
Figure [2| Since the players are allowed to pick covered vertices in GEODETIC
GAME, the parity of the graph (and of covered vertices) plays a bigger role in
determining the outcome compared to CLOSED GEODETIC GAME. Indeed, such
is the case for Proposition 6 in [20], where graphs with a unique minimum-size
geodetic set are solved due to parity, since the simili-passing moves (adding to
S vertices that are in the current geodetic closure) are available.
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(a) For GeobpETIC GAME, the

first player wins by picking the (b) For CLOSED GEODETIC GAME, the second
black vertex, ensuring that every player always has an answer to the first player’s
vertex will be in S (if the second first move, ensuring that exactly two moves will re-
player picks a leaf, they pick the main (other possible moves for the first player are
degree 2 vertex, and conversely). treated by symmetry or similarity).

Fig.2: An example of a graph with different outcomes for GEODETIC GAME and
CLOSED GEODETIC GAME.



Other variants were later introduced, such as the hull game, where the conver
hull (instead of the geodetic closure) of S is considered [4/15]. The outcomes for
trees, cycles and complete graphs with rays were determined in [15], while [4] fo-
cused on Sprague-Grundy values for (among others) block graphs, lattice graphs,
(generalized) wheels and complete multipartite graphs, as well as algebraic prop-
erties of the game.

Note that those games can be generalized as hypergraph games [23], where
two players alternate selecting vertices of a hypergraph (potentially modifying it
or under conditions) until those satisfy some condition related to the hyperedges.
In particular, in GEODETIC GAME, the players add hyperedges corresponding to
the shortest paths between the selected vertices, until every vertex is in at least
one hyperedge.

1.3 Game definitions

GEODETIC GAME and CLOSED GEODETIC GAME are impartial games, a subset
of combinatorial games which have been extensively studied. Since both players
have the same possible moves, impartial games can have two possible outcomes:
either the first player has a winning strategy (N) or the second player does (P).
A position P’ that can be reached by a move from a position P is called an option
of P, the set of options of P is denoted by opt(P). If every option of P is A/, then
P is P; conversely, if any option is P, then P is N (the winning strategy for the
first player is to play to a P option). A refinement of outcomes are the Sprague-
Grundy values [16125] (also called nim-values or nimbers), denoted by G(P) for
a given position P and which can be mapped to nonnegative integers. The value
of a position can be computed inductively, with G(P) = mex({G(P’) : P’ €
opt(P)}), where mex(X) (for a set X of nonnegative integers) is the smallest
nonnegative integer not in X. A position P is P if and only if G(P) = 0. Two
positions P and P’ are said to be equivalent, denoted by P = P', if G(P) = G(P’).

The disjoint sum of two positions P and (), denoted by P + @), is a position
where each player chooses to play on one of the two positions at their turn. When
one of them is finished, the game continues on the other one; the last player to
play wins. For CLOSED GEODETIC GAME, a disjoint sum represents the disjoint
union of two graphs. Computing the Sprague-Grundy value of a disjoint sum
P 4+ @ can be done by applying the so-called nim-sum, which is the bitwise
XOR: G(P+ Q) =G(P) & G(Q). An example is given below for 7 & 10.

7T — 111
10 & 1010
1101 — 13

For more information and history about combinatorial games, we refer the reader
to [TGII224].

Due to the definition of the sum of positions, we can limit our study to con-
nected graphs: studying a graph with several connected components is equivalent
to studying each of the components independently and applying the nim-sum.



Furthermore, we will always consider that both players play optimally. Optimal
play is understood as applying a winning strategy using as few rounds as possible
if possible, and trying to make the game last as long as possible if no winning
strategy exists. We will also make use of the following notation:

Notation 1. Let G be a graph. We also denote the game position by G. Fur-
thermore, let S be a subset of vertices of G, then the position denoted by G, S is
the graph G where the vertices in S have already been selected.

1.4 Structure of the paper

We will begin in Section 2] by proving general results on CLOSED GEODETIC
GAME as well as studying how to compute the outcome for the Cartesian product
of several graphs in function of the outcomes of the individual graphs. Then, in
Section [3] we will study some graph classes where we can predict exactly which
vertices will be picked. Afterwards, Section ] will be focused on highly symmetric
graphs such as paths, cycles and grids, and we compute the Sprague-Grundy
values for the former two. Finally, in Section [}] we present polynomial-time
algorithms based on dynamic programing computing the Sprague-Grundy values
of block graphs and cacti. Due to space restrictions, proofs of results marked
with (*) are omitted; they can be found in the full version of the paper [13].

2 General results and Cartesian product

In this section, we present a few general results that help the study of CLOSED
GEODETIC GAME, be it by stating that some vertices have to be selected, by
helping decompose a graph, or by showing how a well-known graph product
affects the outcome of graphs.

First, we note that, in CLOSED GEODETIC GAME, due to the fact that ver-
tices can be in the geodetic closure (S) without being in the geodetic set S only
if they are on some shortest path between two vertices, some vertices always
have to be selected. For example, a leaf (i.e., a degree 1 vertex), can never be in
a shortest path between two other vertices. More generally, consider simplicial
vertices, that is, vertices whose neighbourhood induces a complete subgraph.

Lemma 1. In CLOSED GEODETIC GAME, all simplicial vertices of the graph
will have to be selected.

Proof. A simplicial vertex can never be on a shortest path between two other
vertices, since all its neighbours are fully connected to each other. Hence, it can
never be in a geodetic closure () if it is not in S itself. O

Articulation points, that is, vertices whose removal disconnects the graph
(also called cut vertices or separating vertices), are important for the study of
CLOSED GEODETIC GAME. The following lemma will often be used to allow for
decompositions:



Lemma 2. Let G be a graph with an articulation point u, such that compo-
nents G1,...,Gy are attached at u. In CLOSED GEODETIC GAME, G(G,{u}) =

GGy, {u}) @ ... ®G(Gg, {u}).

Proof. When wu is selected, any selected vertex x in G; will never help cover any
vertex in G for j # . Indeed, all the shortest paths from x to any vertex in G;
will go through u, so, from the point of view of G; selecting x after v has no
impact. Hence, each G;,{u} is an independent position, and we are playing on
their disjoint union. This is depicted on Figure [3] O

Fig. 3: Selecting an articulation point is equivalent to splitting the graph and
playing independently on the components.

We also focus on a classical question whenever studying games: if we know
the outcomes of two graphs, can we obtain the outcome of some composition
of those graphs? This question stems from the disjoint sum, which is managed
through the nim-sum of Sprague-Grundy values. We study how the Cartesian
product of graphs interacts with the outcomes for CLOSED GEODETIC GAME.

Given two graphs G and H, their Cartesian product GOH has vertices of the
form (u,v) where u € V(G) and v € V(H) such that two vertices (u1,v;) and
(ug2,v9) are adjacent in GOH if

— u1 = uz and v; is adjacent to vy in H, or
— v1 = v and u; is adjacent to us in G.

Theorem 1. Let G = G10OG.0---0OG,, be the Cartesian product of n graphs.
The graph G is N for CLOSED GEODETIC GAME if and only if G; is N for
CLOSED GEODETIC GAME for all i € {1,2,--- ,n}.

Proof. First, we will show that it is enough to prove the statement for n = 2.
To this end, suppose that we have proved H = H [H, is N for CLOSED
GEODETIC GAME if and only if both H; and H, are A/. On the one hand, let
G = G10G.0---0G,, where G; is N for alli € {1,2,--- ,n}. In this case, we can
use our assumption of H = H,[0H, is N if and only if both H; and Hs are NV, re-
cursively, to conclude that G is /. On the other hand, let G = G10G.0---0G,
where G; is P for some i € {1,2,--- ,n}. Let G’ = G;0---G;_10G,;110- - G,.
Observe that G’'LJG; = G. Hence, we can use our assumption of H = H;[JH, is
N if and only if both H; and H, are N to conclude that G is P. Therefore, it
is enough to prove the statement of our theorem for n = 2, and henceforth we
will focus on this simpler statement. We will need the next two useful claims.



Claim 1 (x). Let G = G10G2, z1,20 € V(G1), y1,y2 € V(G2), a and b
respectively be the distance between z; and x5 in G; and the distance between
y1 and y2 in Ga. Then the distance between (x1,y1) and (z2,y2) is a + b in G.

Claim 2. Let G = G10Gs, S1 C V(G1), S2 C V(Gs), and § = S1 x S C V(G).
We have (u,v) € (S) if and only if (u,v) € (S1) % (S2).

Proof of Claim 2. In one direction, assume that (u,v) € (S). Thus, there exists
(z1,y1), (x2,y2) € S such that (u,v) lies on some shortest path P between
(z1,91) and (x2,y2). Let P’ be the subpath of P that connects (z1,y1) to (u,v).
Similarly, let P” be the subpath of P that connects (u,v) to (z2,ys2). Note that
both P’ and P” are shortest paths.

Denote the length of a path X (that is, its number of edges) by 1t(X). By
Claim 1, we know that there are shortest paths P/ in G; and P} in G5 connecting
x1 to uw and y; to v, respectively, satisfying 1t(P])+1t(Ps) = 1t(P’). Similarly, we
know that there are shortest paths P;’ and Py in Gy connecting u to zo and v
to ya, respectively, satisfying 1t(P;") +1t(Py’) = It(P”). Let Py (resp., P2) be the
path obtained through concatenation of P and P;’ (resp., Pj and Pj'). Thus,
we must have 1t(P;) + 1t(Py) = 1t(P). This implies that P; and P are shortest
paths due to Claim 1. Thus, (u,v) € (S) implies (u,v) € (S1) X (S2).

In the other direction, assume that (u,v) € (S1) x (S2). Thus, there are
1,2 € Sp such that u lies on the path P; connecting x; and zs. Moreover,
without loss of generality, we may assume that the path is the concatenation of
the subpaths P; connecting x; and v and P’ connecting u and xs. Similarly,
there are yi,y2 € S such that v lies on the path P, connecting x; and zo
where P, is the concatenation of the subpaths Pj connecting y; and v and
P}/ connecting v and ys. By Claim 1, we know that there are two paths P’
connecting (z1,y1) and (u,v) and P” connecting (u,v) and (x2,y2) in G, and
satisfying 1t(Py) + 16(P5) = 1t(P’') and 1t(Py") + 1t(Py') = 1t(P"). In particular,
this implies that P’ and P” are shortest paths.

Let P be the path obtained by concatenation of P’ and P”. Observe that P
connects (x1,y1) and (z2,y2) and passes through the vertex (u,v). Note that

1t(P) = 16(P") + 16(P") = 16(Py) + 16(P3) + 16(P") + 16(Py) = 1t(Py) + 16(P»).

Thus, by Claim 1, P must be a shortest path. )

In one direction, assume that G; and G5 are N'. We show that G = G1G,
is also V.

We will play the game simultaneously on G, G; and G5. The vertex sets that
will be constructed during the games are S, S7 and Ss, respectively. We will
maintain S = 57 X S5. The strategy of the first player on G will be derived from
the strategies of the first player on G; and Gs. The second player will play on
G, and the corresponding moves will be replicated on G; and Go.

Let us explain first how a move is replicated or translated. At any point in
the game, if a player selects the vertex (u,v) in G, we know that (u,v) € (S) at
the time it is selected. However, by Claim 2, it is possible to have either u € (S7)
or v € (S3), but not both. If w € (S1), then the selection of (u,v) corresponds to



a “dummy move” in Gy. If u & (S7), then the selection of (u,v) corresponds to
selecting u in ;. Similarly, one can translate the moves on G to Gs.

The selection of w and v in G; and G, respectively, corresponds to the
selection of (u,v) in G. Note that either u ¢ (S1) or v & (S2) at the time of their
respective selection, implying (u,v) € (S) = (S1) x (S2) due to Claim 2, and
thus selecting (u,v) is a valid move.

The first player will begin the game by selecting vertices ui,v; in G1,Ga,
respectively, according to the corresponding winning strategies. In G, the vertex
(u1,v1) is selected by the first player. After that the players take turns to make
their moves. Let us assume that the second player has made a move by selecting
the vertex (u,v) in G. This moves translates to moves in Gy, G2. However due to
Claim 2, we know that at most one of these translated moves can be a dummy
move. Without loss of generality assume that the second player’s move translates
to a dummy move in G, and a valid move in Gs. In that case, the first player
makes a dummy move in G; and provides a response by selecting v’ in Gs
according to winning strategy. These moves are translated to G as selection of the
vertex (u,v’), which is a valid move due to Claim 2. If the second player’s move
in G translates to valid moves in both G; and G, then the first player responds
in both the graphs according to corresponding winning strategies by selecting
u’,v" in G, Go, respectively. This translates to the valid move of selecting (u/, v")
in G by the first player due to Claim 2.

Hence, the first player always has a valid response to the second player’s
move. Thus, G is V.

In the other direction, assume that G5 is P. We show that G = G10G; is
also P. In this case, the second player will simulate the game on both graphs,
selecting (u,v) in GOH where u is either the winning move (if Gy is P or the
first player played a non-optimal move) or the same vertex that the first player
selected, and v is their winning move in H for replying to the first player. The
game will end in GOH when both G and H will be over, and thus the second
player will always have an answer to the first player’s moves. This is consistent
due to Claim 2. O

3 SHE LovEs ME-SHE LovEs ME NoOT situations

SHE LovEs ME-SHE LOVES ME NOT is one of the simplest combinatorial games:
the two players alternate removing blossoms from a flower until it is empty.
It has become a shorthand for easy, binary combinatorial games where every
possible move from the initial position will be played. Note that, in those cases,
the Sprague-Grundy values alternate between 0 (for an even number of moves)
and 1 (for an odd number of moves), since no real strategy is involved. Some
complex combinatorial games can be equivalent to SHE LOVES ME-SHE LOVES
ME NoT depending on the initial position. It is in particular the case for CLOSED
GEODETIC GAME in some cases:

Proposition 1 (x). A game of CLOSED GEODETIC GAME on the complete
graph K, or a star K, will see all its vertices selected.



(a) On this graph, the second player wins: if (b) On this graph, the first player
the first player selects a leaf, they select the wins by picking the black ver-
adjacent internal vertex, and conversely. There tex (this can be shown with case
is then a pairing strategy for the second player. analysis).

Fig.4: Two graphs of same order (8) with unique minimum-size geodetic sets of
same size (5) but different outcomes for CLOSED GEODETIC GAME.

Note that those two graphs have a unique minimum-size geodetic set, so one
could think that such parity results could be obtained on any graph family with
a unique, well-identified minimum-size geodetic set on an underlying structure.
However, such a general structural results would be difficult to achieve, as illus-
trated by Figure [4} those two graphs are based on the same underlying structure
(a triangle with leaves), have the same order and unique minimum-size geodetic
sets of the same size, but different outcomes for CLOSED GEODETIC GAME.

For other graphs, the game is not fully reducible to a SHE LOVES ME-SHE
LoveEs ME Nor, but is still close since, under optimal play, we can determine
exactly which vertices will be selected.

Proposition 2 (x). Letn > 2. A game of CLOSED GEODETIC GAME on the
complete bipartite graph Ko ,, will see all the vertices of its larger part selected.

We can also compute the Sprague-Grundy values of complete bipartite graphs,
for which one part will always be fully selected:

Proposition 3 (). Let m and n be two integers such that m,n > 2. If m and
n have the same parity, then, G(Kp ) = 0. Otherwise, G(Kpn) = 2.

4 Symmetry strategies

The outcome of cycles can be fully derived from a symmetry strategy. Further-
more, we can also characterize the Sprague-Grundy value of a cycle:

Theorem 2 (). For any positive integer n, G(Cp) = n mod 2.

We can also characterize the Sprague-Grundy value of a cycle with one or
two selected vertices:

Proposition 4 (x). For any positive integer k:

— G(Cop, {u}) =k and G(Cax11,{u}) =0 for any vertex u;
— G(Copg1,{uo,wi}) =k +1—i forie{l,...,k} (denoting the vertices by
Ug, - - -, Usg in the cyclic order).



Theorem [I] combined with Theorem [ already give us the outcome for mul-
tidimensional grids, but we can also prove it with a symmetry strategy:

Theorem 3 (*). CLOSED GEODETIC GAME has outcome N for a multidimen-
sional grid if and only if all its dimensions are odd.

Paths are another graph class where the outcome can be derived from a
symmetry strategy. Going further, we hereby give a full characterization of the
Sprague-Grundy values of paths (which complements the possible computation
using the algorithm for trees from Araujo et al. [2]). Note that, while the value
is expected, the proof itself is more involved.

Theorem 4 (x). For any positive integer n, G(P,) = n mod 2.

Proof (Sketch). If n is even, the second player has an easy symmetry strategy.
If n is odd, the first player wins by picking the middle vertex. We then prove
that no option of P, has Sprague-Grundy value 1, by showing that all of those
options have themselves an option with Sprague-Grundy value 1. In order to do
this, we prove that G(Pynt2,{uam+1}) = 1, and exhibit such options for each
option of P,. O

5 Sprague-Grundy values of block graphs and cacti

In their paper [2, Algorithm 2], Araujo et al. presented a linear-time algorithm
for computing the Sprague-Grundy value of a given tree for CLOSED GEODETIC
GAME. In order to do this, they use dynamic programing with subtrees that
decrease in size at each step: for any given selected vertex u, each of the subtrees
rooted at a neighbour of u are completely independent in CLOSED GEODETIC
GAME, since by Lemma/[2]selecting a vertex in a subtree will never impact any of
the other subtrees. The base case happens when the subtree is either empty or
a single vertex. Hence, it is possible to define a recursive algorithm computing,
for each vertex of the tree, the Sprague-Grundy value of the subtrees rooted at
each of its neighbours, and then apply the mex operation to the resulting set.
Since each subtree is independent, and the intermediate values can be stored,
the algorithm returns the result in linear-time.

In this section, we extend this idea to other tree-like graph classes: block
graphs and cacti. Indeed, the building blocks of those graphs are simple graphs
for which we can easily compute the Sprague-Grundy values: complete graphs
and cycles. We will present polynomial-time algorithms for those classes, adapted
from the trees’ algorithm in [2]. Note that the building blocks have specific
properties, and are close to the class of geodetic graphs, that is, graphs for which
there is a unique shortest path between any pair of vertices (this class includes
trees, block graphs, and cacti with only odd cycles); the only non-geodetic class
is cacti with even cycles, for which the shortest paths between two vertices will
share common articulation points and thus are almost as constrained.
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5.1 Block graphs

A graph is a block graph if every biconnected component is a clique. Informally,
we can see a block graph as a tree-like structure in which cliques are connected
to each other by one of their vertices.

Theorem 5. There is a linear-time algorithm computing the Sprague-Grundy
value of a block graph for CLOSED GEODETIC GAME.

Proof. The algorithm is based on dynamic programing. First, for a given block
graph G and one of its vertices u, we present how to recursively compute
G(G,{u}), that is, we consider that the first player selects u. We will show
that some clique vertices are equivalent for this first move, and that we can
store the intermediary results to reuse them for other vertices (thus avoiding
polynomial-time when applying the algorithm for all the non-equivalent vertices
of G). Note that the base case is when the graph is a complete graph, since we
can compute its Sprague-Grundy value using Proposition (each selected vertex
within a complete graphs flips the Sprague-Grundy value between 0 and 1).

There are two types of vertices in G: those that are articulation points be-
tween several cliques, and those that are not. First, assume that the selected ver-
tex u is an articulation point, then we can compute G(G, {u}) by using Lemma|2]
and store the intermediate values for future computations.

Assume now that the selected vertex w is not an articulation point, hence u is
a vertex in a given clique A of G. Note that selecting any other non-articulation
point of A is equivalent to selecting u. Now, consider the components that are
attached to A in G (that is, they share one vertex with A), denote them by
By, ..., By and the articulation point between A and B; by v;. Note that selecting
any other non-articulation point in A will not affect any of the B;’s, and that
selecting v; can only affect B;. Hence, we can decompose the game into almost-
independent subgraphs: A \ {v1,...,vx} with the vertex u selected, and each
component containing B; with a leaf attached to v;, which is selected too. This
is depicted on Figure [5] Note that this decomposition works since A is a clique,
and so all its vertices are at distance 1 from each other.

Now, we need to see how we can decompose the graph with one selected
vertex u when another vertex v is selected. Again, if v is an articulation point,
we can use Lemmal2] If v is also in A, then we do not need to decompose further.
So, assume that v is in another clique B and is not an articulation point. We
can apply the same principle of decomposition, after covering the vertices in the
shortest paths between u and v. Note that if A and B are not adjacent cliques,
then let C be a clique with two vertices on the shortest path between u and v,
two vertices of C are covered and the other ones will have no impact on A or B
for the rest of the game. This decomposition is depicted on Figure [6]

Note that both decompositions have the property that a subgraph that is not
a clique has at most one selected vertex. This covers all possible cases, and thus
the algorithm will further decompose the input block graph until it is a disjoint
sum of cliques, for which the Sprague-Grundy value can be computed in constant
time. By using the nim-sum and the mex, we can then go back and compute
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Fig. 5: Selecting a vertex in a clique in a block graph allows us to decompose the
graph as follows (here, each BY is a clique).

-
g
5

Fig.6: Selecting a second vertex in a block graph allows us to decompose it
further.

the Sprague-Grundy value of the block graph. The algorithm ends in linear time
for a given vertex, and allows us to store the intermediary results for future
computations. In fact, the number of block components being linear, any future
computation will see similar decompositions, and thus reuse the intermediary
results, hence allowing the algorithm to remain linear-time when considering all
possible first moves. O

5.2 Cacti

A cactus (plural: cacti) is a graph where every edge is in at most one simple
cycle. Alternately, cacti have a tree-like structure in which cycles and trees are
connected to each other by one of their vertices.

Theorem 6 (x). There is a quadratic-time algorithm computing the Sprague-
Grundy value of a cactus for CLOSED GEODETIC GAME.

Proof (Sketch). The algorithm is also based on dynamic programing. We identify
three types of cacti with either one or two selected vertices, and show that any
move in either type yields a graph that can be decomposed (thanks to Lemma [2))
into a disjoint sum of subgraphs, each of one of those three types. We use the
algorithm in [2], Theorems [2] and [4] and Proposition 4] as base cases. O

6 Future research

In this paper, we explored CLOSED GEODETIC GAME in three directions: gen-
eral results such as graph operations (Cartesian product) and decomposition
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through articulation points, characterization of outcomes and Sprague-Grundy
values, and polynomial-time algorithms based on dynamic programming for con-
strained graph classes. However, many more general graph classes remain open,
algorithmically as well as structurally.

A first interesting research direction would be to fully characterize the graphs
for which CLOSED GEODETIC GAME is a SHE LOVES ME-SHE LovES ME NoT
game, or those that are close to such a situation. We already exhibited complete
graphs and stars as SHE LOVES ME-SHE LOovES ME NOT games in Section [3]
but there might be other very structured classes with many simplicial vertices
that are in the same situation. Note that the unicity of minimum-size geodetic
sets and the structural backbone of the graph are not sufficient conditions for
this property.

Another idea would be to further the work initiated in Sectiondand to define
a type of graph symmetry adapted to CLOSED GEODETIC GAME, that would
allow us to obtain the outcomes of other structured graph classes. Expansions
of cycles could be good candidates.

As explained in Section [5] the dynamic programing framework we used for
block graphs and cacti requires strong constraints for shortest paths between
vertices, which do not hold for more general graph classes such as outerplanar
graphs. A research direction would be to try to express weaker constraints allow-
ing a dynamic programing framework based on decomposition into independent
subcomponents to apply for other classes. Outerplanar graphs are a natural can-
didate, since the geodetic set problem is polynomial for them but NP-hard for
planar graphs.

Finally, other graph products than Cartesian (studied in Section [2|) could be
explored, such as the tensor, strong, lexicographical, modular or rooted products.
However, those products may be more involved: for example, the outcome of the
tensor product of two graphs is not necessarily a function of the outcomes of
the two graphs. Some further conditions on the structure of the graphs or their
product may be needed to obtain similar results.
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