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ABSTRACT
Evolving phenomena, often complex, can be represented using

knowledge graphs, which have the capability to model hetero-

geneous data from multiple sources. Nowadays, a considerable

amount of sources delivering periodic updates to knowledge graphs

in various domains is openly available. The evolution of data is of

interest to knowledge graph management systems, and therefore it

is crucial to organize these constantly evolving data to make them

easily accessible and exploitable for analysis. In this article, we will

present and formalize the condensed representation of these evolv-

ing graphs and propose a new solution called QuaQue that allows

querying across multiple versions of graphs and we also present the

results of our benchmark comparing our solution against existing

approaches.

Paper Artifact Availability:
The source code has been made available at https://github.com/VCityTeam/

ConVer-G. The detailed results are available at https://zenodo.org/records/

17198832.

1 INTRODUCTION AND MOTIVATIONS
1.1 Data evolution and versioning
Time is a fundamental aspect of data, and the need for temporal data

management[15] has been recognized for a long time. Temporal

snapshots of data help to understand the evolution of data over

time and are essential for various applications, such as historical

data analysis, trend analysis, and data quality assessment.

While our requirement emerged from urban data management,

where temporal data management is highly significant. The chal-

lenge of managing evolving data is present in many domains, in-

cluding but not limited to urban studies, biomedical research, and

software engineering. In these fields, data is frequently updated,

extended, or corrected, and it is crucial to track and analyze these

changes effectively. For example, in biomedical research, tracking

changes in ontologies or patient records over time is important; in

software engineering, managing the evolution of code or documen-

tation as RDF graphs is increasingly common. The growing avail-

ability of open and periodically released data enables researchers to

study complex phenomena with incremental changes[6, 10, 18, 23].

A comprehensive understanding of dynamic elements—such as pop-

ulation growth, infrastructure development, or evolving scientific

knowledge—is crucial for effective management and analysis in

these domains.

To address these challenges, we propose the use of versioning to

refer to data at different points or periods of time. The versioning

of scientific data enables the exploitation and reproducibility of

experiments and analyses[16]. Versioning captures the state of the

data at a given point or period in time, facilitating reproducibility,

integrity, and the ability to restore previous versions in case of

errors. It also supports experimentation with different analytical

approaches by allowing easy switching between data versions.

Knowledge graphs, and in particular RDF graphs, are increas-

ingly used to represent evolving data in a variety of domains[32].

By incorporating versioning into these knowledge graphs, it be-

comes possible to capture concurrent viewpoints and the evolution

of entities over time[23]. This enables the representation of dif-

ferent states of the data, providing a comprehensive view of its

evolution. Our approach leverages knowledge graphs from hetero-

geneous sources (concurrent viewpoints) at different periods of

time (hereafter, referred to as versions).

1.2 Improving the comprehension of data
evolution

In many domains, data is continuously evolving as new informa-

tion becomes available, corrections are made, or entities change

over time. This constant evolution creates challenges for data man-

agement systems that need to track and analyze these changes

effectively. Additionally, the growing volume of data collected from

multiple sources and at different temporal granularities adds com-

plexity to the task of managing and understanding data evolution.

To achieve effective management of evolving data and ensure

reproducibility of experiments and analyses, we identified the fol-

lowing requirements for our system:

• R1: Managing and queryingmultiple graphs and their
different versions: Our system should allow users to query

multiple knowledge graphs from one or more sources and

access their different versions simultaneously. This capa-

bility enables comprehensive analysis and comparison of

data evolution over time.

https://github.com/VCityTeam/ConVer-G
https://github.com/VCityTeam/ConVer-G
https://zenodo.org/records/17198832
https://zenodo.org/records/17198832


• R2: Linking versioned data with metadata: It is crucial
to establish a connection between versioned data and their

associated metadata. This linking provides valuable con-

text and additional information about the data, enhancing

its usability and interpretability. For example, when track-

ing changes to a biomedical record or a software artifact,

metadata could include the source, method, and date of ob-

servation, allowing users to better understand and validate

the data’s provenance and reliability.

• R3: Isolating and querying individual graph versions:
Our system must provide a mechanism to isolate and query

specific versions of a knowledge graph independently. This

capability allows users to focus their analysis on particular

versions without interference from other versions, enabling

precise examination of the data at specific snapshots.

By addressing these requirements, our system aims to empower

researchers and practitioners in diverse fields to gain deeper in-

sights into data dynamics, facilitate informed decision-making, and

ensure the reproducibility and reliability of scientific experiments

and analyses. Although our focus in this article is on the formaliza-

tion of versioned RDF graphs, the principles and mechanisms we

present are generic and can be applied to any domain where RDF

data evolves over time.

In this article, to address the above requirements, we present the

formalization of flat and condensed representations and querying

of evolving knowledge graphs. We also present our proposed solu-

tion that uses and compares both representations using benchmark

data. The state of the art in entity versioning is detailed in Sec-

tion 2. Section 3 presents the necessary preliminaries and notations.

Section 4 presents the contributions of our work: datasets using

flat and condensed models, algebra for handling query operators

and the resulting data in flat and condensed representations. In

Section 5, we briefly present our implementation—QuaQue (part
of the ConVer-G system)[12]—and compare the results obtained for

flat and condensed representations. Section 6 concludes the article

with a discussion of the limitations and possible enhancements to

our proposed work.

2 STATE OF THE ART - VERSIONING
Resources evolve over time and hence the statements associated to

describe them. Version control systems [39], for example, handle

this evolution of data (or code) by associating a tag and a timestamp

to a snapshot of the data at a given instant of time. This supplemen-

tary information associated to a snapshot, referred to as a version

can be used to not only represent the state of the data at any given

point of time, but also to understand the evolution of data over a

period of time. As mentioned by Bayoudhi et al. [3], versioning is

a critical aspect of management in a project, allowing developers

to track changes to the elements, manage different versions, and

collaborate with other team members. For the sake of familiarity,

we will use the word versioning to this process of adding informa-

tion like timestamp, tag to snapshots of one or more resources and

their associated statements at any given moment of time. In this

section, we will take a look at different approaches of versioning.

Table 1 summarizes these results.

Table 1: Comparison of code and data versioning

Characteristics Code versioning Data versioning
Object Files Datasets (structured,

unstructured, etc.)

Granularity Lines of code, files Data, entire datasets

Primary goals History, collabora-

tion, branching

Reproducibility,

provenance, experi-

mentation,

Tools Git, Mercurial, SVN DVC, Pachyderm,

Machine Learning

platforms

2.1 Code versioning
Version control systems [39] such as Git, Mercurial, Subversion,

CVS, and Bazaar are commonly used for managing the evolution of

source code. However, these solutions are not specifically designed

for data versioning, especially for structured data [24] and have

certain limitations for efficient querying [4, 22, 38]. Apart from

some exceptions, like Git LFS, they don’t provide adequate support

for large files and versioned data queries. Therefore, they may not

be the ideal choice for managing data versioning in a project.

2.2 Dataset versioning
2.2.1 Independent copies (IC). This approach allows querying data

as it existed in a specific version. Example: Which buildings were
present in the city at a particular version?

A common approach to dataset versioning is to maintain inde-

pendent copies (snapshots) of the data for each version. Tools such

as Qri [29], SemVersion [33], GeoGig [28], and UrbanCo2Fab [22]

follow this strategy, often leveraging Git-based mechanisms. While

this method simplifies version management and enables straight-

forward retrieval of any version by checking out its corresponding

snapshot, it has notable limitations. In particular, querying across

multiple versions simultaneously is inefficient, as each query re-

quires materializing the full state of the relevant versions. This

restricts the ability to perform cross-version analysis or answer

queries that span several versions. Similarly, machine learning data

management tools such as DVC, DagsHub, and Weights and Biases

provide robust tracking and collaboration features for structured

data, but do not support efficient querying across multiple snap-

shots, making them unsuitable for use cases requiring multi-version

queries.

2.2.2 Timestamp-based versioning (TB). This representation allows

querying data as it existed at a specific point in time. Example:Which
buildings were present in the city at a particular version?

A common approach to data versioning is to associate each

record with a timestamp or a validity interval, as seen in temporal

or bitemporal tables [17]. Tools such as ConVer-G [12], Drydra

[1], RDF-TX [11], v-RDFCSA [5], and x-RDF-3X [19] adopt this

strategy. Thismethod enables querying data as it existed at a specific

point in time or within a given interval. While effective for linear

histories, timestamp-based versioning is limited when handling

concurrent changes, such as branches or forks, which are typical

in collaborative environments and version control systems. As a
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result, it may not fully support scenarios requiring representation

of multiple, diverging timelines.

2.2.3 Change-based versioning (CB). This representation enables

retrieval of the differences between two versions. Example: Which
buildings were added or removed between two versions?

Change-based versioning systems, such as Delta Lake andApache

Hudi store changes made to data as changes, allowing for efficient

retrieval of any version or the differences between versions. In the

context of RDF, tools such as R43ples [13], R&WBase [31], and

Stardog follow this paradigm. A prominent system for versioning

RDF data is OSTRICH [26].

However, OSTRICH has notable limitations for our needs. It only

supports linear version histories, lacking support for branching

or concurrent versions, which are essential for modeling multiple

viewpoints in urban evolution. Additionally, its aggregated change-

sets grow with each new version, resulting in slow ingestion for

archives with long histories.

2.2.4 Fragment-based versioning (FB). This approach enables ran-

dom access to different versions by managing indexes of file frag-

ments for each version. This archiving policy stores snapshots of

each changed fragment of an archive. These fragments can be de-

fined at any level of granularity, such as individual graphs within

a dataset. An index is maintained to reference which specific frag-

ments belong to any given version of the dataset. This approach

avoids the need to store full, independent copies for each version,

and in contrast to change-based systems, it does not require the re-

construction of versions by applying a series of change operations.

The Quit Store implements this policy by treating modified files

within its Git repository as the fragments to be versioned.

2.3 Querying versioned data
This subsection reviews how different systems implement version-

ing, the types of queries they support, and the consequences for

managing knowledge graphs. The following analysis compares ex-

isting solutions and highlights the need for advanced versioning

models that address complex, multi-version scenarios. We adopt

the query types defined by Ruben Taelman in the OSTRICH sys-

tem [26], which offer a comprehensive framework for querying

versioned data.

2.3.1 Version materialization (VM). We consider version materi-

alization as a means to create and manage distinct versions of

knowledge graphs. This approach allows for the reconstruction of

any specific version. This is particularly linked with the concept of

(IC).

2.3.2 Delta materialization (DM). Delta materialization is a tech-

nique used in databases and data management systems to track and

retrieve changes in query results between two versions of data.

Instead of recomputing the entire result of a query for both

versions, DM focuses on computing the delta—the set of changes

(additions and deletions) in the query result that occurred between

two versions. This is especially useful when data changes incre-

mentally and you want to know only what has changed, not the

full result.

2.3.3 Version query (VQ). A version query annotates each result of

query 𝑄 with the specific versions of the RDF archive 𝐴 in which

that result appears. This allows users to see not only the query

results, but also the history of when each result was valid across

different versions of the data.

2.3.4 Cross-version query (CV). A cross-version query typically

refers to a database or information retrieval operation that compares

or joins the results of two queries executed on different versions

of a dataset. This allows you to analyze changes, differences, or

relationships between data across versions.

2.3.5 Cross-delta (CD). A cross-delta query combines the results

of multiple changesets of a dataset. It is similar to a delta material-

ization (DM) query but supports more complex comparisons than

just identifying additions and deletions. Instead of only showing

what has changed, a CD query can analyze how specific values have

evolved between versions. For instance, it can be used to compare

the value of a particular attribute for a given entity across two

versions, enabling a more detailed analysis of data evolution.

OSTRICH supports all query types, but its native capabilities

are limited to single triple pattern queries. To execute full SPARQL

queries, an additional query engine such as GLENDA [20] is re-

quired. Furthermore, OSTRICH relies on a linear sequence of integer

revision numbers for versioning, whereas our use case demands a

more flexible model capable of representing arbitrary relationships

between versions, such as those found in a version graph.

This work builds on concepts from version control systems

[2, 25, 26, 29, 39] and extends them to knowledge graphs. We in-

troduce a "condensed representation" for querying with SPARQL,

where the graph is modeled as a set of quads annotated with the

versions in which they are valid. Our main contributions include

the formalization of this condensed representation for evolving

knowledge graphs and the development of an algebra for query

operators and the resulting data in both flat and condensed forms.

Table 9 in Appendix is an extension of Olivier Paul Pelgrin’s

survey of versioning tools for RDF data [21] which summarizes the

capabilities of different versioning tools with respect to the types

of queries they support.

3 PRELIMINARIES AND NOTATIONS
In this section, we will present the key concepts and notations

related to representing knowledge graphs in the form of RDF and

querying them using the SPARQL query language.

3.1 RDF context representation
For the sake of simplicity, we considered the following RDF context

representation based on the W3C definitions [34]:

3.1.1 Literal. A literal denotes resources of the real world.

• 𝑙, 𝑙1, 𝑙2 . . . a literal

• 𝐿, 𝐿1, 𝐿2 . . . a finite set of literals

• L the infinite set of all literals

3.1.2 IRI. Internationalized Resource Identifier (IRI) is a Unicode

string, analogous to Uniform Resource Identifiers (URI), and used to

identify resources (e.g., http://example.org/resource/Paris is
an IRI identifying the resource "Paris").
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• 𝑖, 𝑖1, 𝑖2 . . . an IRI

• 𝐼 , 𝐼1, 𝐼2 . . . a finite set of IRI

• I the infinite set of all IRIs

3.1.3 Blank Node. Not all resources and the relationships can be

explicitly named and are represented as blank nodes indicating the

existence of something. To handle blank nodes, we use Skolemiza-

tion [14], a technique that replaces blank nodes with generated IRIs.

This allows us to treat blank nodes as regular resources with glob-

ally unique identifiers, enabling better integration and querying of

RDF data.

3.1.4 Terms. Terms are used to refer to IRIs or literals.

• 𝑡, 𝑡1, 𝑡2 . . . a term

• 𝑇,𝑇1,𝑇2 . . . a finite set of terms

• T the infinite set of all terms

• T = {L,I} where:
– L ⊊ T
– I ⊊ T
– L ∩ I = ∅

3.1.5 Triples. An RDF triple is a statement about a resource that

consists of three parts: a subject, an object, and a predicate. The

subject is an IRI that represents the resource being described. The

object can be an IRI or a literal that represents the value of the

property. The predicate is an IRI that represents the relationship

between the subject and the object.

Subject Object
Predicate

Figure 1: Example of a RDF triple

• 𝑡𝑟 = (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 ) an RDF triple where:

– 𝑡𝑠 ∈ I is a subject

– 𝑡𝑝 ∈ I is a predicate

– 𝑡𝑜 ∈ T is an object

• 𝑇𝑅,𝑇𝑅1,𝑇𝑅2 . . . a finite set of triples

• TR the infinite set of all triples

3.1.6 Graphs. An RDF graph is a set of RDF triples. It represents

a collection of resources and the relationships between them. An

RDF graph can be named or unnamed by a resource. An unnamed

graph is called the default graph.

3.1.7 Quads. A quad is a statement that consists of four parts:

all triple elements (the subject, the predicate, the object), and the

graph name. The graph name is an IRI that represents the context

in which the triple is defined.

• 𝑞 = (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) an RDF quad

• 𝑄,𝑄1, 𝑄2 . . . a finite set of quads

• Q the infinite set of all quads

• 𝑡𝑔 ∈ T𝑔 where T𝑔 ⊆ I, 𝑡𝑔 is the graph name and T𝑔 is the set
of all graph names

3.1.8 Datasets. A dataset 𝑑 is a collection of graphs. A dataset can

contain zero or more named graphs, each of which contains a set of

RDF triples. A dataset can also contain a default graph, which is a

set of triples that are not associated with any specific graph name.

Graph name

Figure 2: Example of a named graph

3.1.9 Versioning. A version is a snapshot of the RDF data at a given

point in time. We define the following versioning representation:

• 𝑣, 𝑣1, 𝑣2 . . . a version

• 𝑉 ,𝑉1,𝑉2 . . . a finite set of versions

• V the infinite set of all versions

Because the RDF data model is atemporal as explained in the

"RDF and Change over Time" paragraph of the W3C RDF 1.1 Con-

cepts and Abstract Syntax [34], we consider the versioning of RDF

data as a set of versions.

3.2 SPARQL queries
SPARQL [35] is a declarative programming language used to query

data stores containing a set of triples or quads.

3.2.1 Variables. A SPARQL variable is a placeholder for a value

that is not known beforehand. It allows querying for information

without having to specify the exact values the user is looking for.

Variables are denoted by a question mark "?" or a dollar sign "$", im-

mediately followed by a string without any white space characters.

• 𝑣𝑎𝑟, 𝑣𝑎𝑟1, 𝑣𝑎𝑟2 . . . a SPARQL variable

• 𝑉𝐴𝑅,𝑉𝐴𝑅1,𝑉𝐴𝑅2 . . . a finite set of SPARQL variables

• VAR the infinite set of all SPARQL variables

3.2.2 Query. A SPARQL query is a formal language expression

used to retrieve and manipulate data stored in RDF format, accord-

ing to the W3C definition [35].

• 𝑞𝑢, 𝑞𝑢1, 𝑞𝑢2 . . . a SPARQL query

• 𝑄𝑈,𝑄𝑈
1
, 𝑄𝑈

2
. . . a finite set of SPARQL queries

• QU the infinite set of all SPARQL queries

SPARQL expression. A SPARQL expression refers to a part of a

SPARQL query that computes or filters values within the query. We

note:

• 𝑒, 𝑒1, 𝑒2 . . . a SPARQL expression

• 𝐸, 𝐸1, 𝐸2 . . . a finite set of SPARQL expressions

• E the infinite set of all SPARQL expressions

SPARQL expression can be:

• A term 𝑡 (e.g., 10) is an expression if 𝑡 ∈ T
• A variable 𝑣𝑎𝑟 (e.g., ?𝑥) is an expression if 𝑣𝑎𝑟 ∈ 𝑉𝐴𝑅

• A function 𝑓 (𝑒1, . . . , 𝑒𝑛) is an expression, if 𝑓 is a function

and∀𝑖 ∈ {1, . . . , 𝑛}, 𝑒𝑖 is a SPARQL expression (e.g.,𝐴𝑉𝐺 (𝑒)
where 𝑒 is a SPARQL expression)

• 𝑒1 ≠ 𝑒2 is an expression if 𝑒1 and 𝑒2 are expressions

SPARQL expressions are used to:
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• Combine values from different RDF triples to form more

complex patterns (e.g., triple patterns, basic graph patterns,

or subqueries)

• Filter results based on conditions (e.g., using the FILTER
keyword)

• Transform data using functions like mathematical opera-

tions, stringmanipulation, or logical operators (e.g., CONCAT,
STRLEN...)

Solution mapping. A solution mapping is a mapping between

variables and RDF terms. It is used to represent the results of a

SPARQL query. We note𝑚 : VAR → T a solution mapping that

maps a set of variables to a set of RDF terms and M an infinite set

of solution mappings.

Solution sequence. A solution sequence is a sequence of solution

mappings. We denote a solution sequence as 𝑠𝑒𝑞 = [𝑚1, . . . ,𝑚𝑛]
where each𝑚𝑖 is a solution mapping.

4 CONTRIBUTIONS
In this section, we present our contributions (Figure 3). Firstly, we

present the key extensions to the RDF model discussed in Section 3

and the resulting dataset models. We discuss in detail the flat and

condensed models of representation with examples. We then show

how these datasets can be queried with the existing operators of

the SPARQL query. Finally, we present the necessary formalisms

and theorems to show how such queries can be evaluated.

4.1 RDF versioning definitions
4.1.1 Versioned IRI. In order to represent the versioning of IRI, we

introduce the concept of a versioned IRI. A versioned IRI is an IRI

that is associated with a version. We define the following versioned

IRI representation:

• Let 𝑉 𝐼 : V × I → VI be a bijective function.

• We note 𝑣𝑖, 𝑣𝑖1, 𝑣𝑖2 . . . the elements of VI, referred to as

versioned IRI

• We note 𝑉 𝐼,𝑉 𝐼 1,𝑉 𝐼 2 . . . a finite set of versioned IRI

Let 𝑣 ∈ V , 𝑡𝑔 ∈ I and 𝑣𝑖 ∈ VI. We define the reverse functions

of 𝑉 𝐼 :

𝑉 𝐼−1𝑣 (𝑣𝑖) = 𝑣 ⇔ ∃𝑡𝑔𝑉 𝐼 (𝑣, 𝑡𝑔) = 𝑣𝑖

𝑉 𝐼−1𝑡𝑔
(𝑣𝑖) = 𝑡𝑔 ⇔ ∃𝑣𝑉 𝐼 (𝑣, 𝑡𝑔) = 𝑣𝑖

(1)

4.1.2 Versioned quad. A versioned quad 𝑣𝑞 = (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) is a
quintuplet where the quad (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) is valid at the version 𝑣 . We

denote 𝑉𝑄,𝑉𝑄
1
,𝑉𝑄

2
. . . a finite set of versioned quads and VQ

an infinite set of versioned quads.

4.1.3 Versioned dataset. A versioned dataset is a dataset that con-

tains a set of versioned graphs. A versioned graph is a graph that

contains a set of RDF triples associated to a versioned named graph

built with a version and a graph. By convention, default graphs are

assigned a special name, such as default, to distinguish them from

named graphs.

4.1.4 Dataset representation. Consider a RDF context containing
data and its associated metadata. We define the dataset function

such that holds all the versioned quads stored in the database:

𝑑 = 2
VQ

. We note 𝑉 (𝑑) the set of versions in the dataset.

The figure 3 provides an overview of the different levels of rep-

resentation and processing within our framework. It highlights the

relationships between the dataset, query, algebra, evaluation, and

results, as well as the possible transformations between flat and

condensed forms at each stage. The main aspects illustrated in the

figure are as follows:

• Dataset level: the figure illustrates that the dataset can be

represented in either a flat or condensed form, and that it

is possible to convert between these two representations

using the condensation and flattening functions.

• Query: A SPARQL query is represented in a flat algebra,

which is the original querywritten by the user. The compile
function returns the flat algebra of the query.

• Algebra level: it shows the representation of the algebra

in both flat and condensed forms, as well as the transla-

tion process from the flat algebra (derived from the orig-

inal SPARQL query) to the condensed algebra using the

translate function.

• Evaluation level: it illustrates the evaluation of the alge-

bra. Taking the associated dataset and algebra, it shows the

evaluation of the algebra in both flat and condensed forms.

The evaluation process is represented by the eval relation-

ship, which indicates that the evaluation can be performed

on either representation.

• Results level: it depicts the representation of results in

both flat and condensed forms, and the represent relation-
ship that enables conversion between these representations,

again using the condense and flatten functions.

  Results

  Algebra

  Dataset

Compile

SPARQL Query

Translate (𝜏)

evalF

Flat algebraCondensed algebra

Represent (≅)

Flat model
Condensation (C)

Condensed model
Flattening (F)

Condensed
representation Flat representation

evalC

Figure 3: Dataset, algebra and results representation

4.2 Dataset models
Let us explore the different dataset models that we will use in our

work. The following sections define a flat model and a condensed

model for dataset versioning. To illustrate these concepts, we begin

with an example that will be referenced throughout the paper for

demonstration purposes.

Example 4.1. Let’s assume that we have a dataset representing

concurrent points of view about the height of some buildings. In

Table 2, we present two versions (v:1 and v:2) with quads. The

column Named graph consists of two named graphs corresponding

to the data coming from two sources named, Gr-Lyon and IGN.
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Table 2: Flat model of the versioned dataset

Subject Predicate Object Named graph Version
ex:bldg#1 height 10.5

ng:Gr-Lyon

v:1ex:bldg#2 height 9.1

ex:bldg#1 height 11 ng:IGN

ex:bldg#1 height 10.5 ng:IGN

v:2ex:bldg#1 height 10.5

ng:Gr-Lyon

ex:bldg#3 height 15

Table 3 represents all the versioned IRI of the dataset. In this

example, each IRI starting with vi: are images (results) of the pair

(version, named graph) produced by the function 𝑉 𝐼 (Versioned

IRI).

Table 3: Versioned IRI of the dataset

Version Named graph Versioned IRI

v:1

ng:Gr-Lyon vi:1

ng:IGN vi:2

v:2

ng:Gr-Lyon vi:3

ng:IGN vi:4

4.2.1 Flat model. We define the flat model as a representation

of a dataset as a set of quintuplets. In this model, each triple is

augmented with two additional elements: the name of the graph

corresponding to the data source, and the version information.

Example 4.2. Table 2 represents the flat model of the dataset.

𝑑𝐹 : I × I × T × I ×V designates the relation such as the quad

(𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) is valid in the version 𝑣 .

The supplementary information related to the named graphs

and versions is stored separately in a metadata table. Table 4 shows

this metadata for the flat model in Table 2. For example, in Table 3

the first row indicate that vi:1 is a versioned IRI of the named graph

Gr-Lyon and belongs to version 1. It could also be used to store

supplementary information such as provenance, authorship, or

other metadata relevant to the versioned dataset.

Table 4: Metadata of the flat model

Subject Predicate Object N. graph Version

vi:1

version-of ng:Gr-Lyon

ng:Metadata v:0

in-version 1

vi:2

version-of ng:IGN

in-version 1

vi:3

version-of ng:Gr-Lyon

in-version 2

vi:4

version-of ng:IGN

in-version 2

4.2.2 Condensed model. 𝑑𝐶 : N×N×N×N→ 2
V
is a function that

takes four identifiers that are bound to an RDF quad and returns a

set of finite elements ofV such that 2
V
represents a set of finite

versions where the quad is valid.

Example 4.3. The table 5 represents the condensed model of the

versioned dataset (simplified by replacing the identifiers by their

values). The first row, for example states that the triple present in

the named graph Gr-Lyon is valid in versions v:1 and v:2. Each entry

of this table can be replaced by the identifiers listed in Appendix 10.

Table 5: Condensed model of the versioned dataset

Subject Predicate Object N. Graph Versions
ex:bldg#1 height 10.5 ng:Gr-Lyon {v:1, v:2}

ex:bldg#2 height 9.1 ng:Gr-Lyon {v:1}

ex:bldg#1 height 11 ng:IGN {v:1}

ex:bldg#3 height 15 ng:Gr-Lyon {v:2}

ex:bldg#1 height 10.5 ng:IGN {v:2}

Metadata plays a role in our approach, particularly for managing

concurrent snapshots or concurrent viewpoints. By associating a

constant version v:0 to all metadata, we ensure that version infor-

mation and relationships between versions remain consistent and

accessible across the entire dataset. This is especially important

when dealing with branching version histories or multiple concur-

rent viewpoints, as the metadata helps track and organize these

complex relationships. While this means metadata is not condensed

and can only be represented in the flat model, this design choice

provides a stable foundation for managing versioned data across

different temporal and conceptual dimensions.

4.2.3 Model relationships.

Definition 4.4 (Condensation). Consider a flat dataset 𝑑𝐹 = I ×
I × T × I ×V . We can condense the dataset 𝑑𝐹 into the dataset

𝑑𝐶 = I × I × T × I → 2
V
. The condensation function 𝐶 takes a

quad and returns the set of versions in which that quad exists. This

function is defined as:

𝐶 = (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) ↦→ {𝑣 | (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 }

The domain of 𝐶 is the set of quads in the dataset 𝑑𝐹 where the

quad occurs at a set of versions such that: D(𝐶) = {(𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) |
∃𝑣 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 }.

Definition 4.5 (Flattening). Let 𝑑𝐶 = I × I × T × I → 2
V

be a dataset. We can flatten the dataset 𝑑𝐶 into the dataset: 𝑑𝐹 =

I × I × T × I ×V . The flattening function 𝐹 is defined as:

𝐹 = {(𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) | 𝑣 ∈ 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔)}

The domain of 𝐹 is the set of versioned quads in the dataset 𝑑𝐶
where the quad exists in each version according to the condensed

model: D(𝐹 ) = {(𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) | ∃𝑣 ∈ 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔)}.

Theorem 4.6 (𝐹 ◦𝐶 (𝑑𝐹 ) = 𝑑𝐹 ). Given a flat model 𝑑𝐹 , its image
by the composition of the 𝐹 and the 𝐶 functions is equal to the flat
model.

Proof. We want to prove the following equivalence: 𝐹 ◦𝐶 (𝑑𝐹 ) =
𝑑𝐹 . This means we need to prove:

• On the one hand, that 𝐹 ◦𝐶 (𝑑𝐹 ) ⊆ 𝑑𝐹 ;

• On the other hand, that 𝑑𝐹 ⊆ 𝐹 ◦𝐶 (𝑑𝐹 ).
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In other words, we need to show that every element of 𝐹 ◦𝐶 (𝑑𝐹 )
belongs to 𝑑𝐹 , and conversely, every element of 𝑑𝐹 belongs to 𝐹 ◦
𝐶 (𝑑𝐹 ).

Let the versioned quad (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 such that

𝑣 ∈ 𝐶 (𝑑𝐹 ) (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔), then (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝐹 (𝐶 (𝑑𝐹 )).
Let (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝐹 (𝐶 (𝑑𝐹 )), then 𝑣 ∈ 𝐶 (𝑑𝐹 ) (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) =

{𝑣 ′ | (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣 ′) ∈ 𝑑𝐹 }. This proves that 𝐹 ◦𝐶 (𝑑𝐹 ) = 𝑑𝐹 . □

Theorem 4.7 (𝐶 ◦ 𝐹 (𝑑𝐶 ) = 𝑑𝐶 ). Given a condensed model 𝑑𝐶 , its
image by the composition of the 𝐶 and the 𝐹 functions is equal to the
condensed model.

Proof. Wewant to prove the following equivalence:𝐶◦𝐹 (𝑑𝐶 ) =
𝑑𝐶 . This means we must prove:

• For every element of𝐶 ◦𝐹 (𝑑𝐶 ), there exists a corresponding
element in 𝑑𝐶 ;

• For every element of 𝑑𝐶 , there exists a corresponding ele-

ment in 𝐶 ◦ 𝐹 (𝑑𝐶 ).

In other words, we show equality by proving both inclusions.

Let 𝑉𝐶 = 𝐶 (𝐹 (𝑑𝐶 )) (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔), so 𝑉𝐶 = {𝑣 | (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈
𝐹 (𝑑𝐶 )} = {𝑣 | 𝑣 ∈ 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔)} = 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔). □

4.3 SPARQL algebra
A SPARQL query algebra provides a formal framework for repre-

senting SPARQL queries [9]. It also defines the execution semantics

by translating the high-level query syntax into a series of operations

that an RDF query engine can process. We use A to denote the

SPARQL algebras set. This paper will present two types of algebra:

a condensed algebra and a flat algebra that will be respectively

noted asA𝐶 andA𝐹 . Based on the SPARQL algebra proposed by [9,

Cyganiak, Richard, A relational algebra for SPARQL], we modified

the SPARQL Algebra to take into account graph versioning to allow

us to query them. An initial proposition was made by [8, Cuevas,

Hogan] to represent queries over RDF Archives. We have taken

this proposition as a basis to define what we call the flat SPARQL
algebra.

4.3.1 Flat SPARQL algebra. The flat SPARQL algebra contains op-

erators that define its expressive power. For example, the quad pat-

tern 𝑄𝑃𝐹 (?𝑠, ?𝑝, ?𝑜, ?𝑔) retrieves triples matching the triple pattern

𝑇𝑃𝐹 (?𝑠, ?𝑝, ?𝑜) within a versioned graph ?𝑔, and is considered syn-

tactic sugar for the graph operator, as shown by [8, Cuevas, Hogan].

The JOIN operator ⊲⊳𝐹 (𝑒1, 𝑒2) combines results from two expres-

sions based on common variable bindings, while the FILTER opera-

tor 𝜎𝐹 (E, 𝑒) restricts results according to filter functions over vari-

able bindings. The UNION operator ∪𝐹 (𝑒1, 𝑒2) merges results from

two expressions into a single set. The DIFF operator \𝐹 (𝑒1, 𝑒2, 𝑒3)
computes the difference between two sets of solutions, conditioned

by an additional expression, and is essential for defining the OPTIONAL
operator. The OPTIONAL operator ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3) extends the join by

including all results from the first expression and, where possible,

matching results from the second, returning nulls otherwise. Fi-

nally, the aggregation operator groups results based on variables

and supports operations such as count, sum, average, min, and max,

typically used with the GROUP BY clause in SPARQL queries.

4.3.2 Condensed algebra. The condensed algebra provides oper-

ators tailored for querying over all versions of a graph in a com-

pact representation. The quad pattern 𝑄𝑃𝐶 (?𝑠, ?𝑝, ?𝑜, ?𝑔) retrieves
triples matching the triple pattern 𝑇𝑃𝐹 (?𝑠, ?𝑝, ?𝑜) across all ver-
sioned graphs ?𝑔. The condensed algebra includes optimized ag-

gregation operators that can process data across versions. For ex-

ample, aggregation operators can leverage optimizations such as

count-views (as defined by Sarah Cohen [7]) to efficiently compute

aggregate values over versioned data without having to materialize

each version separately.

4.3.3 Variable representation. SPARQL queries are composed of

operators and contain variables whose representations need to

be defined. The variable representation is used to determine its

behavior in the query and how it is processed in the algebra.

It is important to note that in our current formalization, we do

not handle cases where there are variable clashes. Variable clashes

occur when two variables with the same name but different scopes

or contexts are used within the same query, leading to ambiguity

and potential errors in query evaluation. By not addressing these

clashes, we assume that all variables are uniquely named within

their respective scopes. This simplification allows us to focus on

the core aspects of our model and its algebraic semantics without

the added complexity of variable disambiguation. However, in a

more robust formalization, mechanisms to detect and resolve such

clashes would be necessary to ensure the correctness and reliability

of query results. In our formalization, each variable in a SPARQL

query is assigned a variable representation that determines how

its value is interpreted and manipulated during query evaluation.

Figure 4 illustrates the hierarchy and relationships between the

different representations.

𝜓 𝜁 𝜄 𝜈≤𝑟 ≤𝑟 ≤𝑟

Figure 4: Hierarchy of variable representations in SPARQL
algebra

A variable representation is a type that is assigned to a variable

in a SPARQL query.

• We note:

– 𝑟, 𝑟1, 𝑟2, . . . a variable representation

– 𝑅, 𝑅1, 𝑅2, . . . a set of variable representations

– R an infinite set of variable representations

• We define four variable representations:

– value 𝜈 , where variable’s bound to a term

– id 𝜄, where variable’s bound to a term identifier

– condensed 𝜁 , where variable’s bound to a list of ver-

sioned named graph identifiers

– unbound graph𝜓 , where variable’s bound to the list

of all versioned named graph identifiers

Definition 4.8 (Variable representation). Let a bounded total or-
der of variable representations defined as follows: ({𝜈, 𝜄, 𝜁 ,𝜓 },≤𝑟 )
where:

• {𝜈, 𝜄, 𝜁 ,𝜓 } is the set of elements
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• ≤𝑟 is the total order relation with:

– 𝜓 ≤𝑟 𝜁 ≤𝑟 𝜄 ≤𝑟 𝜈

– 𝜈 is the greatest element

– 𝜓 is the least element

This total order serves as a guide to determine the variable represen-

tation of the output of a SPARQL operator. For any two representa-

tions 𝑟1, 𝑟2, we write 𝑟1 <𝑟 𝑟2 to denote their minimum according

to ≤𝑟 .

Definition 4.9 (Environment). Let the environment Γ : VAR →
R be a partial function that maps a variable to a variable repre-

sentation. It is represented as a set of pairs (𝑣𝑎𝑟, 𝑟 ) where 𝑣𝑎𝑟 is
a variable and 𝑟 is a variable representation. We note D(Γ) the
domain of the function Γ.

Definition 4.10 (Domain of a set of environments). Let Δ be a set

of environments. We note:

• Δ,Δ1,Δ2, . . . a finite set of environments

• D(Δ) = {D(Γ) | Γ ∈ Δ} the set of domains of all environ-

ments in Δ

Definition 4.11 (Lower environment of a variable). ⊓Δ : 2
Δ →

VAR → Δ is a function that takes a set of environments and a

variable and returns the environment where the variable is reduced

to the lowest representation. It is defined as follows:

D(⊓Δ (Δ)) =∩ {D(Γ) | Γ ∈ Δ}
⊓Δ (Δ) (𝑣𝑎𝑟 ) =𝑟 | ∀Γ ∈ Δ,

𝑟 ≤𝑟 Γ(𝑣𝑎𝑟 ) ∧ ∀𝑟 ′, (∀Γ ∈ Δ𝑟 ′ ≤𝑟 Γ(𝑣𝑎𝑟 )) ⇒ 𝑟 ′ ≤𝑟 𝑟

(2)

Definition 4.12 (Logical provability of an environment). Logical
provability, denoted by ⊢, is a relation between an environment

Γ and an expression 𝑒 such that Γ ⊢ 𝑒 holds if and only if, under

the assumptions and variable representations specified by Γ, the
expression 𝑒 is well-typed and can be evaluated according to the

typing rules of the algebra.

Lemma 4.13 (Greatest Environment Typing). Let Δ a set of
environments and 𝑒 is an expression. If∀Γ ∈ Δ, Γ ⊢ 𝑒 , then ≥𝑟 (Δ) ⊢ 𝑒 .

In our approach, SPARQL operators impose constraints on vari-

able representations. Let’s take the FILTER operator as an example.

When using comparison operators (like <, >, =, !=) in a FILTER

clause, we can only compare actual values - we cannot compare

condensed graph identifiers (𝜁 ) or internal identifiers (𝜄) directly.

Therefore, when using FILTER, we must promote any variables

of type 𝜁 or 𝜄 to the 𝜈 representation by resolving them to their

actual values. This promotion ensures the variables can be properly

compared in filter conditions. In the case of the JOIN operator, it is

necessary for the joined variables to be of the same type in order to

apply the appropriate join operation. If the variables are of different

types, they need to be promoted to a common type.

Definition 4.14 (Optimal representation). We note that 𝑅∗ (𝑒) is
the optimal environment for the expression 𝑒 . It is the environment

where all the variables are promoted to the lowest representation.

We define the function 𝑅∗
: E → (VAR → R) such that:

𝑅∗ (𝑒) = ⊓Δ ({Γ | Γ ⊢ 𝑒}) (3)

Example 4.15. Let’s consider the SPARQL query 1 below.

Query 1: Get all the building heights for a specific named
graph

SELECT ?height WHERE {

GRAPH ?vng {

?s building:height ?height

}

?vng v:is-version-of ng:Gr-Lyon .

}

The optimal environment at the quad pattern operator is

{(?𝑠, 𝜄), (?ℎ𝑒𝑖𝑔ℎ𝑡, 𝜄), (?𝑣𝑛𝑔, 𝜁 )}.

Definition 4.16 (Value translation). Let 𝜏𝑟{𝑟 ′ (𝑣𝑎𝑙𝑢𝑒𝑅 (𝑟 )) be a

function that returns the set of values in the representation 𝑟 ′ that
are equivalent to the value in the representation 𝑟 . The function

𝜏𝑟{𝑟 ′ (𝑣𝑎𝑙𝑢𝑒𝑅 (𝑟 )) is defined as:

𝜏𝜓{𝜁 (•) ={(𝑛,𝑉 ) | 𝜄𝑡𝑜𝜈 (𝑛) ∈ T𝑔 ∧𝑉 ⊆ 𝑉 (𝑑)}
𝜏𝜁{𝜄 ((𝑛,𝑉 )) ={𝑛′ | ∃𝑣 ∈ 𝑉 : 𝑉 𝐼 (𝑣, 𝜄𝑡𝑜𝜈 (𝑛)) = 𝜄𝑡𝑜𝜈 (𝑛′)}

𝜏𝜄{𝜈 (𝑛) ={𝜄𝑡𝑜𝜈 (𝑛)}
(4)

Definition 4.17 (Type downgrade of a variable’s mapping). Let
↓𝑣𝑎𝑟
𝑟→𝑟 ′ (𝑚) be a function that returns the condensed mappings

where the variable 𝑣𝑎𝑟 is reduced to the representation 𝑟 ′. The
function ↓𝑣𝑎𝑟

𝑟→𝑟 ′ (𝑚) is defined as:

↓𝑣𝑎𝑟Γ→Γ′ (𝑚) = [𝑚′ |{
𝑚′ (𝑣𝑎𝑟 ′) =𝑚 (𝑣𝑎𝑟 ) if 𝑣𝑎𝑟 ≠ 𝑣𝑎𝑟 ′

𝑚′ (𝑣𝑎𝑟 ) ∈ 𝜏Γ (𝑣𝑎𝑟 ){Γ′ (𝑣𝑎𝑟 ) (𝑚 (𝑣𝑎𝑟 )) otherwise

]
(5)

Definition 4.18 (Type reduction of a solution sequence). Let ↓𝑣𝑎𝑟
𝑟→𝑟 ′

(𝑠𝑒𝑞) be a function that returns the condensed solution sequence

where the variable 𝑣𝑎𝑟 is reduced to the representation 𝑟 ′. The
function ↓𝑣𝑎𝑟

𝑟→𝑟 ′ (𝑠𝑒𝑞) is defined as:

↓𝑣𝑎𝑟Γ→Γ′ (𝑠𝑒𝑞) =
����
𝑚 ∈𝑠𝑒𝑞 (↓

𝑣𝑎𝑟
𝑟→𝑟 ′ (𝑚)) (6)

Definition 4.19 (Condensed solution sequence’s variable transla-
tion). The translation function ↓𝑣𝑎𝑟Γ→Γ′ is used to translate the vari-

able representation of a solution sequence from an environment Γ
to another environment Γ′. It is defined as follows:

↓𝑣𝑎𝑟Γ→Γ′ (𝑠𝑒𝑞) = ↓𝑣𝑎𝑟Γ→Γ′ ( [𝑚1, . . . ,𝑚𝑛])
= ↓𝑣𝑎𝑟Γ (𝑣𝑎𝑟 )→Γ′ (𝑣𝑎𝑟 ) (𝑚1) ∥ . . . ∥ ↓𝑣𝑎𝑟Γ (𝑣𝑎𝑟 )→Γ′ (𝑣𝑎𝑟 ) (𝑚𝑛)
=
����
𝑚 ∈𝑠𝑒𝑞 (↓

𝑣𝑎𝑟
Γ (𝑣𝑎𝑟 )→Γ′ (𝑣𝑎𝑟 ) (𝑚))

(7)

Where ∥ is the concatenation operator that concatenates two so-

lution sequences, and

����
is the function that concatenates all the

solution sequences in the list.

Definition 4.20 (Environment transformation). The environment

transformation function ↓𝑟 : ((VAR → R) × (VAR → R)) →
(A𝐶 → A𝐶 ) is used to transform the variable representation to a

target representation. This function takes two environments (i.e.,

two ways of associating variables to representations) and constructs

a transformation that converts all variables from the old environ-

ment to the new environment. For each variable whose represen-

tation changes, a specific translation operation is applied to that
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variable. All these operations are then composed to obtain the

overall transformation. It is defined as follows:

↓𝑟 (Γ, Γ′) = ⃝{𝑣𝑎𝑟 |Γ (𝑣𝑎𝑟 )≠Γ′ (𝑣𝑎𝑟 ) } ↓𝑣𝑎𝑟Γ→Γ′ if Γ <𝑟 Γ′ (8)

4.3.4 Metadata operators. The metadata operators are used to ma-

nipulate and query the metadata associated with versioned named

graphs. These operators work together to provide fine-grained con-

trol over which versions and graphs are included in query results.

They are particularly useful when working with versioned RDF

datasets where we need to access data from specific versions or

named graphs. A detailed ontology of the versioning operators is

shown in Figure 5 in the appendix.

Versioned IRI restriction operator. Given a SPARQL GRAPH opera-

tor, we can restrict the versioned graph tomatch a specific versioned

IRI. The versioned IRI restriction operator vi-restriction is used in

conjunction with the GRAPH keyword in SPARQL queries.

𝑣𝑖 − 𝑟𝑒𝑠𝑡𝑟 is a function that takes a versioned IRI and returns the

singleton that contains the couple (𝑛,𝑉 ) where 𝑛 is the identifier of

the named graph,𝑉 the singleton containing the variable associated

to the versioned named graph, and 𝜄𝑡𝑜𝜈 the function that converts

an RDF identifier to its value.

The expression of this operator is defined as follows:

vi-restr : 𝑉 𝐼 → 2
(N×2V )

vi-restr : 𝑣𝑖 ↦→ {(𝑛, {𝑣}) | 𝑉 𝐼 (𝑣, 𝑡𝑔) = 𝑣𝑖 ∧ 𝜄𝑡𝑜𝜈 (𝑛) = 𝑡𝑔}
(9)

Example 4.21. We can restrict the versioned graph using a ver-

sioned IRI shown in the SPARQL query 2 defined below. This query

retrieves all the building heights for a specific versioned named

graph <vng:Gr-Lyon-v1>.

Query 2: Get all the building heights for a specific versioned
graph

SELECT ?height WHERE {

GRAPH <vng:Gr-Lyon-v1> {

?s building:height ?height

}

}

Graph restriction operator. Given a SPARQL GRAPH operator, we

can restrict the graph by setting the named graph. The graph re-

striction operator vngs-of is used in conjunction with the triple

pattern inside the metadata graph in SPARQL queries.

Example 4.22. We can restrict the graph by setting the named

graph linked to the versioned graph shown in the SPARQL query 1

previously defined. This query retrieves all the building heights for

a specific named graph ng:Gr-Lyon.
Given the flat dataset in Table 2, the result of this query is:

[{ℎ𝑒𝑖𝑔ℎ𝑡 ↦→ 10.5}, {ℎ𝑒𝑖𝑔ℎ𝑡 ↦→ 9.1}, {ℎ𝑒𝑖𝑔ℎ𝑡 ↦→ 10.5}, {ℎ𝑒𝑖𝑔ℎ𝑡 ↦→
15}].

vngs-of : T𝑔 → N × 2
V

vngs-of : 𝑡𝑔 ↦→ {(𝑛,𝑉𝑡𝑔 ) | 𝜄𝑡𝑜𝜈 (𝑛) = 𝑡𝑔 ∧𝑉𝑡𝑔 = {𝑣 ∈ 𝑉 (𝑑) | 𝑡𝑔 present in 𝑣}}
(10)

Version restriction operator. Given a SPARQL GRAPH operator,

we can restrict the version by setting the version. The version

restriction operator vngs-in is used in conjunction with the triple

pattern inside the metadata graph in SPARQL queries.

vngs-in : V → 2
(N×2V )

vngs-in : 𝑣 ↦→ {(𝑛, {𝑣}) | 𝜄𝑡𝑜𝜈 (𝑛) = 𝑡𝑔 ∧ 𝑡𝑔 ∈ T𝑔}
(11)

Example 4.23. We can restrict the version by setting the version

linked to the versioned graph described in the SPARQL query 3

below. This query retrieves all the building heights for a specific

version v:1.

Query 3: Get all building heights for a specific version
SELECT ?height WHERE {

GRAPH ?vng {

?s building:height ?height

}

?vng v:in-version v:1 .

}

The result of this query is: [{ℎ𝑒𝑖𝑔ℎ𝑡 ↦→ 10.5}, {ℎ𝑒𝑖𝑔ℎ𝑡 ↦→ 9.1}].

4.3.5 Typing rules.

Expression typing. Γ ⊢ 𝑒 : 𝑟 , if assuming that the variables are

representable as defined in Γ, 𝑒 can evaluate to a value that can be

represented by 𝑟 .

The expression typing rules determine the variable representa-

tion of a SPARQL expression. We define the SPARQL expressions

typing rules. A premise (judgment) is a statement or an assertion

on a given abstract syntax tree. An inference rule denoted by (𝑅𝑢𝑙𝑒)
is given by

𝑃1,...,𝑃𝑛
𝐶𝑜𝑛𝑐

where 𝑃1, . . . , 𝑃𝑛 are the premises and 𝐶𝑜𝑛𝑐 is

the conclusion (composed of one judgment).

Terms :

Γ ⊢ 𝑒 : 𝜈 where 𝑒 ∈ T

Variables :

Γ ⊢ 𝑥 : 𝑟
where 𝑥 ∈ 𝑉𝐴𝑅 and Γ(𝑥) = 𝑟

Functions :

Γ1 ⊢ 𝑒1 : 𝜈, . . . , Γ𝑛 ⊢ 𝑒𝑛 : 𝜈

Γ ⊢ 𝑓 (𝑒1, . . . , 𝑒𝑛) : 𝜈
where 𝑓 is a function

Equality :

Γ ⊢ 𝑒1 : 𝑟, Γ ⊢ 𝑒2 : 𝑟
Γ ⊢ 𝑒1 = 𝑒2 : 𝜈

where 𝜄 ≤𝑟 𝑟

(12)

The equality rule is used to determine the variable representation

of the equality and inequality operators. Those operators take two

expressions as input and returns a boolean value (considered as a

𝜈). The two expressions needs to be of the same type and at least

an 𝜄 to be able to compare them.

Operators typing. The typing rules are used to determine the

variable representation of the output of a SPARQL operator. In this

paper we define typing rules for selected SPARQL operators.

(𝑄𝑃 with IRI) :
Γ ⊢ 𝑄𝑃 (𝑠, 𝑝, 𝑜, 𝑥) and 𝑥 ∈ T

(𝑄𝑃 with variable) :
Γ ⊢ 𝑄𝑃 (𝑠, 𝑝, 𝑜, 𝑥) if 𝑥 ∈ D(Γ) (13)

Query 4: Concatenation of the building names by height
where the height is greater than 10

Example 4.24. SELECT ?height (GROUP_CONCAT(CONCAT("B.",

?b); separator=",") AS ?concatbuilding) WHERE {

GRAPH ?vng {
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?b height ?height .

}

FILTER(?height > 10)

} GROUP BY ?height

For certain aggregations, we need to convert the aggregated vari-

ables into 𝜈 to be able to perform the aggregation operations. For

example, for a sum operation, we need to convert the 𝜄 variables into

𝜈 to be able to perform the operation. Let’s consider the SPARQL

query in Listing 4. The grouping attributes are ?height and the ag-
gregate is GROUP_CONCAT(CONCAT("B.", ?b); separator=",").
The variable ?height is of type 𝜄 and the variable ?b is of type 𝜈 .

The equation below presents several typing rules for algebraic

operations in formal logic. Each rule describes how an expression

can be typed based on its environment and the sub-expressions or

values it contains. For each rule, the premises are the conditions

that must be met for the rule to apply, and the conclusion is the

type of the expression.

𝐽𝑜𝑖𝑛(⊲⊳) : Γ ⊢ 𝑒1, Γ ⊢ 𝑒2
Γ ⊢⊲⊳ (𝑒1, 𝑒2)

𝐹𝑖𝑙𝑡𝑒𝑟 (𝜎) : Γ ⊢ 𝑒, Γ ⊢ 𝑐 : 𝜈
Γ ⊢ 𝜎 (𝑒, 𝑐)

𝑈𝑛𝑖𝑜𝑛(∪) : Γ ⊢ 𝑒1, Γ ⊢ 𝑒2
Γ ⊢ ∪(𝑒1, 𝑒2)

𝐷𝑖 𝑓 𝑓 (\) : Γ ⊢ 𝑒1, Γ ⊢ 𝑒2, Γ ⊢ 𝑒3
Γ ⊢ \(𝑒1, 𝑒2, 𝑒3)

𝑂𝑝𝑡𝑖𝑜𝑛𝑎𝑙 ( ⊲⊳) : Γ ⊢ 𝑒1, Γ ⊢ 𝑒2, Γ ⊢ 𝑒3
Γ ⊢ ⊲⊳(𝑒1, 𝑒2, 𝑒3)

𝑃𝑟𝑜 𝑗𝑒𝑐𝑡𝑖𝑜𝑛(Π) : Γ ⊢ 𝑒
Γ ⊢ Π(𝑒, {𝑣𝑎𝑟1, . . . , 𝑣𝑎𝑟𝑛})

𝐺𝑟𝑜𝑢𝑝𝐵𝑦 (𝐺𝑟 ) : ∀1 ≤ 𝑖 ≤𝑚, Γ ⊢ 𝑒𝑖 : 𝜈, Γ ⊢ 𝑒
Γ ⊢ 𝐺𝑟 ({𝑒′

1
, . . . , 𝑒′𝑚}, 𝑒)

𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑖𝑜𝑛(𝐴𝑔𝑔) : ∀1 ≤ 𝑖 ≤ 𝑛, Γ ⊢ 𝑒𝑖 : 𝜈, Γ ⊢ 𝐺𝑟
Γ ⊢ 𝐴𝑔𝑔({𝑒1, . . . , 𝑒𝑛}, 𝐴𝑔𝑔𝐹𝑢𝑛,S,𝐺𝑟 )

𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒 𝐽𝑜𝑖𝑛(𝐴𝑔𝑔𝐽 ) : ∀1 ≤ 𝑖 ≤ 𝑘, Γ ⊢ 𝐴𝑔𝑔𝑖
Γ ⊢ 𝐴𝑔𝑔𝐽 (𝐴𝑔𝑔1, . . . , 𝐴𝑔𝑔𝑘 )

(14)

Example 4.25. Let’s consider the SPARQL query above 4. The

term 10 in the FILTER expression is of type 𝜈 .

Example 4.26. Let’s consider the SPARQL query in Listing 4. The

function FILTER is of type 𝜈 because the expression ?height >
10 is of type 𝜈 . The variable ?height is of type 𝜈 because it needs

to compare it with the term 10. In this case, the function ">" is a

function that takes two terms as input and returns a boolean value

(considered as a 𝜈).

4.3.6 Operators translation. As shown in Figure 3, the dataset is

stored in a condensed model. In order to evaluate a SPARQL query

on this condensed dataset, we need to translate the input SPARQL

query to another query language in order to make it compatible

with the condensed model. For this purpose, we will now define the

translation functions for the SPARQL operators of the flat algebra

to the condensed algebra. The translation of these operators are

done with the function 𝜏 and is defined as:

The translation of the flat quad pattern to the condensed quad

pattern is straightforward. It doesn’t require any variable type

transformation.

𝜏 (𝑄𝑃𝐹 (𝑠, 𝑝, 𝑜, 𝑔)) =𝑄𝑃𝐶 (𝑠, 𝑝, 𝑜, 𝑔) (15)

The translation of the flat join operator is done by promoting

the variables to the lowest common representation between the

two expressions.

𝜏 (⊲⊳𝐹 (𝑒1, 𝑒2)) = ⊲⊳𝐶 (↓𝑟 (𝑅∗ (𝑒1), Γ) (𝜏 (𝑒1)), ↓𝑟 (𝑅∗ (𝑒2), Γ) (𝜏 (𝑒2)))
where Γ = 𝑅∗ (⊲⊳𝐹 (𝑒1, 𝑒2))

(16)

The translation of the flat filter operator is straightforward and

doesn’t require any variable type transformation because they are

already in the lowest common representation in the flat algebra.

𝜏 (𝜎𝐹 (E, 𝑒)) = 𝜎𝐶 (E, 𝜏 (𝑒)) (17)

The translation of the flat optional operator is done by promoting

the variables to the lowest common representation between the

two joined expressions and the filter expression.

𝜏 ( ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)) = ⊲⊳𝐶 (
↓𝑟 (𝑅∗ (𝑒1), Γ) (𝜏 (𝑒1)),
↓𝑟 (𝑅∗ (𝑒2), Γ) (𝜏 (𝑒2)),
↓𝑟 (𝑅∗ (𝑒3), Γ) (𝜏 (𝑒3)))
where Γ = 𝑅∗ ( ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3))

(18)

The translation of the flat diff operator preserves the three-

argument structure without variable promotion, as the conditions

are already evaluated on 𝜈-typed variables.

𝜏 (\𝐹 (𝑒1, 𝑒2, 𝑒3)) = \𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3)) (19)

The translation of the flat union operator is done by promoting

the variables to the lowest common representation such that the

variables are of the same type.

𝜏 (∪𝐹 (𝑒1, 𝑒2)) =∪𝐶 (↓𝑟 (𝑅∗ (𝑒1), Γ) (𝜏 (𝑒1)), ↓𝑟 (𝑅∗ (𝑒2), Γ) (𝜏 (𝑒2)))
where Γ = 𝑅∗ (∪𝐹 (𝑒1, 𝑒2))

(20)

The translation of the flat group operator requires promoting

the grouping variables to their lowest common representation,

ensuring compatibility across all group expressions. The translation

is defined as follows:

𝜏 (𝐺𝑟𝐹 (E𝑛, 𝑒)) =𝐺𝑟𝐶 (
{↓𝑟 (𝑅∗ (𝑒1), Γ) (𝜏 (𝑒1)), . . . , ↓𝑟 (𝑅∗ (𝑒𝑛), Γ) (𝜏 (𝑒𝑛))},
𝜏 (𝑒))

(21)

The translation of the flat aggregation operator involves promot-

ing each aggregated expression to the appropriate representation

in the target environment. The translation is defined as follows:

𝜏 (𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 )) =𝐴𝑔𝑔𝐶 ( [↓𝑟 (𝑅∗ (𝑒1), Γ) (𝜏 (𝑒1)),
. . . , ↓𝑟 (𝑅∗ (𝑒𝑛), Γ) (𝜏 (𝑒𝑛))],
𝜏 (𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ),S, 𝜏 (𝐺𝑟𝐹 ))

(22)

The translation of the flat aggregate join operator is performed

by translating each aggregated expression individually and then
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combining them using the condensed aggregate join operator. The

translation is defined as follows:

𝜏 (𝐴𝑔𝑔𝐽𝐹 (𝐴𝑔𝑔𝐹1, . . . , 𝐴𝑔𝑔𝐹𝑛)) = 𝐴𝑔𝑔𝐽𝐶 (𝜏 (𝐴𝑔𝑔𝐹1), . . . , 𝜏 (𝐴𝑔𝑔𝐹𝑛))
(23)

The translation of the flat projection operator preserves the

projected variable set unchanged; the variable representation of

each variable is determined by the sub-expression before projection.

𝜏 (Π𝐹 (𝑒, {𝑣𝑎𝑟1, . . . , 𝑣𝑎𝑟𝑛})) = Π𝐶 (𝜏 (𝑒), {𝑣𝑎𝑟1, . . . , 𝑣𝑎𝑟𝑛}) (24)

4.4 SPARQL query evaluation
4.4.1 Algebra semantics.

Solution mapping. We define four partial functions:

• 𝑚𝜈
: VAR → 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜈) that maps a set of variables to a

set of RDF terms as defined in the "Solution mappings" of

SPARQL Query language for RDF [36].

• 𝑚𝜄
: VAR → 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜄) that maps a set of variables to a

set of term identifiers.

• 𝑚𝜁
: VAR → 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜁 ) that maps a set of variables to a

set of pairs composed of a term identifier and finite sets of

versions. This solution mapping is called versioned solution

mapping.

• 𝑚𝜓
: VAR → 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜓 ) that maps a set of variables to

the singleton that contains all the versioned named graphs

denoted {•}.
We note 𝑚 the function that returns the instances of a vari-

able in a solution mapping in the representation 𝑟 . The function

𝑚 is defined as: 𝑚 = 𝑣𝑎𝑙𝑢𝑒𝑅 (𝑟 ) where 𝑣𝑎𝑙𝑢𝑒𝑅 is the domain of

the solution mapping such that 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜈) = T , 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜄) = N,
𝑣𝑎𝑙𝑢𝑒𝑅 (𝜁 ) = N × 2

V
and 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜓 ) = {•}. We consider a mapping

valid when all variables appear only in one representation. The

domain of each representation is disjoint such that 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜈) ∩
𝑣𝑎𝑙𝑢𝑒𝑅 (𝜄) = ∅, 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜈) ∩𝑣𝑎𝑙𝑢𝑒𝑅 (𝜁 ) = ∅, 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜈) ∩𝑣𝑎𝑙𝑢𝑒𝑅 (𝜓 ) =
∅, 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜄) ∩ 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜁 ) = ∅, 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜄) ∩ 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜓 ) = ∅ and

𝑣𝑎𝑙𝑢𝑒𝑅 (𝜁 ) ∩ 𝑣𝑎𝑙𝑢𝑒𝑅 (𝜓 ) = ∅.

Definition 4.27 (Expression). An expression is composed of terms,

variables and filter functions. We inductively define E as:

𝑡 ∈ E if 𝑡 ∈ T
𝑣𝑎𝑟 ∈ E if 𝑣𝑎𝑟 ∈ 𝑉𝐴𝑅

𝑔(𝑒1, . . . , 𝑒𝑛)
⋃
𝑖 𝑉𝐴𝑅′

𝑖 if 𝑒𝑖 ∈ E
and 𝑔 is a filter function with arity 𝑛.

OR/2, AND/2 and NOT/1

are filter functions

(25)

Flat algebra semantics. The function 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) evaluates a

SPARQL expression 𝑒 over a flat dataset 𝑑𝐹 and returns a solution

sequence [𝑚𝜈
1
, . . . ,𝑚𝜈

𝑛].

Definition 4.28 (Evaluation of an expression). We build 𝑣𝑎𝑙𝑢𝑒𝑠

according to the interpretation of the "Effective Boolean Value" [35]

that is used to calculate the result of a filter expression such that

𝑡 ∈ 𝑣𝑎𝑙𝑢𝑒𝑠 if 𝑡 ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 ∨ 𝑡 ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 . We consider also that

𝑛𝑢𝑙𝑙 ∈ 𝑣𝑎𝑙𝑢𝑒𝑠 .

The function ⟦𝑡⟧ : 𝑣𝑎𝑙𝑢𝑒 is a function that returns the value of a

term 𝑡 and the function ⟦𝑔/𝑛⟧ : 𝑣𝑎𝑙𝑢𝑒𝑛 → 𝑣𝑎𝑙𝑢𝑒 is a function that

returns the value of a filter function 𝑔/𝑛 applied to 𝑛 values. They

are defined as follows:

𝑒𝑣𝑎𝑙𝑒 (𝑡,𝑚𝜈 ) =⟦𝑡⟧

𝑒𝑣𝑎𝑙𝑒 (𝑣𝑎𝑟,𝑚𝜈 ) =
{
𝑚𝜈 (𝑣𝑎𝑟 ) if 𝑣𝑎𝑟 ∈ D(𝑚𝜈 )
𝑛𝑢𝑙𝑙 otherwise

𝑒𝑣𝑎𝑙𝑒 (𝑔(𝑒1, . . . , 𝑒𝑛),𝑚𝜈 ) =⟦𝑔/𝑛⟧(𝑒𝑣𝑎𝑙𝑒 (𝑒1,𝑚𝜈 ), . . . , 𝑒𝑣𝑎𝑙𝑒 (𝑒𝑛,𝑚𝜈 ))
𝑒𝑣𝑎𝑙𝑒 (𝑒,𝑚) =𝑒𝑣𝑎𝑙𝑒 (𝑒,𝑚𝜈 )

𝑒𝑣𝑎𝑙𝑒 (𝑐𝑎𝑟𝑑,𝑚𝜈 ) =1

𝑒𝑣𝑎𝑙𝑒 (𝑐𝑎𝑟𝑑,𝑚) =
∏

𝑣𝑎𝑟 ∈𝑚𝜁

|𝑚𝜁 (𝑣𝑎𝑟 ) | ×
∏

𝑣𝑎𝑟 ∈𝑚𝜓

|𝑚𝜓 (𝑣𝑎𝑟 ) |

(26)

Example 4.29. Let’s consider the SPARQL query 4. The interpre-

tation of the filter expression is ⟦?ℎ𝑒𝑖𝑔ℎ𝑡 > 10⟧ = ⟦?ℎ𝑒𝑖𝑔ℎ𝑡⟧ > 10.

Then, the evaluation of the filter is 𝑒𝑣𝑎𝑙𝑒 (?ℎ𝑒𝑖𝑔ℎ𝑡 > 10,𝑚𝜈 ) =

⟦?ℎ𝑒𝑖𝑔ℎ𝑡⟧ > 10. The result of the filter is 𝑣𝑎𝑙𝑢𝑒𝑠 = {𝑡𝑟𝑢𝑒, 𝑓 𝑎𝑙𝑠𝑒}.

Lemma 4.30 (Invariance under mapping eqivalence). Let
𝑚1,𝑚2 be two mappings such that:

∀𝑣𝑎𝑟 ∈ 𝑉𝐴𝑅, (𝑚1 (𝑣𝑎𝑟 ) =𝑚2 (𝑣𝑎𝑟 )∨
(𝑣𝑎𝑟 ∉ D(𝑚1) ∧ 𝑣𝑎𝑟 ∉ D(𝑚2)))
∀𝑒𝑖 ∈ E, 𝑒𝑣𝑎𝑙𝑒 (𝑚1) = 𝑒𝑣𝑎𝑙𝑒 (𝑚2)

(27)

Invariance under mapping eqivalence. We proceed by in-

duction on the structure of the expression E. First, consider the
case where the expression is a variable 𝑣𝑎𝑟 and 𝑣𝑎𝑟 ∉ D(𝑚1):
𝑣𝑎𝑟 ∉ 𝑑𝑜𝑚(𝑚2) ∧ 𝑒𝑣𝑎𝑙𝑒 (𝑣𝑎𝑟,𝑚1) = 𝑛𝑢𝑙𝑙 ∧ 𝑒𝑣𝑎𝑙𝑒 (𝑣𝑎𝑟,𝑚2) = 𝑛𝑢𝑙𝑙

(28)

Next, consider the case where the expression is a variable 𝑣𝑎𝑟

and 𝑣𝑎𝑟 ∈ D(𝑚1):
𝑒𝑣𝑎𝑙𝑒 (𝑣𝑎𝑟,𝑚1) =𝑚1 (𝑣𝑎𝑟 ) ∧ 𝑒𝑣𝑎𝑙𝑒 (𝑣𝑎𝑟,𝑚2) =𝑚2 (𝑣𝑎𝑟 )∧

𝑚1 (𝑣𝑎𝑟 ) =𝑚2 (𝑣𝑎𝑟 )
(29)

□

Definition 4.31 (Evaluation of a list of expressions). We define the

function 𝑒𝑣𝑎𝑙E (E𝑛,𝑚) that evaluates a list of expressions E𝑛 as:

𝑒𝑣𝑎𝑙E (E𝑛,𝑚) = 𝑒𝑣𝑎𝑙E ({𝑒1, . . . , 𝑒𝑛},𝑚)
= [𝑒𝑣𝑎𝑙𝑒 (𝑒1,𝑚), . . . , 𝑒𝑣𝑎𝑙𝑒 (𝑒𝑛,𝑚)] (30)

Definition 4.32 (Flat grouping function). The function𝐺𝑟𝐹 (E𝑛,Ω)
is defined as:

𝐺𝑟𝐹 (E𝑛,Ω) ={𝑒𝑣𝑎𝑙E (E𝑛,𝑚
𝜈 ) → [𝑚′𝜈 | 𝑚′𝜈 ∈ Ω,

𝑒𝑣𝑎𝑙E (E𝑛,𝑚
′𝜈 ) = 𝑒𝑣𝑎𝑙E (E𝑛,𝑚

𝜈 )] | 𝑚𝜈 ∈ Ω} (31)

Example 4.33. After compiling query 4 and applying it to the

dataset 2, the function 𝐺𝑟𝐹 (E𝑛,Ω) = 𝐺𝑟𝐹 ((?ℎ𝑒𝑖𝑔ℎ𝑡),Ω), where Ω
is shown in Table 6.

Definition 4.34 (Flat aggregation function). We define the func-

tion 𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 ) that creates the results list of an
aggregation function. It is defined as:

𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 ) =
𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ( [𝑒𝑣𝑎𝑙E (E𝑛,𝑚) | 𝑚 ∈ D(𝐺𝑟𝐹 )],S)

(32)
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Table 6: Value of Ω before evaluating the flat group operation
for query 4 on dataset 2.

𝜓 𝜁 𝜄 𝜈

?b ?height ?vng
ex:bldg#1 10.5 vi:1

ex:bldg#1 10.5 vi:4

ex:bldg#1 10.5 vi:3

ex:bldg#1 11 vi:2

ex:bldg#3 15 vi:3

Where E is the list of expressions, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 is the aggregation

function and S a partial function passed to 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 representing

the parameters of the aggregation function.

Definition 4.35 (Flat aggregate join function). The result of the
aggregation is a mapping of the variables to the result of the aggre-

gation function. We note AE ::= 𝐴𝑔𝑔(E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛,S,𝐺𝑟 ) the ex-
pressions of aggregation. 𝐴𝑔𝑔𝐽𝐹 (AE𝑛) = [𝑎𝑔𝑔𝑖 → 𝑣𝑎𝑙𝑖 | 𝑘 ∈ {𝑘 ′ |
∃1 ≤ 𝑗 ≤ 𝑛, 𝑘 ′ ∈ D(𝐴𝑔𝑔𝐹 𝑗 )},∀1 ≤ 𝑖 ≤ 𝑛, (𝑘 → 𝑣𝑎𝑙𝑖 ) ∈ 𝐴𝑔𝑔𝐹𝑖 ].

Example 4.36. The result of the aggregate join (𝐴𝑔𝑔𝐽𝐹 (AE𝑛))
can be represented as follows:

Table 7: Result of 𝐴𝑔𝑔𝐽𝐹 (AE𝑛) for the example.

𝜓 𝜁 𝜄 𝜈

?1 ?2
10.5 B.ex:bldg#1,B.ex:bldg#1,B.ex:bldg#1

11 B.ex:bldg#1

15 B.ex:bldg#3

Definition 4.37 (Flat compatibility function). 𝑚𝜈
1
∼𝐹 𝑚𝜈

2
is a func-

tion that checks if two solution mappings are compatible. It is

defined as:

𝑚𝜈
1
∼𝐹 𝑚𝜈

2
= ∀𝑣𝑎𝑟 ∈ D(𝑚𝜈

1
) ∩ D(𝑚𝜈

2
),𝑚𝜈

1
(𝑣𝑎𝑟 ) =𝑚𝜈

2
(𝑣𝑎𝑟 ) (33)

In order to evaluate the join of two quads patterns, we need to

define the merge function ⋎𝐹 of two mappings. The combination

function is defined as:

⋎𝐹 (𝑚𝜈
1
,𝑚𝜈

2
) =𝑚𝜈 | 𝑚𝜈

1
∼𝐹 𝑚𝜈

2
∧ ∀𝑥 ∈ D(𝑚𝜈

1
) ∩ D(𝑚𝜈

2
),

𝑚𝜈 (𝑥) =
{
𝑚𝜈

1
(𝑥), if 𝑥 ∈ D(𝑚𝜈

1
)

𝑚𝜈
2
(𝑥), otherwise

(34)

The evaluation functions of those graph patterns are defined in

the appendix B.3.1.

Condensed algebra semantics. The function 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐸) eval-
uates a SPARQL expression 𝐸 over a condensed dataset 𝑑𝐶 and

produces a sequence of condensed solution mappings [𝑚1, . . . ,𝑚𝑛].

Definition 4.38 (Condensed grouping function). The grouping

function 𝐺𝑟𝐶 (E,Ω) is defined as:

𝐺𝑟𝐶 (E,Ω) ={𝑒𝑣𝑎𝑙E (E𝑛,𝑚) → [𝑚′ |
𝑚′ ∈ Ω, 𝑒𝑣𝑎𝑙E (E𝑛,𝑚

′) = 𝑒𝑣𝑎𝑙E (E𝑛,𝑚)] | 𝑚 ∈ Ω}
(35)

Example 4.39. After compiling query 4 and applying it to the

dataset 5, the function𝐺𝑟𝐶 (E,Ω) =𝐺𝑟𝐶 ((?ℎ𝑒𝑖𝑔ℎ𝑡),Ω), where Ω is

shown in Table 8.

Table 8: Value of Ω before evaluating the condensed group
operation for query 4 on dataset 5.

𝜓 𝜁 𝜄 𝜈

?vng ?b ?height
(6, {v:1, v:2}) 1 2

(7, {v:2}) 1 2

(7, {v:1}) 1 3

(6, {v:2}) 4 5

Definition 4.40 (Condensed aggregation function). Let’s define the
function 𝐴𝑔𝑔𝐶 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ,S,𝐺𝑟𝐶 ) that creates a list of result of
an aggregation function. It is defined as:

𝐴𝑔𝑔𝐶 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ,S,𝐺𝑟𝐶 ) =
𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ( [𝑒𝑣𝑎𝑙E ( [𝑒′1, . . . , 𝑒′𝑛, 𝑐𝑎𝑟𝑑],𝑚) | 𝑚 ∈ Ω],S) (36)

Definition 4.41 (Condensed aggregate join function). After the
group by operation, we can apply the aggregation function to the

results list. The function is defined as:

𝐴𝑔𝑔𝐽𝐶 (AE𝑛) = [𝑎𝑔𝑔𝑖 → 𝑣𝑎𝑙𝑖 |
𝑘 ∈ {𝑘 ′ | ∃1 ≤ 𝑗 ≤ 𝑛, 𝑘 ′ ∈ D(𝐴𝑔𝑔𝐶 𝑗 )},
∀1 ≤ 𝑖 ≤ 𝑛, (𝑘 → 𝑣𝑎𝑙𝑖 ) ∈ 𝐴𝑔𝑔𝐶𝑖 ]

(37)

Definition 4.42 (Condensed compatibility function). It checks com-

patibility by requiring that, for each component of the mappings,

the values or identifiers are equal for shared variables, condensed

elements have the same graph and overlapping version sets, and

unbound graphs are equal for common keys. In summary, two map-

pings are compatible if all their shared domains agree according to

these criteria. It is defined as:

𝑚1 ∼𝐶 𝑚2 = ∀𝑥 ∈ D(𝑚𝜈
1
) ∩ D(𝑚𝜈

2
),𝑚𝜈

1
(𝑥) =𝑚𝜈

2
(𝑥)∧

∀𝑥 ∈ D(𝑚𝜄
1
) ∩ D(𝑚𝜄

2
),𝑚𝜄

1
(𝑥) =𝑚𝜄

2
(𝑥),

∀𝑥 ∈ D(𝑚𝜁

1
) ∩ D(𝑚𝜁

2
),

𝑚
𝜁

1
(𝑥) = (𝑡𝑔1,𝑉1),𝑚𝜁

2
(𝑥) = (𝑡𝑔2,𝑉2), 𝑡𝑔1 = 𝑡𝑔2,

𝑉1 ∩𝑉2 ≠ ∅,∀𝑥 ∈ D(𝑚𝜓

1
) ∩ D(𝑚𝜓

2
),𝑚𝜓

1
(𝑥) =𝑚

𝜓

2
(𝑥)
(38)

A basic graph pattern inside a graph can be interpreted as a

join of two quad patterns. In order to evaluate the join of two

quad patterns, we need to define the combination of two mappings

𝑚1,𝑚2. This equation describes how to merge two mappings by

defining the resulting values for each common domain based on

the values of the original mappings. The combination function is
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defined as:

⋎𝐶 (𝑚1,𝑚2) =𝑚 | 𝑚1 ∼𝐶 𝑚2 ∧ ∀𝑥 ∈ D(𝑚𝜈
1
) ∩ D(𝑚𝜈

2
),

𝑚𝜈 (𝑥) =
{
𝑚𝜈

1
(𝑥), if 𝑥 ∈ D(𝑚𝜈

1
)

𝑚𝜈
2
(𝑥), otherwise

∀𝑥 ∈ D(𝑚𝜄
1
) ∩ D(𝑚𝜄

2
),

𝑚𝜄 (𝑥) =
{
𝑚𝜄

1
(𝑥), if 𝑥 ∈ D(𝑚𝜄

1
)

𝑚𝜄
2
(𝑥), otherwise

∀𝑥 ∈ D(𝑚𝜁

1
) ∩ D(𝑚𝜁

2
),

𝑚𝜁 (𝑥) =


𝑚

𝜁

1
(𝑥), if 𝑥 ∈ D(𝑚𝜁

1
) \ D(𝑚𝜁

2
)

𝑚
𝜁

2
(𝑥), if 𝑥 ∈ D(𝑚𝜁

2
) \ D(𝑚𝜁

1
)

(𝑡𝑔1,𝑉1 ∩𝑉2), otherwise
where𝑚

𝜁

1
(𝑥) = (𝑡𝑔1,𝑉1) ∧𝑚

𝜁

2
(𝑥) = (𝑡𝑔2,𝑉2)

∀𝑥 ∈ D(𝑚𝜓

1
) ∩ D(𝑚𝜓

2
),𝑚𝜓 (𝑥) =𝑚

𝜓

1
(𝑥)

(39)

The compatibility function ∼ and the merge function ⋎𝐶 are

used to evaluate the join expression. The evaluation functions of

those graph patterns are defined in the appendix B.3.2.

4.4.2 Results equivalence.

Definition 4.43 (Represents). Let 𝜈𝑚 (𝑣𝑎𝑟 ) : VAR → 2
T
be a

function that returns the set of terms for a variable in themapping𝑚 .

We consider the injective function 𝜄𝑡𝑜𝜈 to be given as the evaluation

of a𝑚𝜄
to a𝑚𝜈

. The function 𝜈𝑚 (𝑣𝑎𝑟 ) is defined as: 𝜈𝑚 (𝑣𝑎𝑟 ) =
{𝑚𝜈 (𝑣𝑎𝑟 )}, if 𝑣𝑎𝑟 ∈ D(𝑚𝜈 )
{𝜄𝑡𝑜𝜈 (𝑚𝜄 (𝑣𝑎𝑟 ))}, if 𝑣𝑎𝑟 ∈ D(𝑚𝜄)
{𝑉 𝐼 (𝑣, 𝑡𝑔) | (𝑡𝑔,𝑉 ) =𝑚𝜁 (𝑣𝑎𝑟 ) ∧ 𝑣 ∈ 𝑉 }, if 𝑣𝑎𝑟 ∈ D(𝑚𝜁 )
{𝑉 𝐼 (𝑣, 𝑡𝑔) | 𝑣 ∈ V ∧ 𝑡𝑔 ∈ T𝑔}, if 𝑣𝑎𝑟 ∈ D(𝑚𝜓 )

(40)

Example 4.44. Let𝑚 = {𝑚𝜈 ↦→ (),𝑚𝜄 ↦→ (?𝑏 ↦→ 4, ?ℎ𝑒𝑖𝑔ℎ𝑡 ↦→
5),𝑚𝜁 ↦→ (?𝑣𝑛𝑔 ↦→ (6, {v:2})),𝑚𝜓 ↦→ ()}.

Then 𝜈𝑚 (?𝑏) = {ex:bldg#3}, 𝜈𝑚 (?ℎ𝑒𝑖𝑔ℎ𝑡) = {15}, 𝜈𝑚 (?𝑣𝑛𝑔) =

{𝑉 𝐼 (v:2, 6) = 𝑣𝑖 : 3}.

Definition 4.45 (Flattening of a condensed solution mapping). We

write𝑚𝐹 the mapping that is of the form𝑚𝐹 ∈ 𝑑𝐹 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣).
Let Ξ be a function that returns the sequence of all flat solution

mappings for a condensed solution mapping. The function Ξ is

defined as:

Ξ(𝑚) = [𝑚𝐹 | D(𝑚𝐹 ) = D(𝑚𝜈 ) ∪ D(𝑚𝜄) ∪ D(𝑚𝜁 ) ∪ D(𝑚𝜓 )∧
∀𝑣𝑎𝑟 ∈ D(𝑚𝐹 ),𝑚𝐹 (𝑣𝑎𝑟 ) ∈ 𝜈𝑚 (𝑣𝑎𝑟 )]

(41)

Definition 4.46 (Permutation of a sequence). Let 𝜋 (𝑠𝑒𝑞) the func-
tion that returns all the permutations of a sequence where 𝑆𝑛 is

the symmetric group on 𝑛 elements, i.e., the set of all permuta-

tions from the set {1, . . . , 𝑛} to itself. The function 𝜋 is defined as:

𝜋 (𝑠𝑒𝑞) = 𝜋 ( [𝑚1, . . . ,𝑚𝑛]) = {[𝑚𝜎 (1) , . . . ,𝑚𝜎 (𝑛) ] | 𝜎 ∈ 𝑆𝑛}.

Lemma 4.47 (Canonical representation of an evaluation).

If 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒) then 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ, Γ′) (𝑒)).

The proof is provided in Appendix B.3.3.

Theorem 4.48 (Evaluation eqivalence). Let a flat algebra
𝐴𝐹 , a condensed algebra 𝐴𝐶 such that 𝐴𝐶 = 𝜏 (𝐴𝐹 ) and a dataset 𝑑

and its associated representations 𝑑𝐹 and 𝑑𝐶 then 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝐹 ) �
𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝐹 )).

The proof is provided in Appendix B.3.3.

5 FROM THEORETICAL FOUNDATIONS TO
BENCHMARKS

5.1 Implementation of ConVer-G
The ConVer-G system is composed of several components that work

together to provide a comprehensive solution for versioned knowl-

edge representation and querying. The Quads loaDer (QuaDer) com-

ponent is responsible for loading versions of graphs into the system.

The Quads Query (QuaQue) component handles the querying of

versioned graphs using either the condensed or the flat algebra.

In its current implementation, core operators are available, in-

cluding the condensed quad pattern, join, filter, union, optional and

aggregation. The translation function is implemented to convert

SPARQL queries involving these patterns from the flat algebra into

the condensed algebra for execution.

Rather than storing version sets as explicit lists, we encode them

as bitstrings, where each bit position corresponds to a specific

version. A set bit indicates the presence of that version in the set.

This representation enables set operations—such as intersection

(bitwise AND) and union (bitwise OR)—which are usefull for the

condensed join operator. For example, joining two quads valid in

versions {v:1, v:5} and {v:1, v:10} involves a simple bitwise AND

of their bitstrings, instantly yielding the intersection {v:1}. This

approach eliminates the need for iteration over version lists.

To compare different methods for querying multiple versions of

knowledge, we benchmarked our condensed representation. This

allowed us to evaluate and contrast the approaches for querying

multiple versions simultaneously.

The benchmark measured query times, memory usage, and space

consumption for both the condensed and flat representations. These

tests provided insights into the strengths and weaknesses of each

model regarding resource usage and performance.

Experiments were conducted on the LIRIS platform PAGoDA

https://projet.liris.cnrs.fr/pagoda/latest/, which offers a stable, high-

performance, and controlled environment to ensure reliable results.

We used Argo Workflows, deployed on the PAGoDA Kubernetes

cluster, to automate and manage experiment pipelines efficiently.

A dataset with fixed numbers of versions, products, and steps was

used to ensure consistency across runs, and a fixed memory limit

was set for comparability.

The benchmarking environment provided 156 virtual CPU cores

and 896GB of RAM, distributed across three HPE Proliant servers

(DL380 and DL385 models), each with two AMD EPYC 7443 pro-

cessors (24 cores per processor, 2.85GHz, 200W).

The environment was configured as follows:

• Cluster provider: RKE2.
• Kubernetes version: 1.30.7+rke2r1.
• Architecture: Amd64.

The benchmark used these parameters:

• Number of versions in the dataset (Ve): [5,20,50,100].
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• Number of steps (St): [0,5,10]. This determined the num-

ber of products (i.e., quads) added to the dataset in each

version.

These parameters were chosen to cover a broad range of sce-

narios and ensure the results reflect real-world use cases. A carte-

sian product of the parameters generated the configurations. For

each configuration, an experiment was run and results recorded.

The benchmark results are available in the following sections, and

for reproducibility, the source code used to conduct the bench-

mark is available at https://github.com/VCityTeam/UD-knowledge-

evolution-experiment.

Each experiment deployed the components in a Kubernetes-

controlled environment, allowing precise management of memory

and CPU resources. Resource allocations for each component were:

• Processor: Virtual CPU core request: 1, Virtual CPU core

limit: 2.

• Memory allocation: Request - 4GB, Limit - 8GB.

5.2 Model - Space usage
The condensed representation may use less space than the flat

model. We conducted experiments to compare the space usage of

both models. Three plots illustrate performance and resource usage

for different types of knowledge graphs: non-evolutive, evolutive,

and highly evolutive. These visualizations provide further insight

into the comparative analysis. To ensure validity, only experiments

completed without errors were included.

Results show that the Postgres-condensed approach consistently

uses the least space across all configurations. For instance, with

50 versions and 10 steps, Postgres-condensed uses about 841MB,

compared to 2333MB for Postgres-flat, 3091MB for Blazegraph, and

13148MB for Jena. This trend holds for smaller datasets: with 5 ver-

sions and 10 steps, Postgres-condensed uses 34MB, while Postgres-

flat uses 74MB, Blazegraph 86MB, and Jena 195MB.

As the number of versions and steps increases, space usage grows

for all systems, but much more slowly for Postgres-condensed.

Blazegraph and Jena show the steepest increases, especially for

highly evolutive datasets.

5.3 Dataset query time
For the same query, the condensed representation is expected to

be faster than the flat one. We conducted experiments to compare

query times for both models.

A set of 17 queries was designed to evaluate system performance,

covering both non-aggregative and aggregative use cases. Each

query was executed 200 times, with the first 20 runs discarded to ac-

count for system warm-up, ensuring only stabilized measurements

were analyzed. Each experiment ran every query multiple times on

each component to ensure statistical significance and account for

variability.

Benchmark results for both non-aggregative and aggregative

queries reveal clear trends. For non-aggregative queries, QuaQue-

flat consistently achieves the lowest median query times in all

configurations, often outperforming other systems by a significant

margin. Blazegraph and Jena TDB generally have higher query

times, with performance degrading as the number of versions and

steps increases. QuaQue-condensed, while not as fast as QuaQue-

flat for non-aggregative queries, remains competitive and scales

better than Blazegraph and Jena TDB.

For aggregative queries, performance is more nuanced. QuaQue-

flat often provides the best median times, but in some configu-

rations, QuaQue-condensed approaches or surpasses its perfor-

mance. This suggests that the choice between condensed and flat

representations depends on the query type and dataset character-

istics. As datasets become more complex, the performance gap

between QuaQue-flat and other systems widens, especially for non-

aggregative queries.

In summary, the flat representation is generally optimal for non-

aggregative queries, while the condensed representation can be

advantageous for certain aggregative queries and scales better in

terms of space usage. Blazegraph and Jena TDB are less efficient

in both query time and scalability compared to the specialized

QuaQue implementations. QuaQue-flat queries are faster because

they operate on a simple, pre-processed table and use Hash Joins,
ideal for bulk processing. QuaQue-condensed queries are slower

due to complex data transformations performed on the fly, which

canmislead the query planner and result in inefficientNested Loop
plans, leading to suboptimal performance under real workloads.

6 DISCUSSION
Our formalization provides a solid foundation for understanding

and handling RDF versioning in a condensed representation. While

our primary motivation and examples have focused on urban data

management, the approach is generalizable to a wide range of

domains where versioned knowledge graphs are relevant, such

as biomedical informatics, digital humanities, software engineer-

ing, and scientific data management. Any application that requires

querying, and provenance tracking of evolving RDF datasets with

different POVs can benefit from the condensed representation and

associated algebra. Furthermore, several theoretical limitations

need to be addressed in future works.

6.1 Integration with Existing RDF
Infrastructure

Our formalization is designed to be compatible with existing RDF

standards and infrastructure. The condensed algebra can be im-

plemented as an extension to current RDF stores and SPARQL

engines, enabling backward compatibility and incremental adop-

tion. Integration with standards such as PROV [37] would facilitate

interoperability and provenance tracking. Furthermore, the transla-

tion layer from standard SPARQL to the condensed algebra allows

users to leverage familiar query languages while benefiting from

the performance and storage optimizations of the condensed model.

By aligning our ontology and implementation with established RDF

tools and protocols, our approach can be seamlessly incorporated

into existing workflows and infrastructures, broadening its impact

across multiple domains.

6.2 RDF standards and expressiveness
6.2.1 Integration with Existing RDF Standards. Our formalization

has not been fully integrated with existing RDF standards and tools.

This would involve aligning our versioning ontology with standards
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like PROV [37] and implementing our model in popular RDF query

engines.

6.2.2 Handling of Variable Clashes. Our current formalization does

not address variable clashes, which can lead to ambiguity and er-

rors in query evaluation. A more robust approach would involve

mechanisms to detect and resolve such clashes.

6.2.3 Blank node handling. Our formalization does not address the

handling of blank nodes, which are a common feature of RDF data.

A more comprehensive model would need to include mechanisms

for dealing with blank nodes in versioned data.

6.2.4 Limited Expressiveness of the Versioning Model. Our model is

based on a snapshot-based versioning approach, which may not be

suitable for all use cases. For example, it cannot handle continuous

changes or temporal intervals effectively.

6.3 Solution Sequences and modifiers needs
Projection modifier has been considered in our formalization. How-

ever, other modifiers such as Offset, Limit, Order, Distinct, and

Reduced are not yet supported. These modifiers are essential for

many query scenarios and will be considered in future work.

6.4 Condensed representation limitations
6.4.1 Complexity of the Condensed Representation. While the con-

densed representation offers potential storage and query optimiza-

tion benefits, it also introduces complexity in terms of model ma-

nipulation and query translation.

6.4.2 Abstraction of the level of compression.

Finite set of compression levels. Our formalization uses a finite set

of compression levels. This means that we have defined a limited

number of compression levels that our system can handle. While

this approach is sufficient for many use cases, it has certain limita-

tions. A formalization that generalizes the typing of variables for

any representation could be more advantageous. By allowing more

flexible typing, we could support a wider range of compression

levels, including intermediate levels or levels defined dynamically

based on the specific needs of the application.

From a bounded total order to a bounded lattice. Our formalization

uses a bounded total order to represent the variable representations.

While this approach is sufficient for many use cases, it has certain

limitations. A formalization that uses a bounded lattice could be

more advantageous. By allowing more flexible typing, we could

support a wider range of compression levels, including intermediate

levels or levels defined dynamically based on the specific needs of

the application.
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A STATE OF THE ART - VERSIONING
A.1 Dataset versioning

Table 9: Comparison of versioning tools by paradigms and query capabilities and area of application adapted from [21]

Tool Paradigms Queries Operators
ConVer-G[12] TB all all

Drydra[1] TB all all

OSTRICH[27] IC/CB/TB VM/DM/VQ TP/BGP/Agg

Quit Store[2] FB all all

RDF-TX[11] TB all TP/BGP/Agg

R43ples[13] CB all all

R&WBase[31] CB all TP/BGP

RBDMS CB all TP/BGP

SemVersion[33] IC VM/DM TP

stardog CB all all

v-RDFCSA[5] TB VM/DM/VQ TP

x-RDF-3X[19] TB VM/VQ TP/BGP/Agg

Operators: [TP] Triple pattern, [BGP] Basic graph pattern, [Graph] Graph name filter, [Agg] Aggregation.

B CONTRIBUTIONS
B.1 Dataset models

Table 10: Association of the identifiers with their values

identifier Value

1 ex:bldg#1

2 10.5

3 11

4 ex:bldg#3

5 15

6 ng:Gr-Lyon

7 ng:IGN

8 ex:bldg#2

9 height

B.2 Versioning ontology
B.3 Algebra semantics
B.3.1 Flat algebra semantics.

Quad pattern.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃) =


𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃𝐹 (?𝑠, ?𝑝, ?𝑜, ?𝑎𝑔)) = [𝑚 | ∃𝑡𝑔∃𝑣,𝑚 (?𝑎𝑔) =𝑉 𝐼 (𝑣, 𝑡𝑔) ∧ (𝑚 (?𝑠),𝑚 (?𝑝),𝑚 (?𝑜), 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 ]
if ?𝑎𝑔 is a variable

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃𝐹 (?𝑠, ?𝑝, ?𝑜, 𝑎𝑔)) = [𝑚 | ∃𝑡𝑔∃𝑣,𝑉 𝐼 (𝑣, 𝑡𝑔) = 𝑎𝑔 ∧ (𝑚 (?𝑠),𝑚 (?𝑝),𝑚 (?𝑜), 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 ]
if 𝑎𝑔 is an IRI

(42)

Join.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2)) = Ω (43)

D(Ω) = [𝑚 | ∃𝑚1, ∃𝑚2𝑚1 ∈ Ω1,𝑚2 ∈ Ω2,𝑚 = ⋎𝐹 (𝑚1,𝑚2)]

Ω(𝑚) =
∑︁

𝑚1∈D(Ω1 ),𝑚2∈D(Ω2 ),𝑚=⋎𝐹 (𝑚1,𝑚2 )
Ω1 (𝑚1) × Ω2 (𝑚2)
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Figure 5: Versioning ontology

Union.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) ∥ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2) (44)
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Filter.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)) = [𝑚 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) ∧ 𝑒𝑣𝑎𝑙𝑒 (E,𝑚) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒] (45)

Difference.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)) = Ω (46)

D(Ω) = [𝑚 | 𝑚 ∈ Ω1,∀𝑚2 ∈ Ω2,Ω1 = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1),Ω2 = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2),
{
¬(𝑚 ∼𝐹 𝑚2)
𝑚 ∼𝐹 𝑚2 ∧ 𝑒𝑣𝑎𝑙𝑒 ({𝑒3},⋎𝐹 (𝑚,𝑚2)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒

]

Ω(𝑚) = \𝐹 (Ω1,Ω2, 𝑒3) (𝑚) = Ω1 (𝑚)

Left outer join (optional).

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝜎𝐹 ({𝑒3}, ⊲⊳𝐹 (𝑒1, 𝑒2)), \𝐹 (𝑒1, 𝑒2, 𝑒3))) (47)

Group by.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟 ) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 (E𝑛,Ω)) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 (E𝑛, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒))) (48)

Aggregation.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 )) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 ))) (49)

Aggregate join.

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽 ) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽𝐹 (AE𝑛)) = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽𝐹 (𝐴𝑔𝑔1, . . . , 𝐴𝑔𝑔𝑘 )) (50)

= 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽𝐹 (𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔1), . . . , 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝑘 )))

B.3.2 Condensed algebra semantics.

Quad pattern.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑄𝑃) =


𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑄𝑃𝐶 (?𝑠, ?𝑝, ?𝑜, ?𝑎𝑔)) =


[𝑚 | ∃𝑡𝑔∃𝑉 ,𝑚𝜁 (?𝑎𝑔) = (𝑡𝑔,𝑉 ) ∧ 𝑑𝐶 (𝑚𝜄 (?𝑠),𝑚𝜄 (?𝑝),𝑚𝜄 (?𝑜), 𝑡𝑔) =𝑉 ∧𝑉 ≠ ∅]
if ?𝑎𝑔 ≠?𝑠∨?𝑎𝑔 ≠?𝑝∨?𝑎𝑔 ≠?𝑜

[𝑚 | ∃𝑡𝑔∃𝑣,𝑚𝜄 (?𝑎𝑔) =𝑉 𝐼 (𝑣, 𝑡𝑔) ∧ 𝑣 ∈ 𝑑𝐶 (𝑚𝜄 (?𝑠),𝑚𝜄 (?𝑝),𝑚𝜄 (?𝑜), 𝑡𝑔)]
otherwise

if ?𝑎𝑔 is a variable

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑄𝑃𝐶 (?𝑠, ?𝑝, ?𝑜, 𝑎𝑔)) = [𝑚 | ∃𝑡𝑔∃𝑣,𝑉 𝐼 (𝑣, 𝑡𝑔) = 𝑎𝑔 ∧ (𝑚𝜄 (?𝑠),𝑚𝜄 (?𝑝),𝑚𝜄 (?𝑜), 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 ] if 𝑎𝑔 is an IRI

(51)

Join.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝑒1, 𝑒2)) = Ω (52)

D(Ω) = [𝑚 | ∃𝑚1, ∃𝑚2,𝑚1 ∈ Ω1,𝑚2 ∈ Ω2,𝑚 = ⋎𝐶 (𝑚1,𝑚2)]

Ω(𝑚) =
∑︁

𝑚1∈D(Ω1 ),𝑚2∈D(Ω2 ),𝑚=⋎𝐶 (𝑚1,𝑚2 )
Ω1 (𝑚1) × Ω2 (𝑚2)

Union.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝑒1, 𝑒2)) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1) ∥ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒2) (53)

Filter.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎𝐶 (E, 𝑒)) = [𝑚 | 𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒) ∧ 𝑒𝑣𝑎𝑙𝑒 (E,𝑚) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒] (54)

Difference.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \𝐶 (𝑒1, 𝑒2, 𝑒3)) = Ω (55)

D(Ω) = [𝑚1 | 𝑚1 ∈ Ω1,∀𝑚2 ∈ Ω2,Ω1 = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1),Ω2 = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒2),
{
¬(𝑚1 ∼𝐶 𝑚2)
𝑚1 ∼𝐶 𝑚2 ∧ 𝑒𝑣𝑎𝑙𝑒 ({𝑒3},⋎𝐶 (𝑚1,𝑚2)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒

]

Ω(𝑚) = \𝐶 (Ω1,Ω2, 𝑒3) (𝑚) = Ω1 (𝑚)

Left outer join (optional).

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝑒1, 𝑒2, 𝑒3)) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜎𝐶 ({𝑒3}, ⊲⊳𝐶 (𝑒1, 𝑒2)), \𝐶 (𝑒1, 𝑒2, 𝑒3))) (56)
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Group by.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟 ) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟𝐶 (E𝑛,Ω)) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟𝐶 (E𝑛, 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒))) (57)

Aggregation.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐶 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ,S,𝐺𝑟𝐶 )) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐶 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ,S, 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟𝐶 ))) (58)

Aggregate join.

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐽 ) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐽𝐶 (AE𝑛)) = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐽𝐶 (𝐴𝑔𝑔1, . . . , 𝐴𝑔𝑔𝑘 )) (59)

= 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐽𝐶 (𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔1), . . . , 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝑘 )))

B.3.3 Results equivalence.

Canonical representation of an evaluation. Let’s use the condensed algebra 𝐴𝐶 = 𝜏 (𝐴𝐹 ) be the condensed algebra expression

derived from a flat algebra expression 𝐴𝐹 after its translation. The lemma states: If 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝐶 ) then 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟
(Γ, Γ′) (𝐴𝐶 )).

The proof proceeds by induction on the number of elementary variable representation transformations required to get from Γ to Γ′. An
elementary transformation changes the representation of a single variable to the next representation in the defined order𝜓 <𝑟 𝜁 <𝑟 𝜄 <𝑟 𝜈 .

Base Case: Γ = Γ′. In this case, the number of transformations is 0. The environment transformation function ↓𝑟 (Γ, Γ′) is the identity
function when Γ = Γ′, because {𝑣𝑎𝑟 | Γ(𝑣𝑎𝑟 ) ≠ Γ′ (𝑣𝑎𝑟 )} = ∅. Thus, ↓𝑟 (Γ, Γ′) (𝑒) = 𝑒 . The lemma statement becomes: If 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒)
then 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒), which is trivially true.

Inductive Hypothesis (IH): Assume that for any pair of environments (Γ, Γ′) such that Γ <𝑟 Γ′ and the transformation ↓𝑟 (Γ, Γ′)
involves 𝑘 elementary steps, the lemma holds. That is, if 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒), then 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ, Γ′) (𝑒)).

Inductive Step: Consider a transformation ↓𝑟 (Γ, Γ′) that involves 𝑘 + 1 elementary steps, where Γ <𝑟 Γ′. We can decompose this

transformation by identifying an intermediate environment Γ1 such that Γ <𝑟 Γ1 ≤𝑟 Γ′, where ↓𝑟 (Γ, Γ1) represents a single elementary

transformation (e.g., changing the representation of the variable 𝑣𝑎𝑟0 from Γ(𝑣𝑎𝑟0) to Γ1 (𝑣𝑎𝑟0)), and ↓𝑟 (Γ1, Γ′) involves 𝑘 elementary steps.

Thus, ↓𝑟 (Γ, Γ′) (𝑒) =↓𝑟 (Γ1, Γ′) (↓𝑟 (Γ, Γ1) (𝑒)).
Let 𝑒1 =↓𝑟 (Γ, Γ1) (𝑒). The evaluation 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1) produces a solution sequence that is equivalent to applying the type downgrade

transformation ↓𝑣𝑎𝑟0Γ→Γ1
to the solution sequence resulting from 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒). Let 𝑠𝑒𝑞𝐶 = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒) and 𝑠𝑒𝑞𝐶1 = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1). By definition

of the operator ↓𝑟 on expressions, 𝑠𝑒𝑞𝐶1 is equivalent to ↓𝑣𝑎𝑟0Γ→Γ1
(𝑠𝑒𝑞𝐶 ) and ↓𝑣𝑎𝑟0Γ→Γ1

(𝑠𝑒𝑞𝐶 ) = ⃝𝑚 ∈𝑠𝑒𝑞𝐶 (↓
𝑣𝑎𝑟0
Γ→Γ1

(𝑚)).
We get 𝑠𝑒𝑞𝐹 � 𝑠𝑒𝑞𝐶 . By Definition 4.45 (Flattening) and Definition 4.46 (Permutation), this means 𝑠𝑒𝑞𝐹 is permutation-equivalent to⋃
𝑚 ∈𝑠𝑒𝑞𝐶 Ξ(𝑚).
We need to show that 𝑠𝑒𝑞𝐶 � 𝑠𝑒𝑞𝐶1 in terms of their flat representation equivalence to 𝑠𝑒𝑞𝐹 . Here we use the fact that flattening a𝑚

match gives the same set of flattened matches as if we first applied type reduction to𝑚 (𝑣𝑎𝑟0) to get a set of (potentially multiple) mappings

{𝑚′} (one for each value in 𝜏Γ (𝑣𝑎𝑟0 ){Γ1 (𝑣𝑎𝑟0 ) (𝑚 (𝑣𝑎𝑟0))), and then flattening each𝑚′
and taking their union.

That is: Ξ(𝑚) =⋃
𝑚′∈↓𝑣𝑎𝑟0Γ→Γ

1

(𝑚 ) Ξ(𝑚′). Therefore, ⋃𝑚 ∈𝑠𝑒𝑞𝐶 Ξ(𝑚) =⋃
𝑚 ∈𝑠𝑒𝑞𝐶

(⋃
𝑚′∈↓𝑣𝑎𝑟0

Γ (𝑣𝑎𝑟
0
)→Γ

1
(𝑣𝑎𝑟

0
) (𝑚 ) Ξ(𝑚′)

)
. This means 𝑠𝑒𝑞𝐹 � 𝑠𝑒𝑞𝐶1.

So, 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1).
We have 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1), and 𝑒1 =↓𝑟 (Γ, Γ1) (𝑒). The remaining part of the transformation is ↓𝑟 (Γ1, Γ′), which involves 𝑘 elementary

steps. By the IH (applied to 𝑒1 with environments Γ1 and Γ′): if 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1), then 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ1, Γ′) (𝑒1)).
Since we have established that 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑒1), we can conclude: 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ1, Γ′) (𝑒1)). Substituting 𝑒1 =↓𝑟 (Γ, Γ1) (𝑒), we

get: 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ1, Γ′) (↓𝑟 (Γ, Γ1) (𝑒))). By the compositional nature of ↓𝑟 , this is equivalent to: 𝑠𝑒𝑞𝐹 � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ↓𝑟 (Γ, Γ′) (𝑒)). This
completes the inductive step. Therefore, by the principle of induction, the lemma holds for any transformation ↓𝑟 (Γ, Γ′) where Γ <𝑟 Γ′. □

Evaluation eqivalence. We want to prove 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝐹 ) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝐹 )). Let’s proceed with the proof by induction on the

structure of SPARQL algebra operators.

Base Case: we want to show that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃𝐹 (𝑠, 𝑝, 𝑜, 𝑔)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑄𝑃𝐹 (𝑠, 𝑝, 𝑜, 𝑔))). We rewrite this formula by applying the 𝜏

function: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃𝐹 (𝑠, 𝑝, 𝑜, 𝑔)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑄𝑃𝐶 (𝑠, 𝑝, 𝑜, 𝑔)).
Let𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑄𝑃𝐹 (𝑠, 𝑝, 𝑜, 𝑔)), by definition, there exists (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔, 𝑣) ∈ 𝑑𝐹 such that:𝑚𝐹 (𝑠) = 𝑡𝑠 ,𝑚𝐹 (𝑝) = 𝑡𝑝 ,𝑚𝐹 (𝑜) = 𝑡𝑜 ,𝑚𝐹 (𝑔) =

𝑉 𝐼 (𝑣, 𝑡𝑔). We have 𝑣 ∈ 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) then (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔) ∈ D(𝑑𝐶 ). This means that𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝑄𝑃𝐶 (𝑠, 𝑝, 𝑜, 𝑔)) such that𝑚𝜄 (𝑠) = 𝑡𝑠 ,𝑚
𝜄 (𝑝) =

𝑡𝑝 ,𝑚
𝜄 (𝑜) = 𝑡𝑜 and𝑚𝜁 (𝑔) = (𝑡𝑔,𝑉 ) with 𝑉 = 𝑑𝐶 (𝑡𝑠 , 𝑡𝑝 , 𝑡𝑜 , 𝑡𝑔).

Let 𝑣𝑎𝑟 ∈ D(𝑚𝐹 ) then:
• if 𝑣𝑎𝑟 ∈ {𝑠, 𝑝, 𝑜},𝑚𝐹 (𝑣𝑎𝑟 ) =𝑚𝜄 (𝑣𝑎𝑟 ) ∧𝑚𝜄 (𝑣𝑎𝑟 ) ∈ 𝜈𝑚 (𝑣𝑎𝑟 ).
• if 𝑣𝑎𝑟 = 𝑔,𝑚𝐹 = 𝑉 𝐼 (𝑣, 𝑡𝑔), 𝑣 ∈ 𝑉 ∧𝑚𝜁 (𝑣𝑎𝑟 ) = (𝑡𝑔,𝑉 ) then𝑚𝐹 (𝑣𝑎𝑟 ) ∈ 𝜈𝑚 (𝑣𝑎𝑟 ) in addition, D(𝑚𝐹 ) = D(𝑚𝜈 ) ∪ D(𝑚𝜄) ∪ D(𝑚𝜁 ) ∪

D(𝑚𝜓 ). This means that𝑚𝐹 ∈ Ξ(𝑚).
IH: we now assume that the theorem holds for subexpressions and prove it for each SPARQL algebra operator.

Inductive Step: we want to show that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)) for each operator 𝑒 in the SPARQL algebra. We will show that the

theorem holds for each operator in the SPARQL algebra.
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Join operator: we need to show that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (⊲⊳𝐹 (𝑒1, 𝑒2))). The rewriting of this formula is: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹
(𝑒1, 𝑒2)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).

Let 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2)), ∃𝑚𝐹1 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1), ∃𝑚𝐹2 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2), with 𝑚𝐹 = ⋎𝐹 (𝑚𝐹1,𝑚𝐹2). By the IH: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) �
𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)). So, ∃𝑚1 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)),𝑚𝐹1 ∈ Ξ(𝑚1).

It is given that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)). So, ∃𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)),𝑚𝐹2 ∈ Ξ(𝑚2). Since 𝑚𝐹 = ⋎𝐹 (𝑚𝐹1,𝑚𝐹2), the variables

common to𝑚𝐹1 and𝑚𝐹2 map to the same value in𝑚𝐹 .

If𝑚𝐹1 ∈ Ξ(𝑚1) and𝑚𝐹2 ∈ Ξ(𝑚2) and𝑚𝐹1 ∼𝐹 𝑚𝐹2, then it must be that𝑚1 ∼𝐶 𝑚2 (compatibility in the condensed model holds if it holds

in the flat model for the corresponding expanded mappings). Then,𝑚 = ⋎𝐶 (𝑚1,𝑚2) (the merge in the condensed model) is defined.

Moreover, 𝑚𝐹 ∈ Ξ(𝑚), since the merge operations in both models are consistent with respect to the flattening function Ξ. Thus,
𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))), and then 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).

Union operator: we want to show that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (∪𝐹 (𝑒1, 𝑒2))) We rewrite this formula: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)) �
𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).

Let𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)). This implies that either𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) or𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2).

• Case 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1): By the IH, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)). So, ∃𝑚1 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)) such that 𝑚𝐹 ∈ Ξ(𝑚1). Since
𝑚1 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)), it is also true that:𝑚1 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))) by the definition of the union operator in the condensed

algebra. Thus,𝑚𝐹 ∈ Ξ(𝑚1) ⇒𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).
• Case 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2): By the IH, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)). So, ∃𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)) such that 𝑚𝐹 ∈ Ξ(𝑚2). Since
𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)), it is also true that:𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))) by the definition of the union operator in the condensed

algebra. Thus,𝑚𝐹 ∈ Ξ(𝑚2) ⇒𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).

We suppose𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))). Then, either𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)) or𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)).
If 𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)), then by IH, for any 𝑚𝐹 ∈ Ξ(𝑚), we have 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1), and 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)). If 𝑚 ∈

𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)), then by IH, for any𝑚𝐹 ∈ Ξ(𝑚), we have𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2), and𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)).
Then, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒1, 𝑒2)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))).
Filter operator: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝜎𝐹 (E, 𝑒))) must be demonstrated. We rewrite this formula with the result of the 𝜏

function: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎𝐶 (E, 𝜏 (𝑒))).
Let𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)). By definition, this means𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) and 𝑒𝑣𝑎𝑙𝑒 (E,𝑚𝐹 ) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 . By the IH for the sub-expression 𝑒 ,

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)). So, there exists𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)) such that𝑚𝐹 ∈ Ξ(𝑚).
Because the filter condition E depends only on the values of variables, and the flattening function Ξ preserves these values (i.e., for

any 𝑚′
represented by 𝑚 , 𝑒𝑣𝑎𝑙𝑒 (E,𝑚𝐹 ) is equal to 𝑒𝑣𝑎𝑙𝑒 (E,𝑚′) for the variables in E), it follows that if 𝑒𝑣𝑎𝑙𝑒 (E,𝑚𝐹 ) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 , then

𝑒𝑣𝑎𝑙𝑒 (E,𝑚) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 also holds.

Thus,𝑚 will also satisfy the filter in the condensed algebra:𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎𝐶 (E, 𝜏 (𝑒))). This means that for every𝑚𝐹 satisfying the filter

in the flat model, there’s a corresponding𝑚 satisfying the filter in the condensed model, and𝑚𝐹 ∈ Ξ(𝑚).
Conversely, let𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎𝐶 (E, 𝜏 (𝑒))). This means𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)) and 𝑒𝑣𝑎𝑙𝑒 (E,𝑚) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 . By IH, for any𝑚𝐹 ∈ Ξ(𝑚), we

have𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒). Since 𝑒𝑣𝑎𝑙𝑒 (E,𝑚) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 , and the values relevant to E are preserved by Ξ, it holds that 𝑒𝑣𝑎𝑙𝑒 (E,𝑚𝐹 ) ∼𝐸𝐵𝑉 𝑡𝑟𝑢𝑒 .

Then,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)). This establishes that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝜎𝐹 (E, 𝑒)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜎𝐶 (E, 𝜏 (𝑒)))
Diff operator: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (\𝐹 (𝑒1, 𝑒2, 𝑒3))) must be demonstrated. We rewrite this formula with the result of the

𝜏 function: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).
Let𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)). By definition,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) and ∀𝑚′

𝐹
∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2), either𝑚𝐹 ∼𝐹 𝑚′

𝐹
does not hold, or if it does,

then it must give 𝑒𝑣𝑎𝑙𝑒 ({𝑒3},⋎𝐹 (𝑚𝐹 ,𝑚
′
𝐹
)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 .

By the IH for 𝑒1, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)). So, there exists𝑚1 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)) such that𝑚𝐹 ∈ Ξ(𝑚1).
Also, by IH for 𝑒2, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)). So for every𝑚′

𝐹
∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2), ∃𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)) such that𝑚′

𝐹
∈ Ξ(𝑚2).

It remains to show that for𝑚1, ∀𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)), either𝑚1 ∼𝐶 𝑚2 does not hold, or, if it does, then 𝑒𝑣𝑎𝑙𝑒 ({𝜏 (𝑒3)},⋎𝐶 (𝑚1,𝑚2)) ∼𝐸𝐵𝑉

𝑓 𝑎𝑙𝑠𝑒 holds. Consider any𝑚2 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)). For any𝑚′
𝐹
∈ Ξ(𝑚2): if ¬(𝑚𝐹 ∼𝐹 𝑚′

𝐹
) for all𝑚′

𝐹
∈ Ξ(𝑚2), then it implies ¬(𝑚1 ∼𝐶 𝑚2).

If there exists a𝑚′
𝐹
such that𝑚𝐹 ∼𝐹 𝑚′

𝐹
, then it must also hold that 𝑒𝑣𝑎𝑙𝑒 ({𝑒3},⋎𝐹 (𝑚𝐹 ,𝑚

′
𝐹
)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 . Because the compatibility and

evaluation of 𝑒3 are preserved between the flat and condensed models (as established in the previous proofs for Join and Filter), this entails

that 𝑒𝑣𝑎𝑙𝑒 ({𝜏 (𝑒3)},⋎𝐶 (𝑚1,𝑚2)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 . It follows that𝑚1 belongs to 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).
Conversely, let𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).
This means𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒1)) and ∀𝑚′ ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)), either ¬(𝑚 ∼𝐶 𝑚′) or (𝑚 ∼𝐶 𝑚′ ∧ 𝑒𝑣𝑎𝑙𝑒 ({𝜏 (𝑒3)},⋎𝐶 (𝑚,𝑚′)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒).
Let𝑚𝐹 ∈ Ξ(𝑚). By IH,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒1). Consider any𝑚′

𝐹
∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒2). By IH, there is a𝑚′′ ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒2)) such that𝑚′

𝐹
∈ Ξ(𝑚′′).

If ¬(𝑚 ∼𝐶 𝑚′′), this implies ∀𝑚∗
𝐹
∈ Ξ(𝑚) and𝑚∗∗

𝐹
∈ Ξ(𝑚′′), that ¬(𝑚∗

𝐹
∼𝐹 𝑚∗∗

𝐹
). Thus, ¬(𝑚𝐹 ∼𝐹 𝑚′

𝐹
).

If𝑚 ∼𝐶 𝑚′′
and 𝑒𝑣𝑎𝑙𝑒 ({𝜏 (𝑒3)},⋎𝐶 (𝑚,𝑚′′)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 , then for each corresponding pair of flat mappings𝑚𝐹 ∈ Ξ(𝑚) and𝑚′

𝐹
∈ Ξ(𝑚′′),

it follows that𝑚𝐹 ∼𝐹 𝑚′
𝐹
and also 𝑒𝑣𝑎𝑙𝑒 ({𝑒3},⋎𝐹 (𝑚𝐹 ,𝑚

′
𝐹
)) ∼𝐸𝐵𝑉 𝑓 𝑎𝑙𝑠𝑒 .

Therefore,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)). Then, we proved that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , \𝐹 (𝑒1, 𝑒2, 𝑒3)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , \𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).
Optional operator: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 ( ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3))) must be demonstrated. We rewrite this formula with the

result of the 𝜏 function: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).
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Let 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)). This implies, by definition, that 𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝑒, 𝑒′)), where 𝑒 = 𝜎𝐹 ({𝑒3}, ⊲⊳𝐹 (𝑒1, 𝑒2)) and
𝑒′ = \𝐹 (𝑒1, 𝑒2, 𝑒3). As a result, either𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) or𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒′).

• Case𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒): by the IH applied to the Filter and Join operators, we have 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)). Therefore, there
exists𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)) such that𝑚𝐹 ∈ Ξ(𝑚). Since 𝜏 (𝑒) = 𝜎𝐶 ({𝜏 (𝑒3)}, ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2))), it follows that𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)).
Thus,𝑚𝐹 is included in 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).

• Case𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒′): by IH applied to theDiff operator, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒′) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒′)). Therefore, there exists𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒′))
such that𝑚𝐹 ∈ Ξ(𝑚). Since 𝜏 (𝑒′) = \𝐹 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3)), so𝑚 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝑒), 𝜏 (𝑒′))).
Thus,𝑚𝐹 is covered by 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).

Conversely, let𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))). This implies𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,∪𝐶 (𝜏 (𝐴𝐹 ), 𝜏 (𝐵𝐹 ))).
Thus, either𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝐹 )) or𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐵𝐹 )).

• If𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝐹 )): then for all𝑚𝐹 ∈ Ξ(𝑚𝐶 ), by IH,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝐹 ). Thus,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝐴𝐹 , 𝐵𝐹 )), which means

𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)).
• If𝑚𝐶 ∈ 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐵𝐹 )): then for all𝑚𝐹 ∈ Ξ(𝑚𝐶 ), by IH,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐵𝐹 ). Thus,𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,∪𝐹 (𝐴𝐹 , 𝐵𝐹 )), which means

𝑚𝐹 ∈ 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)).

Therefore, 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , ⊲⊳𝐹 (𝑒1, 𝑒2, 𝑒3)) �
𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , ⊲⊳𝐶 (𝜏 (𝑒1), 𝜏 (𝑒2), 𝜏 (𝑒3))).

Group operator: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 (E𝑛, 𝑒)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐺𝑟𝐹 (E𝑛, 𝑒))) must be demonstrated. We rewrite this formula with the result of the

𝜏 function: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 (E𝑛, 𝑒)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟𝐶 ( [𝜏 (𝑒1), . . . , 𝜏 (𝑒𝑛)], 𝜏 (𝑒))).
Let’s consider a solution sequence Ω𝐹 = 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝑒) and its condensed equivalent Ω𝐶 = 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝑒)). By the inductive hypothesis, we

have Ω𝐹 � Ω𝐶 . This means that for every flat mapping𝑚𝐹 ∈ Ω𝐹 , there is a corresponding condensed mapping𝑚 ∈ Ω𝐶 such that𝑚𝐹 ∈ Ξ(𝑚),
and vice versa.

The Group operator partitions the solution sequence based on the values of the grouping expressions E𝑛 . In the flat model, the grouping is

performed on Ω𝐹 , while in the condensed model, it is performed on Ω𝐶 . We need to show that the resulting grouped partitions are equivalent.

Let 𝐺𝐹 =𝐺𝑟𝐹 (E𝑛,Ω𝐹 ) and 𝐺𝐶 =𝐺𝑟𝐶 ( [𝜏 (𝑒1), . . . , 𝜏 (𝑒𝑛)),Ω𝐶 ].
For any group key 𝑘 in the flat model, the corresponding group is {𝑚𝐹 | 𝑚𝐹 ∈ Ω𝐹 ∧ 𝑒𝑣𝑎𝑙E (E𝑛,𝑚𝐹 ) = 𝑘}. In the condensed model, the

group key is the same, and the group is {𝑚 | 𝑚 ∈ Ω𝐶 ∧ 𝑒𝑣𝑎𝑙E ( [𝜏 (𝑒1), . . . , 𝜏 (𝑒𝑛)],𝑚) = 𝑘}.
Since the evaluation of expressions is preserved between the flat and condensed mappings (as shown in Lemma 4.30), a flat mapping

𝑚𝐹 and its corresponding condensed mapping𝑚 will produce the same group key 𝑘 . Therefore, the set of flat mappings in a group in 𝐺𝐹

corresponds exactly to the set of flat mappings that can be generated from the condensed mappings in the corresponding group in 𝐺𝐶 .

Thus, the grouped structures are equivalent, and the theorem holds for the Group operator.

Aggregation operator:We must demonstrate that: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 )) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 ))).
This can be rewritten using the translation function 𝜏 as: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐹 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 ,S,𝐺𝑟𝐹 )) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐶 (E𝑛, 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 ,S,𝐺𝑟𝐶 )).

From the IH for the Group operator, we know that the grouped structures are equivalent: 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 ,𝐺𝑟𝐹 ) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 ,𝐺𝑟𝐶 ).
Let𝐺𝐹 and𝐺𝐶 be the grouped solution sequences for the flat and condensed models, respectively. By the inductive hypothesis, for each

group 𝑔𝐹 ∈ 𝐺𝐹 defined by a key 𝑘 , there is a corresponding group 𝑔𝐶 ∈ 𝐺𝐶 for the same key 𝑘 , such that

⋃
𝑚 ∈𝑔𝐶 Ξ(𝑚) is a permutation of 𝑔𝐹 .

The flat aggregation function 𝐴𝑔𝑔𝐹𝑢𝑛𝐹 is applied to each group 𝑔𝐹 . The condensed aggregation function 𝐴𝑔𝑔𝐹𝑢𝑛𝐶 is applied to each

group 𝑔𝐶 . We need to show that for each group, the result of the aggregation is the same.

For the COUNT aggregation, the flat model computes the number of mappings in 𝑔𝐹 . In the condensed model, for each mapping𝑚 ∈ 𝑔𝐶 , we

compute 𝑒𝑣𝑎𝑙𝑒 (𝑐𝑎𝑟𝑑,𝑚), which represents the number of flat mappings encoded by𝑚 . Summing 𝑒𝑣𝑎𝑙𝑒 (𝑐𝑎𝑟𝑑,𝑚) over all𝑚 ∈ 𝑔𝐶 yields the

same total as counting the mappings in 𝑔𝐹 , ensuring equivalence between the two models.

For other aggregations like SUM, AVG, MIN, MAX, the values are extracted from the variables. Since the Ξ function preserves the values of

the variables, the set of values passed to the aggregation function is the same for both the flat and condensed models. For example, for each

mapping𝑚𝐹 ∈ 𝑔𝐹 , there’s a corresponding𝑚 ∈ 𝑔𝐶 such that𝑚𝐹 ∈ Ξ(𝑚) and the values of the relevant variables are the same.

This equivalence is formally supported by the principles of rewriting queries with aggregation functions using views, as established in the

paper by Sarah Cohen [7], which shows that aggregations over base data can be equivalently computed over pre-aggregated views.

Therefore, for any given group key, the aggregation results will be identical. Since this holds for all groups, the entire result of the

aggregation operation is equivalent.

Aggregate join operator:We must demonstrate that 𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽𝐹 (AE𝑛)) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝜏 (𝐴𝑔𝑔𝐽𝐹 (AE𝑛))). This can be rewritten as:

𝑒𝑣𝑎𝑙𝐹 (𝑑𝐹 , 𝐴𝑔𝑔𝐽𝐹 (𝐴𝑔𝑔𝐹1, . . . , 𝐴𝑔𝑔𝐹𝑘 )) � 𝑒𝑣𝑎𝑙𝐶 (𝑑𝐶 , 𝐴𝑔𝑔𝐽𝐶 (𝜏 (𝐴𝑔𝑔𝐹1), . . . , 𝜏 (𝐴𝑔𝑔𝐹𝑘 ))).
The AggregateJoin operator, as per Definitions 4.35 and 4.41, combines the results from multiple aggregation operations based on their

common group keys. From the proof for the Aggregation operator above, we have established that the result of each flat aggregation

𝐴𝑔𝑔𝐹𝑖 is equivalent to the result of its translated condensed counterpart 𝜏 (𝐴𝑔𝑔𝐹𝑖 ) = 𝐴𝑔𝑔𝐶𝑖 . This means that for each aggregation, the set of

𝑘𝑒𝑦 → 𝑣𝑎𝑙 pairs produced by the flat evaluation is identical to the set produced by the condensed evaluation. Since both 𝐴𝑔𝑔𝐽𝐹 (AE𝑛) and
𝐴𝑔𝑔𝐽𝐶 (AE𝑛) operate on an identical set of input pairs and perform the same function of joining these pairs by their keys, their final output

must also be equivalent. Therefore, the theorem holds for the Aggregate Join operator. □
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B.4 Model - Space usage
B.4.1 Space usage. The tables below compare the storage requirements for Blazegraph, Jena TDB, QuaQue-flat and QuaQue-condensed

implementations.

Figure 6: Comparison of space usage between condensed and flat representations for a non-evolutive dataset.

Figure 7: Comparison of space usage between condensed and flat representations for a evolutive dataset.

B.5 Dataset query
B.5.1 Query time. This section presents the results of dataset query performance across different systems and configurations. The tables

below compare query execution times for both non-aggregative and aggregative queries, measured on Blazegraph, Jena TDB, QuaQue-flat,
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Figure 8: Comparison of space usage between condensed and flat representations for a highly evolutive dataset.

and QuaQue-condensed implementations. Metrics include the 75th percentile, 95th percentile, and median query times for varying dataset

sizes and version counts, providing insight into the scalability and efficiency of each approach.

Table 11: Comparison of average times for non-aggregative queries across all components.

Configuration Blazegraph Jena TDB QuaQue-condensed QuaQue-flat

Step Version 75th P. 95th P. Median 75th P. 95th P. Median 75th P. 95th P. Median 75th P. 95th P. Median

0 5 86.30 121.40 69.40 83.33 104.81 71.40 75.30 98.47 59.85 64.20 101.57 46.50
0 20 79.75 106.26 66.65 101.70 130.23 88.35 116.55 141.84 100.35 70.40 90.86 50.65
0 50 114.28 143.27 91.40 188.93 222.07 170.65 197.40 224.91 180.30 56.88 76.23 42.30
0 100 174.43 215.38 153.00 233.60 277.34 218.35 330.38 357.05 307.80 74.50 115.66 56.00
5 5 94.00 139.58 69.60 86.55 121.19 72.20 131.90 163.56 109.55 57.27 82.99 48.85
5 20 241.60 283.02 220.25 326.52 369.75 289.05 457.15 496.12 429.40 79.03 124.72 59.05
5 50 933.20 1000.39 885.45 1341.42 1460.86 1283.75 1724.75 1844.65 1648.70 59.48 82.65 44.10
10 5 110.20 138.01 96.20 97.28 129.05 85.20 162.43 208.91 138.75 57.45 82.13 43.15
10 20 426.07 530.04 377.35 535.70 637.97 486.65 640.15 721.86 599.40 86.28 135.91 65.20
10 50 1889.95 1975.68 1826.15 2358.30 2497.15 2236.75 3056.75 3200.38 2893.05 65.20 91.95 47.60

Table 12: Comparison of average times for aggregative queries across all components.

Configuration Blazegraph Jena TDB QuaQue-condensed QuaQue-flat

Step Version 75th P. 95th P. Median 75th P. 95th P. Median 75th P. 95th P. Median 75th P. 95th P. Median

0 5 71.75 113.89 56.93 72.00 103.51 53.86 60.79 103.02 45.36 67.21 104.49 48.86

0 20 45.86 64.11 41.50 57.18 95.02 42.29 74.68 122.38 50.57 77.36 117.25 53.86

0 50 71.54 136.28 53.57 69.00 98.30 53.21 48.04 81.31 37.00 51.71 79.16 37.21

0 100 48.43 70.59 41.71 83.71 137.97 58.43 74.96 126.25 53.50 70.75 103.44 46.93

5 5 77.36 152.74 52.71 59.54 96.30 42.07 70.61 100.35 49.14 60.68 92.64 46.29

5 20 101.39 128.54 88.71 97.64 154.01 73.07 101.79 139.36 71.64 81.86 137.03 56.57
5 50 404.00 459.72 368.50 222.89 268.16 203.07 232.71 280.91 218.57 58.86 95.07 44.93
10 5 81.29 131.74 65.36 59.39 87.23 42.93 79.68 152.66 51.29 46.82 75.23 34.43
10 20 235.43 303.52 170.43 147.86 207.18 109.07 123.39 163.47 103.50 80.61 138.06 53.36
10 50 730.89 803.31 704.14 353.11 379.76 332.86 560.25 617.20 536.29 74.25 106.71 63.79
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