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Abstract. The mathematical tools of physics, based on group theory,
are in permanent evolution. Major covariance groups are the orthogonal,
unitary and symplectic groups. These groups are generally expressed in
terms of real and complex matrices. Here we shall develop a new repre-
sentation of the unitary symplectic groups USp(n) in terms of Clifford
algebras constituted by tensor products of quaternion algebras called hy-
perquaternions. Concise expressions of the generators are obtained and
a concrete example USp(4) is provided. Isomorphic quaternion matrix
representations will also be used in the applications. The first applica-
tion concerns classical mechanics. The Hamiltonian formalism, Poisson
brackets and canonical transforms are related to the unitary symplectic
groups. The 1D and 2D harmonic oscillators are examined within that
framework. The second application concerns quantum mechanics. The
Schrodinger and Heisenberg equations are derived in a new hyperquater-
nionic unitary symplectic way, the complex imaginary i being replaced
by the quaternion k in phase space. The 1D and 2D quantum harmonic
oscillators are treated within that formalism. Allowing a representation
of both classical and quantum mechanics, it is hoped that the hyper-
quaternion algebras might deepen our mathematical comprehension of
the foundational principles of physics.
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1. Introduction

The mathematical modeling of physics, based on group theory, is in perma-
nent evolution [13]. Main covariance groups are the orthogonal, unitary and
symplectic groups. The importance of the symplectic group in classical and
quantum mechanics is well-known [3,8,22]. New tools such as Clifford algebras
have also been applied to these fields [4,23]. In recent years, a new represen-
tation of Clifford algebras in terms of hyperquaternions defined as a tensor
product of quaternion algebras (or subalgebra thereof) has been introduced
[14,15,17-19] and applied, in particular, to the Poincaré group, the conformal
group and to some extent to the unitary symplectic group also called compact
symplectic group [15]. Here, we shall develop more extensively, the unitary
symplectic group in terms of hyperquaternions together with physical appli-
cations. This group is particularly adapted to the formulation of problems
in various physics domains and therefore opens up potential applications in
both classical and quantum mechanics, as well as electromagnetism, signal
and image processing [10,31].
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Throughout this paper, H®™ will denote the tensor product of m quater-
nion algebras, i.e. H¥™ = H@ H® --- ®H (m terms) and will be called hy-
perquaternion algebra [20,21,27-29]. A hyperconjugation (H®™)" = (HZ™)
where ¢ is the quaternion conjugate has been defined in [15]. The isomor-
phism between the hyperquaternion algebras H®?P*! quaternionic matrices
and Clifford algebras with p integer (p > 0) has been established in [19]

H®2PH ~ My, (H) =~ Clypy2 (20,2 + 2) (1.1)

where M, (H) designates a square matrix of order n over H. Thus, a hy-
perquaternion A € H®?*! can be represented by a quaternionic matrix
Q = f(A) with Q* = f (A*) = QT where QT is the matrix transpose quater-
nion conjugate of @ [15].

The paper is structured as follows. After the introduction, we give in
the second section the standard definition of the unitary symplectic groups
in terms of quaternionic and complex matrices. In the third section, we
develop a new hyperquaternionic representation of the unitary symplectic
groups USp(n) yielding concise expressions of the generators and examine
as concrete example USp(4). The expressions of the generators and repre-
sentation modules are provided both in hyperquaternionic, quaternionic and
complex matrix forms together with a Mathematica implementation. In the
fourth section, a hyperquaternionic representation of classical mechanics is
presented. The Poisson brackets are derived within the Hamiltonian formal-
ism. The classical 1D and 2D harmonic oscillators are discussed within that
framework. In the fifth section, a hyperquaternionic representation of quan-
tum mechanics is developed. The Schrédinger and Heisenberg equations are
introduced in a new unitary symplectic way, the complex imaginary ¢ being
replaced by the quaternionic k& in phase space. As examples, the quantum 1D
and 2D harmonic oscillators are presented within that formalism. Allowing
a representation of both classical and quantum mechanics, hyperquaternions
appear as a unifying tool for physics.

2. Background: Unitary, Symplectic and Unitary Symplectic
Groups

Here, we first recall the definitions of the unitary groups U(n) and the sym-
plectic groups Sp(2n). Then we proceed to the standard definition of the
compact unitary symplectic groups USp(n) in terms of quaternionic and
complex matrices.

2.1. Unitary and symplectic groups U(n), Sp(2n)
The unitary group U(n) is the set of n X n unitary matrices, i.e. complex

matrices such that (U)T = U~! where (ﬁ)T denotes the complex conjugate
transpose of U. The unitary matrices preserve the Hermitian scalar product
with (z,y) € C”

<z,y>=<Uz,Uy>=<vy,z>. (2.1)
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One has, |det U| = 1; if det U = 1, U is called a special unitary matrix SU(n).

The symplectic group Sp(2n) is the group of 2n x 2n complex matrices S
which preserve a nondegenerate antisymmetric bilinear form, i.e. a symplectic
scalar product denoted [z | y] with (z,y) € C?"*

[z |yl =[Sz | Syl =—[y|]. (2.2)

2.2. Quaternionic matrix representation of U .Sp(n)

The quaternion algebra H is constituted by quaternions ¢ = a1 + ast + asj +
ask. The conjugate g, of g is defined by q. = a1 — asi — azj — aqk.

The compact unitary symplectic group USp(n) is generally defined as
the group of invertible quaternion n x n matrices preserving the quaternionic
scalar product, or, equivalently

USp(n) ={Ae M,(H): AA* =E,}, (2.3)

where E, is the identity matrix of order n and A* = (AC)T is the transpose
quaternion conjugate of A [6,7,9]. The group USp(n) has n(2n+1) parameters
and satisfies the relation USp(n) = U(2n) N Sp(2n, C) where the symbol =
indicates an isomorphism. The matrix A is called normal if AA* = A*A;

hermitian, if A* = A; antihermitian if A* = —A and unitary symplectic if
A*A = E, (= A*A) [23,24,30]. Important properties are
(AB)* = B*A*, (A")7'=(4"1)". (2.4)

As first example, consider the unitary symplectic group USp(1l) ex-
pressed within the quaternion algebra H [9,23]. Given a quaternion q =
a1 + a9t + asj + aqsk and its conjugate q. = a1 — a2t — asj — aqk, one can ex-
press g as a set of two complex numbers (o, 8) , ¢ = a+j8 with a = a; + ast,
B = asz — ayqt and zj = jZ where Z is the complex conjugate of z € C. The
conjugate of ¢ is given by ¢. = @ — jB. A quaternionic scalar product is
defined by

(@1 ] @2) = q1eq2 = (a1 — jB1) (a2 + jPo2)
= (oqaz + B1f2) + j (012 — azfr)
=<q | @>+jlqa | el (255)
It is the sum of a hermitian scalar product < ¢y | g2 >= (oTlag + Eﬁg) and a
symplectic scalar product [q; | ¢2] = (@182 — @281) . The quaternionic scalar
product is invariant, and thus the hermitian and symplectic forms, under the
transformations a € H  (aa. = 1)
(aq1 | ag2) = qicacaqz = qicge- (2.6)

Hence, this proves the relation USp(1) = U (2) N Sp(2,C).

The general case USp(n) is treated similarly as is done in [9]. Consider
a quaternion n X n matrix and the standard (right) vector space H" (quater-
nion scalars multipying on the right) having the basis (e1---en, €15 €nj)



Hyperquaternionic Unitary Symplectic Groups 5

over C. Let X = z° + joz"*" (and similarly Y) be an element of H" with
(a:i, "t e (C) . The quaternionic scalar product, denoted (X |Y), is

(X|Y)=X*Y = Z (E _jxn+i> (yi +jyn+i)
i=1

2n n
— Zxkyk Jrjz (:Ciyn+i . anriyi)
k=1 i=1
=< X|Y>+j[X|Y]. (2.7
2n
It is the sum of a hermitian form (X |Y) = Y z*y* and a symplectic form
k=1

n . . . .
[X | Y] =Y (2'y™"" — 2" *iy"). The quaternionic scalar product is invariant
i=1

under the transformation for A € M, (H)
(AX | AY) = (AX)" AY = X* (A*A) Y = XY (2.8)

if A*A = E,,. Hence, one has the isomorphism USp(n) = U (2n) N Sp(2n, C).
After the quaternionic matrix representation, we shall now give an iso-
morphic complex matrix representation.

2.3. Complex matrix representation of USp(n)

Quaternionic matrices can be represented as complex matrices as follows
(23,24, 30]. Rewriting the matrix A € M, (H) as A = Ay + jAs with A4; €
M, (C), one introduces the complex matrix

A=T(A) = [‘2 _Ai;? € My, (C). (2.9)

The complex representation T'(A) is an isomorphism between the matrix ring
M,, (H) into the matrix ring M, (C). One has

T(A™h) =[]

(2.10)
(2.11)
if A=1 exists. Moreover, since A* = A} — jAL one has T (A*) = [T (A)]".
Hence, if a quaternionic matrix A € M, (H) is unitary symplectic then
T (A) € My, (C) is also unitary symplectic.

The condition for a complex 2n x 2n matrix S = {ﬁl ﬁ?’} to be of
2 Ag
the type {il %2 is JSJT = S with J = [ % EO”] . The matrix S is
2 1 —4n

unitary symplectic if SS* = S*S = FEy, with S* = (?)T which entails the
relations (see Appendix A)

STJS =Jor SJST = J. (2.12)
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The eigenvalues and eigenvectors of a quaternionic matrix A are ob-
tained via the relation AX = X\ with X € H", A € C [23,24]. Developing X
as X = X; 4+ j X5 with X; € C", one has

(A1 +jA2) (X1 + 7 X5

leading to the complex matrix equation

)= (X1 +7X2) A (2.13)
(Ae )

A —Aq| | Xa| [ X
4 ] 5] < 5] 010
The quaternionic eigenvector X € H" is thus replaced by the complex vector
Xy
X
via a quaternionic unitary symplectic matrix U according to UAU* = D, the

diagonal elements of D being complex numbers of unit norm [23,24]. In the
complex representation, one obtains with D = D; + jDy (D3 = 0)

- _[Dy =Dy] [D 0
p=ro=[p 2=[" 3]

] € C?". A quaternionic unitary symplectic matrix A can be diagonalized

(2.15)

The complex representation yields the trace and the determinant of the
matrix D .

Having presented the quaternionic and complex matrix representations,
we shall now discuss the hyperquaternionic Clifford algebra representation.

3. Hyperquaternionic Representation of USp(n)

In this section, we develop a new hyperquaternionic representation of the
unitary symplectic group USp(n) within the Clifford algebra H®2P*!. The
generators of the group have a concise expression of the type U = e9:¢ with
U* = U~! where g; can be read off directly from the basis of H®?P*+1, The
trace and the determinant of the representation are derived. As example, the
group USp(4) is developed in three formalisms: hyperquaternionic, quater-
nionic and complex one [15].

3.1. General formalism

An element A of the unitary symplectic group USp(n) is a hyperquaternion
such that {A € H®?P*1 : AA* = 1} with n = 47, p integer (p > 0) and where
A* is the hyperconjugate of A. The generators of USp(n) can be expressed in
the concise form A = €99 where g; is an element of the basis of H®?P*+! con-
stituted by an odd number of quaternionic systems (2, j, k), (I, J, K) , (I,m, n)
etc.. Thus, the group USp(1) has three generators A € {ew, el?, eke} . Simi-
larly, within H®3, the hyperquaternion

A=e"'"% = cosh+iJlsinb (3.1)

satisfies A* = e7/!% = A~ and is therefore a generator of USp(4). The
number of real parameters of USp(n) with n = 4P corresponds to the number
of combinations of an odd number of distinct quaternionic systems within a
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total of 2p+ 1 systems. This yields n (2n + 1) real parameters. (See appendix
B).

The representation module of the hyperquaternion algebra H®2P*1 is
obtained as follows. Consider a left module M, u = Ae where e is a primitive
idempotent of H®? ~ My, (R) (such that e* = e,e* = ¢) and A a general
element of H®?P*! [25]. The elements u = Y u, X* (X% € H) with the basis
uq constitute a (right) vector space over H. The dual right module v = eA
has a basis v, defined in such a way that v,ug = dage [5]. A representation
of the algebra H®?PT! is given by v/ = Au (A € H®?PT1) . The trace of the

endomorphism u' = Au is defined as try; (A) = > v4 (Au,) and satisfies the
relations [5) i
trag (A+ A") =tra (A) +trag (A'),  trag (AA") =trp (A'A). (3.2)
The norm of the element A relatively to M is defined by the formula
(Aug) A (Aug) A+ A (Aup) = Nag (A) ug Aug A=+ Ay (3.3)

where A stands for the exterior product. The norm N,; satisfies the rela-
tion Ny (AA") = Ny (A) Nays (A7) and is equal to the determinant of the
endomorphism [5].

A quaternionic scalar product is defined by

(X|Y)=X"Y = (Ae)* Be = ¢ (A*B)e € H. (3.4)

If A*A =1 (for A € H®?PT1) one has the conservation of the quaternionic
scalar product

(AX | AY) = X* (A*A)Y = X*Y. (3.5)

The representation module M is isomorphic to H"™. We shall call (4,7, k)
its basis, not to be confused with the first quaternionic system of H®?P*1,
Developing the vectors X,Y of H" on C, X* = 2 4+ jz"+, Y’ = ¢ 4+ jy"*?
where the coefficients (2%, "%, y", y" ") are complex numbers, with X™* =

nt+i one finds as in the previous section

(X|Y)=X"Y = (X [Y)+j[X|Y], (3.6)

Tt — jx

2n ___ n . ) o

where (X |Y) = > zky*, [X | Y] = 3 (a'y™™ — 2" Tiy') , are respectively
k=1 i=1

a hermitian and a symplectic forms. Hence, USp(n) = U (2n) N Sp (2n,C).

3.2. Example: USp(4) group within the H®? algebra

We discuss here the H®? algebra, provide the representation module and the
explicit hyperquaternionic expression of the generators of USp(4) together
with a numerical and algebraic software. Then we develop a specific example
in hyperquaternionic, quaternionic and complex matrix form.

Consider the Clifford algebra H®? = (i, j, k) ® (I, J, K) ® (I, m,n) . Any
hyperquaternion A can be expressed as a set of sixteen (real) quaternions
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qi = a;+bil+e;m~+d;n = [a;, by, ¢;, d;] with respect to the sets ijk/IJK/Imn

A=q + 12+ Jgs + Kqa +igs +ilge +iJqr + iKqs + jqo + jIqio+
JJqu + iKqi2 + kqiz + klqua + kJqis + kKqie.  (3.7)
The multiplication can be implemented on Mathematica using its quaternion

product g; * *q; (see Appendix C).
As representation module, consider in H®? the primitive idempotent

e:i(l—il—jK—kJ) (3.8)

such that e? = e,e* = e. The left module M, u = Ae with A € H®3is a
(right) vector space over H (quaternion scalars multipying on the right),
u=Ae = u1q" + u2¢® + usq® + uaq* (qi S H) (3.9)

with the basis vectors u; = e,us = Ie,ug = Je,uy = Ke. The dual basis is
vy =uj =e,v2 = —el,v3 = —eJ, vy = —eK with voug = dage.

Taking two vectors of M, X = 1; X", Y = u;Y"* and decomposing each
of the vectors X* = z* + jaz"t, Y? = ¢ + jy»** into complex numbers
(z%,y*) € C, one obtains as above, the quaternionic scalar product

X)) =XY=(X|Y)+j[X|Y] (3.10)

2n ___ n . ) o
with (X |Y) = Y aky*, [X | Y] = 3 (a'y"™ — 2" Ty") being respectively
k=1 i=1

a hermitian and s}mplectic forms.
The group USp(4) is the group which leaves invariant the quaternionic
form and has as generators the elements A = e%% such that A* = A~! with

_f mn), (i G k), (1, K (1m,n)il,
9 e { Oid, )ik, OkI, kJ, OkK } (3.11)

where () stands for (I, m,n). The group has n (2n + 1) = 36 parameters and
USp(1),USp(2),USp(3) as subgroups [15].
As specific generator of USp(4) consider the hyperquaternion a

a=eTm = cos + ilmsinf = 1[cosh,0,0,0] +41[0,0,sin0,0]. (3.12)

The trace of the endomorphism v = au is given by tr (a) = Tv,au,
with

auy = uy (cos@ —msinf) , augz = ug (cos @ + msinf), (3.13)
auz = ug (cos@ +msin ), auy = uy (cos — msind) . (3.14)

One finds tr (a) = (4 cos ) e, hence the trace of a is equal to 4 cos 6.
The norm of a is given by

auy A aug A aug A aug = N(a)up Aug Ausg A ug (3.15)
yielding the result N (a) = 1, and thus det (a) = 1.



Hyperquaternionic Unitary Symplectic Groups 9
Concerning the quaternionic matrix representation of a = /™% one
might proceed as follows. Since H®? ~ M, (R), any element of H®? can be
expressed as a 4 x 4 real matrix M [15]. Thus

-1 0 0 O

. L 0 1 0 O
M(GI) = M(i®i) = 0 0 1 0 (3.16)

0 0 0 -1

Relabeling (I,m,n) as (4,7, k), the quaternionic representation matrix A =
f (a) is given by

cosf — jsinf 0 0 0

_ _ 0 cos + jsind 0 0

A=[(a)= 0 0 cos @ + jsinf 0
0 0 0 cosf — jsinf

(3.17)
with A* = A=! and trA =4cosf, detA=1.
The complex matrix representation is then obtained by decomposing
A = Ay + jAs into two complex 4 X 4 complex matrices (and remembering
that k = j(—1)), one has

cos 0 0 0 —sin@ 0 0 0

0 cos 0 0 0 sin 0 0 0

=1 0 st 0 |° 2| o 0 sind 0
0 0 0 cos 6 0 0 0 —sinf

(3.18)
The complex matrix representation S of a is then

S—A- [‘2 ﬂ € My(C), (3.19)

One verifies that det S = 1, tr (S) = 8cos#, SJST = J, STJS = J. The
eigenvalues and eigenvectors of S are obtained in a standard way. The other
generators of the unitary symplectic group are treated similarly.

Next, we shall proceed to applications of the unitary symplectic groups.

4. Hyperquaternionic Classical Mechanics

In this section, the Hamiltonian formalism, Poisson brackets and the canoni-
cal transforms are related to the unitary symplectic group within the quater-
nionic matrix representation. As examples, the classical harmonic 1D and
2D oscillators are discussed.

4.1. Hamiltonian, Poisson bracket and canonical transforms

The Hamiltonian formalism can be formulated within the quaternionic matrix
representation as follows. Consider the quaternionic matrices M,, (H) and the
standard (right) vector space H™ having the basis (e1, - ,en, €15 ,€nj)
over C where (4, j, k) denotes the quaternionic system. Since the basis is over
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complex numbers, one can also adopt the basis (e14, - ,eni, €17, -+ ,€nj)
satisfying the following quaternionic scalar products

(eat | egf) = (eai)* epj = —i(eyep) j = —kdap, (4.1)
(eat | epi) = (eaj | epf) =0 (a#P). (4.2)

These formulas seem to yield much of classical and quantum mechanics. The
Hamiltonian formalism is obtained as follows. Let us first consider the 1D
case with the Hamiltonian H (¢, p,t) where ¢, p,t are real variables (unless
otherwise indicated) representing respectively the position, momentum of the
particle and ¢ the time. The Hamiltonian equations read

or __on

1=, = Vel ={aH}yy p=—Fo ="Vl ={pH},, (43)

where {f, g}, , = (g—ég—g — %%Z) is the Poisson bracket. Writing X = iq +
jp, one has

X =iqg+jp=1iVp,H — jV,H
=—-k(iVyH +jV,H) = —-kVH = {X, H}q,p (4.4)
with VH = iV H + jV,H. Furthermore, {ig, jp},, = k a relation which
is of importance both in classical and quantum mechanics. Considering two
numerical functions f, g of (¢,p) one has for the quaternionic scalar product
with Vf =iV, f 4+ jV, f (similarly for Vg)
(Vf|Vyg) = (Vf)* Vg = (=iVef = jVuf) (iVeg + jV,pg)
= (VafVeg+VpfVp9) = k(VofVpg — VpfVy49)

={f.9}; —k{f.g}_ (4.5)
where {f,g}_ = {f, g} is the standard Poisson bracket [1], with
i, g}+ = (quvqg + vpfvpg) ) (4.6)

{f,9}_ = (quvpg - fovqg) .

Since the quaternion scalar product is invariant under the unitary symplectic
group, the same holds in particular for the Poisson bracket. Hence, unitary
symplectic transforms are canonical transforms which by definition conserve
the Poisson bracket.
The nD case with the Hamiltonian H(gs,pa,t) is treated similarly
n
within the (right) vector space H". Writing X = > igq + jpa Where ¢u, Po

a=1
are real variables (unless otherwise indicated), one obtains

n n
X = iga+ jpa =Y iVp,H—jVe H
a=1 n=1

= —kVH = {X,H},, (4.8)
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0q0 Opa Opa 0qa

with {f.9},, = (2522 — 2L 20 ) and VH = 3. iV, H + jV,, H. Fur-
’ a=1
thermore, one has the important relations
{i9a, s}, , = Kdap, {ida.igs},, =0, {jpa,jps},, =0 (4.9)

For two numerical functions f,g of (ga,pa), one has for the quaternionic
scalar product

(VIIVg) = (V) Vg={f9}, —k{f.9}_, (4.10)

{(£.0}: =Y (Vo FVar 9+ V. £V,.9) . (4.11)
a=1

{f.g}_ = Z (VauIVpa9d =V, [Vg.9). (4.12)
a=1

Both brackets are invariant under unitary symplectic transforms.

As concrete applications of the hyperquaternionic representation of the
unitary symplectic groups, we develop the classical 1D and 2D harmonic
oscillators.

4.2. Classical 1D harmonic oscillator

Consider the 1D harmonic oscillator having the Hamiltonian

2 2
D I 59 w(p 2\ _ W2 2
Hff2m+2qu =3 <mw+qu)2(Q +P) (4.13)

where g, p are respectively the position and momentum of the particle with
Q =+/mwq, P = \/%. Writing X = iQ + j P, we obtain

VH =iVgoH + jVpH =w (iQ + jP) = wX. (4.14)
Hence, the equation of motion reads

X = —kVH = —kwX = X (kw). (4.15)

The solution is X = XoekWt with XO = ZQO —|—jP(), QQ = \/quO,Po = \/%

Developing X, one finds
. . D
X = (’L\/ mwqo +]\/%
. . P
= 14/ qu—Fj\/ﬁ (416)

Finally, one obtains the classical result

) (coswt + ksinwt)

q = qo cos wt + Po sinwt, p = pgcoswt — mwgqo sin wt. (4.17)
mw

The solution X = Xyef* shows the explicit unitary symplectic transform
where ekt corresponds to a rotation in the phase plane (ig, jp) .
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4.3. Classical 2D harmonic oscillator
Consider a 2D harmonic oscillator with the Hamiltonian
1 1 w
H= o (pl+p3) + 5me® (i +a3) = 5 (PP + PF + Q1+ Q3)  (4.18)

where ¢;, p; are respectively the components of the position and momentum
with Q1 = Vmwqi, Q2 = mwqgs, P = \/%, Py = —22—. The Poisson
brackets are conserved

3

{iga,jas},, = {iQa,7Qp},, =0 (4.19)
{ipa,jpg}q’p = {iPCY’jPﬁ}q,p =0 (4.20)
{iQOmjpﬁ}q’p = {iQaajPﬁ}q,p = kaoz[% (421)

Hence, the transformation (qq,pa) — (Qa, Px) is & canonical unitary sym-
plectic transformation yielding the same form of Hamilton’s equations, i.e.

. 9H' oH'
«a=——, Py=———, 4.22
with H' (Qu, Pa) = H (qa, Pa) - Writing the quaternion vector X of H? as
. ~ Q1+ j P
X = ot jPy=1. g , 4.23
Y+ ir= [, i) (20
one has
N~ "\ OH' ([ OH'
X = ZZQQ +jP, = Zza—Pa + <5Qa> (4.24)
a=1 a=1
" OH'  OH'
=k i—+j— =—kVH, 4.25
;’aQa T IoE, (4.25)
where
n ,L'aH +j8H,
VH =Y iV, H' +jVp,H = | 9% 90| =wX. (4.26)
a=1 28Q2 +J OP;
Finally, the equation of motion reads
X = —kVH' = —kwX = X (kw). (4.27)
The solution is X = XyeF“! with the initial conditions
Qo1 + jPo1
Xo=1. . . 4.28
0 LQoz + ]PO2:| (4.28)

The quaternion k plays the role of a rotation operator in the phase plane
(iqas jpa) or (iQa,jPa) -

After a hyperquaternionic representation of classical mechanics, we now
develop quantum mechanics within the hyperquaternionic unitary symplectic
formalism.
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5. Hyperquaternionic Quantum Mechanics

The importance in quantum mechanics of quaternions, Clifford algebras and
symplectic groups has been recognized in [4,8]. Early efforts to formulate
a quaternionic quantum mechanics were made in [2,11,12]. Here, we shall
proceed with a specific form of Clifford algebras, i.e. hyperquaternions defined
as a tensor product of quaternion algebras. Furthermore, we shall use the
unitary symplectic groups distinct from the symplectic ones. We derive the
Schrodinger and Heisenberg equations in a new hyperquaternionic unitary
symplectic way, the complex imaginary 4 being replaced by the quaternion k
in phase space. As applications, the 1D and 2D quantum harmonic oscillators
are treated within that framework.

5.1. Schrodinger and Heisenberg equations

Quantum mechanics is generally presented in terms of a Hilbert space, a
hermitian form, unitary operators together with the Schrodinger equation
and the Heisenberg representation. The relation between the state vector
|1 (t)) and the initial vector |1 (0)) is assumed to be |1 (t)) = U |¢(0)) where
U=e "% isa unitary operator and H the Hamiltonian operator which is
here supposed to be time independent. Furthermore, one assumes the relation
lg,p] = ih.

Here, we shall proceed in analogy with the approach of classical me-
chanics described above and present a unitary symplectic formulation of
quantum mechanics. Having introduced quaternionic matrices, a quaternionic
scalar product and unitary symplectic operators, we postulate the relation

[(t)) = U |¥(0)) where

U=e "% (K =-1) (5.1)
is a unitary symplectic operator and H time independent. In particular, one
has for the time derivative

dU  —kH
dt —  ho
Deriving the above relation [¢(t)) = U [¢(0)) with respect to the time, one

obtains
dly(t))  —kH

@ - [(t)) (5.3)

(5.2)

or,
d|y(t
O gy (5.4)
which is the Schrédinger equation

Ep(t)) = H (1)) (5.5)
where E is the energy operator £ = ﬁk’%. The Schrodinger equation is thus
introduced in a natural way justifying the appearance of the hypercomplex
k. Furthermore, since the Schrédinger equation is assumed to be valid even
if H is time dependent, we shall consider the relation 5.2 to hold even if H
is time dependent, the operator U resulting from a succession of products of
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infinitesimal unitary symplectic operators. Finally, we postulate the relation

[q,p] = kh.
Denoting Ag, Ay respectively the Schrodinger and Heisenberg opera-
tors, one has for the quaternionic scalar product

()] As [4(t)) = (1(0)| U AsU [4(0)) (5.6)
where U* is the hyperquaternionic conjugate of U (U*U = 1). The Heisen-
berg operator is

Ag =U"AgU (5.7)
where Ag is a constant operator independent of the time. Rewriting the

Heisenberg operator definition as UAy = AgU and taking the time deriva-
tive, one obtains

dUu dAg dU

—kH dAy —kH
—UA —— =As|— | U. .
hUH+U I s( ﬁ)U (5.9)
After rearrangement, one has
dA
kﬁUd—tH = —HUAy + AsHU (5.10)
yielding
dA
kthH = —(U*HU) Ay + U*AsHU
= (U*AgU) (U*HU) — (U*HU) Ay
Finally, one obtains the Heisenberg equation of the operator Apy
dA
khd—tH = [Ag, Hy] . (5.12)
If As depends explicitly upon the time, the above relation becomes [26]
dAH aAS
kh—— =[Ay,H kh | —= 5.13
g~ AmHul+ <8t>H (5.13)

. DA * (DA
with () = U (%) U-
Having derived the Schrédinger and Heisenberg equations in the hyper-
quaternionic unitary symplectic formalism, we now develop the 1D and 2D
quantum harmonic oscillators within that framework.

5.2. Quantum 1D harmonic oscillator

We consider the quantum harmonic 1D oscillator in the Heisenberg repre-
sentation. The Hamiltonian is

P2 1 2 2
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where ¢, p are respectively the position and momentum operators satisfying
the relation [g, p] = kfi. The Heisenberg equations yield

dq P

kh— =|q,H| = —kh 1
% g1 = 2, (5.15)
dp _ 2

kﬁa = [p, H] = —mw*qkh (5.16)

where we have used the relation [A, BC] = [A, B]C' + B[A,C].
Introducing the operator

1
a= mwq ~+ kp) , 5.17
the Heisenberg equation gives
d
kﬁd—j = [a, H] = hwa (5.18)

or ‘é—‘; = —kwa by multiplying both sides on the left by k with k> = —1. The
solution is
a=e My = age " (5.19)

where a9 = \/ﬁ (mwqo + kpo) is a constant operator commuting with

e—kwt .

Similarly, one has with the hyperquaternion conjugate operator

1
* = — (mwq — kp), 5.20
the Heisenberg equation reads
d *
kh— = [a*, H] = —hwa (5.21)
dt
or %* = kwa* with the solution
a* = eflal = ajett. (5.22)
Introducing the operator N = a*a, one finds
ata = asek“’tefk“’tao = agjagp
1 (mw?qd | P 1
- hw 2 2 2
H 1
=— — . 5.23
T3 (5.23)
H

Similarly, one obtains aa* = £L + 1. Hence, [a,a*] = 1 and

= (s o (v Do 520

The eigenvalues and eigenvectors of H can thus be obtained from those of V.
Defining the eigenvalues and eigenvectors of N by N |n) = n|n), one finds
in the standard way [26] the relations

[N,a*] =a*, [N,a]=—a (5.25)
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and
Na*|n) =(n+1)a*|n), Naln)=(n—1)aln) (5.26)
yielding the relations
a*lny=vn+1n+1), aln)=+vnln—-1). (5.27)

The eigenvalues of H are E,, = (n + %) hw with n € N.
We obtain, as expected, the standard quantified energy levels. Next we
discuss the 2D quantum harmonic oscillator within the same framework.

5.3. Quantum 2D harmonic oscillator

Concerning the quantum harmonic 2D oscillator in the Heisenberg represen-
tation, the Hamiltonian is

2 2
pi 1 Py 1
H= (271n + 2mw2qf> + (2; + Qmqug) (5.28)

where ¢, po are respectively the position and momentum components oper-
ators satisfying the relation

[90s ps] = kb (a,5=1,2). (5.29)
The Heisenberg equations read
/cﬁ%“ = [qa, H] = %kh, (5.30)
kh‘%‘" = [pa, H] = —mw?qukh. (5.31)
Introducing the operators
Ao = ! (mwqa + kpa) , (5.32)

V2mhw

the Heisenberg equations give

kﬁ% = [aa, H] = hwaq. (5.33)

The solutions are a, = e kvt

constant operators.
Similarly, the hyperquaternion conjugate operators

1
a’ = mwie — kpa) , 5.34
o m( o — kpa) (5.34)

satisfy the Heisenberg equations

*
day,

1
aon Where ag, = T (mwqoa + kpoa) are

kh T [ar, H] = —hwa, (5.35)
with the solutions a* = ef“!a¥ . Furthermore, one has the commutation
relations [26]

[aa,ap] = [a},a] =0, [aa,a}] = dap. (5.36)

Introducing the operator N, = a},a, one has

H=(Ny + Ny + 1) hw. (5.37)
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The eigenvalues and eigenvectors of H are obtained from those of N . Defin-
ing the eigenvalues and eigenvectors of N, by N, |[na) = N4 |na) , the eigen-
values of the energy are (ny + ng + 1) hw with n, € N.

6. Conclusion

The paper has given a new representation of the unitary symplectic groups
in terms of Clifford algebras constituted by tensor products of quaternions
called hyperquaternions yielding concise expressions of the generators. A con-
crete example USp(4) has been discussed. A hyperquaternionic formulation
of classical and quantum mechanics has been presented. A simple natural
derivation of the Schrédinger and Heisenberg equations has been developed
in terms of the unitary symplectic groups, the complex imaginary i being
replaced by the quaternion k in phase space. As applications, the 1D and 2D
classical and quantum harmonic oscillators have been discussed in the hy-
perquaternionic framework. Allowing a representation of both classical and
quantum mechanics, it is hoped that the hyperquaternion algebras might
constitute a step towards a greater unification of the foundational principles
of physics.
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Appendix A
The first relation SJST = J is derived from JSJT = S and SS* = §*S =
B, with §* = (S)T. Since (JSJT)T = S*, one has
S (JSTJT) = SS* = Eap (6.1)
— (SJSTYJTJ = By, J = J. (6.2)
Finally, with JTJ = Es,,, one obtains SJST = J.
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The second relation (STJ S) = J is obtained as follows. From (S’)T S =
Es,,, one has STS = FE»,: thus
ST (J87) = S (8) = Ean (6.3)
= (8TJS)JTJ = Ey,J = J. (6.4)
Finally, (STJS) =J.

Appendix B

The number of real parameters S of USp( ) with one quaternionic system
(i,5,k) of H®! is 3CT with C% = ;. For 3 systems of quaternions (i.c.
H®3), one has S = 3C1+33C3. In the general case, within H®?P*! for USp(n)
with n = 4P and 2p + 1 quaternionic systems, the number of real parameters
is given by
3 2p+1 ~2p+1
§=3C3+(3)°Chpn+- -+ (BT O (6.5)
S can be obtained via the binomial formula
(x+a)" =2"+Claz" ' + C2a®2" 2 + CPaP2™ P + .-+ C"a™.  (6.6)

Taking x = 1 and respectively a = 3 and —3, one obtains

(143" =143C8 . +B3)C3 1+
(3)° C3pyy 4+ (3)FF O3 =421 (6.7)

(1-3)"* =1-3C3,,, +(-3)°C3, 1+
(=3)7Clpir + -+ (=)L CT = (—2) . (6.8)

Substracting the second equation from the first one, yields with n = 4P

S=_ (42p+1 +22PT) = 4P (4P2+ 1) =n(2n+1). (6.9)

Appendix C: Mathematica code, USp(4)

C1: Quaternionic matrices

AMS-LaTeX Created by Wolfram Mathematica 8.0 : www.wolfram.com

<< Quaternions
Remove[“Global*”]

(*quaternion — 4x4 — matrix : {{ql,q2, q3,q4},{d5,d6,....},{} {}}*)
(*HP : quaternion — matrix — multiplication — product*)

HP{a, bJ:={ (a[[I**6[[1]]) + (a2 *5[[5]]) + (a3 *5{[91]) + (al[ 4] 5{[13]),

(a[[1]]**[[21]) + (a[[2]]**b[[6]]) + (a[[3]]**D[[10]]) + (a[[4]]**D[[14]]),
(a[[1]]1**0[[3]]) + (a[[2]]**6[[7]]) + (al[3]]**[[11])]) + (a[[4]]**D[[15])),
(a[[1]]**0[[4]]) + (a[[2]]**b[[8]]) + (a[[3]]**B[[12]]) + (a[[4]]**b[[16])),
(a[[5]]**[[1)]) + (a[[6]]**b[[5]]) + (al[7]]**0[[9]]) + (al[8]]**D[[13]]),
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I
I

0], Quaternion|0, 0, 0, 0], Quaternion|0, 0,0, 0

uaternion|0, 0, 0, 0], Quaternion[0, 0, 0,
,0], Quaternion[Cos[#/2],0, —Sin[/2],

(e}
ot
- - P )
ST
(e}

[
]

, Quaternion[Cos[#/2], 0, +Sin[6/2],

e~~~ o~ T —

, Quaternion|0, 0, 0, 0],
, Quaternion|0, x4, p4, 0], Quaternion|0, 0, 0, 0],

, Quaternion|0, 0, 0, 0], Quaternion

—~

e S — — — — —— — —
WWMH++++HHHW T Fx T o

~ e~~~ == —_~_- L r S <f Y N )
+++DHHHH012% ﬂ“ﬂBHHNHHHHIHHlM
e e =N A=t M P PR Y TR T R e R Sl Ll =i T R
O e S e e R M a T NS ST S dg ST
SAESSSS Yy Yy g=E=ls=1 2= 122 e s s
SSSE PP rErxrx R 88 835,28 3558 8, 55599 T~
MMMHHHHMMMM_ - [ I Y B~ N I B o) | '™ nnm.om.mmmm]
e e e o m P momN eSS oS g mSma S e T S S S S eS
T~ =S 3T s s 8 T A A A A AT A~ g QMmN T ~
=== S s s s =28 u57&w26mm&7mm4a&mmw&xXOOWOO%O
S Q88— =] — 0 Oy N O o = ~, o0, et -~ - - A~ - -~ > -
(((++++++++r S=S= [ =2=] (=2=] == ] Reeegese -2
+ + + ~—— 3 383 .33 J =T~ A S 3 S gdgd g8 8h 2 Qg

e Y e NN Sl =l == == | ==&32328%283xS
oo Feree2E2 s TN s N NN s N g e e [ EESE
O === S S S S Fadaadsfaa-waanNsS s 88 sS 8888
e —— e e R R R S ) — P P I I T I | P R e e AT - SE B ¢ [
S D D ¥ ¥ X X ¥ ¥ ¥ ¥ @ S S =N == N =S 0= 8 8 8 s 8§ 4§
PP LELLSTTTR SoSsSEssZZes s z=s s ag g8 5 55T 3
e N = W=l U IS | 838 | | 88| | 88| | 1O0CCC=2CCcsC
vooanan====s o ol s a1 s ] n T e T e e e T
E T T s s s lSESl TS T e e e e e s eSS ge sl
/|\/|\(\/|\/|\/|\(\l_lITlTlTLIV 1711007117074.;1171517126M.OOOOM.OO_H|U.O
tHtt++++ ] SESSdS St S S SAF LSS SSSSESSES
e e e P e f e ol | — S S S S S S S S S S SSSSESSSISEeEssIOS
S e e e o L L 0, S TS O e e e S S S T e e
NI R I GRS il e = cdgggeadgdggeadggegegdgggedggeg g
MMHHMMM%WD%%M: 4992888888888 88888828=28288282828%7w.2828.C°8.S°8
¥ X K K K X X ¥ ¥ ¥ ¥ ..rnnnnnnnnnnnnnnnunnnnunnnn
¥ ¥ X ¥ ¥ ¥ ¥ —m—=——=r= - O B B H R R R E R R E RS S SC0E R EQE RS S
— e —— A A o e '+ O 0O 0 0 O O O O O O O O OV OV O O O O QO o O O QO
Y LY SN RACTRACTRAC TG T< B J: - g RS S S i i e = e Tt
WOWWVWRIRR2R2RASA S SN TS5 8§ 8§ § § 8§ 8§ 8§ § § § 8 8 8§ § € || § 8§ § § || § § © ©
Mﬂddqqﬂ.ﬂﬂdﬂ.WKQuuuuuuuuuuuuuuu..uuuu..uuuu

Simplify[HP[TK[X], X]]
Simplify[HP[TK[w2], w2]]

Simplify[HP[A, X]

wl:
w2:
w3:
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C2: Complex matrices

AMS-LaTeX Created by Wolfram Mathematica 8.0 : www.wolfram.com
<< Quaternions

Remove[“Global*”]

A:={{cos[0],0,0,0,sin[d],0,0,0},

{0, cos[6], 0, 0,0, —sin[6], 0,0}, {0, 0, cos[f], 0,0, 0, — sin[d], 0},

{0, 0,0, cos[d],0,0,0,sin[d]}, {—sin[d], 0, 0, 0, cos[d], 0, 0, 0},

{0,sin[6], 0,0, 0, cos[d], 0,0}, {0, 0,sin[f], 0,0, 0, cos[6], 0},

{0,0,0, —sin[f],0,0,0, cos[6]} }

J3:={{0,0,0,0,1,0,0,0},{0,0,0,0,0,1,0,0}, {0,0,0,0,0,0,1,0},
{0,0,0,0,0,0,0,1},{-1,0,0,0,0,0,0,0}, {0,-1,0,0,0,0,0,0},
{Oa 07 717 Oa Oa 07 07 0}7 {07 07 Oa 717 07 07 Oa O}}
A/ /MatrixForm
JJ/ /MatrixForm
w1l = Simplify[Det[A]]
w2:=Simplify[A.JJ. Transpose[A]]//MatrixForm
w3:=Simplify[Transpose[A].JJ.A]//MatrixForm
cosld] 0 0 0 sin[d) 0 0 0
0 cosld] 0 0 0 — sin[6] 0 0
0 0  cos[d] 0 0 0 — sin[f) 0
0 0 0 cosld] 0 0 0 sin([6)]
— sin[6] 0 0 0 cosld] 0 0 0
0 sin[d) 0 0 0 cosld] 0 0
0 0 sin[6) 0 0 0 cos|f] 0
0 0 0 — sin[f] 0 0 0 cos|d]
0 0 0 0 1 0 0 O
0 0 0 0 01 00
0 0 0 0 0010
0 0 0 0 0001
-1 0 0 0 O0O0O0O
0 -1 0 0 00 0 O
0 0 -1 0 0 0 0 O
0 0 0 -1 0000

C3: Hyperquaternion algebra H®3

See: software notebookarchive in Ref. [16].
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