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Abstract. The mathematical tools of physics, based on group theory,
are in permanent evolution. Major covariance groups are the orthogonal,
unitary and symplectic groups. These groups are generally expressed in
terms of real and complex matrices. Here we shall develop a new repre-
sentation of the unitary symplectic groups USp(n) in terms of Clifford
algebras constituted by tensor products of quaternion algebras called hy-
perquaternions. Concise expressions of the generators are obtained and
a concrete example USp(4) is provided. Isomorphic quaternion matrix
representations will also be used in the applications. The first applica-
tion concerns classical mechanics. The Hamiltonian formalism, Poisson
brackets and canonical transforms are related to the unitary symplectic
groups. The 1D and 2D harmonic oscillators are examined within that
framework. The second application concerns quantum mechanics. The
Schrödinger and Heisenberg equations are derived in a new hyperquater-
nionic unitary symplectic way, the complex imaginary i being replaced
by the quaternion k in phase space. The 1D and 2D quantum harmonic
oscillators are treated within that formalism. Allowing a representation
of both classical and quantum mechanics, it is hoped that the hyper-
quaternion algebras might deepen our mathematical comprehension of
the foundational principles of physics.
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1. Introduction

The mathematical modeling of physics, based on group theory, is in perma-
nent evolution [13]. Main covariance groups are the orthogonal, unitary and
symplectic groups. The importance of the symplectic group in classical and
quantum mechanics is well-known [3,8,22]. New tools such as Clifford algebras
have also been applied to these fields [4,23]. In recent years, a new represen-
tation of Clifford algebras in terms of hyperquaternions defined as a tensor
product of quaternion algebras (or subalgebra thereof) has been introduced
[14,15,17–19] and applied, in particular, to the Poincaré group, the conformal
group and to some extent to the unitary symplectic group also called compact
symplectic group [15]. Here, we shall develop more extensively, the unitary
symplectic group in terms of hyperquaternions together with physical appli-
cations. This group is particularly adapted to the formulation of problems
in various physics domains and therefore opens up potential applications in
both classical and quantum mechanics, as well as electromagnetism, signal
and image processing [10,31].
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Throughout this paper, H⊗m will denote the tensor product ofm quater-
nion algebras, i.e. H⊗m = H⊗H⊗ · · · ⊗H (m terms) and will be called hy-
perquaternion algebra [20, 21, 27–29]. A hyperconjugation (H⊗m)

∗
= (H⊗mc )

where c is the quaternion conjugate has been defined in [15]. The isomor-
phism between the hyperquaternion algebras H⊗2p+1, quaternionic matrices
and Clifford algebras with p integer (p > 0) has been established in [19]

H⊗2p+1 'M4p (H) ' Cl4p+2 (2p, 2p+ 2) (1.1)

where Mn (H) designates a square matrix of order n over H. Thus, a hy-
perquaternion A ∈ H⊗2p+1 can be represented by a quaternionic matrix
Q = f(A) with Q∗ = f (A∗) = QTc where QTc is the matrix transpose quater-
nion conjugate of Q [15].

The paper is structured as follows. After the introduction, we give in
the second section the standard definition of the unitary symplectic groups
in terms of quaternionic and complex matrices. In the third section, we
develop a new hyperquaternionic representation of the unitary symplectic
groups USp(n) yielding concise expressions of the generators and examine
as concrete example USp(4). The expressions of the generators and repre-
sentation modules are provided both in hyperquaternionic, quaternionic and
complex matrix forms together with a Mathematica implementation. In the
fourth section, a hyperquaternionic representation of classical mechanics is
presented. The Poisson brackets are derived within the Hamiltonian formal-
ism. The classical 1D and 2D harmonic oscillators are discussed within that
framework. In the fifth section, a hyperquaternionic representation of quan-
tum mechanics is developed. The Schrödinger and Heisenberg equations are
introduced in a new unitary symplectic way, the complex imaginary i being
replaced by the quaternionic k in phase space. As examples, the quantum 1D
and 2D harmonic oscillators are presented within that formalism. Allowing
a representation of both classical and quantum mechanics, hyperquaternions
appear as a unifying tool for physics.

2. Background: Unitary, Symplectic and Unitary Symplectic
Groups

Here, we first recall the definitions of the unitary groups U(n) and the sym-
plectic groups Sp(2n). Then we proceed to the standard definition of the
compact unitary symplectic groups USp(n) in terms of quaternionic and
complex matrices.

2.1. Unitary and symplectic groups U(n), Sp(2n)

The unitary group U(n) is the set of n × n unitary matrices, i.e. complex

matrices such that
(
U
)T

= U−1 where
(
U
)T

denotes the complex conjugate
transpose of U . The unitary matrices preserve the Hermitian scalar product
with (x, y) ∈ Cn

< x, y >=< Ux,Uy >= < y, x > . (2.1)
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One has, |detU | = 1; if detU = 1, U is called a special unitary matrix SU(n).

The symplectic group Sp(2n) is the group of 2n×2n complex matrices S
which preserve a nondegenerate antisymmetric bilinear form, i.e. a symplectic
scalar product denoted [x | y] with (x, y) ∈ C2n

[x | y] = [Sx | Sy] = − [y | x] . (2.2)

2.2. Quaternionic matrix representation of USp(n)

The quaternion algebra H is constituted by quaternions q = a1 + a2i+ a3j+
a4k. The conjugate qc of q is defined by qc = a1 − a2i− a3j − a4k.

The compact unitary symplectic group USp(n) is generally defined as
the group of invertible quaternion n×n matrices preserving the quaternionic
scalar product, or, equivalently

USp(n) = {A ∈Mn(H) : AA∗ = En} , (2.3)

where En is the identity matrix of order n and A∗ = (Ac)
T

is the transpose
quaternion conjugate of A [6,7,9]. The group USp(n) has n(2n+1) parameters
and satisfies the relation USp(n) ∼= U(2n) ∩ Sp(2n,C) where the symbol ∼=
indicates an isomorphism. The matrix A is called normal if AA∗ = A∗A;
hermitian, if A∗ = A; antihermitian if A∗ = −A and unitary symplectic if
A∗A = En (= A∗A) [23,24,30]. Important properties are

(AB)
∗

= B∗A∗, (A∗)
−1

=
(
A−1

)∗
. (2.4)

As first example, consider the unitary symplectic group USp(1) ex-
pressed within the quaternion algebra H [9, 23]. Given a quaternion q =
a1 + a2i+ a3j + a4k and its conjugate qc = a1 − a2i− a3j − a4k, one can ex-
press q as a set of two complex numbers (α, β) , q = α+jβ with α = a1 +a2i,
β = a3 − a4i and zj = jz where z is the complex conjugate of z ∈ C. The
conjugate of q is given by qc = α − jβ. A quaternionic scalar product is
defined by

(q1 | q2) = q1cq2 = (α1 − jβ1) (α2 + jβ2)

=
(
α1α2 + β1β2

)
+ j (α1β2 − α2β1)

=< q1 | q2 > +j [q1 | q2] . (2.5)

It is the sum of a hermitian scalar product < q1 | q2 >=
(
α1α2 + β1β2

)
and a

symplectic scalar product [q1 | q2] = (α1β2 − α2β1) . The quaternionic scalar
product is invariant, and thus the hermitian and symplectic forms, under the
transformations a ∈ H (aac = 1)

(aq1 | aq2) = q1cacaq2 = q1cq2. (2.6)

Hence, this proves the relation USp(1) ∼= U (2) ∩ Sp(2,C).

The general case USp(n) is treated similarly as is done in [9]. Consider
a quaternion n×n matrix and the standard (right) vector space Hn (quater-
nion scalars multipying on the right) having the basis (e1 · · · en, e1j · · · enj)
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over C. Let Xi = xi + jxn+i (and similarly Y ) be an element of Hn with(
xi, xn+i ∈ C

)
. The quaternionic scalar product, denoted (X | Y ), is

(X | Y ) = X∗Y =

n∑
i=1

(
xi − jxn+i

) (
yi + jyn+i

)
=

2n∑
k=1

xkyk + j

n∑
i=1

(
xiyn+i − xn+iyi

)
=< X | Y > +j [X | Y ] . (2.7)

It is the sum of a hermitian form 〈X | Y 〉 =
2n∑
k=1

xkyk and a symplectic form

[X | Y ] =
n∑
i=1

(
xiyn+i − xn+iyi

)
. The quaternionic scalar product is invariant

under the transformation for A ∈Mn(H)

(AX | AY ) = (AX)
∗
AY = X∗ (A∗A)Y = X∗Y (2.8)

if A∗A = En. Hence, one has the isomorphism USp(n) ∼= U (2n)∩Sp(2n,C).

After the quaternionic matrix representation, we shall now give an iso-
morphic complex matrix representation.

2.3. Complex matrix representation of USp(n)

Quaternionic matrices can be represented as complex matrices as follows
[23, 24, 30]. Rewriting the matrix A ∈ Mn(H) as A = A1 + jA2 with Ai ∈
Mn(C), one introduces the complex matrix

Ã = T (A) =

[
A1 −A2

A2 A1

]
∈M2n(C). (2.9)

The complex representation T (A) is an isomorphism between the matrix ring
Mn (H) into the matrix ring M2n (C) . One has

T (AB) = T (A)T (B) , T (En) = E2n, (2.10)

T
(
A−1

)
= [T (A)]

−1
(2.11)

if A−1 exists. Moreover, since A∗ = A∗1 − jAT2 , one has T (A∗) = [T (A)]
∗
.

Hence, if a quaternionic matrix A ∈ Mn (H) is unitary symplectic then
T (A) ∈M2n (C) is also unitary symplectic.

The condition for a complex 2n × 2n matrix S =

[
A1 A3

A2 A4

]
to be of

the type

[
A1 −A2

A2 A1

]
is JSJT = S with J =

[
0 En
−En 0

]
. The matrix S is

unitary symplectic if SS∗ = S∗S = E2n with S∗ =
(
S
)T

which entails the
relations (see Appendix A)

STJS = J or SJST = J. (2.12)
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The eigenvalues and eigenvectors of a quaternionic matrix A are ob-
tained via the relation AX = Xλ with X ∈ Hn, λ ∈ C [23,24]. Developing X
as X = X1 + jX2 with Xi ∈ Cn, one has

(A1 + jA2) (X1 + jX2) = (X1 + jX2)λ (2.13)

leading to the complex matrix equation (λ ∈ C)[
A1 −A2

A2 A1

] [
X1

X2

]
=

[
X1

X2

]
λ. (2.14)

The quaternionic eigenvector X ∈ Hn is thus replaced by the complex vector[
X1

X2

]
∈ C2n. A quaternionic unitary symplectic matrix A can be diagonalized

via a quaternionic unitary symplectic matrix U according to UAU∗ = D, the
diagonal elements of D being complex numbers of unit norm [23, 24]. In the
complex representation, one obtains with D = D1 + jD2 (D2 = 0)

D̃ = T (D) =

[
D1 −D2

D2 D1

]
=

[
D 0
0 D

]
. (2.15)

The complex representation yields the trace and the determinant of the

matrix D̃ .
Having presented the quaternionic and complex matrix representations,

we shall now discuss the hyperquaternionic Clifford algebra representation.

3. Hyperquaternionic Representation of USp(n)

In this section, we develop a new hyperquaternionic representation of the
unitary symplectic group USp(n) within the Clifford algebra H⊗2p+1. The
generators of the group have a concise expression of the type U = egiθ with
U∗ = U−1 where gi can be read off directly from the basis of H⊗2p+1. The
trace and the determinant of the representation are derived. As example, the
group USp(4) is developed in three formalisms: hyperquaternionic, quater-
nionic and complex one [15].

3.1. General formalism

An element A of the unitary symplectic group USp(n) is a hyperquaternion
such that

{
A ∈ H⊗2p+1 : AA∗ = 1

}
with n = 4p, p integer (p ≥ 0) and where

A∗ is the hyperconjugate of A. The generators of USp(n) can be expressed in
the concise form A = egiθ where gi is an element of the basis of H⊗2p+1 con-
stituted by an odd number of quaternionic systems (i, j, k) , (I, J,K) , (l,m, n)
etc.. Thus, the group USp(1) has three generators A ∈

{
eiθ, ejθ, ekθ

}
. Simi-

larly, within H⊗3, the hyperquaternion

A = eiJlθ = cos θ + iJl sin θ (3.1)

satisfies A∗ = e−iJlθ = A−1 and is therefore a generator of USp(4). The
number of real parameters of USp(n) with n = 4p corresponds to the number
of combinations of an odd number of distinct quaternionic systems within a
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total of 2p+1 systems. This yields n (2n+ 1) real parameters. (See appendix
B).

The representation module of the hyperquaternion algebra H⊗2p+1 is
obtained as follows. Consider a left module M , u = Ae where e is a primitive
idempotent of H⊗2p ' M4p (R) (such that e2 = e, e∗ = e) and A a general
element of H⊗2p+1 [25]. The elements u =

∑
uαX

α (Xα ∈ H) with the basis
uα constitute a (right) vector space over H. The dual right module v = eA
has a basis vα defined in such a way that vαuβ = δαβe [5]. A representation
of the algebra H⊗2p+1 is given by u′ = Au

(
A ∈ H⊗2p+1

)
. The trace of the

endomorphism u′ = Au is defined as trM (A) =
∑
α
vα (Auα) and satisfies the

relations [5]

trM (A+A′) = trM (A) + trM (A′) , trM (AA′) = trM (A′A) . (3.2)

The norm of the element A relatively to M is defined by the formula

(Au1) ∧ (Au2) ∧ · · · ∧ (Aun) = NM (A) .u1 ∧ u2 ∧ · · · ∧ un (3.3)

where ∧ stands for the exterior product. The norm NM satisfies the rela-
tion NM (AA′) = NM (A)NM (A′) and is equal to the determinant of the
endomorphism [5].

A quaternionic scalar product is defined by

(X | Y ) = X∗Y = (Ae)
∗
Be = e (A∗B) e ∈ H. (3.4)

If A∗A = 1 (for A ∈ H⊗2p+1), one has the conservation of the quaternionic
scalar product

(AX | AY ) = X∗ (A∗A)Y = X∗Y. (3.5)

The representation module M is isomorphic to Hn. We shall call (i, j, k)
its basis, not to be confused with the first quaternionic system of H⊗2p+1.
Developing the vectors X,Y of Hn on C, Xi = xi + jxn+i, Y i = yi + jyn+i

where the coefficients
(
xi, xn+i, yi, yn+i

)
are complex numbers, with Xi∗ =

xi − jxn+i, one finds as in the previous section

(X | Y ) = X∗Y = 〈X | Y 〉+ j [X | Y ] , (3.6)

where 〈X | Y 〉 =
2n∑
k=1

xkyk, [X | Y ] =
n∑
i=1

(
xiyn+i − xn+iyi

)
, are respectively

a hermitian and a symplectic forms. Hence, USp(n) = U (2n) ∩ Sp (2n,C) .

3.2. Example: USp(4) group within the H⊗3 algebra

We discuss here the H⊗3 algebra, provide the representation module and the
explicit hyperquaternionic expression of the generators of USp(4) together
with a numerical and algebraic software. Then we develop a specific example
in hyperquaternionic, quaternionic and complex matrix form.

Consider the Clifford algebra H⊗3 = (i, j, k)⊗ (I, J,K)⊗ (l,m, n) . Any
hyperquaternion A can be expressed as a set of sixteen (real) quaternions
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qi = ai+bil+cim+din = [ai, bi, ci, di] with respect to the sets ijk/IJK/lmn

A = q1 + Iq2 + Jq3 +Kq4 + iq5 + iIq6 + iJq7 + iKq8 + jq9 + jIq10+

jJq11 + jKq12 + kq13 + kIq14 + kJq15 + kKq16. (3.7)

The multiplication can be implemented on Mathematica using its quaternion
product qi ∗ ∗qj (see Appendix C).

As representation module, consider in H⊗2 the primitive idempotent

e =
1

4
(1− iI − jK − kJ) (3.8)

such that e2 = e, e∗ = e. The left module M , u = Ae with A ∈ H⊗3 is a
(right) vector space over H (quaternion scalars multipying on the right),

u = Ae = u1q
1 + u2q

2 + u3q
3 + u4q

4
(
qi ∈ H

)
(3.9)

with the basis vectors u1 = e, u2 = Ie, u3 = Je, u4 = Ke. The dual basis is
v1 = u∗1 = e, v2 = −eI, v3 = −eJ, v4 = −eK with vαuβ = δαβe.

Taking two vectors of M, X = uiX
i, Y = uiY

i and decomposing each
of the vectors Xi = xi + jxn+i, Y i = yi + jyn+i into complex numbers
(xα, yα) ∈ C, one obtains as above, the quaternionic scalar product

(X | Y ) = X∗Y = 〈X | Y 〉+ j [X | Y ] (3.10)

with 〈X | Y 〉 =
2n∑
k=1

xkyk, [X | Y ] =
n∑
i=1

(
xiyn+i − xn+iyi

)
being respectively

a hermitian and symplectic forms.

The group USp(4) is the group which leaves invariant the quaternionic
form and has as generators the elements A = egiθ such that A∗ = A−1 with

gi ∈
{

(l,m, n), (i, j, k), (I, J,K) , (l,m, n)iI,
()iJ, ()iK, ()kI, ()kJ, ()kK

}
(3.11)

where () stands for (l,m, n) . The group has n (2n+ 1) = 36 parameters and
USp(1), USp(2), USp(3) as subgroups [15].

As specific generator of USp(4) consider the hyperquaternion a

a = eiImθ = cos θ + iIm sin θ = 1 [cos θ, 0, 0, 0] + iI [0, 0, sin θ, 0] . (3.12)

The trace of the endomorphism u′ = au is given by tr (a) = Σvαauα
with

au1 = u1 (cos θ −m sin θ) , au2 = u2 (cos θ +m sin θ) , (3.13)

au3 = u3 (cos θ +m sin θ) , au4 = u4 (cos θ −m sin θ) . (3.14)

One finds tr (a) = (4 cos θ) e, hence the trace of a is equal to 4 cos θ.

The norm of a is given by

au1 ∧ au2 ∧ au3 ∧ au4 = N(a)u1 ∧ u2 ∧ u3 ∧ u4 (3.15)

yielding the result N (a) = 1, and thus det (a) = 1.
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Concerning the quaternionic matrix representation of a = eiImθ, one
might proceed as follows. Since H⊗2 ' M4 (R) , any element of H⊗2 can be
expressed as a 4× 4 real matrix M [15]. Thus

M(iI) = M(i⊗i) =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 . (3.16)

Relabeling (l,m, n) as (i, j, k) , the quaternionic representation matrix A =
f (a) is given by

A = f (a) =


cos θ − j sin θ 0 0 0

0 cos θ + j sin θ 0 0
0 0 cos θ + j sin θ 0
0 0 0 cos θ − j sin θ


(3.17)

with A∗ = A−1 and trA = 4 cos θ, detA = 1.
The complex matrix representation is then obtained by decomposing

A = A1 + jA2 into two complex 4 × 4 complex matrices (and remembering
that k = j(−i)), one has

A1 =


cos θ 0 0 0

0 cos θ 0 0
0 0 cos θ 0
0 0 0 cos θ

 , A2 =


− sin θ 0 0 0

0 sin θ 0 0
0 0 sin θ 0
0 0 0 − sin θ

 .
(3.18)

The complex matrix representation S of a is then

S = Ã =

[
A1 −A2

A2 A1

]
∈M8(C). (3.19)

One verifies that detS = 1, tr (S) = 8 cos θ, SJST = J , STJS = J. The
eigenvalues and eigenvectors of S are obtained in a standard way. The other
generators of the unitary symplectic group are treated similarly.

Next, we shall proceed to applications of the unitary symplectic groups.

4. Hyperquaternionic Classical Mechanics

In this section, the Hamiltonian formalism, Poisson brackets and the canoni-
cal transforms are related to the unitary symplectic group within the quater-
nionic matrix representation. As examples, the classical harmonic 1D and
2D oscillators are discussed.

4.1. Hamiltonian, Poisson bracket and canonical transforms

The Hamiltonian formalism can be formulated within the quaternionic matrix
representation as follows. Consider the quaternionic matrices Mn (H) and the
standard (right) vector space Hn having the basis (e1, · · · , en, e1j · · · , enj)
over C where (i, j, k) denotes the quaternionic system. Since the basis is over
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complex numbers, one can also adopt the basis (e1i, · · · , eni, e1j, · · · , enj)
satisfying the following quaternionic scalar products

(eαi | eβj) = (eαi)
∗
eβj = −i (e∗αeβ) j = −kδαβ , (4.1)

(eαi | eβi) = (eαj | eβj) = 0 (α 6= β) . (4.2)

These formulas seem to yield much of classical and quantum mechanics. The
Hamiltonian formalism is obtained as follows. Let us first consider the 1D
case with the Hamiltonian H (q, p, t) where q, p, t are real variables (unless
otherwise indicated) representing respectively the position, momentum of the
particle and t the time. The Hamiltonian equations read

.
q =

∂H

∂p
= ∇pH = {q,H}q,p ,

.
p = −∂H

∂q
= −∇qH = {p,H}q,p (4.3)

where {f, g}q,p =
(
∂f
∂q

∂g
∂p −

∂f
∂p

∂g
∂q

)
is the Poisson bracket. Writing X = iq +

jp, one has
.

X = i
.
q + j

.
p = i∇pH − j∇qH

= −k (i∇qH + j∇pH) = −k∇H = {X,H}q,p (4.4)

with ∇H = i∇qH + j∇pH. Furthermore, {iq, jp}q,p = k a relation which
is of importance both in classical and quantum mechanics. Considering two
numerical functions f, g of (q, p) one has for the quaternionic scalar product
with ∇f = i∇qf + j∇pf (similarly for ∇g)

(∇f | ∇g) = (∇f)
∗∇g = (−i∇qf − j∇pf) (i∇qg + j∇pg)

= (∇qf∇qg +∇pf∇pg)− k (∇qf∇pg −∇pf∇qg)

= {f, g}+ − k {f, g}− (4.5)

where {f, g}− = {f, g} is the standard Poisson bracket [1], with

{f, g}+ = (∇qf∇qg +∇pf∇pg) , (4.6)

{f, g}− = (∇qf∇pg −∇pf∇qg) . (4.7)

Since the quaternion scalar product is invariant under the unitary symplectic
group, the same holds in particular for the Poisson bracket. Hence, unitary
symplectic transforms are canonical transforms which by definition conserve
the Poisson bracket.

The nD case with the Hamiltonian H(qα, pα, t) is treated similarly

within the (right) vector space Hn. Writing X =
n∑
α=1

iqα + jpα where qα, pα

are real variables (unless otherwise indicated), one obtains

.

X =

n∑
α=1

i
.
qα + j

.
pα =

n∑
n=1

i∇pαH − j∇qαH

= −k∇H = {X,H}q,p (4.8)
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with {f, g}q,p =
(
∂f
∂qα

∂g
∂pα
− ∂f

∂pα

∂g
∂qα

)
and ∇H =

n∑
α=1

i∇qαH + j∇pαH. Fur-

thermore, one has the important relations

{iqα, jpβ}q,p = kδαβ , {iqα, iqβ}q,p = 0, {jpα, jpβ}q,p = 0. (4.9)

For two numerical functions f, g of (qα, pα), one has for the quaternionic
scalar product

(∇f | ∇g) = (∇f)
∗∇g = {f, g}+ − k {f, g}− , (4.10)

{f, g}+ =

n∑
α=1

(∇qαf∇qαg +∇pαf∇pαg) , (4.11)

{f, g}− =

n∑
α=1

(∇qαf∇pαg −∇pαf∇qαg) . (4.12)

Both brackets are invariant under unitary symplectic transforms.

As concrete applications of the hyperquaternionic representation of the
unitary symplectic groups, we develop the classical 1D and 2D harmonic
oscillators.

4.2. Classical 1D harmonic oscillator

Consider the 1D harmonic oscillator having the Hamiltonian

H =
p2

2m
+

1

2
mω2q2 =

ω

2

(
p2

mω
+mωq2

)
=
ω

2

(
Q2 + P 2

)
(4.13)

where q, p are respectively the position and momentum of the particle with
Q =

√
mωq, P = p√

mω
. Writing X = iQ+ jP, we obtain

∇H = i∇QH + j∇PH = ω (iQ+ jP ) = ωX. (4.14)

Hence, the equation of motion reads
.

X = −k∇H = −kωX = X (kω) . (4.15)

The solution is X = X0e
kωt with X0 = iQ0 + jP0, Q0 =

√
mωq0, P0 = p0√

mω
.

Developing X, one finds

X =

(
i
√
mωq0 + j

p0√
mω

)
(cosωt+ k sinωt)

= i
√
mωq + j

p√
mω

. (4.16)

Finally, one obtains the classical result

q = q0 cosωt+
p0
mω

sinωt, p = p0 cosωt−mωq0 sinωt. (4.17)

The solution X = X0e
kωt shows the explicit unitary symplectic transform

where ekωt corresponds to a rotation in the phase plane (iq, jp) .
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4.3. Classical 2D harmonic oscillator

Consider a 2D harmonic oscillator with the Hamiltonian

H =
1

2m

(
p21 + p22

)
+

1

2
mω2

(
q21 + q22

)
=
ω

2

(
P 2
1 + P 2

2 +Q2
1 +Q2

2

)
(4.18)

where qi, pi are respectively the components of the position and momentum
with Q1 =

√
mωq1, Q2 =

√
mωq2, P1 = p1√

mω
, P2 = p2√

mω
. The Poisson

brackets are conserved

{iqα, jqβ}q,p = {iQα, jQβ}q,p = 0 (4.19)

{ipα, jpβ}q,p = {iPα, jPβ}q,p = 0 (4.20)

{iqα, jpβ}q,p = {iQα, jPβ}q,p = kδαβ . (4.21)

Hence, the transformation (qα, pα) −→ (Qα, Pα) is a canonical unitary sym-
plectic transformation yielding the same form of Hamilton’s equations, i.e.

.
.

Qα =
∂H ′

∂Pα
,

.

Pα = − ∂H
′

∂Qα
, (4.22)

with H ′ (Qα, Pα) = H (qα, pα) . Writing the quaternion vector X of H2 as

X =

n∑
α=1

iQα + jPα =

[
iQ1 + jP1

iQ2 + jP2

]
, (4.23)

one has

.

X =

n∑
α=1

i
.

Qα + j
.

Pα =

n∑
α=1

i
∂H ′

∂Pα
+ j

(
− ∂H

′

∂Qα

)
(4.24)

= −k
n∑
α=1

i
∂H ′

∂Qα
+ j

∂H ′

∂Pα
= −k∇H ′, (4.25)

where

∇H ′ =

n∑
α=1

i∇QαH ′ + j∇PαH ′ =

[
i ∂H

′

∂Q1
+ j ∂H

′

∂P1

i ∂H
′

∂Q2
+ j ∂H

′

∂P2

]
= ωX. (4.26)

Finally, the equation of motion reads
.

X = −k∇H ′ = −kωX = X (kω) . (4.27)

The solution is X = X0e
kωt with the initial conditions

X0 =

[
iQ01 + jP01

iQ02 + jP02

]
. (4.28)

The quaternion k plays the role of a rotation operator in the phase plane
(iqα, jpα) or (iQα, jPα) .

After a hyperquaternionic representation of classical mechanics, we now
develop quantum mechanics within the hyperquaternionic unitary symplectic
formalism.
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5. Hyperquaternionic Quantum Mechanics

The importance in quantum mechanics of quaternions, Clifford algebras and
symplectic groups has been recognized in [4, 8]. Early efforts to formulate
a quaternionic quantum mechanics were made in [2, 11, 12]. Here, we shall
proceed with a specific form of Clifford algebras, i.e. hyperquaternions defined
as a tensor product of quaternion algebras. Furthermore, we shall use the
unitary symplectic groups distinct from the symplectic ones. We derive the
Schrödinger and Heisenberg equations in a new hyperquaternionic unitary
symplectic way, the complex imaginary i being replaced by the quaternion k
in phase space. As applications, the 1D and 2D quantum harmonic oscillators
are treated within that framework.

5.1. Schrödinger and Heisenberg equations

Quantum mechanics is generally presented in terms of a Hilbert space, a
hermitian form, unitary operators together with the Schrödinger equation
and the Heisenberg representation. The relation between the state vector
|ψ(t)〉 and the initial vector |ψ(0)〉 is assumed to be |ψ(t)〉 = U |ψ(0)〉 where

U = e−
itH
} is a unitary operator and H the Hamiltonian operator which is

here supposed to be time independent. Furthermore, one assumes the relation
[q, p] = i}.

Here, we shall proceed in analogy with the approach of classical me-
chanics described above and present a unitary symplectic formulation of
quantum mechanics. Having introduced quaternionic matrices, a quaternionic
scalar product and unitary symplectic operators, we postulate the relation
|ψ(t)〉 = U |ψ(0)〉 where

U = e−
ktH
}
(
k2 = −1

)
(5.1)

is a unitary symplectic operator and H time independent. In particular, one
has for the time derivative

dU

dt
=
−kH
}

U. (5.2)

Deriving the above relation |ψ(t)〉 = U |ψ(0)〉 with respect to the time, one
obtains

d |ψ(t)〉
dt

=
−kH
}
|ψ(t)〉 (5.3)

or,

}k
d |ψ(t)〉
dt

= H |ψ(t)〉 (5.4)

which is the Schrödinger equation

E |ψ(t)〉 = H |ψ(t)〉 (5.5)

where E is the energy operator E = }k ∂∂t . The Schrödinger equation is thus
introduced in a natural way justifying the appearance of the hypercomplex
k. Furthermore, since the Schrödinger equation is assumed to be valid even
if H is time dependent, we shall consider the relation 5.2 to hold even if H
is time dependent, the operator U resulting from a succession of products of
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infinitesimal unitary symplectic operators. Finally, we postulate the relation
[q, p] = k}.

Denoting AS , AH respectively the Schrödinger and Heisenberg opera-
tors, one has for the quaternionic scalar product

〈ψ(t)|AS |ψ(t)〉 = 〈ψ(0)|U∗ASU |ψ(0)〉 (5.6)

where U∗ is the hyperquaternionic conjugate of U (U∗U = 1) . The Heisen-
berg operator is

AH = U∗ASU (5.7)

where AS is a constant operator independent of the time. Rewriting the
Heisenberg operator definition as UAH = ASU and taking the time deriva-
tive, one obtains

dU

dt
AH + U

dAH
dt

= AS
dU

dt
, (5.8)

−kH
}

UAH + U
dAH
dt

= AS

(
−kH
}

)
U. (5.9)

After rearrangement, one has

k}U
dAH
dt

= −HUAH +ASHU (5.10)

yielding

k}
dAH
dt

= − (U∗HU)AH + U∗ASHU

= (U∗ASU) (U∗HU)− (U∗HU)AH

= AHHH −HHAH. (5.11)

Finally, one obtains the Heisenberg equation of the operator AH

k}
dAH
dt

= [AH , HH ] . (5.12)

If AS depends explicitly upon the time, the above relation becomes [26]

k}
dAH
dt

= [AH , HH ] + k}
(
∂AS
∂t

)
H

(5.13)

with
(
∂AS
∂t

)
H

= U∗
(
∂AS
∂t

)
U.

Having derived the Schrödinger and Heisenberg equations in the hyper-
quaternionic unitary symplectic formalism, we now develop the 1D and 2D
quantum harmonic oscillators within that framework.

5.2. Quantum 1D harmonic oscillator

We consider the quantum harmonic 1D oscillator in the Heisenberg repre-
sentation. The Hamiltonian is

H =
p2

2m
+

1

2
mω2q2 (5.14)
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where q, p are respectively the position and momentum operators satisfying
the relation [q, p] = k}. The Heisenberg equations yield

k}
dq

dt
= [q,H] =

p

m
k}, (5.15)

k}
dp

dt
= [p,H] = −mω2qk} (5.16)

where we have used the relation [A,BC] = [A,B]C +B [A,C] .
Introducing the operator

a =
1√

2m}ω
(mωq + kp) , (5.17)

the Heisenberg equation gives

k}
da

dt
= [a,H] = }ωa (5.18)

or da
dt = −kωa by multiplying both sides on the left by k with k2 = −1. The

solution is

a = e−kωta0 = a0e
−kωt (5.19)

where a0 = 1√
2m}ω (mωq0 + kp0) is a constant operator commuting with

e−kωt .
Similarly, one has with the hyperquaternion conjugate operator

a∗ =
1√

2m}ω
(mωq − kp) , (5.20)

the Heisenberg equation reads

k}
da∗

dt
= [a∗, H] = −}ωa∗ (5.21)

or da∗

dt = kωa∗ with the solution

a∗ = ekωta∗0 = a∗0e
kωt. (5.22)

Introducing the operator N = a∗a, one finds

a∗a = a∗0e
kωte−kωta0 = a∗0a0

=
1

}ω

(
mω2q20

2
+
p20
2

)
− 1

2

=
H

}ω
− 1

2
. (5.23)

Similarly, one obtains aa∗ = H
}ω + 1

2 . Hence, [a, a∗] = 1 and

H =

(
a∗a+

1

2

)
}ω =

(
N +

1

2

)
}ω (5.24)

The eigenvalues and eigenvectors of H can thus be obtained from those of N.
Defining the eigenvalues and eigenvectors of N by N |n〉 = n |n〉 , one finds
in the standard way [26] the relations

[N, a∗] = a∗, [N, a] = −a (5.25)
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and

Na∗ |n〉 = (n+ 1) a∗ |n〉 , Na |n〉 = (n− 1) a |n〉 (5.26)

yielding the relations

a∗ |n〉 =
√
n+ 1 |n+ 1〉 , a |n〉 =

√
n |n− 1〉 . (5.27)

The eigenvalues of H are En =
(
n+ 1

2

)
}ω with n ∈ N.

We obtain, as expected, the standard quantified energy levels. Next we
discuss the 2D quantum harmonic oscillator within the same framework.

5.3. Quantum 2D harmonic oscillator

Concerning the quantum harmonic 2D oscillator in the Heisenberg represen-
tation, the Hamiltonian is

H =

(
p21
2m

+
1

2
mω2q21

)
+

(
p22
2m

+
1

2
mω2q22

)
(5.28)

where qα, pα are respectively the position and momentum components oper-
ators satisfying the relation

[qα, pβ ] = k}δαβ (α, β = 1, 2) . (5.29)

The Heisenberg equations read

k}
dqα
dt

= [qα, H] =
pα
m
k}, (5.30)

k}
dpα
dt

= [pα, H] = −mω2qαk}. (5.31)

Introducing the operators

aα =
1√

2m}ω
(mωqα + kpα) , (5.32)

the Heisenberg equations give

k}
daα
dt

= [aα, H] = }ωaα. (5.33)

The solutions are aα = e−kωta0α where a0α = 1√
2m}ω (mωq0α + kp0α) are

constant operators.
Similarly, the hyperquaternion conjugate operators

a∗α =
1√

2m}ω
(mωqα − kpα) , (5.34)

satisfy the Heisenberg equations

k}
da∗α
dt

= [a∗α, H] = −}ωa∗α (5.35)

with the solutions a∗ = ekωta∗0α. Furthermore, one has the commutation
relations [26]

[aα, aβ ] =
[
a∗α, a

∗
β

]
= 0,

[
aα, a

∗
β

]
= δαβ . (5.36)

Introducing the operator Nα = a∗αaα, one has

H = (N1 +N2 + 1) }ω. (5.37)
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The eigenvalues and eigenvectors of H are obtained from those of Nα. Defin-
ing the eigenvalues and eigenvectors of Nα by Nα |nα〉 = nα |nα〉 , the eigen-
values of the energy are (n1 + n2 + 1) }ω with nα ∈ N.

6. Conclusion

The paper has given a new representation of the unitary symplectic groups
in terms of Clifford algebras constituted by tensor products of quaternions
called hyperquaternions yielding concise expressions of the generators. A con-
crete example USp(4) has been discussed. A hyperquaternionic formulation
of classical and quantum mechanics has been presented. A simple natural
derivation of the Schrödinger and Heisenberg equations has been developed
in terms of the unitary symplectic groups, the complex imaginary i being
replaced by the quaternion k in phase space. As applications, the 1D and 2D
classical and quantum harmonic oscillators have been discussed in the hy-
perquaternionic framework. Allowing a representation of both classical and
quantum mechanics, it is hoped that the hyperquaternion algebras might
constitute a step towards a greater unification of the foundational principles
of physics.
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Appendix A

The first relation SJST = J is derived from JSJT = S and SS∗ = S∗S =

E2n with S∗ =
(
S
)T

. Since
(
JSJT

)T
= S∗, one has

S
(
JSTJT

)
= SS∗ = E2n (6.1)

=⇒ (SJST )JTJ = E2nJ = J. (6.2)

Finally, with JTJ = E2n, one obtains SJST = J.



18 P.R. Girard, P. Clarysse, R. Pujol and P. Delachartre

The second relation
(
STJS

)
= J is obtained as follows. From

(
S
)T

S =

E2n, one has STS = E2n; thus

ST
(
JSJT

)
= ST

(
S
)

= E2n (6.3)

=⇒
(
STJS

)
JTJ = E2nJ = J. (6.4)

Finally,
(
STJS

)
= J.

Appendix B

The number of real parameters S of USp(1) with one quaternionic system
(i, j, k) of H⊗1 is 3C1

1 with Cpn = n!
p!(n−p)! . For 3 systems of quaternions (i.e.

H⊗3), one has S = 3C1
3 +33C3

3 . In the general case, within H⊗2p+1 for USp(n)
with n = 4p and 2p+ 1 quaternionic systems, the number of real parameters
is given by

S = 3C1
2p+1 + (3)

3
C3

2p+1 + · · ·+ (3)
2p+1

C2p+1
2p+1 . (6.5)

S can be obtained via the binomial formula

(x+ a)
n

= xn + C1
nax

n−1 + C2
na

2xn−2 + Cpna
pxn−p + · · ·+ Cnna

n. (6.6)

Taking x = 1 and respectively a = 3 and −3, one obtains

(1 + 3)
2p+1

= 1 + 3C1
2p+1 + (3)

2
C2

2p+1+

(3)
3
C3

2p+1 + · · ·+ (3)
2p+1

C2p+1
2p+1 = 42p+1, (6.7)

(1− 3)
2p+1

= 1− 3C1
2p+1 + (−3)

2
C2

2p+1+

(−3)
3
C3

2p+1 + · · ·+ (−3)
2p+1

C2p+1
2p+1 = (−2)

2p+1
. (6.8)

Substracting the second equation from the first one, yields with n = 4p

S =
1

2

(
42p+1 + 22p+1

)
= 4p (4p2 + 1) = n (2n+ 1) . (6.9)

Appendix C: Mathematica code, USp(4)

C1: Quaternionic matrices

AMS-LaTeX Created by Wolfram Mathematica 8.0 : www.wolfram.com
<< Quaternions̀
Remove[“Global̀*”]
(*quaternion− 4x4−matrix : {{q1, q2, q3, q4}, {q5, q6, ....}, {}, {}}*)
(*HP : quaternion−matrix−multiplication− product*)
HP[a ,b ]:={(a[[1]]**b[[1]])+(a[[2]]**b[[5]])+(a[[3]]**b[[9]])+(a[[4]]**b[[13]]),
(a[[1]]**b[[2]]) + (a[[2]]**b[[6]]) + (a[[3]]**b[[10]]) + (a[[4]]**b[[14]]),
(a[[1]]**b[[3]]) + (a[[2]]**b[[7]]) + (a[[3]]**b[[11]]) + (a[[4]]**b[[15]]),
(a[[1]]**b[[4]]) + (a[[2]]**b[[8]]) + (a[[3]]**b[[12]]) + (a[[4]]**b[[16]]),
(a[[5]]**b[[1]]) + (a[[6]]**b[[5]]) + (a[[7]]**b[[9]]) + (a[[8]]**b[[13]]),
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(a[[5]]**b[[2]]) + (a[[6]]**b[[6]]) + (a[[7]]**b[[10]]) + (a[[8]]**b[[14]]),
(a[[5]]**b[[3]]) + (a[[6]]**b[[7]]) + (a[[7]]**b[[11]]) + (a[[8]]**b[[15]]),
(a[[5]]**b[[4]]) + (a[[6]]**b[[8]]) + (a[[7]]**b[[12]]) + (a[[8]]**b[[16]]),
(a[[9]]**b[[1]]) + (a[[10]]**b[[5]]) + (a[[11]]**b[[9]]) + (a[[12]]**b[[13]]),
(a[[9]]**b[[2]]) + (a[[10]]**b[[6]]) + (a[[11]]**b[[10]]) + (a[[12]]**b[[14]]),
(a[[9]]**b[[3]]) + (a[[10]]**b[[7]]) + (a[[11]]**b[[11]]) + (a[[12]]**b[[15]]),
(a[[9]]**b[[4]]) + (a[[10]]**b[[8]]) + (a[[11]]**b[[12]]) + (a[[12]]**b[[16]]),
(a[[13]]**b[[1]]) + (a[[14]]**b[[5]]) + (a[[15]]**b[[9]]) + (a[[16]]**b[[13]]),
(a[[13]]**b[[2]]) + (a[[14]]**b[[6]]) + (a[[15]]**b[[10]]) + (a[[16]]**b[[14]]),
(a[[13]]**b[[3]]) + (a[[14]]**b[[7]]) + (a[[15]]**b[[11]]) + (a[[16]]**b[[15]]),
(a[[13]]**b[[4]]) + (a[[14]]**b[[8]]) + (a[[15]]**b[[12]]) + (a[[16]]**b[[16]])}
(*TK : matrix− transpose, quaternion− conjugate*)
TK[a ]:=
{Quaternion[a[[1, 1]],−a[[1, 2]],−a[[1, 3]],−a[[1, 4]]],
Quaternion[a[[5, 1]],−a[[5, 2]],−a[[5, 3]],−a[[5, 4]]],
Quaternion[a[[9, 1]],−a[[9, 2]],−a[[9, 3]],−a[[9, 4]]],
Quaternion[a[[13, 1]],−a[[13, 2]],−a[[13, 3]],−a[[13, 4]]],
Quaternion[a[[2, 1]],−a[[2, 2]],−a[[2, 3]],−a[[2, 4]]],
Quaternion[a[[6, 1]],−a[[6, 2]],−a[[6, 3]],−a[[6, 4]]],
Quaternion[a[[10, 1]],−a[[10, 2]],−a[[10, 3]],−a[[10, 4]]],
Quaternion[a[[14, 1]],−a[[14, 2]],−a[[14, 3]],−a[[14, 4]]],
Quaternion[a[[3, 1]],−a[[3, 2]],−a[[3, 3]],−a[[3, 4]]],
Quaternion[a[[7, 1]],−a[[7, 2]],−a[[7, 3]],−a[[7, 4]]],
Quaternion[a[[11, 1]],−a[[11, 2]],−a[[11, 3]],−a[[11, 4]]],
Quaternion[a[[15, 1]],−a[[15, 2]],−a[[15, 3]],−a[[15, 4]]],
Quaternion[a[[4, 1]],−a[[4, 2]],−a[[4, 3]],−a[[4, 4]]],
Quaternion[a[[8, 1]],−a[[8, 2]],−a[[8, 3]],−a[[8, 4]]],
Quaternion[a[[12, 1]],−a[[12, 2]],−a[[12, 3]],−a[[12, 4]]],
Quaternion[a[[16, 1]],−a[[16, 2]],−a[[16, 3]],−a[[16, 4]]]}
X:={Quaternion[0, x1,p1, 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, x2,p2, 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, x3,p3, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],Quaternion[0, x4,p4, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0]}
A:={Quaternion[Cos[θ/2], 0,−Sin[θ/2], 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],Quaternion[Cos[θ/2], 0,+Sin[θ/2], 0],
Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],
Quaternion[Cos[θ/2], 0,+Sin[θ/2], 0],Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],
Quaternion[0, 0, 0, 0],Quaternion[0, 0, 0, 0],Quaternion[Cos[θ/2], 0,−Sin[θ/2], 0]}

w1:=Simplify[HP[TK[X], X]]
w2:=Simplify[HP[A,X]]
w3:=Simplify[HP[TK[w2],w2]]
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C2: Complex matrices

AMS-LaTeX Created by Wolfram Mathematica 8.0 : www.wolfram.com

<< Quaternions̀
Remove[“Global̀*”]
A:={{cos[θ], 0, 0, 0, sin[θ], 0, 0, 0},
{0, cos[θ], 0, 0, 0,− sin[θ], 0, 0}, {0, 0, cos[θ], 0, 0, 0,− sin[θ], 0},
{0, 0, 0, cos[θ], 0, 0, 0, sin[θ]}, {− sin[θ], 0, 0, 0, cos[θ], 0, 0, 0},
{0, sin[θ], 0, 0, 0, cos[θ], 0, 0}, {0, 0, sin[θ], 0, 0, 0, cos[θ], 0},
{0, 0, 0,− sin[θ], 0, 0, 0, cos[θ]}}
JJ:={{0, 0, 0, 0, 1, 0, 0, 0}, {0, 0, 0, 0, 0, 1, 0, 0}, {0, 0, 0, 0, 0, 0, 1, 0},
{0, 0, 0, 0, 0, 0, 0, 1}, {−1, 0, 0, 0, 0, 0, 0, 0}, {0,−1, 0, 0, 0, 0, 0, 0},
{0, 0,−1, 0, 0, 0, 0, 0}, {0, 0, 0,−1, 0, 0, 0, 0}}
A//MatrixForm
JJ//MatrixForm
w1 = Simplify[Det[A]]
w2:=Simplify[A.JJ.Transpose[A]]//MatrixForm
w3:=Simplify[Transpose[A].JJ.A]//MatrixForm

cos[θ] 0 0 0 sin[θ] 0 0 0
0 cos[θ] 0 0 0 − sin[θ] 0 0
0 0 cos[θ] 0 0 0 − sin[θ] 0
0 0 0 cos[θ] 0 0 0 sin[θ]

− sin[θ] 0 0 0 cos[θ] 0 0 0
0 sin[θ] 0 0 0 cos[θ] 0 0
0 0 sin[θ] 0 0 0 cos[θ] 0
0 0 0 − sin[θ] 0 0 0 cos[θ]




0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
−1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −1 0 0 0 0


(
cos[θ]2 + sin[θ]2

)4
C3: Hyperquaternion algebra H⊗3

See: software notebookarchive in Ref. [16].
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[23] Gürlebeck, K., Sprössig, W.: Quaternionic and Clifford calculus for physicists
and engineers. John Wiley & Sons, New York (1997)

[24] Lee, H.C.: Eigenvalues and canonical forms of matrices with quaternion coef-
ficients. In: Proceedings of the Royal Irish Academy. Section A: Mathematical
and Physical Sciences, vol. 52, pp. 253–260. JSTOR (1948)

[25] Lounesto, P.: Clifford algebras and spinors. In: Clifford algebras and their ap-
plications in mathematical physics, pp. 25–37. Springer (2001)

[26] Messiah, A.: Quantum mechanics. John Wiley, New York (1961)

[27] Panga, G.L.: Hyperquaternionic representations of conic sections. Journal of
Applied Mathematics and Physics 10(10), 2989–3002 (2022)

[28] Panga, G.L.: 2d curves in conformal hyperquaternion algebras H⊗2m. Journal
of Applied Mathematics and Physics 11(10), 2904–2912 (2023)

[29] Panga, G.L., et al.: Split-tetraquaternion algebra and applications. Journal of
Applied Mathematics and Physics 12(7), 2682–2690 (2024)

[30] Zhang, F.: Quaternions and matrices of quaternions. Linear algebra and its
applications 251, 21–57 (1997)

[31] Zhang, G., Grivopoulos, S., Petersen, I.R., Gough, J.E.: The Kalman decom-
position for linear quantum systems. IEEE Transactions on Automatic Control
63(2), 331–346 (2017)

Patrick R. Girard
INSA-LYON, Universite Claude Bernard Lyon 1
CNRS, Inserm, CREATIS UMR 5220, U1294
F-69621 LYON
France

e-mail: patrick.girard@creatis.insa-lyon.fr

Patrick Clarysse
INSA-LYON, Universite Claude Bernard Lyon 1
CNRS, Inserm, CREATIS UMR 5220, U1294
F-69621 LYON
France

e-mail: patrick.clarysse@creatis.insa-lyon.fr

Romaric Pujol
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