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Abstract

We extend a model that has been proposed for describing mechanical properties of glassy polymers and
which takes into account the heterogeneous nature of the dynamics. We describe their non-linear mechanical
properties, up to a few 10% deformation. We propose that the elastic energy stored in the volume ~ &3
of dynamical heterogeneities effectively reduces the free energy barriers present for internal relaxation. It
allows to calculate yield stresses of order a few 10 MPa which are consistent as compared to experimental
data without additional adjustable parameters than the scale £. The model is solved in 3D by numerical
simulations with spatial resolution the scale of dynamical heterogeneities. We show that the prediction of
pour model as regard to yield behavior are consistent with the value of 3 — 5 nm for the scale for dynamical
heterogeneities. Yield appears as the result of an acceleration of the dynamics of subunits with intermediate
relaxation times which relax under stress before subunits with very long relaxation. Our simulations describe
the onset of plastic behavior and the reorganization at the scale of dynamical heterogeneities. We predict

the appearence of shear bands on a scale of a few tens of nanometers at yield and beyond.
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I. INTRODUCTION

A defining feature of polymers close to and below the glass transition is their mechanical proper-
ties. When temperature decreases from T, 20 K down to T; — 20 K, the elastic modulus increases
from typically 10° up to a few 10° Pa [1] and the dissipative modulus increases from a low value,
which depends of the polymer details, up to 108 Pa, typically. Usually, the glass transition tem-
perature Ty is defined as the temperature at which the monomer relaxation time reaches 10? s [2].
An important feature of glass transition is the strongly heterogeneous nature of the dynamics close
to T, [3, 4]. This strongly heterogeneous nature has been demonstrated experimentally over the
past twenty years using NMR [5-7], fluorescence recovery after photo-bleaching (FRAP) [8-12],
dielectric hole-burning [13] or solvation dynamics [14]. The characteristic size £ has been estimated
by NMR [6] to be 3 to 4 nm at T; + 20 K (in the case of van der Waals liquids), whereas it is as

small as 1 nm in glycerol [7].

Of high importance also are the plastic properties of glassy polymers. When applying a defor-
mation below Ty, a yield stress is observed at a deformation amplitude of a few percents, which
corresponds to a peak in the stress-strain curve. Beyond the yield stress, the stress displays a
plateau at a value slightly lower than the peak: the polymer undergoes plastic flow. At defor-
mations larger than about a few 10 %, strain hardening is observed in some cases, in particular
for high molecular weight entangled or cross-linked polymers. These properties have been studied
for many years, due their high practical importance [15]. The oldest model for describing plastic
deformation is the Eyring model, which describes a bias motion under the applied stress. This
effect is controlled by the so-called activation volume v, which is an adjustable parameter without
clear interpretation [16, 17]. The idea that plastic flow results from a stress-induced acceleration
of the dynamics at the molecular level is supported by several recent experiments [18-23]. Loo
et al [18] have studied the dynamics in the amorphous phase of polyamide under stress by NMR.
Kalfus et al [22] have studied dielectric relaxation during plastic flow. They observed that sec-
ondary relaxations are not significantly affected during deformation, whereas the a-relaxation is
modified : an increase of tan¢ is indeed observed in the low frequency domain. Lee et al [19, 21]
and Bending et al [20] have shown that small probe diffusion accelerates, and that the so-called
stretching exponent § increases, under applied deformation. They interpreted this result by the
fact that the dynamics becomes faster and more homogeneous during plastic deformation. In the
case of polycarbonate with a T, close to 423 K, Perez-Aparicio et al [23] have shown that the

dielectric spectrum at room temperature, i.e. much below 7T}, superimposes upon deformation to



the dielectric spectrum at rest slightly below T;; (depending of the strain rate), at least for the part

of the spectrum accessible with their set-up.

From experiments it is known that internal stress can correspond to about one half of the
mechanical energy in simple loading experiments [24]. This behavior has been recognized as a
signature of dynamical heterogeneities in glassy polymers.

Mechanical properties of glassy polymers have been also studied by molecular dynamics (MD)
simulations [25-31]. In particular, Leonforte et al [27] and Riggleman et al [25, 28] have shown that
mechanical properties are heterogeneous. When submitted to an applied strain, the deformation
field is non affine. Riggleman et al have shown that the elastic modulus is heterogeneous on a scale
of order 1 nm, with some regions possibly showing negative moduli. The possible link between
dynamical heterogeneities and these mechanical heterogeneities has been discussed in [32]. The
idea that stress enhances molecular mobility is supported by these simulations. This idea has also
been considered by Chen and Schweizer within the Non-linear Langevin equation model (NLE)
[16, 17, 33-35]. Their model allows reproducing many features of plastic deformation. Even
though these studies support the idea that the dynamics is enhanced during plastic deformation,
a detailed description of the dynamical behavior from the molecular level up to the scale of a few
tens of nanometers during plastic deformation is still missing. Besides, some of these approaches
are mean field theories, which lack a spatial description.

The aim of this manuscript is to extend a model, in which a spatial description of dynamical
heterogeneities on a meso-scale has been proposed, to the case of plastic deformation. This model
had been initially developed in order to interpret both thin film experiments and the heterogeneous
dynamics in the bulk [36-39], in van der Waals liquids and polymers. According to this model, the
dynamics in the bulk is controlled by the percolation of slow domains, or subunits, corresponding
to upwards density fluctuations on the scale of a few nanometers. It provides an expression for the
characteristic size £(T) of the heterogeneities, equivalently expressed as a number of monomers

N.(T). The key feature for determining this size is a ”Facilitation Mechanism”.

The idea of facilitation is an old concept (see the review by Ritort and Sollich [40] and refer-
ences therein) which has been also discussed more recently by Chandler and Garrahan [41, 42].
The idea is that the mobility at some point may be influenced and accelerated by a fast mobility
of the local environment. A similar idea has been proposed by Merabia and Long [37], with an

explicit mechanism. In this picture, facilitation results from free volume diffusion. The mecha-



nism proposed by Merabia and Long has been coined ”Facilitation Mechanism” by Chen et al in
their review paper in 2009 [43]. It has long been proposed that a-relaxation is a collective effect
which takes place on a cooperative scale £ [44]. Merabia and Long have proposed in [37] that this
length scale results from distinct relaxation mechanisms in competition: 1) internal reorganisation
within a slow subunit at fized free volume fraction; 2) free volume diffusion from neigbhoring faster
subunits. The competition between these two processes, which leads to a so-called ’facilitation

mechanism’ [43], results in a dominant length scale & of order 3 — 5 nm close to T} [37, 45].

This mechanism has been used also by Tito et al. for calculating mobility diffusion in suspended
films [46]. The size £ is a decreasing function of temperature and is found to be typically a few
hundreds-one thousand of monomers close to T, and a few tens at Ty + 80 K [37, 45]. This so-
called ”Percolation of Free Volume Distribution” (PFVD) model [43] provides a unified mechanism
regarding various features of the dynamics in non-polar polymers close to the glass transition
[43, 47, 48], such as the heterogeneous nature of the dynamics [36], the violation of the Stokes law
observed for small probes [37], ageing and rejuvenation phenomena [45], the shift of glass transition
at interfaces [32, 36, 38] and the dependence of the dynamics as a function of pressure [49]. In
particular, the existence of broad distributions of relaxation times is supported experimentally by
dielectric spectroscopy [4].

In a recent extension of this model [32], the stress and strain fields are described on the scale of
dynamical heterogeneities. Macroscopic time scales and spatial scales of a few tens of nanometers
can be reached. In the present manuscript, the plastic flow in glassy polymers is described with the
same resolution. We focus on the onset of plastic flow, up to a few tens of percent of deformations,
before the so-called strain hardening regime takes place [24]. This regime, which involves more
specific polymer behavior, will be the focus of another paper. Note that a possible microscopic
origin of strain hardening has been proposed by Chen and Schweitzer [35]. A main focus of our
description is the spatial modification of the distribution of relaxation times by the applied strain
and the ensuing relaxation processes. In particular, we show that plastic events are correlated,
which results in shear bands on the scale of order 10 nm.

The manuscript is organized as follows. In section Il we present the main modification of the
physical model proposed in this manuscript in order to take non-linear effects into account, as
compared to the description discussed in [32]. In this section, we show semi-quantitatively that,
knowing or assuming the value of the scale £ of dynamical heterogeneities, this model allows for

calculating the yield stress without any additional adjustable paramaters. In section III we present
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the numerical model which we have developed in order to solve the physical model. Note that this
numerical model was already described in [32]. We refer to this article for further details regarding
the physical model and the numerical model, as well as to [50] regarding the numerical model and
the way it is solved. In section IV we describe the plastic behavior of glassy polymers as calculated
from the numerical model, as regards the macroscopic behavior, e.g. yielding as a function of
temperature or strain rate. In sections V and VI we analyse the physical mechanisms which take
place at a scale of a few nanometers during plastic deformation, in particular the modification of
the relaxation time distribution as compared to the linear regime, and the appearance of shear

bands.

II. DESCRIPTION OF THE MODEL: STRAIN-INDUCED ACCELERATION OF THE
DYNAMICS

The physical ingredients of the model are described in this section. For more details, the reader
is refered to [32] and references therein. The underlying assumption of the model is that a wide
distribution of relaxation times is created by density fluctuations on scale £ ~ 3 — 5 nm [37, 45].
Each dynamical heterogeneity at the scale £ is described by a high frequency elastic modulus
G ~ 10° Pa and a local relaxation time. Entangled or cross-linked polymers also have a low
frequency modulus of order 10° Pa. The model is schematized in Figure 1, in which subunits with
different relaxation times are represented. A similar picture has been given in Merabia et al [38]
and in Dequidt et al [32]. Mechanical experiments do not probe the internal relaxation times of
the slower subunits because they relax the stress according to the faster relaxation times of their
neighbors.

It is due to the fact that very slow subunits are rare. They are surrounded by faster subunits.
Thus the local stress relaxes not according to the local internal relaxation time of the slow subunits,
but according to the internal relaxation time of the fastest surrounding subunits. This issue is at
the core of the percolation picture of the model and has been discussed in detail in Masurel et al

[51].

A. Yield mechanism within the PFVD model

It is experimentally known that relaxation at a rate faster than the equilibrium rate 7, can

be induced when a stress large enough is applied on a glassy material [15]. This implies that
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FIG. 1. Mesoscale model for polymers close to T,. Subunits ({ ~ 3 — bnm) with different relaxation times
are represented. Fast subunits are colored in white, slowest subunits in black. The elastic energy stored in
slowest subunits does not relax by internal slow processes, but by rotation within a faster environment. The
time scale of this final rotation may be set by the unperturbed distribution of relaxation times, or may be

accelerated by yield mechanisms of surrounding subunits.

the local relaxation time cannot be a function of the local density only, but must also depend on
the local stress. We assume that on a microscopic scale, the relaxation time follows an Eyring-like
picture. For an elementary relaxation motion, one dynamical subunit has to overcome a free energy
barrier AFy(T), so that the relaxation time 7, is given by 7,(T") = 70 exp(AFy/T), where 79 is a
microscopic time of order 10™2s corresponding to the time scale between collisions of neighboring
monomers. T is the temperature expressed in Joule. Typically, T~ 4 — 5 x 1072! J. According to
the free volume picture, the a-relaxation process results from the packing of N, = £¢3/a® monomers,
so that a volume of order a® (the monomer volume) is made available for one particular monomer
to move (see e.g. reference [52]). This packing of N, monomers results in an increase of the average
free energy 0 fo per monomer. At rest, the overall free energy barrier for the a-relaxation is thus
AFy = N¢d fo (which is of order 307" close to T;). When a stress is applied, the excess free energy
per monomer during packing is modified into 0 fo —o2a?/2G}, where o is the local (deviatoric) stress

tensor and G}, the high frequency storage modulus. At the scale £ of dynamical heterogeneities, the



free energy barrier is thus modified into N.(6fo — 02a3/2G}) = N0 fo — 02€3/2G},. The activation

energy AF = N.df for a local change of configuration (« relaxation) thus decreases as:

AF = AFy(T) — 523 "G:,U (1)
0

In the absence of stress, each monomer is in a local free energy minimum. The posi-
tion of each monomer fluctuates around the local minimum. For contributing to the
a-relaxation process each monomer needs to undergo a fluctuation of free energy cost
A fo. The collective coherent fluctuation for packing a number of order N, monomers
in order to create a hole of volume one monomer, costs thus AFy = N.Afy. Typically,

at T,, AFy ~ 307T.

In the presence of a stress o, each monomer is submitted locally to a force f
which modifies its equilibrium position, before a-relaxation takes place on a longer
time scale. In a one-dimensional picture, let us denote by X the position of a given
monomer. X = 0 corresponds to the equilibrium position in the absence of applied
stress. The position fluctuates in a potential well with stiffness k. When submitted to
an external force f, one may calculate the Gibbs free energy in the presence of this ap-
plied force: G(X) = —fX +kX?/2. The new minimum of Gibbs free energy corresponds
to dG(X)/dX = 0, which reads X, = f/k corresponding to an equilibrium position in
the presence of the applied stress. It corresponds to a position with an increased free
energy I’ by an amount f2/2k as compared to the position of the monomers without
the presence of an applied stress. Expressed as a function of the applied stress and the
elastic modulus, the increased free energy is Af, = 02a®/2G),. The monomer positions
fluctuate now around a new free energy minimum, in a potential well of the same
stiffness as the initial one (red curve versus blue curve in Figure 2). The amplitude
of the coherent fluctuations required for allowing for a-relaxation have been reduced
by the same amount and is now Afy — Af,. This is exemplified in Figure 2 of the

manuscript.

We assume that under the applied stress, each monomer can take its new equi-
librium position in a time scale much shorter than the time scale required for the
a-relaxation, because this new position results from individual and independent mo-

tions. On the other hand, a-relaxation takes place when a number of order N,
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FIG. 2. (a) and (b):Schematics of a-relaxation. In the absence of stress, relaxation takes place by rearranging
free volume on the scale &, i.e. by compacting about N, monomers so as to create a hole of volume a?, which
is the volume of one monomer. This process has a free energy cost AFy. (c) and (d): in the presence of an
applied stress, there are some rearrangements on time scales shorter than the a-relaxation process which
result in a lowering of the free energy barrier as discussed in the text. The position of the monomer

fluctuates then in a well of stiffness k& (G{,) around this new equilibrium position (red curve).

monomers fluctuate coherently in order to make a hole of volume one monomer,
which is a very rare event. There is thus a separation of time scales between the

equilibration of each of the monomers positions and the a-relaxation.
The free energy barriers has been lowered as it is cartooned in Figure 2.

The quantity o:0 defined as

o0 = {(01 —09)2 + (09 — 03)2 + (03 — 01)2} (2)

N =

where 01, 09, 03 are the eigenvalues of ¢. ¢:0 has been chosen because it is the only stress tensor-
dependent quantity which is quadratic, invariant by rotation and vanishes at zero when stress is
zero. Note that all quantities in this theoretical model, such as &, a, Gf, are known within a
pre-factor of order unity, which need to be adjusted when comparing to experimental data. Local

relaxation time are then accelerated according to

3 .0
() = 7a(T) exp (—fT o ) )




where 7,(7") is the relaxation time in the absence of stress. In the linear regime, when o:0 <

0.2 =2T G}/&3, 7(0) =~ 74 and the equilibrium distribution of relaxation times is not modified.

Conversely, in the non-linear regime, when the local stress becomes high, i.e. when
. 2 _ 1 /¢3
o0~ o =2TGy/¢ (4)

or equivalently &30:0/(2T G})) ~ 1, the distribution of relaxation times starts to deviate from
equilibrium and mechanical rejuvenation is induced. Let us estimate the value of o, at this change
of regime. Using 2T ~ 10720 J, G}, ~ 3 x 10° Pa, &3 ~ 1072 m3 (which corresponds to £ = 5
nm) gives a typical value of a few 107 Pa for occurrence of stress induced softening (yield stress),
obtained without any additional adjustable parameter. Equations (1) and (3), which account for
the effect of the local stress on the relaxation time, are the main theoretical extensions to the
model described in [32]. Their consequences are studied in this manuscript. Numerical simulations
designed to solve the model are introduced in Section III and results are described and discussed
in Sections IV to VI. However, let us first consider a simple mean field calculation of the yield

stress.

B. Comparison with the classical Eyring picture

The interpretation for plastic flow proposed in this manuscript is qualitatively different from
the classical Eyring’s picture [53]. In the Eyring’s model, the applied stress does not affect free
energy barriers, but biases diffusion of monomers (or molecules in a simple liquid). The reference
energy level in the direction of (resp. opposite to) the applied stress is decreased (resp. increased)
by an amount d ' = ov, where v is the so-called Eyring activation volume. Assuming an activation
barrier AFp between two consecutive states, the flux (shear rate) is given by

1 AFy ov
0 - exp ( T ) sin (5)

where 7y is a microscopic time of order 10712 s and 7, = 79 exp(AFy/T) is the time associated to
monomer or molecule diffusion in the absence of stress. Typically, AFy is of order 30 1" close to T,.
In the linear limit where the applied stress is very small, the viscous flow is obtained by linearizing

sinh(ov/T') in equation (5), which gives

5= 1% (_AFO) (6)
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FIG. 3. The effect of local stress on the free energy activation barrier of the main polymer relaxation, in
the presence of a shear rate 4. While in the Eyring’s model, the barrier is biased, in the model described
here (denoted as PEFVD model), the barrier is both biased and decreased. The barrier becomes significantly

lowered at o = 0.

The viscosity n = o /% is thus

T AF
"= —Toexp (—T°> (7)

On the other hand, the viscosity is given by n = Gyro = Gyroexp(AFy/T). If there was only
one relaxation time, the stress would relax at long times like G{exp(—t/7), hence the relation
n = G{7. In a dynamically heterogeneous liquids, it was argued in [36, 38| that there is a dominant
relaxation time, 7, which is essentially the 10% slowest part of the relaxation time spectrum and
which dominates the long time part of the relaxation. A relation nn = G{7, is still valid though only
within a prefactor of order unity [38]. By combining this relation with Equations (6) and (7), we
obtain that the high frequency glassy modulus should be related to the activation volume by the
relation G, = T'/v. The activation volume, determined when studying plastic flow, is usually found

3 as we will see below, which gives Gj ~ 4 x 10° Pa instead of 4 x 10° Pa typically.

tobe v ~ 1 nm
In the standard Eyring’s model, there is thus an inconsistency of three orders of magnitude for
describing both the plastic and linear regimes. This inconsistency needs to be resolved.

In the PFVD model introduced here, the applied stress not only biases the motion of monomers
as it does in the standard Eyring’s model, but, as discussed above, it also lowers free energy barriers,
which the Eyring’s model does not. This concept is schematized in Figure 3. In the PFVD model,
when calculated in the same way as in the Eyring’s model (Eq. 5) and using Eq. (1), the shear
rate under applied stress o is:

. 1 —AF, o2e3 . ov’
fy—TOexp< T +2G6T smh(T) (8)

The Eyring-like linear term ov’/T is necessary to bias the flow and to describe linear flows

10
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FIG. 4. We indicate . = (2G{T/£%)'/2 ~ 107 Pa which is the onset of plastic regime: the distribution of

relaxation time starts to be modified by the applied stress. Typically, o. is of order 107 Pa. o, corresponds
to the yield stress and is identified as the maximum on the stress-strain curve. Typically, o, is a few 107
Pa. o) indicates a small stress value, within the linear response. Relaxation times are not affected by such

small applied stress.

analytically. This term is dominant at very small stress. The volume v’ is different from that of
the Eyring’s model. It satisfies the relation v’ = G% ~ 1072 nm?, which is typically three orders of
magnitude smaller than the standard Eyring’s activation volume v. On the other hand, as discussed
above, plastic flow (yielding) is controlled by the quadratic term in the argument of Equation (8).
Indeed, the non-linear regime initiates when the quadratic term in ¢ in argument in exp in Eq. 8
becomes larger than one. This corresponds to the threshold o ~ . = (2G4T/£3)1/2 ~ 107 Pa. At
o = 0., the argument in the sinh of the right hand side of Equation 8, v'c /T, is of order a few
1073, It follows that the non-linear regime is entirely dominated by the quadratic PEVD term.
Yield stress is typically a few times larger than the critical stress o. which defines the onset of the

non-linear regime. This is illustrates in Figure 4.
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C. Connection between the PFVD model and the Eyring model

The obtained expression for plastic flow (Eq. 8) differs from that in the standard Eyring’s
model in two distinct ways. First, this is due to the term quadratic in ¢ in the argument of sinh
in Eq. 8. Secondly, in the PFVD model, the volume v’ is three orders of magnitude smaller than
usual v values measured experimentally within the Eyring picture. May these two points of view
be reconciled ? As discussed above, in the classical Eyring’s picture, the activation volume v is
measured from the yield behavior. The effect of the applied stress on the distribution of relaxation
times is generally not studied quantitatively, because experiments are difficult to perform in this
regime [23]. Among experiments aimed at measuring the dynamics under imposed deformation,
such as those in reference [19, 20, 54], the authors measured the evolution of a single characteristic
time analogous to 7, associated to optical probe reorientation dynamics. Though they discuss
the evolution of the width of the distribution of relaxation time thanks to a Kolhrauch coefficient
characterizing the relaxation at long times, they do not have a direct access to the distribution of
relaxation times. Kalfus et al and Perez-Aparicio et al [22, 23] aimed at measuring the distribution
using dielectric spectroscopy, but only a part of it was accessible in their experiments. On the other
hand, experimental data on the evolution of the relaxation times at very small deformation, well
below yield, do not allow for checking the validity of Eyring’s law, and linear flow results indeed
show that it is not valid. It is only verified for stresses beyond the non-linear regime, for stress
values typically comprised between the critical stress o. and the yield stress o,. The yield stress
oy is such that the dominant relaxation time given by 7 = 79 exp (AFO/T - 0553/(2G2T)> is of

order 471, that is

o= (2T (810 i) ©

This expression relates the parameters of the model, Gj), £ and AFj to the yield stress o.. Below T}
one has typically AFy/T ~ 35—40, In(§79) ~ —25, &3 ~ 1072° m3, G, ~ 3x 10° Pa, T ~ 4x 10721J.
This gives o, ~ 5 x 107 Pa. Close to oy, the expression for the energy barrier can be linearized

around oy:

dAF 0263 o3
AF (o) ~ AF — 0y —— = AFy(T) + L - 2
(o) (oy) + (0 —0y) o (oy) o(T) + 20, ar

(10)

The quantity

_ o—y§3
Go

(11)
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as given by Equations (9) and (11), has the dimension of a volume. It may be considered as the
standard Eyring’s activation volume as calculated from the PFVD model. Its numerical value is

thus v ~ 1 — 2 nm?, which is a typical value for glassy polymer plasticity. Note that v obeys

v (Tgf‘rl")/)l (12)

This is the standard relation used according to Eyring’s picture for calculating the Eyring volume

based on experimental data when measuring the stress as a function of 4. The linearized free
energy barrier in the vicinity of o, reads numerically, according to Equation 10 and the values of

parameters quoted above:
AF (o) =~ 45T — vo (13)

At 0 = 0, = 5 x 107 Pa, a value AF(0,) =~ 25T is obtained. This is consistent with the onset
of plastic flow since this value of the free energy barrier corresponds to a relaxation time of order
1 s. Therefore, our model can be mapped on the standard Eyring’s model by giving a physical
interpretation of the activation volume. The model contains no additional adjustable parameter
as compared to those used in the PFVD model to describe linear mechanical properties [32], T,

shifts in thin films and Stokes law violation [36, 37].

D. Self-consistent calculation for the yield stress

A more precise value for the yield stress than in Equation (9) can be obtained self-consistently

by solving the following equation under plastic deformation:

o =Ghi(0) (14)

where 7 is the typical relaxation time during plastic flow and o is the applied stress. Note that in
Equation (14), the high frequency modulus G, is not modified by applied shear. The effect of the
stress is entirely contained in the relaxation time. Similarly, considering the macroscopic elastic
modulus G(T'), a decrease of the elastic modulus by several orders of magnitude is observed when
crossing the glass transition temperature. However, the high frequency modulus Gf), which is of
the same order of magnitude as the bulk modulus K, is essentially not affected by temperature.
The main effect is the shift of relaxation time distributions towards high frequencies. This has been
discussed in detail in Dequidt et al. [32]. Due to non-linear yield, the relaxation time decreases

under stress (see Eq. 3):

0.2 3
r= e (-2 (19
0
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Combining with Eq. 14 and taking the logarithm, one gets

s 2GyT . o
7t = 2 () - m( ) (16)
2GhT , 1. Ghé&
~ g <1n<wa>+21n< o >>

where the equation (17) was obtained by taking ¢ ~ o, ~ (2GHT/£%)'/? and is valid for 4 74 > 1.

In a range of a few decades, o, expressed as a function of Iny 7, can be linearized as

oc=a+blny, (17)
with
1/2
GhT . Gh&3
a:< 503 In 20T ) (18)

/ T 1/2 ! ¢3 _1/2
b= (GO ) In GO&
€3 2kpgT
Equation (17) is a classical feature of the yield of polymers (see e.g. [55]). It is just the lineariza-

Gpé®
2T

tion of equation (16), and is valid provided %ln( ) > In(y7,). It has therefore a limited range
of validity within our model, and derives from a self-consistent calculation. Note that a similar
equation within the context of the Eyring model and its limited validity has been discussed in
reference [17]. Chen and Schweizer argued that the coefficient a and b deduced from the Eyring
model does not follow the right temperature dependence. The temperature dependence of a and b
deduced from our model may be different from that deduced by using the Eyring model. We will
discussed that in another manuscript. Equation 17 allows for making the connection between our
model and with the literature which uses a similar equation. It is similar to that obtained within
the standard Eyring’s model, but with different coefficients. Indeed, taking a as the yield stress
value, the activation volume 7T'/b is exactly the one given by 11, which evidences the consistency of
our approach. Assuming G{, ~ 3 x 10° Pa, T ~ 4 x 10721J and € ~ 10~?*m? (which corresponds
to £ &~ 5 nm), we obtain a ~ 6 x 10" Pa and b =~ 2 x 10 Pa, which are typical values. With the
parameter values used here, one would find v ~ 2 nm?® whereas €3 ~ 100 nm? close to T,. Our
prediction is that, apart from logarithmic corrections, v £3/2 (see Eq. 18). However, the orders

of magnitude of v and &> are very differents.

Considering for example polystyrene, the evolution of the characteristic length scale &, as cal-
culated in ref [37], is plotted in Figure 5. From the temperature dependence of ¢ and the WLF

law, the yield stress of polystyrene can be calculated. The stress during plastic flow as calculated
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FIG. 5. Evolution of the length scale £ of dynamical heterogeneities as a function of temperature, as

calculated for polystyrene in ref [37].

from Equation 16 is plotted in Figure 6. The results are qualitatively consistent with experimental
data, without additional adjustable parameter. The results from Figure 6 must be considered as
qualitative. In particular, the approach to zero yield stress is only indicative. These curves are
obtained from a self-consistent calculation in order to explain where the orders of magnitude come
from. More quantitative results are obtained by numerical simulations further in the text. Note
also that experimentally, the approach to zero yield stress is difficult to define since the overshoot
tends to disappear. The relation o, ~ K (T, —T') relating yield stress to the temperature is approx-
imately satisfied, with a slope which is consistent in order of magnitude with known experimental
values, i.e. with K ~ 10° Pa K=! [55, 56]. Note that the orders of magnitude are deduced from
our model without new adjustable parameter as compared to earlier issues considered within the

PFVD model. Plastic properties are essentially deduced from the value for V..

This phenomenological description amounts to consider that the elastic energy stored at the
scale of dynamical heterogeneities is available for crossing internal free energy barriers in the liquid.
No specific polymer effects have been taken into account yet, which limits the model to deformations

of moderate amplitudes. Beyond deformations of about 20 %, effects such as strain hardening take
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FIG. 6. Stress during plastic flow for polystyrene calculated according to Equation (16) and to the evolution
of 7, (WLF law) and € as a function of temperature (as shown in Fig. 5), for different strain rates:
4 =10725"" (blue curve), 1071571 (red curve), 1s~! (green curve), 10s~! (black curve), 102s~1 (turquoise

curve)

place (see e.g. [57]). Taking them into account will require further extensions of the model. Let

us consider now how the resolution of the model in 3D for calculating plastic flow at the scale of

dynamical heterogeneities.

III. NUMERICAL MODEL

The basic units of the numerical model are dynamical heterogeneity subunits (of typical size
¢ ~3—5nm). They are represented by beads interacting through springs and hard core repulsion,
which account for incompressibility.

Hard core repulsion between nodes is expressed by the force

12 5
Frep) _ d\ " R
fij = 12w <7“> 2 (19)
with éij =R — Rj, where R; is the vector position of the center of bead i and r = HEWH ﬁ](rep)

is cut off and regularized at long range. wug is small enough so that its contribution of f"“P in shear

measurements is negligible. d ~ & scales the interactionr range
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Rubbery elasticity of cross-linked or entangled polymers is modeled by very loose, permanent

springs interacting with the force:

=

fi = —hoo (r — 1) =2 (20)

koo is the low frequency elastic constant corresponding to rubber elasticity. koo ~ GL & with
Gl ~ 1 MPa sets the unit of stress in the simulation. The length Iy ~ £. The average number
of glassy springs per node is an adjustable parameter of the numerical model. We took the same
adjustable parameters as in [32] (see Table 1 in Appendix).

The heterogeneous dynamics is modeled by glassy springs with a high frequency elastic constant
ko corresponding to the glassy modulus G, and with finite relaxation times. The high frequency,

glassy force between two neighboring beads is given by
Fy ~ —ko 0R;; (21)

where kg is the high frequency elastic constant corresponding to the glassy modulus Gj: koo < ko,
and 0R;; = ﬁij - ﬁi;f The reference state ﬁ;?f corresponds to the relative positions of the subunits
when the last relaxation event occurred. The probability for breaking per unit time, dP/dt, is given

by

ap~ (22)
7—oz,loc<t)

where 7, 10c(t) is the relaxation time of the glassy link at time ¢.
Simulated samples are 36 nm thick and are submitted to simple shear deformation. The values
of the parameters we use in the numerical model are given in Appendix. All the details regarding

the numerical model have been published in [32].

A. Relaxation and aging mechanism

When temperature changes, the equilibrium spectrum of relaxation times is shifted (possible
broadening of the equilibrium spectrum upon cooling is neglected) according to the experimental

WLF law of the considered polymer:
(23)

where 7, = 1 s. This function is plotted in Figure 7 for the particular case of PMMA. The
corresponding WLF coefficients are given in Table I. Parameters for PMMA, with T, = 393 K, will
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FIG. 7. Variation of the time shift factor with temperature for the distribution of relaxation times used in

the simulations. It corresponds to the WLF law of PMMA, with T, = 393K.

be considered in all what follows. We have chosen a log-normal distribution for the equilibrium

distribution of relaxation times 7:

log? —
Peq(log(T)) o exp (— ° T“) (24)

where 7, is the maximum of the distribution (of log7) and A sets the width of the distribution
(of log). The corresponding distributions of relaxation times are given in Figure 8. The width
A = 4 of the distribution has been chosen to be consistent with measured dielectric spectra and

with measured temperature and frequency variations of G’ and G” [51, 68].

Broadband dielectric spectroscopy measurements in the temperature/frequency region of the
glass transition show as well broad peaks of the loss permittivity €’, which can be qualitatively
related to relaxation time distributions spanning typically 4 decades or more in some cases (see
e.g. Richert [58] and numerous data compiled in chapter 7 of [59] (Figures 7.13 and 7.14 pages 250-
251) and in Havriliak [60]. To provide a more definitive answer to this issue, detailed comparison
would be required regarding simulation results and mechanical data, especially regarding the loss
modulus, which is very sensitive to the width of the distribution of relaxation time.

In order to properly account for the local dynamics, the following scheme is used. At equilibrium,

the distribution of rupture times should be identical to the distribution of relaxation times p(7)
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FIG. 8. (a): Distributions of relaxation times at rest for different temperatures between T' = 384K and T' =
418K. The system have aged at the considered temperature for 103s. The typical width of the distributions
lay between 6 and 8 decades. Dashed curves corresponds to the equilibrium distributions at the considered
temperatures given by Equation (24). (b): Distributions of relaxation times at different ages at rest, at
T = 394K. Aging times vary from 10™3s up to 103s. The dashed curve corresponds to the equilibrium

distribution.

given by Equation (24). The age (the elapsed time since the last relaxation event) is recorded for
each spring. Then, the rupture probability during a timestep dt, that is the probability of not
reaching the age t 4+ dt knowing that the spring is aged ¢, can be calculated:

ot = _ p(t+di) - _dlogp
" p(t) dr =

dt (25)

p is the distribution of relaxation times at the given temperature. Note that we calculate two
different quantities. The age of a spring, which is the elapsed time since it last underwent a relax-
ation event, and the relexation time of the spring. The corresponding distributions at equilibrium
are the same. Here, due to the applied stress, both distribution are different: The stress reduces
the relaxation time, even if no relaxation event takes place, whereas it does not modify the age,
until a relaxation event takes place. This event, on average, will appear earlier as compared to the
situation when no stress is present. In the following, we will discuss only ages distributions, which

we denote "relaxation time distributions” for the sake of clarity because it is a more standard word.
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For broad distributions of relaxation times like those we are considering, p(7) ~ % over a wide

range and Equation (22) reduces to 74 joc ~ t. Note that the distribution is very close to a 1/t law,
up to a cut-off. The equilibrium distributions of relaxation times discussed by Merabia and Long
[37, 45] , Dequidt et al. [32], or Masurel et al. [51] is essentially flat on a log scale -corresponding
to the 1/t behavior, and decreases beyond a certain log 7 value which depends on temperature. In
any case, the distribution given here by Equation (25) is integrable.

Both quenching (ageing) and annealing of glassy polymers can be modelled by the procedure
described above [32]. As examples, we show relaxation time distributions of systems that were
quenched (Fig. 8.a) at various temperatures and aged for 10® s, or that have aged at T = 394K for
various waiting times (Fig. 8.b). The cut-off at long times in Figure 8 corresponds to the ageing
time. In Fig. 8.a, all samples have aged for 103s. The distributions of relaxation times then have
a cut-off at about the same time scale, as was discussed for instance by Merabia and Long [45]. In
Fig. 8.b, one observes distributions with cut-off approximately equals to 10™3s, 10~2s, 10~ s, 1s,
10s, 100 s and 1000 s, which corresponds approximately to their respective ageing times.

In the presence of an applied stress, the probability of rupture is modified as

Prup = Dyt exp(AR?) (26)

This equation is a direct translation of Equation (2) of the physical model, when parameters values
are mapped onto the numerical model. This equation expresses the fact that the local stress lowers

the local free energy barrier for a-relaxation. The value of the parameter A ~ £G(/2T is taken

to be 1280, which is consistent with the estimation given in section II. Indeed, the argument
in the exponential becomes of order one for a strain R of order 3%. The numerical values of
the parameters used in the model are reported in Appendix. We refer to Dequidt et al [32] for
further details regarding the numerical model, and also to Merabia et al [50] wherein a very similar

numerical model has been described in another context (filled elastomers).

IV. PLASTIC BEHAVIOR: YIELD STRESS

Let us first consider the evolution of the stress as a function of the strain amplitude for systems
sheared at a constant shear rate 4 (Fig. 9). At temperatures above T and at low shear rate, a
linear variation of the stress, with a slope corresponding to the rubbery modulus of the polymer,
is observed (Fig. 9.a). In the glassy regime, experimental stress-strain curves have a much larger

slope at small deformation amplitudes, because the glassy elastic modulus is 3 orders of magnitude
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FIG. 9. (a): Stress-strain curves at various temperatures and at strain rate ¥ = 1072 s=1. At T > T,, the

stress increases linearly with the strain amplitude +. Non-linear behavior is observed at temperatures close

to and below T,. (b) Same as (a), strain rate 4 = 107! . At a given strain value, the stress is higher

than in (a). (c): Same as (a) and (b), strain rate ¥ = 1 s7!

than in (b).

. At a given strain value, the stress is higher

larger than in the rubbery regime. The slope at small deformation is of order 1 GPa, as it should
be. In addition, a maximum (yield stress) is generally observed experimentally, of typically a few
tens of MPa at e.g. 20K or a few tens of Kelvins below Tj. An overshoot is indeed observed in

Figures 9.b and 9.c at low temperatures.

Our interpretation is that the overshoot is the result of a retardation effect between the local

relaxation time under stress and the effective relaxation event which is analogous to a Poisson
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process for each subunits, and to the fact that relaxation events take place on a relatively limited
time window around a critical deformation 7,. Upon increasing deformation, the local relaxation
times decrease and many subunits relax in relatively narrow time window for deformation close to
7y corresponding to yield. If these relaxations took place more evenly on a broader time frame just
after starting deformation, one would observe a monotonous increase of the stress until it reaches a
plateau as a function of the strain amplitude (results not shown here). On the other hand, if these
relaxation events take place in majority around 7,, the stress drops because these slow subunits
are replaced by faster ones and that the stress they bore relaxes suddenly. Note that according to
this picture, one would observe a strain softening followed by damped oscillation for the stress if
these relaxation events took place on a very restricted time frame. This is not the case because
they are sufficiently uncorrelated for the ensuing relaxation to be over-damped. Thus, we interpret
the overshoot and the strain softening regime as the consequence of a narrow, but not too narrow
time window for initiation of the stress induced relaxation processes. Our point of view is that this
is a similar process which happens in the calculation of Medvedev and Caruthers [61]. Note also
that an overshoot is obtained within the NLE approach by Chen and Schweizer, resulting from the

coupling between stress and dynamics [62].

It can be observed that the results of Figure 9 are noisy. This is due to the relatively small size
of the numerical box (1000 particles), and also because local forces can be high as a consequence
of the random relaxation of glassy springs. We do not consider the apparent non-monotonicity as

significant.

A linear dependence is observed when the yield stress is plotted as a function of the logarithm
of strain rate (Figure 10.a). This fact is one characteristic defining feature of glassy polymers [55].
Under the applied deformation, the relaxation is locally accelerated, according to Equation (3),
and some slow subunits relax. The corresponding local stress is then transferred to surrounding
non relaxed subunits, which are then more likely to yield non-linearly. The successive occurrences
of local non-linear yield events make the global stress decrease and reach a quasi stationary value.

The yield stress is plotted in Figure 10.b as a function of the aging time (after a temperature
quench). A linear dependence of the yield stress as a function of the logarithm of the aging time is
observed. Note that in both Figures 10.a and 10.b the slopes depend only weakly on temperature.

During ageing, 7, evolves as a function of the waiting time t,, following the Struik’s law

Tey ™~ t?u (27)
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FIG. 10. (a): Yield stress as a function of the strain rate, at various temperatures between T' = 386 K and
T =409 K and ageing time 100 s. A logarithmic dependence is observed. (b): Yield stress as a function of
the ageing time before shearing, at various temperatures between 7' = 386 K and 7' = 394 K. The shear rate
is 0.1 s—!. The yield stress varies linearly with the logarithm of the ageing time. At temperatures higher
than 394 K, no stress overshoot is observed. Note that in both cases, the lower the temperature, the higher

the yield stress.

The slope in Figure 10.b is indeed lower than in Figure 10.a, which corresponds to an aging

exponent [ different from 1 (close to 0.6 in the simulations).

V. PLASTIC BEHAVIOR AND DISTRIBUTION OF RELAXATION TIMES

We consider here the modification of the relaxation time distributions induced by the distri-
bution of local stress. This is a complex process, because the local stress is very heterogeneous.
Indeed, it depends on the history of the deformation and internal relaxation processes, which
themselves are stress dependent. The local stress in very slow subunits may also relax by a local
individual relaxation when the neighboring subunits have relaxed according to their own relatively

faster relaxation time: the stress in very slow subunits relaxes on the time scale of the relaxation
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of its neighbors. Thus, the local relaxation time and stress are coupled in a complex way and are
strongly history dependent [63].

These two mechanisms (spontaneous internal relaxation and relaxation of the surrounding sub-
units) allow local stress relaxation. To analyze these processes, we study in this section the evo-
lution of the distribution of relaxation times as a function of strain amplitude in simple shear
experiments up to deformation 0.3, for different temperatures (above and below Ty) and for differ-
ent shear rates between 1072 s~! and 10?2 s~!. At high temperature, we expect that the relaxation
time distribution is not modified by the applied deformation and remains that at equilibrium or
after ageing. Upon decreasing temperature or increasing the shear rate, the applied deformation
becomes too fast as compared to the initial relaxation times, the stress increases and the of relax-
ation time distribution gets modified. The cumulative distributions of relaxation times are plotted
in Figure 11.a for different temperatures between 7' = 388 K and T' = 418 K, at several increasing
shear deformations, with 4 = 10~! s~!. The distributions are indeed not modified by the applied
shear at high temperatures (7' = 418 K and 7' = 402 K). Conversely, the distributions are affected
upon decreasing temperature. While the long time and short time parts of the distribution are not
significantly modified, the strongest modification occurs for intermediate relaxation times, which is
clearly visible on the T" = 388 K bundle of curves. The cumulative distributions of relaxation times
are plotted in Figure 11.b for various shear rates between 1072 s~! and 10% s7!, at T = 394 K,
which is close to Tj;. For the lowest shear rate (black bundle of curves), the cumulative distribution
is not modified. At 4 = 107! s~!, the distribution is slightly modified. At the highest shear rate
(red curves), the distribution is strongly modified for times shorter than 10~2s.

Note that a stochastic model have been eveloped for studying the evolution of the relaxation
time spectrum during cooling and heating [45] and also under applied strain [61]. These authors
predict a shift of the relaxation time spectrum towards higher frequencies under strain similar to
the evolution upon heating. Instead of a Fokker-Planck equation for calculating the evolution of
the relaxation time distribution as proposed by Merabia and Long [45] and then by Medvedev and
Caruthers [61], we calculate for each subunit a random evolution of the local relaxation time.

Both model presented here or the stochastic approach used by Mevedev and Caruthers [61]
base their approach on a coupling between stress and dynamics. Applied stress accelerates the
dynamics. However, the stochastic model used by Medvedev and Caruthers, or by Merabia and
Long [45] cannot provide a detailed spatial distribution of the relaxation time. The stochastic
approach is mean field in nature, and is inadequate for predicting the appearance of shear bands

as it is the case in the present model, or more generally possible spatial correlation regarding
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relaxation events. The random aspect in the model and simulation described in this manuscript
is brought by the random process for relaxation events, and then, the spatial distribution of ages
and local stress.

Thus, we do observe indeed that the distribution of relaxation times gets rejuvenated by shear
at low temperatures or high shear rates, due to the non-linear breaking of the springs. Note that
it has been observed experimentally that the mobility is accelerated in actively deformed polymers
close to the glass transition [19]. Interestingly, the springs most sensitive to non-linear yield are
not the oldest ones, but the ones of age similar to 4~!. Indeed, the long time parts of the bundles
of curves remain narrow in all cases. This shows that stress does not accumulate in these springs
although they do not break. Once all subunits surrounding a very slow subunit have released
their stress by internal relaxation processes, the latter no longer bears stress: the local stress has
relaxed. As a consequence, the non-linear acceleration of the dynamics is not effective for inducing
internal relaxation of the very slow subunits because the surrounding subunits will always relax
first. An example of a relaxation time distribution strongly modified by the applied deformation
at the considered temperature and shear rate is plotted in Figure 12. Applying a stress induces a
hole in the distribution of relaxation times around the time scale of the applied deformation. As a

result, the distribution after shear is bimodal.

VI. REORGANIZATIONS UNDER STRAIN

Non affine reorganizations play a key role in yield mechanisms. The aim of this section is to
quantify these non-affine reorganizations which result from the intrinsic heterogeneity (distributions
of relaxation times) of the system. To quantify the non-affinity, the relaxed state just before the
applied deformation is chosen as reference state. For a given bead, the non-affine displacement is

defined at any time as
57 =T"1"— 7y (28)

where 7 is the initial (reference) position of the bead and I'"!'# would be the affinely deformed
current position of the bead in the reference system. The root-mean-square non-affine displacement

is also defined by
dpa = \/ (672) (29)

Brackets denote the average over all the beads. The evolution of d,, as a function of the strain ~

is shown in Figure 13. d,, increases linearly at small strain. At high temperature (above T}), it
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FIG. 11. Bundles of cumulative distributions of relaxation times. Each curve of a bundle corresponds to
a given deformation, that is to a given time during the applied simple shear deformation. A bundle is
made of these different curves for increasing deformations between 0 and 30 % (from bottom to top). A
very narrow bundle corresponds to distributions which are not modified by the applied deformation. (a):
Different temperatures are considered: T' = 388 K (green curve); T = 394 K (blue), T = 402 K (purple);
T = 418 K (red). Samples have aged for 10% s before deformation. The shear rate is ¥ = 107 1s7*. (b):
T = 394 K, aging time 10%s. Different shear rates 4 are considered: 1072571 (black), 10~ 1s~! (purple),
1s~! (blue), 10s~! (green) and 10%s~! (red). At low shear rates or high temperatures, the bundles are
narrow: the relaxation time distribution is not modified by the applied deformation. At high shear rates or
low temperatures, the bundles increasingly broaden on the short time side: the distributions of relaxation
times are modified by the applied deformation.
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FIG. 12. Example of a distribution of relaxation times modified by the applied deformation. Aging time
is 10%s, shear rate 102s7!, strain 14 % and temperature 386 K. The distribution of ages after shear is
bimodal when the non-linear effect is significant. The behavior shown here is similar to the one observed for
the cumulative distributions of relaxation times in Figure 11.a. The distribution is indeed affected in the

intermediate range of relaxation times.

increases linearly for the whole deformation range. At temperatures close to or below T}, a change
of slope occurs at deformation 6-7 %, which corresponds to the yield point. Beyond this point,
the lower the temperature, the larger the increase of d,, as a function of the applied deformation.
Note that deformation is non-affine even in the linear regime of deformation. This is a generic
feature of disordered elastic materials which has been dsicussed in detail in elastomers for instance
by Long and Sotta [64—66]. In systems where the local elastic modulus is not uniform, the square
of non-affine displacement at small deformation is proportional to 2 where ~ is the amplitude
of deformation. In a different context, Long and Sotta showed that the onset of plastic behavior

corresponded to the change of slope of d,, as it is also the case here.

We also calculated the average velocity profile in the direction normal to the applied shear. The
velocity profiles are plotted at different deformations for temperatures above T, (Figure 14.a) and
below T, (Figure 14.b). The velocity profile is affine above T}, for the two considered snapshots (1 %
and 7 % deformations respectively). Below Ty it is still affine at deformation 1% (elastic regime),
whereas two shear bands are observed above the yield point at deformation 7 %. Note that in

series of simulations performed in similar conditions (temperatures, strain rates, aging time), the
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FIG. 13. Non-affine displacement d,,, as a function of the strain amplitude for different temperatures. The

1

shear rate is 0.1 s~ and the waiting time is 100 s. d,q rises linearly with strain. Below T}, the yield point

is identified by a change of the slope: non-affine displacements are more pronounced in the plastic regime.

number of shear bands varied between 1 and 3. Thus, describing in detail the yield mechanisms at

this scale would require a statistical analysis.

As discussed above, yield occurs when slow subunits (with relaxation time longer than the time
scale t of the experiment) no longer percolates as their fraction has sufficiently decreased under the
effect of the applied stress. Then could large reorganization length scales be observed under strain?
To address this issue, we have calculated the spatial correlations of the non-affine displacement
below, at and beyond yield. The spatial correlations of non-affine displacements in the x direction
(0z; dx;) is calculated as the average over all 4,j pairs in the same xy plane, separated by a
distance r = |ry; — 70;|. The correlation function (dx; dz;) is plotted as a function of r in the inset
in Figure 15. It decreases exponentially and a correlation length can be measured. This length
is an estimate of the characteristic size of the clusters of beads which move more or less rigidly
together. The correlation length is plotted as a function of the deformation v in Figure 15. The
following behavior may be expected. Some neighboring springs (in the xy plane) get additional
stress while other ones (in the z direction) release some stress. Due to the non-linear effect, the
neighboring springs for which the stress increases may break. A roughly planar region of broken

springs, with low shear modulus, progressively appears, which is similar to a shear band. On
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FIG. 14. (a): Velocity profiles as a function of z (normal to the flow) at temperature T' = 418 K ~ T, + 25K
at 1 % and 7 % deformation. Error bars correspond to the standard deviation of bead velocities at a given
altitude. The velocity profile remains essentially affine. (b): Same as in (a) but at temperature T' = 388 K
(below Ty). In the elastic regime (deformation 1 %), the velocity profile is essentially affine whereas at 7 %
deformation, the velocity profile becomes non-affine. Three blocks moving rigidly separated by two shear

bands can be observed.

both sides of this ”crack”, clusters of beads should be relatively little deformed and should move
together. The correlation length should then be comparable to the typical size of the “cracks”,

which increases up to yield.

The appearance of shear band is due to the fact that when a subunit relax, the stress it bears
is transferred to the next one, which is more likely to relax. We observe thus the propagation
of a catastrophic event. The hole in the distribution of ages is the consequence of this process.
Shear tends to be localized. This process seems robust to us because we have observed it in other
simulations not shown here. This issue will be the focus of another manuscript regarding the

prediction/behavior of the model.

From the results shown in Figure 15, it is effectively observed that the correlation length in-
creases up to the yield point, from about 1-2 unit lengths (which is about 5-6 nm) up to about

4-5 unit lengths (12-20 nm) at larger deformations, both for glassy and rubbery samples. Thus,
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FIG. 15. Correlation length of non-affine displacements for different temperatures. Shear rate is 0.1 s7!
and aging time 100 s. The correlation length increases at about 5% deformation from 1-2 up to 4-5 at
larger deformations. However, no specific feature of the glassy state can be clearly observed as compared to
the rubbery state. Inset: correlation functions of non-affine deformations at different temperatures above
and below Tj;. The correlation function decreases exponentially. The lower the temperature, the larger the

correlation at intermediate distances. The corresponding deformation amplitude is v = 0.125.

the increase of the correlation length at and beyond yield is limited to a few units. However, this
does not appear to be specific to the yield of glassy polymers since a similar correlation length is
observed at temperatures above Ty, even though the average amplitude of the non-affine reorga-
nization is larger at temperatures below Ty than in the rubbery state (see Figure 13). In some
instances (7' = 393 K or 418 K) a maximum is observed in the correlation length at yield. Figure 15
also shows that the behavior of the correlation length is broadly distributed, as a consequence
of the small size of our samples. On this scale, each sample exhibits an individual behavior, as
we observed also for the velocity profile: the number of shear bands is broadly distributed. This
is a general consequence of the disordered nature of the dynamics and mechanical properties of

polymers at temperatures close to the glass transition.

VII. CONCLUSION

We have extended a mechanical model that accounts for the dynamical heterogeneities of a
polymer glass, and which allows for calculating the mechanical properties of polymers close to and
below the glass transition with an Eyring like hypothesis for the local mechanical properties. This

is a mesoscale model for which the basic units are the subunits of dynamical heterogeneities. The
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stress and strain fields and the dynamical state of each subunit are described at the nanometer
scale (3-5 nm). The model, studied by numerical simulation, allows reaching macroscopic time
scales. The present study has been focused on describing the non-linear and plastic behavior of
glassy polymers close to the glass transition. We have proposed that the elastic energy stored
on the scale of dynamical heterogeneities effectively reduces the free energy barriers present for
internal relaxation. The results we obtain regarding stress-strain curves up to 20% deformation are
consistent with known experimental data by assuming that the scale of dynamical heterogeneities
are of order 3-5 nm in size. Note that assuming a scale of 1 nm for dynamical heterogeneities (as
compared to 5 nm) would result in a yield stress one orders of magnitude smaller. Though this is
beyond what we expect regarding the uncertainty of the model, this result cannot constitute an
estimate of the scale of dynamical heterogeneities, but is consistent with other estimates [6, 37].
Regarding the temperature range and aging times under study (i.e. temperature close to T
and aging times of order 103s), yield appears as the result of an acceleration of the dynamics of
subunits with intermediate relaxation times of the same order of magnitude as the time scale of
the experiment: consistently with the percolation picture of the model, subunits with very long
relaxation times are not affected by the applied deformation. Mechanical loading creates a hole in
the distribution of relaxation times at intermediate time scales (around the time scale of the applied
deformation for the considered temperatures not very far below 7). Lee et al [21] and Bending et
al [20] have shown that the distribution of relaxation times, as studied by small probe diffusion, gets
narrower under stress. More precisely, the so-called Kolhrausch exponent § increases as compared
to the system at rest. This effect will be studied in a future work. Our simulations describe the
onset of plastic behavior and the reorganization at the scale of dynamical heterogeneities. If glass
transition was a real percolation transition, the length scale for microscopic reorganizations at
yield should be expected to diverge. Our simulations show that this is not the case: the correlation
length of non-affine deformation increases at yield, but do not grow beyond the scale of 10-20
nm: this is a consequence of the continuous nature of the distribution of relaxation times, which
smears out percolation effects. Our simulations predict the appearance of shear bands on the
scale of about 10 nm at yield and beyond. As discussed in [32], the main features observed with
our model seem to be consistent with the results regarding mechanical heterogeneities obtained
by molecular dynamics simulations [26, 27, 30]. Further extension of this model will also include
microscopic mechanisms responsible for strain hardening, such as those observed by molecular
dynamics simulations [67], and studied also by Chen and Schweitzer [43], who have proposed that

strain hardening results from anisotropic chain conformations. The model which has been
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presented here is generic and allows for describing plastic behavior of glassy polymers
up to a few tens of percents deformation. We obtain the relevant orders of magnitude
for the yield stress as a function of temperature and shear rates or aging time as
compared to well known data from literature. The model as it is now will allow for
making more detailed and systematic comparisons with experimental data as regard
to plastic behavior. In particular, the effect of the width of the relaxation time
distributions may be considered since the latter vary by many orders of magnitude,
depending on the considered polymers [51]. The width of distribution of relaxation
times of glassy polymers may vary between 4 decades to 6 or 7 decades [51], or even
more in the case of glassy polymer blends [68, 69]. Detailed comparison between
experimental data are made possible by the model as it has been developed here and
will be done in future works. We hope that our work will stimulate the study of the

whole spectrum of relaxation time during plastic deformation.

VIII. APPENDIX
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Simulation parameter Physical equiv. Num. value

Thermal energy kT 0.19
Time step dt 107°s 10-°
Time step subdivision 10
Friction coefficient ¢ (0.2 MPa s) 0.04
Unit length & 3 nm 1
Nearest neighbor cutoft (3.54 nm) ~ 1.18
Excluded volume radius o (3 nm) 1
Excluded volume energy ug (0.07 kgT) 0.01
Glassy spring stiffness kg G, ~ GPa 3000
Plastifying parameter A G ¢/2kpT ~ GPa 1000
Rubbery spring stiffness ko Gl ~ MPa 0.1
Min. rubbery connectivity 12
Rubbery spring length (4.5 nm) 1.5
Shear rate 0.1s71 0.1
C1 =934
WLF parameters Cy=325K
To =393.5 K

TABLE 1. Table of the main simulation parameters and correspondence with physical quantities.
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