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An analytical reference compensator for dynamic
set-point tracking with qLPV NMPCs

M.M. Morato!2, Tito L.M. Santos?

Abstract—1In the literature, recent works have systemati-
cally shown that the use of quasi-Linear Parameter Varying
(qLPV) embeddings in the place of nonlinear models can
significantly enhance the numerical performances of Nonlinear
Model Predictive Control (NMPC) algorithms. However, the
corresponding available formulations for the reference tracking
problem typically enable offset-free steady-state tracking only
for the case of piece-wise constant or fixed set-points. In
order to extend these algorithms for the more generic case
of time-varying reference signals, we propose an analytical
target modification scheme that can be directly integrated to
the prior. In particular, the proposed compensator scheme has
low numerical complexity, being based on the unconstrained
optimisation solution of the NMPC. We also provide an explicit
input-state reference trajectory representation and demonstrate
that qLPV NMPC schemes coupled to the proposed scheme
maintain input-to-state-practical-stability (ISpS) and recursive
feasibility. A cart-spring benchmark nonlinear simulation is
presented to demonstrate the effectiveness of the proposed
target modification block, in comparison to the standard setting.

I. INTRODUCTION

Model Predictive Control (MPC) is a consolidated control
strategy, with several experimental results registered [1].
Nowadays, MPC has been validated for many different
applications in both linear and nonlinear (NMPC) settings, cf.
[2], [3], [4]. Moreover, since [5], formal theoretical synthesis
procedures to establish stability, optimality and feasibility are
available - recently extended in [6] by means of dissipativity.

Notwithstanding, the use of (quasi)-Linear Parameter
Varying (qLPV) embeddings in NMPC design has recently
been shown as an efficient way to achieve (near-)optimal
control performances with very low computational cost -
when compared to standard NMPC techniques [7], [8], [9].
In short, the qLPV framework consists in parametrising
and scheduling linear system models to exactly represent
nonlinear state transitions, cf. [10], [11]. To this end, a
scheduling parameter needs to be computed in each iteration
of the corresponding MPC (iteratively [12], recursively [13],
[14], etc). The main advantage of qLPV MPC design relies
on the resulting optimisation taking the form of Sequential
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Quadratic Programs (SQPs), whose real-time resolutions are
well-consolidated using standard, off-the-shelf solvers.

In practical engineering applications, the problem of ref-
erence tracking is particularly important. However, typical
NMPC formulations “for tracking” are only able to ensure
null tracking error in steady-state for piece-wise constant
or fixed set-points. Although there exist formulations for
dynamic reference signals [4], [15], including in the qLPV
setting [14], these generally require more complex optimisa-
tion problems to be solved during the implementation, using,
e.g., dynamic targets and hierarchical trajectory planning
[16], [17] or reference-generic terminal ingredients [18],
tuned offline for possible reference values (which can also be
complex to render). In sum, the main challenge related to the
previous approaches is that resulting numerical complexity of
the NMPC becomes tougher when dealing with time-varying
set-points, in relation to the fixed set-point case. In this paper,
we provide a solution with minor numerical burden, which
dynamically modifies the reference passed to the NMPC.

Accordingly, we extend our previous results from [19] to
the more generic nonlinear setting using qLPV embeddings.
In particular, we propose an analytical reference compen-
sation mechanism with low associated numerical cost that
can be directly integrated into qLPV NMPC schemes for
tracking. Our contributions are the following:

1) Based on the unconstrained optimisation, we derive
an admissible stabilising tracking control law, which
is used to adapt and compensate dynamic set-point
signals to standard Tracking qLPV NMPC algorithms
(Sec. IIT). An important novelty is that our method does
not require the system to be square. Complementary,
we also construct a novel qLPV parametrisation for
artificial target variables in the context of LPV tracking
schemes, in order to avoid nonlinear target parametri-
sations (Appendix A).

2) Furthermore, we develop a simple explicit parameter-
dependent feed-forward reference trajectory that can be
used to construct corresponding generic time-varying
state and input sequences (Sec. III-C).

3) We also demonstrate that our method ensures Input-
to-State-Practical-Stability (ISpS) and recursive feasi-
bility of the optimisation (Sec. IV).

4) Finally, a nonlinear Cart-Spring benchmark is used
to demonstrate, in simulation, the effectiveness of the
proposed reference compensator when integrated to
Tracking qLPV MPC algorithms (Sec. V).

Notation. The index set Ny, j gives {i € N|a < i < b},



with0 < a < b. ¢35} is the space of sequences with elements
in R™. The identity matrix of size j is denoted as I;. The
predicted value of a given variable v(k) at time instant k4 ¢,
computed based on the information available at instant k, is
denoted as v(k + 4|k). For an m-sized vector v, v; denotes
its j-th variable, col(vi,...,vm) = (v{,...,v,])T, and
diag(v1,...,v,) denotes the block diagonal matrix with
v1,. ..,V over the diagonal; || - || p denotes the P-weighted
2-norm and & denotes the Pontryagin set difference.

II. RECAP: QLPV NMPC ForR TRACKING

Before presenting our new method for time-varying reference
signals, we revisit the fundamental aspects of qLPV MPC
design [8], [14]. In particular, we consider nonlinear systems
that are exactly' described in an LPV format?. That is, given
some real matrices (A(p), B(p)) and an initial condition
x(0) € R"=, we use the following discrete-time state-space:

Ap(k))z(k) + B(p(k))u(k), (1)
Clp(k))x (k).

Here, z € (37, y € (y’ and u € (5" stand, respectively,
for the states, outputs and inputs, while p € ¢,° represents
the scheduling variables, which are bounded and known at
each sampling instant k. Specifically, the embedding in (1)
is imposed over an admissible region (related to physical
constraints of the plant) given by x € X and v € U (which
implies in the output admissibility constraint y € }), for
which the scheduling proxy holds: p = f, (z,u) € P, being
P C R™ a known convex scheduling set.

Considering the nonlinear system (1), the application
of a corresponding NMPC algorithm for tracking requires
a rolling performance criterion J, = J(z(k),U,r(k)),
mapped along a finite prediction horizon of N, samples,
and the operational constraints (X and ), considering
r(k) € R"™ as a piece-wise constant reference signal.
Such an algorithm determines, at sample k, the sequence
of optimal candidate control inputs along the horizon, i.e.
Up = col(u*(k|k),...,u*(k-+N,—1[k)). Then, given that
at each discrete-time sample k, only the sampled scheduling
variable p(k) and state x(k) are available, we consider a
slightly modified version of Tracking qLPV NMPC from
[14], which relies in solving the following optimisation:

z(k+1) =
y(k) =

Jk
—_—
V= arg [5nin J(x(k), Uy, r(k)) , s.t.Vj € Ny n,)

2k + 1K) = A(p
+ B(p
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By exactness, we mean that if the scheduling relation mapped by p is
re-introduced in (1), we retrieve a nonlinear discrete-time model.

2In many standard references, nonlinear systems given in the format of
(1) are said guasi-LPV, due to the endogenous parameter-dependency. For
brevity, we use only the term LPV.

In this modified formulation, for which V;* := (U}, 0%), the
steady-state equilibrium for a given scheduling is defined
by (Za,Ua,Ya) = Mg(p(k))8, such that the new approach
can be applied to non-square systems (n, # n,) which is a
significant novelty in comparison to [4] and [14].

The NMPC optimisation in (2) comprises the following
elements: (i) a quadratic tracking cost function given by:

V(@(k+Nplk))
Ii = llz(k + Nplk) = zall B +lIr(k) — yall7
Np—1

+ ) (lak + jlk) = 2alld + lulk + j1k) = wal %),
=0

3)

being T', @, R and P well-defined positive definite matrices;
(ii) box-type state and input admissibility sets, i.e. X :=
{ZL’ e R : —x; < x; < T;,Vi € N[l,nf]} and U =
{u € R™ —t; < up < U;,V5 € Ny} (i)
robustly admissible augmented invariant set for tracking €2,
(iv) the artificial (state, input, and output) target variables z,
U, and y,, as proposed in the original “NMPC for Tracking”
[4]; (v) an artificial decision variable ¢, € R™* related to
the target set-point, parametrised by the sampled scheduling
variable p(k); and (vi) a constraint tightening mechanism,
implied by the uncertainty propagation set® S(j), and the
stabilising terminal feedback gain ;. In the open-loop stable
case, it is implied that the state prediction error (a result of
the predicted scheduling trajectory) is always bounded, i.e.
(Alp(k +j = 1|k)) = A(p(k +j = 1|k + 1))z + (B(p(k +
j—1lk)=Bp(k+ji—1k+1))ue W, Ve e X,Vu € U,
being WV a known compact set. For unstable plants, this can
be established using a hierarchical local LPV feedback law
u(k) = Kq(p)x(k) +v(k) st. A(p) + Ks(p)B(p) is stable.

Some typical additional stabilising assumptions are
considered to achieve recursive feasibility and input-to-
state stability [5]: (i) P > 0 is the solution for
(A(p) + Blp)re) " P(A(p) + B(p)rs) — P < —r] Riy — Q.
Vp € P; (i1) €2 ensures the following invariant property
(z,0) € Q = ((A(p) + B(p)ki)x + BL(p)0 + w,0) € Q,
where L(p) = —riMi(p) + Mu(p), € X & S(Np),
w4+ L(p)8 € U, My(p)f € A(XSS(N,)), Mu(p)d € \U,
0 < A < 1, where A is a scalar used to contract the
equilibrium constraints, Yw € W.

Along this paper, as considered in similar works, e.g.
[4], [18], [19], [14], we assume that the piece-wise constant
reference signal r(k) can be directly converted into an input-
output reference pair (x,(k), u,(k)). This conversion can be
handled, e.g., as an inverse problem or by an unknown-input
observer scheme, as long as the system in (1) is observable
or standard trajectory planning algorithms. We notice that, in
the linear time-invariant (LTI) setting, the parametrisation of
the artificial target variables w.r.t. the set-point r(k) is trivial
(and can be derived from the null space condition related to
the system description).

3There are several design procedures to construct the uncertainty prop-
agation sets S(j) that ensure robust constraint satisfaction and recursive
feasibility of the optimisation. In particular, zonotopes can be directly used
for this goal, considering qLPV models, as we demonstrate in [14].



However, up to our best knowledge, NMPC schemes “for
Tracking” - such as the qLPV one we propose in [14] -
typically require nonlinear functions to map the input-state
pair (x,,w,) from its corresponding output target r(k), cf.
[4], [20]. These functions are not direct and can even be
non-existent for particular nonlinearities. Here, as a side
contribution, we also formulate an explicit qLPV parameter-
dependent target characterisation, which serves to remove
such nonlinear relations from the MPC optimisation problem.
In particular, we detail how to compute the explicit matrix
My(p(k)) during the implementation in Appendix A.

The constraints in (2) account for the predicted system
dynamics along the future horizon. The main difficulty in
qLPV MPC, thus, lies in the unavailability of the future
scheduling variable values, i.e. p(k + j),Vj € Ny n, 1),
which depend on the future states and inputs. The usual
implementation approach relies in using estimates for these
variables, e.g. computed using a Taylor expansion [13], and
accounting for the corresponding introduced uncertainty*.

The most important properties in NMPC design for track-
ing are recursive feasibility of (2), stability of the correspond-
ing closed-loop interconnection, and offset-free tracking of
r(k) as long as this signal is reachable/admissible, i.e. given
in Y. For such, the considered tracking cost Jj includes the
terminal penalty V'(-) that, combined with the terminal set
Q,, ensures closed-loop stability despite the model uncer-
tainties. Moreover, the tightened constraints ensure robust
satisfaction. We consider, along the sequel, that the uncer-
tainty propagation sets S(j) and the terminal ingredients are
given and that the qLPV NMPC in (2), thus, ensures the
aforementioned properties. We indicate that, in recent works,
the seminal criteria proposed by Mayne and colleagues [5]
is adapted to the LPV context [6], [14]. In short, P and
can be computed using linear matrix inequalities. A simple
choice for Q; can be, for instance, Q; = {(z,0) € R™=*+"u ;
—0 <0<, (x— M(p)0)"P(x — M,(p)) < «, V¥p €
P}, where a and @ are defined to impose the admissible
conditions. Further details are omitted herein for brevity.

ITII. SET-POINT MODIFICATION SCHEME

Considering the qLPV NMPC for Tracking algorithm from
[14], given by the optimisation in (2) with appropriate termi-
nal ingredients and uncertainty propagation sets, we provide
the main result of this work next. In particular, our method
is as follows: we propose an analytical rule that modifies
any given bounded time-varying reference rrv(k) € R™v,
converting it into a trackable, admissible signal (k) that is
passed to the NMPC scheme from [14] - which is designed
to track piece-wise constant targets (not time-varying ones).

A. Unconstrained NMPC law

To develop our reference compensation method, as illustrated
in Fig. 1, requires to generalise the arguments from [19] to

4The goal of this paper is not to debate how to construct such scheduling
sequences and the corresponding robust sets (for tracking), since these issues
have been previously addressed by the Authors in [6], [14].

———————————————————————————————————————————————————————

(Nominal) qLPV Terminal
Cost function model ingredients

Dynamic
Set-point
Modification
Scheme

Tracking qLPV
NMPC

Nonlinear process

I
! | States
1

Fig. 1. Proposed scheme and qLPV NMPC.

the qLPV setting. To this end, we first consider that, at a
given sampling instant k, during the implementation of the
standard Tracking qLPV NMPC in (2), the output reference
target r(k) maps the correlated input-state tracking pair
(zr(k),ur(k)) - in Sec. III-C we detail how to generate these
elements. Moreover, we re-state’ (2) in a generic quadratic
format, i.e. as the optimisation problem Bnwmpc - which seeks
to determine the decision vector v that minimises the cost
J(v,2) st. Fv € C, being z known parameters. Then, we
assume that the generic cost J(v,z) is quadratic w.r.t. v,
and that its second-order derivative %J (v,z) is positive
(i.e. J(v,2) is a strictly convex function).

Hence, our argument from [19] is valid: consider that v*
is the optimal solution related to LEnmpc, under Fo* €
(CedC), being 6 > 1 the smallest scalar such that the
boundaries of C are excluded. That is, without any constraints
active - and thus with artificial variables valued as their
respective targets (v, = z, and v, = wu,) . Then, it is
well-established in the literature that V, J(v*, z) = 0 gives
the optimal unconstrained solution of Pympc. By exploring
this simple result, we propose to dynamically alter the set-
point 1y (k) to the closest possible target r(k) which can
be tracked by this unconstrained predictive control law. The
rationale is to pass to the NMPC an adapted reference value
r(k) to correct the possible tracking deviation from the orig-
inal target rrv(k), considering the input region associated
with unconstrained law.

Consider the analytical quadratic expression for J(v, z):

J(v,z) = %UTH(Pk)’U-I-ZTS(Pk)U “4)

+ fT(Pk)v + h.(2) +c.

Then, from the optimality result applied to (4), it is implied
that the divergent V,J(v*,z) = 0 and, thus, that the
corresponding optimal unconstrained solution is given by:

v* = —H B (ST(Po)z+ f(P) . (5
Remark 1: The predicted scheduling trajectory associated

o @ Py = collp(k), pl(k + 1[k) - ,p(k + N, — 1[k)).

SThe Tracking qLPV NMPC in (2) can be expressed in the generic
format of Pnmpc with the decision variable v := (Uy) and the compact
parametric term 2z := (x(k), Py, zr(k), ur(k)).



can be computed via several different methods, cf. [12], [8],
[13]. For brevity, we assume Py is at hand at each sampling
instant and omit further discussions due to scope.

Next, we translate the optimal unconstrained minimiser of
PBnmpc in (5) to the Tracking qLPV NMPC scheme in (2).
That is, we-rewrite the tracking cost function from (3), with
Tq = x, and u, = u,., in the form of (4), which yields:

J, = (P)UL + U, g (Pr)x(k) (6)
+ Uk ga: (Pk)xT( ) Uk gur(Pk)uT(k) +c.

Accordingly, the optimal unconstrained predictive control
law related to (2), i.e. u*(k) as the first entry of U}, can
be obtained by differentiating (6) w.r.t. Uy, which leads to:

1
fU,;rH

u (k) = K(Py)x(k)+ Lo(Pe)ar(k) (7
+ Lu(Pp)ur(k),
= K(Pp)x(k)+ Lo(Pr)0(k), (8)

being K (P) a parameter-dependent feedback gain, L, (Py)
a parameter-dependent feed-forward gain related to the state
target and L, (Py)u,-(k), and Lg(Py) = L,(Px)My(p) +
L, (P;)M,(p). These gains are analytically given by:

T

—_—~
K(P) = —[ln,,0p, v,—1)) H ' (Pr)ge(Pr) .
Ly(Py) = —TZH '(Pp)gae,(Pr),
Ly(Py) = —TH *(Py)gu,(Ps),

and the related (sampled) Hessian and gradients are:

H(Py) = 2B(P) QB(P) + R),
(Pk) = QB(Pk)TQ.é(Pk)’ ©)
o (Pl) = B(P)Q
gu,.(Pr) = —2R,
considering that R = blkdiag(R,...,R) and that Q =

blkdiag(Q, ..., Q, P). The matrix-valued terms in (9) related
to (6) implicitly depend on the scheduling trajectory P} at
each sampling. Such dependency accounts for the parametric
matrices A (P;) and B(P), given in (10).

B. Reference compensation law

The unconstrained predictive control law in (7) is time-
varying, given the qLPV nature of the process - yet
parametrised by the scheduling term p(k). As of this, one
can directly map the relation from the arguments x(k) and
(z-(k),u,(k)) to the law u*(k) by constructing the differ-
ent gains [K(Py) L, (Px) L, (Py)] for the whole scheduling
space P. We note that the state target x.,.(k) is some given
trajectory to be followed, related to r(k), while u,.(k) can be
computed analytically according to the result in Sec. III-C.

Then, considering that z,-(k) and u,.(k) are at hand, it is
implied from (7) that there always exists a reverse output
target computation from the unconstrained law, as long as
det(Lg()) # 0. In practice, given that (7) defines the
unconstrained solution of the qLPV NMPC in (2) (which
ensures piece-wise constant reference tracking), it is implied
that det(Lg(-)) # O since any admissible target can be

tracked cf. [19, Proposition 1]. Therefore, for a time-varying
reference rrv(k), our analytical compensation law is:

r(k) = My(p) Ly (Py) (—K (Py)zry (k) + urv(k)) , (1)

being ury (k) and a1y (k) in (11) the input-state target pair
related to the dynamic set-point rrv (k).

In short, the proposed dynamic set-point modification
scheme in (11) only requires to: (i) compute the feedback and
feed-forward gains (K (Py), Ly(Px), Ly(Py) and L,(Py))
for sampled scheduling parameter value p(k); and (ii) solve
the transformation in (11) to derive a modified reference
target r(k) - which is passed to the qLPV NMPC (2). These
operations are numerically inexpensive (simple algebraic
operations) and, thus, do not significantly alter the resulting
computational complexity of the NMPC algorithm. Notice
that, in the absence of active constraints, the NMPC law
converges to u*(k) = K(Py)(x(k) — z1v(k)) + ury (k).

C. Feed-forward trajectory and input sequence

The proposed reference compensation scheme requires the
time-varying state-input target sequences (x1y(k),ury(k))
so that the reference can be adapted via (11). The following
remedy® can be used to construct the state-input sequences.

Assumption 1: Consider that outputs of the qLPV system
in (1) should track a given sequence of targets Rypy :=
{rov(k), rrv(k + 1),...}, related to a corresponding state
sequence Xty = {xv(k),z1v(k +1),...}. Assume that,
at each sampling instant k, the controller has access to the
current and successor state targets, i.e. zry(k) and zrv(k +
1). Then, the corresponding feed-forward input trajectory
Ury = {ury(k),urv(k + 1),...} should be defined such
that ZIITv(k + 1) = A(p(k)).ETv(k) + B(p(k))llTv(A) holds.

Notice that Assumption 1 considers that Xty can be
directly retrieved from Rrpy, which, in practice, can be
established by, e.g., an unknown input observer or an
optimisation. Then, at each sample k, given p(k), there
exists an input target s.t. B(p(k))ury(k) = zrv(k + 1) —
A(p(k))xtv(k). Given a stabilising feedback gain x;, the
control law u(k) = k¢ (x(k) — x,-(k))+ury (k) indeed drives
e (k) = (z(k) — zrv(k)) to the origin.

IV. CERTIFICATES

Proposition 1: Consider the qLPV process in (1), with
states z(k) and scheduling parameters p(k) measured each
sampling instant k. Then, qLPV NMPC for Tracking opti-
misation in (2), based on the adapted reference signal r(k)
according to (11), is recursively feasible.

Proof: The recursive feasibility property does not
depend on the r(k) since it has no effect on the constraints.
Also, notice that the adaptation from rrv(k) to r(k) in
(11) is a mare characterisation of the target signal. Thus,
the certificate from [14, Proposition 5.6] is preserved. For
brevity, we only revisit the main argument: Consider that
(2) (with cost (3) and tracking ingredients, i.e. terminal

SIn the case of piece-wise constant set-points, the input-state steady-state
pair (xr,u,) is constant and can be computed directly from the reference
value, i.e., Assumption 1 is not necessary.



A(Py):=

B(Py) :=
A(p(kér(q()])cz‘i(p(k)) B(p(k)) 0 (N 0
) Alp(k + 1) B(p(k)) Blpk+1) 0 - 0

Alplk +2)Alplk + D) AGHRD |

Mot A(p(k + )

7

Ap(k + Ny — 1)) - A(p(k + 1)) B(p(k))

. (10)

B(p(k + Ny — 1))

cost V (), stabilising gain r;, uncertainty sets S(j) and the
robustly admissible invariant set for tracking €);) ensures
robust constraint satisfaction and that (U},0%(k)) is the
optimal solution at k, with z*(k + j|k) being the optimal
state evolution. Then, the candidates 05(k + 1) = 6%(k) and
Ui, = col(u*(k + 1]k), ..., u*(k+ Ny — 1]k), kez*(k +
Nplk) + Lo(Py)0%(k)) with z*(k + jlk) € X 6 S(j) =
2¢(k+1+jlk+1) € XS 8(j) define a feasible solution for
(2) at instant k + 1, thus establishing recursive feasibility. W
Lemma I: Consider the qLPV process in (1), with
measured p(k) and xz(k) at each sampling instant. As-
sume that the scheduling parameter deviation dp(k) :=
(p(k +1) — p(k)) is bounded. Then, the predictive control
law obtained by solving the qLPV NMPC for Tracking
optimisation in (2) based on the reference signal r(k),
modified w.r.t. to the tracking target rrv (k) according to (11)
ensures input-to-state-practical-stability (ISpS).
Proof: Assume that rry(k) € R is bounded, being
R C R™ a compact set. Then, r(k) € R for all k >0,
being R is also a compact set, as a consequence of the mod-
ified target transformation, cf. [19, Proposition 1]. Moreover,
assume that the qLPV NMPC scheme in (2) is recursively
feasible. Accordingly, there exists a feasible region of attrac-
tion related to (2), namely D, such that (z(k), p(k),r(k)) €
D implies in (x(k + 1), p(k + 1),7(k 4+ 1)) € D. Thus, the
following bound related to the artificial output target can be
established:

lr(k +1) = y&(k + DIlF = [Ir(k) — gz ()7 <
Ir(k+1) —r(®&)II7 <

12)

Cr,

considering ¢, as a positive finite constant, y (k) as the opti-
mal value of y, in (2) at instant k and y5 (k+1) = y* (k) as its
candidate at the following instant. Indeed, the boundedness
of ||r(k + 1) — r(k)||||> is reasonable for the fact that we
consider (bounded) time-varying output tracking set-points.
This bound is the main difference from ISpS to the typical
ISS condition for constant references. Then, by defining
Vi (k) = Vi(a(k), p(k),r(k)) == Jp— lr(k+1) =y (k) |2
as a Lyapunov candidate, we find that:

Vi(k+1) = Vi (k) < —|la(k) = azl1E + (16p(R)]) + cr .

13)
considering that () is a strictly positive scalar function
that passes through the origin. Accordingly, (13) ensures
ISpS in the presence of arbitrary, bounded time-varying
target rrv(k). Moreover, if the set-point signal is non-
admissible, but constant, ISS holds since ¢, decays to zero.
This concludes the proof. [ ]

V. SIMULATION RESULTS

In order to demonstrate the effectiveness of the proposed
reference modification scheme, in the context of qLPV
NMPC algorithms “for Tracking”, we consider the cart and
spring-damper benchmark system, as originally described
in [21]. This nonlinear process is represented here by the
following qLPV discrete-time model, operating under the
sampling period of Ts = 400 ms:

1 0.4 0
w(k+1) —0.1320p(k) 0.56 ] + [ 0.4 }“(M’
y(k) = x(k),
p(k) = exp(—z1(k)) .

This system has state and input constraints associated to its
physical characteristics (position, speed and applied force).
We consider that admissibility is defined by the following
symmetric state and input bounds: T; =73 = 2 m and ©w =
5 N. The steady-state parameterisation is simply M, (p) =
0.33p, M, (p) = M, = col(1,0), and My(p) = M,.
Accordingly, we design the qLPV MPC for Tracking from
[14], given in (2), by using the following tuning parameters:
a prediction horizon of N, = 10 samples, performances
weights @ = Iy and R = 0.1I;, and and output tracking
costis T'=1I,,, 103|| P||2. In particular, we use the (terminal)
stabilising gain r; = col(—0.8907, —2.2529) " (required to
compute the state-input target characterisation, cf. Appendix
A) and the admissible invariant set for tracking €, :=
{(#,0) € R=F™ ¢ (—3,) Pz — 24) < 555, 0] <

1.6435, x, = M6} defined by the positive definite matrix

5.6934 | 1.8477

ro= x| 21664 |

This robust invariant set for tracking, in practice, imposes
that |u,| < M,(p)1.565 and |z,,1| < 1.565. Notice that
these sets are slightly reduced w.r.t. the original admissible
sets - which is necessary to ensure recursive feasibility
despite uncertainties, cf. [14].

Then, we compare’ the tracking performances using the
standard qLPV MPC for Tracking from [14], and the per-
formances obtained with the same controller joint with the
proposed reference compensation scheme (as illustrated in
Fig. 1). In particular, we consider an arbitrarily varying
(non-periodical and, in parts, non-admissible) output set-
point signal ry(k). The tracking results are presented in

"The results presented in the sequel were obtained using Matlab software
and Yalmip toolbox; the numerics are relative to a M1 Pro 16 GB RAM
Macintosh computer. QPs were solved using gurobi.



Figures 2 and (state trajectories and applied predictive con-
trol signal, respectively), considering the initial condition
2(0) = col(—2.3, 1.5). We highlight the main features:

« Both controllers are, as expected [9], real-time capable,
in the sense that the average computational time re-
quired to solve the optimisation (QP) is of 39.70 ms
with the standard controller and 40.80 ms with the
standard controller coupled to the proposed dynamic
reference modification. Indeed, the 1.10 ms time differ-
ence (in average) indicates the residual computational
complexity associated to the reference compensation
law in (11). As shown in [22], we emphasise that
embedding these NMPCs to low-cost microcontrollers
is today practical and possible, particularly thanks to the
numerical ease that comes with the qLPV formulation.

o Moreover, the main advantage of the proposed scheme
is that it considerably enhances the tracking perfor-
mances. In practice, the standard qLPV NMPC is not
able to track the considered time-varying reference with
precision, while the proposed compensation scheme
makes it follow the set-point very closely - it only avoids
tracking when the reference is unreachable (i.e. outside
the admissibility set ))). In numerical terms, we high-

light that the resulting tracking cost Jr(k) = (Hx(k) -

zrv (k)G + [u(k) — uTV(k)||2Q> is considerably better
with the inclusion of the compensation scheme: the
aggregated cost ), Jr is reduced by 33.92 %.

VI. FINAL REMARKS

In this brief note, we discussed how to dynamically adapt
time-varying output set-points in order to enhance the track-
ing performances of standard qLPV NMPC schemes. In
particular, the proposed reference modification scheme is
analytical, with residual numerical complexity (only alge-
braic transformations), and is derived from the unconstrained
NMPC law. That is, given a time-varying set-point rrv(k),
our scheme determines an adapted reference r(k) that cor-
rects possible tracking deviations considering the input re-
gion associated with the unconstrained law. We show, using a
cart and spring-damper nonlinear benchmark simulation, that
our method indeed enables standard qLPV NMPC algorithms
for tracking piece-wise constant signals, as the one in [14],
to track arbitrarily time-varying output targets with ease.

In future works, we plan to further compare the pro-
posed scheme with NMPC scheme for tracking with dy-
namic terminal set optimisation, e.g. [18] and ‘“oracle”
NMPCs, for which the complete future reference signal is
known/estimated. We also plan to exploit partitions of the
unconstrained qLPV MPC input region to enhance results.
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APPENDIX

A. LPV target parametrisation

Consider the qLPV model in (1) and the corresponding
NMPC for Tracking in (2). Next, we analyse the (last
constraint) target parametrisation (z,,u.,r) € My(p)6.
In particular, we derive the parameter-dependent matrix

My(p), scheduled by a fixed/sampled value for p, that maps
the input selection variable # from the steady-state pair
(z,u,) and output reference r. For such, consider that
u(k) = rex(k) + 0(k) as a stabilising feedback law that
drives the state trajectories towards x, and, thus, the output
to the reference r. Accordingly, the corresponding closed-
loop dynamics are given by z(k + 1) = Ar(p(k))x(k) +
B(p(k))0(k), where A.(p) := A(p) + B(p)k:. Then, by
imposing limy_, 1 o (k) — z, for a fixed p, it follows that
Zr = My(p)0, and limg_, 1 0(k) — 6, with M, (p)
(L., — Ax(p))”" B(p). Furthermore, limy_, ;s u(k) — u,
and limg 4o y(k) — r imply that w, = M,(p)é,
with M, (p) (keMy(p) +1,,) and r = My(p)z,
with M, (p) C(p)M(p), respectively. Thus, the target
parametrisation is with the following matrix; Mjy(p)

col ( My(p) Mu(p) Mylp) ).



