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Evolution inclusion driven by fractional Brownian motion

Charles Castaing * Christiane Godet-Thobie’Le Xuan Truong *

May 20, 2025

1 Introduction

The paper is devoted to the research of S-Holder continuous and AC solutions for several types
of fractional differential equation coupled by evolution inclusions with Sweeping Process or
time dependent maximal monotone operator A; driven by Volterra integral perturbation and
fraction Brownian motion (fBM) BH = {BH(t):t € [0,T]} with Hurst parameter § < H < 1.
In particular, if, 1-H < 8 < 5, then there exist a pair (x, u) where x : [0, 7] — R is f-Holder
continuous and w : [0,7] — R€ is absolutely continuous, satisfying

cDBx(t) = G(t,u(t))
u(0) = ug € C(0)
()GC()WG[O T]
—1(t) € Negyu +f0 f(t,s,u(s), [ 6(0,2(0)dBf) ds, a.e.

where ¢DPz denotes the Caputo fraction derivative of z, G(t,.) is linear continuous f:

[0,T]xR¢xR® — R and b: [0,7] x R® — R are Caratheodory mapping, fo 9))dBH
is integral of b(.,z(.)) with respect to dBY. A quick glance shows that this problem is of
great interest since that solutions (z, u) of the above dynamic are not classical. Furthermore,
it is clear that the solution problem for such a system is quite general since it contains many
results related to classical solutions of similar evolution equations. Several variants are avail-
able with application to Optimization problems. This research led to further ramifications
by considering further types of fractional evolution inclusion and Operators, namely the Sko-
rohod problem in fractional evolution inclusion driven by Sweeping process and Operators
with perturbation ¢ : [0,7] x [0,7] x R® — R®: there exist a pair (x,u) where z : [0,7] — R®
is f-Holder continuous and u : [0,7] — R€ is S-Holder continuous, satisfying to the dynamic
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(
JEb(r, 2(r)) dBE + [!g(t, s,2(s)) ds + u(t), Wt € T
C(

u(t) € t),VtGI
—cDPu(t) € No +f0 (t,s,2(s))ds, ae. t €1,
z(0) =u(0) =a

u(0)
[ o(r,a(r)) dBE + [L g(t, s,2(s)) ds + u(t), Vt € 1

—CDu()GAtu +f0 (t,s,2(s))ds, a.e. t €I,

New result for the Skorohod problem driven by fractional inclusion by time and state depen-
dent maximal monotone operator A ;) is available.

z(0) =u(0) =a € D(A(Oyo))

2(t) = fLo(r,a(r ))dBH + [ g(t,s,x(s)) ds +ult), Yt e I

u(t) € D(A, tfo dBH)) vtel

—cDy(t) € tfo ) dBHYY +f0 (t,s,2(s))ds, ae. t €1,

where z and u are a-Holder continuous with a €]0,1[ and ¢*D%u is the Caputo fraction
derivative of the a-Holder .

1.1 Integration with respect to fractional Brownian motion

A fractional Brownian motion (fBm) with Hurst parameter H €]0, 1] defined on a probability
space Q, F, P) is a centered continuous Gaussian process B = {Bff : ¢t € [0,T]} with the
covariance function

1

§(t2H + 32H . (t . 3)2H)

for all s,¢ € [0,T]. It is well known that, by Kolmogorov’ s continuity criterion, Bf admits
a version whose sample paths are almost surely Holder continuous of order strictly less than
H. To be specific, for every € €]0, H], there is a positive integrable random variable 7. 7 such
that

RH(t, 8). =

\BtH — Bf\ < et — Sleea.s.

See, for example, ([19] , Lemma 7.4).
For our purpose, we will work with the function spaces that are defined as follows: Let
0 < v < 1, we define

¢ The Holder spaces: C’"Y([a, b];Re) = {(Z) IS C([a, b];Rd) such that [|¢]|y, (a5 < oo} with v €

(0,1) and
[$(t) — o(s)l
bl = t)] + T T
11l a0 asglilg)bHQS( )l agsslgt)gb |t — s[7



o The spaces Wg{’el [a,b] = {measurable function f : [a,b] — R®such that || f”W”*l[a y < oo},
Re€ k)

where )
Hf || “f(s) = F(Dl
I lwgan = / -ay® +// 5—7’7+1 Tls—qp ards

These function spaces are Banach spaces Wlth the corresponding norms.
Next we discuss the integral of measurable function with respect to BY. In this paper,
we take H > 1 and 7 such that 1 — H < y < 3. ForgeW&’el[O,T] and 0<a<b<T, we

recall the definition and a property of its integral f; g(s)dBH with respect to B by

b b
/ g(s)dBll = e / (D], 9)(D, =" BiL)dt

Herein for all ¢ € [a, b]
B (t) = BH(t) — lim B7(b—¢)

e—0t

wheras D, and D;: 7 stand for the Weyl derivative given by

D.g(t) = L g(t))7+7/at 9(t) —9(s) ,

M) (—a (st o)

and
v BH(t) - BH(b b BH (1)

D;:VBH(t) = (=1 ( B(s )ds)

i) - n t—sy
So, we have the inequality (*):
H / (B < K. . bDlol 320 (+)

where

11—y pH
——  sup D B < o0 a.s
F(l - 7) a<‘r<s<bH ( )H

For more details, we refer the reader to [19].

K(v,[a,b]) :=

2  Fractional/evolution inclusion driven by fractional Brown-
ian motion

We introduce in the following the definition and some properties of maximal monotone oper-
ators needed in the proofs of our results, and we refer the reader to [1] for their basic theory
and more details.

Let A: D(A) C H =% H be a set-valued operator. We use classical definitions of the domain
D(A), the range R(A) and the graph gph(A) of A. We say that A: D(A) C H = H is mono-
tone, if (y; — y2,x1 — x2) > 0 whenever (z;,y;) € gph(A), ¢ = 1,2. It is maximal monotone,
if its graph could not be contained strictly in the graph of any other monotone operator, in
this case, for all A > 0, R(Ig + AA) = H, where Iy stands for the identity mapping of H.



If A is a maximal monotone operator then, for every z € D(A), Az is non-empty, closed and
convex. So that, the projection of the origin into Az, A%(x), exists and is unique.

Let A: D(A) C H = H and B : D(B) C H =% H be two maximal monotone operators,
then we denote by dis(A, B) (see [20]) the pseudo-distance between A and B defined by

. — su <y_y/ax/_x>, T o
dis(a, B) =sup { L2 LES S () € gph(A), @) € ph(B) ). (2)

Clearly, dis(A, B) € [0, 4+00],dis(A, B) = dis(B, A) and dis(A,B) =0 iff A= B.
If the maximal monotone operator is time dependent, it will be noted A;. If it is time and
space dependent, it will be noted A ;).

To prove our main results, we need the following lemmas (see [14]).

Lemma 2.1 Let A be a mazimal monotone operator of H. If v € D(A) andy € H are such
that
(A2 —y, 2 —2) > 0 Vz € D(A),

then x € D(A) and y € Ax.

Lemma 2.2 Let A,, (n € N), A be mazimal monotone operators of H such that dis(Ay, A) —
0. Suppose also that x,, € D(A,) with x, — = and y, € A,(xy,) with y, — y weakly for some
x,y € H. Then z € D(A) and y € Ax.

Lemma 2.3 Let A, (n € N), A be mazimal monotone operators of H such that dis(Ay, A) —
0 and ||A%z|| < c(1+||z||) for some c >0, alln € N and x € D(A,,). Then for every z € D(A)
there exists a sequence (z,) such that

2n € D(Ay), 2o — 2 and A%z, — A%z (2.2)
We recall the folllowing result ([7], Corollary 1)

Theorem 2.1 Let A = dt the Lebesgue measure on I = [0,1]. Assume that for everyt € I |
Ay : D(A;) — ck(R®) is a mazimal monotone operator satisfying (Hi'), (H3'), (H3), (H4).
(H{Y) there exists a nonnegative real number ¢ such that

A7) = 1A%, 2) | < (1 + |ll)) for t €1, x € D(A)

(H5Y) T st~ D(A;) has right closed graph,gph(T'),
(HE) (t,2) — Ai(z) = gph(T) — ck(RE) is scalar upper semicontinuous: for t, | t, for
Ty — ¢ with x, € D(Ay,) and v € D(A),

Ve € R, limsup 6 (e, Ay, x,) < 0% (e, Ap)
n

(’Hf) There ezists a non decreasing and right continuous function r : I — [0, 00] such that
r(T) < oo with the Stieltjes measure dr such that, for t <1 C I, for A >0 and x € D(A)

AT
lz — T2 @) < r(r) = r(t) + A Ad|

4



Let f :[0,T] x E — E such that
(i) f(.,x) is L([0,T])-measurable on [0,T] for all z € E,
(i) 1 (t,2) — F(t.0)]| < Ml[z — gl for all t,2,y € [0,T) x E x E,
(i) [ (¢, 2)|| < M(1+|[z[]) for all (t,x) € [0,T] x E,
for some constant M > 0. Let v = dr + A and let %() be the density of A\ relatively to the
measure v. Assume further that there is 3 €]0, 1[ such that vt € [0,T], 0 < 2M L (t)dv({t}) <
B < 1. Then for all ug € D(A(0)) the evolution problem

—Du(t) € A(t,u(t)) + f(t,u(t))

admits a unique BVRC solution u with u(0) = wug, that is, there exists a unique BVRC
function u : [0,T) — E such that

@ (t) € Ly ([0,T], dv)
—du(t) € A(t,u(t) + f(t,u(t) (1), v ae.

In this paper, to study the systems presented in the introduction, we detail here the
hypotheses that will be used for the operator A, for the integral with respect to By and for
diverse perturbations:

1- on the operators A; (¢t € I):

(Ag) The multimapping A : (t,x) € [ x E — Ax € ck(E) is scalarly L£([0,T]) ® B(FE)-
measurable, where ck(F) denotes the set of non empty convex compact subsets of £ = RE.
(H{') There exists a real constant L > 0 such that

dis(Ay, Ag) < Lt — s|® Vt,s el
(H4') there exists a nonnegative real number ¢ such that
Az = [|A°(t, 2)]| < (1 + ||z])) for t € I, = € D(Ay)
(H5') T : t = D(A;) has right closed graph,gph(T),
(HE) (t,z) = A(x) : gph(T) — ck(R®) is scalar upper semicontinuous: for t, | t, for x, — =

with x,, € D(Ay,) and z € D(A),

Ve € R limsup 6* (e, A¢, xp) < 6% (e, Ay)

(H4)) There exists a non decreasing and right continuous function r : I — [0, oo[ such that
r(T) < oo with the Stieltjes measure dr such that, for t <7 C I, for A > 0 and = € D(A;)

A(T
lz = IO @) < r(7) = r(t) + M| Az

2- for the integral with respect to the fractional Brownian motion B = (Bff),c; of Hurst
index % <H<1linRf withl—H << % we consider a class of continuous mapping
b:[0,T] x R® — R satisfying the conditions (B;), (B2) and (Bs) or the group of weakened



conditions (BY), (B%) and (BY):
Bi) ||b(t,x)|]| < M, VzeRS,
) ||b(s, z) — b(t, z)]| <M|t—s|5 0<s<t<T, VrcR"
) bt z) = bt y)|| < M|z —yll, Vtel[0,T], Vz,y € R° x R".
) Ib(t 2)|| < My, V(t.z) € I x R,
) |b(t,x) —b(s,y)l| < My|t —s|”, 0<s<t<T, Va,yeR xR
) lb(t,2) — b(t. )| < Myllz—gll, Vi€ [0,T],¥z,y € R x R®
3- For the perturbation f: I x R® x R® - R*®:
(F1) f(.,z,y) is L(I) measurable for all (z,y) € R® x R,
(F2) f(t,. ,.) is continuous on R x R for all t € I,
(F3) || f(t,x,2) — f(t,y, 2)|| < M|z —y|| for all (t,z,y,z) € I x R® x R® x R,
(Fa) ||f(t,z,y)|| < M for all (z,y) € R® x R®.
For the application G : I x R — R° :
(G1) G : I x R® — R is continuous,
(G2) Gy : R® — RF is linear continuous operator for all ¢ € I,
(G3) |Gt| < mg for all t € I where |G¢| is the norm of the operator G; and m¢ is a positive

(
(
(
(
(
(

constant.

Theorem 2.2 Let I := [0,T]. Assume that for everyt € I , Ay : D(A;) — R is a time
dependent mazimal monotone operator satisfying (H3'), (H3), (H4) and (HZ).
Let f: I x R® x R® — R satisfying (F1), (Fa2), (F3) and (Fy).
Consider a fractional Brownian motion B = (B )ic; of Hurst index % < H<1imR° Let
1-H<p< % Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying
the conditions (Bi1), (B2) and (B3).
Let G : I x R® — RE€ satisfying the conditions (G1), (G2) and (G3).
Consider the measure v := dr + X and assume that there is 6 > 0 such that
0<2MB(t)w(t)<s<1,vtel.

Then there exist a CP([0,T]; RE) mapping ¢ : [0,T] — RE and a BVRC mapping u :
[0, T] — R€ satisfying the dynamic system with rough signal

fo r(ﬁ s,u(s))ds, t el
u(O) = ug eD(AO) u(t) € D(At) Vte I
—du(t) € Apu(t) + f(t,u(t) fo s))dBH) () v a.et €1

Proof. Step 1 Notice that for any continuous mapping g : I — R, by Theorem 2.1 there
is a unique BVRC solution ug4 to the differential inclusion

ug(0) = ug € D(Ap)
ug(t) € D(Ay),Vt € 1,
dug v -absolutely continuous
— (1) € Apu(t) + (1 ug(6), 9(0) s v ae t € T

and notice also that by the same theorem there is a real constant n > 0 independent on



g € Cre(I) such that ug is uniformly bounded and equi-BVRC with

dug

So, for some constant K > 0 independent on g € Cre([) one has ||ugy(t)|| < K forall t € T
and for all continuous mapping g € Cre(I). Now let us consider the set X defined by

t(t—s)ft
I'(8)
where G is the convex compact valued multifunction t — G(t) := G(t, K Bgre),t € I. We note

that Xg is convex compact relative to the topology of uniform convergence and equi-38-Holder
continuous, i.e. for some constant N > 0

W <n, vaetel

XG — {CgiI%Re:Cq(t) :/0 q(S)dS,tEI,(]G Sé}

1A(t) = h(s)|| < Nt — s|”
for all h € Xg and s,t € I. Then, for any h € X, using (B2) (Bs)
[1b(t, h(2)) = b(s, h(s))[] < [[b(¢, h(E)) = bls, R(#))[] + [|b(s, h(2)) = b(s, h(s))]]
< M|t —s|® + MN|t —s|® = (M + MN)|t — s|®
so b(.,h(.)) € C8([0,T]; R*)) with ||b(.,h(.))]| £ M by (B). Then the stochastic process
H = {b(.,h(.)): h € Xg}
belongs to the space WL ([0, T]), for any 1 — H < v < o := min {B,1— B}. Indeed

T 1—vy
/ ||b(5h d</ —ds<T M
0

bt h(6)) = b(s, b)) T (M MNYTA
// SEE dsdtS(M+MN)/ /(t ) ddtﬁ(ﬁ—v)(ﬁ—v—l—l)

From these estimates and the definition of W2 ([0, T])

M (M + MN)
l—y B=7)B—-7+1)

IA

116G ACD bz oy = T,

As consequence the set
t
Vg = {tr—>/ b(0, h(0)dB : h € Xg}
0

is compact for the topology of uniform convergence on I. Namely the set Vg is equi-(1 — ~)-
Holder continuous. Indeed, by the inequality (*),

\|/ b(®, h(©))dBg" || < K (v, [s, DI6( A0yt g

7



H/ (0, h(0))dBY|| < K (v, [s,t /Hb g0+ // [1b(6, 7+1 ())Hdu]de]

The first integral is estimated by

M
/ Hb d <M/ —8 ’Yde—ﬁ(t—S)l_’y

The second integral is estimated by

// LU EUCLON PR

96— u)ﬁ (M 4+ MN)|t — 5|7+
[/s (7dv)d9 <

S(M+MN)/

A R N I [ EEe R )
SO |/ 50 hONABE < Ko, s, (=)' + <M( 2 J)V(Qt_—jf;“
=t [O’T])[lj\jv " (B%VJ)F(]BWiVyfl)](t -
Then
1 Ju b6, 1(8) clﬁefis)fo7 MBI, _ - 1H/ 0.1(6) Bl

M N (M + MN)T? ]
l—y (B-a)(B—7+1)
In particular, if (h,), in X converge uniformly on I to a mapping h € X, the sequence
(t — fg b(0, hyy(0))dBL),, converges uniformly on I to the mapping t — fg b(0, h(0))dB} .
This needs a concise examination. Set

< K(7,[0,T])

gn(0) = b(0, hn(0)) — b(0, h(0)),Vs € 1
en = sup [|hn(s) — h(s)]|
sel
so that g, — 0 as n — oo and ||g,(0)|| < M||h,(0) —h(0)|] < Me, for all § € I. Furthermore

19(0) = gn(T)I| < [[6(6, hn(0)) — b(6, h(0)) — (b(7, hn(T)) — b(T, h(7)))]]

< M([|hn(8) = R(O)[ + [[hn(T) — R(T)[]) < 2M ey,

for all #,7 € I. Then we have the estimation

|/gn (0)dBH|| < K(+,[0,T)) / Hgn d9+/ / Hgne_ ;l(l))”dv]d@]




T T
/ sl ¢ [ M
0 07 o O
[19n(0) — gn(0))| /T /9 2Men,
< [
/ / 0_ o Mavian < [ [ o

( /0 9 (0)dBI) )

converges to 0 uniformly on /. Consequently (¢ — fg b(0, hn(0))dBJ),, converges uniformly
on I to the mapping ¢ > [ b(6, h(0))dBj!.
Step 2 For each h € A5, let us set

and

we deduce

t(f_ )81
B(h)(1) :/0 %G(s,uh(s))ds,t el

where wuy, is the unique BVRC solution to the differential inclusion

Uh(O) =Uup € D(Ao)

up(t) € D(Ay),Vt € 1,

dup, v -absolutely continuous

_%(t)eAtuh( )+ [t un(t fo $))dBH) R (t)vae. tel

Clearly we have ®(h) € Ag.

Now we check that ® is continuous relative to Xg. It is enough to show that if (h,,),, converges
uniformly on I to h in Xg, then the sequence (uy, ), when each wuy, is the unique BVRC
solution to

uhn(O) = U € D(AO)

up,, (t) € D(Ap),Vt € 1,

duy,, v -absolutely continuous

_d?i};n(t)eAt“hn()‘i‘ftuhn fo s))dBH) 2 () v ae t el

converges uniformly on I to the unique BVRC solution uy of the differential inclusion

Uh(O) =ug € D(AO)

up(t) € D(Ay),Vt € 1,

dup, v -absolutely continuous

— i (1) € Agu(t) + f(t,ug(t), L (s, h(s))dABTYR(t) v ace. t €1

This need a careful look. Since (up,, )n is equi-BVRC with for each n € N the estimate
du
1=

)| < mn, v aet € I, we may suppose that (up,), pointwise converge to a BVRC

mappmg w: I — R® with w(t) = up + ft dw (5)dy(s) and the differential measure dw is
v-absolutely continuous. We note by the closedness of D(A;), w(t) € D(A;) for all ¢t € 1.

We also suppose that (%)n weakly converge in L. (1) to %’. Further for every t € I we

9



have ky(t) := f(t,up, (t fo s))dBH) — k(t) :== fo 5))dBH) keeping in
mind that

1t un (1), /0 b(s, hn(3))dzs)[| < M, || £(t, w(), /O b(s, h(s))dBI)|| < M

Now we show that w is solution of the differential inclusion

w(0) = up € D(Ap)

w(t) € D(Ay),Vt eI,

dw v -absolutely continuous

—dv (1) e Apw(t) + f(t, w(t) fo (s,h(s))dBE) R (t) v ae. t €I
Indeed since (dZ’;" + kp)n weakly converge to Cc% +k in L. (I), we may suppose that (= uh” +
kn)n Komlos converges to (%’ + k). There is a v-negligible set @ of I such that

dup,,

1 (t) € Agup, (t) + kn(t)

foralne NandteI\Q

dw
= 1) + k(1)

forallt € I\ Q. Let t € I\ Q and ¢ € D(A;). According to the inclusion

duy,
~ ey € Ay, (B) + K (t
U (1) € Avun, (6) + ()

and the monotonicity of A; we have

duhn

(=, () + En(t),un, (t) = O) < (AP, ¢ — up, (1))

Writting

dup,, dup,, dup,,

(2 () o (8), w(E) — €) = (2 () Fon(8), i, (8) — € + (72 (1) + Ki(8), w(t) — un, ()

yields

1< duhj 1 duhj 1 <& duhj

S 04 (), () =0) = D (W (1), wn, (=) D (I ()4 (1), wlt) —un, (1)
j=1 j=1 J=1

so that

1 n duh. 1 n

S @)+ k(0 0(0) — ) < = DA C — un, (B) + 9+ M) Zuw ()]
j=1 j=1

10



Passing to the limit as n — oo in the last inequalities give

dw
(2 00) + (1), wle) — ) < (AP, € — w(®)
Consequently w is a BVRC solution of the aforementioned differential inclusion, so by unique-
ness w = uy. Now let us write

t(p_ g)f-1 ¢t )81
I2(in)(0) ~ o) = | “F(ﬁ))aw,uhn(s))ds - “F(B))G@,uh(s))dsn

Gl o Mllds < [ () — wr () lds
3/0 ) mg||un, (s) — un(s))lld s/o F(B)” h (8) — up(s))||d

Using for each s € I, the convergence ||up, (s) — un(s))|| — 0 as n — oo and using the
inequality ||up, (s) — up(s))|| < 2K for all s € I we deduce from the Lebesgue convergence
that

U mg
Stlel?H(I)(hn)() ®(h)(@)]l _/ WH up, (s) — un(s))|lds — 0

which entail that ®(h,,) converge uniformly on I to ®(h). Then ® : X5 — A is continuous.
By Schauder theorem, ® has a fixed poinr h = ®(h) € X;. This means

t(t—s)f~1

T(5) G(s,up(s))ds,t € I

with
up(0) = up € D(Ao)
up(t) € D(As),Vt e 1,
duy, v -absolutely continuous
—dun (1) € Agup(t) + f(t, un(t) fo $))dBI) R (t) v ae. t €1

So, by putting x = h, u = up we conclude that the pair (a:, u) with « -Holder and © BVRC
solves the fractional/evolution inclusion with Holder signal [;b(s, z(s))dB2

((t) = fy “EL - Gls,uls))ds, teT
u(0) = ug € D(Ap)
u(t) € D(Ay),Vt €1,
du v -absolutely continuous
[ — 94 (t) € Agu(t) + f(t, u(t) fo $))dBI) 2 (t) v ae. t €1

As consequence

(°DPx(t) = G(t,u(t)), tel
u(0) = ug € D(Ap)
u(t) € D(Ay),Vt €1,
du v -absolutely continuous
—du(t) € Au(t) + f(t, u(t) fo s))dBH) 2 () v ae t eI

The proof of the theorem is finished.
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Theorem 2.3 Let I :=[0,T]. Let ¢ : I x R® - R U {400} be a normal conver integrand
for which there are a mapping ¢ € L. (I) such that t — +/(¢:(C(1)))T is in L%{+ (I) and two

non-negative functions oy, By : I = R with ay, /B, € L%{+ (I) such that
o)~ Bolt) < (t,x) for all () € T x R®

(note that /B, € L%{+(I) if By € L%hr(‘,))’
Let f : I x R® — R€ be a mappings such that f(-,x) is Lebesgue measurable for all x € R
and such that there are non-negative , oy > 0, such that for all (t,x) € I x R*

1t 2] < af

and for allt € I and z,y € R®

1F(t2) = 6 y)|| < aglle —yll

Let g : I x R® — R€ be a mappings such that g(-, z) is Lebesgue measurable for all z € R®
and such that there are non-negative functions , og, , By in L%ﬁ (I) along with ~4 in L%ﬁ (1)
such that for all (t,xz) € I x R

lg(t, )| < ag(B)]l]| + By()

and for allt € I and xz,y € R°

lg(t, ) = g(t y)|| <)z =yl

Consider a fractional Brownian motion BY = (BH)icr of Hurst index % < H<1imR° Let
1-H<pB< % Let us consider a class of continuous mapping b : [0, T] x R® — R satisfying
the conditions (By), (Bz2) and (Bs).

Let G : I x R® — R€ satisfying the conditions (G1), (G2) and (G3).

Let A : R® — R be a positive symmetric bijective linear continuous operator.

Then, for any ug € R®, there is a CP([0,T]; R®) mapping x : [0,T] — RE and an absolutely
continuous mapping u : [0,T] — R satisfying

w(t) = [ <t—r<§>6‘;*1c;(s,u(s))ds, tel
U(O) =ug € R°

Ft, [ b(s,2(s))dBH) — A% (t) € Dp(t, (1) + g(t, u(t))), ae.

Proof. By Theorem 3.1 [8] there is a non-negative function u(-) € L%Lr (I) such that for
every mapping continuous mapping h : I — R€ the absolutely continuous solution ((+) of the
differential inclusion

{ F(th(8) = M (2) € 0 (1, %) + 9(t,C(1))) ae.tel
¢(0) =uo

12



satisfies ||C(t)| < p(t) ae. t € I. Let A(t) = ug + fo s)ds)Bgre for all t € I | then
¢(t) € A(t) for all t € I and the convex compact valued multimapping. Let us con31der the
set X defined by

Ko {1 Req = [T
G =14 CG(t) =

o T(B)
where G(t) = G(t,A(t)),t € I. Then Xg is convex, compact in C?([0,T]; R®) and equi-3-
Holder continuous with ||h(t) — h(s)|| < N|t —s|? where N is a positive constant independant
of h. Then, for any h € Xy , using (B2)(B3) we obtain

I(s)ds,t € I,1 € S§}

[15(¢, h(t)) =b(s, h(s))|| < [[b(¢, h(t)) = b(s, h())[|+|[b(s, A(t)) —b(s, A(s))|| < (M+MN)[t—s|”

so that for any h € Xg, b(., h(.)) € C#([0, T]; R¢) and ||b(., h(.))|| < M by (B;). In particular,
for each h € AXg and for each ¢t € I the integral fg b(s, h(s))dBH is well defined for all
h € X and satisfies the properties given in the proof of Theorem 2.2. As consequence
Yo = {t — [7b(0,h(0))dBY, h € Xg} is compact in C'=7([0,T];R) with 1 — H < v <
min{f3, 1—A}. In particular, if a sequence (hy,),) in X converges uniformly on I to a mapping
h € Xg, then the sequence (¢ — fg’ b(6, h,(0))dBH), converges uniformly on I to the mapping

(t — fg b(6, h(0)dBL'). For each h € Xg, let us set ®(h fo = B G(s,vp(s))ds for all
t € I where vy, is the unique absolutely continuous solutlon of the dlfferentlal inclusion

vR(0) = ug
F(t, [ b(s,h(s)) dBH) — A% (1) € dp <t, o (t) —|—g(t,vh(t))> Jae tel

and this solution satisfies the inequality Hd”h( t)|| < w(t) a.e. t € I. This ensures that
the mapping ¢ — fo W)IG(s,vh( ))ds belongs to X by definition of Xg. Then, we can

consider the mapping ® : Xg — X with ®(h)(t) = Ot (t_FS(?;)_I G(s,vn(s))ds for every h € Xg
and for every t € I. Let us show that ® is continuous with respect to the topology induced
on X¢g by the topology of uniform convergence on I. For this purpose, consider any sequence
(hn)n in Xg converging uniformly on I to a mapping h € Xg. Denote by vy, the absolutely

continuous solution of the differential inclusion

Vh, (0) = uo
£t Ji s hu())dBI) = A% (8) € 9 (1, % (1) + gt 00, (1) )

the inclusion being satisfied for a.e. t € I. We are going to show that the sequence (vp,, )n
uniformly converges on I to the absolutely continuous solution vy, of the differential inclusion

vn(0) = uo
£t Ji bls, h(s))dBI) — A% (8) € Do (£, %2 (1) + gt (1))

The inequality ||0p,, (t)|| < p(t), valid for a.e. t € I, ensures that (v, ), is equi-absolutely
continuous, and these two properties allow us to suppose that (vy, ), uniformly converges on

13



I to an absolutely continuous mapping v on I. Since vy, (t) = uo—i-f]O 1l Srn(s)ds forallt € I

and since ||y, ()| < w(t) a.e. t € I, we may also suppose that (ddt ) weakly converges in

L. (I) to some w € Li.(I) with |Jw(t)| < u(t) for all t € I, so that

t
limoy, (t) = uo + / w(s)ds for every t € I.
" 0

It follows that for every t € I
t
v(t) = ug —I—/ w(s) ds,
0

which glves in particular ¥ = w. Furthermore, it is readily seen that the sequence (¢t —
fo 5)) dBH),, uniformly converges on I to t f(f b(s, h(s)) dB. Therefore, by Lemma
4.7 [8 ] we obtaln

f(t,/o b(s, h(s)) dBT) — A%(t) € dp (t, %(t)) + g(t,v(t)) aetel

with v(0) = wup, so that by uniqueness v = vp,. As desired, this confirms the uniform conver-
gence on I of (vp, (+))n to vp(+). Now let us write
5)8-1

I2(h)(0) ~ ool < [ “;(5)

Since ||vp, (+) — vp(+)|| = 0 uniformly on I as n — oo, we deduce that
)t

L _ g 1,
sup [ ()00 < [ Ll malun, () un(lds < [ lon,(5)-on(sDllds

tel

1G (s, vn, (8) = G (s, vn(s))l|ds.

which entails that ®(h,,) — ®(h) uniformly on I. This translates the continuity ® : X — Xg
with respect to the topology induced by the topology of uniform convergence on I. This
continuity of ® : Xz — Xg on the compact convex set Xg of Cre(I) tells us that ® has a
fixed point, say h = ®(h) € Xg. This means, according to the definition of ®

_ [Pt
h(t) = S(h)(1) _/0 Gl (s o all € 1
and also
{ Uh(o) = Uo
(t, [y b(s, h(s))dBH) — A% (t) € Dp(t, W (t) + g(t, vn(t)),

where the inclusion is satlsﬁed for a.e. t € I. So, by putting x = h, u = vy we conclude that
the pair (x,u) solves the fractional/evolution inclusion with Holder signal

°DBx(t) = G(t,u(t)), t €l

u(0) = up
F(t, Jo bls, w(s))dBE) — A% (1) €D (¢, %(t) + g(t, u(t)) ,
the inclusion being satisfied for a.e. ¢t € I. The proof of the theorem is finished. [

A direct application to variational sweeping process is available
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Corollary 2.1 Let I := [0,T]. Let C : [0,T] — R® be a closed convex valued Lebesgue
measurable multimapping that has a selection ¢ € L%. (1), i.e. ((t) € C(t) for allt € I.

Let f : I xR® — R€ be a mappings such that f(-,x) is Lebesgue measurable for all z € R®
and such that there are non-negative , oy > 0, such that for all (t,x) € I x R®

1t 2)] < ay

and for allt € I and z,y € R®

1t z) = fE )l < apllz =yl

Let g : I x R® — R€ be a mappings such that g(-, ) is Lebesque measurable for all x € R®
and such that there are non-negative functions , og, , By in L%H (I) along with ~4 in L%ﬁ (1)
such that for all (t,z) € I x R

lg(t, )| < ag(t)]lz]| + B, (1)

and for allt € I and z,y € R®

lg(t,2) — gt y)ll < vg@)llz =yl

Consider a fractional Brownian motion BY = (Bf)ic; of Hurst index % < H <1inRE. Let
1-H< < % Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying
the conditions (B1), (Ba) and (Bs).

Let G : I x R® — RE satisfying the conditions (G1), (G2) and (Gs).

Let A : R¢ — R be a positive symmetric bijective linear continuous operator.

Then, for any ug € RE, there is a CP([0,T]; R®) mapping = : [0,T] — RE and an absolutely
continuous mapping u : [0, T] — R® satisfying

w(t) = [! <t;?§*1a(s,u(s))ds, tel
u(0) = ug € R®

F(t, Jo bls,x(s))dBI) = A% (t) € Nogy (%) + g(t,u(t))), ae.

Theorem 2.4 Let [ = [0,T]. Let r €]0,400] and C : I = R® be an absolutely continuous
multimapping whose values are r- prox reqular and closed.
Let f : I x R® x R® — R satisfying:(F1), (F2), (F3) and (Fa).
Consider a fractional Brownian motion BY = (BH)icr of Hurst index % < H<1inR° Let
1-H<pB< % Let us consider a class of continuous mapping b : [0, T] x R® — R satisfying
the conditions (By), (Bz2) and (Bs).
Let G : I x R® — R€ satisfying the conditions (G1), (G2) and (G3).

Then, for any a € C(0), there is a C?([0,T];R®) mapping = : [0,T] — R and an
absolutely continuous mapping u : [[0,T] — R satisfying

x(t) = fg (t}s();)ilG(s,u(s))ds, tel (ie °DPz(t) = G(t,u(t)), tel)
u(0) = a € C(0), ()GC()tGI
—%(t) € Newu(t) + f(t, u( fo s,2(s))dBf) ae. tel.
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Proof. Given a € C(0), for any continuous mapping h : I — R® | by Theorem 3.3 of [12]
there is a unique AC solution uy, to the differential inclusion

up(0) = a € C(0)
up(t) € O(t), Vte I
— 9 (1) € Nogyun(t) + f(t, 5, un(s), h(s)) ae.tel.

We claim that (u ) n)p is uniformly bounded and equi-absolutely continuous. Indeed, dgt" (t)
K(t)Bg for a.e. t € I, where K is a non-negative integrable function on I (say K (t)
|0(t)| + M, where v(-) is a control function of absolute continuity of C(-). Then ||up(¢)]|
K(t) for a.e. t € I, which ensures that (up)p is equi-absolutely continuous. Putting L
llal| + fo |0(t)| + 2M) dt, we see that |lup(t)|| < L for all ¢ € I, which confirms the uniform
boundedness of (up)p, and finishes the justification of the claim.

Now let us consider the set X defined by

TIA I m

Xo:={¢: IR 1S},

where G(t) = G(t, LBre),t € I each mapping {; being given for every ¢ € I by

bt —s)f~1
Gt :/ ~ 2 _(s)ds,t € I,l € S}
=) e g

Then Xg is convex, compact in C5([0,T];R¢) and equi-3-Holder continuous with ||(t) —
h(s)|| < Nt — s|® where N is a positive constant independant of k. Then, for any h € Xg ,
using (B2)(B3) we obtain

[16(t, 7(£)) =b(s, A(s))I] < 1[b(¢, (1) =b(s, R(®))]|+|[b(s, h(t) —b(s, h(s))]| < (M+MN)[t—s|’

so that for any h € Xg, b(., h(.)) € C#([0, T]; R¢) and ||b(., h(.))|| < M by (B;). In particular,
for each h € AXg and for each ¢t € I the integral fg b(s, h(s))dBH is well defined for all
h € Xg and sa‘msﬁes the properties given in the proof of Theorem 2.2. As consequence
Yo = {t— [1b(s,h(s))dBH, h € X5} is compact in C. " (I) with 1 — H < v < min{3,1-3}.
In particular, 1f a sequence (hn)n in Xg converges uniformly on I to a mapping h € Ag,
then the sequence (t — fg b(s, hn(s))dBH),, converges uniformly on I to the mapping (¢

fo 5))dBH). For each h € Xg, let us set ®(h)(t) = (f (t}s();_lG(s,uh(s))ds forallt e I

Where uh is the unique absolutely continuous solution of the differential inclusion

up(0) = a € C(0)
un(t) € C(t), Vi e I
— 8 (t) € Negyun(t) + f(t un(t), [y b(s, h(s))dBI)

For each h € Xz let us consider again

t(p_ g)B-1
O(h)(t) = /0 “F(;)G(s,uh(s))ds, for allt € I.
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Then it is clear that ®(h) € Xg.. Hence ®(X) is equicontinuous and relatively compact in the
Banach space Cre (1) because ®(Xg) C Xi. Now we check that ® is continuous relative to Xg.
It is enough to show that, if (hy,), converges uniformly to h in X, then the sequence (up,, )n,
where each wuy,, is the unique absolutely continuous solution of the differential inclusion

up, (0) =a € C(0)
up, (t) € C(t), Vt e I
—tp, (t) € Noyun, (t) + f(t, un, (t fo s))dBH), ds ae.tel,

uniformly converges to the unique absolutely continuous solution wj, of the differential inclu-
sion

up(0) = a € C(0)

up(t) € C(t), Vt e I

—up(t) € NC(t) n(t) + f(t,up(t fO dBH) ds a.e.tel.
This needs a careful look. We note that (up, ), is equicontinuous by what precedes (since
for every n € N one has ||uy, (t)| < K(t) for almost all ¢t € I). Further, {up, () : n € N}
is included in the compact set I'(¢) for every ¢ € I. The Arzela-Ascoli theorem tells us that
{up, : n € N} is relatively compact in Cre(I). So by extracting a subsequence, we may
suppose that (up, ), converges uniformly on I to some mapping ¢ : [ — E with

t
—i—/((s)ds for allt € I,
0

along with (1, ), converging weakly in L. (I) to ¢ with [|(t)|| < K(t) for a.e. t € I. Note
that

f(t,uhn(t),/o b(s, hn(s))dBH) — f(t,g(t),/o b(s, hy(s))dBH)  for all (t,s) € I x I.

For simplicity, denote zn( ) = f(t,up, (1), fg b(s, hy(s))dBH), forallt € I, and

z(t) = f(t,C(¢) fo 5))dBl), for all t € I. First, we notice that these mappings are
Lebesgue measurable Second, by condition ((F4)) and the uniform boundedness of (up, )n
and uyp, we also notice that (z,), and z are uniformly bounded, since

lzn(®)|| < M and ||z(¢)|| < M, foralln e Nandtel.

Consequently, (z,)n is a sequence of measurable and uniformly bounded mappings which
converges pointwise to the measurable mapping z. Therefore, the sequence (4, + zn)n
converges weakly to (+z in Lk (I). This combined with Lemma 3.4 in [12] and the uniqueness
of solution of the latter differential inclusion gives

{ —d*( t) ENC()C(t)—i—Z(t) aetel
¢(0) =a, ((t) € C(t) VE € 1,

Now let us write

b )81
I2h)(0) ~ ool < [ (tw))
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Since |lup,, (-) — un(-)|| = 0 uniformly on I as n — oo, we deduce that

[ () () =@ () (#)]] </1 Und) e [un, (s)—un(s))lld </1 T, (5)—un ()]
sup — < ———————mg||up, (s)—un(s s < —||up, (s)—un(s s
tel " o T'(8) o T'(B)

which entails that ®(h,,) — ®(h) uniformly on /. This translates the continuity ¢ : Xo — X
with respect to the topology induced by the topology of uniform convergence on I. This
continuity of ® : Xg — Xg on the compact convex set Xg of Cre(I) tells us that ® has a
fixed point, say h = ®(h) € Xg. This means, according to the definition of ®

t 3 -1
h(t) = B(h)(t) = /0 (tI‘“g)G(s, un(s))ds for all t € 1
and also
{ uh(O) = Up
—’llh(t) S NC’(t) n(t ) + f(t,up(t fO dBH) dt ae.tel.

Now let us write

t(p_ )81
r@wmw—ﬂmwugé(ﬁw%

Since |lup,, (-) — un(-)|| = 0 uniformly on I as n — oo, we deduce that

|G (s, un, (s) = G (s, un(s))||ds.

o) O-emol < [ O el () -un)lds < [ 2 fun, (5)-un(s))a
sup - < —————mg||up, (s)—un(s s < —||up,, (s)—un(s s
tel " o T'(B) o T'(B)

which entails that ®(h,,) — ®(h) uniformly on /. This translates the continuity ¢ : Xo — X
with respect to the topology induced by the topology of uniform convergence on I. This
continuity of ® : Xg — Xg on the compact convex set Xg of Cre(I) tells us that ® has a
fixed point, say h = ®(h) € Xg. This means, according to the definition of ®

b — )81
h(t) = ®(h)(t) = /0 (tr(g)G(s, up(s))ds for allt € I
and also
{ up(0) = ug
—up(t) € NC(t)uh( )+ f(t, up(t f(] dBH) dt ae.tel.

As consequence

*DPh(t) = G(t, up(t))
up(0) = ug
—p(t) € Nogyun(t) + f(t,un(t), o b(s,h(s))dBH), dt ae.t el
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So, by putting = h, u = v;, we conclude that the pair (z,u) solves the fractional/ differential
inclusion with sweeping process and Holder signal

°DPx(t) = G(t,u(t)), t € I
u(0) = ug
—(t) € Nogu(t) + f(t,ul(t), [3b(s,z(s))dBH),ds  ae tel

The proof is complete

Applications to Optimization is given below.

2.1 Optimization

Theorem 2.5 Let I = [0,T] and let E = R°. Let r €]0,4+00] and C : I = R be an
absolutely continuous multimapping whose values are r- prox reqular and closed.

Let f: 1 x1IxR®xR®— R® be a mapping such that

(i) f(-,-,z,y) is L(I) ® L(I) measurable for all (z,y) € R® x R*;

(ii) f(t,s,-,-) is continuous on R® x R for all (t,s) € I x I;

(ii3) || f(t,s,z,y)|| < w for all (t,s,z,y) € I x I x R® x R for some constant p > 0;

() || f(t,s,z,y) — f(t,s,z,9)|| < M|z —z|, for all (t,s,z,y,2) € I x I x R® x R® x R® for
some constant M > 0.

Consider a fmctzonal Brownian motion B = (Bf)cr of Hurst index 5 < H <1 in R®. Let
1-H<pB< 5. Let us consider a class of continuous mapping b : [0, T] x R® — R satisfying
the conditions (By), (B2) and (Bs).

Let G : I x R® — RF€ satisfying the conditions (G1) , (G2) and (Gs).

Let L : [0, T] xR xR xR — [0, 00[ be a lower semicontinuous integrand such that L(t,z, vy, .)
is convex on R for every (t,x,y) € [0,T] x R® x R¢. Then the problem of minimizing the

cost function
/ / 5, 2(3)dBH u(t), i(t))dt

over the pair of mapping (x,u) from I to R® with x € C?([0,T]; R®) and u € VVfli’e1 (I) subject
to
cDPx(t) = G(t,u(t)),t € I
u(0) = up € C(0),
u(t) e C(t),t el
——()GNC())()—Fftu fO dBH)dta.e.tGI

admits an optimal solution.

Proof. Without loss of generality we may suppose that M > u. Define o = HuoH+f0T |o(t)|+
2M)dt and set Xg by
Xo:={¢:I—FE:1eSs},

where G(t) = G(t, LBRe),t € I each mapping {; being given for every t € I by

t (¢ _ g)B-1
G(t) :/0 (tr(g)l(s)ds,t elleS
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Then Xg is convex, compact in C?([0,T];R®) and equi-3-Holder continuous with ||h(t) —
h(s)|| < N|t — s|® where N is a positive constant independant of h. Let (hy,u,)n be a
minimizing sequence for the minimizing problem, namely

7}1330/ / 5,2(8))dBH  uy (1), 1 () :(gluf}/ / (s,k(s))dBH w(t),w(t))dt]

the infimum being taken over the pair (k,w) with k& € C#([0,T]; R¢) and w € Wfltel(f) such
that
°DPE(t) = G(t,w(t)),t €1
w(0) =up € C(0),w(t) € C(t )) tel
—w () € Nogyw(t) + f(t,w(t), [y b(s,k(s))dBH), dt a.e. t el
Note that
¢DPhy,(t) = G(t,un(t)),t € 1
un(0) = ug € C(0),u ()GC()) tGI
du"( t) € Newyun(t) + f(t, un(t fo s))dBH), dta.e.t €T

By compactness of the solution set of the differential inclusion (as it can be see through the
proof of Theorem 2.4) there is a non relabeled subsequence (hy,,uy) with (hy,), converging
uniformly on I to h € Xg and with (uy), converging uniformly to u : I — R® on I with
U, — 1 weakly in Ls.(I). We can ensure that fg b(s, hy(s))dBI — fg b(s, h(s))dBH on I.
From the set

DPhn(t) = Gt up(t)), t € I
it is equivalent to

tp_ g)B-1
hn(t) :/0 (tr(’g)G(t,un(t)),t el

Therefore passing to the limit

tip_ g)B-1
ht) ::/0 (tr(‘g)G(t,u(t)),t el

So by repeating the argument as in Theorem 2.4 we obtain that u satisfies

du

—- () € Neyu(t) —i—f(t,u(t),/o b(s,h(s))dB?),dt a.e.t € T

According to the lower semicontinuity of the integral functional (see [13]) we obtain

hmlnf/ / $, hn(8))dBH (1), i, () dt >/ / s, h(s))dBH u(t),u(t))dt

where the pair (h,u) is solution of the dynamic

¢DPh(t) = G(t,u(t)), t €I
u0) = ug € C(0),u(t) € C(t )) tel
—du (1) € Nogyu(t) + f(t,ult), fi b(s, h(s))dBH),dt a.e.t € T

Altogether we see that the pair (h,u) is an optimal solution.
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Theorem 2.6 Let I := [0,7]. Let C : [0,7] — R be a closed convexr valued Lebesgue
measurable multimapping that has a selection ¢ € L{.(I), i.e. ((t) € C(t) for allt € I. Let
f I xR — R be a mappings such that f(-,x) is Lebesque measurable for all x € R¢ and
such that there are non-negative , ay > 0, such that for all (t,z) € I x R®

1 (8 @) < ap(t)

and for allt € I and z,y € R®

1f(t2) = f(E )l < ap @)z =yl

Let g : I x R® — R€ be a mappings such that g(-, z) is Lebesque measurable for all x € R
and such that there are non-negative functions , oy, , By in L%H (I) along with ~4 in L%ﬁ (1)
such that for all (t,z) € I x R

lg(t, )| < ag(t)]lz]| + B, (1)

and for allt € I and z,y € R®

lg(t, ) = g(t y)|| <9 ()]l =yl

Consider a fractional Brownian motion BY = (B )cr of Hurst index % < H <1imR° Let
1-H<fB< % Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying
the conditions (B1), (B2) and (Bs).

Let G : I x R® — RE satisfying the conditions (G1), (G2) and (Gs).

Let A : R¢ — R be a positive symmetric bijective linear continuous operator.

Let L : [0, T]xR¢xR*xR® — [0, 00[ be a lower semicontinuous integrand such that L(t,z, vy, .)
is convex on RE for every (t,z,y) € [0,T] x R® x R°. Then the problem of minimizing the

cost function
/ / 5, 2())dBH u(t), i(t))dt

over the pair of mapping (z,u) from I to R® with x € CP([0,T];R®) and u € Wéel (I) subject
to

w(t) = [ <t}?§*la(s,u(s))d8, tel
u(O) = U € Re

F(t [ (s, 2(s))ABH) — A1) € Ny ((0) + g, u(t))), ace.

admit an optimal solution.

Proof. By Theorem 3.1 [8] there is a non-negative function u(-) € L%q (I) such that for
every mapping continuous mapping h : I — R€ the absolutely continuous solution ((-) of the
differential inclusion

{ F(t () = A% () € Nog) (&% (1) + 9(,C®)) aetel
¢(0) = uo
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satisfies ||C(t)| < p(t) ae. t € I. Let A(t) = ug + fo s)ds)Bgre for all t € I | then
¢(t) € A(t) for all t € I and the convex compact valued multimapping. Let us cons1der the
set X defined by

Ko =fa:1 R g = [ LI
¢ =1G: (Q(t) =

o T()
where G(t) = G(t,A(t)),t € I. Then Xg is convex, compact in C?([0,T]; R®) and equi-3-
Holder continuous with ||h(t) —h(s)|| < N|t —s|® where N is a positive constant independant
of h. Then, for any h € Xg , using (B2)(B3) we obtain

I(s)ds,t € I,l € S§}

[15(¢, h(t)) = b(s, h(s)|| < [[b(¢, h(t)) = b(s, h(t))[|+|[b(s, A(t)) ~b(s, A(s))|| < (M+MN)[t—s|”

so that for any h € Xg, b(., h(.)) € CP([0,T); R?)) and ||b(., h(.))|| < M by (Bi). In particular,
for each h € X and for each ¢ € I the integral f(f b(s, h(s))dBY is well defined for all h € Xg
and satisﬁes the properties given in the proof of Theorem 2.2. As consequence Vg = {t —

J36(0,h(0))dBY 1 € Xg} is compact in C'=7([0,T); R®) with 1 — H < v < min 3,1 — 3. Let
(hn, Un)n be a minimizing sequence for the minimizing problem, namely

lim / / 5,2 (s))ABL w0, ()t = inf | / / s, k(s))ABH w(t), i(t))d]
n o

the infimum being taken over the pair (k,w) with k& € C#([0,T]; R°®) and w € WI}{’EI(I) such
that
(t—s) *B 1
E(t) fo T G(s,w(s))ds, t €1
w(0) = up € R

F(t, Jo bs, k(s)dBI) — A (1) € Noy (42(1) + g(tw(t))), a.c.

Note that
hn(t) = fo tri;) e (s,un(s))ds, tel
un(0) = uo € Re
F(t Jo b(s, ha(9))dBE) — A% (1) € Nogy (%2 () + (¢, ua(t)), ace.

By compactness of the solution set of the differential inclusion ( as it can be see through the
proof of Theorem 2.5) there is a non relabeled subsequence (hy,,uy) with (h,), converging
uniformly on I to h € X5 and with (uy,), converging uniformly to u on I with %, — @ weakly
in Ly (I). We can ensure that fg b(s, hy(s))dBI — fot b(s,h(s))dBH on I. From the set

t — s B—1
(1) :/0 “Wg)(;(t,un(t)),t 1

Therefore passing to the limit

t(p_ )81
h(t):/o (tr‘(’g)G(t,u(t)),tEI
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So by repeating the argument as in Theorem 2.5 we obtain that u satisfies

du

dt (t) + g(t,u(t))), ae.

(t) € Neg (ot

o, [ bs,uls)aBlt) — 25 :

According to the lower semicontinuity of the integral functional (see [13]) we obtain

hmmf/ / S, hn(8))dBH (1), 1, () dt >/ / s, h(s))dBH u(t),u(t))dt

where the pair (h,u) is solution of the dynamic

_g)B-1
ht) == Jo =Gt u),t e
u(O) =ug € R6

F(t, f3b(s,u(s))dBH) — A2 D (t) € Now () + g(tult)) ae. t €1

Altogether we see that the pair (h,u) is an optimal solution.

Theorem 2.7 Let I = [0,T]. Let r €]0,+00] and C : I == R® be an absolutely continuous
multimapping whose values are r- prox reqular. Let f: 1 x I x R® x R® — R° be a mapping
such that

(i) f(-,-,z,y) is L(I) @ L(I) measurable for all (z,y) € R® x R;

(ii) f(t,s,-,-) is continuous on R® x R for all (t,s) € I x I;

(iii) || f(t, s,z,9)|| < p for all (t,s,z,y) € I x I x R® x R® for some constant yu > 0;

(i0) £ (&, 5,2, 9) — F(t5,2,9)]| < Mz — 2], [£(t,5,,9) — f(t,5,,2)]| < Mlly — |, for all
(t,s,2,y,2) € I x I x R® x R® x R® for some constant M > 0.

Consider a fractional Brownian motion BY = (BH)icr of Hurst index % < H<1imR° Let
1-H<pB< % Let us consider a class of continuous mapping b : [0, T] x R® — R satisfying
the conditions (B1), (B2) and (Bs).

Let G : I x R® — R€ satisfying the conditions (G1), (G2) and (G3).

Then there is a C5([0, T]; R®) mapping = : [0,T] — R and an absolutely continuous mapping
w: [0, T] — R satisfying

cDPx(t) = Gt u(t), t €I
t e

u(t) e C(t), tel
—du (1) € Negyu(t) + [y f(t,s,u(s), [5 b(0,2(0))dB ) ds ae. t el
w(0) = a € C(0).

Proof. Without loss of generality we may suppose that M > u. For any continuous mapping
h: I — R, the mapping fp, : I x I x R — R° defined by

Iu(tys,z) := f(t,s,z,h(t)) forall (t,s,2) € I xI xR

is L(I) ® L(I) measurable for every x € R, continuous on R® for every (¢,s) € I x I, and
satisfies
|[fn(t,s,z)|| < M forall (¢,s,2) € I x I x R®
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and
[fn(t,s,2) = fult, s, )| < Mz —y| forall (t,s,2,y) € I x I x R® x R
b

Then, given a € C(0), by Theorem 3.3 [12] there is a unique AC solution u;, to the differential

inclusion
up(0) = a € C(0)
up(t) € C(t), Vt € I
—‘M( t) € Nogyun(t) + [1 F(t,s,un(s), h(s)) ds ae.t € I.

We claim that (up)p is uniformly bounded and equi-absolutely continuous. Indeed, dd%(t) €

K(t)Bre for a.e. t € I, where K is a non-negative integrable function on I (say K(t) =
|0(t)| + M, where v(-) is a control function of absolute continuity of C(-)). Then ||ux(t)| <
K(t) for a.e. t € I, which ensures that (up)p, is equi-absolutely continuous. Putting L :=
llal| + fo |0(t)| + 2M) dt, we see that |lup(t)|| < L for all ¢ € I, which confirms the uniform
boundedness of (uy);, and finishes the justification of the claim. Xg by

={¢:T—R": 1 €S},

where G(t) = G(t, LBRe),t € I each mapping &; being given for every t € I by

t (t _ S)ﬁfl
t)= | ~—2—I(s)ds,t € I,l € S}
Then Xy is convex, compact in C?([0,T]); R®) and equi-3-Holder continuous with ||A(t) —
h(s)|| < Nt — s|® where N is a positive constant independent of h. Then, for any h € Xg ,
using (B2)(B3) we obtain

[15(¢, h(t)) =b(s, h(s))|| < [[b(¢, h(t)) = b(s, h(t))[|+|[b(s, A(t)) —b(s, A(s))|| < (M+MN)[t—s|”

so that for any h € Xg, b(.,h(.)) € C?([0,T]; R®) and equi-3-Holder continuous with ||A(t) —
h(s)|| < Nt — s|? where N is a positive constant independent of h. In particular, for each
h € Xg and for each ¢t € I the integral fg b(s,h(s))dBH is well defined for all h € Xg
and satisfies the properties given in the proof of Theorem 2.2. As consequence Vg = {t —
J3b(s, h(s))dB b € X5} is compact in C'7([0,T]; R®) with 1 — H < v < min{8,1 — A}
In particular, if a sequence (hy)y) in Xg converges uniformly on I to a mapping h € A,
then the sequence (t — fg b(s, hn(s))dBH), converges uniformly on I to the mapping (¢

fo 5))dBH). For each h € Xg, let us set ®(h)(t) = g t F‘?; G(s,up(s))ds for all t € I

Where uh is the unique absolutely continuous solution of the differential inclusion

up(0) = a € C(0)
up(t) € C(t), YVt € I
— 4 () € Negyun(t) + [y F(t,s,un(s), [y b0, h(0))dBL) ds

For each h € X let us consider again

by gyl
O(h)(t) = /0 (tr(g)G(s,uh(s))als7 forallt e I.
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Then it is clear that ®(h) € Xg. Hence ®(X) is equicontinuous and relatively compact in the
Banach space Cre (1) because ®(Xg) C Xi. Now we check that ® is continuous relative to Xg.
It is enough to show that, if (hy), converges uniformly to h in X, then the sequence (up,, )n,
where each wuy,, is the unique absolutely continuous solution of the differential inclusion

up, (0) = a € C(0)

up, (t) € C(t), Vte I
—tp, (t) € Nogyun, () + [o £t s,un, (s), [ b(0, hy(0))dBY ) ds  ace.t € 1.

uniformly converges to the unique absolutely continuous solution uy, of the differential inclu-
sion

up(0) = a € C(0)

up(t) € C(t), Yt e I

—p(t) € Nogun(t) + [y f(t,s,un(s), [5 b(0,1(0))dBL ) ds ae.t el

This needs a careful look. We note that (up, ), is equicontinuous by what precedes (since
for every n € N one has ||uy, (1) < K(t) for almost all ¢t € I). Further, {uy,(t) : n € N}
is included in the compact set LB for every t € I. The Arzela-Ascoli theorem tells us
that {up, : n € N} is relatively compact in Cg(I). So by extracting a subsequence, we may
suppose that (up, ), converges uniformly on I to some mapping ¢ : I — E with

t.
C(t):C(O)+/OC(S)d5 for allt € I,

along with (i, ), converging weakly in LL(I) to ¢ with ||{(t)]| < K(t) for a.e. t € I. Note
that

f(t,s,uhn(s),/os b(0, hn(0))dBL) — f(t,s,((s), /0 b(0, h(0))dBE) for all (t,s) € I x I.

For simplicity, denote

t s
ol = / £t s, (5), / b(0, h(0))dBH ) ds, forallt € I,
0 0

(1) :/0 f(t,s,C(s),/OS b(0, h(0))dBL ) ds, for alltc I.

First, we notice that these mappings are Lebesgue measurable by the Fubini-Bochner property
and the separability of the space E. Second, by condition (iii) and the uniform boundedness
of (up, )n and up, we also notice that (zy), and z are uniformly bounded, since

|zn(t)]] < M and ||z(t)|| < M, forallne Nandtel.

Consequently, (z,), is a sequence of measurable and uniformly bounded mappings which
converges pointwise to the measurable mapping z. Therefore, the sequence (up, + zn)n

25



converges weakly to (+z in LL(I). This combined with Lemma 3.4 in [12] and the uniqueness
of solution of the latter differential inclusion

{ —%(t) € NoC(t) + 2(t) ae. t €1
C(0) =a, ¢(t) e C(t) YVt I,

we obtain that { = uy. Now let us write

bt — s)ﬁ_1
I'(3)

Since ||up,, (-) — un(+)|| = 0 uniformly on I as n — oo, we deduce that

| @(hn)(8) = @(R)(B)]| < /0 G (s, un, (s) — G(s,vn(s))]|ds.

1 (t _ 8)5—1 1 ma

el lun, (s)—un(s))llds < / v un, (s)—un(s))||ds
INE) o I'(B)

which entails that ®(h,,) — ®(h) uniformly on /. This translates the continuity ® : X — Xg

with respect to the topology induced by the topology of uniform convergence on I, hence by

the Schauder theorem & has a fixed point, say h = ®(h) € Xg. This means that for every
tel

sup [ ®(h) (1)~ B(R)(1)]| < /0

tel

t — s B—1
h(t)—/o “F(;)G(s,uh(s))ds,we[

with
up,(0) € C(0)
up(t) € C(t), Vt eI
—tp(t) € Nogyun(t) + [y f(t,s,un(s), [5 b(0,h(0))dBY) ds, ae.t el

Therefore we have just shown that there exists a mapping h € C?([0,7];R®) and a AC
mapping u : [0, 7] — R satisfying

°DPh(t) = G(t,u(t)),Vt €1,

u(0) = ug € C(0)

u(t) € C(t),vte I

—u(t) € Nomu(t) + [y f(t,s,u(s), [ b(0,h(0))dBY) ds, ae.tel.

The proof of the theorem is then complete.

Theorem 2.8 Let [ :=[0,T]. Let ¢ : I x R® - RU {400} be a normal convex integrand

for which there are a mapping ¢ € Li.(I) such that t — /(pe(C(t)))T is in L%{+ (I) and two
non-negative functions ay, B, : I — R with ay, /By € L%{+ (I) such that

—ap(t)||z]] = Bp(t) < @(t,x) forall (t,z) € I x R
(note that /B, € L%br (1) if By € LZR+ (I)). Let us consider a class of continuous mapping

b:[0,T] x R® — R satisfying the conditions (B1), (B2) and (Bs).
Let f : I x R® x R® — R*:
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f(,z,y) is L(I) measurable for all (z,y) € R® x R,

f(t,.,.) is continuous on R® x R® for allt € I,
|1 f(t,x,2) — f(t,y,2)|| < M|z —y|| for all (t,x,y,z) € I x R x R® x RE,
| f(t,z,y)|| < M for all (x,y) € R® x R®.
Let G: I xR® — R :
(G1) G : I x R® — R€ is continuous,
(G2) Gt : R® — RE is linear continuous operator for all t € I,
(Gs3) |Gt\ < mg for allt € I where |G| is the norm of the operator Gy and mg is a positive
constant.
Let A : R® — RF° be a positive symmetric bijective linear continuous operator. Let R :
Cre(I) — Cre(I) be an almost history-dependent operator with tz’me dependent rates. Con-
sider a fractional Brownian motion Bf = (BH);cr of Hurst index i 3 <H<1inR° Let
1-H<pB<4i.

Then, for any ug € RE, there is a CP([0, T]; R®) mapping x : [0, T] — R and an absolutely

continuous mapping u : [0,T] — R satisfying

fo F(B (s,u(s))ds, t el
u(O) =up € R°
—ALL(t) € Oop(t, L (t) + f(t,ult fo s,2(s))dBI) + R(u)(t)), a.e.

Proof. By careful application of Theorem 3.6 in [8] and by repetition of the argument of the
proof of Theorem 2.3.

Corollary 2.2 Let I := [0,T]. Let C : [0,T] — R€ be a closed convex valued Lebesgue
measurable multimapping that has a selection ¢ € Li.(I), i.e. ((t) € C(t) for all t € I.
Let us consider a class of continuous mapping b : [0,T] x R® — R satisfying the conditions
(B1), (B2) and (B3).

Let f: I xR x R®— R®:

(F1) f(.,z,y) is L(I) measurable for all (z,y) € R® x R®,

(Fa2) f(¢,., ) is continuous on R® x R® for allt € I,

(F3) || f(t,x,2) — f(t,y,2)|| < M|z —yl|| for all (t,z,y,2) € I x R® x R® x RE,
(Fa) |Iftz,y)|| < M for all (z,y) € R® x RE.

(¢,
et G: I xR — R°:
(G1) G : I x R® — RE® is continuous,
(G2) Gt : R® — RE is linear continuous operator for all t € 1,
(G3) |G| < mg for all t € I where |Gy| is the norm of the operator Gy and mg is a positive
constant.
Let A : R® — R® be a positive symmetric bijective linear continuous operator. Let R :
Cre(I) = Cre(I) be an almost history-dependent operator with time dependent rates. Con-
sider a fmctwnal Brownian motion B = (Bf)c; of Hurst index % 3 < H <1inR° Let
1-H<B<3.
Then, for any ug € R, there is a CP([0,T]; R®) mapping x : [0, T] — RE and an absolutely
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continuous mapping u : [0, T] — R® satisfying

x(t) = fg (t_lf()gilG(s,u(s))ds, tel
u(0) = ug € R®
—AG (1) € Now (G (0 + F(tult), fy b(s, 2(s))dBY) + R(u)(t), ae.

Theorem 2.9 Let I := [0,T]. For each t € I let Ay : D(A;) C R® — R be a mazimal
monotone operator such that the multimapping t — gphAs from I to R x R is Lebesque
measurable and there ¢(.) € L. and (1re with ((t) € App(t) for all t € I. Let us consider
a class of continuous mapping b : [0,T] x R® — RE satisfying the conditions (By), (B2) and
(B3).

Let f: 1 x R° xR® — R®:

(F1) f(yzyy) is L(I) measurable for all (x,y) € R x RE,

(F2) f(t,.,.) is continuous on R® x R® for allt € I,

(F3) [If(t,z,2) — f(t,y,2)|| < M|z —y]| for all (t,z,y,2z) € I x R® x R® x RE,
(Fo) |Ift,z,y)|| < M for all (z,y) € R® x RE.

Let G: I x R® — R° :
(G1) G : I x R® — RE® is continuous,
(G2) Gt : R® — RE is linear continuous operator for all t € I,
(G3) |Gt] < mg for allt € I where |Gy| is the norm of the operator Gy and mg is a positive
constant.
Let A : R® — RF° be a positive symmetric bijective linear continuous operator. Let R :
Cre(I) = Cre(I) be an almost history-dependent operator with time-dependent rates. Con-
sider a fractional Brownian motion B = (BH)ic; of Hurst index % < H <1 in R Let
1-H<B<3.

Then, for any ug € D(Ay), there is a C([0,T);RE) mapping x : [0,T] — R and an
absolutely continuous mapping u : [0,T] — R satisfying

tsﬁ1

fo F(ﬁ (s,u(s))ds, tel
U(O) = U € D(AO)
CAZE(0) € A(BE) + (6 (o), J{ B, 2(9)dBI) + R(u)(1), ac.

Proof. By careful application of Theorem 3.16-3.18 in [8] and by repetition of the argument
of the proof of Theorem 2.3 and Lemma 4.10 in [§] .

3  Further ramification with integral equations/ fractional
evolution inclusion driven by a fractional Brownian motion
Let us recall a fixed point theorem

Theorem 3.1 (Krasnoselski) Let Bx be a closed convex subset of a Banach space (X, ||.]]).
Let S: Bx — X and T : Bx — X satisfying the conditions:
(i) St + Ty € Bx, Vz,y € Bx
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(17) S is continuous and {Sx : © € Bx} is relatively compact.
(it) T 1is pr €)0, 1] contractive, ||Tx — Ty|| < Brl|lz —y||, Vz,y € Bx.
Then there exist x € Bx such that x € Sz + T

Let (2, F,P) be a probability space endowed with the filtration {F; : ¢ > 0}, and
B" = {B"(t) : t > 0}

be a real-valued fractional Brownian motion with H > 1/2. We will study the following
stochastic integral equation

x(t) = x(0) —i—/o f(s,xz(s))ds —i—/o g(s,z(s))dB" (s), t € [0,T),

where the functions f, g : [0,7] xR® — R® are Carathédory functions satisfying the following
conditions

(F1) there exists a positive function ¢; € LY/1=5)(0,T) such that
1t x) = f(& )l < £y(#)llz =yl for any (2, 2), (t,y) € [0,T] x RE.
(F2) the function t — f(t,0) belongs to the space LY~ (0,T).
(G1) llg(t, )l < Myllz|| for any (t,2) € [0,T] x R°.
(G2) llg(t,2) — gty < Mgllz — y| for any (t,2),(t,y) € [0,T] x R°.

(G3) |lg(t,z) — g(s,2)| < M;(t — 5)P||z|| for any 0 < s <t < T and € R® with 1 — H <

Lemma 3.1 Under the assumptions (G1)-(G3), if the process x belongs to C5([0,T]; R®),
the stochastic process

G={g(s,z(s)) : 0<s<T},

belongs to the space Witk [0,T], for any v such that 1 — H < vy < 7y := min {B, 1-— B}
Moreover, we have

Gl

e

M)} (M2 + Mg)Tﬁ
0,1) S

1—
=" (ﬁ"Y)(ﬂ-’H—l)) ]l 3,0, T (3.1)

Proof. From (G1) we obtain

T T 1—

T+

/ ||9(s,x(s))||ds < Mgl/ ||w(s)||d8 < MY el5021
0 57 o 8 L=~
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and by (G2) and (G3)

T gt ) - oo, 26Dy o [T [ M) = () + M el = 9
/0 /0 = ds dt < /0 /O ds di

t— s)vt+1 (t —s)rtt

T rt L
5,[0,71]/0 /0 (t— 8)5777 ds dt
(Mg + M) TP~ [zl o1

B=mB-7+1)

From the definition of the norm of Wf’{’el [0,T7;, it is clear that G € W&el [0,7] and that

< (M7 + M) |||

M)} (M2 + M3)TP
Gl < 9 9 g -7, (3.1
G0 < (1—7 MR CEEES) R R

Now we consider the operator S defined by

It follows from above that Sz is well defined.

Lemma 3.2 The following results hold true:
(a) Sz € C17([0,T); R®) and

stul_%[oj] < Mlz|lg 0, for any z € c’. (3.2)

where M is a positive constant depending only on ~,3,T and M;,i <3.

(b) IfU is a bounded subset in C°([0, T); R®) then S(U) is relatively compact in C°([0, T]; R¢).

Proof. Let = € C#([0,T]; R¢). Since the stochastic process {g(s,z(s)) : 0 < s < T} belongs
to the space W! [0, T, it implies by using Proposition 3.2 of [18] that
Sz € CY([0,T];R®)

Moreover, we have, by the inegalities (*) and (3.1) ,

1Sz} < K (v; [0, TDlg (s (- Dllwrijo,7)

. My (M + Mg)T” -
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and

Is(t) —Sats)l = | [ g(ra(r)dBY ()

Kl {/ lotr=(1,, +// 0,20 — 516 2Ol

My (Mg +Mg)T? -
SK(7a[07T]) 1—’7+(ﬁ_7)(6_’7+1) ||x||5,[0,T] (ti‘g) .

From these estimates we derive (3.2) where M = M (v, 3, T, M;, M;, M;’) is

(3.3)

M = K(v,[0,T])(1 + T') < M, N (M2 + M3)TP )

l—y B=7B-7+1)

As consequence , S(U) is relatively compact in C*=7([0,T];R¢). Since C*=7([0,T];R®) is
embedded into C?([0, T); R¢), then S(U) is relatively compact in C?([0, T); R¢). Furthermore,
if M <1 and if U C CP([0,T];R®) is the ball with radius R centered at zero function, then
S(U) C U . The proof of this lemma is completed. |

Theorem 3.2 Let (G1)-(G3) hold true. Moreover, assume that E, gM < 1, where E, g is
the embedding constant from C'=7([0, T]; R¢) into CP([0, T]; R®) and M the constant of (3.8).
Then, the stochastic integral equation

() = /0 o(s,2(s))dBH (s), t € 0,T], (3.4)

has a solution x € CP([0,T]; R¢).

Proof. 1t is clear that the stochastic process x(¢,-) is a solution of (3.4) if and only if it is a
fixed point of the operator S : C?([0, T]; R¢) — CA([0, T]; R®) defined by

Sx(t) = /0 g(s,x(s))dBH (s), 0 <t < T.

Let U € CP(]0,T];R®) be the ball with radius R centered at zero function. It is not difficult
to see from Lemma 3.2 that Sz € U, for each x € U and S is a continuous and compact
operator. So, the Schauder fixed point theorem shows the existence of a fixed point of S
which is a solution to (3.4). |

Lemma 3.3 Let f:[0,7] x R®) — R€) be a Caratheodory mapping satisfying:

(1) || f(t,x)|| < My for all (t,x) € [0,T] x R®) where My is positive constant,

(i) ||f(t, ) — f(t,9)|| < afllz—y|| forall (t,z,y) € [0,T] x R®)] x R) where oy €]0,1[. For
z € CP([0,T); R®), we put

:/0 f(s,z(s))ds, t €10,T).
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Then we have the estimation
1Zz(t) — Zy(@)|] < arllz — yllosjo.ryre)
for all (z,y) € C?([0, T);R®) x CB([0, T];R®) and for all t € [0, T].
| Zz(t)]| < MyT

for allz € CB([0,T];R®) and for allt € [0,T]. As consequence the mapping T : C5([0, T];R¢) —
CP(]0,T];R®) is bounded and contractive

[ Z2(t) — Zy(@)|] < ayllz — yllesjo.ryre)
for all (z,y) € CP([0,T);R¢) x CP([0, T];R®) and for all t € [0,T].

Theorem 3.3 Let (G1)-(G3) hold true. Let f :[0,T] x R® — R® be a Caratheodory mapping
satisfying:
(i) || f(t, )| < My for all (t,z) € [0,T] x R® where My is positive constant,
(i) || f(t,z) — f(t, )| < afllr —y|| for all (t,z,y) € [0,T] x R® x R® where oy €]0,1].
Moreover, assume that

MfT + E%/BM < 1,

where E. g is the embedding constant from CY=7([0,T);R®) into CP([0,T];R®) and M the
constant of (3.3).
Then, the stochastic integral equation

= t S, T\ S HS t S, T\S S
o) = [ otsa()iB(5)+ [ fls.a(s)ds.. te 0.7,

has a solution x € CP([0,T]; R¢).

Let U € CP?(]0,T];R®) be the ball with radius R centered at zero function. It is not difficult
to see that Sz + Zy € U for all (x,y) € U x U. On the other hand, it follows from Lemma
3.1 and Lemma 3.2 that S is a continuous and compact operator while Z is a contraction
operator. So, the Krasnosel’skii fixed point theorem shows the existence of a fixed point of
A which is a solution to the above stochastic integral equation.

More generally , let f satsfying (F1)-(F2) Now let € C3([0, T]; R¢). We put

Zx(t) :/0 f(s,z(s))ds, t €1[0,T)].

From the assumptions (F1)-(F2) we can prove the following result.
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Lemma 3.4 (a) If x € C?([0,T];R®), then Tz € C5([0,T);R®) and satisfies the estimate
1Z(lg0.07 < (77 + V)15 ] prra-m o, Il g0,y + (T2 + IS O e o ry-
(b) If 2,y € CP([0,T];R®) then one has

1Zz — Zyllgom < (T° + 1) 16¢ ]l 11709 o0z = ylls01-

Proof. Let z,y € C5(]0, T]; R®) and put ¢ := Zz — Ty. By using (F1) and the definition of Z,
we have

t t
ool =] [ (5.6 = s, 0)s]| < e = sl [ ot6)ds < Tl o = wlsgo:

On the other hand, for 0 < A<t < T,

Jote) = o0l = | [ (765260 = Fsuo)as]| < e = sl [ ¢5(s)as

This implies
e BP0 ool o
0<A<t<T  (t—\)P = L 0,T) ;0,77
Hence we derive the second estimate
16llg.0r < (T7 +1) 1€l -5 01y ll2 — Yl gy10,71-
In order to prove the first estimate, we note that
1 Zz[ g jo,r) < I T2 — ZO| g0, + 1T — ZO]| g;0,77-
By the same arguments, it derives
1Z |5 011 < (T7 + 1) 15l prra-or 0. 12l g0,y + (17 + DL C O psa-mo -
The proof is completed. u
Theorem 3.4 Let (F1), (F2) and (G1)-(G3) hold true. Moreover, assume that
(Tﬁ + 1) HEfHLl/(l*B)(O,T) +E,sM <1,

where E. 5 is the embedding constant from C*=7([0,T];R®) into CP([0,T];R®) and M the
constant of (3.3).
Then, the stochastic integral equation

/ f(s,z( ds—l—/ g(s,z(s))dB" (s), t € [0,T), (3.5)
has a solution x € CP([0,T]; R¢).
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Proof. Tt is clear that the stochastic process x(t,-) is a solution of (3.4) if and only if it is a
fixed point of the operator

A:=Ty+S, with Zox(t) =xzo+ZTx(t), 0 <t <T.

Let U C C?(]0,T]; R¢) be the ball with radius R centered at zero function. It is not difficult
to see that
Ax = Tox + Sz € U, for each z,y € U.

On the other hand, it follows from Lemma 3.2 and Lemma 3.3 that S is a continuous and com-
pact operator while Zj is a contraction operator. So, the Krasnosel’skii fixed point theorem
shows the existence of a fixed point of .4 which is a solution to (3.4). [

The next theorem presents a new result for the Skorohod problem driven by maximal
monotone operator and the sweeping process in the line of Castaing, Monteiro Marques
and Raynaud de Fitte [10], Castaing, Marie and Raynaud de Fitte [11], Maticiuc, Rascanu,
Slominski and Topolewski [17], Castaing and Thibault [12].

Theorem 3.5 Let I = [0,7T] and let E = R°. Consider a fractional Brownian motion
B = (Bl!) i1 of Hurst indem% <H<1linR® Let1-H < < % Let Ay : D(Ay) = ck(FE)
be a time dependent mazimal monotone operator satisfying (Hg') and (H3').

Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying the conditions
(BY), (BY) and (BY).

Let also g : I x I x R® — R be a continuous mapping for which there is a real constant
My > 0 such that

(c)|lg(t,s,x) — g(1,s,2)|[[rRe < Mgy|t —7| for all (t,7,5,2) € I x I xI xR

(d) |lg(t,s,z)||re < My for all (t,s,z) € I x I x R

(e) llg(t,s,x) — g(t,s,y)lre < Myllz —yl|lre for all (t,s) € I x I, z,y € R.

Given a € D(Ag) there exist CP([0,T];R®) continuous mappings x : I — R, h: I — RE,
k:I— R° u:I— R satisfying

(z(0) =u(0) =a
x(t) = h(t) + k(t) +u(t), Vt e I
h(t) = [ b(r,x(r))dBH, vt e I
k(t) = [y glt.s,x(s))ds, Vt €T
u(t) € D(Ay), Vtel

[ —DPu(t) € Awu(t) + k(t), ae.t €1

where h(t) = f b(r,z(7))dB"1 is the stochastic integral and where the mapping k with

fo (t,s,z(s))ds is the Volterra type perturbation; further, for M := max{M,;, My}
the C’B([O T);R®) mapping u satisfies

lcDPu(t)|| < M, a.e.t €1
u(t) €a+ IP(Lg.(I)) t €I
Proof. Denote M := max{My, My}. For each t € I set

22(t) = a, h'(t) = t 7,a)dBY
(t) = a, h'(1) /Ob<,>dBT
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and we see e.g Proposition 3.2 [18] that
M (M 4+ MN)T?
l—y  (B=-MB-7+1)

forall 0 < s <t<1with1—H <~ <min{8,1 — (3}, see e.g the property of the stochastic
integral h(t) = fot b(r,a) dBY 1 given in the proof of Theorem 2.2. See also Lemma 3.2. So
ht € CP([0,T); R) since C*=7([0,T]; R®) € CP([0,T]; R®). For each t € I set

IRt () = B ()]l < K (7,10, T)] J(t =)' (3.6)

KL(t) = /0 o(t,5,2%(s)) ds,

so k! is continuous on I. Using conditions (c) and (d) we also have the estimates
|KY@®)|| < MVt €I, and ||k'(t) — k' (7)|| < M|t — 7|V 7,t € I.

161 () — K (7)]
(t—=7)8

So k! is C#(]0,T]; R®) continuous.
By Theorem 3.4 [9] there is a -Holder continuous mapping u! : I — RE solution of the
differential inclusion

<MTYP.=LvVritel.

u(0) = a, ul(t) € D(Ay), Vt € T;
—<DBul(t) € At (t) + k'(t), ae. t €1

such that [|°DPul(t)|| < k and ul(t) € a + IP(LE.(I) for all t € I. Put for each t € I

al(t) = h' () + kM) +ul(t) = /t b(r,a)dB + /tg(t,s,:ro(s))ds + ul(t).
0 0

Then z'(-) € CP([0, T); R¢) with 2'(0) = a. Continuing in this way we are going to construct
by induction sequences of mappings (h"(.)), (k"(-)), (v"(-)) and (z"(-)) such that

A" (t) = /0 b(r,z"1(7))dBH

M (M + MN)T?
=y B=-7B-7+1)

[R"(t) = h"(s)|| < K (v, [0, T])] J(t—s)' 7
forall 0 <s<t<T.

"] <M and [E"(t) — k"(7)|| < M|t — ],
forall 0 <s<t<T.

K™ (8) = K" (1)l
(t—71)8

So k™ € CP([0,T]; R®).

<Mlt—7*P<MT'Y P .=LVrtel
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u™ is a -Holder continuous solution of the differential inclusion

u™(0) = a, u"(t) € D(As), Vt € I;
—<DPy"(t) € A (t) + k" (L), ae. t €1

such that ||°DPu™(t)|| < M and u™(t) € a + IP(LE.(I)) for all t € I and:
2" (t) =h"(t) + k" (t) +u"(t),t el

We already defined 2°(.) = a and we already constructed h'(-), k*(-), u!'(-) and z!(.)
fulfilling the required properties. Suppose that the desired mappings are constructed for
j=2,---,n—1 with the required properties. For each t € |

/ b(r )) dBH

t
00 = [ alts.a () ds
0
Clearly, for all t,7 € I

K" @) < M and  [|k"(t) = k" (7)|| < Mt = 7].

kn k;n
! (() e Sl <Mlt—7"" P <MT'"F:=LVrtel
So k™ € CP([0,T]; R).
By Theorem 3.4 [9] again there is -Holder continuous solution u” : I — R of the
differential inclusion

u™(0) = a, u"(t) € D(A:), Vt € I;
—<DPy"(t) € Apu™(t) + k" (L), ae. t €1

such that ||°DPu™(t)|| < M and u™(t) € a + [°(LE.(I) for all t € I. Put for each t € I

2(t) = h(t) + K" () + u"(t) = /0 t b(r, 2" L (7)) dBE + k(1) + u" ()

Then z"(-) € C?([0,T];R®), u™(t) € a + IP(LF.(I) for all ¢t € I. The induction is then
justified.

Our next step is a limit process. Since [|°DPu"(t)|| < M for t € I, we may ensure DPu"
weakly converge to v € Li.(I) with [[v(t)|| < & for all ¢ € I. It ensures that

)i E(t— )81
7D5u”(s)ds =a +/ oV
(8) o I(B)

Hence u" pointwise converge to u € C#([0,T]; R®) and DPu™ weakly converge in L. (I) to
¢DPu. As u™(t) € D(A;) we deduce that u(t) € D(A;). By the inequalities ||k™(t) — k™(s)|| <

hmu (t)=a+ hm/ (s)ds := u(t)
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Lt — s|® and ||k,(t)|]] < M the Arzela-Ascoli theorem allows us to suppose also that the
sequence (k™(-)), converges uniformly to a C?([0,7]; R®) continuous mapping k satisfying
|k(t) — k(s)|| < L|t — s|°. Keeping in mind that u" is solution of the differential inclusion

u™(0) = a, u"(t) € D(A)), Vt € I;
{ —DByn(t) € A (t) + k™(t), ae. t €1,

the convergence of (u™),, and (k™), on I to u and k respectively entails that u is solution of

the differential inclusion
u(0) =a, u(t) € D(A) Vtel
—<DPu(t) € Agu(t) + k(t).

Since (v"(-)) = (°DPu"(-)) weakly converges in Lk.([0,T]) to v(.) =¢ D?u(.) , one ensures
that (v™(-) + £k™(-)) Komlds-converges to v(-) + k(-). Let S be a negligible set such that for
€[0,T]\ S,
1 k
1 j _
lim — Z_: ( N ) u(t) + k(t), (3.7)
and

—o"(t) € A" (t) + k"(t),Vn € N.
Let z € D(A;). By monotonicity of A; one has
(W™ (t) + k(1) u™(t) — 2) < (A%, 2 — u"(t)). (3.8)
Writting

(0" () + k(1) u(t) = 2) = (V" (8) + K" (), u" (1) = 2) + (" () + K" (1), u(t) — u"(2))

yields

n Z (0 (1) + K (1), u(t) = 2) = ii(vj(t)+kj(t),uj(t)—z>+; Zn;@j(t)_}_kj(t)’u(t)_uj(t»

so that 7 :
ii(vﬂ'(t)wj(t),u(t)—@siimgz,z—uj(t) + (kK + M)- ZH“ £) —ud ()]
= =

Passing to the limit as n — oo in the last inequalities give

(0(t) + k(t), u(t) = ¢) < (Az, 2 —u(t))
Consequently u is a solution of the aforementioned differential inclusion,

{ —cDPu(t) € Agul(t) + k(t)
u(0) = a € D(Ay)
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On the other hand, recall that
M N (M + MN)T?
L=y B=-7B-7+1)

forall s <t < T with 1 — H < v < ming,1— 3, so that by Ascoli theorem h"™ converges
uniformly to A with

[ (8) = k™ (s)I] < K (v, [0, T))] J(t—s)'

M N (M + MN)T?
=y B=-7B-7+1)

foralls <t < T with1-H < vy < min{B,1-3}. Soh € C?([0, T]; R¢) since C1=7([0, T]; R®) C
CB([0,T]; RE). As consequence z"(-) = h™(-) + k™(-) 4+ u™(-) pointwise converges on I to
z(-) == h(:) + k() + u(-). It is already seen that h”( fg (7, 2"~ Y(7)dBH uniformly
converges to [1 b(r,z(T)dBY so that h(t) = [ b( YdBE . For each t € I by condition
(c) the sequence (g(.,.,2"(-))) converges p01ntw1se to g(-,-,2(-)), hence by the Lebesgue
dominated convergence theorem

t
/ g(t,s,x"~ ds—)/ (t,s,2(s asn — 0o,
0

which means that k(¢ fo (t,s,x(s))ds for all t € I. Further, by identifying the limits we
can write for each t € I

[|A(t) = h(s)]| < K(v,[0,T])] (t — )17

¢
x(t)= lim z"(t)= lim R"(t)+ lim [ g(t,s,2" ' (s)) ds+ lim u™(t)

n—oo n—oo n—oo 0 n—oo

:/ b(T,x(T))dBf—i—/ g(t, s, z(s)) ds + u(t)
0 0

with { —<DPu(t) € Asult) + k(t)
u(0) = a € D(Ap)

All the desired properties of the theorem are then established, so the proof is finished.

We now give a variant of this theorem in which the properties of the operator A; are
modified. The Lipschitz condition (7—[64) relating to the domain of A; of the following type is
removed:

dis(Ay, As) < [B(t) — B(s)],V(E,5) € [0,T] x [0, T]

where 3 € W12([0,T]) is nonnegative, nondecreasing with 3(T) < oo, 8(0) = 0 and the
measurability condition (Ag) on A; is imposed.

Theorem 3.6 Let I = [0,7] and let E = R°. Consider a fractional Brownian motion
B = (BH)ie; of Hurst index % <H<1imR° Letl—H<f< % Let Ay : E = ck(F)
be a time dependent mazimal monotone operator satisfying (Ao) and (H7).

Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying the weakened
conditions (BY), (BY) and (BY).
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Let also g : I x I x R® — R be a continuous mapping for which there is a real constant
My > 0 such that

(c)|lg(t,s,x) — g(1,s,2)|[[rRe < Mgy|t —7| for all (t,7,5,2) € I x I xI xR

(d) |lg(t,s,z)||re < My for all (t,s,z) € I x I xR,

(e) |lg(t,s,z) — g(t,s,y)|lre < My||lz — y||re for all (t,s) € I x I, z,y € R°.

Given a € R there exist CP([0,T];R®) continuous mappings x : I — R®, h : I — R,
k:I— R®u:I— R° satisfying

(z(0) =u(0) =a
x(t) = h(t) + k(t) +u(t), Vt e I
h(t) = [ b(r,x(r))dBH, vt e I
k(t) = [ glt.s,x(s))ds, Vt €T
u(t) € D(Ay), Vtel
[ —DPu(t) € Awu(t) + k(t), ae. t €1,

where h(t) = fg b(r, (7)) dBH 1 is the stochastic integral and where the mapping k with
k(t) = fgg(t, s,x(s)) ds is the Volterra type perturbation; further, the C°([0,T]; R®) mapping
u satisfies
lcDBu(t)|| < K, a.e.t €1
{ u(t) € a+ I8(Lg.(I)), te 1

Proof. The proof is similar to that of Theorem 3.5 using Theorem 3.2 in [9] instead of
Theorem 3.4 in [9].

Corollary 3.1 Let I = [0,T] and let E = R°. Consider a fractional Brownian motion
BH = (BH)ier of Hurst index 1 < H<1inR°. Let1—H << 3. Let C: I = ck(E) be
a convex compact valued mapping satisfying Haus(C(t),C(s)) < L|t — s|? Vt,s € [0,T]

Let us consider a class of continuous mapping b : [0,T] x R® — RE satisfying the conditions
(BY), (BY) and (BY).

Let also g : I x I x R — R be a continuous mapping for which there is a real constant
Mgy > 0 such that

(c)|lg(t,s,x) —g(T,s,2)|[[re < Mg|t —7| for all (t,7,s,2) € I x I xI xR

(d) |lg(t,s,x)||re < My for all (t,s,x) € I x I x R,

(e) |lg(t,s,x) — g(t,s,9)||lre < My||lz —y||re for all (t,s) € I xI, z,y € R®.

Given a € C(0) there exist CP([0,T]; R®) continuous mappings  : I — RE, h : I — RE,
k:I—R° u:1— R satisfying

z(0) =u(0) =a
o(t) = h(t) + k(t) +u(t), Vt e I
h(t) = [y b(r, (1)) dBH, vt e I
k(t) = [ g(t, s,z(s))ds, Yt € I
u(t) e C(t), YVt eI
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where h(t) = f b(r, (7)) dBY 1 is the stochastic integral and where the mapping k with

k(t) = fg (t,s,2(s))ds is the Volterra type perturbation; further, for M := max{My, My}
the CP([0,T]; R®) mapping u satisfies

l[cDPu(t)|| < K, a.e.t €1
u(t) € a+ I°P(LR.(I)), t € 1

A remarkable by product of Theorem 3.5 is available

Theorem 3.7 Let I = [0,7] and let E = R°. Consider a fractional Brownian motion
B = (B )ier of Hurst index 3 < H <1 inR°. Let1—H < B < 1. Let us consider a class
of continuous mapping b : [0,T] x R® — R® satisfying the conditions (B%), (BY) and (BY).
Let also g : I x I x R® — R be a continuous mapping for which there is a real constant
My > 0 such that

(c)|lg(t,s,x) — g(,s,2)|[[re < Mg|t —7| for all (t,7,5,2) € I x I xI xR

(d) |lg(t,s,)||re < My for all (t,s,x) € I x I x R,

(e) llg(t,s,z) —g(t,s,y)llre < Mgl|lx —yllre for all (t,s) € I x I, z,y € R®,

Given a € R there exist CP([0,T];R®) continuous mappings v : I — R®, h : I — RE,
k:I— R° u:I— RE satisfying

z(0) =u(0) =a
z(t) = h(t) + k(t) + u(t), Vt € I
h(t) = [ b(r,z(r))dBHE, vt e I
(t) = fgg( ,8,x(s))ds, Vt e I
cDAu(t) = k(t), a.e. t €1,
where h(t ) fot b(T x(7))dBH 1 is the stochastic integral and where the mapping k with
fo )) ds is the Volterra type perturbation; further, the C*([0, T]; R®) mapping
U satzsﬁes

|[DPu(t)|| < &, a e.te I
ut) =a+ [ 13

and the CP([0, T]; R®) continuous mapping x : I — RE satisfies

(s,7,z(7))dr)]ds, t € I

)

z(t) = a—i—/o b(T,x(T))dBf—F/O g(t,s,x(s))ds—i—/o (t;(sﬁ)

The following deal a Skorohod problem in time and space dependent maximal monotone
operator A ;) with fractional Brownian motion.

[/08 g(s,7,2(7)) dr)]lds,t € [0,T).

Theorem 3.8 Let I = [0,T] and let E = R¢. Consider a fractional Brownian motion BH =
(Bf)ier of Hurst index 5 < H <1 inR®. Let 1—H < 8 < 5. Let Ay 4y : D(Ag 1)) = ck(E)
be a time and space dependent mazximal monotone operator satisfying

(Ay): there exists a real constant L > 0 such that

dis(Azy Agsy) < Lt = s|P + ||z = yl]), V¢, s € [0,T], ,Va,y € R® x RE.

(Ag): there exists a real constant ¢ > 0 such that |A(()t7x)y] < (1 + ||lz|| + [|yl]) for all
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(t,x,y) € [OaT] X R D(A(t,x))

Let us consider a class of continuous mapping b : [0,T] x R® — RE satisfying the conditions
(BY), (BS) and (BY).

Let also g : I x I x R® — R be a continuous mapping for which there is a real constant
My > 0 such that

(c) |lg(t,s,x) — g(T,s,2)|[re < Mg|t —7| for all (t,7,5,2) € I x I xI xR

(d) |lg(t,s,z)||re < My for all (t,s,x) € I x I x R%;

(6) Hg(tasax) - g(tv S,y)HRe < Mng - yHRE fO’F all (ta S) elx Iy T,y € Re.

Given a € D(A(,)) there exist C*([0,T]; R°) continuous mappings x : [ — R®, h: I — RS,
k:I—-Rfu:I—-Rfwithl—H<f<a<H <1 satisfying

\ u(t) € A(t,h(t)) u(t) + k(t), a.e.t €1,

where h(t fo 7,2(7))dBH 1 is the stochastic integral and where the mapping k with

fo (t, s, x( ds is the Volterra type perturbation; further, the C*(]0,T]; R®) mapping

U satzsﬁes
| D%u(t)|| < K, a.e.t €1
u(t) ea+I1*(Lg.(I))tel

Proof. Denote M := max{My, My}. For each t € I set

and, as already done, we have

M N (M + MN)T?
L=y B=7B-7+1)

forall 0 < s <t <1withl—H <~y <min{3,1—8}. So h! € C'77([0,T]; R®) keeping in
mind that 1 — H < 8 <1 —~v < H < 1. Furthermore,

IRt () = B ()]l < K (7,10, TT])] J(t—s)' (3.9)

M N (M 4+ MN)T?
l—y (B=7)B-7+1)
M N (M + MN)T?
l—y  (B=7)B-7+1)

dis( A @), A (sy) < LIt — 17 + LK (7,0, T))] J(t — )7

< (L + LK (7, [0,T))] )t — )1

For each t € I set

kl(t):/o ot 5,2%(s)) ds,
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so k! is continuous on I. Using conditions (c) and (d) we also have the estimates
|k (1) < MVt €I, and ||k'(t) — EY(7)|| < M|t — 7|V 7,t € L.
14y _ 1 1y _ gl
IO - RO RO -FOI sy, o p
(t— )i t—r)P

So k! is C177([0, T]; R®) continuous, taking a account into 1 — H < < 1—~ < H < 1, by
Theorem 3.4 [9] there is a (1 — 7)-Holder continuous mapping u! : I — R solution of the

differential inclusion

{ ul(O)—aeD( 0))5 ull(

t) S D(A(t,hl(t)))7 vt e I;
—<D=vul(t) EAthl nu (t

)+ EkL(t), ae. t el

such that |[°D'=7u!(t)|| < k and ul(t) € a + I'™V(Lg.(I) for all t € I. Put for each t € I

zt(t) = B (t) + KH(t) + ul(t) = /t b(r,a)dB + /tg(t, s,2%(s)) ds +u'(t).
0 0

Then z!(-) € C'77([0,T];R®) with z'(0) = a. Continuing in this way we are going to
construct by induction sequences of C*=7([0,7]; R®) mappings (h"(.)), (k"(:)), (u"(-)) and
(z™(+)) such that

W (t) = /0 b(r, 2" Y(7))dBH
M (M+MN)T6 ](t_s)lf’y
(B=7)(B—-7+1)

forall 0 < s <t <T. So h™ € C*=7([0,T]; R®) keeping in mind that 1 — H < 3 <1—7 <
H < 1.Furthermore,

1R* () = h"(s)ll < K (7, [0, T])[5

B
diS(A(t,h”(t))a A(S hn(s < L|t — S|’3 + LK(’)’, [0 T])[lj\f’y + (ﬁ(—M’Y_;—(]ﬁWiv’z/];— 1)](t - 8)17’y
B
< (L + K(y,]0, T])[lj\_/[ (B(y&g@vﬁ 1)](t — )t

") < M and  [[E"(t) — k" (7)[| < M|t — 7],
forall 0 <s<t<T.
[k () = K"(D)I| _ [IR"(8) = K" (7)]]
-7t =  (t-7)f

So k™ is C1=7(]0, T]; R®) continuous, taking a account into 1 — H < 8 <1—~v < H < 1, by
Theorem 3.4 [9] there is a (1 — y)-Holder continuous mapping u™ : I — R€ solution of the

<MTYPvrtel.

differential inclusion

u™(0) =a € D(Agp)), u"(t) € D(Awnnry), Yt € I
_ch—'yun(t) S A(t7hn(t))un(t) +k"(t), ae.t el
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such that |[* D™ 7u"(t)|| < k and u™(t) € a + 'V (LE.(I) for all t € I. Put for each t € I
Put for each t € I

ﬂ@:m@+ww+mwZA%mWAwmmﬁm%Hw%)

Then 2"(-) € C1=7([0, T]; R®), u™(t) € a + I'*V((LE.(I) for all t € I. The induction is then
justified.
Our next step is a limit process. For simplicity set & = 1 — « and recall

1-H<fB<a=1-vy<H<1

. M (M + MN)T?
dis(Agpn(e))s Agspn(sy < LIt — s|® + LK (,[0,T +

M (M + MN)T?

¥ Dt 9)°

-7 B=-NB-7+1)

Since |[*D*u"(t)|| < & for t € I, we may ensure “Du™ weakly converge to v € Li.(I) with
llo(t)|| < K for all t € I. Tt ensures that

J(t = )"

< (L+ LK(3,[0,T])5

_ S)a—l

li7rlnu”(t) =a+ liTrln/o (tFm)Daun(s)ds =a+ /0 (t;(a)v(s)ds = u(t)

Hence u™ pointwise converge to u € C*([0,T]; R®) and °D*u™ weakly converge in Li.(I) to
“D%u. Further, we note that u(t) € D(A pn())) for all t € I. Indeed we have

dis(A(,hn (1)) Aeh(e))) < Lllhn(t) = h(E)|] — 0

By the inequalities ||k™(t) — k™(s)|| < MT' 8|t — s|* and ||k,(t)|| < M the Arzela-Ascoli
theorem allows us to suppose also that the sequence (k"(:)), converges uniformly to a
C([0,T]; R®) continuous mapping k satisfying ||k(t) — k(s)|| < MT'=P|t — s|*. Keeping
in mind that u™ is solution of the differential inclusion

u"(0) =a € D(Agp)), u"(t) € D(Awnnry), Yt € I
—DYu"(t) € A pnyyu”(t) + k" (t), ae. t €1,

the convergence of (u™),, and (k™),, on I to u and k respectively entails that u is solution of
the differential inclusion

{ U(O) =a € D(A(O,O))a u(t) S D(A(t,h(t)) Vtel
—D%u(t) € A(t7h(t)u(t) + k().

Since v™(-) = “D®u"(-) weakly converges in Li.([0,77]) to v(.) = “D%u(.) , one ensures that
(v™(+) + k™(-)) Komlds-converges to v(-) + k(-). We will show that

—v(t) — k(t) € Agneyu(t), dtae
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Further, we note that u(t) € D(A n())) for all t € I. Indeed we have

dis(A(,hn (1)) Aeh(e))) < Lllhn(t) = R(#)|] — 0

It is clear that (y, = A?t hn(t))u”(t)) is bounded, hence relatively compact. By applying
Lemma 2.2 to u"(t) — u(t) and to a convergent subsequence of (y,) to show that u(t) €
D(A¢,nt)))- There is a dt-negligible set N such that

—Un(t) — k‘n(t) € A(t,hn(t))un(t)a tel \ N,

lirlgnrllivj(t) FEI(t) = v(t) + k(t), t € T\ N.

j=1
Let t € [0,1] \ N. Let n € D(A(t,h(t)))‘ Apply Lemma 2.3 to A(t,hn(t)) and A(t,h(t))) to find a
sequence (1) such that n, € D(Aqpn)), M — 15 A((]t,h"(t))n” — A?nh(t))n. From

—v"(t) = k" (t) € A(t,hn () Uhn ()

by monotonicity

(W™ (E) + K" (), 6" (8) = 1) < (A pon (1)) T — u(t)).

From

(V") + K" (t), ult) —n) = (" () + K" (1), u (8) = mn )+ (0" (1) + K" (), u(t) —u" () — (1 —1m)),

let us write

=3 (W0 + R, ult) = m) = = 3 (03(0) + K (), (1)) — )
=1 =1

+= S () + R (), ult) — wd () + — 3 (oI (1) + K ()my — ),
Jj=1 =1

so that

1 n . . 1 n
n Z <UJ (t)+K (£)(1), U(t)—77> < n Z <A(()t,hj(t))77ja j —uJ( +(k+M)— Z [[u(t)
=1 j=1

(k+ M)— Z I = nll-
Passing to the limit using when n — oo, this last inequality gives immediately

(v(t) + k(1) u(t) =) < (Al peymsn — ult))

44



As a consequence, by Lemma 2.1 we get —v(t) € Ay pu)yu(t) + k(t), dp a.e. with u(t) €
D(Ag ) for all t € I Consequently u is a solution of the aforementioned differential
inclusion,

{ —CDau(t) S A(nh(t))u(t) + k(t)
U(O) =ac D(A(070))

On the other hand, recall that
M N (M 4+ MN)T?
-y  (B=7@B-7v+1)

forall s <t < T with 1 — H < v < minf,1— , so that by Ascoli theorem h"™ converges
uniformly to h with

17 (t) = ()| < K (v, [0.T])] I = 5)'=

M N (M + MN)T?
L=y (B=7B-~v+1)

for all s <t < T with 1 — H <~y < min{8,1 — 8}. So h € C%([0,T]; R®) As consequence

[h(t) = h(s)|| < K(v,[0,T])] It — 5)1=

() = h"()—|—k”()+u ()pomrvvlse converges on I to z(-) = h(-) + k() + u(-). It
is already seen that h” fo Y(7)dBH uniformly converges to fo 7,2(1)dBH so
that h(t fo dBH. For each t € I by condition (c) the sequence (g(.,.,z" *(-)))

converges p01ntW1se to g( ., Z(+)), hence by the Lebesgue dominated convergence theorem

t
/ g(t,s,a"~ ds—)/ (t,s,2(s asn — 0o,
0

which means that k(¢ fo (t,s,x(s))ds for all t € I. Further, by identifying the limits we
can write for each t € I

¢
z(t)= lim z"(t)= lim A"(t)+ lim [ g(t,s,2" (s))ds+ lim u"(t)

n—oo n—0o0 n—oo 0 n—oo

_ / b(r, o(r))dBH + / olt, 5, 2(s)) ds + u(t)
0 0

with
{ —CDaU(t) S A(t’h(t))u(t) + k‘(t)
’LL(O) =ac D(A(O,O))

All the desired properties of the theorem are then established, so the proof is finished.
By repetition of the arguments of the proof of Theorem 3.8 we have a remarkable SKP
problem with fractional sweeping process driven by fBM.

Corollary 3.2 Let I = [0,T] and let E = R°. Consider a fractional Brownian motion
BH = (BH')ier of Hurst index 1 < H <1 inR°. Let1—H << 3. Let C: I = ck(E) be
a convex compact valued mapping satisfying

Haus(C(t),C(s)) < L|t — s|? vt,s € [0,T]

Let us consider a class of continuous mapping b : [0,T] x R® — R€ satisfying the conditions
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(BY), (BY) and (BY).
Given a € C(0) there exist C*([0,T]; R®) with1—H < f < a < H < 1 continuous mappings
z:I—-R¢ h:1— R u:l— R satisfying

z(0) = u(0) =
z(t) = h(t) + (t) Vtel
h(t) = [T b(r, (1)) dBH, vt € I
u(t) € C(t) — h(t), Vt eI
CDO‘u(t) < NC’(t )—h(t)U ( ) = NC(t)JZ‘(t), a.etel,

where h(t fo 7,2(7)) dBH T is the stochastic integral ; further, the C*([0,T]; R¢) mapping
U satzsﬁes
[|€D%u(t)|| < K, a.e.t €1
{ u(t) ea+I9(LR(1)), tel

The above results are new, in particular the last results dealing with Skorohod problem
for a new class of fractional evolution inclusion driven by a fBm motion. Several variants
are available by considering diverse class of fractional and operators. See [6, 8, 10, 11, 12, 15]
and the references therein. We refer to [2, 3, 4, 5, 16, 18, 19, 21, 22] for related results
concerning the differential inclusion driven by fractional Brownian motion.
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