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Predicting the critical load that structures can sustain and the right crack path is an important scientific and
practical issue. This reason is the trigger for the appearance of the damage mechanics. During these last
decades, many models have shown their ability to predict both critical loads and crack paths. We can cite
thick-level set models (TLS), phase field damage models, peridynamics, and more recently Lip-Field damage
model. This work aims to show the capability of the PhaFiDyn software to predict crack paths with the
unified formulation of the phase field damage model. PhaFiDyn is implemented on FeniCS, an open-source

finite element library. Validation test is realized with numerical and experimental results from the literature.
PhaFiDyn is easily modular, allowing for expansion of this implementation.
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1. Motivation and significance

Predicting the critical load that structures can withstand and de-
termining the correct crack path are important scientific and practical
challenges. A natural approach to addressing these issues is to search
for an appropriate criterion. Strength and toughness criteria are well-
suited for simple specimens having either no defect or an existing crack.
However, when defects are present, the criterion is more complex
to establish. Its origin is Griffith’s criterion, which introduced the
idea of two main energy hypotheses: surface energy proportional to
the crack surface and crack propagation based on the principle of
energy minimization. This criterion does not explain phenomena such
as crack nucleation and propagation by fatigue. The ideas in Griffith’s
theory can only be applied to fairly simple cases. For more complex
applications, other theoretical concepts have been developed, like the
damage mechanics models. Over the past few decades, many models
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have shown their ability to predict both critical loads and crack paths.
We can cite thick level set models (TLS) [1] and phase field damage
models [2].

The work presented here follows on from GPFniCS software [3]
and PhaFiSta,! which deal with the unified formulation of the phase
field damage model for quasi-static loading. This approach is extended
here, in the dynamic loading cases, considering the implementation of
the unified formulation of the phase field damage model. Given the
complexity of setting up dynamic experimental tests, and the difficulty
in understanding crack mechanisms, numerical simulations can be a
valuable tool for better analysing and visualizing phenomena such as
propagation, bifurcation, or branching of cracks and fragmentation.
This work proposes a clear and accessible implementation, within the
FEniCS environment, of the two main formulations of the phase
field damage model for brittle and quasi-brittle fracture. The first is
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the original problem, which involves solving a constrained variational
inequality to enforce the irreversibility of damage. The second is a
simplified problem [4] that solves an unconstrained variational equal-
ity, where irreversibility is approximated using a history variable that
prevents the reduction of elastic potential. Moreover, the implementa-
tion of the phase field damage model for dynamic loading within the
open-source FEniCS framework provides a reproducible and extensi-
ble tool for the mechanics community. Although phase field damage
methods are widely studied, open-source implementations, particularly
for dynamic problems, remain scarce.

An explicit time integration scheme is employed, enabling the sim-
ulation of crack propagation under dynamic loading without requiring
iterative resolution at each time step. This scheme is chosen here for
its advantageous properties in handling impacts and wave propagation.
The implementation used in this work is based on the algorithms
developed by [5]. The test cases are inspired by the works of [6].

To demonstrate the capabilities of the implementation, a numer-
ical validation is presented. The results show good agreement with
experimental data and highlight the effectiveness of the phase field
damage model for dynamic fracture scenarios. Finally, the developed
code is modular and well-documented, designed to support repro-
ducibility, extensibility, and future developments in the field of damage
mechanics.

In this paper, the focus is placed on the PhaFiDyn software that
describes the phase field damage model implementation in the case of
explicit dynamics. The outline of this work is as follows. In Section 1.1,
the theory of the phase field damage model in the explicit dynamic
case is presented. Its implementation is presented with an exhaustive
description in Section 2. Then the validation of PhaFiDyn and an ex-
ample of use are illustrated in Section 3. Finally, the main conclusions
are summarized in the last section.

1.1. Phase field equations in elastodynamic

In general, the phase field approach to model systems with sharp
interfaces is based on the introduction of a continuous field variable,
which smoothly describes the transition between different physical
phases of the system. In the context of damage mechanics, this variable
represents a damage field, separating the safe phase from the fully dam-
aged phase and thus approximating the crack discontinuity damaged
zone. The evolution of this damage field, d, in response to the external
loading conditions models the crack propagation process. The phase
field damage model is a regularization of the variational formulation
of Griffith’s theory [7]. The phase field damage model relies on the
definition of the following energies:

Elastic energy : &,(u,d) = / g(d)y(e(u))d2 (€8]
Q
G, 219 412
Fracture energy : £,(d) = — (a(d) + £*|Vd|*) dQ @
ocC
Kinetic energy : £, (i) = / %plflz a0 3
Q
External energy : &,,,(u) = / b*udQ + / *udS @
Q 02,
where:

Q represents the domain volume

G, is the toughness of the safe material
v, is the elastic potential of safe material
p is the mass density of material

b* is the distributed body force

t* is the distributed surface load over 9£2,
u represents the displacement

u is the velocity associated with u

d €[0,1] is the damage variable

g(d) is the degradation function

SoftwareX 31 (2025) 102227

¢ is the phase field regularization length
a(d) is the crack geometrical function
¢ is the scaling parameter to recover the sharp crack surface

(e= 3 )

The action integral over time interval I = [7;,t,,,] is introduced,
involving an augmented Lagrangian L :

8(u,d):/£(u,u,d)dt:/(5e(u,d)+£d(d)—£c(u)—£ex,(u)) dt  (5)
I 1

At each step, the displacement and damage fields that minimize the
action integral must be determined. The validity of this method is en-
sured by general physical principles such as the damage irreversibility,
stability, and energy conservation [8-11].

According to the literature, we can distinguish two main
approaches. The first one (called here the original problem) is based
on the complete resolution of the phase field damage problem with up-
dating the damage field to ensure the damage irreversibility condition.
The second one (called simplified problem), proposed by [4], used a
history variable defined as:

H(u,n = 0“2?2 (lllo(E(u’ 7)), Ho) (6)

where H,, is the history energy threshold defined as a function of the
chosen phase field damage model. This variable prevents the elastic
potential from decreasing, which makes it possible to approximate the
damage irreversibility condition of the original problem.

For these two approaches, the staggered algorithm proposed by [2]
is used. It consists of an alternate minimization of the displacement
and the damage problem until convergence for all loading steps. The
strong formulation follows from the Gateaux derivative of the action
integral in the direction of variations and integration by parts. The
stress balance equation and a gradient-type evolution system for the
damage field formulate this. These approaches can be summarized
through the following strong equations:

+ Elastodynamic problem

div (0) + b* = pii in 2
* )
c-n=t on 982,
+ Damage problem
— Original problem
d>0 in Q
’ Gc / 2 s
g(d)w0(8)+7(a (d)—2¢%Ad) 2 0 in Q
c
) G,
d & @ vy ®+ = (a (d)=2£74d)| =0 ng ®
c
Vd-n>0 on 0
dVd-n=0 on 0Q
- Simplified problem
H (1) = max (woleu, 7)), Hy)
G
g (H(E 1) + —; (o’ (d)—26%4d) =0 in Q C)
c

Vdn=0 on 92

The elastodynamic problems are usually solved by the Finite Ele-
ment Method (FEM). The discrete evolution equation is:

Find u € v, such as Mii+ Ku=F (10)

where M, K and F represent the mass, stiffness and load matrices. v,
is the admissible displacement field set.
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To solve this equation, the scheme of centred differences — an
explicit time integration scheme - is employed in this work. This
scheme exhibits favourable properties in modelling impacts and wave
propagation phenomena. This method is conditionally stable (Eq. (11)).
As a result, the use of an iterative staggered algorithm is not required.
The centred differences of velocity and acceleration fields are:

" yttar _ =4 » N B R
V=—— and i'=———M——
24t Ar?
and the velocity field at half time step is:
1 At _ 1 1 —At
=% TH apd =R TH
At At

The resolution steps of elastodynamic problem are [12]:

1

k4= . At ..
2 = + &£

u uy zuk

1
w*! = uk 4 An**2 and apply the Dirichlet boundary conditions
ikt = M—ll [F - Kuk+l]
W=y %z’ik“ and apply the Dirichlet boundary conditions

Hwh =

After the update, the Dirichlet boundary conditions are applied by
directly prescribing the displacement values on the constrained degrees
of freedom.

When using the explicit time integration scheme, the Courant—
Friedrichs-Lewy (CFL) condition must be satisfied [12]:

Ryiw [P
At < 222 11
p z 1)

where £,,;, represents the minimum distance between nodes within the
discretized domain, # is a safety factor larger than 1, F is the Young
modulus, and p is the mass density.

Therefore, the algorithm of the elastodynamic phase field mini-
mization using the explicit time integration scheme can be described
as:

Algorithm 1 Explicit dynamics phase field damage model

Given initial mechanical conditions: u®,u’ and initial damage
condition d*
if Original problem then
d’ = argming ;< (é' (uo,d))
else if Simplified problem then
HC = max (y, 1), Hy)
d0 = argmin,, o (& (uo,d))
end if
Initialize i’ = M~ [F - Ku'|
for each time step k do
Wt =k Aty + i
Apply the Dirichlet boundary conditions
if Original problem then
Update minimal bound
dmin “ dk
d*l = argming 4o, (€ (¥, d))
else if Simplified problem then
Update history variable
H*! = max (y/o(u"+]), H¥, HO)
dktl = argmin, pie (& (w1, a))
end if
u-k+1 — M—l [F_Kuk-H]
gkl = gk g A (it + k1)
Apply the Dirichlet boundary conditions
end for

1.2. Unified formulation of phase field damage model

Several models have been defined by the mechanical community.
The two most used models in elastodynamic applications are the PF-
AT2 model [13,14] and the PF-AT1 model [8]. These two models allow
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Table 1
Parameters for the phase field models.
Model Softening type ¢ a a, a, a; P
PF-AT2 2 d? 2 -0.5 0 2
PF-AT1 8/3 d 2 -0.5 0 2
PF-CZM Linear T 2d — d? - -0.5 0 2
Table 2
The threshold H, expressions.
PF-AT2 PF-AT1 PF-CZM
H, 0 2 %
0 16¢ 2E

for to description of the brittle fracture. Then, the first cohesive zone
phase field models (PF-CZM) appear [15] and are developed by [16].
In the cohesive zone model, the failure strength is considered, trying to
represent the material strength. This addition improves the phase field
damage model. The cohesive models have demonstrated their ability to
describe the cracking process in brittle and quasi-brittle materials. The
crack process is linked to stresses and depends on the damage model
chosen. Although many other models exist, the PF-AT1, PF-AT2 and
PF-CZM models are focused here. The different brittle fracture models
are characterized mainly by the type of geometric cracking function
and degradation (or softening) function used. The unified formulation
of the phase field damage model is defined through:

+ the unified degradation function g(d), defined as [16]:

_ a-—ay
D= v ad P@ 12

where
P(d) = 1 + ayd + ayazd?,

p>2, ad-Pd)>0

and a; = —°

>0, a, and a5 are constants.

2
o}

« the crack geometrical function a(d) and the scaling parameter.

The different parameters of the unified formulation of phase field
models can be summarized in the following Table 1. Moreover, that
for each phase field model, the threshold H, is defined in Table 2.

2. Software description

PhaFiDyn software models brittle isotropic elastic materials submit-
ted to dynamic loading in two dimensions. The dynamics are repre-
sented by time discretization and spatial discretization using the finite
element method. For that, PhaFiDyn is implemented on the FeniCS
framework. FeniCS is an open-source library that is efficient, flex-
ible, and designed to solve partial differential equations using finite
element methods [17]. As the phase field damage model is based on
a variational formulation, the use of FeniCS is perfectly adapted.
Moreover, it facilitates the meshes management and the solving of
linear or non-linear problems. The isotropic elasticity is considered for
this initial implementation. However, PhaFiDyn can be extended to
materials more complex, such as electromechanical or thermomechan-
ical couplings. It is also possible to consider the anisotropic behaviour,
both for rigidity and for damage. In short, the use of FeniCS for the
phase field damage model problem gives flexibility and the possibility
to evolve this implementation towards more complex materials.

PhaFiDyn uses mainly the FeniCS 2019.1.0 library, which is
the latest stable release version. To download this version, follow the
installation procedures for your system at https://fenicsproject.org/
download/archive/. PhaFiDyn is implemented in the Python 3 environ-
ment. Moreover, the downloads of SymPy and NumPy libraries are also
necessary. ParaView is used to display the mesh and the results. The
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loaded format file is .xdmf (and .h5). To download ParaView, follow
the installation procedures at https://www.paraview.org/download/.
The mesh is loaded via Gmsh and uses the msh2 format. PhaFiDyn can
support Tri3 finite elements, as FeniCS only handles this type of finite
element.

2.1. Software architecture

The problem resolution of the phase field damage model consists
of the research of admissible fields that minimize the action integral.
Consequently, the phase field damage model problem is governed by
the strong formulations ((7), (9), (8)). Two approaches for the phase
field method have been presented in the previous section. Moreover,
the consideration of unilateral contact is necessary to have the crack
coherent, especially when we have different fracture modes. For that,
the elastic potential decomposition in the positive part and the negative
part is added. Two methods are used here: the volumetric/deviatoric
decomposition from [18] and spectral decomposition [4].

The implementation strategy is presented in Fig. 1. To begin, the
geometry and the material properties are defined, and the phase field
damage model is chosen. The mesh is converted into .xml format.
Then, the boundary conditions are defined using the FeniCS functions
and the mesh. In FeniCS, several finite element spaces are available.
In this tool, the used element’s spaces are Continuous Galerkin type.
These spaces are defined in considering the vectorial shape of dis-
placement, velocity and acceleration fields as well as the scalar shape
of the damage field. An additional space of Discontinuous Galerkin
is added for the simplified problem to define the history variable
at the previous step. The trial and test fields are expressed using
these spaces by the two FeniCS functions: TrialFunction() and
TestFunction(). The fields u, v, a represent the displacement,
velocity, and acceleration fields at the previous step, while u_new,
v_new, a_new correspond to these fields at the new step. The damage
fields are also defined, with pold to the previous step and phi to
the new step. For the simplified problem, the field representing the
history variable at the previous step, Hold, is given. Then, according
to the considered model (PF-AT2, PF-AT1, PF-CZM), the weak for-
mulation of this problem is expressed, either by deriving the action
integral with the FeniCS function, derivative (), or by defining
it manually. For the original problem, the constrained minimization is
realized with the initialization bounds for the damage field: d_min=0
and d_max=1. In the case of the simplified problem, as there is a
history variable, the minimization is unconstrained. The behaviour law,
the consideration (or not) of unilateral contact, the parameters defin-
ing the phase field damage model are described in several functions
(PsiO(u,d), sigma_O0(u), sigma(u,d), PFparameters(E,
nu, Gc, sigc, Model), ...). Once the weak formulation is estab-
lished, the steps of algorithm 1 are followed. The fields phi and a are
initialized. Before starting the phase field damage problem resolution,
the mass matrix is computed. The solvers are chosen according to the
selected approach. For the original problem, which implies solving an
inequality variational, a solver from the library SNES, such as vinew-—
tonssls or vinewtonrsls is used. In the case of the simplified
problem, an equality variational problem is solved. For the models PF-
AT2 and PF-AT1, a linear solver is sufficient. While for the PF-CZM
model, a non-linear solver is necessary, newtonls or newtontr is
used from the library SNES [19-21].

Then, the incremental loop is launched, considering the mechanical
loading and the time discretization. At each increment, if the boundary
conditions depend on time, they are updated. u_new is computed, and
the associated boundary conditions are applied to this field. Then phi
is determinated with u_new, and a_new is computed from u_new
and phi. Finally, v_new is obtained with a_new. At the end of the
incremental step, the fields from the previous step are updated with
the new fields. To ensure the damage irreversibility with the original
problem, d_min is updated with phi. For the simplified problem,
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Table 3
Physical values of results in data.

Increment Time ElasticEnergy  KineticEnergy  FractureEnergy
ExternalEnergy  TotalEnergy  dmin dmax x_dmax
y_dmax

Hold is updated with the history variable computed using the field
u_new.

Then the datas are saved with postprocessing() and par-
aviewResults() functions. postprocessing() function allows
the creation of a results file in .data format. The results are reported in
a table with the following header (see Table 3).

Simulation results are exported to ParaView format. The Par-
aviewResults () function exports several fields, including displace-
ment, velocity, acceleration, damage, stress, and strain, to a ParaView
file for visualization and analysis. In the end, a cartography of these
fields is obtained.

To solve the phase field damage model, the minimization algorithm
1 was implemented in FeniCS 2019 following the described strategy
Fig. 1.

2.2. Software functionalities

PhaFiDyn gives a large flexibility and allows various modelling. The
material properties and the file geometry in .geo format are the inputs.
The mesh can be realized with specific meshing tools and considered as
an input file in .msh format. Otherwise, the software can make the mesh
in the same format. It also allows us to specify important parameters,
such as the tolerance and iterations number of solvers, the choice
between the plane strain and the plane stress hypothesis, the
type of decomposition, and the phase field damage model. Moreover,
The Nout variable can be used to control the output frequency, so that
ParaVieuw files are saved every Nout time steps instead of every step.
The boundary conditions and the crack tip tracking can be adjusted
as a function of the studied problem. Finally, to execute the software,
it could launch the following command in your terminal: python
filename.py and the computation is launched. The results file in
.data format can be used to plot the physical values wanted.

3. Ilustrative examples

To illustrate the PhaFiDyn performances, two numerical simulations
are conducted. Both tests are common in the dynamic phase field
damage models. The first one is a validation test, called the Kalthoff
experiment and conducted by Kalthoff and Winkler [22]. The second
simulation involves dynamic branching, which is documented in the lit-
erature [6]. For these numerical simulations, the original and simplified
problems are considered.

Reproducibility and implementation details

To facilitate reproducibility, all simulations were performed using
the open-source finite element framework FEniCS 2019.1.0, in a
Python 3 environment. The nonlinear solvers are based on the PETSc
SNES library. The meshes were generated with Gmsh and the results
were post-processed via ParaView, using the formats .xdmf and
.hb.

All the code, including the geometry files, solver settings and ex-
ecution instructions, is publicly available at the following address :
https://github.com/jzghal/PhaFiDyn

The implementation was validated by comparison with :

« the reference numerical results of Borden et al. [6];
+ the experimental data from Kalthoff and Winkler [22].

These comparisons confirm the consistency and reliability of the
numerical approach developed in this work.
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Define geometry f------- o| [t can be defined using: Gmsh

1

Define boundary conditions

| Weak formulation |- -==

Defined manually. It can also be defined
using symbolic module (FeniCS/Python).

|

Staggered algorithm 1}--.____

X

Original problem (8):

e Inequality variational:
— vinewtonssls or
vinewtonrsls or TAO solver

Simplified problem (9):

e History variable is used

e Equality variational:
— Linear solver for PF-AT1 and
PF-AT2 models;
— newtonls solver for PF-CZM
model.

Fig. 1. Implementation strategy on FeniCS 2019 with PETsc library [19-21].

Table 4
Material properties from [6].

Table 5
Mechanical properties from [6].

Mass density p [kg/m’] 8000
Young’s modulus E [Pa] 190 x 10°
Poisson’s ratio v 0.3
Toughness G, [Pa-m] 2213 x 10*

3.1. Kalthoff test

A double-notched rectangular plate, subjected to a dynamic shear,
is simulated. PF-AT2 and PF-AT1 models are used. The results from
the PF-AT2 model are compared with the numerical results from [6].
The geometry and boundary are illustrated in Fig. 2. A symmetric
condition is considered to reduce the time of computation. The impact
is simulated by the application of velocity represented Fig. 3, with a
maximum velocity of 16.5 m/s. The material properties are defined in
the Table 4. The hypothesis of plane strain is considered. The length
regularization is # = 1.95 x 10~* m. The structure is discretized with a
non-uniform mesh refined in the crack zone. The mesh size in the crack
zone is A = 9.7x 107>, The finite elements total number is 240 532. The
time step is Ar = 2.65 x 10~ s to respect the CFL condition (11). The
spectral decomposition is used.

In Fig. 4, the elastic and fracture energies are compared with
the numerical results from [6] to validate our implementation. The
results are quite similar. The slight difference can be explained by the
integration scheme, as the Generalized-a method is used in [6].

Then, in Fig. 5, the crack, the crack length as a function of time and
the velocity crack normalized by the Rayleigh velocity as a function
of time are plotted. Tracking the crack tip enabled us to plot these
curves. The numerical results from the original and simplified problems
are almost identical. The angle of crack initiation is 70.8°. The crack
velocity is below 60% of the Rayleigh velocity.

The results for the PF-AT1 model are represented in Fig. 6. As for
the PF-AT2 model, the original and simplified problems have almost
identical results. The angle of crack initiation is 71.1°. The crack
velocity is slightly above 60% of the Rayleigh velocity.

Mass density p [kg/m’] 2450
Young’s Modulus E [Pa] 32%10°
Poisson’s Ratio v 0.3
Toughness G, [Pa.m] 3
Failure Strength o, [Pa] 6.4 x 10°

From the experimental results in [22], the angle of the crack initia-
tion is 70°. The numerical results, from the PF-AT2 and PF-AT1 models,
are therefore consistent with the experimental results published in [22].

3.2. Dynamic branching

To illustrate the performance of PhaFiDyn, a dynamic branching test
is considered here.

The tensile loading on a notched plate, from [6], is considered. The
linear PF-CZM model is used. The geometry and boundary conditions
are illustrated in Fig. 7. A tensile load is applied to the top and bottom
surfaces, as shown in Fig. 8. The material properties are defined in
Table 5. The plane strain hypothesis is considered. The length regu-
larization is # = 5 x 107* m. A uniform mesh is used, with a mesh
size of & = 1.25 x 10~* m, resulting in 441 490 finite elements. The
time step is set to 4t = 4.9 x 107 s to satisfy the CFL condition. The
volumetric/deviatoric decomposition is used.

In this dynamic branching case, there are two cracks. Both cracks
are distinctly named : the upper crack and the lower crack. In Fig. 9,
both the cracks and their velocities are illustrated. After the branching,
the crack propagation is almost identical between the upper and lower
cracks.

In agreement with the observations of [6], the numerical results
show a dynamic branching. The analysis of reflected waves explains
this mechanism. Using PhaFiDyn, we successfully replicated this phe-
nomenon, validating the relevance of our numerical approach.
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4. Conclusions
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Fig. 4. Kalthoff test: PF-AT2 model - &, and &, vs Time.

PhaFiDyn is an additional tool for PhaFiSta. PhaFiDyn offers public
access to dynamic fracture analysis using the PF-AT2, PF-AT1, and PF-
CZM models in two dimensions. These different models allow to model

Sb 100

the brittle and quasi-brittle fracture. Both the most classical decompo-
sitions are also implemented: the volumetric/deviatoric decomposition
from [18] and the spectral decomposition [4]. This software has been
validated with the numerical results from [6] and experimental results
from [22]. Now, PhaFiDyn is easily modular to consider :
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