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Mixed 3D-2D asymptotics for the weak and strong solutions
of the rotating magnetohydrodynamic system.

Frédéric Charve* Van-Sang Ngo'

Abstract

In this article, we consider the 3D-rotating magnetohydrodynamic (MHD) system when
the initial velocity and magnetic field both feature some 2D-part (i.-e. depending only on
the horizontal space variables).

We prove for weak and strong, solutions, that the limit system, when the Rossby number
goes to zero (i.-e. for strong rotation), is a 2D-MHD system with three components. Moreover
we are able to provide explicit global-in-time convergence rates thanks to adapted Strichartz
estimates and with the help of an additional 3D magnetic field transported by the 2D limit
velocity.

MSC: 35B40, 35Q35, 76D03, 76U05, 76W05
Keywords: Magnetohydrodynamics, rotating fluids, Strichartz estimates, Besov and Sobolev
spaces.

1 Introduction

1.1 The magnetohydrodynamic system

The magnetohydrodynamic (MHD) systems describe the evolution of the flow of charged particles
under the influence of the magnetic field induced by its own motion. We can find examples of these
flows in the form of plasmas in nuclear fusion reactors or in the form of charged liquid metals
in the core of the Earth, which are responsible for the Earth’s magnetic field. These systems
show the different ways to combine the Navier-Stokes equations, which describes the behavior
of a viscous incompressible fluid, and the Maxwell equations, which form the the foundation of
classical electromagnetism together with the Lorentz force law. We refer the reader to the short
survey [3] and the full monograph [4] for the diverse couplings of these two systems of partial
differential equations and for the rigorous derivation of MHD systems from the Vlasov-Maxwell-
Boltzmann system.

Let us briefly recall the derivation of the MHD system which is considered in this paper. The
evolution of a viscous fluid is governed by the classical Navier-Stokes equations

{atU+U-VU—uAU=—VP+F, 1)

divU =0,
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where v > 0 is the viscosity of the fluid, the velocity U(t, ), the pressure p(¢,x) are unknown,
the forcing term F(t,z) is given and where t € R, and x € R? stand for the time and the space
variables. We also suppose that the fluid evolves in the whole space R3. For a conducting fluid,
F represents the Lorentz force produced by the movements of its charged particles

F=nE+jANDB,

where n(t, z) is the electric charge density, j(¢, z) the electric current and where E and B are re-
spectively the electric and the magnetic fields, which are determined by the quasi-static Maxwell’s
equations

OB+ VAE=0, divB=0,
VAB=3j, divE=0.

Note that, in this quasi-static approximation of classical Maxwell’s equations, the displacement
current density 9,F is neglected, which is reasonable in physics (see [27]). Together with this
consideration, Ampere’s law j = V A B implies that div j = 0 and that the electric charge density
n is constant for all time ¢. Therefore, for the sake of simplicity, we suppose that n = 0. Finally,
we recall that the current density j is also related to the electric and the magnetic fields through
Ohm’s law

j=c(E+UAB),
where o > 0 denotes the electrical conductivity.
Putting all the these considerations together, we obtain the following MHD equations

oU—-vAU+U-VU =-VP+ (VAB)AB,

OB — %AB:V/\(U/\B),

divU =0, divB = 0.
Now, classical identities show that

(VAB)AB=B-VB-— %V|B|2,
and
VA{UAB)=B-VU—-U-VB+ (divB)U — (divU)B.

Thus, taking into account the fact that divU = 0 and divB = 0 and setting v/ = %, we can
rewrite the MHD system as

U —vAU +U -VU — B-VB = -VP,
815B—1/,AB—|-[]'VB—B'V(]:O7 (MHD)
divU =0, divB = 0.

Remark 1.1 The condition div B = 0 seems to make System (MHD) over-determined. However,
thanks to the incompressibility condition divU = 0, we remark that div B satisfies a linear
equation of the type

Of —VAfF+U-Vf=0, (1.2)

and so, if div B(0) = 0 then the condition div B(t) = 0 automatically holds true for any time t.



There is a vast literature devoted to the study of various models taking into account the
MHD coupling, especially to the study of the classical MHD system (MHD). Remark that like
the Navier-Stokes system (1.1), (MHD) is also parabolic and due to a good symmetry of the
nonlinear terms, one can easily prove the same type of energy inequality as for (1.1), say

5 (0O + 1BOIE:)+ [ (VIVUGIE + 2 IVB)IE ) as < 5 (10O + 1BO)IE).

which enables the classical construction of Leray weak solutions. In [30], Duvaut and Lions
proved the global existence of weak solutions to (MHD) if the initial data Uy, By € L*(R?) and
the local existence of a unique strong solution to (MHD) if Uy, By € H™(R3), with m > 3.
In [43], the regularity of weak and strong solutions of (MHD) were studied by Sermange and
Temam in H'(R®). For more results concerning the regularity of solutions of (MHD), we refer
to [1, 9, 25, 34, 35, 39].

In the inviscid case where there are no diffusion (v = v/ = 0), the theory for hyperbolic
systems applies to (MHD) and we can obtain similar results as in the case of Euler equations
(System (1.1) with v = 0). We refer to [8, 49] for more details concerning the inviscid case and
the inviscid limit of the MHD system. Contrary to the case where there are full diffusion in both
equations of U and of B or the case where there are no diffusion at all, the case where there
are only partial diffusion in one or both equations is a challenging problem in both physical and
mathematical points of view (see for instance [10, 11, 31, 39]).

1.2 The rotating MHD system

In this paper, we consider the case of MHD flows in fast rotation. Such models are interesting
to describe the evolution of the plasmas in the core of the Earth or in the core of stars (see for
instance [28] and the references therein for physical motivations). Recall that the evolution of
a vector field V' in an absolute reference frame and a rotating frame attached to the Earth (of
angular velocity ) is given by the formula

(O V)4 =0 V) +QAV.
Direct calculations show that
Us=Ur+ QAT

where 7 is the position of a fluid particle and Uy, Ug its velocity written respectively in the two
references. The acceleration is then given by

(atUA)A: (atUR)R+2Q/\UR+Q/\(Q/\T),

where 20 A U describes the Coriolis acceleration and Q A (X A1) = =1V QA r|* describes
the centrifugal acceleration, which can be combined with the pressure. Let ¢ = ﬁ the Rossby

number and suppose that Q = || e3, where e3 = (0,0, 1). By replacing Ug by u., B by b, we
come to the following rotating MHD system

1
Orue — VAU + —us Neg +ue - Vu. — b - Vb = —Vpy,
5

atba - VIAbE + e - Vb — be - Vu, = 0, (MHDE)
divu, =0,
(u57 be)‘tzo = (UO,Ev bO,a)-
The unknowns are U. = (u,b:) = (ul,u?, u,bl, 02, b3), where we recall that u. denotes the
velocity of the fluid, b, the magnetic field, and p. the pressure, which gathers the classical pressure



term and the centrifugal force. The diffusion coefficients v, 1" are positive (v is the kinematic
viscosity).

Let us recall previous results focusing on the asymptotics when the Rossby number goes to
zero. In the case where there is no magnetic field (b. = 0), (M HD,) reduces to the classical
rotating fluid system (also called Navier-Stokes-Coriolis system)

1
Oyus — VAU, + gus ANes + u. - Vu. = —Vp,,
(NSC¢)

divue =0,

Ue |t=0 = U0,e-

This system has been intensively studied over the last thirty years so we will only briefly recall
some of the most significant results in our opinion. For a complete survey on the Navier-Stokes
and the Navier-Stokes-Coriolis systems, we point the reader to the book [38, 24]. We remark that
the skew-symmetric operator - A e does not contribute to classical energy estimates and so one
can prove the global existence of Leray weak solutions and the local existence (global for small
data) and uniqueness of Fujita-Kato strong solutions in a similar way as for the 3D Navier-Stokes
system.

Let us remark that mathematically, the only way to deal with the singular perturbation
%ug A es is to balance it with the pressure. This formally implies that at the limit € — 0, the
pressure is independent of the vertical variable x3, which in turn implies that the fluid velocity is
independent of x3, taking into account that the fluid is incompressible. The fluid has tendency
to move in “columns”, as predicted by what geophysicists call the Taylor-Proudman theorem.
In the case of periodic domains, this singular perturbation was first studied by Babin, Mahalov
and Nicolaenko [5] and Grenier [33] and then also by Gallagher [32] using Schochet’s method. In
these works, it is proved that the fast rotation stabilizes the system and when ¢ — 0, (NSC.)
tends towards a 2D Navier-Stokes system with 3 components (sometimes also called 2D + 7).
Moreover, when ¢ is small enough, the strong solution of (NSC;) globally exists in time, even
for large data.

In the case of the whole space R3, things are quite different. If we consider the wave equations
associated to the Coriolis term %ug A es

1
O:W + gIP’(W Nes) =0,

where P stands for the Leray projection from L2 onto the subspace of divergence-free vector
fields then, physically, this perturbation creates waves of non-vanishing amplitude and high speed
O(e~1) which propagate through the medium (the so-called Rossby waves in physics). This waves
go to infinity and carry out the energy of the system. In [22, 23], Chemin et al. proved similar
result as in the periodic case by using Strichartz estimates on the associated wave system, which
indeed characterizes the energy dispersion previously described. Note that in accordance to the
Taylor-Proudman theorem, the fluid has a 2D behavior at the limit ¢ — 0, and the only vector
field, which is of L? finite energy in R® and independent of 3, is zero.

Thus, in [22, 23], to put in evidence the 2D limit system with 3 components, the authors
considered initial data of the form 2D + 3D, which we call non-conventional data. Similar
results of convergence are obtained through the use of Strichartz estimates for various systems:
among them the primitive system and the strongly stratified Boussinesq system. We refer to the
following subsection for details.

The rotating MHD system (M HD,.) is more difficult to deal with because the magnetic field
b. does not a priori possess any dispersion. Inspired by the work of Desjardins, Dormy and
Grenier [28], by considering the case where b, is a small perturbation of es, in [7], Benameur



et al. studied the convergence of strong solutions of (M HD.) when € — 0 in both cases where
the domain is T2 or R?® and for evanscent viscosity (v = ¢). In [41], Ngo considered (M HD.)
with no vertical diffusion and only a small horizontal diffusion, in the case where b. is a small
perturbation of e5 and proved that for € close to 0, (M HD.) is globally well-posed for large initial
data, using meticulous Strichartz estimates on the associated wave system. Also using Strichartz
estimates, in [2], Ahn, Kim and Lee proved similar results as in [41] for system (M H D, ) without
the hypothesis that b, is a small perturbation of ez (see also [36, 47]). We also refer to the work
of Cobb and Fanelli [26] concerning the asymptotics of the rotating MHD system in the density-
dependent case. Finally, we want to mention the works of Desjardins, Dormy and Grenier [28]
and of Rousset [42] on the stability of the Ekman-Hartmann boundary layers for (M HD,).

1.3 Statement of the results
1.3.1 Hidden asymptotics

As was first observed in [22], systems (in the whole space R?) featuring penalized terms and
subject to dispersion may converge to a incomplete limit model when appropriate initial data are
not considered.

The first example is the Rotating fluids system (NSC:): when the initial data is a conven-
tional data for the 3D-Navier-Stokes model (that is vo o (z) = vo (21, ®2, z3)), then the solutions
converge to zero. As proved in [22], richer asymptotics are reached for non-conventional initial
data: if the initial data is of the form vg . (zp, z3) + Uo(zp) (where xp, = (x1,x2) stands for the
horizontal space variables) the solutions converge, as the Rossby number goes to zero, to the
unique solution of the 2D-Navier-Stokes system with three components (and whose initial data
is up). This is the reason why we can speak of hidden asymptotics. We refer to [23, 24, 18, 40]
for refined studies in this direction.

Another example is the strongly stratified Boussinesq system which only takes into account the
influence of gravity (the small parameter is called the Froude number and is linked to the buoyancy
effect). For a conventional initial data Uy o(z) = (vo,(x),00,c(x)) the solutions converge to the
unique solution of the 3D-Navier-Stokes system with two components (see [44]). Surprizingly,
this limit model does not depend anymore on the thermal diffusivity v’ involved in the equation
on the potential temperature 6., which suggests that there are some hidden asymptotics. It is
the object of [19, 20] to study this phenomenon: getting a complete limit system requires us to
consider non-conventional initial data of the form Up . (x) + (0,0,0,600.(x3)) and the previous
limit system is then completed by a 1D-heat equation on 6. whose diffusion term involves v/'.

Concerning the primitive system, which takes into account both the rotation of the Earth and
the influence of gravity, there does not seem to be some hidden asymptotics as the limit system,
called the 3D-quasigeostrophic system, genuinely depends on each parameter. In this case, any
result will strongly rely on the structure of the limit system. We refer to [21, 12, 13, 14, 18, 16,
17, 18] for detailed studies.

We will not give much details about the analoguous works in a torus or between planes be-
cause they do not involve dispersion but different mechanisms (and precise study of resonences).

In the present work, we focus on System (M HD,.) and we wish to provide a limit system as
general as possible. This will be possible when considering the following initial data:

(tte, be) =g = (o (xn) + vo.£(x), bo(xn) + co(x)). (1.3)

Assuming that vg . is bounded we obtain as a limit the following 2D MHD system (depending on



the horizontal variables) with three components:

0
8@— Z//Ahg—‘r al - th—gh -Vyu =0, (2D — MHDS)
div hﬂ = 0,
(17, b)|t:0 = (1707 bO)v

~ ~ ~0
Ot — vART+ U - Vpu— b Vb= — ( Vg >,

completed by a second magnetic field transported by the previous velocity u:

{@c—y’Ac—&-fLVc—c-Vﬂ:O, (3D — M)
C|t:0:CO.

Remark 1.2 As in Remark 1.1, as divcg = 0, then dive(t) = 0 for all time.

Let us first introduce the spaces we will use in this article: for s € R, d € {2,3} and T > 0 we
define:

() = [Cr (Ao (8%) 0 L @), Bp(RY = [ (Ho (RY) 0 L3 &)

whose norms are defined as follows:

dej T
lal, < Tl . + v Jy a0 dr »
I, b))%, < -

|| ||L°°Hb + ”b”LocHa +Vf0 ||U( ||Hb+1d7_+l/l fO ||b Ha+1dT

where H*(R%) and H*(R%) respectively denote the inhomogeneous and homogeneous Sobolev
spaces of index s € R. When T' = co we simply write E° or F'* and the corresponding norms are
understood as taken over R, in time.

We can now state the main results of the present article in the following sections.

1.3.2 Existence and convergence for Weak solutions (in the sense of Leray)

Theorem 1.1 (Ezistence of Leray weak solutions) Let e > 0 be fixed. For any iy, by € L2(R?),
any vo. € L*(R3) and | any co € H2 (R3) (with div pug = div Wby = divwvg, = divey = 0), the
respective solutions (i, b) and ¢ of Systems (2D — MHD?) and (3D — M) globally exist in F°(R?)
and E° N E2(R3) and there exists a global weak solution U, = (uc,b.) € FO(R3) of (MHD,)
with initial data as in (1.3). The pressure satisfies p. € L3 (Ry, L2(R3)) + L*(R,, L*(R3)) +
L2(Ry, L2(R?)) + E'(R?).

Moreover there exists a constant Dy > 0 depending on v, v/, [|ig|| L2 (r2), ||b0||L2(R2) and ||(:0HH2 ®)
such that if we define D, def U. — (u, b+ ¢), then for all t > 0,

ID- ()]l go < Do(llvo.cllZ> +1)- (1.5)

The convergence is described as follows:



Theorem 1.2 (Convergence) For any Co > 1, any divergence-free vectorfields iy, by € L2(R?2),
co € H2(R3) and (for all e > 0) vy € L2(R3) such that:

max (\|(170750)||L2(R2)7 l[coll Supa>0||vo,a||L2(R3)) < G, (1.6)

HZ(R3)
then any weak solution U. of (M HD,) (with initial data as in (1.3)) such that D, = U. — (&, b+c)
satisfies (1.5) converges (as € goes to zero) to (u,b+ c¢) in the following sense:

1. For any r €]2, 6] there exists a constant Fy (depending on v,v’',Cq,r) such that:

ae =l < Foer min(r=2874), (L.7)
L

2*‘%177—‘2))332+L (1’%)332

Moreover we have the simpler (but local-in-time) estimates: for any r €]2, 6] there exists a
similar constant Fy such that for any t > 0,

|ue — |2 < Fomax(l, t)oremr, (1.8)
where 5, </ L max(10 — 3r, 2(6 — 7)) and m 1 min(r — 2, (6 — 1))
r 4r ' 7 T 2r 7 :

2. Seconds, b. converges towards b+ ¢ in the following sense: for any r €]2, 6],

b = b= elliz, @..r, ) =30

Remark 1.3 1. We can say the previous results reach hidden asymptotics in the sense
that when there are no 2D-parts in the initial data (g = vp = 0), the solution of sys-
tem (2D — M HD?) reduces to zero, and System (3D — M) reduces to the heat equation
(transport by the 2D-limit velocity u vanish). This is the context of [7, 2, 36, 47], see also

[7].

2. The previous results can be extended to initial data as follows:
(tte, be) =g = (To(xn) + vo.(x), bo(n) + co.c(@)). (1.9)

If (co,e)e0 is uniformly bounded, existence remains unchanged and convergence concerns
U: — (u,b+ c.) where ¢, solves (3D — M) with initial data cq .

3. We can also consider an initial 2D-part (50’5:50,5) depending on € and converging to (170,50).

4. With slight adaptation, we can add in the first three lines of System (M HD,.) an external
force term of the form f(xy,) + f-(x) where f € L*H~*(R?) and (f.)e>o uniformly bounded
inein LYHY(R3).

5. With another slight adaptation of our proof, we can allow ||vg ¢ ||z < Coe™7 (with v bounded
by a constant depending on the chosen r) and still have as convergence rate a power of €.

1.3.3 Existence and convergence for Strong solutions (in the sense of Fujita and
Kato)

In this part, we directly consider a general initial data as in (1.9), and ¢ is now replaced by c.,
solving:

{«%cg —V/Ace +1-Vee — c. - Vi =0, (3D — M.)

Celt=0 = C0,e-



Theorem 1.3 For any Cy > 1 (size), any 6 €]0, ¢ (extra regularity), any v € [0, 6], there
exists g > 0 and Ko, Fy > 1 (depending on v,v',Cy, d,, s) such that for any € €]0,&q] and any
initial data as in (1.9) such that g, by € HO(R2), vo.c,co.c € (H2 9 (R¥)NH2T9(R3)) x H2H(R?)
with (for some p € [0, 1] as close to 1 as we wish):

1
$+6 < (KO‘ ln5|)4 )

||’U0,€||H%+MQH%+6 < Coe™ 7, and ||CO,€||H

then T = 400 and we have the following convergence rate:

U — (@, b+ c.)|| pepe < Foets(5=),

Remark 1.4 1. As previously, with slight adaptations of the proof, our result can be extended
when:

e the initial 2D-part depends on € and (170)5,6075) —()) (ﬂo,go) in H5(R2).
E—r

e the velocity part of System (MHD,) features an external force term of the form

f(zn) + f-(z) where f € L"H™' N H='9(R?) and (f.)eso uniformly bounded in ¢ in
LYH-2 0 H 2+ (R3).

2. It is natural to compare our results with [41, 2, 36, 47] which focus on global existence
when ¢ is small enough (but do not study limits) of strong solutions for small conventional
inital data. The first article focusses on a slightly different MHD model, with anisotropic
evanescent viscosities.

Our results consider both weak and strong solutions and generalize the previous cited works
as we get global existence and reach hidden limits for non-conventional large initial data.

More precisely, if we reword the result from [2] with our notations, without bidimensional
parts in the initial data (ug = by = 0), for any € > 0, § €]0, 12—7[ there exists C > 0 small
enough such that if ug . = up and by = by are in H3+o (R3) (inhomogeneous space) and
satisfy the following bounds (we choose ¢ = % and the conditions on q,s in Theorem 1

5
2
fl"Om [2] give the bOund 17)

_s
ol 55 + ool 305 < C==%,
1+32 2(1+3) _ 148
(luollZ2 + ||U0||2L2)(HU0HH§+5 Hllboll3057) < Cem 7=,
then there exists a global mild solution. In [36] the previous conditions are improved as
follows: for any & €0, ], there exists some a €0, 26[ such that for any ug,by € Hz%0 with

S

(o, bo)l 315 < Ce™5,
a_ S
[[(wo, bo) |72 (o, bo)l ;145 < Cer ™2,

there exists a unique global mild solution. They also provide time-estimates.

Finally, in [47] the authors prove (also by fixed point arguments) that for any wug,by €
Hz (R3) there exists g such that for any e €]0,q], we have a unique global strong solution.
Note that as in [41], in order to reach global existence, the authors introduce an auxiliary
system (following the ideas from [13, 41, 16, 18, 20]) that also features the heat equation
on the magnetic field component (see also [7]). We refer to Remark 1.3 where we explain
that the hidden part of this heat equation is System (3D — M.).



1.4 Outline of the article

The present article unfolds as follows: in the next section, we explain through a formal argument
how we may have an intuition about the limit system and the more general initial data (see (1.9))
that has to be considered to reach this limit. Then we perform a change of unknown functions,
get the system on which we will work, and study the limit systems.

Sections 3 and 4 are devoted to prove existence and convergence results related to weak
solutions (Theorems 1.1 and 1.2). In Section 5, we first state a more precise version for the
existence and convergence results for strong solutions (Theorems 5.1 and 5.2) and give their
proofs.

In the appendix, we state general notations and results, and give proofs of several results used
in the previous sections: estimates for external force terms, isotropic and anisotropic Strichartz
estimates.

2 The limit system

2.1 A candidate for the limit

In this section we explain (in the same spirit as in [19]) how we are formally lead to consider
Systems (2D — M HD?) and (3D — M) as a limit. Let us begin with the pressure term: consid-
ering the divergence of the first three lines in (M HD,), as divu. = 0 we can decompose p. and
identify its truly penalized part:

(2.10)
Ap; = ag’u,s — 31Us.

1 .
pe =p2 + gpi with {

We can now rewrite System (M H D, ) with well-identified penalized terms:

Owul —vAul +u. - Vul —b. - Vbl = —0;p? — %(81})5 +u?),
Ou2 — vAUZ + u - VuZ — b - Vb2 = —0,p? — L(02p! — ul),
Oud — vAuE + u - Vud — b - Vb3 = —93p.° — 103p2,

0ib. — V' Ab, +u. - Vb, — b, - Vu, = 0.

The announced formal argument is the following: let us assume that (u, be, p?, pl) — (i, b, 7%, p")
E—r

strongly enough so that we have convergence of the derivatives and non-linear terms on one hand
and convergence of the penalized terms on the other hand:

—Howpl +u?) — A

—2(Oap2 —ug) — B, (2.11)
—195pl — C.

e—0

m\»—tm

(U]

This immediately implies that the formal limits not only are solutions of the following limit
system:

(2.12)

Qi —vAT+T-Vi—b-Vb= -V’ + (4,B,0),
b —VAb+T-Vb—b-Vu =0,



but also satisfy:

P +a2 =0, divi = 0 = divb,
Dopt — W =0,  and § AP = =37, 0,0,(@ W — bi),
O3p* =0, Ap' = 9yt — 0142,

It follows that p' and (u',u?) = (9op', —01p') are independant of x3. As divu = 0 we get
that 4 is also independant of z3. Moreover introducing the vorticity w(u) = 91u? — dau* we get
w(@) = —Appt = —Ap', so that pt = —A;lw(ﬂ) and:

= ( g; ) - ( ’8?2 )A;lw(a) — VEA (@), (2.13)

Computing 01(2.11), — 02(2.11),; we obtain in addition that
1 g ~ € -~
205U} — 0 B- A% G (2.14)
£ e—0
Next, computing 0;(2.11), + 02(2.11), + 05(2.11)5, we obtain that (when & — 0):
01A+ 0B +8;C = 0.
Formally solving the resulting system

NA+ 0B =—085C,
—6212{-1- 81§ = é,

we end-up with:
( g > = —V,A,19;C + ViEA;1G,

which turns the velocity equation from (2.12) into:

Ot — VAT + T Vyut = =010 +b- VB = 1A 1050 — A, G,
02 — vARTE + UM - Vi = —0op + b VB2 — oA 1050 + 010G (2.15)
O — vART + " - V0P = —93p° +b- Vb 4 C.

Using that d3u = 0, we can make two useful observations: first, in the third equation we can
write

93(—05p° +b- Vb + C) = 0.

Seconds, considering 03(2.12),, d3b obviously satisfies the following linear system:

{8,5835 — V' A3b + i - VOsb — 95 - Vi = 0, (2.16)

3bj1—0 = Dsbo.
As a consequence, if 8350 = 0, then for all time ng(t) = 0 and the previous condition turns into
93(—93p° + C) = 0. (2.17)

This suggests us to impose d3by = 0 and (5, é) = (03p,0), which turns the previous velocity
equation into:

~ ~ h(.,0 —192~0 hA—1ASO
ata—uAhaJrah-vha—bh-Vbz—( VP + 8, 0577) ) =—< ViA, AP )

0 0
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As 951 = 93b = 0, we can introduce ¢° (only depending on x,) such that:

2
AP == " 0,0, — b)) = —Ang”,
i,j=1
which is exactly what we needed to obtain System (2D — M H D?), bidimensional MHD system
(as functions only depend on xj,) but with three components.

2.2 Change of unknown function

As in [24, 19, 20], we first need to rewrite the previous limit model to correctly define the system
we will study. Thanks to (2.13) the following rotation term can be written as an horizontal

gradient: @ A es = —V,p! and as ﬂ,g do not depend on x3 we can rewrite (2D — M HD?3) as
follows:
i — AU+ LiNey +7-Va—b- Vb= -V — L1Vp!,
b —VAb+T-Vb—b-Vau =0,
divu = 0,
(@, )|t:0 = (o, bo).

If we consider U, — (u, b), the initial data becomes (vg ¢, co) (we are now able to adapt the methods
to prove the Leray theorem) but some linear terms (advected by @) appear. As dispersion only
affects the velocity part, we thus need to filter these terms and this is the reason why we introduced
System (3D — M) and define D, as follows:

_( ve \def o [ _m
b ()0 (57 .

From now on we will study D, which satisfies the following modified MHD system:

(2D — MHD?)

(9151)571/A’U€+é’05/\63+1}5'v1}5+1}5'Vﬂ+a~V’UE7d5'Vdgde'V(g+C)f(fl;+C)'Vds
:—Vqs—l—EVc—ﬁ—c-VFI;—}—c'Vc7

Oyd. — V' Ad. + v, -Vde —de - Vv, +1-Vde —de - Vi v - V(b+¢)— (b+¢) - V. =0,

dive, =0,

(ve, d€)|t:0 = (vo,e, 0).
(2.19)

Remark 2.1 1. Notice that we "pay” the use of c in the magnetic field equation with the
presence in the velocity equation of a new external force term: b-Vc+c-Vb+c- Ve.

2. Once more, for all time divd. = 0.

2.3 Study of the limit systems

Let us begin with System (2D — M H D?), which is the three components version of the classical
2D-MHD system.

Theorem 2.1 For any iio, by € L2(R2)3 there exists a unique global solution (i,b) € FO(R2).
Moreover for any t > 0,

t t
12 ) + 1B0) 2y + 20 / IV AT 2 gy dr + 2" / 157 2 sy

< [0l Z2 g2y + lbollZ2rz),  (2:20)
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Propagation of regularity: moreover, if in addition ﬂo,go € H* for some s €] — 1, 1], then for any

t > 0 we have (for C,,,» = C(L + L)2 where C is a universal constant),

v

t
IO e + IOy oy + [ (VBTN )+ 1900y )

~ ~ 2 7 2
< (10 gy + ol ) € (Pl lzen), (2.

Proof: first we recall that the classical 2D-MHD system (without rotation and with values in R?)
can be solved using the same ideas as in the case of the Navier-Stokes system: a priori estimates
and Friedrichs-type scheme coupled with the fact that for any functions f, g, h, if div f = 0 then

(fVg.h)pz + (f - Vh,g)r2 = 0. (2.22)

This is also what we will do in details for System (2.19) below. Similarly as for the limit system
of the rotating fluids system, the first two lines of the velocity and magnetic field equations
in System (2D — M HD?) (2D-MHD with values in R?) form the usual 2D-MHD system with
(ﬂg,gg) as initial data. Classical results immediately give unique global existence of (ﬂh,gh) (in
2D the Leray and Fujita-Kato solutions coincide). Then, the third lines of each equation are
linked through the following linear system (transported by @”,b") that we easily globally solve:

0yu® — vARTS + ah - Viud — gh : V;{l?’ =0,
BB — 1/ ARD? + T - Vb — by - Vi@® =0,
(637 bs)\t:O = (ﬂg> bg)>

The estimates in H® are obtained very similarly as for Navier-Stokes.
Let us now turn to System (3D — M):

Theorem 2.2 Let v/ > 0 and & € E°(R?). For any s €] — 1,1 and any co € H*(R?), there
exists a unique global solution ¢ € E*(R3) of (3D — M). Moreover there exists a constant C' > 0
(depending on s) such that c satisfies for any t > 0:

t
16O By oy + ' [ 19y

Cv/ t 1 _ _
< ||cO||§,S(R3>exp{V, / <1+W|u<T>||ia(R2)>||vhu<r>||ia(R2>dr}. (2.23)

Proof: this linear equation is easily solved (see also Remark 1.2). To obtain the estimate, we
compute the innerproduct in H?® with c:
1d
2 dt
To deal with products of 2D functions (i.-e. depending on xj) with 3D functions, we use Propo-

sition 6.4 (that will impose restrictions for s, see also Remark (6.2)). Similarly to what we did in
[18], we obtain that when s €] — 1, 3[:

el + V' IVel%. < A+ Ay < (@ - Velo) .

+ |(C . V%ﬂC)Hq .

(2.24)

Ar < la- Vel gaaallell e < Cllall 5y o) 1VEl oy gy llell s ey
1 U 1 3 v o _
< Cllallz: IVaul 2allel 7. Vel . < IVell. + (V,)g,HUIIQLzIIVWH%zHCIIES, (2.25)
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and when s €] — 1,1
Ay < le- V|l gaallell goen < Cllell go sy IVl L2@2) Vel s rs)
V' 2 ¢ ~112 2
< Vel + il el (226)

Using the Gronwall lemma implies (2.23). W

3 Existence of global weak solutions

3.1 A priori estimates

In this section we prove:

Proposition 3.1 Let ¢ > 0 fixed. There exists a universal constant C' > 0 and a constant
Eq = Eo(v, v/, ||to|| Lz, ||bol|z2) > O such that for any solution D, = (ve,d.) € FO(R?) of (2.19),
we have for all t > 0,

def
1IN0 = el Zee 2 + ldel e 2 + VI VOl Tz 12 + V[ Veel|7; 1o

1 - ~
] R S P s |
1 1
xexp Ot -+ ) (I3 o+ V0Bl Fap0 + Ve, 4 )
Eolcol|?

< Ep [Jooellze + llcollzo] et (3.27)

Proof: computing the innerproduct in L? of the velocity part of (2.19) with v., and of the
magnetic part with d., thanks to (2.22), we obtain that for all ¢ > 0,

9
1d
5 g7 (V=llZ2 + lldelZ2) + vl VoelZa + /[ Ve |72 < > 1Bil, (3.28)
i=1
where we put
def ~ 3f def
B; = (ve - Va|ve) e, < (d. - Vblv.) e = (d. - Vel|ve) 2
By "< (d. - Vild.) e, B5 déf< e - Vbld.) 2 36 dé (ve - Velde) 2
B, (b-Vevs)r2, Bs = (¢ Vblve) Lz, Bg = (¢ Ve|ve) .

With the same 2D x 3D product laws used to prove (2.23) but for s = 0, we obtain that
|Bi] < [lve - Vul g [vell g < Mlvellze@s) IVl L2 e Ve L2 me)
< U IV0lds + SVl 3. (3:29)
Similarly, we obtain:
|Ba| < £[IV0elFz + SIVabIZ.llde 72,
|Bal + |Bs| < 51IVde|3z + SIVaalalde N3z + SIVablIZallve )32,
| Bzl + Bs| < £[Veel3a + S1Bl13:Vel3: + S1Vabl3:el3
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The last three terms do not feature products with 2D functions and will require additional regu-
larity from ¢, we obtain:

’
|Bs| + [Bs| < ||ldellzel| Vel pallvell 2 < 5IVAelZ2 + ZIVel? ) llvellZs,

|Bol < llellze | Vellzallvellze < 511VelZa + 31Vell? y llvel|Z-

Gathering the previous estimates into (3.28), we obtain that:

d
S U0elZe + 1del32) + VIV el + /[ V|72 <
1 1 ~ ~
O+ =+ —)(elFe + del3) (Il + [ V3Bl13 + Vel )
1 /7~ ~
+ O+ ) (IBI3a1V el + [ VibI3z el + [ Vellfs )., (3:30)

which gives (3.27) thanks to the Gronwall lemma, (2.20) and (2.23). B

3.2 Proof of Theorem 1.1

We will not give details here and refer to [19] where we adapt classical arguments to prove the
existence of Leray-type weak solutions obtained as limits of a Friedrichs scheme: taking advantage
of the divergence-free condition, we express the pressure term which allows to define and solve
a scheme involving frequency truncation operators P,,. Using the a priori estimates, we are able
to prove the solutions are bounded and global. Then we prove that the solution of the scheme
converge (as n goes to infinity) towards the desired solution.

Compared to [19] where we had to deal with products of the type f(z1, 22, 23)g(z3) (requiring
regularity indices s < % in product laws), the arguments are simpler as we multiply by functions of
the type g(x1, z2) (which only requires s < 1). In particular we outline that in [20] the restrictions
on coefficients forced us to ask for additional low frequency assumptions on the initial data to
obtain existence of strong Fujita-Kato solutions.

Let us outline that the change in the pressure comes from the fact that its expression features
additional terms compared to the case of Navier-Stokes: the 2D-pressure (in L?L?*(R?)), the
rotational term (in E*(R?)), and the bilinear terms involving products of 3D by 2D-functions (in
L2L%(R3)).

4 Convergence

This section is devoted to the proof of Theorem 1.2. We first prove that the velocity strongly
converges to zero. Then we use it to prove convergence of the magnetic field part.

4.1 Velocity

The equation satisfied by the velocity is the following:

1
8tvE—VAv€+gP(v€/\eg):P — v - Vue —ve - Vu—u - Vo,

+de-Vde+d. - V(b+¢)+ (b+¢) - Vde +b-Ve+c-Vb+c-Ve|  (4.31)
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We wish here to adapt the argument from [19] and obtain a global-in-time estimate for v.. As in
[18, 19] as the initial data and various external force terms do not share the same regularity, we
will split v. = v! + v2 + v2 where the new functions satisfy:

{&vé —vAv! + %P(U; Nes) = P[— Ve - Ve +d. - Vde +d. - Ve+c-Vde +c~Vc} def Ge 1
U;\t:O =0,

(4.32)
{atvg — VA2 + LP(v2 Aey) :IP’[—UE-Vﬁ—ﬂ-va—l—dE~Vg+g~Vd€+g-Vc+c-Vg} “a.,
Ug\tzo =0,

(4.33)

{&gvg’ — VAV + 1P Aes) =0 (4.34)

3 _
vs|t=0 = V0,e;

Thanks to the first point of Proposition 6.6 (with Fept = Gzt = 0, 8 € [0,1] and o7 = 0), we

obtain that for any r > 2, any p € [1, ﬁ] such that

2 3 3

there exists a constant Cy ;. p,,, > 0 such that we have:

9(1-2
1021170 g0, < Courpwe @™ llvo.cllzz.

Moreover for any r > 2, 6 €]0, 1], and any p satisfying (4.35), we have:

2 0 2 1 3420 1
cell,——] << -(1—--)<-<1 <= r>2and >0——-.
pel 0(17%)} 2( r)_p_ reca -
And finally, for any 6 €]0, 1] we have:
r € [2,] if 0 € [0, 3],
12 sy < Corpet P2, for any Ly g n o (436)
LB+200-2) go re 2,24 ;1] if 0 €5, 1]
’ 2
We now turn to v2: using the divergence-free condition and the modified product laws from

Proposition 6.4, we have for some small n > 0:

loe -Vl y = Idiv e @ @),y < llo @l < Cllvcllgooli@l 1

< Clve T g IV 0l 1) 2t [ VATl 25 ). (437
> HU€||L2(R3)|| UEHL2(R3)HU||L2(R2)H h“HL2(R2)- (4.37)

2
The second term in the product is LT in time, the last one is L2+7, the rest being L, we
obtain (thanks to (3.27)) that for some constant depending on v:

~ 1-n [~3— ~3+ ~
lve - VIl 4y < Cllvell] s p2 Vel 2 L2 1T 2212 1 VAT 2 2 < ClDe po ey 1] o ey (4-38)
The other terms in G, 2 are estimated similarly, so that for some constant Ey > 0 (depending on

v, V', ||| 2, ||50HL2) we have:

1 Eollcoll® ,
H

1
o SEo [luoelBa 4 lleoll3a] e e (4.39)

1Ge.zll
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Thanks to the second point of Proposition 6.6 (with (Femt, Gext) = (0,Ge2), 0 €]0,1], k = § and

Oy = 7%), we obtain that for any r > 2, any p € [2 [ also satisfying (4.35) there exists a

constant Cp . p, > 0 such that:

’9(1 )

HUQHLPBO <C€ TP, ng(l 52”

L3H_7

Similarly, for any r > 2, 6 €]0, 1], and any p defined as in (4.35), we have:

6[272 [« re€)2,2+ 2 ]
) r ) ’
eSS 611
therefore, for any 6 €]0,1], any r €]2,2 + OJF%] we have:
2
0
(= - < Corpet T Gsll 4 s (4.40)

el 3+420)(1—=) 1
LE00-3 g,

Gathering (4.40), (4.36) and (4.39) (and using the assumption (1.6)) we obtain that for any
0 €[0,1], any r €]2,2 + 4 } there exists a constant Fy (depending on v, v, Cyp, 6,7) such that:

[ — < Foe2 (-9,
~<3+29)(1 2)Bo

As 0 < 6 < 1, the upper bound 2 + =1 lies in [L2 }, so for any r €]2,6], there exists some

3
6 €]0,1] such that r €]2,2 + 9+l] if, and only if, 0 < 5o=55. Of course, this latter quantity goes
2
to infinity when r > 2 goes to 2, so introducing
def . 6—r
0, < min(1,
min(l, 77—55)

and the following quantity (lying in [2, c0]):

e 4 4
ay | — max(2, —~
5(1—%)

(3+26,)(1 - 2)

T

), (4.41)

then for any r €]2, 6] there exists a constant Fy (now depending on r,v, v/, Cg) such that:
[0 4+ 02 ey o, < Foe ¥ 07 = Foedr mintr=23-5), (4.42)
Turning to v}, thanks to the classical Sobolev product laws, we have:
[ - Vel 3 < Cllvell g I Vve |l 22 < Cl[Vvel|7e.

The other terms in G, ; are estimated similarly, and we obtain that:

Eollcoll® 1
1Gell, -y < CUNVelT2r2 + [ Vdellfage + Vel F2r2) < Eo [[lvoell7e + llcollZz] e a7,
Using once more the first point of Proposition 6.6 (with (Feyi, Gest) = (Gen,0), 6 €]0,1] and

o1 = —%), we obtain that for any r > 2, any p € [1, ﬁ] such that
2 3 2
S92 iea-5, 4.43
2z-2hoa-2) (1.43)

there exists a constant Cy ., > 0 such that we have:

9(1-2
10211z 0, < Corpwe® @™ NIGenll -1
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Similarly, for any r > 2, 6 € [0, 1] and p satisfying Condition (4.43), then

2 3

pe[l’@] — re[2,2+§}.

We can conclude similarly as before that for any 6 € [0,1] and r € [2,2 + 2], we have :

< Foes (-9, (4.44)

I E”~1+<3+29><1 2)Bo2
Thus for any r > 2, there exists some 6 € [0,1] such that r < 2+ % if, and only if § < T% S0
that defining

0" min(1, )

and the following quantity (lying in [1,4[):
def 4

2
e (B3+20)(1-2) max(l, 3—5), (4.45)

T

then for any r > 2, there exists a constant Fy (depending on r,v, v/, Cy) such that:
912
||/U81||Eﬁng)2 < Foe® (177) = Foezr min(r=2,3), (4.46)

Gathering (4.42) and (4.46) for r €]2,6][ gives (1.7). Let us now turn to the second simpler (and
local-in-time) estimates from Theorem 1.2.
Coming back to (4.41) and (4.42), for any r €]2,6] we have a,, > 2 and thanks to Propositions
6.2 and 6.1 we obtain that for any r €]2,6]:

102 + 02 Lo < Cl02 + 02 o, o, < Cll02 + 02 fay o, < Foeze ™ =2575) (4.47)

which leads, for any r €]2,6] and ¢ > 0 to:

1_
2

1
[0 + 02| 2 <2750 |02 + U?”Laru

< Fotz ar €2T min(r—2,3—7%) _ Fotmax(o,%fg)ezlr min(r—2,3— (448)

Let us recall that, thanks to Proposition 6.1, the injection L? B — LY 302 is true if, and only
if p > 2. Considering (4. 45) we have to restrict the domain in 7: 8, > 2 <= r €]2,3], and in
this case we have f3, = == 5 and thanks to (4.46),

[ lz2rr <2 ‘*THU HLa, <t2

s\H

Br < Fotz~les
”Us”[,ﬁrBo 0

Gathering this with (4.48), we obtain that for any r €]2, g], there exists a constant Fj (depending
on v, ', Cy, r) such that for any t > 0,

59 11 _
[vellpzrr < lvzllzzpr + 02 + 02l L2 < Fot?r ~'eZ™7 + Fot?r

< Fo(tz ' 4 ¢24)e2

For r € [g, 6[, we interpolate the previous estimates for r = 5

1L

< Fpmax(1,t)7e10,

ol
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with the following estimates (given by (3.27)):
||U€||L3L6 < C”UEHL2H1 < Fo,
and we obtain that for any r € [2, 6],
vl 22 < Fomax(1,#)55 ¢ Ders (-1, (4.50)
Combining (4.49) with (4.50), we finally obtain that for any r €]2, 6],
lvell 2. < Fo max(1, {)m(F & (D) min(3-3.4(2-D)

which gives (1.8). B

4.2 Magnetic field

We now turn to the magnetic-field part: thanks to (3.27), d. is uniformly bounded (with respect
to £) and we can extract a subsequence d. that weakly converges to some d € L*°L*N L2H! and
satisfies the following system:

od—vV'Ad+u-Vd—d-Vu=0,
d‘t:0:0

Remark 4.1 We do not give details for the weak convergence of the nonlinear terms, for which
the arguments are the same as for the classical Navier-Stokes system.

Thanks to Theorem 2.2, we immediately obtain that d = 0, and more generally, we obtained that
the only possible weak limit of a subsequence is zero which ensures that the whole sequence itself
weakly converges to zero. With similar arguments as in the classical proof for the Navier-Stokes
system (see also [12] and the end of Section 4.1 in [19]), using once more (3.27) we have that for
any r €]2,6],

2 T
loc™locy

de — 0in L
e—0

which ends the proof of Theorem 1.2. B

5 Strong solutions

5.1 Precise statement of the results

We first recall that for an initial data as in (1.9), every term ¢ in System (2.19) is now replaced
by c..

Let us begin with stating more precisely our main results concerning strong solutions (see the
simplified Theorem 1.3 from the introduction): first local existence theorem, then global existence
and convergence theorem for very large ill-prepared initial data.

Theorem 5.1 (Existence of local Fujita-Kato strong solutions) Let € > 0 fixed, ﬂ,g € L3(R3),
Vo € H? and Coe € H:. For any initial data as in (1.9), there exists a unique local solution
1

D, of (2.19) with lifespan T > 0 such that for any T < T, D, € Fq? Moreover, the following
properties are true:

18



o Regularity propagation: if in addition Uy .,co. € H* for some s €] — 1,1] then for any
.1 .
t <17, D. € EZ NE; and for some C' = C > 0,

v,/ |[oll L2,11boll L2

C(1+ 2?1 Flleo)l*
1Dl < € (el + lleoely. ) x e leo.eI 4 +lico.<]” )

<exp {0 [V, + (VLI )} 650

e Continuation criterion: fOT; ||VD€(T)||ZldT <oo =T = oc.
2

e Global existence for small data: there exist a constant ¢y > 0 such that if ”U075”H 1 < cov
(we recall that d.;—o = 0) then T} = +o0 and for any t > 0 (for the same C):

C<1+|\Co‘ 12 1 +llco,ell* 1
1921, < C(Ioellyy + el ) x e U0 B o)

Proof: the proof involves estimates similar to what we do below (but simpler) so we will only
point out that to obtain the estimate for the regularity propagation, we have to bound a little
differently the quadratic terms from system (2.19), for instance:

v C
< 1olVeellg: + ;HUEHQ- .

|(ve - VUE|U6)HS

vvs”i% u

If we wish to obtain convergence for strong solutions, as in the cases of the rotating fluids,
primitive or stratified Boussinesq systems, any direct approach 1nv01v1ng System (2. 19) is bound
to fail due to the following term appearing in the velocity equation: b Vee + ¢ - Vb + ¢ - Veg.
Indeed, this term is bounded but does not go to zero as € goes to zero.

The usual way to reach convergence, first consists in introducing the oscillations W, that can
absorb this constant term, and go to zero thanks to dispersive properties as they solve the
following linear system:

OW. — VAW, + LP(W. Aes) =P(b- Veo + e - Vb +c. - Ve), (5.52)
Welt=0 = v0,e- ’
If we set:
=~ def . iz—ng B W N [ ve =W\ _ [ 6
bt (L) = ()= ()= ()
then it satisfies the following system
13
00e — vAS. + LP(We A e3)d. = Y F,
i=1
14
5.53
Ord. — V' Ad. = G, (5.53)
i=1

(e, dE)\t:O =(0,0),
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where we define:

def def

F, = P - Vé.), Fy P - VW), F3 = —P(W.-Vd.),
def def

Y pow..ovw), BY -p6. Vi), B -pw.. v,a),

7Y _pa-ves.), B -pa-vw.), F %P vd.),

Fio % pla. b), P Y Pd. - ve), Fio?PG-vd),

Fis @ ple.-vd.), 6% 5. -vd., G -w..vd., G5 d.- vs.,
G a..vw., G -a-vd., GYd. v,

Gr ™ 5. Vb, Gy 5. Ve, Go™ —w..Vib, G —w.. Ve,

G11 ©y. Vie, G2 et ce - Vo, Gi3 = LIy, VW, G = ce - VWe.

(5.54)

Theorem 5.2 For any Cy > 1 (size), any § €]0, §] (extra regularity), any pu € [0, 1] (as close to
1 as we wish), any v € [0, 24], introducing o such that v = $(1 — 2no) (it implies no € [, 3])
there exists €9 > 0 and Ko,Fg > 1 (depending on v,v',Cy, d,v) such that for any ¢ €]0,eq] and
any initial data as in (1.9) with i, by € HY(R2), (vo., coc) € (H2(R3)NH2T5(R3)) x Hz 9 (R?)
satisfying:

1
lvo.ell 345 pr3+5 < Coe™”s and [eoell ;115 < (Kollne])*, (5.55)
then T = +oo and for any s € [, 1 + B4 = [3,2 + 4(2 — 7)] we have:

Dl = ||(62,d2)|| e < Foe180 = Foets (37, 5.56
E E

Moreover, ifvg . € H%_‘SOH%"";, the previous estimates remain true for any s € [% o 5 5+ 150],
we can get rid of the oscillations W and get:

1Dz = U = (@b + co)l 121 < Foe® = Foets (37, (5.57)

Remark 5.1 1. Due to the new term G14, we cannot choose 7y as close to g as we did in
[17, 18, 20]. At best we are able to reach v < 28 (that is ny €]7;, 3]) but the price to pay
is a much smaller power of €. On the opposite, 1f we want the ﬁnal convergence rate to be
£29 (as in [17, 18] for instance) we can consider the case v € [0, 6] (o € [+, 4]). For the

sake of simplicity we restrict to the case ny > & (v € [0, 26]).

2. The constant Ky is taylored for (5.93) to hold: with Dy introduced in (5.87), we have:

706
144D

0

3. The bound ¢y is specified in particular in (5.89) and (6.124).

5.2 Proof of Theorem 5.2
5.2.1 Estimates in H® of external force terms

We know from Theorem 5.1 that there exists a local solution defined on [0,7[. Assume by
contradiction that T < 400, then by the continuation criterion, we have:

T T
2 _ 2 2 —
L IvDA0, it = [ (19001, + IV, )it = (559
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We can now define the following time (where the universal constant C' is given below in the
bounds involving Fy, Fy and G1,G3):

1
T. =sup{t € [0,T7[, V' <, [[6:(t)] ;3 + ld=()]| ;3 < @min(u, ) (5.59)

As the initial data from System (5.53) is zero, we know that 7. > 0. Let us now assume by
contradiction that
T. < T (5.60)

Now, performing innerproducts in H® of System (5.53) with (d., d.), we obtain that for all t < T.:

58O + VIV, < D I(FE®I6(1))

(5.61)
T d ()%, + v IVA)]%, <D [(Ge®)ld-(t)

s

Most of the right-hand-side terms are treated like in the case of the rotating fluids, or very
similarly (see [18] for details). We will give minimal details for these terms and focus on the new
terms, among them Fg, G13 and especially G4 which will require most of the work.

Remark 5.2 Another change is that contrary to the case of rotating fluids, the oscillations W,
now satisfy System (5.52) featuring several external force terms of different regularities, which
forces us to systematically use the variant of our Strichartz estimates for time integration index
k €]1,2] (see the second point of Propositions 6.6 and 6.7)

The following estimates directly come from [18] (see Sections 2.2 and 3.2) using classical Sobolev
product laws:

(o)) < CIS I 1901

(Bol6) 1] < BV, + SITWLZal15 1.

(F3162) 1] < BV, + GIW 4612, (5.62)
[(Falde) gre| < Z1IVO|%,, + .+ CIVW7s.

Next G4 and G5 are respectively treated like Fy and F3, and Fy, G; and G35 are dealt with as Fj:

alde) | < LIV, + SIVIW2a]lde]|

(€ < %
(Ga16:) o] < IV, + GFsIWeldallel,.,
[(Fol6:) e +1(Gslde) | < Cllel g, (IV8LI1Z, + I9de2,,)
(Grlde) | < O8]y IV 2.

Now, let us turn to terms involving products of functions depending on the whole space variable
x = (21, z2,x3) by functions only depending on the horizontal variables x;, = (z1,x2): Fio,Ge, G7
on one hand, G5 on the other hand are respectively dealt with as F5 and F7 which are the same
as in [18] and we get that (using the 2D x 3D product laws from Proposition 6.4, which requires
s€]l—1,1]):

|
|
(5.63)

(Fol62) ] < BIV6LIR,. + C Va2 6212

(Golde) ] < L IVAelZ,, + Vai2a |de ..

5l V3, + SV (564
(Grldo)] < + SV 52,
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and

|(F7[0) gz

< BUVSIZ, + Gl e | VA2 ) 102 1.
v 2 C =12 ~12 2 (5.65)
(Gslde) o] < BV, + oS ll2 Va2 | de |

Next, we estimate Fo with a similar method as we used for F7 (the coefficients in the final Young
estimates being (4,4, 2)):

|(Fi2102) | < 1B+ Vele | - 152 ||H 41 < CIIbII

HQ(R2 ||Vd H <*§(R3)Hv(55||f{5

€ Hs+1||V5aHHs
l
+ IVl

2
< VeI

+ 5 Bl IV RbI T2 el .
Similarly, we get

(5.66)

v v c ~ ~
Gl < = 2 Z 2 2, 2 52'-
[(G11lde) g | < 52||V55H + 56IIVdaH .t V(V,)QHbHL VRl 72 10 5.

We skip details for Fg, Gg which are dealt with as in [18] (we refer to the estimates of the term

(5.67)
G7 from Section 3.2 therein, and to (6.96) for definition of anisotropic Lebesgue spaces) and we
get that:

|(F5l02) 7] < 511V
|(Golde) -

1o + ClIWell7 2||th||L2,
7alldell%,.

< GV, +

’ (5.68)
2 IVAb.
We are now left with the new terms

Some are easily estimated using the previous arguments
because they feature c., which is very regular

|(F11102) g | < llde - Veell graaa 10 | o < Clldel g [ Veell 1 1V 0 5o

¢ 2 2
< LIV + Il el (569
Similarly, we obtain that:
(@slde) il < TVl + SVl 151 (5.10)
Using the classical Sobolev product laws (with (s1,s2) = (1,5 — 1)) instead of 2D x 3D laws in
the method used for F'5, we obtain that
|(Fisl0e) re| < 551 VOe%. + &1 VAell?, +

& ||Cs||2- 1 ||VCe||2 y el
[(G12lde) g

Hs

v 2 u’ 2 2 2 2 (5'71)
< 51IVoellF, + 5IIVdell: WIICEI\H%IIVCEIIH%II&II

Slightly adapting the arguments used for Fg, Gy (using Young estimates with (6,3), followed

by Sobolev and interpolation estimates, and finally using an algebraic Young estimates with
coefficients (2, 12, 2)) we obtain:

[(Grolde) | < IIWe - Veellpalldell o < ClIWellzel[Veell ;3 lde .

1—
<c (||WEHL6||VcE||S. 3) (196l el )
V. +

[

[
- 56

¢ 2 2 2s
oy Vel el + CIWelLell Vel -

(5.72)
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An analogous of Fg was already present in [18] but the estimates that we obtained in this article
featured 2s — 1 as an exponent, which required s > % In order to obtain estimates in the case
s <3 We had to use another method, which produced an estimate of W, with time integration
1ndex . As outlined in Remark 5.2, contrary to its counterpart (LRF;) from [18], System (5.52)
now features several external force terms with different regularities, and we will have to use the
modified Strichartz estimates from Section 6. 3 4, which require time integration index greater
than 2. As T > 2 is false when s is close to 5 we need to change our estimates. Adapting the

2
arguments used for Fg, Fy and Gyp, and aiming to use the following Sobolev injection:

H'75(R?) < L*(R?),

we have (also using interpolation and the Young estimates with coefficients (2, 135, %))

|(Fs[02) -

< [ VWellzallell grae < CllEl 2 g IVWell 122 R3)II5EII};S
h

v

L% ®?)

1—s
<C (nun;(WﬂWmL;js,z(Rs) (Wl oy ) 16

v
< 51Vl + o+ Cllallz [ vwe Hi oo (573)

h.,v

Remark 5.3 This new estimates is valid independantly of the positions of s and % and would
simplify a little the proofs from [18] in the case of rotating fluids.

Similarly, we have:

C ~
[(Grslde) | < 56||Vd el + (V,)ljﬁ |Vblz2llde I3, + ClBlIZ2 1V WVe ||2 (5.74)

h,u

5.2.2 Estimating G4

We will find how to correctly estimate the last term G14 under the guidance of several constraints:

e As outlined in Remark 5.2, we need to produce Strichartz estimates featuring a time index
of integration p > 2.

e We need enough integrability on ||c.|| ;- to be able to evacuate ||d. ||?{ through the Gronwall
lemma.

First let us state the following result which, in the spirit of Proposition 2 from [18], details how
time-integrable is ||cc(t)|| 7. for a given o.

Proposition 5.1 Let § > 0, H,Z satisfying (2.20), and c. be the unique global solution of
(3D — M,) corresponding to the regular initial ¢o. € H2%9. Then for any o € [O,% + 4], we
have that t — ||cc(t)|| go is in LP(Ry) for any p in:

[%,—l—oo] ifoe [O,%—i—é],
[%a #%_H;)] if o 6]% + 5; 1]a (575)
2, - (;é)] ifo €]1,2 + 4]

Moreover in any case, we have for some constant C' (depending on v, v/, ||iio|| 2, |[bo|| .2)

||CEHLPHU < CHCO,EH lis-
H2
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Proof: thanks to (2.23) and by interpolation, there exists a constant C' = C(v, v/, ||uo|| 2, ||EO||L2) >
0 such that for any p € [2, 00|, any s € [0, % + 4],

lesll vz < Clleollge < Clleol

1 .
LPH H2T°

We note that with these assumptions, o ef + % € [0, % + ¢]. For any o € [O,% + 6] and any
p € [2,00] there exists some s € [0, 3 4 ] such that o = s + % if and only if
1

2
S clo—(5+0).0]

From this we have several cases:
e If 0 € [0, 5 + 6], the previous condition is equivalent to % € [0,0] that is p € [2, o0].

o If 0 €]5 + 6,2 + 4], the previous condition is equivalent to p € [2, ﬁ} We have to
2
consider the lower bound of this interval keeping in mind that p € [2, c0]: % <2&02>1,
which gives the last two cases from the proposition. H

Now we can turn to the estimate for G14: let us begin as follows: for any ¢1, g2 € [2, 00] such that
q%—l—q%:%,wehave

de[

|(Gralde) ] < llee - VWel| 2 dell oo < Cllcellna VWellz I dell2* lde ]l

Thanks to the Sobolev injections in R3, if we ask ¢; < oo and put ¢’ = 3(% — L), then o’ € [0, %[

q1
and g2 = 2 so that (using for the third line the Young estimates with coefficients (2 2)) for

some constant C' = Cj 4,

2
' 1 g5

|(Gralde) gra| < Clleellggor VWl 2 llde 32"

de |7

Hs+1
17
< C (lleelligor INWell, 3, ) Uleellsror ) el

v C
< v 2 2 2 25 2 ‘
< GVl + el el + Cllec B VW (570

Notice that this estimate is useful when o’ is such that ||c.|| ;.- € L? that is (thanks to Proposition
5.1) when o’ € [1, 3. In this case we will have to bound the following integral according to:

¢ ¢ A =
llee |3, [V Wel|% dr < lec|[2P22 dr VW |P2dr )
H 7 H 7
0 g 0 0 o

where p%_‘_p% = 1. If we wish to minimize ps we need to maximize p; so that thanks to Proposition

5.1 we will choose 2p;s = ﬁ and we end-up, for some ¢’ € [1, %[ to specify, with:
2
t
Sl IO dr < e OWLR . (5T)
0 4 Lo —(5+8) fro’ L i-se’ = (5+8) o7

Thanks to Proposition 6.6, the regularity index that we have to consider applying the first point

for (d,p,r) = (1, 5—%—=, 3 (and for some 6 €]0, 1]) is
o'—(5+0)’ o

1= 5~ 4 s(o — (5 +8) 001 - o). (5.78)
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Due to the regularities of the external force terms in (3D — M,), we expect to use the bound
¢.- Ve in LYH3 (we refer to the Appendix for details). As s is close to 3 and 6 will be small,
taking (s,0) = (3,0) we get that oy = 2 — CAN ¢ 5o that
1 3
01N§+5 — U/N§*35;

which suggests us to choose 0/ = 2 — ad. Injecting this in (5.78) we obtain:

200
X%

01:a6+s(17(a+1)6)+ 3

and we can find some 6 €]0, 1] such that oy = § + 4 if and only if:

a5+5(17(a+1)5> <%+5§5;L5+s<1—(a+1)5),

which is possible for any s € [3 — nd, 3 + nd] if, and only if

a5+(%+776)(1—(a—|—1)5) <%+5SE/);)L5+(%—775)<1—(04+1)6),

that is if, and only if
9+677(1—6)< 3—2n(1-9)

o 1 a_c
7T+6n5 1—2nd
which in turn is possible when 7(20 — 568) < 12, and true as soon as 7 < £. We could optimize
the choice of 1 but, to simplify the presentation, from now on we will fix n = 5. Moreover, we

need « to be as small as possible (we refer to the appendix for an explaination), so we also fix

9+ 2ne(1-0)

- 5.79
T T e (5:79)

finally leading to the last estimates

(Gralde) -

v C s
< el Vel + —=llecll s walldel. + Cllecllyy s IVWEl® s . (5.80)

s
Vi-s Lé*“O‘s

5.2.3 End of the proof

Injecting (5.62) to (5.74) and (5.80) into (5.61), we obtain that for any ¢ < T, < T, we have

3 3
(IO + e (013 + VIVO. + v/ IV,

N =
SN

<O (18ll3 + =l ) (IVEZ + IVANZ.) + T (0) (1801, + Id=0)]13.) + (0,
(5.81)

where
_ ~112 ~2 7112 712
Ji(t) = Cu,w,s{(l + [al| 222 VAUl z2m2y + (1 + [|BI72@2)) [ VRbI T2 (R2)

(U el DITeely + IVl g s + IVWelBs + IWellds + Wl 57}, (5.82)

1 1
1 1ags
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and

o) = Cor,s | IVWellZa + [WellZ 2 (VAT ZE + IVRBIZS) + [WellZol Vee 22,

Vel IVWEE | (5.89)

h,v Lé—ao

+(lalz: + IIbHLz)HVWEIIi

Thanks to the fact that ¢ < T, (we refer to (5.59)), we can absorb the first term from the right-
hand-side of (5.81), so that integrating and using the Gronwall estimates, we obtain that (thanks
o (5.77) and the choice in (5.79)) for any ¢t < T (we recall the initial data is zero),

t t
1817, + lld= (). +V/ \|V5E(T)||2<sdT+V’/ IVde(7)]13.dr
0 0

t
< ( / Jg(t’)dt’> eJo 1At (5 84)
0

where (thanks to (2.20) and (2.23)) we have

t
/0 Ji(t)dt' < Cu,u’,s{(l + ||m|%ch2(R2))||Vhﬁ”%§L2(R2) +(1+ ||b||2Lt°°L2(]R2))thb”%sz(]Rz)

2 2
(Ll DIVel?, g + Ve

2t eus IVl apa 4 Wl + (W 7

2

= }
1-s 716
h L

< Do t s IVl + Wl e + W 75} (5.85)
H?2 t t LI-5 16

and (thanks to Proposition 5.1)

t
| R < Cor [ ITWel s + WP 2, (193 e+ [VBI22)
0 LI-5 oo t t

t hyv

W o 19l O e+ B IOV,

thv

+ el SIVWe ||2

74-1)5 H

2 3 ]
75(1 (a0+1)5)L —agé

< Do[IVWe 2z + ||Ws|\i%m2 + ||VW5||2L i leoelZy W H2
t

6
h,v t~h,v °L

o+ lleoe 12y s VWV )| (5.86)

75(1 laos 00 | Ta0s

for some constant Dy = Dy (v, v/, Cy, s) > 1. We finally obtain that for any ¢ < T¢,

t t
1817, + lld= (). +V/O \IWE(T)IIZSdTJrV'/ IVde (7). dr

< Do[IVWellipps IV z, , + IVWEl?, oo el s VIR 2

oo,
t h,v fhv

By s VWl :

2
L= (a0FD9) [ T-aps

+ [lco.e

2
x xpBo{ 14 lleoellt oo + IVWelfpo +IWelgpe + W5}, (58)
t
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5.3 Use of Strichartz estimates

The isotropic and anisotropic Strichartz estimates allow us to state the following result (whose
proof is postponed to Sections 6.3.3 and 6.3.4 in the appendix):

Proposition 5.2 Under the notations from Theorem 5.2, there exist positive constants ey, Eq
(both of them depending on v,v',Cq,8,n0, ) such that if § < &, for any ¢ €]0,e0] and any
seli— —5, 5 + 150], we have:

IVWellzzrs + [Wellzazs < Eoe™?,

W2 pee < Ege3,

IVWell _» s < Eeeis?, (5.88)
L0 (a0+1)5)L7—a05
HW”Ll sL6+||W||L1 sL°°2+HVW ” = <E05107105
h,'u

Plugging this into (5.87), if in addition ¢q is so small that for any e €]0, &)

_2
IVWelZz o+ IWellgpo + IWel 75 < 2E5™7 + (Boe R
t

97,0 s

4
< 22200 4 (Foe 0 0) 50 <1, (5.89)

we get that for all t < T, and s € [§ — 726, 3 + 184],

t t
16811 %, + [1d=(8)]|%. +V/ \|V55(T)||2~sdT+V'/ IVde ()3 dr
0 0
2[ %00 : 2_2n06 20 5\ 12
< Q]D)O]Eo[s 30 (]K0|1n5|) }expDo{1+Ko|lne|+2E 00 | (Ege 1o )1—5}

§2D0E§[595 (Ko\lnd)z B 5} Pof2=Kolne}  (5.90)

If we assume that € is so small that for any ¢ €]0, g¢],

(Kol Ine)¥ <™ %, (5.91)

then if we choose Ky according to
DoK, ‘< 10 5.92
0o — m; ( . )

recalling that ¢ < <. we obtain

t t
15 (#)115. + lld= ()] +”/ HWE(T)HQ‘sdTJF”I/ IVde (7). dr
0 0

<4D0E2 10 [éf(%‘F%&)glfs)} QDOE*DOKO <4D062D0E2 106 | 3 —(3+8) g5)— 1t

< FOEWU(S(%_%) — ]F()E%é. (5.93)
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5.4 Conclusion of the proof

First assuming vg . € Hz N H%H, using (5.93) in the case s = % we obtain that for any ¢ < T,

(we refer to (5.59) for the definition of Ty):

2
150017, 16C

t t

1.
3 =017 4 +u/0 ||v5€(7)||;%d7+¢/0 IVde(7)|% ydr < Foe'? < — = min(v, /),
for any € €]0,¢¢] if €9 is small enough. This contradicts the definition of T, and allows us to get
(by the continuation criterion) that T, = T = co. Then thanks to the propagation of regularity
we are able to obtain that for any s € [, 3 + 726] and ¢ > 0,

t t
1817, + ld= @7 + V/ IV ()17 dr + 1// IVde(7)|3.dr < Foes?,
0 0

which gives (5.56). If we now assume that vy, € H2%n H%”, then the previous estimates is
true for any s € [§ — 186, 3 + %6] (using that § < g, so that (using once more Proposition 6.1)
we get:

IDe — Wel|p2r0 < Foeis?.

Combining this with the second line from (5.88) finally gives (5.57). W

6 Appendix

6.1 Notations for general Sobolev and Besov spaces

We refer to [6] for a complete presentation of Sobolev and Besov spaces through the Littlewood-
Paley decompositions. We will only recall some basic fundamental results and give more details
about refined results involving products of functions depending on & = (z1, 22, x3) by functions
only depending on zj, = (x1,x2).
Assume x : Ry — R is a smooth function supported in the ball [0, %}, which is equal to 1 in
a neighborhood of [0, 4] and nonincreasing over Ry. Setting ¢(r) = x(r/2) — x(r), we observe
that ¢ is compactly supported in the interval C = [%, %} and we define the homogeneous dyadic
blocks in R as follows: for all j € Z and any u depending on x = (z1, ..., 74), and recalling that
k(D)u(§) = k(&)u(§), we define
Aju = p(279|D|)u = 274m(27.) xu, with m(z) = F~1(¢(|€])),
Su=3" Aw=x(279D)u = 2w(2) xu, with w(z) = F~* (x(&]), (6.94)
1<j—1

We can now define the homogeneous Besov norms and spaces:

Definition 6.1 For s € R and 1 < p,r < oo, we set

ns . . - def || roqs i A
B (RY) = {u € 8'(R%), with jlfI_HOOHSjUHL” =0 and ||u||B;T = (27 HAquHLp)qEZHgT < oo} :

Remark 6.1 The inhomogeneous Sobolev space injects into its homogeneous couterpart as we
have:
H*(RY) = L*(RY) N H*(RY) = L*(R?) N Bj ,(RY).
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As in [16, 17, 18, 19, 20] we will use spaces that are slight modifications of LfB;r: namely
the Chemin-Lerner time-space Besov spaces for which the integration in time is performed before
the summation with respect to the frequency decomposition index:

Definition 6.2 (/6] section 2.6.3) For s,t € R and a,b, c € [1,00], we define the following norm

lellzg sy, = || (21 85ulgen)

zllie@)

The space Z?Bl‘ic is defined as the set of tempered distributions v such that lim;_, o Sju =0 in
L0, 0], L(RD) and [[u] 7, 5. < .

Let us also recall the following proposition:
Proposition 6.1 For all a,b,c € [1,00] and s € R:

ifa<e, VYueL{Bj, lullzo gy < lullng s,
ifa>c, Yué€e LaBb ¢ ”“HZ;"B;C > ”u”L?Bﬁ,c'

Let us continue with classical injections:
Proposition 6.2 ([6] Chapter 2) We have:

For any p > 1, 32,1 — LP,
For any p € [2,00], 32,2 — LP,
For any p € [1, 2], Bg,p — LP.

Lemma 6.1 (/6] Section 2.11, see also Lemma 5 from [15]) For any «, > 0 there exists a
constant Cy, 3 > 0 such that for any u € H*~*(R%) N H*TP(R?), then u € 32 1 (RY) and:

_B _a
gy, < Capllull 2 Null 32, (6.95)

Let us end this section with a consequence of the previous result involving anisotropic Lebesgue
spaces, that we define for a,b € [1, 00| as follows:

def
||f||L;LL:? 15 (@, ) Lo e, (6.96)

|

Lemma 6.2 For any o,3 > 0, there exists a constant C, g such that for any for any ¢ €
H'=*(R®) N H'"+F(R3), then u € L*?(R3) and:

Le(R:)

(y+{‘l' ” | a+ﬁ

||c||L°° 2(R3) < Ca ,5HC| F1-o (R3) H1+8(R3)"
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Proof: for any function ¢

1
2 2
Hc||Loo,2(R3 def sup (/ |e(zh, 3] dx3> < /(sup |c(xh7x3|> dxs
hov zp €ER? R “zj,€R?

Thanks to the Bernstein lemma and to Lemma 6.1, for any «, 8 > 0 we have:

Su§2|0(xh,fﬂ3)| = ”C(-a$3)HL°€(R2) < ||C(-a$3)||f30 L(R2) S < Cle(., $3)||321 L(R2)
Th€ !
< Coz,ﬁ”C('a1'3)H;J;ﬁa(R2)H ( x3)||ﬁﬁ(R2)' (697)

This implies that

%
wuwms%@UMMwampwmmwﬂmM§@wQ

< Callell 517 gy el 5175 o) @ (6:98)

6.2 Product laws
6.2.1 General product laws

We refer to [6] for the classical product laws and to [22, 23, 24, 18] for the 2D-3D version (we
also refer to [19, 20]) for a 1D-3D version.

Proposition 6.3 There exists a constant C' > 0 such that for any s,t < % with s+t > 0 and
any u € H*(R3), v € H'(R3), then wv € H**'~2(R3) and we have:

0l v gy < Ol sy 0 sy

Proposition 6.4 There exists a constant C' > 0 such that for any s,t < 1 with s +¢ > 0 and
any u € H*(R?), v € HY(R?), then uv € H*"=1(R3) and we have:

HUUHHw—l(RS) < CHU||Hs(R2)HU||Ht(R3)~

Remark 6.2 When applying these propositions to estimate a product of the form u - Vv With
divu = 0, the second condition on the regularity exponents can be relaxed into s +t > —35 for
the classical law and into s +t > —1 for the 2D-3D law.

6.2.2 Estimates for the external force terms
In this section, we prove the following estimates for the external force terms in System (5.52),

namely _ _
P(b-Vee +c.-Vb+ce - Vee)
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Proposition 6.5 Assume § €]0, 1], Tio, by € H? and Coe € H2*+% (inhomogeneous spaces). Let
(u,b) and c. respectively denote the corresponding unique global strong solutions of Systems
(2D — MHD?3) and (3D — M.). There exists a constant C > 0 (depending on &,V ||ug||12) such
that for any (o,0") € [0, 5 + 6] x [0,4]:

e - Veellpige < CHCO,EHZ

Ib- Ve

1
3 +s’

Lige t llce - vaL%HU

(6.99)

» < C||b0||H‘5||CO,aHH%+5-

Proof: the first term in (6.99), is easily bounded thanks to Proposition 6.4 with (s, t) = (3, 3+0")
(provided that § < %) and interpolation. For any ¢ > 0, we have:

b-veel 4, . <CIbl

SHU/(]RS) — )HVCEH

~ 1 ~ 1
L?H%(Rz LfH%'H’/(H@) S ”bHL?,?OL?”b”z%H1||VCE||L%H%+U’

Thanks to Theorems 2.1 and 2.2, we end-up with

Io-Veell 4., < Clibollzzllcocll 340 < Cllbollms o
t

i H3FS

We could deal with (6.99); using classical product laws from Proposition 6.3 but due to the
condition s,t < % we would end-up at best with (for some m > 0)

||Ca : VCEHH%+§ < ||CEHHg_m6 ||VC€||H%+(1+m>57

which requires extra-regularity from ¢y .. To avoid this problem we simply do as in [16]: for any
ocel0,3+4]

ez - Veellgro = lldiv (ce ® e)ll o < 20Tewcell rase + [ R(cer o) s
< C@fecll + llecllpy )leellgren. (6.100)

Thanks to the classical Bernstein lemma and to Lemma 6.1, we have

1 1
2leellz + el _ < Blleellpn, < Clleell g < Clleelhy_llecl o

so that we obtain for any ¢ > 0:

1 1
Ilce - VCEHL%HO‘ < CHCeHz%H%,g||Ce||z%H%+5||C€||L‘;‘H1+a

1 1
< Clleoell?y_llocll? s leocle < Clleocl? s (6:101)

which gives (6.99),. The last term will require most of the work. The following decomposition
holds: _ _ B
ce - Vb =T, Vb+ Tgzc. + R(ce, Vb),

where we have defined
T..Vb 2 "8, jc. - AlVD,
qEZ
de . ~
Tozee = N80, Vb Agee,

prer (6.102)

Jo
Rle, V) < Y7 Y7 Agee - VALb,

qEZ a=—jo
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and where Aq, Sq refer to the classical dyadic truncation operators in R? (introduced in the pre-
vious subsection) and AZ’, Sg refer to their counterpart in R? acting on the horizontal variables
zp = (21,72).

Lemma 6.3 If jo > 4, for any q € Z, we have

q—Jjo
LA - 6.103)
supp | F( Z chg'VAf;mb) C 29B(0, 46). (

a=—jo

supp (f(SquoCE . AZVE)) J supp (]—"(Sh \§ cha)) c 29¢(0, %7 %)’

Proof of the lemma : we emphasize that contrary to the classical decomposition, there is
now a slight asymmetry between the previous paraproduct terms due the 2D-3D product which
will require us to fix jo large enough in order to use the classical methods. For f = f(x) and
g = g(zp), we formally have (denoting the same way the Fourier transform in R and R?):

F(f9)(€) = /Rz F(&n — s €3)G(nn ). (6.104)

Thanks to this, assuming that supp E C R? and supp fC R3 are compact sets, and if we define
compact sets K;, C R? and K, C R such that supp f C K x K,, it easy to see that

supp F(fg) C (Kh + supp 5) x K. (6.105)

Thanks to this, we prove (6.103), easily. In the first paraproduct from (6.102), as for any ¢ € Z,
we have

supp JF(Sg—j,c=) C 29790 B(0,4) C 29By,(0, 42790) x 29[— 42770, 42-Jo],
supp f(AZVg) C 29C,(0, %, %),

so that, thanks to (6.105), if jo > 1, we get supp }"(Sq,jocs . AZVE) C 29C(0, &, 1—30)

Let us now turn to the last term: writing (6.104) for ]—'(Sg_jo VBchE), for the integrated product
to be non zero we need that:

—jo4
{|77h| < 2070l

293 < /I&n —ml? + €5 < 295.
This implies that if jo > 4:

€17 > 1€nl? + 65 > [€n — nnl? = 2160 — mnl - |nn] + 7] + €3

9 267 17 1
> 22 (16 -5 ) > 22(1m > 22q§. (6.106)

So, when jy > 4 we finally obtain that supp I(Sh \E che) C 21C(0, %, %), which ends the

q—Jjo
proof of the lemma H.

We can now focus on estimating the terms from (6.102). Fixing jo = 4 and thanks to the
previous lemma we can use Lemma 2.47 from [6] and write that for any o’ € [0, d]:

ITggeelliror < |2 NS VB - Agecz2)gez

: 6.107
2@ (6.107)
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For any ¢ € Z, thanks to the Bernstein lemma and convolutions estimates (see (6.94)), we have
1584 Vb - Agec|l2es) < 150—a VBl oo e 1 Agee |2y < C27YB] oo (r2y | A g | 2 e5).

Multiplying by 2%°" and summing in {2 (Z), we obtain that thanks to (6.107) and Lemma 6.1,

1Tg3cell gor < CllbllLoe g2)lleell greor < Clbll 5y 1<R2>H05||H1+a’

~ 1
< CIbls s g 101

H1+0’(R2) HCEHH1+G’ 5 (6108)

Hl(r

As by € H®(R2), thanks to (2.21) we know that ||ZHH1+«’ € L2. Thanks to (2.20) and by

interpolation we have ||5||H1_0/ € LT-<". Thanks to Proposition 5.1, ||cc|| gi+or € LP for any

pE[2, %], so taking in particular p = %, we get:
Tzl e SOMIE o, B el e (6109
Thanks to Theorems 2.1, 2.2, and Proposition 5.1, we finally obtain:
ITseel, 3 0 < Clolelicocl g (6110)

As div e, = 0, the remainder term is classically rewritten as follows:

3 4
ca,Vb ; Z Z Z ch A2+a5 ,

q€EZL a=—4
so that

3 4
IR(ce, VD)l jgor < C DN D7 Agel - Al b

i=1 geZ a=—4 i+’

Denoting as (cq(ce)) a positive sequence of [?>-norm equal to 1, and for some fixed Ny only

qEL
depending on the radius from (6.103),, we have for any ¢’ € Z,

4
(ZZ S At AL =0 Y Y 1Al 1AL bl

i=1 q€Z a=—4 12 a>q' —No a=—4

<C > 27 (o) leel| greor [l Lo gy (6.111)
q>q’'—No

This entails
20/ (1+") | A (ZZ S A Al )| < Claxclea)), el Bl
i=1 q€Z a=—4 2
where we define the I! sequence (a,)qez as follows: for any ¢ € Z:

_ 21(1+e") if g < Ny,
e = 0 else.

Taking the {>-norm, we obtain as previously that:

~ ~ 1
1B(ee. VD) 5, < CIBI

o < C|bol|
T=o7 fi1-o' (R2)

HEtS

(6.112)

||b||l§/2H1+(r’(R2) HCEHL Tho! fi+o’ —
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Turning to the last term, using first Lemma 6.2 and then convolutions from (6.94), we have that
for any q € Z,

||Sqf40E . AZVE||L2(R3) < HSq7405||LoQ,2 (R3) ||AZVE||L2(R2

< CU’||Sq—4CE|| ”Sq 408” 2’1HA bHL2 R2)

Hl o/ RS)

<Oy HCEH

Fi+o' (R3)
o’ (Ra)HcE”H1+o R3)2q||AhbHL2(R2) (6.113)

Thanks to (6.103); we conclude that:

~ 1 1 ~
eVl 100 < Corllcell b or g =l oo [Pl

In addition to the fact that ||cc| zi+or € Li for any p € [2, %] thanks once more to
Proposition 5.1 we know that when § < %, ||| 4100 € LY for any p € [2-, m] which
allows us to obtain that for some C'= C,/ 5 |z,||,, > 0

~ 1 1 ~ ~
ITec DBl g < Corlleel 2y oy el oy Bl 2oy < Clicol s ol
t

Gathering the previous estimates with (6.110) and (6.112) ends the proof of (6.99),. B

6.3 Strichartz estimates
6.3.1 Isotropic estimates

Consider the following system (external force terms Fyt, Gere depend on (¢, x))

{3tf_yAf—|— IP(f Nes) = Fept + Gent, (6.114)

.fIt:O = fO,s-

The Strichartz estimates we use in this article are slight extensions of the ones from [18]:

Proposition 6.6 1. (Case Geyt = 0) For any d € R, r > 2, ¢ > 1, 0 € [0,1], and p €
1, ﬁ], there exists a constant C' = Cp, g, > 0 such that for any divergence-free vector-
field fy.. and Feuy, the solution f of (6.114) satisfies:

Cpor 0(1_2
DI fllzopo . < <5522 (Il focllpor + [ Featll g ) s (6.115)
T 3(1-32) 2,q 2,q
.a vr = , ,

withoy =d+3 -3 -249(1-2).

2. (C‘ase (foe, Fext) = (0,0)) For any d €
2, T )[ there exists a constant C =

vectorfield Gegt, we have:

, k€2, r>2¢>1,0 € (0,1, and p €
0

R
Cp.o.rk > 0 such that for any divergence-free

Cp@rk 9(1

_2
DIz, < g e D Geatll o e (6.116)

Whereagzd—%—l—%—%—%—1—9(1—2).
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The first point is easily proved from Proposition 10 from [18] (where we only needed to consider
the homogeneous case) and the Duhamel formula. The second point is an adaptation (in the case
of the rotating fluids) of Proposition 6 from [18]. In particular, as the dispersion estimates are
a little better for the rotating fluids compared to the primitive system (see Section 5.2 from [17]
and Section 4.3.2 from [18]) this explains why, compared to Proposition 6 from [18], 6 is upgraded
into 26.

Remark 6.3 1. Let us emphasize that as in the cases v = v’ of Primitive or Strongly stratified
Boussinesq systems, these estimates hold for any € > 0 (the threshold in € will be set in the
bootstrap argument and in Proposition 5.2).

2. Of course, when the coefficients satisfy the (more restrictive) conditions from the second
point, we can write that (using Proposition 6.1 and the fact that k < 2 in the last term):

cs(-2

?) Chpor
|||D‘df||ZpBqu < m <CP,0,7'(|fO,E||B;’,{I + HFextHLIB;I(I) + leewt||LkB;Z+%_2> .
(6.117)
For the sake of simplicity, we will sometimes use the previous proposition on the velocity
ve splitting it into several parts, thanks to the superposition principle.

6.3.2 Anisotropic estimates

The anisotropic Lebesgue spaces recalled previously appear in the following anisotropic Strichartz
estimates that we present in two versions (depending on the regularity of the external force) as
in the previous section:

Proposition 6.7 1. (Case Gyt = 0) For any d € R, m > 2, 6 €]0,1], p € [1, ﬁ] there
exists a constant C = Cp g, such that for any divergence-free vectorfields fo . and Feout,
the solution f of (6.114) satisfies:

Chp.0 012
DI fll oz < 51075 (N foellgos + [ Featllpizos ) » (6.118)
h,v 2,1 2,1

I/E_Z(l_%)

2. (Case (fo,e, Fext) = (0,0)) For any d € R, k €]1,2], m > 2, 0 €]0,1], p € [2, ﬁ[, there
exists a constant C = Cp g m > 0 such that for any divergence-free vectorfield Gy, we
have:

Cho.m.k 0
p,0,m, E—(

4
1 1 2} 2
§+7_Z(1_E)

_2
DI f Nl oz < —= | Gentllze e s (6.119)
v :
thh04:d+%—1—%—%+g(1_%)'

Proof: In [18] we only considered the homogeneous case. The cases for Fo,: (kK = 1) and Geqt
(k €]1,2]) are treated adapting our arguments from [18] (see the proof of Proposition 17 therein).

Remark 6.4 As previously, when the coefficients satisfy the assumptions from the second point,
we can write that:

Q(l,l) C

d g p,0,m.k
N0 e <~z (oo (Vocllsgy + VForllosgy) + 55 Gt i)
(6.120)
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6.3.3 Proof of Proposition 5.2

We prove in this section the adapted isotropic Strichartz estimates for System (5.52).

Taking advantage of Propositions 6.1, 6.2 and 6.5, we can rewrite Proposition 6.6 for System
(5.52) With (¢.k) = (2,%) and for ﬁxcd regularity: for any d € R, r > 2, 8 € [0,1], and
p € 2, 0(1 )[ such that L ) 1

d+-—-—- 0l—-)=-+06 6.121
+ 2 r p + ( T) 2 + ’ ( )

there exists a constant C' = Cp, 9, > 0 such that the solution of (5.52) satisfies:
DI Well o or < IDI*Well 1o o, < IIDI*Well o o,

Cho, 6(1_2
= rg(lig)“(l ») (”UO,EHH;H + e VCEHL%H%H + THb Vee +ce - Vb||L3H5>
vr v

912
samww“T%wwu%VWmmgﬁ+wﬂm) (6.122)

e Taking (d,p,r) = (1,2,3), we obtain that (6.121) is satisfied if and only if § = 34, (6.122)
then turns into

. i
I9Wellzas < Cuunenz? (ool yyes + ol s + TBols)

"3+
together with the following conditions

6 €]0,1] — 4
pE 2, — 4

ANVAN

1
) 37 (6.123)
el .
Thanks to the definitions of v, Kq (see (5.92)) and the assumptions from Theorem 5.2,

1
)" + ol )
and if € €]0,e9] with g9 depending on Cy, Dy, d,79 so small that (we recall that Dy is a
constant featured in (5.87)) for any € €]0, &¢],

5 _
I9W. 1220 < Cor o6 (cos T (0

144D

( 00 |1ns|) < min (5*% 5*7) (6.124)
144D, : ’
we finally get that:
IVWellz2zs < Cuvr o667 = Cor c0,56™°, (6.125)
e Choosing (d,p,r) = (0, %, 6), (6.121) is satisfied if and only if § = %(%4—6—5), and (6.122)
becomes:
IWell, 2, 0 < Cuwrsacd 300 (ool o+ lcael, s + ol

_m0ys ~
< CV,V’,J,sg(l 10)2 (”vO,EHH%H + HCO,sHiI%H + ”bO”?{é) . (6.126)

. . . . 1
with the corresponding conditions (as we have 79 < 3)

6 €]0,1] (for any s € [§ — 16,1 + B4]) «— (1+B)5< 2, (6.127)
pE 2 0(%%)[ = J<i '
1691,

10
n 9mg. 0§

If € < gg, we obtain for any s € [% €6, % +
_mgys _ 10
< Cu v!,Co, 55( )27 = Cy,u’,é,@ggzonms < Cu v ,5,Co€ 10

Well

Ll s L6
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e The previous case when replacing s by 1 gives (when § < 3):

5 ~
[Wellpazs < Cuvr,Co,6€72 ( 5o + ”0076”2%4-5 + ||b0||%15) < Cv,l/’,&@ognoé (6.128)

e Choosing (d,p,r) = (1, 175(17(2%“)5), 3—?;06)7 (6.121) is satisfied if and only if
2

2 1
gaoée =57 (1 —ap)d —s(1—(1+ ap)d).

We recall that o was chosen in (5. 79) to ensure that 6 € [0,1]. And the condition onp is
satisfied if, and only if (1 — «g)d < , which is true as ayq is larger than 1 and § < % & This
allows us to write that (for some constant Cu.v' 5.m0,s bounded when s € [§ — 186, 1 + 23]
by some Cy 7 5., ):

agdh ~
(A — s < Cuuromas™ 5 (ol s + ool 3o + IBoll3s )

1 s(1— (a0+1)a)L7,a05

e

560
< CV,U’7§,7]0,C054%_7. (6129)

Thanks to the notations in Theorem 5.2, we can bound from below the previous exponent

as follows (as we wish a bound valid for any s € [3 — 186, 2 + 136]):
a0l 1
(;,) - :14'(1—040)*—5(*—(14'040)*)—*(1—27]0)
1 0 1 Mo )
> = _ Z_Z — — (1=
> 1+ (1—a0)3 = (1+ 29 (1= (1+a0)s) - 2(1 - 2m0)
o (1 mo 1 1o J
>—=+—=(19490)—=-(1—-—=6 > — (-1 + 13
25 (5 109+ - 50 - F000) 2 o (-1 413w

J Mo
> —(— > — .
> 16( 1+ 13n) > 166’ (6.130)

7706 +7706

where the last estimate is true as ng > 1—12 This finally gives that for any s € [% Lo

nvww s < Chyrgmee 0.

—s(1— (O<0+1)5) L 570405

e Taking (d,p,r,q) = (0,2,00,1), and similarly to what we did to obtain (6.122), we have
(thanks to Propositions 6.1 and 6.2),

||W5HL2L°° < ”WEHBB&J < HWS”PBQC,I

Co o
< Soret (el o+l Vel

UV 2 2,1

1
fillb Ve. +c. - Vb 4 Ling ) (6.131)

1
lig
1322,1

Now we can use the arguments from [18]: applying Proposition 6.1 with («, 3) = (a,b0), we
have:

looell 340 < CollooelZ Foao o0l E e < Conlloocl 2P, ol 5, (6:132)
2,1

if we have chosen a,b > 0 and 6 €]0,1] so that:



To do this, for some b > 0 (that will be chosen small in a few lines), we simply choose 6 = %b
and a = 1 — p(1 + b) (we recall that p €]0,1[ so a is positive if b > 0 is small enough). Thanks
to the assumption (5.55) we obtain:

1—p(1+b)

<Cbp||UOs||(11i:;+b)H ,EH(l u)(1+b> <Cb COE v,

o0l 10

Using the previous estimates and Proposition 6.5, we obtain that for some positive constant

C =C, ||ugl|Lz,0,b, p1):

1o u(1+b)
llee - Vc5|| phro S < Cppllee - VCE”(l @1(:1;) e VCsH“ _ml(r;b) < C||co,5||2%+5
Similarly,
_ 1—pu(1+4b)
- Vel 4y < Coullo Vee TTET B Ve 0 < Ol el e
and _
ez Vbl gy < Clollslicnclly o

Plugging these estimates into (6.132), there exists a constant Eq = Eq(v, ', Co, d, 10, ) > 0 such
that (the last estimate being true because € < gg, where g¢ has been defined in the proof of the
first estimates):

IWellzae < Ce (Co™ + fleoel? s + lbolihs ) < Cm070 ™ = Eged (2o e ).

As we have:

o
— —1>- — b< 1
1+b - o _].—77()

Finally choosing b = n ,

[Well2p < Ege®°. (6.133)

6.3.4 Proof of the anisotropic Strichartz estimates for System (5.52)

We prove in this section the last two estimates from Proposition 5.2.

As in the previous section, writing (6.120) for k = % we get that for any d € R, m > 2,

6 €]0,1], p € [2, ﬁ[, there exists a constant C' = Cp 9., > 0 such that:

| |D|dW6 HLPL”,:f

C ,0,m (12
< ﬁf“(l ) (HUOEHB"3 + lee - VCEHLlB”3 + P ||b Vee +c. - Vb L ~;3§) :
(6.134)

vp

Remark 6.5 Notice that here o3 is kept as in Proposition 6.7 as we have to deal, as in the end
of the previous section, with the third Besov index equal to 1 through the methods from [18].

e Choosing (d,p,m) = (0, 125,00) we obtain that o3 = s + ¢. Reproducing the arguments
leading to (6.132), we define a,b > 0 and 6 €]0, 1] so that:

s+ (1—a)
s+ (1+b)
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First consider some small b > 0 (whose value will be precised in the following lines), and
simply define (as above, the second term is positive when b > 0 is small enough)

2 14+ud—s

— =1- . Nl
1+b(2+6 s) and a (1+0)% T (6.135)

2
Then, thanks to Proposition 6.1, we get:

a
a.+b a+b

20l g < Canllvocl %y w0l 2 g

b
<Cab||UOE||a+b ||U05||a+b < Cpp,5,sCoe™ 7. (6.136)

L us 1+s
Similarly, we obtain that:
lee - Vel - Corssmbllcoell? 1 s
2 5+

Hb Vee +ce - Vb” 4 ot +4-1 <CV’5sub||b0HH<‘”COEH

5 — 1058545 ) H%_HS.
2,1

Plugging these estimates and (6 135) into (6.134), thanks to the fact that € < &g, we obtain
that for all s € [§ — 186, 1 + 184],

[IWell

1 (l+575) _
1= eLoo 2 <0y 2 ,Co,8,8,1,bE 2T 2 0

2 yea ol )
< Cor Cosysupe T 37977 < B8 (ot ez (1-98)-1) - (6.137)

As we have

1 9 "o
2 1=y 1> = bp<_M
Mo+ 7773 10) =5 = 10— 210
we can choose b = 155 and finally obtain that for all s € (1 — 5,1 4+ 14],
||WEHLIESL:f{2 <E06 o o

Note that the conditions on p, 8 are satisfied as we already asked that ¢ < %.
e For the last estimate, choosing (d, p, m) = (1,2, T S) we obtain o3 = s +s§. As previously,

for some b > 0 that will be precised later, choosing a, 6 as follows,

2 1 B 14+ui—s
3—|—b(2+5_8) and a =S (S“rb)m

b

ensures that:

s+ (s—a)8 =1+ o,

s+(s+b)f =1+,
which allows us to reproduce the previous arguments and leads for all s € [3 — 905, 5 + 180]
to

VW, || 2 < Courcodis, e T (3H=9)=7

h,,v

1_M0s
S 210 no
S s _(1—"oy_ 2 (2770"" 170 (1- 10)_1>
< CV,V’,(CO,E,S,M,bE2(2170+S+b(1 o) 1) < Cb,c,u,l/’,ﬁ,(:og 27 10°F0 . (6138)

Choosing b = (3 — 8

10)102702”0 we finally obtain that (the conditions on p, being satisfied
as 0 < %)

9
VWL 2, <Ege10?,
L2L;;j

which ends the proof of Proposition 5.2. B

39



References

[1] H. Abidi, M. Paicu, Global existence for the magnetohydrodynamic system in critical spaces,
Proc. Roy. Soc. Edinburgh Sect. A, 138 (2008), no.3, p.447-476.

[2] J. Ahn, J. Kim, J. Lee, Global solutions to 3D incompressible rotational MHD system, .J.
Evol. Equ., 21 (2021), no. 1, p.235-246.

[3] D. Arsénio, Recent progress on the mathematical theory of plasmas, Boletim da Sociedade
Portuguesa de Matemdtica, 77 (2019), p.27-38.

[4] D. Arsénio and L. Saint-Raymond, From the Vlasov-Maxwell-Boltzmann system to incom-
pressible viscous electro-magnetohydrodynamics, Vol. 1, EMS Monographs in Mathematics,
European Mathematical Society (EMS), Zirich, 2019.

[5] A. Babin, A. Mahalov and B. Nicolaenko, Global Splitting, Integrability and Regularity of
3D Euler and Navier-Stokes Equations for Uniformly Rotating Fluids, Furopean Journal of
Mechanics, 15, 1996, p.291-300.

[6] H. Bahouri, J.-Y. Chemin, R. Danchin. Fourier analysis and nonlinear partial differential
equations, Grundlehren der mathematischen Wissenschaften, 343, Springer Verlag, 2011.

[7] J. Benameur, S. Ibrahim, M. Majdoub, Asymptotic study of a magneto-hydrodynamic system,
Differential Integral Equations, 18 (2005), no. 3, p.299-324.

[8] R.E. Caflisch, I. Klapper, G. Steele, Remarks on singularities, dimension and energy dissipa-
tion for indeal hydrodynamics and MHD, Comm. Math. Phys., 184 (1997) p.443-455.

[9] C. Cao, J. Wu, Two regularity criteria for the 3D MHD equations, J. Differential Equations,
248 (2010), no.9, p.2263-2274.

[10] Cao C., Wu J., Global regularity for the 2D MHD equations with mixed partial dissipation
and magnetic diffusion, Adv. Math., 226 (2011), no.2, p.1803-1822.

[11] Cao C., Wu J., B. Yuan, The 2D incompressible magnetohydrodynamics equations with only
magnetic diffusion, STAM J. Math. Anal., 46 (2014), no.1, p.588-602.

[12] F. Charve, Convergence of weak solutions for the primitive system of the quasi-geostrophic
equations, Asymptotic Analysis, 42 (2005), p.173-209.

[13] F. Charve, Global well-posedness and asymptotics for a geophysical fluid system, Commu-
nications in Partial Differential Equations, 29 (11 & 12) (2004), p.1919-1940.

[14] F. Charve, V-S. Ngo, Asymptotics for the primitive equations with small anisotropic viscosity,
Revista Matemdtica Iberoamericana, 27 (1) (2011), p.1-38.

[15] F. Charve, A priori estimates for the 3D quasi-geostrophic system, J. Math. Anal. Appl, 444
(2016), no. 2, p.911-946.

[16] F. Charve, Enhanced convergence rates and asymptotics for a dispersive Boussinesqg-type
system with large ill-prepared data, Pure and Appl. Anal., 2 (2020), no. 2, p.477-517.

[17] F. Charve, Sharper dispersive estimates and asymptotics for a Boussinesq-type system with
larger ill-prepared initial data, Asymptotic Analysis, 131 (2023), no. 3-4, p. 443-470.

[18] F. Charve, Asymptotics for the rotating fluids and primitive systems with large ill-prepared
initial data in critical spaces, Tunis. Journ. Math, Vol. 5 (2023), no. 1, p 171-213.

40



19] F. Charve, Hidden asymptotics for the weak solutions of the strongly stratified Boussinesq
y gly
system without rotation, to appear in Journal de mathématiques pures et appliquées, 202
(2025), https://doi.org/10.1016/j.matpur.2025.103750.

[20] F. Charve, New asymptotics for strong solutions of the strongly stratified Boussinesq sys-
tem without rotation and for ill-prepared initial data, Communications in Partial Differential
Equations, 49 (7 & 8) (2024), p.735-779.

[21] J.-Y. Chemin, A propos d’un probléme de pénalisation de type antisymétrique, Journal de
Mathématiques pures et appliquées, 76 (1997), p.739-755.

[22] J.-Y. Chemin, B.Desjardins, I. Gallagher and E. Grenier, Anisotropy and dispersion in ro-
tating fluids, Nonlinear Partial Differential Equations and their application, Collége de France
Seminar, Studies in Mathematics and its Applications, 31 (2002), p.171-191.

[23] J.-Y. Chemin, B.Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic viscosity,
Special issue for R. Temam’s 60th birthday, M2AN. Mathematical Modelling and Numerical
Analysis, 34 (2000), no. 2, p.315-335.

[24] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Mathematical Geophysics: An
introduction to rotating fluids and to the Navier-Stokes equations, Ozford University Press,
2006.

[25] G-Q. Chen, D. Wang, Global solutions of nonlinear magnetohydrodynamics with large initial
data, J. Differential Equations, 182 (2002), no. 2, p.344-376.

[26] D. Cobb, F. Fanelli, On the fast rotation asymptotics of a non-homogeneous incompressible
MHD system, Nonlinearity, 34 (2021), no. 4, p.2483-2526.

[27] P. A. Davidson, An introduction to magnetohydrodynamics, Cambridge Texts in Applied
Mathematics, Cambridge University Press, Cambridge, 2001.

[28] B. Desjardins, E. Dormy, E. Grenier, Stability of mixed Ekman-Hartmann boundary layers,
Nonlinearity, 12 (1999), no. 2, p.181-199.

[29] A. Dutrifoy, Examples of dispersive effects in non-viscous rotating fluids, Journal de
Mathématiques Pures et Appliquées, 84 (9) (2005), no. 3, p.331-356.

[30] Inéquations en thermoélasticité et magnétohydrodynamique, Arch. Ration. Mech. Anal., 46
(1972), p.241-279.

[31] C. L. Fefferman, D. S. McCormick, J. C. Robinson, J. L. Rodrigo, Higher order commutator
estimates and local existence for the non-resistive MHD equations and related models, J. Funct.
Anal., 267 (2014), no.4, p.1035-1056.

[32] I. Gallagher, Applications of Schochet’s Methods to Parabolic Equation, Journal de
Mathématiques Pures et Appliquées, 77 (1998), p.989-1054.

[33] E. Grenier, Oscillatory perturbations of the Navier-Stokes equations, J. Math. Pures Appli.,
76 (1997), p.477-498.

[34] C. He, Z. Xin, On the regularity of weak solutions to the magnetohydrodynamic equations,
J. Differential Equations, 213 (2005), no.2, p.235-254.

[35] X. Hu, D. Wang, Global existence and large-time behavior of solutions to the three-
dimensional equations of compressible magnetohydrodynamic flows, Arch. Ration. Mech. Anal.,
197 (2010), no. 1, p.203-238.

41



[36] J. Kim, Rotational effect on the asymptotic stability of the MHD system, Journ. Diff. Eq.,
319 (15) (2022), p.288-311.

[37] Y. Koh, S. Lee and R. Takada, Dispersive estimates for the Navier-Stokes equations in the
rotational framework, Advances in differential equations, 19 (9-10) (2014), p.857-878.

[38] P. G. Lemarié-Rieusset, Recent developments in the Navier-Stokes problem, Boca Raton,
FL: CRC Press, 2002.

[39] F. Lin, P. Zhang, Global small solutions to MHD type system (I): 3-D case, Comm. Pure
Appl. Math., 67 (2014), p.531-580.

[40] P. Mu, Z. Wei, Rotation-dominant three-scale limit of the Cauchy problem to the inviscid
rotating stratified Boussinesq equations, J. Differential Equations 353 (2023), 385-419.

[41] V.-S. Ngo, A global existence result for the anisotropic rotating magnetohydrodynamical
systems, Acta Applicandae Mathematicae, 150 (2017), p.1-42.

[42] F. Rousset, Stability of large amplitude Ekman-Hartmann boundary layers in MHD: the case
of ill-prepared data, Comm. Math. Phys., 259 (2005), n. 1, p.223-256.

[43] M. Sermange, R. Temam, Some mathematical questions related to the MHD equations,
Comm. Pure Appl. Math., 36 (1983), p.635-664.

[44] S. Scrobogna, Global existence and convergence of nondimensionalized incompressible
Navier-Stokes equations in low-Froude number regime, Discrete Contin. Dyn. Syst. 40 (2020),
no. 9, p.5471-5511.

[45] E. Stein, Harmonic analysis, real-variable methods, orthogonality and oscillatory integrals,
Princeton Mathematical Series, 43, Princeton University Press, 1993.

[46] R. Takada, Strongly statified limit for the 3D Boussinesq equations, Arch. Ration. Mech.
Math., 232 (2019), no. 3, p.1475-1503.

[47] R. Takada, K. Yoneda, Global solutions for the rotating magnetohydrodynamics system in
the scaling critical Sobolev space, Funkcial. Ekvac. 67 (2024), no. 1, p.29-59.

[48] K. Widmayer, Convergence to stratified flow for an inviscid 3D Boussinesq system, Commun.
math. sci. 16 (2018), no. 6, p.1713-1728.

[49] J. Wu, Viscous and inviscid magneto-hydrodynamics equations, J. Analyse Math., 73 (1997),
p-251-265.

42



