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ARTICLE INFO ABSTRACT
Keywords: The static-dynamic analogy discovered by Gustav Kirchhoff in 1859 shows that the statics of an elastic
Elastic rods beam is equivalent to the dynamics of a spinning top. This analogy, where time and angular velocity are,

Hamiltonian and Lagrangian formulations

for example, equivalent to arclength and curvatures, allows the use of Emmy Noether’s 1918 theorem on
Contact

continuous symmetries to unravel a quantity that is invariant along elastic rods at equilibrium. A spinning
top having a Lagrangian independent of time will have its mechanical energy constant in time. In the same
manner, an elastic rod with uniform elastic properties will have the sum of its curvature energy and its
tension force uniform along the structure. This arclength invariance property is known in simple cases, but
the present approach generalises it to more complex scenarios where extensibility, shear, conservative loads
(e.g. gravity), and contact are involved. Moreover, still using Noether’s theorem and bringing to light the
continuous symmetries of the Lagrangian of the variational approach, we recover all known invariants for
the statics and dynamics of rods and ribbons, including coordinate invariants. Furthermore, we show how
the arclength invariant may be used to obtain pivotal information on some landmark elastic rod problems,
including confinement buckling, sliding sleeves, or plectonemes. Finally, we extend the approach to vibrations.
Overall, this paper is an attempt to explain, unify and extend all previous results on rod invariants thanks to
the beautiful Noetherian formalism, and to show its practical use on a few relevant applications.

1. Introduction

The discovery of a conserved quantity while studying a dynamical system is generally a joyful event for the researcher as it usually brings new
insights into the system’s behaviour. In her PhD thesis, the German mathematician Emmy Noether meticulously derived more than 300 invariants
for biquadratic systems [1]. These invariants were explicitly calculated by hand, possibly through trial and error, and later on, E. Noether passed
a harsh judgment on her PhD work and oriented her studies towards abstract algebra [2, p. 17]. Nevertheless, her Habilitation thesis contains the
classic 1918 theorem on differential invariants which provides a systematic way of unravelling invariants in physics and mechanics problems [3]
and was most probably initiated in relation to the variational approach of Einstein’s general theory of relativity [2, p. 36].

Noether’s theorem states that if the Action (of Lagrangian mechanics) stays the same when a translation, rotation, or some other space or time
transformation is performed, then a given quantity will be invariant during the dynamics of the system. The best-known case is the invariance
of the mechanical energy of a system if the Lagrangian of this system does not explicitly depend on time, and thus remains the same through a
translation in time. In this paper, we leverage this theorem for the statics and dynamics of elastic rods to recover all their known invariants, thereby
providing the corresponding space transformations responsible for these invariants. We additionally generalise the invariants to the case where a
conservative force field is applied to the rod, as well as frictionless contact. Finally, we provide several illustrative examples where the arclength
invariant is shown to be particularly handy in the study of the mechanics of the system, and extend the approach to vibrations.

1.1. State of the art

Variational approaches of rods. In mechanical engineering, variational approaches of rods have long been motivated by the design of Galerkin-type
numerical methods, especially finite elements. A popular method is the so-called geometrically exact beam approach [4,5], which derives an exact
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weak formulation for a generalised (Timoshenko or Simo-Reissner, simply referred to as Reissner in the sequel) rod model including bending,
stretching and shearing energies. The displacement and rotation fields are then discretised with the help of interpolating shape functions. One
important issue of this approach (that is well beyond the scope of the present paper), which spurred many subsequent works in the finite elements
community, deals with the proper interpolation of rotations for preserving objectivity, i.e., invariance of the strain measures under rigid motion [6].

The weak formulations exploited for finite elements generally rely on the principle of virtual work, which stipulates that the variation of internal
energy of the system should be balanced by the work of external forces. One difficulty pertaining to the virtual work principle is the definition
of virtual displacements that comply with the true kinematics of the system. For rods in particular, a concern deals with the parametrisation of
rotations and the nature of coupling between positional (displacement of the centreline) and rotational (rotations of the material frame) degrees of
freedom. Various parametrisations have been proposed for rotations, including Euler angles [7, Section 5.3.1], quaternions [8], or the exponential
map in the rotation group SO(3) [5]. Likewise, various classes of weak formulations have been introduced with different levels of coupling between
virtual displacements in positions and rotations. Methods range from uncoupled [4] and weakly coupled ones in R"xSO(3) [9] for general (Reissner)
beams, to fully coupled ones for inextensible Kirchhoff rods where only rotational (bending and twisting) degrees of freedom are considered [10,
Section 3.6]. All these methods lead to the correct mechanical equations for the considered rod models, albeit at the price of properly defining the
structure of the space where virtual displacements should live in.

An alternative variational method is the principle of least Action, which stipulates that the Action of the system — that is, in statics, the
integral of the Lagrangian of the system over s — should be stationary. This principle leads to the so-called Euler-Lagrange equations, which are
differential equations that should be satisfied by the degrees of freedom g¢(s) of the system along with their derivatives ¢’(s) [11,12]. Though
mathematically equivalent to the virtual work principle for conservative systems, this approach is quite different in spirit. Instead of formulating
virtual displacements and computing corresponding energy variations, it is sufficient to build a Lagrangian — an energy depending on ¢(s) and
q'(s)— that complies with the kinematics and mechanics of the system. In order to couple some degrees of freedom together, or to model contact,
constraints can easily be incorporated into the Lagrangian. Then, the Euler-Lagrangian equations appear as a simple recipe to derive the mechanical
equations of the system from the Lagrangian. Another key motivation to use the Lagrangian formalism is that Noether’s theorem on invariants is
best understood and derived from symmetries of the Lagrangian itself.

For these reasons, we shall adopt the Lagrangian point of view in this paper. To demonstrate the versatility of this approach, we will show that
we can retrieve the same invariants for rods by considering two choices of degrees of freedom: on the one hand, simple (and totally uncoupled)
degrees of freedom living all on R”, which are related to each other through external constraints; on the other hand, translational and rotational
degrees of freedom living on the Lie group of rotations SO(3), which are coupled together through a single external constraint. We will also show
that adding contact constraints is straightforward within this Lagrangian approach, and allows one to extend Noether invariants to systems in
(frictionless) contact.

Hamilton point of view and invariants for rods. To study mathematical properties of rods and their invariants, theorists have often adopted an
Hamiltonian point of view, that is, considered the Legendre transformation of the Lagrangian. Indeed, for conservative systems, the Hamiltonian
naturally appears as an invariant, which actually boils down to the Noether invariant for a time-translational symmetry of the corresponding
Lagrangian. For rods, different invariants have been found by analysing directly the Hamiltonian structure of the mechanical (strong) equations of
the system [13,14].

Among these invariants, the static arclength invariant H, consisting in the sum of the bending energy, twist energy, and the tension (axial
component of the internal force), stands apart. It was first mentioned in the book by Love [15, p. 384, Eq. (7) in Sect. 262], then discussed in [13],
and later on thoroughly used by Dichmann et al. [8] and Kehrbaum and Maddocks [16] where it appears as the Hamiltonian in the 3D rods statics
formulation. The jump conditions of these conservation laws have been studied in [17] in the light of the Weierstrass—Erdmann corner condition,
see also [18].

It is noteworthy that these invariants were found using a trial-and-error approach, i.e. no systematic perspective was followed. As a matter of
fact, such a systematic way exists: it relies on the Lagrangian and on Noether 1918’s theorem [3], which states that each continuous symmetry of the
Action, constructed from both the energy and the kinematic constraints of the system, calls for an invariant quantity. The Noether approach to the
conserved quantities has been used in the general case of bulk linear elasticity [19] and different fluid and solid mechanics problems [20-22]. For
rods however, a complete Noetherian view has seldom been adopted. Maddocks and Dichmann [13] briefly mentioned the possible use of Noether’s
theorem to constructively find conservation laws, but rather used an a posteriori verification approach to the computation of the invariants, starting
from the strong version of Kirchhoff’s rod equations. Peng et al. [23] used Noether’s theorem but could not explicitly provide all known invariants
because they did not introduce the continuous constraints in the Lagrangian. Jung et al. [11] developed a Lagrangian approach of elastic rods,
where the kinematic constraints are not explicitly listed, and recovered continuous and discrete versions of some of the static coordinate invariants,
using Noether’s formalism. Their approach did not include the arclength invariant, which is the main focus of our paper. Overall, the fact that
several invariants (and particularly the arclength invariant H) can be generalised to the case where a conservative force field is applied on the rod
seems to have been overlooked in the literature, with the exception of self-weight, see [7,18]. Finally, contact was merely treated in the light of
jump conditions [17,18] where it was shown to help the computation of integration constants [24].

The approach developed in this paper rationalises the construction of the statics, dynamics, and vibration invariants using a Lagrangian
mechanics approach, and shows that all invariants can be computed systematically once all continuous constraints have been properly introduced
in the Lagrangian, together with their corresponding multipliers. The case of pointwise and continuous (frictionless) contact is moreover shown to
fit in naturally with the present Noetherian approach.

1.2. Paper contributions

+ A simple and pedagogical derivation of the Reissner and Kirchhoff static and dynamic equations from the least Action principle, with pointwise
constraints, contact, and external conservative force fields.

The application of Noether’s formulas to retrieve, unify, and generalise all known statics and dynamics invariants in the presence of frictionless
contact and external conservative force fields, valid for Kirchhoff, Reissner, and elastic ribbon cases.

The derivations of the results above using two alternatives: a simple Lagrangian formulation on R” with multiple external constraints, and a
more compact Lagrangian formulation on R” x SO(3) retaining only one single kinematic constraint.

The practical application of the arclength invariant H to several landmark rod problems, including sliding sleeves, plectonemes, and
constrained Euler buckling.

The application of the present approach to the derivation of an invariant for the vibrations of elastic rods.
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2. Noether’s theorem and extension to R"” x SO(3)

In the following, scalar quantities are printed with plain font, and vector quantities of R”,n > 1 with bold font. Matrices are represented with
capital letters.

2.1. Emmy Noether’s 1918 theorem
Let the generalised coordinates of the system q = g(s, f) be functions from R? to R”, and ’ = 9/ds, and * = 9/t be the space and time derivatives,

respectively. For the sake of readability, in the following we may often drop the s,7 dependencies, for instance writing q’ instead of ¢’ (s, 7).
If the following Action

A=//£(q,q,q’)dsdt (D)
tJs

remains identical when the following transformations are performed,

Gg=q+e0, (2a)
§=s+¢€0, (2b)
f=t+er (20)

with |e| < 1, and in particular if £ = £, then the following relation

!
r£+(0—rq—aq’)~%] + [a£+(e—rq—aq’)~g—§] =0Vs,Vt. 3)

holds for dynamical solutions, i.e. for trajectories q(s,7) under which the Action (1) is stationary [3]. The three transformations do not have to
occur simultaneously, i.e. we have [3]

. !
if r=0and ¢ =0, then § =g+ ¢ 6 and [9% +[9-g—;] =0Vs,Vt (4a)
. !’
if r=0and 8 =0, then § =5+ e0c and [q’~%] +[—£+q’-§—§,] =0Vs,Vt (4b)
. i
ife=0and # =0, then7=1+e7 and [—£+q-3—4] +[q-% =0Vs,Vr. (40)
q q

Please note that q and its derivatives ¢q’, ¢ are vectors of dimension n, and the gradients d£/dq,dL/dq’,0L/dq are vectors of the same dimension
n: scalar products arise between these two types of quantities.

Static case. In the particular static case where there is no time dependence, (4b) implies the most well-known part of Noether’s theorem: if the
Lagrangian £ does not explicitly depends on s (but only does through q(s) and ¢’(s)), then

oL

H(s>=H:q’-a—q,

-L, (5)

is a conserved quantity, i.e. Vs, H'(s) = 0. In the following, this so-called arclength invariant will thus be simply denoted by H. The notation H

seems natural when one considers that the relation above is closely linked to the Legendre transformation of the Lagrangian £ [16].
Furthermore, (4a) provides the so-called static coordinate invariant H,,

L

Hg(S)=H9=9'a—q,.

(6)
Constraints. For the sake of simplicity, we only focus on the static case here again. We consider the system to be subject to a bilateral constraint of
the form A(q, q¢') = 0, meaning that the generalised coordinates are not necessarily independent. The stationarity of the Action under this constraint
can be found by considering a constraint-free problem where the Action is modified by transforming the Lagrangian as

L~ L-As)h(g.q), )

where A(s) is the Lagrangian multiplier associated to the constraint 4(q, q') = 0. The reader may think that introducing the multiplier A(s) to the
Lagrangian adds an explicit dependence of £ on the space variable s, hence jeopardising the validity of Noether’s arclength invariant (5). However
it can be shown that all the previous Noether invariants remain valid, including (5), due to the fact that h(q, q’) = 0 at equilibrium.

Note that the new Lagrangian (7) does not contribute the —£ part of Noether’s invariant, as h(q,q’) = 0 at equilibrium. However it may bring
a new term of the form q’ - % if the constraint ~# depends on ¢q’. In Section 4, we show in particular that the tension of the rod emerges in the

0
static rod invariant, precisely due to the kinematic constraint relating the rod centreline to the material frame.
2.2. Noether’s theorem on R" x SO(3)

In this section we limit ourselves to the static case. So far we have expressed Noether’s theorem considering that g is a vector of R", with
the property that its derivative can simply be taken component-wise. This theorem naturally follows from the Euler-Lagrange equations on R”
(see Appendix A). However, key variables such as 3D rotations may not freely evolve in a full vector space, hence they may not be represented as
three independent vectors of R>. Indeed, computing the derivative of a rotation matrix as derivatives of the matrix components (i.e. on R?) does
not allow one to recover a rotation matrix after integration. Said otherwise, the resulting vector derivative is not tangent to the space of rotation
matrices (the so-called SO(3) group). In 2D, this problem is easily solved by parametrising rotations with a scalar 6 corresponding to the rotation
angle about the horizontal axis. In such a case, rotation matrices do not need to be explicitly represented as variables, only the scalar variable
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q = 0 and its derivatives ¢’ and 6 are sufficient, which brings us back to the (easy) vector case. Unfortunately, such a vector reduction is not
straightforward in 3D.

In 3D, a first approach to tackle this problem is to consider external constraints applied onto g and inject them in the Lagrangian: this is what
we will do in Sections 5 and 8, leveraging the property that Noether’s invariants still hold in case of bilateral constraints, see above. This ‘flattening’
method has the advantage of being systematic and simple to apply, since one can still resort to the classical Euler-Lagrange equations and Noether’s
theorem on R". However it requires formulating all kinematic constraints properly (especially constraints on SO(3)), and burdens the user with
a few tedious calculations. A second, more compact method consists in reformulating new Euler-Lagrange and new Noether equations, which are
valid on SO(3). This is possible to do so by applying the so-called Euler-Poincaré reduction, which keeps track of rotation matrices R as main
degrees of freedom, but considers their derivative to be a vector of R3, denoted by u in the world space, or & in the local rotating space. Explicitly,
if R € SO(3), then R’ reads

=[uly R= R[al, with u=Ra, ®

where [w],, stands for the cross-product matrix of vector w € R3, such that [w], v = w x v, Yv € R3, see Appendix A.

It is noteworthy that with such a parametrisation (R,&) of the Lagrangian, neither the classical Euler-Lagrange equations nor the Noether
theorem are applicable directly, as a key assumption behind these equations, ¢’ = ‘;—, is lost in the case of 3D rotations. This difficulty can
however be overcome by imposing commutativity of derivation and perturbation operators, leading to so-called compatibility constraints. In the
end, this method allows one to formulate Noether’s theorem directly on the right spaces containing the two different types of variables, i.e. R”
for translational quantities (such as the rod centreline), and SO(3) for rotational quantities (such as the rod material frame), without the need for
additional constraints to maintain the variables in their native space. For rods, one last constraint that couples translational quantities to rotational
quantities still needs to be added in the Lagrangian formulation, but in practice this one remains very simple. The most painful constraints, which
are the ones expressing that q is a rotation matrix, are eliminated with the second ‘compact’ method. In the end, we come up with simple recipes
that can be used for any problem containing translational and rotational parts, possibly coupled together.

The Euler-Lagrange equations have been expressed on R?> x SO(3) for a while, mainly by roboticians dealing with rigid body systems, see
e.g. [25] for a good introduction to this topic and a derivation of the Euler-Lagrange equations on R? x SO(3) for dynamic rigid body systems.
To the best of our knowledge, Jung et al. [11] were the first to apply R x S©O(3) Euler-Lagrange equations to derive static equations for Reissner
rods. Recently, Romero and Gebhardt [26] worked out the dynamic version for (extensible) Kirchhoff thin elastic rods.

To the best of our knowledge, this approach has not yet been followed to derive Noether’s invariance principles on R” x SO(3) for thin elastic
rods. In the following we summarise the main results we obtained for Noether’s invariants on R” x SO(3) in the static case. We mention briefly in
Sections 5 and 8 how we can apply these new Noether invariants to our static rod problems to retrieve the same results as with the ‘flattening’
method, in a more straightforward way. All the details of the derivations are provided in Appendix A.

Arclength invariant. We consider two types of degrees of freedom: translational ones, denoted as before as g, a vector of R”; and a rotational one,’
denoted as R € SO(3), with R’ = R[], and & € R3. We denote by Eo(q, q’, R, ) the Lagrangian functional that uses & to represent the derivative of
the rotation matrix R.

In the particular static case, we obtain the following invariant quantity if £ does not explicitly depend on s,

Vs, H'(s)=0 with H@)=H=4q - oL +a oL £. 9
oq aq’ ou

Proof is given in Appendix A. Note that the rotational part of the invariant takes the same form as the translational part, with & playing the role
of R’s derivative. Besides, the formula above is valid for any one-dimensional system featuring translational and/or rotational parts. As seen later,
examples include statics of elastic rods, with & being the triplet of material curvatures and twist, but also dynamic rigid bodies, with s representing
time and & corresponding to the angular velocity vector. In particular, in the case of a dynamic rigid body, H corresponds to the Hamiltonian of the
system (expressed as the Legendre transform of the Lagrangian), with ()—E, the linear momentum and £ the angular momentum [25, Chapter 7]. If
H has no explicit dependence in time (e.g. case of a freely moving rigid body), then it is well-known that H coincides with the total mechanical

energy of the system, hence it is constant over time.

Coordinate rotation invariant. Let €0, an infinitesimal translation, and § = q + ¢ 6, the corresponding transformation of q. We also consider e 6
a vector around which the rotation matrix R undergoes an infinitesimal rotation, and look at the resulting transformation R = R + ¢[0g], R =
R + ¢ R[BR], with 6y = ROg. If these two transformations (§, R) leave the Lagrangian £ unchanged, then we obtain the following coordinate
invariant on R” x SO(3),

of -

Vs, Hy()=0  with Hy(s)= Hy=6,- 57 Fo a- L_o v (10)

Proof is given in Appendix A. As before, the translational part of the invariant takes the same form as the classical Euclidean coordinate invariant (6).

3. Thin elastic rod problem setup

Notation. Let w a vector of R3. In the world basis (e, ey, e,), the vector w reads w = w,e, + w e, + we,, while in the basis R = (d;,d,;.dy), it
reads w = w;d; + w,d, + w;d3. We denote by @ the triplet (w,,w,, w;), and we have w = R.

1 In case of multiple rotational degrees of freedom R;, a similar formula applies with u being the concatenation of all vectors .
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3.1. Potential energy

We consider a shearable, extensible, bendable, twistable elastic rod. The rod has a natural shape that is not necessarily straight [4]. We use an
arclength parametrisation with the variable s. We start with the internal bending and twist energy densities,

Whena = 3@ =0T B@—) = 3 BI5) 1y (9) — 9 + 3 B9 1n(6) = 9P + 3 B5() us(5) = i3 an

where the u; are actual curvatures and twist of the rod, the 4; their natural counterparts, and B the diagonal matrix containing the bending B,, B,
and the twist B; rigidities. We also consider the elastic energy density due to shear and stretch,

Wanear = 5@ =0T A@ =) = 2 4,0)[01(5) = 0,6)F + 3 As(5) [02(5) = OF + 3 A3(9) [03(5) = D351 a2

where the v; are actual shear and stretch of the rod, the o, their natural counterparts, and A the diagonal matrix containing the shear A4,, A, and
the stretch A; rigidities. Generally, it is considered that o, =0, 9, =0, and 9; = 1, in which case s is the arclength of the rod in the natural state,
but we will at first keep generic o; values to exhibit symmetric formulas, see e.g. (28). Please note that for simplicity reasons, we start with a
quadratic energy but other hyperelastic rod models could be handled, see e.g. (33).

We finally add the potential energy density W,,, associated to the external conservative force density fey, i-€. fext = —0/0rWey(r), to obtain
the total potential energy density of the rod V,

V' = Whend + Wihear + Wext- 13)

Note that in this paper, we only consider energy densities W = Wjgnq OF Wipear O Wy, that do not explicitly depend on s. For instance, we exclude
cases such as W = cos(2zs) or punctual energy densities of the form W = W, 6(s — a) where § is the Dirac function — however, W may of course
depend on the variables r,u, etc. In the case where f, is simply the gravitational force density f., = —pSge,, we have W ,.(r) = pSgr(s) - e,,
where p is the density of the material, .S the area of the rod cross-section, and g the norm of the acceleration of gravity.

3.2. Constraints

We attach a Cosserat orthonormal frame R(s) = (d(s), d,(s), d3(s)) — also called material frame — to the rod, which brings 6 bilateral constraints
dy-d;—1=0 dy-d,—1=0 dy-d;—1=0 (14a)
dy-d,=0 dy-d3;=0 dy-d;=0 (14b)

The conservation of these orthonormal relations as s is varied along the rod implies the Darboux relations

d;(s):uxdl (15a)
di(s) = ux d, (15b)
di(s) = uxdy (15¢)

where the Darboux vector has been chosen to be u = u;d; +u,d, +us3d;, see e.g. [27]. The three vectorial relations (15) express constraints for the
three scalar components u, u,, u; and can thereof be rewritten as

w=dydy, w=dy-dy, wy=d, d, (16)
The rod centreline r(s) is linked to the Cosserat frame through the relation

r(s) = v(s) = 0)(s) dy + y(5) dy + v3(s) d. 17

4. Thin elastic rod equations from the Lagrangian

We seek equilibrium states for this elastic rod by minimising its total potential energy V given in (13). We only consider the necessary conditions
for the vanishing of the first variation of V' under the continuous constraints (14), (16), and (17).

4.1. Lagrangian

Using the Lagrange multiplier rule, we introduce the Lagrangian on R”,
L=V 42 (r(©)—v()dy —0y(s)dy —v3()d3) + &, (dy-dy—uy) + 4, (dy-dy —wp) + Ay, (d7 - dy —u3)
+,1“% (1—d1~d1)+/122% (1—d2~d2)+/133% (1-ds-dj)
+Andy-dy+ Ay dy-dy+ A3 d3 - dy (18)

where £ = L[q(s),q'(s)] with ¢ = (r,dy,d,,d3,u;,uy,u3,0;,0,,03), see also [28] for a similar approach in the context of elasto-capillarity. The
multipliers 4,(s), Ay ()5 45(8) associated to the bilateral constraints all depend on s, but we stress that it does not invalidate relation (4b) as these
multipliers are, like the variables, unknowns of the problem. The same is true for contact constraints, see also Section 6.

Alternatively, we can choose to parameterise the derivative of the Cosserat frame R(s), which belongs to SO(3), using the Darboux vector u,
such that R'(s) = [u], R = R[aly. The vector & is the triplet containing the material curvatures and twist u;, i.e. we have u = Ra. In this case, our
new Lagrangian £= f[q, R,q'.u] on R" X SO(3), with q = (r, D), simply reads

L=V 4+, (r(s)—v1(s)dy — vy(s) dy — v3(5) d3)
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=V +4,(r'(s) = R(s)D(s)), 19)

as the constraints for maintaining R(s) in SO(3) are now intrinsically accounted for thanks to our SO(3) parametrisation (R, &) of the material
frame. Only the kinematic constraint relating the material frame R(s) to the centreline r/(s) of the rod remains.

4.2. Euler-Lagrange equations

From the Lagrangian on R". Necessary conditions for the vanishing of the first variation of V' are the classical Euler-Lagrange equations

oL _ oLy
== <W) = 1(5) = — fext (20a)
% =04, = B — ) withi=1,2,3 (20b)
1
o N
OZ =0 4, d; = A, - 0) withi=1,23 (20¢)
1
!
o [ or
2. <ﬁ> = Ay dy = Ay dy + 2, dy + Aoy + Ay dy = dpdy = Ay dy =0 (20d)
1
!
oc (o
5. = <aT;> = Ay d} = dyy )+ 2, dy+ Aoy + dpdy — hpydy — Appdy =0 (20e)
!
oc (o
5. = <@> = Ayy ) — 4y diy+ 2 dy + Aoy + dgdy — daydy — dyydy = 0. (20f)

We recognise in (20a) the force balance of the static Reissner equations, with the Lagrange multiplier 4, playing the role of the internal force vector
n = ,. We also identify in (20b) the bend-twist constitutive relations, where the Lagrange multipliers 4, are the components in the material frame
of the internal moment vector m = 4, dy+4,,d,+4,,d3, and finally in (20c) the shear-extension constitutive relations which provide the components
in the material frame of the internal force vector n = 4,.

The Euler-Lagrange equations related to d,d,,ds; require more manipulations. By taking the scalar product of (20e), (20f), (20d) with,
respectively dj, dy, d,, we obtain the moment balance of the static Reissner equations,

ml(s) = Ayz — vy 13 — iy my (21a)
mh(s) = A3y — v3ny —uzm, (21b)
mi(s) = Ay — 0y 1y — 1y my (210)

with the notation n = n; d; + n, d, + n3 d3. To compute the missing multipliers 4,3, A3;,4;,, we take the scalar product of (20f), (20d), (20e) with,
respectively d,, d3, d;

Aoz = Ay, uz + 1y 03 (22a)
A3p = Ay up + 030 (22b)
Ay = Ay Uy + 1y 0y (22¢)

We inject (22) into (21) to obtain:

my(s) = uzmy — uymy + v3ny — Uy (23a)
’

m)(s) = uyms — usmy + vin3 — v3ny (23b)

mg(s) =uymy — uymy + Uy — U1 Ny (23c)

and using the property w’ - d; = w} — (w X u) - d; Yw, we finally come up with
m'(s) = n(s) X r'(s). 24

The force equilibrium expressed in the material frame reads

ny(8) = uzhy = upnz = fex - dy (252)
n’z(s) =uny —uzh) — foy - ds (25b)
ng(s) =uyny —uyny — fexe - ds- (25¢)

From the Lagrangian on R" x SO(3). The method above has the advantage of being simple and explicit, since all computations are carried out on
R" using standard Euler-Lagrange equations. However, on may argue that computing % ((20d), (20e), and (20f)) may be lengthy, and overall
refactoring all terms to recover rod equations is a bit tedious.

In contrast, starting from the reduced Lagrangian £ given in (19) and using the Euler-Lagrange equations on R" x SO(3) alleviates most of these
computations, see Appendix A. Again, we see that the internal force n emerges as the Lagrange multiplier associated with the constraint relating
the material frame to the centreline of the rod. In contrast, the internal moment m no longer appears as a multiplier, but directly stems from the

term % = m owing to the reduced parametrisation of SO(3).
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5. Noether invariants in the static case
5.1. Arclength translation

From the Lagrangian on R". In the case where the rigidities and the natural shape are uniform, i.e.
Vs Bl(s) = Al(s) = dl(s) = 0}(s) = 0, (26)

the Lagrangian £(q, q’) does not explicitly depend on s and the arclength invariant H given in (5) is, at equilibrium and under satisfied constraints,
uniform along the rod. At equilibrium under constraints (14), (16), and (17), we have H = ¢’ - g—;, —V with g = (r,dy,dy. d3,u;,uy,u3,0;, 0y, 03),

hence
L =nvtmd,-d +mdy-d,+md,-d, (27a)
oq qg =n mydy-d;rTmpaz-d, rmydy-ady
=n-v+m-u, (27b)
which gives
H=n-v+m-u-V. (28)

From the Lagrangian on R" x SO(3). Using our compact Lagrangian (19) and the Noether invariant (9) derived on R" x SO(3) (see Appendix A), we
immediately recover the same invariant H = H, as % stands for the internal force n and % for the internal moment m in the local frame.

Interpretation of H. Using (13), the mixed (strain-stress) formulation (28) can be rewritten in different ways,

1 X 1 N
H=§m-(u+u)+§n-(v+v)—Wext (29a)
H =Wyeng + M-+ Wpear + 1+ 0 — Weye (29b)
3
1 R 1 X
H =3 5B = i)+ 5 A = 6) = Wexe (290)
i=1
3
H = Z %Btu,'z + %Ail’% — Wege +C*. (29d)
i=

Starting from (29b), we obtain in the classical Reissner case (0, = 9, = 0 and 5 = 1, and any value for &)
N 1 R
H =Wpena +m -+ Wpear + 113 = Weyy = Z EBi("? - ”1‘2) + Wahear + 113 = Wext (30)
i

Note that the emergence in the formula of the third component of the internal force n, the tension n;, simply stems from the (standard) choice
to parametrise the natural shape of the rod with its rest arclength s, i.e. 9, = 9, = 0, and 9; = 1. In the special case where all the natural strains
vanish (2, =4, =43 = 0; = 0, =0 and d; = 1), a formulation with energies is obtained

H = Whend + Wenear + 13 = Wexe- 31)

Finally, in the absence of any external force W,,; = 0 and in the inextensible, unshearable case (inextensible Kirchhoff), where W, = 0, we
re-obtain the Hamiltonian introduced in [16],

H:%m~(u+ﬁ)+n3. (32)

Generalisation: hyperelastic rods and ribbons. It should be remarked that the invariant H is not restricted to the quadratic strain energies (11) (12)
but also holds for hyperelastic rods [11,13,18]. Moreover, 1D models of elastic ribbons also fall into the realm of applications of the invariant,
see for example [29-31]. See also [32, Section 2, Eq. (2.16)] and [33, Appendix B, Eq. (44)] for an example of how the invariant may be used
in boundary layer calculations in the case of the Wunderlich strain energy. We here give the example of an inextensible, unshearable, Sadowsky
ribbon [34,35] with uniform natural curvature 4,

1 2\’ i
W = EB* w <1+—2> - 20 uy <1+v—’2) (33a)
ul ul
dw _
VVSShe':r =0, (33b)

where v is the Poisson ratio of the elastic material, u, = 0, and B* = B/(1 — v?). We note that, just as in the case of rods (29d), the invariant H
(28) may be expressed with a formula where the natural curvature 4, does not appear

2\ 2

u

Hsdw=n~v+m‘u—V=n3+m.u—Wbse‘f1';—VVeX,=n3+%B*u% (1+M—Z> - Wi (34a)
1

5.2. Coordinate translation

In the absence of any external force field, W, = 0, if we consider the transformation 7 = r + a, which is a translation of the position by a fixed
amount a, then the Lagrangian (18) stays the same [11], i.e.

F=r+a = L(F.dy,dyd3u,uy,us,v,0y,03)=L(r,dy,dy,d3,uy,uy,uz,0p,0,,03) (35)
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In this case, 0 in (6) is in fact the vector a and the invariance property yields
oL
Hy =Hy=a-25] =0 Va = n'=0 (36)
We see that the force vector is uniform along the rod if no external force field is applied to the rod, a classical result which is readily included in
(20a).

5.3. Coordinate rotation

In the absence of external force field, W, = 0, or in the case the potential energy density W, only depends on the distance |r|, W (r?), we
now consider the transformation where the configuration (r, d;, d,, d3) is rotated by a small angle ¢ around an arbitrary, constant, vector b. The
transformation reads

F=r+ebxr, disz=djs3+ebxdy,s. 37)

Note that the vectors v and u are also rotated, but their components v, ,; and u; ;3 stay unchanged. Standard Taylor expansion shows that, at
leading order in ¢, distances and hence W, (r?) are unchanged, and that this transformation eventually leaves the Lagrangian unchanged,

L(F.dy.dy. dy,uy uy, 13, 00,05, 03) = L(r.dy, dy dy, 1y, 1y, 13,01, 05, 03) (38)
and consequently, the following quantity is invariant

!

oL

bxr~%+2bxd,~ad{ =0 (39a)
[b-r(s)xn(s)+b-m(s)]'=0 Vb (39b)
[r(s) X n(s) + m(s)]' = 0. (390)

We observe that with the potential energy density W, (r?), the external force is a central force, fo, = —2W/ (r*)r, and (39c) may be obtained

directly from (20a) and (24). Please note that the case W, = 0 with transformation (37) has been treated in [11].
5.4. Coordinate rotation around the fixed force axis

In the absence of any external force field, W,,; = 0, Section 5.2 showed the force vector n is a fixed quantity. In this case, we consider the
transformation in which the vectors r, d;, d,, and d; are rotated by a small angle ¢ around the force axis n,

F=r+enxr, dip3=d3+enxdy,;. (40)

Note that the vectors v and u are also rotated, but their components v; ,; and u, ;5 stay unchanged. At leading order in e, this transformation
leaves the Lagrangian unchanged,

L(F, dl, dz, d3,u1,u2,u3, Uy, Uy, U3) = B(r,dl, dz, d3,u1,u2,u3, U1, Uy, U3), (41)

and consequently, the following quantity is invariant,

!

oL oL
nxr-W+and,~ﬁ (42a)
[n-m@s)' =0 (42b)

5.5. Coordinate rotation around the section normal

In the presence or absence of an external force field, we now consider the transformation where the vectors d,, d, are rotated by a small angle ¢
around the vector d3. In addition, the (1,2) components of the vectors u and v are transformed as well so as to leave the vectors u and v unchanged.
The full transformation reads

di=dy+edyxdy, dy=dy+edyxd,, @,=u +eu,, hy=u,—€u;, 0 =0 +ev,, U=0,—€0,. (43)

In the case where A, = A,, B = B,, 4; = 0,4, =0, 5, = 0, and 9, = 0, at leading order in ¢, this transformation leaves the Lagrangian
unchanged [11],

L(F, dl, d25 d3,121,122,u3, 515 52, U3) = £(r7d15 dz»d3,141,’42,u3a Uy, 0y, U3), (44)

and consequently, the following quantity is invariant

!

oL L L oL oL oL
d3>(dl'@+d3><d2'alez-l-uzJ—ula—u;-l-l)za—Ula—U; =0 (45)
[m3()] = 0. (46)

Please note that this result holds in the case where 4; # 0 and 03 # 0.
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5.6. Structure of the coordinate invariants

Remarkably, one can immediately recover all the invariant properties above by using Noether’s coordinate rotation formula (10) derived on
R" x SO(3). Two advantages of this compact formulation are worth mentioning. First, examining the compact Lagrangian £ given in (19) makes
it easier to localise symmetries. Second, it highlights the fact that all Noether coordinate invariants for rods should be of the form 6, -n+6,, - m
with 6,,,0,, € R3. Please refer to Appendix A for details on this formulation.

6. Contact

In this part we focus on the arclength invariant H. For the sake of simplicity, we assume the static case. Our results can be generalised easily
to the dynamic case.

6.1. Preamble: General case of shear forces

It is noteworthy that the arclength invariant H can be retrieved exactly by projecting the rod angular equilibrium equation (24) onto the Darboux
vector u. Indeed, on the one hand we have m = R B (2 —u) with B the diagonal matrix containing B, B,, B;. This gives m’ = R[a], B(@—u)+ R B@'.
Using the properties RT R = I and [a],@ = 0, we obtain m’ - u = & TBia. On the other hand, we similarly have n = RA(# — ) with A the
diagonal matrix containing A, A,, A;. This yields n’ = [u]l, RA@ — D)+ RAD' = [ulyn+ RAV =uxn+ RAD. Using this equality, in addition
to the identity ' = v = R and to the property RT R = I, we obtain for the mixed product (r' Xn) -u = —(uxn) - r’ the following expression,
(Fxn) -u=(RAV —n')-v= 0T AD—n' - F. Now, if f., is an external force density applied onto the rod, the balance of forces (20a) writes
n’ = —f .. The projection of (24) onto the Darboux vector u finally yields

_ o _ dH
O0=(m' +r xn) - u=a"Ba+0T A+ foy -7 = vy +fext T (47)
If one assumes that f ., is a shear force, i.e. a force normal to the tangent r’ of the rod at each point s of the centreline (the force can be zero),
then the term f, - r’ in (47) vanishes. Hence, the arclength invariant H remains unchanged in the presence of shear forces.
We now examine the specific case of frictionless contact forces, first in the case when they are modelled using a soft potential, then when they

are represented with (hard) unilateral constraints.
6.2. Contact potential and shear contact force

We assume that the system is subject to a conservative external force density f,; = —0/0rW,(r). We have seen previously that accounting for
this external force amounts to adding —W,,,(r) to the arclength invariant H.
We can write down the contribution of this potential to H’,

% (_Wext(")) =-r. a/arl/‘/ext(r) -

=r. Sexvs (49

which automatically cancels out if f.,, is normal to the centreline. As a result, an external conservative field W, yielding a force always normal
to the centreline does not have to be included in the formula for H. Now the question is: can we find such potentials, i.e. yielding forces normal
to r'?

In Section 7.8 we actually show that soft potentials, typically used for modelling contact, do not generate perfectly normal forces. As a result,
such potentials need to be accounted for in the arclength invariant H. Still, when they are rigidified, their corresponding force becomes orthogonal
to r’. In this latter case, no additional term needs to be added to the invariant H. This can be directly seen by modelling contact as a hard constraint,
and this is what we show below.

6.3. Contact as a hard constraint: no contribution to H'!

An interesting result emerges in the case of contact modelled as a hard constraint: there is no need to add any potential to the arclength invariant
H. Modelling contact as a hard constraint means defining a contact force using a Lagrange multiplier which acts in a normal direction compared
to the rod. We already proved that a normal force yields no contribution to H. Now we prove this result again, by considering a variational point
of view of the problem.

We consider a rod with centreline r(s), and an external object. We call g(s, p) the gap function between r(s) and the obstacle. The gap function
g(s, p) might depend on parameters p of the problem that we will specify a bit later. Frictionless contact between the rod and the obstacle can be
modelled by an inequality constraint of the form g(s,p) > 0, Vs, which expresses the fact that the two objects can be separated (g(s,p) > 0) or
can touch each other (g(s,p) = 0), but are not allowed to interpenetrate, i.e. g(s,p) < 0 is forbidden (see Fig. 1). To allow this constraint to be
satisfied, a Lagrange multiplier u(s) is introduced. Mechanically, this multiplier exactly acts as a contact force that prevents the two objects from
interpenetrating. Mathematically, the constraint is satisfied when the following complementarity constraint holds,

0<g(s,p) L u(s)>0,

which expresses that both the gap and the contact force should be non-negative, and that one has to vanish if the other one becomes positive.
Intuitively, when the two objects come to contact (g(s, p) = 0), a contact force u(s) gets activated. The condition above, together with the Euler—
Lagrange equations, actually correspond to the optimality conditions [36] of our new variational problem, i.e. the stationarity of the Action under
the contact inequality constraint.

If we now go back to this initial variational view, incorporating this new inequality constraint to come up to a constraint-free problem can
be done by simply modifying the Lagrangian with the additional term £, = —u(s) g(s, p). As for the bilateral constraint examined in Section 2,
Noether’s formula for the arclength invariant (5) remains valid thanks to the complementarity condition above.
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g,y >0

A

8x,y) =0 --=--""

Fig. 1. Contact with an obstacle in the plane may in some cases be modelled with a gap or level set function g(x, y). The forbidden region is when g(x,y) < 0,
and the rod is allowed to lie in the region g(x,y) > 0. The surface of the obstacle is defined by g(x,y) = 0, while we have g(x,y) > 0 in the absence of contact
with the obstacle.

Now, the point is to formulate the gap function g(s, p) and examine its dependencies upon our variables of interest, and then derive the Noether
arclength invariant. We first examine an elementary 2D case, for the sake of simplicity. We consider a 2D rod subject to contact with an infinite
ground of height y = a. The contact inequality constraint simply reads g(s) > 0 with g(r) =r - e, — a, and the contribution to the Lagrangian reads
L.(r)=—u(s) (r ey — a). Note that similarly to the bilaterial case, the new Lagrangian £. does not contribute the —£ part of Noether’s arclength
invariant H as u g = 0 at equilibrium. As the contact constraint does not depend on r’, it does not contribute the 9Ly part of H either. Finally,

or’
such a contact constraint has no impact on the Noether arclength invariant. This result generalises to any gap function that depends only on r.

7. Examples of application

In this section, we illustrate several possible uses of the arclength invariant (5) on the classical planar Elastica case. We consider the equilibrium
of an inextensible, unshearable, naturally flat rod bent in the (x, y) plane. In this situation, the twist uniformly vanishes and the Cosserat directors
are such that dy = —sinf e, +cosf ey, d; = e,, d3 = cos§ e, +sinf e, with 6 is the angle marking the deflection of the Elastica with the horizontal
e, axis. The static Lagrangian (18) boils down to

L(x,y,0,K) = % ETI k(s)* + n.(s) (x' —cos0) + n,(s)(y' — sin6) +m(s) (0" - x), (50)

where we have directly used the notation for the force and moment multipliers, with m = m(s) e,. Additionally we use the classical notation B = ET
for the bending rigidity of the Elastica, with E the Young modulus of the material and I the second moment of area of the cross-section of the rod.
Please also note that at equilibrium, we have r/ (s) = 0 and n’y(s) = 0. The Euler-Lagrange equations corresponding to the variation with x and 0
lead to

E16"(s)=n,sinf — n,cos 6. 1)
Additionally, the rod arclength invariant (32) takes the simple form
H = %EI K% + g 52)

where n3 = n-d3 = n,cos6 +n,sin@ is called the internal tension in the rod. If we call n; = n-dy = —n, sin6 + n,cos ¢ the internal shear force in
the rod, we see that, using /1’3 =«ny, (51) gives EI 0"(s) = —n; and can be integrated once to yield (52). Please also note that, using x = ', (52)
leads to an integration by quadrature of the solution function 6(s). Additionally, (52) also shows that the tension n; takes a maximum value along
the rod at inflexion points s = s;, where «(s;) = 0.

In the example cases presented here, the method simply amounts to writing the invariant at different (carefully chosen) locations along the
rod, and using the fact that the value of the invariant is the same everywhere. This allows one to exhibit relations between key quantities of the
problem.

7.1. Vertical displacement

In the classical problem of the nonlinear dynamics of a point mass attached to a pendulum, the vertical angle 6(¢) of the pendulum obeys the
equation #8 = —g sin §, and writing the solution 6(t) requires the use of elliptic functions. However, to answer the question, illustrated in Fig. 2, of
finding the maximum deflection angle 6, as a function of the initial angular speed 6, does not necessitate the use of elliptic functions. The key
point is to use the time conservation of the mechanical energy E,,., = %L”H'Z — gcos 6, write the value of E,,., at timest =1, and t = ¢ and find
€080, =1 — fég /(2 g). The Kirchhoff static-dynamic analogy (see [37], or [18] for a modern treatment) tells us that we can carry out the same
method to study the problem shown in Fig. 3, where a simply-supported Elastica is compressed with a force P and displays a deflection 6, at the
supports. In this case, we have n, = —P and n, = 0. Finding the values of the maximum vertical displacement y,, and maximum curvature k),

would in principle require integrating (51) using elliptic functions, whereas writing the invariant (52) at point O and M directly yields

2P 2ET
kn =\ 57 (L —cosbo).  yy =1/ =5 (1 —cosy). (53)

10
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Fig. 2. A pendulum, initially in its vertical equilibrium, is launched at ¢, with an initial angular speed §,. At 7 = 1, it will reach a maximum angle 0,,,, and
start to swing back.

Fig. 3. A planar Elastica is held with simple supports. The horizontal compressive force at the support P is yielding an equilibrium configuration with deflection
6,, maximum vertical displacement y,,, and maximum curvature k,,.

=

S
>

Fig. 4. Sagging cantilever.

7.2. Sagging cantilever

We consider the simple example of a cantilever, i.e. a naturally straight rod clamped horizontally, and sagging under an external vertical
distributed force density f, = fey, such as gravity (see Fig. 4). We denote by W, its corresponding potential energy density.

We evaluate the invariant H given in (31) at the two special points s = 0 and s = L. On the one hand, we remark that the internal force
n= /S L fey is vertical. As a result, at the clamp the internal force n is normal to the tangent of the rod, hence the tension n;(s) vanishes at s = 0.
On the other hand, in the absence of natural curvature and of any external force applied at s = L, both the internal moment and force vanish at
s=L.

As a result, we obtain

%EIKZ(O) = W2(0) - W2 (D). (54

y

For the specific case of gravity, we have W_ (s) = pgSy(s), with y(s) the vertical position of the rod. It follows

€

_1[2258
kO) = /2774, (55)

where 4 = y(0)—y(L). Measuring the altitude difference of the rod hence directly provides the rod curvature at the clamp. Conversely, estimating the
clamping curvature of a cantilever gives access to the material parameters of the rod ”E—Sf, thereby providing a convenient experimental measurement
method for the bending stiffness EI. Note that these remarks and measurement methods apply to the fully nonlinear case.

11
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Fig. 5. In the case of frictionless contact, the contact force applied from the obstacle onto the rod is perpendicular to the tangent of the rod. The values H, and
H,, left and right of the contact point, are shown to be equal.

Point contact Extended contact Hanging Fold
A B
P
L N £
-«

coexistence impossible!

Fig. 6. Among the possible configurations an Elastica buckling in a rectangular cavity may adopt, the use of the invariance of H enables us to rule out the
coexistence of some of them.

7.3. Frictionless contact

We explained in Section 6 that frictionless contact, continuous or not, leaves the values of the invariant unchanged. Therefore, in the case where
the planar Elastica is in frictionless contact with an obstacle (or in self-contact), see Fig. 5, the invariant keeps the same value along the entire rod,
that is H, = H, (see also jump conditions at obstacles in [18]). We use this property in the problem of an Elastica buckling inside a rectangular
cavity, see Fig. 6. In this problem, it was shown that several configurations are encountered, namely the point-contact shape where the Elastica
touches the wall at a localised value of the arclength, the extended-contact shape where contact occurs for an interval of arclength values, and the
hanging-fold shape where a blister is formed between two discrete contact points [38-41]. In all these configurations H keeps a constant value,
and if these configurations were to be found along the same rod, H would have to be the same everywhere.

We question the possibility of having both extended-contact and hanging-fold solutions coexisting along the same rod, see Fig. 6. The frictionless
nature of the wall interactions implies that the horizontal component of the internal force stays constant along the rod, n, = —P, Vs. In addition,
the flat shape the extended-contact solution adopts as it is lying along the wall shows that the invariant at point A is equal to H, = —P. Thus,
writing the invariant at point B, where the deflection angle vanishes 8z = 0 but not the curvature «z < 0, yields Hp = %KIZS — P and demonstrates
the impossibility of such a coexistence.

We note that in the case of friction, the invariant H is no longer uniform, see for example the case of the capstan problem studied in [42]. If u
is the Coulomb friction coefficient, 2R is the capstan diameter, and the rod is fully flexible, one finds that H'(s) = (u/R) H(s), i.e. an exponential
growth for H(s).

7.4. Sliding sleeves

In the last decade, it was shown that the buckling of an Elastica through a frictionless sliding sleeve exhibits a (somewhat counter-intuitive)
force jump at the exit of the sleeve, see for example [43,44]. We illustrate this phenomenon in Fig. 7, where it is seen that the externally applied
forces on the rod at points A and C do not match: P # P’, with P’ > P. Bigoni et al. [43] and Cazzolli and Dal Corso [45] explain that the mismatch
in horizontal forces is due to the horizontal component of the contact force applied on the rod at the exit of the sleeve, see Fig. 8. The crucial point
is that the forces from the roller bearings are frictionless and hence do not change the value of the invariant H, i.e. we have H,, = H,,,, see Fig.
8. Thus, the relation between P and P’ is easily obtained by writing H just before point B and at point C in Fig. 7

Hy = %EIKf; —P and H.=0-P (56a)

1
Ho=Hg=>P =P+ zElrcfg, (56b)

12
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Fig. 7. A planar Elastica is buckled through a frictionless sliding sleeve. The external forces P and P’ at the right and left extremities do not match, due to the
horizontal force coming from the sleeve at the exit point B.

H,,

ou

0,
7 ° a) e . . . .
rod PIl}’l
normal
contact [ ] [ ] L[] L[] [ ] [ ] [ ]
forces

roller bearings

Fig. 8. A closer look at the forces applied on the rod at the exit of the frictionless sliding sleeve, adapted from [43]. The perpendicular (with respect to the
rod’s tangent) orientation of these forces implies the equality H,, = H,,,, see Sections 6 and 7.3.

out>

Fig. 9. The Elastica arm scale, as introduced by Bosi et al. [46]. A weight of mass m is hung at the right extremity while the left extremity is unloaded. Use of
the invariant easily shows that the rod’s tangent is horizontal at point C. Image courtesy of Francesco Dal Corso.

where the term L ET Kf; > 0 exactly corresponds to the horizontal component of the contact force at the exit of the sleeve. Interestingly, this example

shows that, as the arclength invariant holds, the discontinuity AP = P’ — P of the tension at point B implies that there should be a curvature jump
Ak = kg at the same point B: the two discontinuities compensate to form a constant sum H over the full rod length.

7.5. The Elastica arm scale

The fact that the invariant H is conserved along the entire rod in rigid sleeve problems is handy for computing different properties of these
systems at equilibrium. One such property is the horizontal tangent appearing when the Elastica arm scale [46] is loaded at only one of its two
extremities, see Fig. 9. Computing the value of H at point A yields H, = 0, and computing the value of H at point C yields H. = %EI K% —mgsin 0.
The absence of external torque loading at point C implies k- = 0 and thus the invariance H, = H. proves that 6, = 0.

7.6. A simple case where the invariant breaks down

In the so-called tapered case where the rod has a thickness which varies with arclength, see for example [47], and hence a varying bending
stiffness EI(s), we show that the quantity H(s) does depend on arclength. Consider for example the simply-supported Elastica of Fig. 10, for which
the equilibrium equation (51) is replaced with

[EI(5)0'(s)]" = —Psino. 57)
In this case, we differentiate (52) and find

H'(s) = %EI'(S) 0"(s)+ EI(s)0' 0" + P0'sind = —%EI’(S) 0"%(s) # 0. (58)
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Fig. 11. A rod is twisted and subject to an external tension T,,,. If the twist is large enough, the rod coils on itself, exhibiting plectonemes. A relation between

the external tension 7,,, and the coiling angle ¢ is found using the invariant H.

L
e 2 = 1000
5000- H :
- s s L
T ) : &= =200
W’ Tw=37 |n"ll( +m)\/ E s 2R
oo me’,y :' g
g e el F ; s
20007 s s L
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[ : 0 2R
1000| T
: 0.1 02 BE 01 0

Fig. 12. Several bifurcation branches are computed numerically for different slenderness ratios L/(2R) and the relation between T, and 6 is plotted and

compared to (62), see inset.

The fact that the quantity H(s) loses its invariant property comes from the explicit dependence of the Lagrangian (50) with the arclength s, which
kills the invariance of the Action (1) under the transformation (2b), a crucial hypothesis of Noether’s theorem.

7.7. A 3D case with twist and continuous contact

We consider an inextensible, unshearable, naturally straight and untwisted rod with circular cross-section and isotropic elastic properties,
B; = B, = EI and B; = GJ. We study a 3D case where the rod is twisted and experiences self-contact, see Fig. 11. The rod is clamped at its
left end and subject to an imposed rotation n and a pulling force T,,, at its right end. This setup is used for example in DNA single-molecule
experiments [48,49] but also arises as an instability in textile yarns [50]. This complex configuration exhibits both point-wise and continuous
contact [51,52], but in the contact region the rod adopts an approximately double-helix shape. Due to self-contact, the helix radius is the radius
R of the circular cross-section, and we note # the helical angle, between the rod’s tangent and the helical axis. The helix thus has a curvature

K = KIZ + K% = (I/R) sin? 0, and using the helical shape approximation, it is possible to show [53] that the contact pressure p, the twisting

moment mj3, and the inner tension n; all essentially depend on the helical angle 6

ET sin*0
Phetix = 23 S0 26 (59)
EI 2sin®6 cos @
M3helix = R T cos20 (59b)
EI sin*6 (590)

Thetix = R2 cos280°
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Fig. 13. (a) The buckling of a planar Elastica constrained by a horizontal upper wall is studied using the long-range interaction potential (65). (b) Total interaction
energy (70) as the ‘range’ b of the potential is decreased, with the limit b — 0 corresponding to the hard-wall limit. (c) and (d) Plot of the arclength invariant H
(68) together with the non-invariant function h(s) for two different b values. We see that as b is decreased, the difference between H and h(s) becomes smaller
and that the constant H value tends towards the hard-wall limit —73.7. Fixed parameters L =1, EI =1, a = 0.1, and 4 = 0.026.

Thus, the helical angle 6 appears as the crucial variable characterising the mechanical state of the system, and we would like to compute 6 as a

2
function of the applied load T,,,. We derive such a relation using the invariant H = %E Ix? + %% + ns3, see (32) with & = 0, computed at points
A and B. We first remark that we are in the case where m)(s) = 0 Vs that is m3, = m3p = my),;,, see (59b). At point B, no bending moment is
applied, kz =0, and the internal tension is equal to the external force, ny5 = T,,,. We therefore have
2
1 m .
Hp=5—25" +To. (60)
At point A, the curvature, twist, and tension are given by (59) and we have
2
1 sin*0 | 1M, | EI sin*e
H,=-EI + o= + = . 61
AT27 R T2 GJ T R cos2 ©D
Equating H, = Hp yields

C1EI .4 2
TGXI_EF sin €<1+00529) (62)

We performed numerical shooting simulations for different rod’s slenderness ratios L/(2R) = 100 ... 1000, in which the end-to-end distance is fixed
and the number of turns is varied from n = 4 up to n ~ 10,20, or 50. We record the force T,,, and the average value of the helical angle #, and
verify both the 1/R? scaling of the force and the approximation provided by (62), see Fig. 12.

7.8. The invariant in the presence of an external force field

In this section, we study the case in which an external conservative force field is applied to the rod. Manning and Bulman [54] introduced a
soft-wall repulsion to deal with the wall-constrained buckling scenario presented in Fig. 13-a. This corresponds to the buckling of a planar Elastica,
subject to an imposed displacement 4, constrained by an upper horizontal wall lying at a vertical distance a from the clamps. In the references
cited in Section 7.3, the authors used a frictionless hard-wall contact approach where

y(s)<a Vs. (63)

As explained earlier, this contact condition is treated by introducing the KKT term —F,[a — y(s)] in the Lagrangian (50), the Lagrange multiplier F,
corresponding to the contact force. In the case that the Elastica shape comprises a single arch and the contact with the upper wall is pointwise,
the vertical component #,(s) of the internal force experiences a jump at s = s,

ny(st) —n,(s))=F, (64)

with symmetry imposing s, = 1/2.
Manning and Bulman [54] replaced the contact condition (63) by a soft-wall (a.k.a. barrier) potential

W) =

s 65
a—y(s) ©
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which is added to the total potential energy V of the rod, see (13), and therefore to the Lagrangian (50). In this model, the vertical component
n,(s) no longer jumps at s = 1/2 but varies along the length of the rod
’
oW,
<£> =% s = e L
ay' dy Y dy  (a—y()?
Intuitively, this soft-wall approach can be interpreted as if the wall and the Elastica would be electrostatically charged with like charges and would
therefore repel each other from a distance. The central point of the soft-wall approach is that, as b is made smaller, the computed equilibrium
shape converges towards the shape obtained with the hard-wall contact condition (63) and

(66)

L
_ ds
l’ly(L) - ny(O) =b /0 m ;)) FC. (67)

Moreover, the gap 6 = a — y(1/2), see Fig. 13, also decreases to zero as b — 0. Note that the horizontal component n,(s) of the internal force is
invariant n; (s) =0 Vs and set by the external compression force P, n, = —P.
In this soft-wall approach, the arclength invariant reads

H = h(s) — W, (y) with h(s) = %9'2(3) — Pcosf +ny(s)sin0 (68)
with H’(s) =0 Vs but #/(s) # 0. We fix the parameter values
L=1, EI=1, a=0.1, A4=0.026 (69)

and numerically compute the equilibrium using the soft-wall approach with b = 0.1 and b = 10~* to see that the term —W,,,(y) in (68) is necessary
to achieve uniformity of H, see Fig. 13-c and d. Now in the case of hard-wall contact, we have explained in Section 6 that no extra term is required,
and the formula for the invariant is indeed that of £ in (68). This can be understood by showing that the importance of W,,, decreases as b — 0,
as can be seen when comparing Fig. 13-c and d. To make this more quantitative, we numerically compute

Uas
E =
wall b /0 a— y(s) (70)

and plot it as b is varied in Fig. 13-b. We see that E,;(b) ~ b*/> for small b values. This scaling can be understood in the following way. We
consider the soft-wall solution as b is decreased towards zero. In this limit, the denominators in the integrands of (67) and (70) are taking small
values when s is near s, = 1/2, and therefore these integrals are dominated by the behaviour of the function y(s) near s = s.. A Taylor expansion
yields

y(s):a—5+%1(c(s—l/2)2+--- 71)

As b — 0, 6 and «, converge towards the hard-wall limit, § — 0 and x, - —1.54 for parameters values in (69). Plugging this expansion for y(s) into
the integrals (67) and (70) we find
/e

L

_ds -3/2 -1
/0 (a—y()? 8Kk A (72a)
L ds

’
_ T

/o a=y(s) 2k,

Considering the leading order of (67) when b — 0, for which F, = 18.1 for parameters values in (69), we see (72a) implies b ~ 53/2 and consequently
(72b) implies E,,,;(b) ~ b*/3. These scalings are reminiscent of Hertz contact scaling laws. In Hertz’s contact, the indentation force F causes a
displacement & (with F ~ 5°/2) and an elastic deformation energy E,,,,, (with Ey,,,, ~ 6), while here the strength b of the barrier potential creates
a gap 6 (with b ~ 6%/2) and a barrier energy E,,, (with E,,; ~ §).

Finally, we remark that for every b value, the curve H(s) should be strictly flat. The size of the undulations seen in Fig. 13-c and -d is then a
measure of the quality of the numerical solution, as explained in [55].

5712 4 0(8Y). (72b)

8. Dynamics

In this section, we show that the approach developed in Sections 4 and 5 can be straightforwardly extended to the dynamics of elastic rods.
We introduce the angular velocity w(s,t) = w,d + w,d, + w3d3 and we have dynamical Darboux relations

d;(s,) =wxd; withi=1,2,3. (73a)
The three vectorial relations (73) are constraints for the three scalar components w;, w,, w; and can thereof be rewritten as
o, =dy-dy, w,=d3-dy, w;=d;-d,. 74

To derive dynamical equations for the elastic rod, we complement the Lagrangian (18) with the linear and angular kinetic energies

Ly=L—K =4, (dy-dy—w)) = 4, (dy-dy —wy) - Aoy (dy - dy— w3) (75a)
. I w1 1 1
with K = 5[)5"2 + EIICU% + §I2CO§ + EI3G}§, (75b)

where I, and I, are the moment of inertia of the cross-section about d; and d,, and I3 = I, + I, is the polar moment of inertia, about d3. Note
that we use the green colour to mark the dynamic terms. Finally, the Action for the dynamics of the elastic rod is

t L
A(r,dl,dz,d3,ul,u2,u3,Ul,Uz,u3,a)1,a)2,a)3)=/ / L,dsdt. (76)
1 0
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8.1. Euler-Lagrange equations
We use the principle of least Action to obtain the equations for the dynamics of the elastic rod. Necessary conditions for the vanishing of the first

variation of (76) are the following Euler-Lagrange equations. Egs. (20b), (20c) stay unchanged and here also we identify the Lagrange multiplier
A, with the internal force vector n = A,. The linear momentum equation, (20a), is now

'
%: <%> + <%>:> n'($) + fext = pSF. 77)
Furthermore, the derivation with regard to the w; unravels new constitutive relations
Z% =0 2, =0 withi=123 (78a)
where we interpret the Lagrange multipliers 4,, as the components of the angular momentum x = 4, dy + 4,,d; + 4,, d3, which we will now write
7;. Euler-Lagrange equations for the director basis (dy, d,, d3) are changed to
o, (oc,\ /oc, , . _ o
= (M; > + <0d1 ) = Ay dy = 4y, dy+ A, dy + 4,0y + Ayydy = Apdy — Ay dy + myds — mydy — isdy = 0 (79a)
oc, (oc,\ /o, ) L 4 o
E = (ad; > + (dd'z ) > Ay, dy— A, dy+ Auld3 + A0y + Aypdy — Ap3dy — Apdy + 13dy — mydy — 71;d3 =0 (79b)
, .
9La _ ("E“> + <’)L)_" > = A, d — A, dy+ 2 dy+ Ay + Agydy — Ay dy — Agydy + 7y dy — 7ydy — iydy = 0. (79¢)
ody  \ od, dds 271 T T2 T i
Analogous manipulations as in the static case lead to
m'l (s) — uzmy + uymy — 3Ny + Vyny = 71y + Wy T3 — W37 (80a)
mh () = uymy + uzmy — v g + V3N = 7y + W37 — W) 7 (80b)
mg(s) — UpMy + UMy — Uyhy + U Ry = Ji3 + @ Ty — 0, (80c)
and w' - d; = w, — (w x u) - d; Yw, we obtain
m'(s,1) +r'(s,t) X n(s, t) = (s, 1). (81)

8.2. Invariants in the dynamics case

The same symmetries as in the static case hold, except for the one of Section 5.4, basically because the force vector n is no longer constant.
With two independent variables s and ¢, the relations obtained from Noether’s formulas are now ‘density-flux’ conservation identities rather than
just explicit invariant quantities as in the static case [13].

Coordinate translation
Just as in Section 5.2, in the absence of any external force field, W, = 0, the transformation 7 = r + a leaves the Lagrangian (75a) invariant.
Consequently, (4a) yields

ac, | ac,]
a—2| +la- =] =0 Va = n =pSt (82)
or or’

which is just the dynamics equation (77) when W, = 0. See also Eq. (2.12) in [13].
Coordinate rotation

In the absence of any external force field or with a central force field, the rotation transformation (37) leaves the Lagrangian (75a) invariant.
Consequently, (4a) yields

. !

oL, oL, oL, oL,
bxr- =2+ Y bxd, 2| + [bxr- 2+ Y bxd, 2| =0 83
[X’af Zx’ad,.] [X'ar'ZX’ad; (®32)
[=b-rxpSi—b-z]"+[b-rxn(s)+b-m'=0 Vb (83b)
—[rxpSi+x]" +[rxn(s)+m] =0, (83c)

which may be obtained by combining (77) and (81) with Wy, = W, (r?). The case W,y = 0 is treated in [13, see Eq. (2.14)].

Coordinate rotation around the section normal
In the presence or absence of an external force field, we now consider the transformation (43) in the case where A, = A,, B = B,, ii; =0,
i, =0, b, =0, and 0, = 0. This transformation leaves the Lagrangian (75a) unchanged, and consequently, from (4a), we have
oL, oL, oL, oL, o,

or,
3 a, T ha, T P ouy T oy o, ! oo,
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!
or or oc or or or
dyxdy - —2 +dyxdy —= +uy —= —u) —= + 0, —2 —v; —= | =0 (84a)
od; od, Ju, ou, ov; ovy
— [3(s. 0] + [ms3(s.0)] = 0. (84b)

Please note that this result holds in the case where i; # 0 and 05 # 0. See also Eq. (4.5) in [13].

Arclength translation
In the case the rigidities and the natural shape are uniform, see (26), the Lagrangian (75a) does not explicitly depend on s and the conservation
law (4b) holds along a dynamic trajectory. Recalling q = (r,d;, d,, d3,u;,uy,us3, vy, vy, v3), We obtain

—[m-u+pSi-r|"+[H+K] =0 (85)
with H given by (28) and K given by (75b). See also Eq. (3.2) in [13].
Time translation

As the Lagrangian (75a) does not explicitly depend on ¢, the conservation law (4c) holds along a dynamic trajectory. Recalling q =
(r,dy,dy, dsy,uy,uy,u3, 01,05, 03), We obtain

—[K+V]+[m-o+n-i¥] =0 (86)
with V given by (13) and K given by (75b). See also Eq. (2.19) in [13]. The relation (86), once integrated over the entire rod, shows that the total

mechanical energy

L
/ (K+V)ds (87)
0

is time-invariant in the case of conservative boundary conditions (#(0, L) = 0 = (0, L)), such as clamps or if the rod is circularly closed on itself,
or free ends m(0, L) = 0 = n(0, L).

9. Vibrations

Here, we show that vibration equations for elastic rods may be obtained through a variational approach and, as a result, we display the associated
invariant. We illustrate this in the case of the vibrations of the planar Elastica but it can be straightforwardly generalised to the 3D case. For the
sake of simplicity, we restrict to the naturally straight (i; = 0), inextensible (v3(s) = 1 Vs, 1), unshearable (v;(s) = v,(s) = 0 Vs,1) case. We start with
the 2D version of (75a),

£ = % EI k(s,1)* — %,;S(xz + )+ 4,(5,0) (x" = cos ) + Ay(s,1) (Y —sin0) + A3(s,1) (' — k) (88)

where the first term is the internal bending energy, the second is the translational kinetic energy (for simplicity, we do not consider here rotational
inertia, I, ,3 = 0), and the last three terms correspond to the kinematics constraints

x' =cos@, y =sinf, 6’ =«. (89)

Anticipating the interpretation of the Lagrange multipliers 4, , ;, we introduce the horizontal and vertical components of the internal force vector
Ay = ny(s,1), Ay = n,(s,1), and the internal moment 43 = m(s,#). The equations for the dynamics of the planar Elastica are then obtained by applying
the least Action principle to

2 L
A2P(q(s,1)] = / ’ / 20 ds dt (90)
1 0

with q(s, ) = (x(s,1), ¥(s,1), 0(s, 1), k(s,1)), see Appendix B.
To study the small-amplitude vibrations around a pre-computed equilibrium g,, we introduce the ansatz
q(s,1) = q.(s) + eq(s)cos wt, ny ,(s,1) = ny, () + €y (s)coswr, m(s, 1) = m,(s) + € m(s) cos wt 1D
into (90) and keep terms up to order 2. We obtain
APP[g(s)] ~ AZP + eATP[q(9)] + €2 A3P[q(s)]. (92)

The Action A2P is here a ‘constant’, given quantity, and is therefore not subject to optimisation. The Action A%D contains a coswt term which
makes it vanish when the time integration is either taken over a period, ¢, =7, + 2z /w, or over a long time interval. We are then only left with the
Action A3P, which reads

1y L
AP = / cos® wt /0 £20 dsdt (93a)
I

with £2P[g(s)] = %El &2 - % S (F + 7 + %92(nxe cos 6, + n,, sin6,)

+ii (X' +0sin6,) + i, (¥ — Bcosb,) +m@ — k). (93b)
Euler-Lagrange equations applied to Eig yield the classical vibration equations (B.4). We emphasise that the equilibrium solution 6,(s) is a given
function when working with the Lagrangian Eii[[’; and that a Noether arclength invariant will only exist in the case that the equilibrium shape of
the beam is straight, Bé (s) =0 Vs. In such a case the invariant reads

2D
2D _ vib  _y 2D
vib 0(‘1’ q - Evib (942)
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1 5 S _ 1 - R 15 .
=3 EI 6" - 6 (i, sin, — 71, cosb,) + szwz (F+7) - 562 (nyecos B, +ny,sind,). (94b)

In the case of a horizontal equilibrium (6,(s) = 0 Vs) of an Elastica under a compressive force n,, = —P, n,, = 0, the vibration equations simplify
to the classical form

Elj/”’+P}7”—pSw2ﬁ=0 (95)

and the invariant reads
1 _ 1 . 1. -
Huzl.lb) = EEI 77+ EpSoo2 7 - EP 7 —EIy 3§, (96)

a quantity that we have not found in the existing literature.
10. Discussion and conclusion

We have provided a comprehensive variational approach for elastic rods and ribbons where the continuous kinematic constraints play
an important role, as this is only when they are explicitly included in the Lagrangian of the problem that Euler-Lagrange equations are
straightforwardly derived. Moreover we showed that such a Lagrangian can be used to unravel conserved quantities or relations in the statics
or dynamics of elastic rods and ribbons. Additionally, we have put forward an alternative Lagrangian approach where rotation constraints are
automatically fulfilled, leading to more compact Euler-Lagrange equations and straightforward Noether invariants. Using Noether’s 1918 theorem,
we have recovered all known static and dynamic invariants and generalised the conditions under which they exist. More precisely, the arclength
invariant, usually referred to as the Hamiltonian invariant, stands up to the adjunction of conservative external loading (e.g. gravity, electrostatics)
and frictionless contact, but also holds in the case of Wunderlich, Sadowsky, and Ribext ribbon models. Furthermore, we illustrated the use of
the arclength invariant in different 2D and 3D setups where it proves remarkably effective in providing key quantities or relations in difficult
problems. In one such problem, the sliding sleeve, the invariant provides an easy explanation of the somewhat mysterious force applied to the rod
at the entry/exit of the sleeve. Finally, we have introduced a variational approach to vibrations of elastic rods and computed a first integral to the
vibration mode equation of a straight cantilever. It is worth noting that we have only studied cases where a space or time transformation leaves the
Lagrangian unchanged, but that the hypotheses of Noether’s theorem are less restrictive as they only require the Action to stay unchanged under
space or time transformation.

Future work could include, among others, (i) the search for a more general invariant in the case of vibrations (that is, not restricted to the
case of vibrations around a straight equilibrium), (ii) the case of contact in the presence of friction, where the invariant is sometimes increasing
exponentially with s instead of being constant, (iii) the search of other space and/or time transformations that keep the Action unchanged (see for
example Eq. (12) in [56]) thereby providing new invariants, (iv) the question of whether the Kovalevskaya invariant (valid when B, = 2B, = Bs,
see [57]) is associated with a space transformation that leaves the Lagrangian unchanged, (v) the search for clever uses of the two dynamics
invariants (85), (86) either for validation of codes [55] for the dynamics of rods or to study their dynamical behaviour.
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Appendix A. SO(3) computations

A.1. Reminder: Euler-Lagrange and Noether’s theorem on R"

Let g € R” be the n independent generalised coordinates of a mechanical system, q’ = ‘;—3 € R” the corresponding generalised velocities, and
L(q, q') the Lagrangian functional depending on these generalised coordinates and velocities. Then the (classical) Euler-Lagrange equations read

d oL oL
— = _==). Al
ds aqg’ oq A1

The Euler-Lagrange equation (A.1) results from the stationarity of the Action
L
Alq.q) = / £(q.q')ds, (A.2)
0
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upon trajectories g, q'. The proof involves integration by parts and additionally yields the following conditions on the boundary terms,

L
oL
— -4 =0, A3
[ oq q]o (A.3)
ie.
9L 0)=0 or 5g(0)=0 A4
aq’
E(L) =0or 6q(L)=0, (A.5)
oq’'
which, for a mechanical system, can be interpreted as the vanishing of either the infinitesimal displacement §q or the applied force g—qﬁ, at the

considered boundary point.
Now, the classical Noether arclength invariant (5) can be exhibited by taking the total derivative of the Lagrangian with respect to s [58]. At
this stage it is important to mention that the Lagrangian should not depend explicitly on s. Using the chain rule, we have

de _ 0L o L

- = = + —=.
ds daq a aq’

-4 (oL -q + oL -q" where (A.1) has been used to replace 9L
ds \ 9q’ aq’' aq

—d (oL
as \og 1)

and finally obtain

d oc ,\ _dH
42 g)=%_,
ds< o q) ds

A.2. Euler-Lagrange on R" x SO(3)

It is noteworthy that Egs. (A.1) are only valid for generalised coordinates satisfying both %q = ¢’ and the compatibility equation ﬁéq =4q.
This formula is thus applicable to translational degrees of freedom (such as positions), but not for rotational degrees of freedom, such as rotation
matrices R € SO(3), unless adding constraints to the Lagrangian formulation to maintain R in SO(3), see Section 4 of this paper. Without any
constraint, if one chooses g = R, then the compatibility condition on R” is not valid on SO(3): one cannot swap derivation and perturbation for
a 3D rotation. To do so, a specific compatibility condition, which expresses the geometric structure of SO(3) in the 3D Euclidean space, has to be
satisfied. Thanks to this compatibility condition, stemming from an infinitesimal change of a rotation, new Euler-Lagrange equations can then be
derived from the least Action principle. This compatibility condition is provided below, and the new Euler-Lagrange equations are derived just
after.

As a preamble, we remind the reader that the tangent space of SO(3), i.e. the Lie algebra so(3) associated to the Lie group SO(Q3), is

0 -w, w
y

exactly the space of skew-symmetric matrices {[w], = | w, 0 —w, [\w = {w,w,w,} € R3}, which is isomorphic to R3. We have
—wy, Wy 0

[wlyv = wxv Yv € R3. The derivative of R € SO(3) reads R’ = [u], R, and can be written equivalently as R’ = R|[a], with u = Ra (i.e. &
gives the local expression of u in the R frame). A condensed summary of properties of SO(3), along with proofs, can be found in [59, Appendix D].

Property A.1. Let R € SO(3), such that

R =[ul, R (left Darboux equation) (A.6)
or, equivalently R’ = R[al, (right Darboux equation). (A7)

We consider an infinitesimal perturbation (infinitesimal rotation) 6R of R. To ensure that the perturbed frame R + 6R remains in SO(3), the following
compatibility condition should be verified,

ou=(60) + 0 xu, (A.8)
or equivalently,

s = (60) +ax 88, (A.9)
where 60 and 50 are defined through the relationship R = [60], R = R[50],, with 50 = R 6.

We recognise in (A.8) the compatibility condition found in [10, Eq. 3.51] by imposing that the left Darboux equation (A.6) with the perturbed
Darboux vector u+ 6u should be verified for the perturbed material frame R+ R at first order. And we identify (A.9) as the compatibility condition
written in [25, Eq. 6.3] in the context of rigid body dynamics, by imposing commutativity of the 5 and ' operators and starting from the right
Darboux equation (A.7). These two compatibility conditions are of course equivalent, and one can switch from one to the other by using the identity
(66)' = R

Proof. We follow Audoly and Pomeau [10, Sec. 3.6.1]’s proof, though in a more compact (matrix) form. From u = Ra, we first compute the
perturbation of the Darboux vector u as éu = # SR + R 5u, leading to

ou=60xXu+ Roa. (A.10)
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Then, on the one hand we impose that (R + 6R)" = [u+6ul, (R+6R), which, at first order, leads to (3R) = ([66],[ul, + [Réil,) R. On the other hand,
we compute (6R) = ([59]XR), = ([66'] + [86][ul) R. Imposing the commutativity condition (§R)’ = §(R’) and using property [59, Appendix D.1,
Eq I3] of the Lie bracket operator, we obtain by identification

(560) = R éa. (A.11)
Replacing this term in (A.10) finally yields the compatibility equation (A.8).
To obtain the local compatibility equation (A.9), one simply needs to expand (A.11) using the change of frame equation 66 = R56. []

Property A.2. Let g € R" and R € SO(3), such that R’ = R[ua]y. We decompose R as R =[d,,d,,d;], where d;is the jth column of the matrix R. We
denote by e; the jth canonical vector of R3. We consider the Lagrangian £(q.q’,dy.d,.ds, ). The Euler-Lagrange equations on R" x SO(3) read

d ol of _ . .
Hog 9 0 (classical Euclidean part) (A.12)
d ot T az: _
and 590 +[ ]Xa—_ - Z[e ]XR =0 (local form on SO(3)) (A.13)
or ( ) Z[d ]X =0 (global form on SO®3)). (A14)

Proof. Using properties of rotation matrices, we have d; = [Rul.d; = Rla],RTd i and likewise, §d = R[50],R"d - The Action of the system

reads S = fOL ﬁ(q, q.d j,1). We search for a stationary point of S, that is trajectories q(s), R(s) of the system such that 6.5 = 0.
We have

6S = S(q+6q.q +46q'.d; +6d;,u+6m) - S(q, q, d;, i) (A.15)
L s .
oL oL ()E ()ﬁ
= — -5 — -6 -6d — - ou A.16
/0 g q+ g q +/0 ad j+ 7 ( )
85t 5?5;

The first term Sy is classical: by using the permutation 5(q’) = (6q)’ and integration by parts with the boundary conditions (A.4) and (A.5), one
obtains

L o o

d oL oL
68T = —— - —:0q, A7
' /0 (dsaq/ aq) ! (417

which, for any perturbation éq, yields the classwal Euler—Lagrange ‘equations (A.12), similar to (A.1).
Now we compute the second term 65 = / ;dﬁ -od; + / % - 6u. On the one hand, using the compatibility equation (A.9), we have
0 j 0
—_—
3S4; 85

Lo ;
58, =/ % 80’ +£ ([l 56)
0

- 50 — ([1‘4]>< 3—?) - 60 using properties of the mixed product

I
o\
=
SIS

= - / <i oL + [a] gg) - 50 using integration by parts and cancelling boundary terms,
0

ds oa
3 L
[% : 59] =0, (A.18)
ou 0
thanks to the following boundary conditions,
%(0) =0 or 50(0)=0 (A.19)
‘;—f(L) =0or 66(L)=0, (A.20)
u

meaning that either the infinitesimal rotation 66 or the applied angular momentum % cancels out at a boundary point.
On the other hand, we have

L e
oL

88y, = | £ .sd,

q; /0 od; J

J
L o
oL - T
= 2= . (160),,R"d,
'/(; adj ( X _])
L s
= / oL | ([5(9]>< ) where e 5 is the jth vector of the canonical base on R?
0 J

d
L oL\ 5
= / <[e g XRT—> - 80 using properties of the mixed product.
0
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We finally obtain

[ a ek Taz:
5Sﬁ_/0 < dsau_[]xa’+z[ /xR

which, for any perturbation 60, yields the Euler-Lagrange equations on SO(3), in the local basis R,

d aE T 0[:
E R — =
d 0u +la ]X 0' [e I 0,

or alternatively, in the world basis,

( > Z[d Xad =0. O

Application to the statics of rods. We apply the formula above to our Lagrangian (19) expressed for rods using the general Reissner model, with
q=(r.0), L(r,D,dy,dy,dy,r', 0, @)= V(r,0,@) + A, - (' = RD).
The translational part (A.12) related to r directly provides

a (o _ ok
ds \or') = or
v

ie. 2=%=_yf
r or exts

where one recognises the force balance of the static Reissner equation (20a), with the internal force n playing the role of the Lagrange multiplier
A,. In addition, the translational part related to v yields

L
o
iie. RAM@D-D) = 4,

= -R"4,

which is nothing else but the condensed (matrix) form of the shear-extension constitutive relations (20¢).
As for the rotational part (A.14), since % =B(@—i)=R"m=m and Vj % = —v; 4,, it directly provides
j

m+z d; % A,

ie. m+rxi =0,

where one recognises the Reissner angular momentum equation (24).
A.3. Noether’s theorem on R" x SO(3)

Property A.3. The Noether arclength invariant on R" x SO(3), corresponding to a translational symmetry of £ along s, reads

) ::El ca % _i (A.21)

vs, H'(s)=0 with H(s)=H=4¢ -
Proof. Similarly to the Euclidean case on R”, the proof is based on the computation of the total derivative of the Lagrangian £, where the classical
gradient ‘;—£ on R” is replaced with its expression extracted from the Euler-Lagrange equations on R” x SO(3) derived above. The specific part on
S0O(3) is more involved though, and requires some specific manipulations exploiting the structure of SO(3) in order to extract the projection of the
rotated gradients d; x i onto the Darboux vector u.
As before, we deco{npose the rotation matrix R using its column vectors d;,1 < j < 3. We start by expanding the total derivative of
E(q, q'.dy.d,,ds, ) using the chain rule,

aé _of ,  of of o, 9
&g+ & R (A A.22
s 0qq+0q’q+ od, Y oa " (A.22)
—_————
At P
2 '
From Appendix A.1 we already know that the classical translational term A} writes A} = (% -q ) . We now compute the rotational term Ag. We
have
d)=uxd; =[Ril,d, = Rlile,,
hence
L, 7 0L
—-d, = d, A.23
; od; J 2 J od; (A.23a)
Tior o OL . .
= — Z e; [@l R o as [i]y is skew-symmetric (A.23b)
j J
RT 0C . . .
= Z[e I« R using properties of the mixed product. (A.23c)
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One recognises the term provided by the projection of the local Euler-Lagrange equation (A.13) on SO(3) onto the local Darboux vector i,

rof\ _ _ (dof
(Z[e]xR > "(dsa- []Xa>

_a. (49
ds ou
We obtain

_ o (daE\ _, of
A =1 (ds0u>+u oa

<_ ac )
=lu- ,
du

which finally yields

e _ (o ol oL
s \9 g oa )’

hence the rise of an invariant H,

di . . o ok
=0 with H=q +a-—=-L.
a5 5 " a

One of course ends up with the same result by projecting the global Euler-Lagrange equation (A.14) onto the global Darboux vector u. Note that a
similar projection onto the Darboux vector u is used in Section 6.1 to exhibit the H invariant, albeit applied onto the (strong) angular momentum
equation of rods. []

Property A.4. We consider on the one hand the translational transformation § = q + €60, and on the other hand the rotational transformation
R = R+¢€[0]« R = R+¢ R[Bg],, the latter resulting from an infinitesimal rotation of R € SO(3) around the vector Oy = R 0. If these two transformations
(@, R) leave the Lagrangian £ unchanged, then there exists the following coordinate invariant on R" x SO(3),

oL
q aq

oL

Vs, Hy(s)=0  with Hy(s)=H,=0, 2= +8;- SS=0 Vs (A.24)

Proof. As a preliminary step, we examine the classical case on R”, where the invariant is provided by Eq. (4a) reduced to the static case. We

assume that the Lagrangian £(q,q’) remains unchanged”* when the transformation § = q + ¢ 0, already introduced in (2a), is applied. On R”", we

have (§) = (¢') = ¢’ + € 6. Performing a Taylor expansion at first order of £(q+¢6,q’ +¢6’) and using the symmetry L(g+¢8,q' +¢6') = L(q.q'),
we obtain

oL oL

L0-+2= .0 =0. A.25

% oq ( )

Using the Euler-Lagrange equations (A.1) to substitute %, we come up with the coordinate invariant

Now we apply the same perturbation method to our Lagrangian £(q.q’.d;.d,.d5.&) on R" x 5(9(3) We note that Vj d ; = d; +dd; with
éd; =e€R (6] e;. Moreover, usmg the compatlblhty equatlon (A.9), we have & = it + 6t with 6@ = e(9 +ax0).
Usmg the symmetry £@.q, dl, d,,ds, i) = £(q.q',dy,d,, ds, @) of the Lagrangian, we obtain the equality

£ ~ L
% O+ == -0, + Z “(R[Bglxe;) + == (B +@x Bg) = 0. (A.26)

_/

Br By

We recognise By = Ifa given in (A.25), which leads to the translational part of the invariant. We now rearrange the rotational term Byg. Similarly to

computations performed in (A.23), by replacing & with 0y, the term (R [Brlxe;) can be recast into 6 -[e;] RT &= " PrOJectlng the Euler-Lagrange

Egs. (A.13) onto Oy, we can substitute this term and obtain

o

~ dof . or z oL £
=0R<a$+[u]xﬁ>+0R +(u><9R) _—

Oy - <;—s %) + 9; . % using properties of mixed product

AW
().

2 Note that this symmetry is more restrictive than the original Noether assumption, which stipulates that the Action (not the Lagrangian) should remain
unchanged.
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Application to the statics of rods. The invariant H applied to our Lagrangian £ gives in a straightforward manner

o

H=r A+a-m-V
=v-n+u-m-V, (A.27)
which corresponds to formula (28), hence H=H.

The coordinate invariant H, reads

o

Hy=06,-2,+0y-m

=6,-n+0g-m, (A.28)

which reveals the specific common structure of all Noether coordinate invariants as a sum of two scalar products involving n and m. Here again,
we of course retrieve H, = H,.

Interestingly, one can notice that the formula for the coordinate invariant remains the same regardless of the rod model used (Reissner or
Kirchhoff), as v is not directly involved in the formula.

Appendix B. Planar Elastica statics, dynamics, and vibrations

The equations for the dynamics of the planar Elastica can be obtained as the Euler-Lagrange equations of the Action (90) together with the
constraints (89). We write
2D 2D 2D
o2 o2 o2

_ B.1
5 o7 + 3 (B.1)

!

with g = (x,y, 0, x) and obtain
x'(s,1) =cos@, y'(s,t) =sin@, EI'(s,1) =m, m'(s,1) = n, sinf —n, cosb, n(s,1) = pSX, nfv(s, 1) =pSy (B.2)
The equations for the statics of the planar Elastica are then obtained by setting x =% =0 and y = y =0 in (B.2)

xl(s) =cosb,, y,(s) =sinb,, EI6,(s) =m,, m,(s) =n,, sinf, —n,, cosb,, nl (s)=0, n;e(s) =0. (B.3)

And finally, the equations for the vibrations of the planar Elastica are obtained by considering the ansatz (91), which corresponds to small-amplitude
vibrations around the nonlinear equilibrium g,(s). This ansatz is injected into (B.2) while bearing in mind that (B.3) is fulfilled and that we only
keep O(e) terms. We obtain

=
|

=-0sinb,, y =0 cos0,, EI0' =i, ' =, sin0, — ii,cos6, + 0 (n,, cos 6, +n,sinb,) (B.4a)

3
|

i =—pSw’ %, ﬁ; = —pSaw? . (B.4b)

Data availability

Data will be made available on request.
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